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Abstract. In this paper, we propose a new definition and an exact al-
gorithm for the discrete bisector function, which is an important tool for
analyzing and filtering Euclidean skeletons. We also introduce a new thin-
ning algorithm which produces homotopic discrete Euclidean skeletons.
These algorithms, which are valid both in 2D and 3D, are integrated in a
skeletonization method which is based on exact transformations, allows
the filtering of skeletons, and is computationally efficient.

1 Introduction

The notion of skeleton plays a major role in shape analysis. It has been intro-
duced by Blum [5] in 1961 and is the subject of an abundant literature, which
deals with both metrical and topological aspects (see e.g. [1,2,6,11,12,14, 15,
17,19,23,25]). In this paper, we focus on skeletons in the discrete grid Z?2 or
73, which are centered in the shape with respect to the Euclidean distance, and
which have the same topology as the original shape.

Introduced by Talbot and Vincent [23] and generalizing a notion proposed
by Meyer [16], the bisector function can play an important role in analyzing and
filtering skeletons [1,2,17]. Informally, the bisector function associates to each
object point & the maximal angle formed by z (as the vertex) and the points of
the background which are nearest from z. Until now, the algorithms proposed to
compute the bisector function in Z? were based on the use of vectors produced
by distance transformation algorithms (e.g., [7]). To each object point, with such
algorithms, only one vector indicates the location of a closest background point,
and some other points at the same distance may be ignored. In fact, the aim of
previous approaches was to compute an approximation of the bisector function
as defined in a continuous framework.

The medial axis of an object X is composed by the centers of the balls
which are included in X but which are not included in any other ball included
in X. This set of points is, by nature, centered in the object with respect to
the distance which is used to define the notion of ball. In discrete spaces, the
medial axis has not, in general, the same topology as the original object. Thus,
the use of guided and constrained discrete homotopic transformations has been



proposed by several authors to obtain an homotopic skeleton which contains the
medial axis. Among them, Talbot and Vincent [23] propose an algorithm for
the 2D case which guarantees that the skeleton branches follow lines of steepest
slope of the Euclidean distance map of the object, a property which is verified in
the continuous framework. This algorithm cannot be straightforwadly extended
to the 3D case.

This paper contains two original contributions. First, we propose a new def-
inition and an exact algorithm to compute a discrete bisector function. This al-
gorithm was inspired by the methods recently introduced [6,19] to compute the
exact Fuclidean medial axis, and is also based on a pre-computed look-up table.
Second, we introduce a new thinning method which produces homotopic discrete
FEuclidean skeletons. Unlike previously proposed approaches, this method is also
valid in 3D.

Using these two original algorithms, we propose an integrated skeletonization
method for objects in Z? and Z? which is based on exact metrical and topological
transformations, allows the filtering of the skeleton under the control of two
parameters, and is computationnaly efficient.

2 Basic notions

In this section, we recall some basic metrical and topological notions for binary
images [9, 14]. For the sake of simplicity, we limit this presentation to the 2D
case.

We denote by Z the set of integers, by N the set of nonnegative integers, and
by N* the set of strictly positive integers. We denote by E the discrete plane Z2.
A point z in E is defined by (x1,22) with z; in Z. Let z,y € E, we denote by
d?(x,y) the square of the Euclidean distance between x and y, that is, d?(z,y) =
(1 — y1)? + (z2 — y2)%. Let Y C E, we denote by d?(z,Y) the square of the
Euclidean distance between z and the set Y, that is, d*(z,Y) = min{d?(z,y);y €
Y}. Let X C E (the “object”), we denote by D3 the map from E to N which
associates, to each point x of E, the value D% (z) = d?(z, X), where X denotes
the complementary of X (the “background”). The map D% is called the (squared
Euclidean) distance map of X. Let € E,r € N*, we denote by B,.(z) the ball
of (squared) radius r centered on x, defined by B,.(z) = {y € E,d*(z,y) < r}.
Notice that, for any point  in X, the value D% (z) is precisely the radius of a
ball centered on z and included in X, which is not included in any other ball
centered on x and included in X.

Let us recall the notion of medial axis (see also [18,23]). Let X C E, z € X,
r € N*. A ball B,.(z) C X is mazimal for X if it is not strictly included in any
other ball included in X. The medial axis of X, denoted by MA(X), is the set
of the centers of all the maximal balls for X (see Fig. 1d, see also Figs. 2, 3).

Efficient algorithms have been proposed to compute exact squared Euclidean
distance maps [20, 21], and also to extract the exact Euclidean medial axis of a
shape, from an exact squared Euclidean distance map and using pre-computed
look-up tables [6, 19].



In discrete spaces, it is well known that the topology of the medial axis is
generally not the same as the topology of the original object. In particular, if X is
connected, MA (X)) is generally not connected (see Fig. 1d). Let us now introduce
some topological notions in Z2 that we use in the sequel.

We consider the two adjacency relations Iy and Iy defined by, for each
point x € E: I'y(z) = {y € E; |y1—z1|+|y2—z2| < 1}, Is(z) = {y € E;max(|y1—
x1|, ly2—x2]) < 1}. In the following, we will denote by n a number such that n = 4
or n = 8. We define I'(z) = I, () \{z}. The point y € E is n-adjacentto z € E
if y € I'¥(x); it is n-adjacent to a subset X of F if it is n-adjacent to at least
one point of X. An n-path is a sequence of points xg ...z with x; n-adjacent
tox;_1 fori=1...k.

Let X be a nonempty subset of E. We say that two points z, y of X are
n-connected in X if there is an m-path in X between these two points. This
defines an equivalence relation. The equivalence classes for this relation are the
n-connected components of X, or n-components in short. The set X is said to
be n-connected if it consists of exactly one m-connected component. The set
composed of all n-connected components of X which are n-adjacent to a point x
is denoted by C, [z, X].

In order to have a correspondence between the topology of X and the topol-
ogy of X, we have to consider two different kinds of adjacency for X and X [14]:
if we use the n-adjacency for X, we must use the m-adjacency for X, with
(n,m) = (8,4) or (4,8). In the sequel, we assume that the adjacency pair
(n,m) = (8,4) has been chosen and we do not write the subscripts n,7 unless
necessary; but the results also hold for (n,n) = (4, 8).

Informally, a simple point p of a discrete object X is a point which is “inessen-
tial” to the topology of X. In other words, we can remove the point p from X
without “changing the topology of X”. The notion of simple point is fundamen-
tal to the definition of topology-preserving transformations in discrete spaces.
We now give a definition and a local characterization of simple points in E = Z2.
For the 3D case, see [3].

The point x € X is simple (for X ) if each n-component of X contains exactly
one n-component of X \ {x} and if each 7-component of X U{x} contains exactly
one m-component of X. Let X C E and = € E, the two connectivity numbers are
defined as follows (#X stands for the cardinality of X):

T(x,X) = #Cp[z, ¥ (x) N X]; T(z, X) = #Cxlz, [F(z) N X].
The following property allows us to locally characterize simple points [14, 3],
hence to implement efficiently topology preserving operators:

x € E is simple for X C E & T(z,X)=1and T(x, X) = 1.

Let X be any finite subset of E. The subset Y of E is an homotopic thinning
of X if Y = X or if Y may be obtained from X by iterative deletion of simple
points. We say that Y is an ultimate homotopic skeleton of X if Y is an homotopic
thinning of X and if there is no simple point for Y.

Let C be a subset of X. We say that Y is an ultimate homotopic skeleton of X
constrained by C if C C Y, if Y is an homotopic thinning of X and if there is no



simple point for Y in Y\ C (see e.g. [11,25]). The set C is called the constraint
set relative to this skeleton.

Fig. 1. (a): aset X (in white); (b): an homotopic thinning of X; (c): ultimate homotopic
skeleton of X; (d): medial axis of X; (e): ultimate homotopic skeleton of X constrained
by the medial axis of X. In (b,c,d,e) the original set X appears in gray for comparison.

3 The bisector function: new definition and exact
algorithm

Let X be a nonempty subset of E, and let x € X. The downstream of x in X,
denoted by Ds(z, X) or by Ds(z) when no confusion may occur, is the set of
points y of X which are at minimal distance from z; more precisely, Ds(z, X) =
{y € X,Vz € X,d*(y,x) < d*(z,x)}. For example in Fig. 2, we have Ds(z) =
{a,b} and Ds(y) = {c}. The bisector angle of a point z in X can be defined
informally, in the continuous framework, as the maximal unsigned angle formed
by z (as the vertex) and any two points in Ds(z). In Fig. 2, the bisector angle
of = is «, and the bisector angle of y is 0.

In the continuous framework, a point & which belongs to the medial axis is
characterized by the fact that Ds(z) contains strictly more than one point, in
other words, its bisector angle is nonzero. In the discrete case such a characteri-
zation is not possible, due to configurations like Fig. 3, which are very common.
At least, we want such medial axis points to have a nonzero bisector angle; this
motivates the introduction of the following notion.

Let X C E, and let x € X. The extended downstream of x in X, denoted by
EDs(z, X) or by EDs(x) when no confusion may occur, is the union of the sets
Ds(y, X), for all y in Iy(z).

Now we can propose our definition of the discrete bisector function.

Let X C E, and let € X. The bisector angle of « in X, denoted by 0x(x),
is the maximal unsigned angle between the vectors x@, fz, for all y, z in EDs(x).
In particular, if #EDs(z, X) = 1, then 0x (z) = 0. The bisector function of X,
denoted by 0x, is the function which associates to each point x of X, its bisector
angle in X.



Fig. 2. A set X (full ellipsis, represented by its border) and its medial axis (horizontal
line segment), a point x and its downstream {a, b}, a point y and its downstream {c}.
Notice that y does not belong to the medial axis, since no ball centered on y and
included in X is maximal for X (the ball with dashed contour contains them all).
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Fig. 3. A set X (left, in white) and its distance map D% (right). The point  belongs
to the medial axis of X (it is the center of a maximal ball for X, delineated in white).
The downstream of x is the singleton {y}.

With this definition, we can easily check that the bisector angle of the point z
in Fig. 3 is equal to m. More generally, we may wonder if we can prove that any
point of the medial axis has a nonzero bisector angle. It is unfortunately not the
case, as shown by the counter-example of Fig. 4. Similar counter-examples can
be found if we replace I'y by Iy in the definition of the extended downstream.
On the other hand, we will see in the sequel that points of the medial axis which
have the smallest bisector angle are the best candidates for elimination in a
bisector-based filtering process. Those points which have a null bisector angle
will thus not belong to any medial axis filtered using this criterion.

We now propose a method to exactly and efficiently compute the bisector
function, with the help of a squared Euclidean distance map. The following
property, which may be easily established, is the key of the method.
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Fig.4. A portion of the squared Euclidean distance map of a set X (in white and
gray). The point x, circled in black, belongs to the medial axis of X (in gray); and

the point y, circled in white, belongs to X. Knowing the following decompositions:
85 =92 +2° =7 +6% 74 ="T7"+5° 72 = 6+ 6°, 100 = 10> + 0° = 8 + 6% we
can check that the extended downstream of z is reduced to {y}, and thus the bisector
angle of z is null.

Property 1 Let X C E, let x € X, and let y € E. The point y belongs to the
downstream of  if and only if d*(x, X) = d*(x,y) and d*(y, X) = 0.

Now, observe that for any given point € X, the value R = d?(z, X) =
D% (z) can be read in a pre-computed squared Euclidean distance map. The
positions of the points y such that R = d?(z,y) can be found by solving the
diophantine equation (1 —y1)? + (22 — y2)? = R, or more simply o? + 3% = R.
This amounts to compute the different decompositions of a given integer into a
sum of two squares (or three squares in 3D), a problem which has been studied
extensively (see e.g. [13]).

Furthermore, these decompositions can also be pre-computed and stored in
a look-up table. The program which computes this look-up table is very simple
(see Annex). Once all decompositions are known, one must take into account
the different symmetries of the discrete space (their number is 8 for Z2, 48
for Z3) and check those positions y which satisfy the second condition of prop. 1:
d*(y, X) = 0, again using the distance map.

The following algorithm summarizes the computation of the extended down-
stream of a given point x € X.

Procedure ExtendedDownstream (Input D%, x, Output EDs)
01. EDs «— )

02. ForEach v € I'y(x)

03. T — {(21,22) € Z* 21 > 29 > 0; 2% + 25 = D% (v)} (from LUT)



04. T" — {(21,22) € Z?%;(]21], |22]) is a permutation of an element of T’}
05. ForEach z € T" Do
06. If D% (v+2) =0 Then EDs «— EDsU{v + z}

The last step to obtain the bisector angle consists in the computation of the
maximum unsigned angle between all the pairs of vectors {:Fg,/,:ﬁ} for all y, z
in EDs(z). If we denote by k the number of points in EDs(z), the number of
such pairs is quadratic with respect to k, more precisely, it is equal to k(k—1)/2.
By normalizing all these vectors, we can easily see that the problem of finding
a maximum angle reduces to the problem of finding a maximum diameter of a
convex polygon in 2D. This last problem has been solved in 1978 by Shamos [22],
who provided a simple linear-time algorithm (that is, in O(k)). In 3D, the prob-
lem is more complicated but some efficient algorithms (in O(klog k) or less) have
been proposed for the maximal diameter of a set of points, see e.g. [4]. However,
in practice, the mean cardinal of the extended downstream for a given shape is
usually quite small. For example, it is close to 1.9 for the 2D object of Fig. 7,
and close to 4.9 for the 3D object of Fig. 9. If we consider only the extended
downstream of medial axis points, these values are respectively of 2.6 and 5.4.
Thus, the straightforward algorithm which considers all the pairs of points in
the extended downstream is the best choice in most cases.
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Fig.5. (a): a set X (in white); (b): the squared Euclidean map of X. The point
= (4,5) is circled in black, the points y1 = (6,2) and y» = (3,7) are circled in
white.

We illustrate this procedure using the example of Fig. 5. We consider the
point = (4,5), which is circled in the figure. Thus, I'y(z) = {z, =1, x2, x3,
x4} with 1 = (5,5), 22 = (4,4) 23 = (3,5), x4 = (4,6). Let us begin with

= (4,5), and D% (x) = 5. From the Look-up table (see 15), we see that the
only decomposition of 5 into a sum of two squares is 22 4+ 12. Applying the 8
symmetries of Z2, we find the offsets {(2,1), (=2,1), (=2,-1), (2,—1), (1,2),
(-1,2), (—1,-2), (1,—2)}, hence the points {(6,6), (2,6), (2,4), (6,4), (5,7),



(3,7), (3,3), (5,3)}. Among these points, only (2,6) and (3,7) are in X, hence,
in the downstream of x. Carrying on with the points x1, z2, x3, x4, we find that
EDs(z) = {(2,6), (3,7), (7,6), (2,2), (6,2)}. Let y1 = (6,2) and y> = (3,7),
it may be easily checked that the maximum unsigned angle corresponds to the
couple of vectors {xy;, zys} and is near to 3.02 rad.
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Fig. 6. (a): a set X and its medial axis (in black); (b): the bisector function 8x (dark
colors correspond to wide angles); (¢): filtered medial axis, based on the values of 0x;
(d): detail of the non-filtered and filtered medial axis.

In Fig. 6, we show a set X together with its medial axis (a) and the bisector
function fx (b). We illustrate the use of this function to eliminate spurious
points of the medial axis: in (c), we show the points of the medial axis (in black)
which have a bisector angle greater than 0.7 rad. A zoomed detail of both axes
is shown in (d). Notice that only the bisector angles of the medial axis points

need to be computed for this application. Fig. 7 shows the bisector function of
a more complex 2D shape.
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Fig. 7. (a): a set X (in white); (b): the bisector function of X.

Let us analyse the differences between the Talbot’s discrete bisector func-
tion [24] and ours. Let X C E,z € X, and let V(x) denote a point arbitrar-
ily chosen in Ds(z). We set B(z) = max{angle(y121,v222), 51 € I4(z),y2 €
I'y(z),z1 =V (y1), 22 = V(y2)} (notice that the definition of Talbot is restricted
to the points of the skeleton, and corresponds actually to B(z)/2). A first dif-
ference lies in the arbitrary choices done by the algorithm which finds a closest
background point for each object point, formalized here by the notation V(x).
In our case, all the points of Ds(z) are considered, thus no choice is done. The
figure 8 illustrates a second difference. Observe that depending on the contour
orientation, (e.g., horizontal, vertical or diagonal) Talbot’s bisector angles can
be very different, even for points which are not located on the contour. On the
other hand, our definition and algorithm provide a more homogeneous result,
whatever the contour orientation (see also Fir. 7). This is due to the choice of
considering the point x itself as the only vertex for all the angles which are con-
sidered to compute 6x (x). On the other hand, the definition of B(z) is based on
angles with different vertices in I'y(x).

To conclude this section, we present in Fig. 9 an illustration of our bisector
function of a three-dimensional object (a vertebra). The size of the original image
is 122 x 144 x 53 = 931104 points, among which 103302 are object points. On
a standard PC, computing the bisector function on all object points takes 2.9 s,
and 0.5 s for only medial axis points.



N P |
N Y |
/ = |
(b1)
1
(a2) (b) (c2)

Fig. 8. (a1,a2): a set X (in white); (b1, b2): Talbot’s bisector function; (c1,cz2): our
bisector function.

4 New distance-guided homotopic thinning algorithm

All the methods which have been proved to guarantee that the skeleton and the
original object have the same topology are based on homotopic thinnings, in the
sense of section 2, or on some variants. The simplest such method consists in
computing an ultimate homotopic skeleton of the object X constrained by the
medial axis of X, that is, removing iteratively simple points from X which do
not belong to MA(X), taking the distance map as a priority function in order
to select first the points which are closest to the background. This can be done
using the following procedure, with P = Dx and Y = MA(X).

Procedure UltimateSkeleton (Input X, P, Y, Output Z2)
01. Z «— X

02. @ « {(P(z),z); where x is any point of X \ Y}

03. While Q # () Do

04. choose (p,z) in @ such that p is minimal

05. If x is simple for Z Then

06. Z — 7\ {z}

07. Q — QU{(P(y),y); where y € I'(x) N (Z \ Y)}

The drawback of this method has been well analyzed in [23]. Roughly speak-
ing the method does not guarantee that points of the homotopic skeleton outside
the medial axis are “well centered” in the object; more precisely, such a point
may have a null or quasi-null bisector angle.

Let us consider the object X in Fig. 10a, and the constraint set Y in Fig. 10c,
which idealizes a filtered medial axis of X. The distance map Dy is shown in
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Fig. 9. (a): a view of a subset X of Z* (vertebra), generated thanks to a topologically
sound “Marching Cubes-like” algorithm [8]; (b,c,d): the bisector function, illustrated in
an “X-ray” manner: the gray level of a point corresponds to the average of the bisector
angles on a straight line parallel to one of the three axes.

Fig. 10b), and the result of UltimateSkeleton(X, Dx,Y) is depicted in Fig. 10d.
The bisector function of X is depicted in Fig. 10e for comparison.

To understand what happens, let us concentrate on a detail of the above
example, depicted in Fig. 11. The numbers correspond to the distance map
values. The circled point with value 1 is one of the points belonging to the
constraint set Y. Suppose that all the points with a value below 8 have been
processed by the homotopic thinning algorithm. At this step, the points in gray
are still in X, as well as the two circled points (the point at 1 because it belongs
to Y, and the one at 4 because it is not a simple point). All other points are
not in X. Obviously, the point v at 8 adjacent to z at 4 will be selected before
its neighbor w at 9, and since it will be a simple point at this stage, it will
be deleted. Such a behaviour will be reproduced at later stages, generating a
diagonal branch of the skeleton, and is in contradiction with a property of the
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Fig. 10. (a): a set X (in black); (b): the squared Euclidean map D%; (c): a constraint
set Y (four black points); (d): homotopic skeleton of X guided by D% and constrained
by Y’; (e): the bisector function of X; (f): the result of our algorithm EuclideanSkeleton.
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Fig. 11. A detail of the preceding example.

skeleton in the continuous framework: informally, skeleton branches follow lines
of steepest slope of the Euclidean distance map. Let us compute the slopes of zv
and zw in our example: (/8 — \/Zl)/l ~ 0.83, and (V9 — \/1)/\/5 ~ 0.71. Thus,
the point v should be kept in the skeleton and the point w deleted according to
this criterion.

In [23], Talbot and Vincent propose the following strategy to cope with this
problem. During the thinning process guided by the distance map, having de-
tected a point x which belongs to the skeleton (either a point of the constraint
set or a non-simple point), the neighbor of z which corresponds to the steep-
est ascending slope is dynamically added to the constraint set. Although this
method gives satisfactory results in 2D, it cannot be extended to the 3D case.

We propose another strategy which gives equivalent results in 2D and which
also applies to the 3D case. The idea is to define a priority function which
takes into account both the distance map and an auxiliary function defined in
the neighborhood of each dynamically detected skeleton point. Let x be such a
point, then to any neighbor y of = which is still in X and not in the constraint
set Y, we associate the value p, = Dx(z) + (Dx(y) — Dx(x))/d(x,y), with
Dx(z) = /D% (z) and d(z,y) = \/d?(z,y). The new priority function, for the
point y, is defined as min(py, Dx (y)). We see that (Dx(y) — Dx(z))/d(x,y) is
the slope of xy, thus the neighbors of = will be examined in increasing order of
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slope, since the value p, is always less or equal to the corresponding distance
value Dy (y) (for all z,y in Z? or Z3 with z # y, we have d(x,y) > 1).

For example, in the above situation, we have Dy (v) = v/8 ~ 2.83, Dx (w) =
3, po = VA+ (\/_— \/Z)/l =+8and p, = V4 + (\/§— \/AI)/\/i ~ 2.71; thus
the point w will be selected before v with this strategy. Our algorithm is given
below.

Procedure EuclideanSkeleton (Input X, Dx, Y, Output Z2)
01. Z «— X

02. @Q «— {(Dx(z),z); where x is any point of X \ Y}

03. R « {(ps,x); where x is any point of X \ Y adjacent to Y,

04. and where p, = min{Dx(z) + (Dx(z) — Dx(2))/d(z,2),z€ Y} }
05. While Q # 0 Or R # () Do

06. choose (p,x) in @ U R such that p is minimal

07. If € Z\Y Then

08. If x is simple for Z Then

09. Z — Z\{x}

10. Else

11. Y —«YU{z}

12. R — RU{(py,y); where y € I'(x) N (Z\Y)

13. and where p, = Dx (z) + (Dx(y) — Dx(z))/d(z,y)}

In Fig. 10f, we see the result of this algorithm applied to the preceding exam-
ple. Compare the shape of this skeleton to the bisector function of X depicted
in 10e. The complexity of this algorithm depends on the data structure used
to represent the sets @ and R. To be more precise, this data structure must
allow to perform the choice in line 6 efficiently, and also the insertions in lines 11
and 12. Using for example balanced binary trees [10], the overall complexity of
the algorithm is in O(nlogn), where n is the number of image points.

5 Filtered Euclidean skeletons in 2D and 3D

In [2], Attali and Montanvert show that an efficient filtering of a skeleton can be
performed by removing two kinds of medial axis points: those which correspond
to maximal balls of small radius, and those which have a small bisector angle
(see also [1]).

Based on the methods described in the previous sections, we propose a para-
metrized filtered Euclidean skeleton procedure which has the following qualities:
- flexible (it allows the removal of unwanted skeleton parts under the control of
two parameters),

- general (it applies to 2D and 3D objects with arbitrary topology),

- exact (it is based on exact distance transform, exact medial axis and exact
bisector function, and the topology preservation is guaranteed by the use of
homotopic transformations),

- efficient in terms of processing speed.
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Procedure FilteredSkeleton (Input X, r, o, Output 2)
01. Dx < ExactSquaredEuclideanDistanceMap(X)

02. M «— ExactMedialAxis(X, Dx)

03. Z < EuclideanSkeleton(X, Dx, M)

04. 6 — ExactBisector(M, Dx)

05. YV — {x € M;Dx(x) >r and 0(x) > a}

06. Z « UltimateSkeleton(Z, Dx,Y)

The exact squared Euclidean map may be computed in linear time, both in
2D and 3D, by the Hirata’s algorithm [21]. It only has to be computed once and is
used by procedures ExactMedial Axis, ExactBisector and EuclideanSkele-
ton. Procedure ExactMedial Axis can be efficiently implemented in 2D and 3D
thanks to the method of Rémy and Thiel [19]. Procedures ExactBisector and
EuclideanSkeleton are described in sections 3 and 4, respectively. The bisector
function 6 need only to be computed on points of the medial axis.

Fig. 12 illustrates the FilteredSkeleton procedure in 3D. The original ob-
ject (a full ellipsoid, depicted as transparent in the three views) is connected,
has no cavity and no tunnel. Besides, its medial axis (a) has several small iso-
lated components. The Euclidean skeleton has exactly the same topology as the
original image, thus we can verify on b that the result is connected. A filtered
skeleton is shown in c.

Fig. 12. (a): a view of the medial axis M (X) of the set X (full 3D ellipsoid, shown as
transparent on the three views); (b): a view of EuclideanSkeleton(X, Dx, M (X));
(c): a view of FilteredSkeleton(X,1,1.5).

Fig. 13 illustrates the FilteredSkeleton procedure in 2D. Notice that, by
construction, we have the guarantee that all the filtered skeletons are included
in the non-filtered skeleton, this is indeed the reason why we use two separate
homotopic thinning steps (lines 3 and 6).

Fig. 14 illustrates the FilteredSkeleton procedure on a “real world” 3D
image (the vertebra of Fig. 9) which is connected, has no cavity and has only one
tunnel. Its medial axis has several small isolated components and small tunnels
(see b and the upper part of d). Again, we can verify on ¢ and the lower part
of d that the small tunnels have disappeared and that the result is connected.
In e, we can judge the effectiveness of the filtering on this particular object.
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(a) (b) (c) (d)

Fig. 13. (a): original shape and non-filtered skeleton; (b): filtered skeleton with param-
eter values r =0, o = 2.0; (¢): r = 64, « = 2.2; (d): r = 100, a = 3.14.

6 Conclusion

We introduced a new definition and an exact algorithm for the discrete bisector
function, and proposed a new thinning algorithm which produces homotopic dis-
crete Euclidean skeletons. Both constitute significant improvements with respect
to previous approaches, and apply to the 2D and 3D cases. Using these two orig-
inal algorithms, together with methods for computing exact squared Euclidean
distance transform [21] and exact Euclidean medial axis [19], we proposed a
skeletonisation method which is flexible (with two parameters for filtering), gen-
eral (for 2D and 3D), exact, and efficient. It is, to our knowledge, the first method
which possesses these four qualities.
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Annex: Look-up table for the bisector function

We give here the algorithms to build the lookup tables which are needed for
computing the bisector function, and discuss the size of these tables with regard
to the maximal squared radius considered.

Procedure Build2dLUT (Input N, Output LUT)
01. n « [V/N]; For i From 0 To N Do LUTJi]« 0
02. For z From 0 To n Do

02. For y From 0 To = Do

03. i — z2 + 92
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04. If i < N Then
05. LUT[i] < LUT[] U{(z,y)}

Procedure Build3dLUT (Input N, Output LUT)
01. n « [V/N]; For i From 0 To N Do LUTJi]« 0
02. For x From 0 To n Do

02. For y From 0 To x Do

03. For z From 0 To y Do

04. i— 22 +y?+ 22

05. If i < N Then

06. LUT[i] « LUTJi] UW{(z,y, %)}

Let n € N, k € N*, we say that n is k-decomposable if there exists k integers
x1...7% such that n = 2% + ... + :C% Let n be a k-decomposable integer, let
x1,...,2, € N, we say that (z1,...,2) is a primary k-decomposition of n if
n = x%+...+mi, and if z; > O foralli =1...k, and if x1 > ... > x. Let
n € N, we denote by rr(n) the number of distinct primary k-decompositions
of n, by Di(n) the number of decomposable positive integers not greater than n,
by Rp(n) the total number of distinct primary k-decompositions of positive
integers not greater than n, and by 7t(n) the mean number of distinct pri-
mary k-decompositions of positive integers not greater than n. In other words,
Dy (n) = card({i € N;i < n;ri(i) > 0}); Ri(n) = > g ;< T(7); and 7x(n) =
Ry (n)/Dg(n). The number Ry(n) gives the size of a lookup table for dimen-
sion k and for a maximum squared radius n, and 7, (n) gives an “average” of
the number of decompositions for a decomposable integer below n. In Fig. 17,
we show the graphs of Ra(n), 72(n), Rz(n) and r3(n) for various values of n.
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Fig.17. (a): R2(n), with 0 < n < 107. (b): 72(n), with 0 < n < 107. (c): Rs(n), with
0<n <3 x10° (d): 73(n), with 0 < n < 3 x 10°.
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Fig. 14. (a): a view of the set X (vertebra). (b): a view of the medial axis M (X) of
the set X. (c): a view of EuclideanSkeleton(X,Dx, M(X)). (d): detail of (b) and
(c). (e): a view of FilteredSkeleton(X, 15, 1.5).
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Fig. 15. Look-up table (2D case): numbers 0 to 50
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Fig. 16. Look-up table (3D case): numbers 0 to 36



