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ABSTRACT: Combining Newton and Lagrange interpolation, we give g-
identities which generalize results of Van Hamme, Uchimura, Dilcher and
Prodinger.

1. introduction

Van Hamme [§] gave the following identity involving Gauss polynomials, see
also Andrews [,
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where [Z] is the Gauss polynomials defined by [’Z] = (¢:0)n ((q; )il Q)n—i)_l
with (2’;(])71 = (1 - 2)(1 — zq) e (1 _ an—l).

Uchimura [[d] generalize ([[.T) as following:
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and by Dilcher [B]:
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Prodinger [A] mentioned the following identity as a g-analogue of Kirchen-
hofer’s [fl] formula,
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and explained how to obtain all these formulas by using Cauchy residues.

We shall show that in fact, all the above formulas are a direct consequence
of Newton and Lagrange interpolation.

Given two finite sets of variables A and B, we denote by R(A,B) the
product [[,c, yep(@ —b), and by A\ B the set difference of A and B.

Let A = {xy,29,---}, A, = {x1,29, -+ ,x,}, for any n > 0. Lagrange
wrote the following summation:

f(z) = Zf(xi)m, modR(z, A,). (1.5)

On the other hand, Newton’s development is:
f(x) = f(z1) + fOLR(x, Ay) + fO10aR(z, Ag) + - - -, (1.6)
where 0;, © > 1, operating on its left, is defined by

f( 71’i71’i+17"')_f<"' 7$i+17$i7"')
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f(ffl,IEQ, e T X1, )8Z =
Taking x,11 = x, Newton’s summation terminates:
f(x) = f(z1) + fOLR(w, A)) + fO10oR(w, Ag) + -+ -+ fO -+ 0, R(x, A,,).

Newton’s and Lagrange’s expressions imply the same remainder f0; - - - 0, R(x, A,,),
and the polynomial g,(z) = f(z) — f0; - - - O, R(x, A,,) is the only polynomial

of degree < n — 1 such that f(z;) = g(z;), 1 <i<mn.
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Taking now f(z) = (y — )", since

1 1
81 ce an—l = ,
y— (y—21) - (y —n)
one gets, by comparing Newton’s and Lagrange’s expressions, the identity:
"Zl R(z,A) i fx)R(@,A\z) 1 R(zA,) a7
i=0 R<y7 AiJrl) i=1 R('xlu A \ .TZ) y—x R<y7 An)(y - 'T) . .

Letting x = 1, we derive:

R(LA) (- f@)R(L AN )
R(y, Ais1) _iz R(zs, A\ z;) (1.8)
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Expanding (y — z)~' = >,y "2 and taking the coefficient of y=™ 1,

we have:
n m
O O =S e n). (19)
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Recall that complete functions [[] hx are defined by
hi(1, T, -+ @) = Z Liy Ly« * * Ly -

2. General identities

The identities that we present just corresponds to taking A = {Z:i’(q}, ngz et

in Lagrange or Newton interpolation. In that case, the products R(x;, A\ z;)
are immediate to write.

Proposition 22.1 Let mn e N, 7 =m —n+1, a,b, z,q be variables , and
A = {obe azbe o aThy e have:
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In particular, for m = n:
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Proof. For our choice of A, then R(z;, A\ x;) =[], %, and
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Consider thecasea = 0,b = —1,c=land z = 1,ie. A = {7L 7
Eq (B.11)) implies Van Hamme identity :
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From (R.10), we have,
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replacing m — n + 1 by m, we derive ([[.3).

Take now a = 1, b=0,c =0, 2z = —1, then A = {¢"', ¢ 2, -, "},
and Eq.(I.§) implies:

RHS = Z ) o) St
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i) R(1, A\ z;
b A5 = Zf <xz,<A\a>z>)

) 1Hm< —q7) & [n] (1)
Z J#z( "=q7) —;L} 1 —yq’

Clearly:
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In the special case y = ¢™, we obtain ([[.J).

We take now A = {¢M, ¢t ¢M=2 ... ¢, ¢, - ¢}, with M € N,
and y = 1. Eq([.§) becomes:

RH.S = ZRlAHl) Z 1_qi—M’

i=0,i£M
and

LH.S = i 1 [T —q"7)
o 1 T " i (@0 = g™)
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which proves ([[.4).

As a final comment, we would like to stress that we have just used simple
alphabets in Newton and Lagrange interpolation; it is easy to generalize the
above formulas by taking more sophisticated alphabets.
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