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Abstract

Well-founded fixed points have been used in several areas of knowl-
edge representation and reasoning and in particular to give semantics to
logic programs involving negation. They are an important ingredient of
approximation fixed point theory. We study the logical properties of the
(parametric) well-founded fixed point operation. We show that the oper-
ation satisfies several, but not all of the standard equational properties of
fixed point operations described by the axioms of iteration theories.

1 Introduction

Fixed points and fixed point operations have been used in just about all areas
of computer science. There has been a tremendous amount of work on the exis-
tence, construction and logic of fixed point operations. It has been shown that
most fixed point operations, including the least (or greatest) fixed point opera-
tion on monotonic functions over complete lattices, satisfy the same equational
properties. These equational properties are captured by the notion of iteration
theories, or iteration categories, cf. [2] or [14] for a recent survey.

For an account of fixed point approaches to logic programming containing
original references, we refer to [21]. These approaches, and in particular the
stable and well-founded fixed point semantics of logic programs with negation,

*The second author received support from NKFI grant no. ANN 110883 and the Université
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based on the notion of bilattices, have led to the development of an elegant
abstract ‘approximation fixed point theory’, cf. [9, 10, 28].

In this paper, we study the equational properties of the well-founded fixed
point operation as defined in [9, 10, 28] with the aim of relating well-founded
fixed points to iteration categories. We extend the well-founded fixed point
operation to a parametric operation giving rise to an external fixed point (or
dagger) operation [2, 3] over the cartesian category of approximation function
pairs between complete bilattices. We offer an initial analysis of the equational
properties of the well-founded fixed point operation. Our main results show
that several identities of iteration theories hold for the well-founded fixed point
operation, but some others fail.

2 Complete lattices and bilattices

Recall that a complete lattice [6] is a partially ordered set L, ordered by a
relation <, such that each X C L has a supremum \/ X and hence also an
infimum A X. In particular, each complete lattice has a least and a greatest
element, respectively denoted either | and T, or 0 and 1. We say that a function
f: L — L over a complete lattice L is monotonic (anti-monotonic, resp.) if for
all z,y € L, if # <y then f(z) < f(y) (f(z) = f(y), resp.).

A complete bilattice® [21, 20, 22] (B, <,,<;) is equipped with two partial
orders, <, and <;, both giving rise to a complete lattice. We will denote the
<p-least and greatest elements of a complete bilattice by L and T, and the
<;-least and greatest elements by 0 and 1, respectively.

An example, depicted in Figure 1, of a complete bilattice is FOUR, which
has 4 elements, L, T,0,1. The nontrivial order relations are given by L <,
0,1<, Tand 0 <y L, T < 1.

0 (0,0 1 (1,1)
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Figure 1: A representation of FOUR =~ 2 x 2 taken from [21].

LSometimes bilattices are equipped with a negation operation and the bilattices as defined
here are called pre-bilattices.



Two closely related constructions of a complete bilattice from a complete
lattice are described in [9] and [20], see also [5] and [22] for the origins of the
constructions. Here we recall one of them. Suppose that L = (L,<) is a
complete lattice with extremal (i.e., least and greatest) elements 0 and 1. Then
define the partial orders <, and <; on L x L as follows:

(z,2") <p (19) & <y A’ >y

(z,2") < (y,y) & <y A <y

Then L x L is a complete bilattice with <,-extremal elements L = (0,1) and
T =(1,0), and <;-extremal elements 0 = (0,0) and 1 = (1,1). Note that when
L is the 2-element lattice 2 = {0 < 1}, then L x L is isomorphic to FOUR
as depicted in Figure 1. In this paper, we will mainly be concerned with the
ordering <,,.

In any category, we usually denote the composition of morphisms f: A — B
and g : B — C by go f and the identity morphisms by id4. We let SET
denote the category of sets and functions and we denote by CL the category of
complete lattices and monotonic functions. Both SET and CL have all products
and hence are cartesian categories. The usual direct product, equipped with the
pointwise order in CL, serves as categorical product. In CL, a terminal object

is a l-element lattice T. In both categories, for any sequence Aj,..., A, of
objects, the categorical projection morphisms 771 X4 . A} x ... x A, — A;,
i € [n] ={1,...,n}, are the usual projection functions.

Products give rise to a tupling operation. Suppose that f; : C — A;, i € [n]
in SET or CL, or in any cartesian category. Then there is a unique f : C —
Ap X oo x Ay, with 7 XA o f — f for all i € [n]. We denote this unique
morphism f by (f1,..., f») and call it the (target) tupling of the f; (or pairing,
when n = 2). Note that in SET and CL, we have f(x) = (f1(x),..., fa(x)) for
all z € C.

And when f: C — A and g : D — B, then we define f x g as the unique
morphism h : CxD — Ax B with 7{*Boh = for*P and 75*Poh = gon§*P.
In SET and CL, h(z,y) = (f(x),g(y)) for all x € C and y € D.

If m,n > 0, p is a function [m] — [n] and Ay, ..., A, is a sequence of objects
in a cartesian category, we associate with p (and Ay, ..., A,) the morphism

A, Ap ALK X Ay Ap XX Ay
pr i = (Tl )

from Ay x -+ X Ay to Apqy X -+ - X Ay (Note that in SET and CL, pAtAn
maps (ml, . ,J}n) €A x---x A, to (.%‘p(l),. . .,a:p(m)) S Ap(l) X +ee X Ap(m).)
With a slight abuse of notation, we usually let p denote this morphism as well.
Morphisms of this form are sometimes called base morphisms. When m = n and
p is a bijection, then the associated morphism Ay x---x A, — A1) X=X Apyp)
is an isomorphism. Its inverse is the morphism associated with the inverse p~! of
the function p. For each object A, the base morphism associated with the unique
function [m] — [1] is the diagonal morphism A2 = (ida,...,ida) : A — A™,
usually denoted just A,,.



3 The category CL

The objects of CL are complete lattices. Suppose that A, B are complete
lattices. A morphism from A to B in CL, denoted f : A > B, is a <p-
monotonic function f : A x A — B x B, where A x A and B x B are the
complete bilatices determined by A and B. Thus, f = (f1, f2) such that
fi i Ax A — B is monotonic in its first argument and anti-monotonic in
the second argument, and fo : A Xx A — B is anti-monotonic in its first ar-
gument and monotonic in its second argument. (Such functions f are called
approximations in [28].) Composition is the ordinary function composition and
for each complete lattice A, the identity morphism id4 : A — A is the identity
function idax 4 = id4 x idg = <7714XA,7T§‘XA) cAx A— AxA.

The category CL has finite products. (Actually it has all products). Indeed,
a terminal object of CL is any 1-element lattice T. Suppose that Aq,..., A, are
complete lattices. Then consider the direct product A; x --- x A, as an object
of CL together with the following morphisms ﬁflx'"XA" CA XX Ay S A
i € [n]. For each i, /> *An

i

is the function
Ay X XAy x Ay x -+ x A, = A; X A
defined by

7-‘-;41X"'><A"(£L'1,...7xnamll7"'7‘,1‘.;'7,) = (%‘733;)7

so that in SET, 7/ 4" can be written as

<7TA1><---><A,,L><A1><--»><A,,L A1><»--><A,L><A1><---><A,,L>
K3

Ay x--XAp, Al x--XAp,
s Tt e X T .

i i

It is easy to see that the morphisms 7724 j € [n], determine a product

diagram in CL. To this end, let f* = (f{, fi) : C > A; in CL, for all i € [n], so
that each fis a <,-monotonic function C'x C' — A; x A;. Then let h = (hy, hs)
be the function C' x C — Ay x---x A, x Ay x -+ x A,,, where hy = (fl, ..., f1")
and hy = (f3,..., f). Thus, hy and hs are functions C' x C' — Ay x -+ X A,,.

We prove that h is the target tupling of f!,...,f™ in CL. First, since
each fi is monotonic in its first argument and anti-monotonic in the second
argument, the same holds for hy. In the same way, ho is anti-monotonic in the
first argument and monotonic in the second. Thus, h is <,-monotonic. Next,
A An AxXAnwhere i € [n], we have

writing just 7r; for 7r; and m; for =;

mioh = m;0(hy, hs)
(ﬂ'ixﬂ'i)o<<f117"~7ffb>7<f217"-af;>>
(mio (fis s i) mio(faye oy 3)
(fi, f3)

= fi

It is also clear that h is the unique morphism C' = A; x --- x A,, in CL with
this property.



Proposition 1 CL is a cartesian category in which the product of any objects
Aq, ..., A, agrees with their product in CL.

By the above argument, the tupling of any sequence of morphisms f? =
(fi, f3: C > A; in CLis h = (hy, hy), where h; is the tupling of the functions
fi and hg is the tupling of the functions fi in SET. We will denote it by
(Fh o 03 A x - x A,

For further use, we note the following. Suppose that p : [m] — [n] and
Aq,..., A, are complete lattices. Then the associated morphism pAt:An .
Ap XX Ay = Apay X -+ X Aymy in CL is the function

Ay X oo x Ay, x Ay x - x A, — Ap(l) R xAp(m) ><Ap(1) X - xAp(m)
given by
(T1, ey T, T,y Th) (Tp(1)y s Tp(m)s a:/p(l), . ,x’p(m)).
Thus,
pAT A = AL A AL A
where pA1-4n is the morphism associated with p and Ay,..., A4, in SET (or

CL). This is in accordance with idy = id4 X id 4.

Suppose that f : C > A and g : D > B in CL, so that f is a function
CxC — AxAand gisafunction DxD — Bx B. Then fxg:CxD > AxB
in the category CL is the function

(ida x (2*A 7B*4Y siidg) o ho (ide x (x2*C, 7P*C) xidp)

from Cx DxCxDtoAxBxAxDB,wherehis fxg:CxCxDxD—
A x Ax B x Bin SET. Hence, h = (hy, hy) with

hl(xayvxlvy/) = (fl(x’x/)vgl(yvyl))
ha(z,y,2,y") = (f2(2,2), g2(y. 9)).

3.1 Some subcategories

Motivated by [9, 10, 28], we define several subcategories of CL. Suppose that
A, B are complete lattices. Following [9], we call an ordered pair (z,2') € Ax A
consistent if < x’. Moreover, we call f : A = B in CL consistent if it
maps consistent pairs to consistent pairs. It is clear that if f : A = B and
g : B> C in CL are consistent, then so is go f : A — C, moreover, idy
is always consistent. Also, for any sequence Aq,..., A, of complete lattices,
the projections rflx”'XA” cAp X - X Ay S Ay, i € [n] are consistent. And
when f; : C 5 Ay, for all i € [n], then (f1,...,f.) : C 3 A x --- x A, is
consistent iff each f; is. Hence, the consistent morphisms in CL determine a
cartesian subcategory of CL with the same product diagrams. Let CCL denote
this subcategory.



We define two subcategories of CCL. The first one, ACL, is the subcat-
egory determined by those morphisms f = (f1, f2) : 4 > B in CL such that
fi(z,z) < fo(z,x) for all x € A. The second, EACL, is the subcategory deter-
mined by those f : A > B with fi(z,z) = fao(z,z). These are again cartesian
subcategories with the same product diagrams.

As noted in [9], most applications of approximation fixed point theory use
symmetric functions. We introduce the subcategory of CL having complete
lattices as object but only symmetric <,-preserving functions as morphisms.

Suppose that f : A % B in CL, say f = (f1, f2), We call f symmetric if
folz,2') = fi(a', ), i.e., when

fo = f10<7ré4XA,7erA>:A><A%B.

We will express this condition in a concise way as fo = f;*.

It is easy to prove that if f : A > B and ¢ : B = C are symmetric, then
so is g o f. Moreover, id4 is always symmetric. Thus, symmetric morphisms
determine a subcategory of CL, denoted SCL. In fact, SCL is a subcategory
of EACL, since when f = (f1, fa) : A > B is symmetric, then necessarily
filz,z) = fo(x,z) for all x € A. Moreover, it is again a cartesian subcategory
with the same products.

Since the first component of a symmetric morphism uniquely determines the
second component, SCL can be represented as the category whose objects are
complete lattices having as morphisms A — B (where A and B are complete
lattices) those functions f : A X A — B which are monotonic in the first and
anti-monotonic in the second argument. Composition, denoted e, is then defined
as follows. Given f: A>3 Bandg: B> C, ge f: A C is the function

go<f,f°p>:A><A—>C,

where f°P denotes f o (w3 4, 7{*4), so that g e f(z,2") = g(f(x,2'), (&', x)).

The identity morphism A % A is the projection 7{'*4.

4 Fixed points

Suppose that A and B are complete lattices, ordered by <, and let f : AxB — A
be a monotonic function. The least fixed point operation on CL maps f to the
monotonic function ff: B — A such that for all y € B, ff(y), sometimes also
denoted pzx.f(x,y), is the least solution of the fixed point equation z = f(x,y).
The existence of f(y) is guaranteed by the Knaster-Tarski fixed point theorem.
It is also known that fT(y) is the least z € A such that f(z,y) < z which implies
the monotonicity of T.

Remark 2 Sometimes we will apply the least fixed point operation to functions
f:Ax B — A, where A, B are complete lattices, which are monotonic in the
first argument but anti-monotonic in the second. Such a function may be viewed
as a monotonic function A x B¢ — A, where B¢ is the order dual of B. Hence,



in this case, fT is a monotonic function B¢ — A, or —as we will consider it— an
anti-monotonic function B — A. More generally, we will also consider functions
that are monotonic in some arguments and anti-monotonic in others, but always
take the least fixed point w.r.t. an argument in which the function is monotonic.

In this section, we recall from [9] the construction of stable and well-founded
fixed points. More precisely, only symmetric functions were considered in [9], but
it was remarked that the construction also works for non-symmetric functions.

Suppose that f = (fi, f2) : A > A in CL, so that f is a <,-monotonic
function A x A — A x A. Then f; : A X A — A is monotonic in its first
argument and anti-monotonic in its second argument, and fo : A x A — A
is monotonic in its second argument and anti-monotonic in its first argument.
Define the functions s1,s5 : A — A by

si(@) = pafile,)
sa(2) = pa'fala,a)

and let S(f) : A x A = A x A be the function S(f)(z,z') = (s1(z'), s2(x)).
Since s; and sy are anti-monotonic, S(f) is a morphism A > A in CL. We call
S(f) the stable function for f. It is known that every fixed point of S(f) is a
fixed point of f, called a stable fized point of f. Indeed, let (x,z’) be a fixed
point of S(f), so that © = s1(z’) and 2’ = sa(z). By the definition of s; and
2, we have s1(2') = f1(s1(2'),2") and s2(z) = fa(s2(z),z). So

) (
f(x,x) = (fl( /)’ ( ))
= (fils1(2"),2'), fa(s2(2), 2))
(
(

s1(2'), s2())
z, ).

We let f© denote the set of all stable fixed points of f. Since S(f) is <,-
monotonic, there is a <,-least stable fixed point f*, called the well-founded
fized point of f.

The above construction can slightly be extended. Suppose that f = (f1, f2) :
Ax B> Ain CL, so that f is a function A x B x A x B — A x A. Then
fi: Ax Bx Ax B — A is monotonic in its first and second arguments and
anti-monotonic in the third and fourth arguments, while fo : AX BXxAxB — A
is monotonic in the third and fourth arguments and anti-monotonic in the first
and second arguments. Now let s1,52 : A x B x B — A be defined by

31($/»y7y/) = ﬂm~f1($ay>$l»y/)

52(x7y7y/) = H’x/'fQ(xayax/ay,)'
We have that s; is monotonic in its second argument and anti-monotonic in the
first and third arguments, and s is monotonic in the third argument and anti-

monotonic in the first and second arguments. Define S(f): Ax AXx Bx B —
A x A by

S(f)(a:,m’,y, y/) = (Sl(x/7y7y/)7 52(3:’ y??/))'



Then S(f), as a function (A x A) x (B x B) — A x A, is <,-monotonic in both
of its arguments. We call S(f) the stable function for f. (Note that S(f) can be
considered as a morphism L x L' — L of the category CL, where L and L' are
the complete bilattices A x A and B x B considered as complete lattices ordered
by the relation <,,.) For each y,y’ € B, let f(y,y’) denote the set of solutions
of the fixed point equation (z,2') = S(f)(x,2',y,y’). Hence, f* is a function
from B x B to the power set of A x A, that we call the stable fixed point function.
In particular, for each y,y’ € B there is a <,-least element of f~(y,y’). We
denote it by f*(y,y’). Since S(f) is <,-monotonic, so is f¥ : B x B — A x A.
Hence f*: B> Ain CL.

We have thus defined a dagger operation ¥ on CL, called the (parametric)
well-founded fixed point operation. In the next two sections, we investigate the
equational properties of this operation.

Remark 3 The parametric well-founded fixed point operation ¥ is just the
pointwise extension of the operation defined on morphisms A — A. Indeed,
when f: Ax B % Aand (y,y) € B x B, then let g : A > A be given by

g(z,2') = f(z,y,2',y'). Then fH(y,y') = ¢g* and f2(y,y') = g~

Remark 4 Suppose that f : 2 % 2 is given by f(z,2') = (=z/,~z), where
-0 =1 and =1 = 0. Then f is symmetric but f* is not, since f* = (0,1). Hence
SCL is not closed w.r.t. the parametric well-founded fixed point operation.
Since f' is not in EACL but SCL is a subcategory of EACL, this example
also shows that EACL is not closed under the parametric well-founded fixed
point operation.

Remark 5 We provide an example showing that when f: A x B 3 A in CL
is consistent, ¥ may not be consistent. Indeed, let A = 2 and B = T (terminal
object), and let f : A > A be given by f(x,2') = (1,~2 V 2'). Then f is
consistent, since f(0,0) = f(0,1) = f(1,1) = (1,1), but f* = (1,0), so that
f* is not consistent. Since f is in fact in EACL, this example also shows that
neither ACL nor EACL is closed with respect to the well founded fixed point
operation.

Note that the above f is not symmetric. In fact, if f: A = A is symmetric,
then ff:7T 2 A is consistent. This follows from Remark 3 and Theorem 23 in

[9].

We summarize the results of this section.

Proposition 6 The well-founded fized point operation * is an external dagger
operation over CL. Neither of the subcategories CCL, ACL, EACL, SCL is
closed under ¥.

5 Some valid identities

Iteration categories capture the equational properties of several fixed point op-
erations including the least fixed point operation over CL. Axiomatizations



of iteration categories can be conveniently divided into two parts, axioms for
Conway categories and the commutative [11, 2] or group identities [13], or the
generalized power identities of [12]. Known axiomatizations of Conway cate-
gories include the group consisting of the parameter (1), composition (6) and
double dagger (8) identities, and the group consisting of the parameter (1), fixed
point (2), pairing (7) and permutation (3) identities. In this section we estab-
lish several of the above mentioned identities for the parametrized well-founded
fixed point operation over CL. In the next section we will show that several
others fail.

Proposition 7 The parameter identity holds in CL:
(fol(idaxg)t = frog, (1)
forall f:Ax B> Aandg:C > B.

Proof. Let h = fo(idaxg) : AxC > A. Then S(h) : Ax AxCxC — Ax A
is given by

S(h)(x,x’, Z, zl) (M-%'-fl(l',gl(Z, z'),x',gg(z7 Z/))7
:u'x/'fZ(xvgl(Z? Z/)vx,vQQ(Zv Z/)))

= S(f)((daxa x g)(z,2",2,2)),

where f = (f1, f2) and g = {(g1,92). Thus, S(h) = S(f) o (idaxa X g) in SET
(or CL), and therefore h® = f© o (idaxa X g), using a suggestive notation.
Moreover, ht = f% o g, since the parameter identity holds for the least fixed
point operation over CL. O

Proposition 8 The fived point identity holds:
fo(ftidg) = f%, (2)
forall f: Ax B> A.

Proof. By Remark 3, it is sufficient to prove our claim only in the case when
f:AS A e, fisa <p-monotonic function A x A — A x A. But it is known,

see e.g. Theorem 19 in [9], that if f : A > A, then each stable fixed point of
f is a (<s-minimal) fixed point, so f o f* = f¥. (We also have fo f& = f2.)
O

Proposition 9 The permutation identity holds:
(pofo(p™t xidp)t = pof, (3)

forall f: Ay x -~ x Ay, x B3 Ay x --- x A, and permutation p : [n] — [n].



Proof. We prove this only when B is the terminal object (cf. Remark 3), so
that f can be viewed as a morphism f = (f1, fa) : A1 x---x A, 5 A XX Ap,
where fi, fo are appropriate functions

Ay x - x Ay x Ay x -+ x A, = Al X - X A,

1

Let g=po fop tin CL, so that g = (g1, g2) where g1, g2 are functions

Apay X oo X Apmy X Apay X oo X Apny = Apay X+ X Apn)
First we show that
Sg) = poS(flop™ (4)
in CL, i.e.,
S(g) = (pxp)oS(flo(ptxp™)

in SET. Below we will denote by x,z’ n-tuples in Ay X --- x A,,. Similarly,
let y,y" denote n-tuples in A,y x --- X A,e,y. Note that if z = (21,...,2,) €
Ap X - X Ay, then p(x) = (Tpa)s -5 Tpm)) I Apay X --- X Ayyy. And if
Y= (W1, - Un) € Ap) X -+ X Ay, then p=(y) = (Yp-1(1)s-- > Yp-1(n)) In
Ay x -+ x A,. Let

si(z) = pz.fi(z,2)

so(x) = pa'.fo(x, ).

(
Then S(f)(x,2') = (s1(2'), s2(x)). Similarly, let

wy-p(fr(p~ (y), P~ (¥)))
wy' - p(f2(p™ (), p~ (1))

Then S(g)(y,y') = (t1(y'), t2(y)). Since the permutation and parameter identi-
ties hold for the least fixed point operation over CL, we obtain that

() = plsi(p™' (@)
ta(y) = p(s20p™"(¥)),

proving (4). Now from (4), since the permutation identity holds for the least
fixed point operation over CL, it follows that gt = p o f¥ in CL. Moreover,
it follows that the stable fixed points of g are of the form (p(x), p(z")), where
(x,2') is a stable fixed point of f. (A suggestive notation: g~ = po f2.) ad

We now establish a special case of the pairing identity (7). It will be shown
later that the general form of the identity does not hold.

Proposition 10 The following identity holds:
(f,go( ;B ><idC))I = (fio(gi,idc)7gi), (5)

where f : AX BxC 3 Aandg: BxC > B.

10



Proof. Tt suffices to consider the case when there is no parameter (cf. Re-
mark 3). Solet f = (fi,f2) : Ax B3 Aand g = (g1,92) : B> B, so that
fi,fo: AXBxAxB — Aand g1,92 : Bx B — B. Let h = (f,gomw5*B):
Ax B3 Ax Bin CL. Then ht can be constructed as follows. First consider

w(z,y).(frlz,y, 2", y'), 01(y,y')) and
w@'y).(folz,y, 2", y'), 92(y,9))-

Since (5) and the parameter identity hold for the least fixed point operation
over CL, we know that these functions can respectively be written as

(px.fr(z, py.o1 (v, y'), 2’ y'), py.91(y,y'))  and
(' fo(z,y, o', py'.92(y, ")), 1y -92(y, ).

Now h* can be obtained by solving the system of equations

($7xl) = (Mx'fl(w7uy'gl(yay/)7$/ay/)a
p' . fo(z,y, ', 1y’ .92 (y, y'))
wy') = (o, v),1my .92(y,9"))

for its least solution w.r.t. <,. However, this system of equations is equivalent
to the system

(z,2") = (pafilz, py.91(0,9"). 2", 1y’ .92(y, ")),
pa' fo(x, py.g1(y, v ), ' py'.g2(y, y/'))
v = (91w, 9) 1y .92(y,9"))

in the sense that both systems have the same solutions. Now the second system
of equations is just

(x,2") = S(H)(z,2),5(9)(y,9))
(v,y) = Sy

It follows that h* consists of all ((z,y), (/,y")) such that (y,%’) is a stable fixed
point of g and (z,2') is in f*(y,y’). In particular, since the least fixed point
operation over CL satisfies (5), it holds that h* = (f* o g%, g*) as claimed. |

Remark 11 The identity (5) has already been established in Theorem 3.11 of
[28], see also the Splitting Set Theorem of [24].

We prove one more property that is not an identity, but a quasi-identity. It
is stronger that the group or commutative identities [2, 13], yet most of the stan-
dard models satisfy it. (Actually the commutative identities were introduced
in [11] in order to replace this quasi-identity by weaker identities, since when
it comes to equational theories, the best way to present them is by providing
equational bases.)

11



Proposition 12 The weak functorial dagger implication holds: for all f : A™ X
B% A" andg: AxB > Ain CL, if fo(A, xidp) = A, o0g, then ft = A, og.

Proof. First recall that A4 (or just A,, when A is understood) denotes the

diagonal morphism A % A" in CL and A# (or just A, when A is understood)
denotes the diagonal morphism A — A™.

We spell out the proof only in the case when B is a terminal object. So let
f:A" 3 A" and g: A > Ain CL, say f = (f1, fo) and g = (g1, g2), where
fi i A" x A" — A™ and g; : A x A — A are appropriate functions for i = 1, 2.

The assumption f o A,, = A, o g can be rephrased as

fio(AnXAn):Anogia 1=1,2,
ie.,
fl(xa"'ax7x/a"'7x/> = (gl(aj,xl),...,gl(x,x/))
fg(.’E,...,LE,(El,...,iE/) = (92($,xl),...,92(x,$/))

for all z, ' € A. Since the weak functorial dagger implication and the parameter
identity hold for the least fixed point operation over CL, it follows that

hi(z'y....2") = (ki(2),... ki (2)))
ho(z,...,z) = (ka(x),..., ka(x))
where hy(2],...,2}) and ha(z1,...,z,) are respectively the components of the
least solution of
(x1,...,2n) = fi(x1,...,2n,2),...,2) and
(@),...,x)) = folwe,...,¢p, 2}, . 2))

and kj(2') and ky(z) denote the components of the least solution of

r = gi(z,2') and
¥ = go(z, ).
Hence
S(F) w1,y xn, @y, xh) = (ha(zh, ... 2h), ha(ze, ... 20)),

moreover, S(g)(z,z") = (k1(2"), ka(x)). Consider now the equations

(T1, ey T, s xh) = (ha(2lh, .. 2h), ha(ze, ... 2p))

and

(z,2") = (ka(2), ka(2)).

Since the weak functorial dagger implication and the parameter identity hold
for the least fixed point operation over CL, the <,-least solution of the first
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equation can be obtained as the 2n-tuple whose first n components are equal
to the first component of the <,-least solution of the second equation, and
whose second n components are equal to the second component of the <,-least
solution of the second equation. This means that f¥ = (A, x A,)og* in SET,
ie., ff = A, og*in CL. (It also holds that if (z,2’) is a stable fixed point of
g, then (x,...,z,2',... 2) is a stable fixed point of f.) ]

For the definition of the commutative and group identities, we refer to [2, 11].

Corollary 13 The commutative identities and the identities associated with
finite groups hold for the parametrized well-founded fixed point operator over
CL.

In fact, each identity associated with a finite automaton [13] holds.

6 Some identities that fail

Proposition 14 The composition identity
(folg,m” N = follgolfimy N ide), (6)

f:BxC>3A, g:AxC=> B, fails in CL, even in the following simple case:
fo(fof)t=(fof)t, where f: A A.

Proof. Let f:2 > 2 be given by f(z,2') = (—2’,—z) (see also Remark 4).
Then f o f is the identity function on 2 x 2, hence (f o f)* = (0,0). On the
other hand, fo (fo f)f = (1,1). |

Proposition 15 The squaring identity (f o f)* = ft fails, where f : A > A,
Proof. Let f be as in the previous proof. Then (f o f)¥ = (0,0) as shown
above. But f* = (0,1). O
Since the fixed point, parameter and permutation identities hold but the
composition identity fails, the pairing identity (found in [1, 7]) also must fail,
see [2]. We can give a direct proof.
Proposition 16 The pairing identity
(fa g)i = (fi © (hiv idC)7 hi)a (7)
where h = go{f*,idp ) fails, where f : AxBxC = Aandg: AxBxC > B.

Proof. Let f,g:2x2 - 2in CL, so that f and ¢ are appropriate functions
2X2X2%X2—52x2,

f(a:,y,:z:’,y’) = (_‘ylv_‘y)
/

g(x’ y7x/’ y/) = (_‘x 7_|x)'

13



Then
(fa g)(:c, Y, :E/, y/) = (_'yla —‘17/, Y, —|SC)

and thus (f, g)* = (0,0,1,1). On the other hand, f*(y,y’) = (=y, —y), hence
h = go{f%,ids) is the identity function on 2 x 2 and h* = (0,0) and f* o ht =
(1,1). Tt follows that {f* o h¥, h*) = (1,0,1,0). O

Each of the above examples involved symmetric morphisms. We now refute
the double dagger identity, but we use a non-symmetric morphism.

Proposition 17 The double dagger identity
= (fo({ida,ida) x idp))*, (8)

f:AxAx B3 A, fails in CL, even in the particular case when B = T
(terminal object).

Proof. Let g : 2 x 2 % 2 be given by g(z,y,2’,y") = (=, —x), and let
h = go(ids,ids) : 2 > 2, so that h(z,z’) = (-2, ). We already know that
ht =(0,1). But ¢*(y,y') = (-, y) and g** = (1,0). O

7 Some applications

The established identities can be seen as abstract versions of transformations
over logic programs that preserve the well-founded semantics (in the bilattice
setting). For one example, consider the simple propositional logic program

p:—gq¢~r q:—1r,~p Ti— p,~(q

Identifying p, ¢, r, we obtain

p:— p,~D
By the weak functorial implication established above, the two programs are
equivalent in the sense that each component of the well-founded semantics of
the first program agrees with the well-founded semantics of the second. (For
a treatment of the semantics of logic programs in approximation fixed point
theory, see [9, 8].)

By formulating transformations as identities, one can use standard (many-
sorted) equational logic to derive other identities that in turn give rise to new
transformations. For example, the following identity is an equational conse-
quence of those established in the paper:

(f,goms> By = (fo(ida x g),gomy*P)!

14



where f: Ax B> Aand g: B> B. Indeed,

(fol(idaxg),gom™P) =
= ((fo(ida x g9))* o g%, ¢%), by Prop. 10.2
= (ffogogt g), by the parameter identity
= (ffogt ¢g*), by the fixed point identity
= (f,gomy*B) by Prop. 10.2.

More generally, it holds that
(f.go "By = (f o (ida x (g, 7F*C)), g o mf ¥ POy

where f: Ax BxC > Aand g: BxC > B.
This identity can be interpreted as a version of the fold /unfold transforma-
tion [27, 26]. For example, it yields that the logic programs

p:— q,r r:— 8t

and
p:— q,8t r:— st

are equivalent for the well-founded semantics.
On the other hand, the following identity, which is a generalization of the
above folding/unfolding identity, fails:

(folm™ B gy o) = (f.g)

where f: Ax B> Aand g: Ax B> B. And this again follows by standard
equational reasoning using our positive and negative results. For suppose that
the identity holds. Then the following special case obtained by letting A = B
and instantiating f with homs*# and g with hom{**# where h : A % A, holds
as well:

(hohom™A hom{™M = (homd A hom{*M)E,
Moreover, using Proposition 9, also

(hom A hohom®™ My — (homA hogfxdyt
But by Proposition 10,

(hohom{™A hom™MN = ((hoh)* ho(hoh)}),
and by Proposition 10 and 9,

(homy > hohomyd = (ho(hoh)} (hoh)¥).
We conclude that

ho(hoh)t = (hoh)},

contradicting Proposition 14.
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8 Conclusion

We extended the well-founded fixed point operation of [9, 28] to a parametric
operation and studied its equational properties. We found that several of the
identities of iteration theories hold for the parametric well-founded fixed point
operation, but some others fail. By showing that some identities of iteration
theories do not hold, we tried to have a better understanding why logic programs
with the well-founded semantics cannot be manipulated using standard fixed
point methods. And by showing that some other identities hold, we tried to
understand to what extent the standard techniques can be used for manipulating
logic programs.

Two interesting questions arise for further investigation. The first concerns
the algorithmic description of the valid identities of the well-founded fixed point
operation. Does there exist an algorithm to decide whether an identity (in the
language of cartesian categories equipped with a dagger operation) holds for
the well-founded fixed point operation? The second concerns the aziomatic
description of the valid identities of the well-founded fixed point operation.
These questions are also relevant in connection with modular logic programing,
cf. [19, 23, 24].

An alternative semantics of logic programs with negation based on an infinite
domain of truth values was proposed in [25]. The infinite valued approach has
been further developed in the abstract setting of ‘stratified complete lattices’ in
[4, 17, 18, 15, 16]. In particular, it has been proved in [15] that the stratified
least fixed point operation arising in this approach does satisfy all identities
of iteration theories. So in this regards, the infinite valued semantics behaves
just as the Kripke-Kleene semantics [21], as it corresponds to the least fixed
points. In fact, the iteration theory identities are sound and complete for both
the Kripke-Kleene semantics and the infinite valued semantics.
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