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Abstract.

Using a symmetrizing operator, we give a new expression for the Omega operator
used by MacMahon in Partition Analysis, and given a new life by Andrews and his
coworkers. Our result is stated in terms of Schur functions.

In his book ”Combinatory Analysis”, MacMahon introduced an Omega op-
erator. Recently, Andrews et al [1-3] further developed the theory of Partition
Analysis. We show in theorem H] that the Omega operator can be expressed by a
symmetrizing operator. As a consequence, we can formulate:
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in terms of Schur functions of X and Y (and therefore in terms of the elementary
symmetric functions in X and Y).

Recall the definitions of MacMahon’s Omega operator §>2 and of the symmetrizing

operator .

Definition 1
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By iteration, it is sufficient to treat the case of one variable A only .

Definition 2 [6] Given X = {x1, 29, -+ ,z,} of cardinality |X| = n, the sym-
metrizing operator w,, is defined by:

vf(xla'”axn)a 7wa(xla"'7',1'71): Z a(%x{“l---xg),



writing A(X) for the Vandermonde [[,<;j<,(xi — x;), the sum being over all per-
mutations o in the symmetric group &(X).

Recall that complete symmetric functions S7(X) are defined by the generating
function:
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Complete symmetric functions are compatible with union of alphabets (denoted
+). Given Y = {y1,y2, -, Ym}, we have:

"X+Y) = Zs’f )S™E(Y).

Schur functions have two classical expressions:
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where p = [p1, -, pp] With g > po > -+ > py > 0.
From the definition of m,,, we get [6] :
m et = | JA) = Su(X). 1)
1<i,5<n

This formula is still valid if p € Z™, g > —n, ..., by > —1:
Tttt = 8, (X), (2)

the Schur function S,,, still defined as the determinant |S*i~"7| <, i<, being either
null or equal to + a Schur function indexed by a partition.

Symmetrizing first in o, ..., z,, one also has, with the same hypotheses on p :

T T Sy pn (T2, ) = S (X) (3)

Lemma 3 Given X, Y and k such that 0 < k < |X|, then one has:

Z 2RSi(y) | = i SI7kF(X)S7(Y) . (4)

J=0

Proof. Since powers of x; range from —k to co, we can apply (Bl):

ix{_ij ZS, kon1 (X) S7(Y)
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The terms such that j < k are all null, being determinants with two identical rows,
and the sum reduces to the expression stated in the lemma. |



Let us remark that the operator S>] relative to x1,...,x, can be obtained from

the operator zi,...,Zn1r, ¥ > 0 by specializing Tpaly -« Lptr t0 0. Therefore we
can suppose that n be bigger than any given integer. This allows us in the following
theorem to suppose that n > k.

Theorem 4 Given two alphabets X = {x1, 29, -+ ,zp} and Y = {y1,9y2, * ,Ym}
of cardinality n and m, let B=14+Y = {1} UY. If k < n, then we have:
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where R(1,XY) is equal to [ [ ,ex yey(1—2y), and where the sum is over all partitions
W (the sum is in fact finite). The vector [—k, p1, ..., un—1] is denoted —k, p.

Proof. We first recall Cauchy’s formula [7, p. 65]:
R(1,XY) = Y (—=1)8,(X) S, (),

I

where p — i is the conjugation of partitions.
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On the other hand, lemmafallows us to write this last sum as 7, <Z — 0 " F5i(B )) .

We shall now directly compute the action of m, on Z;io x{_ S7(B), denoting
X\ z1 ={z2,..., 25}

ﬂwa{_ij(B) = ﬂwxl_kZa:{SJB
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and the theorem is proved. |

The result can be expressed in terms of elementary symmetric functions be-
cause €;(B) = €;(Y) + ¢;_1(Y) and Schur functions are determinants in elementary
symmetric functions.

In [4, Theorem 2.1], the authors give a “Fundamental Recurrence” for the nu-
merator of ().

In [5, Theorem 1.4], Guo-Niu Han expresses the Omega operator in terms of
Lagrange interpolation:
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where:

AN =[] = 2:0), B =[] - y;»).
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Let us recall the definition [6] of the Lagrange operator Lx:

Definition 5
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where Sym(1|n — 1) is the space of polynomials in x1,xa,...,x,, symmetrical in
T2, Tn, and R(z, X\ z) = [[ex (2 — 2').
We can express the Lagrange operator in terms of 7.
Lemma 6 Vf € SGym(1|n — 1), we have:
Wwf(xl,...,xn):Lx(f(a:l,...,xn)a;?_l). (7)
Proof. Elements of f(z1,z2,...,2,) can be written as sums of powers of z1, with
coefficients symmetrical in z1,...,x,. Checking now that
Ly(af 277" = mu(2f) = SM(X),
is immediate. 1

Formula () shows that the Lagrange operator in formula (@) can be replaced
by 7, and therefore [5, Theorem 1.4] is a consequence of theorem Hl

One does not need to suppose that all the x;’s be distinct. Indeed, in a Schur
function, one may specialize x1,...,z; to the same value a. This is more of a
problem in the Lagrange interpolation formula, where one has in that case to use
derivatives of different orders.



Let us finish with a small explicit example of the action of m,, for n = 2, m =
1, k=1

— i-lgj > (=18, (B)S_1, u(X)
T ;Oxl lgim)| = = R(ﬁm) #
_ =5B)S 11 (X) + 511(B)S1,2(X)
R(1,XB)
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