
On the Index of Sturmian WordsJean BerstelInstitut Gaspard Monge, Universit�e Marne-la-Vall�ee, F-77454 Marne-la-Vall�ee,FranceSummary. An in�nite word x has �nite index if the exponents of the powers ofprimitive words that are factors of x are bounded. F. Mignosi has proved that aSturmian word has �nite index if and only if the coe�cients of the continued fractiondevelopment of its slope are bounded. Mignosi's proof relies on a delicate analysisof the approximation of the slope by rational numbers. We give here a proof basedon combinatorial properties of words, and give some additional relations betweenthe exponents and the slope.1 IntroductionSturmian words are in�nite words over a binary alphabet that have exactlyn+ 1 factors of length n for each n � 0. It appears that these words admitseveral equivalent de�nitions, and can even be described explicitly in arith-metic form. For instance, every Sturmian word has a slope associated withit, which is an irrational number in the interval [0; 1].Sturmian words have a long history. A clear exposition of early workby J. Bernoulli, Christo�el, and A. A. Markov is given in the book byVenkov [30]. The term \Sturmian" has been used by Hedlund and Morsein their development of symbolic dynamics [15{17]. These words are alsoknown as Beatty sequences, cutting sequences, or characteristic sequences.There is a large literature about properties of these sequences (see for exam-ple Coven, Hedlund [8], Series [28], Fraenkel et al. [14], Stolarsky [29]). Froma combinatorial point of view, they have been considered by S. Dulucq andD. Gouyou-Beauchamps [13], Rauzy [25,26], Brown [6], Ito, Yasutomi [18],Crisp et al. [7] in particular in relation with iterated morphisms, and byS�e�ebold [27], Mignosi [21]. Sturmian words appear in ergodic theory [24],in computer graphics [5], in crystallography [4], and in pattern recognition.Standard words, and �nite factors of Sturmian words are considered in depthby De Luca [12,9,11,10], see also [3]. A survey is [1]. A more systematic pre-sentation of Sturmian words is in preparation ([2]).The aim of this paper is to present a new proof, with some improvements,of a theorem by Mignosi [21] cited below. Let x be an in�nite word, and letF (x) be the sets of its factors (subwords). For w 2 F (x), the index of w inx is the greatest integer d such that wd 2 F (x), if such an integer exists.Otherwise, w is said to have in�nite index.



2 Jean BerstelAn in�nite word x has bounded index if there exists an integer d such thatevery nonempty factor of x has an index less than or equal to d.Theorem 1. A Sturmian word has bounded index if and only if the continuedfraction expansion of its slope has bounded partial quotients.An initial contribution to this result was by Karhum�aki [20] who provedthat the Fibonacci word is fourth power free. Mignosi's proof uses involvedarguments from number theory. Our proof is combinatorial, and follows anargument by Mignosi and Pirillo [22] in their proof of the sharp bound forthe index in the Fibonacci word.The next section is devoted to a short introduction to Sturmian words.In particular, the standard sequence of a Sturmian word is introduced. Thefollowing section gives the proof.2 De�nitionsIn this paper, words will be over a binary alphabet A = f0; 1g.The complexity function of an in�nite word x over some alphabet A isthe function that counts, for each integer n � 0, the number P (x; n) offactors of length n in x. A Sturmian word is an in�nite word s such thatP (s; n) = n + 1 for any integer n � 0. Sturmian words are aperiodic in�nitewords of minimal complexity. Indeed, an in�nite word of lower complexity iseventually periodic. Since P (s; 1) = 2, any Sturmian word is over two letters.A right special (left special) factor of a word x is a word u such that u0 andu1 (0u and 1u) are factors of x. Thus a word x is Sturmian if and only if ithas exactly one right special factor of each length.Given two real numbers � and � with � irrational and 0 < � < 1, wede�ne two in�nite wordss�;� :N! A; s0�;� :N! Aby s�;�(n) = b�(n+ 1) + �c � b�n+ �cs0�;�(n) = d�(n+ 1) + �e � d�n+ �e (n � 0)The numbers � and � are slope and the intercept. Words s�;� and s0�;� arecalled mechanical.Theorem 2. [17] Let s be an in�nite word. The following are equivalent:(i) s is Sturmian;(ii) s is mechanical.



Index of Sturmian Words 3A special case deserves consideration, namely when � = 0. In this case,s�;0(0) = b�c = 0, s0�;0(0) = d�e = 1, ands�;0 = 0c�; s0�;0 = 1c�where the in�nite word c� is called the characteristic word of �. It can beshown that a Sturmian word is characteristic if and only if every pre�x is leftspecial.There is a close relation between the slope of a characteristic word andthe combinatorial structure of this word.Let (d1; d2; : : : ; dn; : : :) be a sequence of integers, with d1 � 0 and dn > 0for n > 1. To such a sequence, we associate a sequence (sn)n��1 of words bys�1 = 1; s0 = 0; sn = sdnn�1sn�2 (n � 1) (1)The sequence (sn)n��1 is a standard sequence, and the sequence (d1; d2; : : :)is its directive sequence. Observe that if d1 > 0, then any sn (n � 0) startswith 0; on the contrary, if d1 = 0, then s1 = s�1 = 1, and sn starts with 1for n 6= 0. Every s2n ends with 0, every s2n+1 ends with 1.Example 1. The directive sequence (1; 1; : : :) gives the standard sequence de-�ned by sn = sn�1sn�2, that is the sequence of �nite Fibonacci words. Ob-serve that the directive sequence (0; 1; 1; : : :) results in the sequence of wordsobtained from Fibonacci words by exchanging 0 and 1.Proposition 1. [14] Let � = [0; 1 + d1; d2; : : :] be the continued fractionexpansion of some irrational � with 0 < � < 1, and let (sn) be the standardsequence associated to (d1; d2; : : :). Then every sn is a pre�x of c� andc� = limn!1 sn :Example 2. Consider � = (p3 � 1)=2 = [0; 2; 1; 2;1; : : :]. The directive se-quence is (1; 1; 2; 1; 2; 1; : : :), and the standard sequence starts with s1 = 01,s2 = 010, s3 = 01001001, . . . , whencec(p3�1)=2 = 010010010100100100101001001001 � � �Due to the periodicity of the development, we get for n � 2 that sn+2 =s2n+1sn if n is odd, and sn+2 = sn+1sn if n is even.3 IndexAs usual, a word of the form w = (xy)nx is written as w = ur, with u = xyand r = n + jxj=juj. The rational number r is the exponent of u, and if u isprimitive, it is the root of the fractional power w.



4 Jean BerstelLet x be an in�nite word. Forw 2 F (x), the index of w in x is the numberind(w) = supfr 2 Q j wr 2 F (x)gif such an integer exists. Otherwise, w is said to have in�nite index. We alsode�ne the pre�x index pind(w) to be the greatest number r such that wr is apre�x of x. The pre�x index is always �nite, provided x is noi periodic, andit is zero when the �rst letter of w di�ers from the �rst letter of x.Proposition 2. Every nonempty factor of a Sturmian word s has �nite in-dex in s.Proof. Assume the contrary. There exist a Sturmian word s and a nonemptyfactor u of s such that un is a factor of s for every n � 1. Consequently,the periodic word u! is in the dynamical system generated by s. Since thissystem is minimal, F (s) = F (u!), a contradiction. utAn in�nite word x has bounded index if there exists a number d suchthat every nonempty factor of x has an index less than or equal to d. Ifx has bounded index, the upper bound might be irrational. For instance,Mignosi and Pirillo [22] have shown that in the case of the Fibonacci word,this bound is 2+ � , where � = (1+p5)=2. We will get this as a consequenceof our investigations.We start with a notation. Let (sn)n��1 be the standard sequence of thecharacteristic word c�, with � = [0; 1 + d1; d2; : : :]. For n � 3 (and for n = 2if d1 � 1), de�ne tn = sdn�1n�1 sn�2sn�1and for n � 0 set pn = sdnn�1sdn�1n�2 � � � sd10In particular p0 = ". In view of (1), the word tn is just a conjugate of sn.More preciselyLemma 1. (i) For n � 3 (and for n = 2 if d1 � 1), one hassnsn�1 = sn�1tn; sn�1sn = sntn�1 :(ii) For n � 0, snsn�1 = � pn10 if n is oddpn01 if n is even.sn�1sn = � pn01 if n is oddpn10 if n is even.Proof. (i) First, snsn�1 = sdnn�1sn�2sn�1 = sn�1tn :Next sn�1sn = sdnn�1sn�1sn�2= sdnn�1sn�2tn�1 = sntn�1



Index of Sturmian Words 5(ii) Since s0 = 0 and s�1 = 1, the equations hold for n = 0. Also,s1s0 = sd00 10 = p010; s0s1 = sd00 01 = p001Next, for n � 2 and even,snsn�1 = sdnn�1sn�1sn�2 = sdnn�1pn�101and since pn = sdnn�1pn�1, one gets the frist formula. The other equations areveri�ed in the same manner. utCorollary 1. The words sn and tn di�er only by their last two letters.Proof. In view of the previous lemmasn+1 = sdn+1�1n snsn�1 = sdn+1�1n pnabtn+1 = sdn+1�1n sn�1sn = sdn+1�1n pnbawhere ab = 01 or ab = 10. This proves the claim. utExample 3. Consider again� = (p3�1)=2 = [0; 2; 1; 2; 1; : : :] and its directivesequence (1; 1; 2; 1; 2; 1; : : :). The sequences start withs0 = 0 p0 = "d1 = 1 s1 = 01 p1 = 0d2 = 1 s2 = 010 p2 = 010d3 = 2 s3 = 01001001 p3 = 010010010d4 = 1 s4 = 01001001010 p4 = 01001001010010010d5 = 2 s5 = 010010010100100100101001001001The importance of the sequence pn comes from the following observation.Consider the sequence of integers (qn) de�ned byq�1 = q0 = 1 qn+1 = dn+1qn + qn�1so that qn is precisely the length of sn.Proposition 3. The word pn+1 is the heighest rational power of sn that isa pre�x of the standard word c�. The pre�x index of sn is 1+dn+1+(qn�1�2)=qn.Proof. Clearly, sn+1sn is a pre�x of the characteristic word c�. Sincesn+1sn = sdn+1n sn�1sn = s1+dn+1n tn�1the word s1+dn+1n is a pre�x of c�. Observe that tn�1 is not a pre�x of sn.Indeed, the word sn�1 is pre�x of sn and has the same length as tn�1. Thusthe longest common pre�x hn of tn�1 and sn�1 has length qn�1�2, and sincesn+1sn = s1+dn+1n tn�1 = pn+1abthe longest power of sn that is pre�x of c� is pn+1. Since jpn+1j = qn+1+qn�2 = (dn+1+ 1)qn+ qn�1� 2, the exponent of sn is 1 + dn+1+ (qn�1� 2)=qn.ut



6 Jean BerstelExample 4. Consider �rst the Fibonacci sequence, where all dn are 1. The qnare the Fibonacci numbers. The formula shows that the pre�x index of sn isqn+2=qn�2=qn, and since qn+2=qn ! �2 = 1+ � , where � is the golden ratio,the pre�x index is bounded by the sequence 1 + � .Example 5. Consider again � = (p3�1)=2 = [0; 2; 1; 2;1; : : :]. Since its direc-tive sequence has bounded values, the exponent of sn as a pre�x is bounded.It is not di�cult to see that the sequence 1 + dn+1 + (qn�1 � 2)=qn has twoaccumulation points, namely 2+p3 and 1+ (p3� 1)=2, and thus the pre�xindex is bounded by 3 + 2�.Proposition 4. Any Sturmian word contains cubes. More precisely, the in-dex of sn as a factor in the caracteristic word c� is at least 2+dn+1+(qn�1�2)=qn.Proof. Set �n = 1 + dn+1 + (qn�1 � 2)=qn. We show that sn+4 contains apower of sn of exponent 1 + �n. Indeed,sn+4 = sdn+4�1n+3 sn+3sn+2 = sdn+4�1n+3 sn+2tn+3The su�x sn+2tn+3 of sn+4 contains the desired power. Indeed, sn+2 endswith sn, and tn+3 shares a pre�x of length qn+3 � 2 with sn+3. Now pn+1 isthe pre�x of c� of length qn+1 + qn � 2, and since qn+1 + qn < qn+3, snpn+1is a factor of sn+2tn+3, and also of sn+4. utA weak converse also holds.Proposition 5. Let w be a primitve factor in c = c�, and assume thatind(w) � 4. Assume further that w has the maximal index among its conju-gates. Then w is one of the sn.Proof. Set 1 + d = ind(w), set w = za with a a letter, and let b be the letterpreceding the occurrence of wd+1. Then a 6= b since otherwise the conjugateaz would have greater index. Thus awd and bwd are factors of c. This meansthat wd is a left special factor, and therefore it is a pre�x of c.Let n be the greatest integer such that sn is a pre�x of w2 (recall that2 � d). Since sn is primitive, sn 6= w2. If w is a pre�x of sn, then eitherw = sn and the proposition is proved, or there is a factorization w = uv,for non empty u; v, such that sn = wu. Next, snw is a pre�x of w3. Thussnwz = w3 for some word z. It follows from snwz = wuuvz and w3 = wuvuvthat uv = vu, which is impossible because w is primitive.Thus sn is a proper pre�x of w. Now, w2 is a proper pre�x of sn+1, thusalso of pn+1; thus w2z = sk for some k > 2. Thus w and sn are powers of thesame word, and since they are primitive, they are equal. utProof of Theorem 1. Since a Sturmian word has the same factors as the char-acteristic word of same slope, it su�ces to prove the result for characteristic
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