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ε
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X
�2w�u��0��	yµ�o
µ�r�w�t

Z
�<syt<q�u�s���!C�
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∑
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∑
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nfq�r�sFK<µ�´&�<o
s�
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w
�fµ�xis4µ�o�s't���u����<syt<q�u�s���!C�
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Z〈X〉 =
⊕

n∈N

Z
n〈X〉
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o�q/�2w
t��H��s�9:�<s't�	(s
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∆(aba) = aba + Aba + aBa + abA + ABa + AbA + aBA + ABA
= aba ε + ba A + aa B + ab A + a AB + b AA + a BA + ε ABA
=aba⊗ ε + ba⊗ a +aa⊗ b +ab⊗ a + a⊗ ab + b⊗ aa +a⊗ ba + ε⊗ aba
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c (U ⊗ V ) = (cU)⊗ V = U ⊗ (cV ) .
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�4���!w
t��Tu��<s��#�fµ�o
w�uJ��
�!��	u
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(f ⊗ g)(x⊗ y) := f(x)⊗ g(y) .
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(∆⊗ Id) ◦∆ = (Id⊗∆) ◦∆
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u��<s�q���syr�µ¡u�w�qitN.���t�u��fw$�)�fµ���s'r)�¿s��	s
	(w6�	s tfq�u�u�q4sy´&���fµ��!w$eys>q�t4�#�fµ�o�w�uJ��
¨u��<syr�sF�îqir�s u��<s
r�s'µ��	syrÔw6���Éu�r�qit���o$��syt�	(q��fr�µ���s���u�q@�fµ�x�s�µ>o�q�q� Hµ¡u5` X 
 V3� 
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UJX
]�Y
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s5�!qir!uÔsFK	s
	F�	u�w�qit��(.
× ö'÷/��÷iü�ó�õ�ó
÷�ô;Øiò |����H�¡��©B§ �����

w È ���f�G§ �����
w · Std(w)−1 � ���(�����"��� �QÙ �¡�����¡�¡�y� È

exec(w) = Std(w)−1 .
U?V�a�Y

Ä����'�1� � *¿o�sÅµ�r�o���

exec(w) = exec(Std(w))


A!�s
	yµ3���!s
exec(w)

�<s(��syt����dq�t<o$�^qit^u��<s
w
t�x�s'r���w�qitGq��

w
µ�t��2!C���	sFEftfw�u�w�qit

w
µ�t��

Std(w)
�fµ�xis:u��<s���µ�´:sdw
t�x�s'r���w�qit���.N¡;q/��


�îqirZµ�tC�h��s'r�´,�	u�µ�u�w
q�t
σ

<u��<s¢r�s����<o�u;q��Ôu��<sH��q�r�u�w
t��:w6�

σ · exec(σ)
µ�t�� w6��u��<sHw$�	s't¨u�w�uJ�

��syr�´H�<u�µ¡u�w�qitN.(Z+�	uN�îqirN��syr�´H�	u�µ¡u�w
q�t��(
�u��<s µ�	�u�w
q�t�µ�t��>u��<sA	(q�´&��q���w�u�w�qit�	(q�w
t�	yw$�	s
σ·µ =

σ ◦ µ
.�*¿q�t��!s
9��fsyt¨u�o$�

exec(σ) = σ−1 .
¨:�$�:� ¬�Ê����(�	�b���¡�M�¡���«���¡�������"�y����� �����
�Ms�µ�r�sHt<q/�Cw�t¨u�s'r�s
�Éu�s�� w
t�u��fsG�îq�o
o
q/�2w�t��±t�µ¡u��fr�µ�o}9:�<s��!u�w
q�t�¶��%syu

u
µ�t��

v
uJ�¿q��¿qir����

q���sFK	s�	(�	u�w
q�t
σ

µ�t��
µ
.:�D�fµ¡u�µ�r�s2u��<sR��q:����w$!<o�sZsFK	s�	(�	u�w
q�t�� q3��u��fsR��q�r�u�w
t��¢q3��u��<sR�Çq�r7�

uv Ú T�q�r�s<�îqir�´±µ�o�o$��
¨o�syu
A
!�s�µ�u�q�u�µ�o�o$�±q�r7�	s'r�s
�±µ�o$���fµ3!�s(u
.#�Zs(Eft<s>u��<s>o µ�t����fµ3�is U ��s(u

q��}�Çq�r7� Y
Lσ(A)

¶

Lσ(A) := {w ∈ A∗ | exec(w) = σ}
U\V�b�Y

nfq�r2s(K	µ�´&�<o�si¶

L12 = {
��q�r�u�s����¿qir�����q3��o
syt���u��

2}

L123...n = {
��q�r�u�s����¿qir�����q3��o
syt���u��

n}

Lnn−1...21 = {
�!u�r�w$	(u�o$���	s�	yr�sÅµ���w�t��,�Çq�r7���Çq3�po�s't���u��

n}

L2143 = {bacb, badc, cadc, cbdc, . . .} = {yxtz | x < y ≤ z < t}

')�<s�9:�<s
�Éu�w�qitJw6�Zt<q/�Er�s��!u�µ�u�s
�Jµ��'¶��<s���	(r�w�!�s¢u��<s�o µ�t����fµ���s
Lα(A)Lβ(A)

�îq�r�µ�tC�
��syr�´H�<u�µ¡u�w�qit��

α
µ�t��

β
.

')�<s¢µ�t����Çsyr�w$�)�fr�q¡x�w6�	s��h!C�±u��<sG���C�#Û±s@�<r�q#�#��	�u



*1Ü s �ut5v!��w3x�
������$x��:y`�Jz�{}|Ô� ~y��v!��x��
« þ�¬fôfó�õ�ó
÷�ô�Ý�ò ���f�¢���	�FÞ �<>����'���f�(� �1���?§ �B§ �¡�����¢� �¢�î�<�4�(���(=±�(�����1�

Z〈A〉
���\¤ �����

�����y�	���������y�Ó©��(©

w ε = ε w = w

xu yv = x(u yv) + y(xu v) x, y ∈ A È u, v ∈ A
∗.

-;o�u�syr�tfµ�u�w
x�syo$��

u v

w6���	sFEftfs�� µ��¢u��<sh���<´ q3�Zµ�o
o���µ��#�¢q��)!��<w�o6�	w
t��GµP�¿qir��
wu�q��is(u��fsyrQ�2w�u��HuJ�ÇqS	yq�´&�<o
sy´:syt¨u�µ�r��@����!C�Çq�r7���%s
9���µ�o¨u�q

u
µ�t��

v
.�v;s'r�sÇw6�pµ�tHs(K	µ�´&�<o�si¶

aba cb = abacb + abcab + abcba + acbab + acbba + acbba + cabab + cabba + cabba + cbaba

= abacb + abcab + abcba + acbab + acbba + acbba + cabab + 2 cabba + cbaba

^ �f	(q��<r���sÇu��<s<���<´9q���u��<s<	(q�s( B	yw�s't¨u��Ôq3�
u v

w$�`u��<s5!<w
t<qi´4w µ�o�	yq�sF 8	(w
syt¨u (`(u)+`(v)
`(u)

) .
')�<syt«u��fs�´:µ�w�t«r�s����<o�u2q���u��<w$���!s
	�u�w
q�t«w6�Çu��<s@�îqio�o
q/�2w�t���u��<syqir�s'´

¸�¹fþ�÷¡öÅþ'ýàß�Á « ù�ú�¹���ý���¾Iá�ò ¾g¸�¹fóÓº�÷�ôÆâ�Õ�ãiÃ�ò |��¡������©�>f�(�u=4�	�"��� �����<�
α ∈ Sm

�¡���
β ∈

Sn È �î�<�H���¡�C���f���i�
LαLβ

� �H�T��� �6Éy�����f���	�f�����M�1�����¡�C���f���i�(�
Lµ

Å

LαLβ =
⊔

µ∈α β[m]

Lµ ,
U?V3�:Y

§��f�(���
β[m] := β1 + m . . . βn + m ∈ S(n + 1, n + 2, . . . , n + m)

�
v;syr�s�µ�r�s��!qi´4s�s(K	µ�´&�<o�s
��q3�Q�<r�q#�#��	�u��'¶

L12L123 = L34512 t L34152 t L34125 t L31452 t L31425

t L31245 t L13452 t L13425 t L13245 t L12345

L21L123 = L34521 t L34251 t L34215 t L32451 t L32415

t L32145 t L23451 t L23415 t L23145 t L21345

�"u:w6�Hr�sy´±µ�r� ¡µ3!<o
s±u��fµ¡u�ä�9:�fµ¡u�w�qit U\V���Y w$��w�t��	s(��syt��<syt¨u4q��;u��fs��<t��<syr�o���w
t��Fo µ�t����fµ3�is
A

�u��<s:q�t<o$���	w���s'r�s't�	(s4w$�>u��fµ¡u�w��

A
w6� u�q�q[��´±µ�o
o\
�u��<syt2�!qi´:s

Lµ(A)
µ�r�sHsy´&�	uJ��
f�îq�r

w
t��!u�µ�t�	(s
L3,2,1({a, b})

w6��s'´&�	uJ��.�n<qir�u��<w$�pr�s'µ��!qitN
yw�upw6�ps'µ��!w
syr�u�q��Çq�r� S�2w�u���µ�t�w�t�Eft<w�u�s
o µ�t����fµ���s�.

-å�îq�r�´±µ�oN�<r�q�q3�Ôq3�Ôu��fw$�;u��<s'q�r�sy´�	yµ�t4!�s��îq��ft���w
t�` q�d .��"u s����!s'tiu�w
µ�o�o$�Tr�syo$�Tqit u��<s
�îqio�o
q/�2w
t���s
9:�<w�x¡µ�o�s't�	(sS�îq�r;µ�tC�8��s'r�´,�	u�µ�u�w
q�t

σ1σ2 . . . σn+m

¶
• Std(σ1σ2 . . . σn) = α

µ�t��
Std(σn+1 . . . σn+m) = β

w6�2s�9:�<w
x¡µ�o
syt¨u�u�q
• σ−1 qC	�	F�<r2w
t«u��<sG���C�#Û±s�q3�

α−1 µ�t��
β−1 .

¨:�6¨�� |%�����Bæ��f�����Ô�u©/=,=±�y� �����A���	���y� �����<�
-Çu2u��<w6���!u�µ3�is�µB�!w
´&�<o�s�r�sy´±µ�r� dw6�2r�s�9:�<w
r�s
�j.�'�qB!�s¢µ�!<o�s�u�q±o
µ�u�s'r2u�µ� �s�	yµ�r�s�q3�Ô´H�fo�u�w�³
�fo�w6	(w�u�w
s���
fw
t��!u�s'µ�� q3���Çq�r� �w�t��&�2w�u��Jo µ�t����fµ���s���
	w�u w6�<!�s(u!u�syrZu�q8�Çq�r� ��2w�u���u��<syw
rR	7��µ�r�³
µ�	�u�syr�w$�!u�w6	h��syr�w
s���.Q')�<s o µ�t����fµ3�is

Lσ(A)
w$��u��fsyt r�s��<o
µ�	(s
�0!C�=u��<s�tfq�t�	yq�´:´H�	u�µ¡u�w�xis

�îqir�´±µ�oN�!s'r�w
s��



s �ut5v!��w3x�
������$x��:y`�Jz�{}|Ô� ~y��v!��x�� *�*

Fσ(A) =
∑

exec(w)=σ

w ∈ Z〈A〉 .
U�]�W�Y

')�C���)�Çs@�¿qir� ±w
t�µ&�1��!<³"µ�o��is(!<r�µHq���u��<s@�îr�s's¢µ�o$��s�!<r�µ�.
« þ�¬fôfó�õ�ó
÷�ôMñ
ç�ò ���f�H��������� �i�
�y���T�1�

C〈A〉

FQSym(A) =
⊕

n≥0

⊕

σ∈Sn

CFσ(A)
U\]�X
Y

� �H���¡���
���T�î�<�4�¡� �¨���y���«�J�P�îr�s's�9���µ���w�³g�1��´:´:s(u�r�w6	R�i�<t�	�u�w�qit�� �
�"uTw$�h	(qit¨xisyt<w
syt¨udµ��±u��<w6�8��q�w
t¨udu�qSu�µ3 isJµ�t w�t�Eft<w�u�sGµ�o����fµ3!�s(u

A
.A��t��	sys
�j
 w��

Aw6��w�t#E�t<w�u�sTu��<syt^u��<s4�!u�r���	�u��<r�s�q3�
FQSym(A)

w6��w�t��<s(��syt��	s't¨u4q��
A

�u��<s«r�s
�1�<o�u�w
t��

µ�o��is(!<r�µ w6���<syt<q�u�s��
FQSym

.Q¡Zq�u�sTu��fµ¡u�u��<s'r�s�w$�:µ�t^sy´&�	uJ�2��s'r�´,�	u�µ�u�w
q�t��
()

µ�t��
u��fµ¡u

F() = ε
�5�fw$	7�;	yµ�th!�s�w6�	syt¨u�w�Efs
�h�2w�u��«u��<sG��	'µ�o µ�r

1
.

')�:���Çu��<s�u��<syqir�s'´ � w$�2tfq/����sysyt µ��Çu��<s��<r�q#�#��	�u2r��<o
s�q3�
FQSym

¶
× ö'÷/��÷iü�ó�õ�ó
÷�ôFñiñ8Á « ù�ú�¹���ý���¾Iá�ò ¾g¸�¹fóÓº�÷�ôPâ�Õ/ãiÃ�ò

α ∈ Sm

�����
β ∈ Sn

� ���<�y� È
FαFβ =

∑

σ∈α β[m]

Fσ

U\]�V�Y

')�<w$�<�Çµ�� u��<s�q�r�w$��w
tfµ�oj�	s(Eft<w�u�w
q�t q3�kTJµ�o
x�s't:�<u�q�³g_2s��	u�s'tfµ3�<s'r@` V � d .�n<q�r2s(K<µ�´&�<o
s�¶

F132F21 = F13265 + F13625 + F13652 + F16325 + F16352

+ F16532 + F61325 + F61352 + F61532 + F65132 .

¨:� °�� ���<�:���/¦$>����'���f�(�2�J�
FQSym

�Ms���µ�t¨u;t<q/� u�qB��w
x�s
FQSym

µB�!u�r���	�u��<r�s�q��Ôµ±vZq��#�`µ�o$��s�!<r�µ�
	tfµ�´:s'o��h�¿s�t<s's���u�q
�<sFEft<sdµ4	yq��<r�q#�#��	�u
.f�GsB�2w
o�o����!s±µ�tMµ��<µ3�	u�s��=µ�o$���fµ�!�syuG�	q���!fo�w
t��«u�r�w$	7 f.%nfr�qi´ t<q/�
qit«µ�o�o%µ�o����fµ3!�s(uZµ�r�s���������q���s���w�t#E�t<w�u�s�.
« þ�¬fôfó�õ�ó
÷�ô^ñ��iò z��y�

A
�¡���

B
���4�\§ �����
¤ �f����� È ���¡���¡���Ó©��¡���i�(����� È =��	�b�f�¡���Ó© ���/=�=��	�b���:�

��� ><�f�����y��� � ���f�:q�r7�	syr�s��h�1�f´
A+̂B

�J�
A

�¡���
B

� �¢�î�<�H�	�f���¡�=�J�
A

�����
B
§��<�y�������f�

�¡�¡�������(�
���4�1�
A

�¡���¢�u=:�������y�¢���f�¡�J�î�<�H�¡�¡�������y���(�4�J�
B
�

')�<sytGu��<sB	yq��<r�q#�#��	�u>q3�
Fσ

�	sFEftfs��Gw$�@�	s(Eft<s��Mµ��R�îqio�o
q/�<�y¶��Ms4s(K#�fµ�t��
Fσ

q¡x�s'r
u��<s¢µ�o$���fµ�!�syu

A+̂B
.f¢�w
t�	(s>u��fs¢x¡µ�r�w
µ�!<o�s>q3�

A
µ�t��

B
	(q�´:´,�	u�s�´H�<u��fµ�o�o$��
��Çs�r�s'q�r7�	syr

u��<sZr�s����<o�u�w
t��¢s(KC�fr�s
����w�qit4u�qH���	u u��<sZo
s(u�u�syr7���îr�q�´
A

qit:u��<s o�s(��uÇµ�t��:u��<q:�!s<�îr�qi´
B

qit
u��<s¢r�w����¨u�.��MsG�fµ�xis�t<q/�Eµ�t�s(KC�fr�s
����w�qit w�t

K〈A〉K〈B〉
.fZ+�	uZw�uR�fµ�����s't���
�µ�t��«u��<w6�;w6�

u��<s¢qit<o���u��fw�t��du�q8�<r�q¡x�s�
�u��fµ�u;u��fw$�ZsFK#�<r�s����!w
q�t�µ�	(u��fµ�o�o$��!�syo
q�t�����u�q±u��<s��1��!	³"µ�o��is(!<r�µ
FQSym(A)FQSym(B)

.Q')�<syt��Çs8����s:u��<sdu�syt��!qir¢t<q�u�µ¡u�w�qitGu�q���syuHµ�tSs'o�s'´4s't¨u¢q3�
FQSym(A) ⊗ FQSym(B) ≈ FQSym ⊗ FQSym

.f'�q����<´:´±µ�r�w�e's�u��fs,	(q��<r�qC����	�u
w6�5�	s(Eft<s��[!C�

Fσ 7−→ Fσ(A+̂B) 7−→
∑

Fα(A)Fβ(B) 7−→
∑

Fα ⊗ Fβ

U\]�]:Y



*1r s �ut5v!��w3x�
������$x��:y`�Jz�{}|Ô� ~y��v!��x��
nfq�r>sFK<µ�´&�<o
s�
�o
s(u

A = {a < b < · · · }
µ�t��

B = {A < B < · · · }
.���t

A+̂B

�q�t<s,�fµ��

z < A
.	u��<syt4!C���	s(Eft<w�u�w
q�t

F312 =
∑

x<y≤z

yzx =
∑

x<y<z

yzx +
∑

x<y

yyx

')�fw$�)�iw�xisyt

F312(A+̂B) = bba + bca + bAa + AAa + ABa + BBA + · · ·
= bba 1 + bca 1 + ba A +a AA + a AB +1 BBA + · · ·

∆(F312) = F312 ⊗ 1 +F21 ⊗ F1 + F1 ⊗ F12 + 1⊗ F312

')�fs��<r�s
	(w6�!s>r��<o�s�w6�5��w
x�s'th!C�
× ö'÷/��÷iü�ó�õ�ó
÷�ôFñ�·hÁ « ù�ú�¹���ý���¾Iá�ò ¾g¸�¹�óÓº�÷�ôPâÓÕ3ã³Ã�ò ���<�4���7>����Å�¡�f�y�Ç���

FQSym
� �������¡�y���(©

∆(Fσ) =

n
∑

k=0

FStd(w1...wk) ⊗ FStd(wk+1...wn) ,
U\]3cCY

�(���H�¡����><�y�u=��	���¡�b���¡�
σ = w1 . . . wn

�
')�<s��<r�q¨q���w6��x�s'r��8��w�´:w
o
µ�r�u�q8')�<s'q�r�sy´ � µ�t��[	'µ�t[!�s@�îq��<t��«w
t�` q�d .
-Çu�u��<w$�k�!u�µ���s���q�´:s r�sy´±µ�r� #��µ�r�s w�t�q�r7�	syr
.�Z+��	(qit��Éu�r���	�u�w
q�tm
yu��<sA	yq�³I�<r�q#�#��	�u�w6�Q	(q�³

µ�����q#	(w µ¡u�w�xisS!�s�	'µ3����s
(A+̂B)+̂C = A+̂(B+̂C)

.�T�q�r�syq¡xisyrÇu��<s,	(q�´&�fµ�u�w$!<w
o�w�uJ�Tr�syo µ¡u�w�qit
�fq�o6���5!�s�	yµ�����s�u��<s¢s(K#�fµ�t���w
q�t«q3�

Fα(A+̂B)Fβ(A+̂B)
w6��u��<sH��µ�´:s¢µ���u��<s�sFK#�fµ�t���w�qit

q��
Fα(A)Fβ(A)

�<r�q¡x�w$�	s
�
A

µ�t��
B

µ�r�s�w
t#Eft<w�u�s�.�')�C���Çu��fs¢q�t<o$�dt<qit	³bu�r�w�x�w µ�o�u��fw�t��±w6�
u��fµ¡u

FQSym(A+̂B) ⊂ FQSym(A)FQSym(B) .
U\] � Y

�5�fw$	7��w6���fr�s
	(w6�!s'o���u��<s�r�s
�1�fo�uZq��`u��<s,�<r�syx�w�q����5�<r�q���q���w�u�w
q�t���.fv;s't�	(s,�¿s,�fµ�x�s��fr�q¡xis��
�îqir)�îr�s's>u��fµ�u
¸�¹fþ�÷¡öÅþ'ý ñ
Í�ò

FQSym
� �H�,µ���>/�¢�¡� �¨���y��� �

')�<w$�pw
o�o$���!u�r�µ¡u�s u��fs+�!u�r�µ¡u�s(����q��<u��<s)	(qit��!u�r���	�u�w�qit¢q3�fvZq��#��µ�o$��s(!fr�µ5!C��r�s'µ�o
w$e'µ¡u�w�qit���.
��s(u<���5���<´:´±µ�r�w�e's�w�u
.�')�<s�syo
sy´:s'tiu2q���u��<s¢v;q��#�Ôµ�o��is(!<r�µHµ�r�s��	s(Eft<s
� U r�sÅµ�o
w�e's�� Y µ��2µ
xis�	(u�q�rS�1��µ�	(s

H
q��A�!qi´:sH �w�t��Fq���	(q�´&�<o
w6	yµ¡u�s��P��qio���t<qi´4w µ�o6� U 	(qi´:´H�	u�µ¡u�w
x�s�q�r>t<q�u Y .

')�fsP�<r�q#�#��	�u�w$��w�t��<syr�w�u�s��Æ�îr�q�´ u��fs��<r�qC����	�u«q3�G��q�o$�¨tfq�´:w
µ�o$��.�')�<s�	(q�³?�<r�q#�#��	(udw$�
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· · ·xzy · · · ≡ · · · zxy · · ·
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∑
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∑
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