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Abstract. The Crochemore factorization was introduced by Croche-
more for the design of a linear time algorithm to detect squares in a word.
We give here the explicit description of the Crochemore factorization for
some classes of infinite words, namely characteristic Sturmian words,
(generalized) Thue-Morse words, and the period doubling sequence.

1 Introduction

In a seminal paper, Ziv and Lempel [7] defined several factorizations of finite
words related to information theory and text processing. Several years later,
Crochemore ([2/413]) introduced a similar factorization of words as a key tool in
the design of a linear algorithm checking words for square freeness.

We study here both Ziv-Lempel and Crochemore factorization of special
classes of infinite words, such as Sturmian words and some automatic words.
It appears that these factorizations can be expressed by a closed formula in
many significant examples. The proof of these formulas require some insight in
the combinatorial structure of the infinite words considered.

Some factorizations are quite surprising. As an example, the Ziv-Lempel fac-
torization of the Fibonacci word will be shown to be

f = alblaalbablaabaal - - -

This is precisely the so called singular factorization introduced by Wen and Wen
([8], see also [1]) in a completely different context.

Ziv-Lempel and Crochemore factorizations have similar properties. Both can
be computed in linear time by preprocessing the suffix tree of the word. Fur-
thermore, the number of factors in both factorizations are closely related: the
number of factors of the Crochemore factorization is at most twice the num-
ber of factors of the Ziv-Lempel factorization. However, there are examples of
factorizations which differ significantly infinitely many times.

In this paper we study the behavior of the Crochemore factorization in the
case of some of the most known classes of words, i.e., characteristic Sturmian
words, the Thue-Morse word, and the period doubling sequence.
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As we shall see, the Crochemore factorization (or c-factorization for short) of
special infinite words can be described explicitly, and it reflects the structure of
these words.

The c-factorization c¢(x) of a word z is defined as follows. Each factor of ¢(x)
is either a fresh letter, or it is a maximal factor of z already occurring in the
prefix of the word; more formally, the c-factorization c(x) of a word z is

c(x) = (1, T2, - o, Ty Tt 15 - - )

where x,, is the longest prefix of x,,Ty,+1 - -+ occurring twice in x1x3 - - - Ty, Or
T is aletter a if a does not occur in 7 - - - £, —1. For example, the c-factorization
of x = ababaab is (a,b, aba, ab), since aba occurs twice in ababa.

Note that the the c-factorization of a word differs slightly from the well known
Ziv-Lempel factorization [7] (or z-factorization), so that these two factorizations
are in general not comparable. The z-factorization z(z) of a word x is

Z(‘T) = (y17y27 ey Ymy Ym41, - - )

where v, is the shortest prefix of ¥, ym+1 - - - which occurs only once in the word
Yiy2 - Ym-

For example, let  be the word = = aabaaccbaabaabaa. The c-factorization
and the z-factorization of = are:

c(z) = (a,a,b,aa,c, c,baa, baabaa)

z(x) = (a, ab, aac, cb, aabaad, aa).

We shall discuss the relation between these factorizations in more detail in
the final section.

The c-factorization has an interesting behavior in all of the well known infinite
words we have considered. For example, take the Fibonacci word

f = abaababaabaab - - -

defined inductively by f_1 = b, fo = a, and f,1+2 = fr+1fn. The c-factorization
of fis o
c(f) = (a,b,a,aba, baaba, . ..) = (a,b,a, fa, f3,...)

Observe that each of the factors (except the first three) is the reverse the finite
Fibonacci word f,. We will see that a similar result holds for characteristic
Sturmian words (Theorem 1 below).

The c-factorization is closely related to two other factorizations of the Fi-
bonacci word. The first is the factorization into factors which are exactly the
prefixes f,,, that is

h(f) = (a,b, a,ab, aba, abaab, ...) = (a, f-1, fo, f1, f2,---)

The other is the Wen and Wen factorization (also called the singular factoriza-
tion), in which the ith factor has the same length as f;_1, thus resulting

w(f) = (a,b, aa, badb, aabaa, . . .) = (a,wy, w1, wa, ws, .. .)
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Note that in the Wen and Wen factorization the ith factor is a palindrome, and
is the only factor of f of length | f;—1| that is not a conjugate of f;_1.
The three factorizations can be visualized through the following scheme:

h: aba‘a b‘aba‘abaab““
w baa‘bab‘aabaa‘u-
c: aba‘aba‘baaba‘-u

The relation between these factorizations is the following. Factors of A and w
satisfy

bf2; = waa and afoi41 = woiq1b,

while factors of w and c¢ satisty
awz; = f2ib and bw21+1 = f21'+1a-

The c-factorization on Fibonacci word is a particular case of a more general
result we obtained for the c-factorization on standard Sturmian words.

Theorem 1. Let s be the standard Sturmian word defined as the limit of
s_1=b,s0 =a, and s, = siﬁlsn,g,
where d; > 0 for each i. Then
c(s) = (a,a™ b, adl'svldrl, §2d3,§3d4, oS )

Similar results hold for other familiar infinite words, such as the Thue-Morse and
the period doubling sequence. However we do not yet have a full characterization
of the c-factorization of automatic words.

The paper is organized as follows. Section 2 contains definitions and state-
ments of theorems. Section 3 sketches the proof for Sturmian words, Section
4 sketches the proof for a family of Thue-Morse sequences and for the period
doubling sequence, and Section 5 makes some comparison of Crochemore and
Ziv-Lempel factorizations.

2 Basic Definitions and Main Results

Let A be an alphabet and A* the the set of finite words on A. For any finite word
T = ajaz---an, |z| denotes the length n of x and T denotes the reverse word
ap -+ aza; of x. If A is a two-letter alphabet A = {a,b}, then z is the image of
x of the morphism defined by a = b and b = a. If x = yo, with z,y € A* and
a € A, we denote by z’ the word 2’ = yau.

A factorization of a finite word z is a sequence (x1,x2,...,Z,) such that
T = x1%2 - Tn. Analogously, a factorization of an infinite word x is a sequence
(z1,22,...) such that £ = x129---. A recent introduction to factorizations of
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words can be found in [6]. The c-factorization c¢(z) of a word x can be con-
structively defined by induction on the length of = as follows. If = is a let-
ter, his c-factorization is ¢(z) = (z). Otherwise, let * = ya with o € A, and

c(y) = (u1,...,ug). The c-factorization c¢(x) of x is then
(u1,...,uk,a) if uga is not a factor of y
c(x) = .
(u1,...,ura) otherwise .

The Ziv-Lempel factorization of a word z is

Z(l‘) = (ylay27 e Yms Ymet1, - - )

where y,, is the shortest prefix of y,;,ym+1 - - - which occurs only once in the word
Y1Y2 - Ym.

Let (d1,ds,...) be an infinite sequence of integers (called a directive sequence
such that d; > 0 and d; > 0 for ¢ > 1, and let {sy,}n>0 be the infinite sequence
of words defined by

s_1=>b,s0=a, and s, = sndjlsn,g.

It is easy to see that this sequence converges to the infinite word s that is called
a standard Sturmian word.

Note that the Sturmian word defined by a directive sequence (0, da,ds, .. .) is
obtained from the Sturmian word defined by (dz, ds, . . .) by changing each letter
a with a letter b and viceversa, so that in the rest of this paper we will only refer
to directive sequences with d; > 0.

With a result that is very similar to that obtained by de Luca in [5], we have
that any standard Sturmian word has a particular decomposition in reverse finite
words $,,:

~dy~d
S:so 131 2., ..

The c-factorization of standard Sturmian words stated in Theorem [Tl
di—1 di~da—1 ~d3 ~d ~d
C(S):(aaal ,b,a% 5™ ,52375347...7Sn"+17...)

is then clearly closely related to that decomposition.
Let 7 be the Thue-Morse morphism on a two-letter alphabet defined by

7(a) = ab, 7(b) = ba,

and let {t,}n>0 be the infinite sequence of words such that to = a and ¢, =
T(tn—1). This sequence converges to the well known Thue-Morse infinite word

t = abbabaabbaababba - - -

Each factor in the c-factorization of t can be obtained from the previous ones
by applying the morphism 7 as stated in the following Theorem.

Theorem 2. The c-factorization c(t) = (c1,ca,...) of the Thue-Morse sequence
is (a,b,b,ab,a,abba, cz,cs, . ..) where c,1o = T(cyn) for everyn > 7.
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The Thue-Morse word can be generalized in several different ways. We consider
here the infinite word t(™) on a m-letter alphabet A = {a1, az, ..., an} obtained
as the limit of the morphism 7, defined by

Tm(0;) = Qi1 -+ amar a1 (i=1,...,m).

A result that is very similar and even better than that obtained for the Thue-
Morse word is the following.

Theorem 3. Let c(t(™) = (cgm)mém)7 ...) be the c-factorization of the gener-

alized Thue-Morse word t™) with m > 3. Then CE:K)Q(mil) = Tm(cn) for every
n>m.

It shows that the c-factorization of the infinite words t™) for m > 2 are even
more regular than in the binary case.
Finally, let 4 be the morphism on a two-letter alphabet defined by

6(a) = ab, 6(b) = aa,
and let {g,, }n>0 be the infinite sequence of words such that

qgo = a and g1 = 6(qn).

The limit q of this sequence is the period doubling sequence.
We will denote the reverse of ¢; by ¢;f* and the reverse of ¢} by ¢;° (we recall
that ¢/, is g, with just the last letter changed to its opposite).

Similarly to the case of standard Sturmian words, the period doubling se-
quence is the composition of the reverse of the finite period doubling sequence
words ¢p:

a=q"a" e
The c-factorization of q reflects indeed this property, as stated in the following
Theorem, observing that the equality ¢%,; = g5 ¢/ holds for each n.

Theorem 4. Let q be the doubling period sequence. The c-factorization of q is

c(q) = (q&q@g,qﬁqf,qf,qiqf,...).
We end this section by mentioning the following well-known result (see [3])

Proposition 1. The Ziv-Lempel an the Crochemore factorizations of a finite
word x can be computed in linear time.

Indeed, one first computes the suffix tree of the word x, where each final state is
labelled with the position of its suffix in z (see Figure[l[a)). Then, one computes,
fore each vertex, the smallest of all positions of the factor corresponding to this
vertex. This is done in linear time by a bottom up tree traversal to compute the
minimum of all positions of its descendants (see Figure [[(b)).

To compute the Crochemore factorization c¢(x) = (x1,...,x,) of x, assume
it is computed up to x;. One enters the suffix y = z; - - -z, into the suffix tree
as far as possible, provided the position red in the suffix tree remains strictly
smaller than |z; - - - 2;_1|. The maximal prefix of y obtained is x;. This algorithm
is clearly linear.
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cbabcba

beba beba

(a) The suffix tree of abacbabcba (b) The augmented suffix tree

Fig. 1. The suffix tree and the extended suffix tree of the word abacbabcba

3 Crochemore Factorization of Standard Sturmian Words

We recall that a standard Sturmian word is the limit s of the sequence
$s_1=b,8=a, and s, = siﬁlsn_g,

with {d,}n>0 a sequence of positive integers. We want now to prove Theorem /]
It is a well known fact that s, = p,e, for each n, where p,, is the palindrome
word obtained by deleting the last two letters ¢, of s, and

- {ab if nis odd
" ba otherwise.

With an easy induction argument, one can obtain the following result.

oy dp—1 _dn— d
Proposition 2. s, = s;"7"s," ' -+ - syt ey for each n > 0.
Since s, = ppen and p,, is a palindrome word, one immediately has the following
decomposition of s in reverse words.

" ~dy~dy~d
Proposition 3. s = 5551 @53 - -,

d dne
Lemma 1. Letw, be the word sy s% |50 581 Then the only occurrences

of sn in w, are the first d,11 + 1 consecutive ones.

Proof. Since s, is primitive for every n, s, is not a proper factor of s2 and
we only have to prove that the (d,4+1 + 1)-th occurrence is the last one. We
prove it by induction on n. If n = 2, so = (a®1b)%a and wy = s§3w1 =
((a%1b)¥2a)% (ad1b)?2a% . Since (a®1b)® occurs in w; only as a prefix, we have
the assertion. If n = 3, s3 = ((a®b)%a)%a®b and w3 = s94w,. Since the last
occurrence of aa®b, which is a suffix of s3, in w3 is exactly the suffix of the
initial sgasl in we, we have the assertion. Let now suppose the assertion be true
for every 2 < k < n. w, = s%*lw, ;. By induction hypothesis, there are only
two occurrences of si’;l in w,_1 and only the first of them is followed by s,,_2,
so that s, occurs in w,_1 only as a prefix. O
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It is now easy to prove Theorem [Tl

Proof. (Theorem [I) Consider s as a composition of reverse words as obtained
in Proposition Bl The first 4 factors of the c-factorization can be easily obtained
by hand. Notice that the composition of these 4 factors in the c-factorization is
exactly g dlé} da,
c(s) = (a,a™ )b, '§Od1§1d2_17'§2d37 f§3d4, cel)
- ~ 4
o 4157 92
We obtain the result as the limit of the c-factorization on the palindrome prefixes

pn of s. Suppose the c-factorization of p,, = 5,7 - - -'§ndf2’1'§fj1_1 to be

~dn-1 ~d,—1
c(pn) = (---,5, 7 17sn—1 )-

By Lemma[ll the only occurrences of s, in w,, are the last d,, .1 + 1 consecutive

ones and since the first letter of s,,_1 is different from the first letter of s,,, we

. .. o d ~dpii—1
obtain the c-factorization of p,41 = wn_lsndj‘lsn 1

d o~ _ B
C<pn+1) = ( A San 1,Sndf17 sndn,+1 1). -

4 Crochemore Factorization of Thue-Morse and Period
Doubling Sequences

Let t be the Thue-Morse word defined as the limit of the morphism 7 such that
7(a) = ab and 7(b) = ba.
We recall the following well known fact.

Lemma 2. Let w be a factor of t such that |w| > 4. Then the occurrences of w
i t begin all in pair positions or all in odd positions.

Proof. (Theorem [2]) Let ¢(t) = (c1,c¢q,...) be the c-factorization of t. We will
prove that each Crochemore factor ¢,1 begins in a pair position, double than
that of ¢,,—1, and that ¢,11 = 7(¢,—1) for every n > 8. One can verify by hands
the first step, that is, cg begins in the pair position double than that of c7.
Let now ¢,41 begin in the double position than that of ¢,,—1. Then 7(c,—1) €
Prefix(cp41¢nt2 - - +). By definition of Crochemore factor and by Lemma 2] since
|en—1] > 4 the factor ¢,_1 occurs earlier in a pair position, so that also 7(c,_1)
has an earlier occurrence. Thus, 7(¢,—1) € Prefix(cp+1).

By contradiction, suppose 7(c,—1)a € Prefix(c,41), where by definition of 7
a is forced to be the first letter of ¢,. Then there is an earlier occurrence of
T(¢n—1)a in a pair position, so that also ¢,—1 occurs followed by a letter a earlier
than as a Crochemore factor, that is absurd. a

Let now t™) be the generalized Thue-Morse word on the m-alphabet A =
{ai1,...,am} defined as the limit of the morphism

Tm(ai) = 0;Q41 " ApaA71 " Aj—1 (22177177,)
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Set wy,; = 7% (a;) and let t%m) = 7 (a1) = wy,1. The following result can be
easily obtained by induction.

Lemma 3. wy; ¢ Fact(wp pwn i) for every i and h # k.

The relationship between the structure of the generalized Thue-Morse words and
the c-factorization is simpler than what we have obtained for the Thue-Morse
word on a 2-letter alphabet. For example, let m = 3. Then

c(tég)) = (a,b,c¢,be,a, ca, b, bcacab, abe, cababe, bea).

Using Lemma [3 it is not difficult to prove the following result, which is even
stronger than what we stated in Theorem [3

Theorem 5. The c-factorization of M) s (W11, s Wi, W1,2 - W, W11,
cee, Wim W1, Wim—1s-- -, Wn 2 Wy om, Wn 15+ -+, Wnom *°° wn,lywn,m—1)~

In the case m = 3 we have

)
P

- ~
t:(,,?’) = abc bea, cab, beacababe cababcebea ,
T~ N W N

w2,1 W22 W2,3 W2 2W2,3W2,1 W2,3W2,1W2,2
in accordance with the c-factorization given above.

In the general case also, this factorization reflects exactly the decomposition
of each prefix tS{") in wp,,; words:

(wl,la cee sy Wim, W12 s Wim, W1, - - - Wim © - W11, W1m—1, - - )
~ ~ -~ ~ - ~ ~ -
tﬁ’"):wz,l w2,2 w2, m
- ~ 4
™)

Recall that the period doubling sequence is defined as the limit q of the
morphism 6 such that §(a) = ab and 6(b) = aa. In order to prove Theorem ]
we begin by providing some easy to prove results on the structure of q.

Lemma 4. The following facts hold:

(i) Gn+1 = Gndg,,, where if ¢, = va, ¢, = va.
(i4) qn = Pnun, where p, is a palindrome word such that py = €, Ppt1 =
PnlnPn, and .
Uy, = {a n pair
b n odd

(iii) pn = qffaf---qf ;.

Lemma 5. For everyn > 1, p, occurs only as a prefix and as a suffiz in ppy1.
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Proof. True for n = 1,2. Suppose the lemma true for n < k.

Pk+2 = PEUEPEUL+1PEUEDPEK

and pry1 = prurpr. Since pryi1 is different from the central factor of pyio
Pruk+1Pk and by the induction hypothesis on py, we have the assert. a

Proof. (Theorem (M) We prove that

AGni2) = (@' a5 ot at s gl u(n)).

The assertion holds for n = 2. Suppose it is true for g,11.
By Lemma [
qn+2 = Qn+1qg+1 = Pn4+1Un4+1PnUnPnln. (1)
Note that t,1p, = ¢ and u,p, = ¢
By induction hypothesis, the last Crochemore factor of ¢, is its last letter, so
that the wu,41 of Equation () is the first letter of a Crochemore factor of g, .
With the further expansion of the expression of ¢,+2

dn+2 = Pn—1Un—-1Pn—1UnPn—1Un—1Pn—1 Un—1Pn—1Un—1Pn—1 UnPn—1Un—1Pn—1 Un
~ ~ 7 ~ -
qs i
we can verify that the factors u,1p, and u,p, of Equation () (here under-
lined in the same occurrences) occurred already before in g,42. Moreover, by
using Lemma [0 it can be shown that they are not contained into larger already
occurred factors, that is, wn,+1pnty, and u,ppu, did not occur before, so that
¢, ¢ u, are exactly the c-factors we need to add to those of ¢, to complete
the c-factorization of ¢, 42. a

5 Crochemore Factorization Versus Ziv-Lempel
Factorization

Ziv and Lempel have considered several variations of factorizations of words (see
[7]; these are also discussed in [6] ). We illustrate the relation between Crochemore
and Ziv-Lempel factorizations by stating some simple facts, and by giving some
examples.

Lemma 6. Let (¢1,c¢o,...) and (21, 22, ...) be the Crochemore and the Ziv-Lem-
pel factorizations of a word w. The following hold.

— For each i,j such that |c1---ci—1| > |z1---zj—1] and |e1 -+ -] < |z1--- 2],

then |z1--- 2| = |e1 - e + 1.
— For eachi,j such that |z1---zj_1| < |e1-+-¢;| < |21+ 24| then |1 cipq] <
|21+ zjpal-

Lemmal @l reflects the fact that by their definitions if a Ziv-Lempel factor includes
a Crochemore factor, then it ends at most a letter after, and that a Crochemore
factor cannot include a Ziv-Lempel factor. Accordingly, we have the following
result.
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Proposition 4. The number of factors of the Crochemore factorization is at
most twice the number of factors of the Ziv-Lempel factorization.

Consider for example the period doubling sequence. It is simple to show that
each Ziv-Lempel factor of q properly includes a Crochemore factor by ending
just a letter before, as illustrated in this figure:

abaa‘abab‘abaaabaa‘-u
ba‘a a‘b a‘baba‘aaba‘a

In this example each Ziv-Lempel can therefore be associated to a couple of
Crochemore factors. On the contrary, in the next example each Ziv-Lempel factor
is associated to a sole factor.

Consider the word v = aabbabbbbabbbbbba - - - in which for each ¢ > 0 the letter
in position 7 is defined as a if 7 is a perfect square and b otherwise. The Ziv-
Lempel factors of v are shifted one letter ahead with respect to the Crochemore
factors, as illustrated in the figure:

z: |lala b|bd
b

(b b blbabbbbblba
alalb b blb b abbbb

b b a

a
a

6 Conclusion

In the examples given here, the detailed knowledge of the structure of the infinite
words yields enough information in order to compute the Crochemore factoriza-
tion. Similar results hold for episturmian words. On the contrary, it is not yet
clear whether a satisfactory description can be obtained for automatic sequences
other than those which are uniform purely morphic sequences.

References

1. J.-P. Allouche and J. Shallit, Automatic Sequences, Cambridge University Press,
2003.

2. M. Crochemore, Recherche linéaire d’un carré dans un mot, Comptes Rendus Sci.
Paris Sér. I Math., 1983, 296, 781-784.

3. M. Crochemore, C. Hancart, and T. Lecroq, Algorithmique du texte, Vuibert, 2001.

4. M. Crochemore and W. Rytter, Text Algorithms, The Clarendon Press Oxford Uni-
versity Press, 1994.

5. A. de Luca, A division property of the Fibonacci word, Information Processing
Letters, 1995, 54, 307-312.

6. R. Kolpakov and G. Kucherov, Periodic structures on words, in Lothaire, Applied
Combinatorics on Words, Cambridge University Press, 2005.

7. A. Lempel and J. Ziv, On the complexity of finite sequences, IEEE Transactions in
Information Theory, 1976, I'T-22, 75-81.

8. Z.-X. Wen and Z.-Y. Wen, Some properties of the singular words of the Fibonacci
word. Furopean Journal of Combinatorics 1994, 15, 587-598.



	Introduction
	Basic Definitions and Main Results
	Crochemore Factorization of Standard Sturmian Words
	Crochemore Factorization of Thue-Morse and Period Doubling Sequences
	Crochemore Factorization Versus Ziv-Lempel Factorization
	Conclusion


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




