Approximating minimum cocolourings

Fedor V. Fomin^{∗†} Dieter Kratsch^‡ Jean-Christophe Novelli^§

Abstract

A cocolouring of a graph G is a partition of the vertex set of G such that each set of the partition is either a clique or an independent set in G. Some special cases of the minimum cocolouring problem are of particular interest.

We provide polynomial-time algorithms to approximate a mimimum cocolouring on graphs, partially ordered sets and sequences. In particular, we obtain an efficient algorithm to approximate within a factor of 1.71 a minimum partition of a partially ordered set into chains and antichains, and a minimum partition of a sequence into increasing and decreasing subsequences.

1 Introduction

A cocolouring of a graph G is a partition of the vertices such that each set of the partition is either a clique or an independent set in G. The cochromatic number of G is the smallest cardinality of a cocolouring of G. The cochromatic number was originally studied in [18]. Subsequent papers addressed various topics including the structure of critical graphs, bounds on the cochromatic numbers of graphs with certain properties (e.g., fixed number of vertices, bounded clique size, fixed genus) and algorithms for special graph classes (e.g., chordal graphs and cographs) [1, 4, 6, 7, 8, 11, 12, 20].

∗This work was supported in part by Netherlands Organization for Scientific Research (NWO grant 047.008.006.)

†AG Meidh, Heinz Nixdorf Institute, Fürstenalle 11, D-33102 Paderborn, Germany.

fomin@hni.upb.de

‡Laboratoire d’Informatique Théorique et Appliquée, Université de Metz, 57045 Metz Cedex 01, France. kratsch@lita.sciences.univ-metz.fr §LIFL, Université Lille 1, 59655 Villeneuve d’Ascq Cedex, France. novelli@lifl.fr

In this paper, besides cocolouring of graphs in general we study cocolourings of permutation graphs, comparability graphs and cocomparability graphs. The cocolouring problem on permutation graphs is equivalent to the cocolouring problem on repetition-free sequences of integers (one may assume a permutation of the first n integers) which has the following motivation: if one has to sort such a sequence, it is desirable to have a partition into a small number of sets of already sorted elements, i.e., subsequences which are either increasing or decreasing. Now the minimum number of monotone subsequences partitioning the original sequence is exactly the cochromatic number of the permutation graph corresponding to the sequence. This problem was studied in [2, 21].

Wagner showed that the problem “Given a sequence and an integer k, decide whether the sequence can be partitioned into at most k monotone (increasing or decreasing) subsequences” is NP-complete [21]. In our paper we provide a first constant-factor approximation algorithm for cocolouring sequences. More precisely our algorithm approximates a minimum cocolouring of a sequence within a factor of 1.71.

In fact we derive our 1.71-approximation algorithm for the minimum cocolouring problem on comparability (or cocomparability) graphs. This problem is equivalent to the cocolouring problem on partially ordered sets, i.e. the problem to partition a partially ordered set P into a minimum number of subsets each being a chain or an antichain of P . Since every permutation graph is a comparability graph, our algorithm can also be used to approximate within a factor of 1.71 a minimum cocolouring of a permutation graph, and a minimum partition of a sequence of integers into increasing and decreasing subsequences.

We also present a greedy algorithm to approximate a minimum cocolouring of perfect graphs within a factor of log n. Finally we show the following hardness result for the minimum cocolouring problem on graphs in general: for every ϵ > 0, no polynomial-time algorithm approximates a minimum cocolouring within a factor of n^{1/2−ϵ}, unless NP ⊈ ZPP.

2 Definitions

We denote by G = (V, E) a finite undirected and simple graph with n vertices and m edges. For every W ⊆ V , the subgraph of G = (V, E) induced by W is denoted by G[W ]. For simplicity we denote the graph G[V \ A] by G − A.

A clique C of a graph G = (V, E) is a subset of V such that all the vertices of C are pairwise adjacent. A subset of vertices I ⊆ V is independent if no two of its elements are adjacent. We denote by ω(G) the maximum number of vertices in a clique of G and by α(G) the maximum number of vertices in an independent set of G.

An r-colouring of a graph G = (V, E) is a partition {I_1, I_2, . . . , I_r} of V such that for each 1 ≤ j ≤ r, I_j is an independent set. The chromatic number χ(G) is the minimum size of such a partition and κ(G) = χ(G) is the minimum size of a partition {C_1, C_2, . . . , C_s} of the vertices of G into cliques. Analogously, a cocolouring of G is a partition {I_1, I_2, . . . , I_r, C_1, C_2, . . . , C_s} of V such that each I_j , 1 ≤ j ≤ r, is an independent set and each C_j , 1 ≤ j ≤ s, is a clique. The smallest cardinality of a cocolouring of G is the cochromatic number z(G). Therefore, z(G) ≤ min{χ(G), κ(G)}.

A graph G = (V, E) is perfect if χ(G[W ]) = ω(G[W ]) for every W ⊆ V . Perfect graphs and classes of perfect graphs play an important role in graph theory and algorithmic graph theory. The following well-known classes of perfect graphs will be studied in the sequel: comparability, cocomparability and permutation graphs. For all information on these graph classes and their properties not given in our paper we refer to [3, 13].

Let F = {F_1, F_2, . . . , F_s} and F^′ = {F^′_1, F^′_2, . . . , F^′_t } be two set families of subsets of a ground set U. We denote by ⋃ F the set ⋃_s i=1 F_i. We denote by F_1 ∘ F_2 the set family {F_1, F_2, . . . , F_s, F^′_1, F^′_2, . . . , F^′_t }.

3 Partially ordered sets and comparability graphs

Let P = (V (P ), ≺) be a finite partially ordered set, i.e. ≺ is a reflexive, antisymmetric and transitive relation on the finite ground set V (P ). Two elements a, b of P are comparable if a ≺ b or b ≺ a. Now a subset C ⊆ V (P ) is a chain of P if every two elements of P are comparable, and a subset A ⊆ V (P ) is an antichain of P if no two elements of A are comparable.

An orientation H = (V, D) of an undirected graph G = (V, E) assigns one of the two possible directions to each edge e ∈ E. The orientation is transitive if (a, b) ∈ D and (b, c) ∈ D implies (a, c) ∈ D. A graph G = (V, E) is a comparability graph if there is a transitive orientation H = (V, D) of G. A graph is a cocomparability graph if its complement is a comparability graph.

Consider the following well-known relation between partially ordered sets and comparability graphs. Let P = (V (P ), ≺) be a partially ordered set. We define an undirected graph with vertex set V (P ) and an edge between a and b iff a and b are comparable. Then this graph is a comparability graph, its cliques correspond to chains in P and its independent sets correspond to antichains in P . On the other hand, suppose G = (V, E) is a comparability graph, and let H be a transitive orientation of graph G. Since H is an acyclic and transitive directed graph it induces a partially ordered set with ground set V where u ≺ w (u ≠ w) iff there is a directed path from u to w in H. Now every chain in the partially ordered set corresponds to a directed path in H which corresponds to a clique in G due to transitivity. Furthermore every antichain in the partially ordered set corresponds to an independent set in G. Thus the well known Dilworth theorem saying that the maximum cardinality of an antichain in P is equal to the minimum number of chains in a chain partition of V (P ) implies that comparability (and cocomparability) graphs are perfect.

More important for our paper, a cocolouring of a comparability (or cocomparability) graph G corresponds to a partition of a partially ordered set into chains and antichains. Now we study cocolourings of comparability graphs.

A maximum k-colouring I_k is a family of k independent subsets of a graph G covering a maximum number of vertices. Let α_k(G) denote the size of the maximum k-colouring, i.e. the number of vertices in a maximum k-chromatic subgraph of G. A maximum h-covering C_h is a family of h cliques of G covering a maximum number of vertices. We denote by κ_h(G) the maximum size of an h-covering of G, i.e. the number of vertices in a maximum subgraph of G partitionable into h cliques.

Our approximation algorithm is based on the following results by Frank [10] which can be seen as algorithmic proofs of Greene and Kleitman’s [14, 15] generalizations of Dilworth’s theorem.

Theorem 1 ([10]). There is an O(nm) time algorithm which computes for any given comparability graph G = (V, E) simultaneously

(a) for all integers k with 1 ≤ k ≤ χ(G) a maximum k-colouring I_k, and

(b) for all integers h with 1 ≤ h ≤ κ(G) a maximum h-covering C_h.

The essential part of the algorithm is a minimum-cost flow algorithm on a network associated to G (via a partially ordered set P having comparability graph G).

We shall also need the procedure SQRTPartition which is based on a result by Erdős et al. [7] (see also Brandstädt et al. [2]).

SQRTPartition

Input: perfect graph G = (V, E) with n <^{k(k+1)}_2 vertices, k ≥ 2. Output: cocolouring Z of G

• Z := ∅; U := V ;

• while U ≠ ∅ do begin

– if χ(G[U]) < k + 1 then compute a k-colouring I = {I_1, I_2, . . . , I_k} of G[U]; Z := Z ∘ I else choose a clique C of size at least k + 1 and add C to Z;

– U := U − ⋃ Z; k := k − 1. end

Lemma 2 ([7]). For every perfect graph G = (V, E) with n <^{k(k+1)}_2 , k ≥ 2, procedure SQRTPartition outputs a cocolouring of size at most k. Thus z(G) ≤ ⌊ √ 2n + 1/4 − 1/2⌋ for every perfect graph.

Proof. For the sake of completeness we provide the simple proof by induction on k. For k = 2 the theorem is true. Suppose that theorem is true for k ≥ 2.

Let G be a perfect graph with n <^{(k+1)(k+2)}_2 vertices. If χ(G) < k + 2 then the procedure outputs a cocolouring of size at most k + 1.

If χ(G) ≥ k + 2 then the procedure chooses a clique C of G such that |C| ≥ k + 2 which exists by the perfectness of G. The procedure removes all vertices of C from G, thus the number of remaining vertices in G − C is less than^{k(k+1)}_2 . By induction hypothesis G − C has a cocolouring of size at most k and thus the theorem is true for k + 1.

Lemma 3. Procedure SQRTPartition has polynomial running time on perfect graphs and its running time on comparability graphs is O( √ nm). Proof. The running time of SQRTPartition depends on the best known running time of an algorithm to solve the problems minimum colouring and maximum clique on our special classes of graphs.

The best known running time is polynomial on perfect graphs [16] and linear on comparability graphs [13].

Now we are in the position to describe our algorithm to approximate a minimum cocolouring on comparability graphs.

Approx Cocolouring Input: comparability graph G = (V, E) Output: cocolouring Z of G

• Compute a k-colouring I_k = {I_1, I_2, . . . , I_k} and an h-covering C_h = {C_1, C_2, . . . , C_h} of G such that the sum k+h is minimum subject to the condition α_k(G) + κ_h(G) ≥ n;

• – If | ⋃ I_k| > | ⋃ C_h| then Z^′ := {I_1, I_2, . . . , I_k};

– Else Z^′ := {C_1, C_2, . . . , C_h}; G^′ := G − ⋃ Z^′;

• Let n^′ be the number of vertices in G^′. Compute a k^′- colouring I_k′ = {I^′_1, I^′_2, . . . , I^′_k′ } and an h^′-covering C_h′ = {C^′_1, C^′_2, . . . , C^′_h′ } of G^′ such that the sum k^′ + h^′ is minimum subject to the condition α_k′ (G^′) + κ_h′ (G^′) ≥ n^′; • Z^{′′} := {I^′_1, I^′_2, . . . , I^′_k′ , C^′_1 \ ⋃ I_k′ , C^′_2 \ ⋃ I_k′ , . . . , C^′_h′ \ ⋃ I_k′ }; • Compute a cocoluring Z^{′′′} of the graph G^′ − ⋃ Z^{′′} by calling SQRTPartition; • Z := Z^′ ∘ Z^{′′} ∘ Z^{′′′}.

Theorem 4. The O(nm) time algorithm Approx Cocolouring approximates a minimum cocolouring of a comparability graph within a factor of 1.71.

Proof. Let I_k = {I_1, I_2, . . . , I_k} and C_h = {C_1, C_2, . . . , C_h} be the sets produced at the first step of the algorithm. Then by the choice of k and h as well as I_k and C_h we have that k + h ≤ z(G). Let us think that | ⋃ I_k| > | ⋃ C_h|. (The case | ⋃ I_k| ≤ | ⋃ C_h| is similar.) Then the vertex set of G^′ can be covered by h cliques implying k + k^′ + h^′ ≤ k + h ≤ z(G) and | ⋃ I_k′ | + | ⋃ C_h′ | ≥ | ⋃ C_h|. Hence the number of vertices in ⋃ (Z^′ ∘ Z^{′′}) is at least | ⋃ I_k| + | ⋃ I_k′ | + | ⋃ C_h′ | − |( ⋃ I_k′ ) ∩ ( ⋃ C_h′ )| ≥ | ⋃ I_k| + | ⋃ C_h| − |( ⋃ I_k′ ) ∩ ( ⋃ C_h′ )| ≥ n − k^′h^′. (Since I_k′ is a family of independent sets and C_h′ is a family of cliques, implying |( ⋃ I_k′ ) ∩ ( ⋃ C_h′ )| ≤ k^′h^′.) Therefore, the graph G^′ − ⋃ (Z^′ ∘ Z^{′′}) has at most k^′h^′ vertices and by Lemma 2 procedure SQRTPartition computes a cocolouring of G^′ − ⋃ (Z^′ ∘ Z^{′′}) having size at most √ 2k^′h^′. Consequently, Approx Cocolouring computes a cocolouring Z of G of size at most

k + k^′ + h^′ + √ 2k^′h^′ ≤ (k + k^′ + h^′)(1 + 1 √ 2 ) ≤ (1 + 1 √ 2 )z(G) ≤ 1.71 · z(G). The time bound follows from Theorem 1 and Lemma 3.

Corollary 5. The algorithm Approx Cocolouring can also be used to approximate within a factor of 1.71

(a) a minimum cocolouring of a partially ordered set,

(b) a minimum partition of a (repetition-free) sequence (of integers) into increasing and decreasing subsequences,

(c) a minimum cocolouring of a permutation graph, and

(d) a minimum cocolouring of a cocomparability graph.

4 Perfect graphs

We consider the following greedy algorithm for minimum cocolouring on graphs

Greedy Cocolouring

Input: graph G = (V, E) Output: cocolouring Z of G • Z := ∅; • U := V ;

• while U ≠ ∅ do

begin

– Compute a maximum independent set I_U and a maximum clique C_U of G[U];

– Choose X to be I_U or C_U such that |X| = max(|I_U |, |C_U |) and add X to Z;

– U := U − X. end

Theorem 6. The Greedy Cocolouring algorithm approximates a minimum cocolouring of a perfect graph within a factor of ln n.

Proof. To obtain the approximation ratio of the algorithm let us consider a hypergraph H = (V, E_H ), where the vertex set of H is the vertex set V of the input graph G and E_H is the set of all independent sets and cliques in G, i.e. every hyperedge of H is either an independent set or a clique in G.

Any minimum cocolouring on G is equivalent to a minimum set cover of H and vice versa. Moreover Greedy cocolouring can be seen as the greedy algorithm for the minimum set cover problem on input H (the only difference is that Greedy cocolouring won’t inspect all hyperedges of H). It is well known [5, 17, 19] that the greedy algorithm for the minimum set cover problem is an ln n-approximation algorithm.

By a well-known result of Grötschel et al. [16] a maximum independent set and a maximmum clique can be computed by a polynomial-time algorithm on perfect graphs.

Corollary 7. The Greedy Cocolouring algorithm is a polynomial-time algorithm to approximate a minimum cocolouring within a factor of ln n on each graph class G for which there are polynomial-time algorithms to compute a maximum clique and a maximum independent set. In particular this is the case for perfect graphs.

5 Hardness of approximation

The following lemma allows us to obtain a first hardness result concerning the approximation of minimum cocolouring.

Lemma 8. [11] χ(G) = z(nG), where nG is the disjoint union of n copies of G.

We shall rely on a well-known result on the hardness of approximating the chromatic number of a graph.

Theorem 9. [9] It is hard to approximate the chromatic number to within n^{1−ϵ} for any ϵ > 0, assuming NP ⊈ ZPP. (Here, ZPP denotes the class of languages decidable by a random expected polynomial-time algorithm that makes no errors.)

Combining Lemma 8 with Theorem 9 we obtain the following

Theorem 10. It is hard to approximate the cochromatic number to within n^{1/2−ϵ} for any ϵ > 0, assuming NP ⊈ ZPP.

Proof. Let G be any input to the problem minimum colouring. Then G^′ = nG is our input to the problem minimum cocolouring. By Lemma 8, we have χ(G) = z(nG). Since the number of vertices of G^′ is the square of the number of vertices of G, by Theorem 9 we obtain the theorem.

6 Concluding remarks

We leave many questions unanswered, a few of them are:

1. The problem of finding a minimum partition of a sequence into monotone subsequences is NP-hard. We provide a 1.71-approximation algorithm for this problem. A natural question is if there exists a PTAS for this problem?

2. We have proved that Greedy Cocolouring is a ln n-approximation algorithm for perfect graphs. Are there nontrivial classes of perfect graphs for which Greedy Cocolouring approximates the cochromatic number within a constant factor?

3. What is the computational complexity of computing a maximum kcolouring and a maximum h-covering for perfect graphs? A polynomial time algorithm computing these parameters for perfect graphs will imply that our 1.71-approximation algorithm for a minimum cocolouring on comparability graphs is also a polynomial time algorithm on perfect graphs.

References

[1] N. Alon, M. Krivelevich, and B. Sudakov, Subgraphs with a large cochromatic number, J. Graph Theory, 25 (1997), pp. 295–297.

[2] A. Brandstädt and D. Kratsch, On partitions of permutations into increasing and decreasing subsequences, Elektron. Informationsverarb. Kybernet., 22 (1986), pp. 263–273.

[3] A. Brandstädt, V. B. Le, and J. P. Spinrad, Graph classes: a survey, SIAM Monographs on Discrete Mathematics and Applications, Society for Industrial and Applied Mathematics, Philadelphia, 1999.

[4] I. Broere and M. Burger, Critically cochromatic graphs, J. Graph Theory, 13 (1989), pp. 23–28.

[5] J. Cheriyan and R. Ravi, Approximation algorithms for network problems, 1998, manuscript.

[6] P. Erdős and J. Gimbel, Some problems and results in cochromatic theory, in Quo vadis, graph theory?, North-Holland, Amsterdam, 1993, pp. 261–264.

[7] P. Erdős, J. Gimbel, and D. Kratsch, Some extremal results in cochromatic and dichromatic theory, J. Graph Theory, 15 (1991), pp. 579–585.

[8] P. Erdős, J. Gimbel, and H. J. Straight, Chromatic number versus cochromatic number in graphs with bounded clique number, European J. Combin., 11 (1990), pp. 235–240.

[9] U. Feige and J. Kilian, Zero knowledge and the chromatic number, J. Comput. System Sci., 57 (1998), pp. 187–199. Complexity 96—The Eleventh Annual IEEE Conference on Computational Complexity (Philadelphia, PA).

[10] A. Frank, On chain and antichain families of a partially ordered set, J. Combin. Theory Ser. B, 29 (1980), pp. 176–184.

[11] J. Gimbel, D. Kratsch, and L. Stewart, On cocolourings and cochromatic numbers of graphs, Discrete Appl. Math., 48 (1994), pp. 111–127.

[12] J. Gimbel and H. J. Straight, Some topics in cochromatic theory, Graphs Combin., 3 (1987), pp. 255–265.

[13] M. C. Golumbic, Algorithmic Graph Theory and Perfect Graphs, Academic Press, New York, 1980.

[14] C. Greene, Some partitions associated with a partially ordered set, J. Combinatorial Theory Ser. A, 20 (1976), pp. 69–79.

[15] C. Greene and D. J. Kleitman, The structure of Sperner k-families, J.

Combinatorial Theory Ser. A, 20 (1976), pp. 41–68.

[16] M. Grötschel, L. Lovász, and A. Schrijver, Geometric algorithms and combinatorial optimization, Springer-Verlag, Berlin, 1988.

[17] D. S. Johnson, Approximation algorithms for combinatorial problems, J.

Comput. System Sci., 9 (1974), pp. 256–278. Fifth Annual ACM Symposium on the Theory of Computing (Austin, Tex., 1973).

[18] L. M. Lesniak-Foster and H. J. Straight, The cochromatic number of a graph, Ars Combin., 3 (1977), pp. 39–45.

[19] L. Lovász, On the ratio of optimal integral and fractional covers, Discrete Math., 13 (1975), pp. 383–390.

[20] H. J. Straight, Note on the cochromatic number of several surfaces, J. Graph Theory, 4 (1980), pp. 115–117.

[21] K. Wagner, Monotonic coverings of finite sets, Elektron. Informationsverarb.

Kybernet., 20 (1984), pp. 633–639.