A Note on List Languages

Jean Berstel

Institut Gaspard Monge (IGM)
Université Marne-la-Vallée
2, rue de la Butte Verte, 93166 Noisy-le-Grand Cédex

Luc Boasson

Laboratoire d’informatique algorithmique: fondements et applications (LTAFA)
Université Denis-Diderot
2, place Jussieu, 75251 Paris Cédex 05

Abstract

We prove that fair list languages are not closed under reversal.
This answers a question of a paper by Breveglieri. We then introduce
a “strict” parallel product that defines a family closed under reversal;
we show that this product properly generalizes the parallel product.

1 Introduction

A list over an alphabet A is a sequence (uq;us;. . .;ux) of words over A. List
languages have been considered by Breveglieri in [?]. The main difference
between lists and words is that lists can be merged, in various ways, by using
the catenation in the free monoid A* on the terms of lists. In this sense,
lists over an alphabet are close to lists as considered in algorithmics and
programming languages where operations are not only over the structure of
lists but also on the elements of a list. Typical examples are the “prefix
computation” (see [?]) or other operations, as described in [?].

Several operations can be defined over lists. Fair list languages are lan-
guages obtained from finite list languages by union, concatenation and its
star, and by a parallel product and its associated parallel star. These lan-
guages were considered in depth by [?]. The aim of this note is to give
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an example showing that the set of fair list languages is not closed under
reversal. This answers a question of [?].

2 Preliminaries

In [?], the notions of list language and fair list language are introduced. We
briefly recall these definitions.

Given an alphabet A, a list is a finite sequence ¢ = (uy;ug;...;u,) of
words uy, ug, ..., u, over A. The elements of the list are separated by the
special symbol “”. The integer n is the length of the list. The empty list

contains no word and is denoted (). Observe that this list is different from
the list composed of the single empty word (e).

A list language is a set of lists. Given two lists ¢1 = (uy;u9;. .. uy) and
Uy = (v1;v9; ... ;u,), the following operations are defined :

e the product ¢ = /.05 is the catenation of the two lists

0= (uy; o). ..Uk V1 U5 L )

e the list merge £ = {; || {5 defined as follows:

— if & > h, then £ = (uyvy; ugva; . . .5 UpVR; Upyrs - - -5 Uk)-
— if h =k, then £ = (uqv1; ugva; . . .5 Uvp).
— if k < h, then ¢ = (ujvy; ugvs; . . .5 UpUk; Vgg1; .- -5 Up)

The empty list () is a neutral element for both products. The list merge will
be called here the parallel product of the two lists. The shorter of the two
lists can be viewed as completed by the necessary number of empty words.
The product and parallel product of lists are extended to list languages as
usual: given two list languages L, and Ly, the product of Ly and Ly is defined
by

Li.Ly={l.ly | by € Ly, U5 € Ly},

the parallel product of Ly and L is defined by

L] ||L2: {/] ||ﬁ2 | Z] E L], ZQ E LQ}
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As usual again, the product and parallel product give raise to a unary
closure operation each. The unary operation of product closure (= the star)
is defined by

L*=|JL; where Ly={()} and L;,=L,.L.

i>0

The unary operation of parallel product closure (= the parallel star) is then
defined by :

" = U L; where Ly={()} and L, = L;[ L.

i>0

We then define (following [?]) a fair ezpression as an expression obtained
by using the operations union, product, parallel product, star and parallel
star on finite list languages. Such an expression represents a list language.
By definition, a fair list language is any list language represented by some
fair expression.

Example: Consider, over the alphabet A = {a, b}, the fair expression

L = ({a).(0))".
This is the set of lists
{ (ks ok P b)) | p>0, k> Ky > ky... >k, and k, > 1}.

To a list, two ordinary words over A can be naturally associated : the first
one is a word over the alphabet AU{; } and is obtained by considering the list
as an ordinary word. The second one is the word over A obtained by erasing
all symbols “” in the previous one. This first word is the string version, the
second word the flattened version of the list [?]. These two transformations
extend as usual to list languages. In particular, an ordinary language M
over A is called a flattened list language, if there exist a fair list language
L whose flattened image is L. Similarly, a string list language is the set of
string versions of some list language.

Example. In [?] it is shown that the commutative image of any flattened
list language is semi-linear. We show that there exists a string list language
whose commutative image is not semi-linear. This answers negatively a ques-
tion asked in [?].
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Consider indeed, the example given above. We represent the commutative
image of a word w over {a,b,;} by a triple (|w|,, |w|p, |w|.) where |w|. is the
number of letters ¢ in w. The commutative image of L is then given by

{(k,B,p) | p < B < pk}.

Clearly, this set is not semi-linear. (See for instance [?].)

3 Fair list languages and reversal

The aim of this section is to prove that the family of fair list languages is
not closed under reversal. We will show that this holds already for unary
languages, i.e. for languages over a one-letter alphabet.

3.1 Unary list languages

A list language L is length-infinite if it contains lists of arbitrary length. A
list language is unary if the alphabet of words is a one-letter alphabet. In
this case, lists are obviously sequences of integers. Hence, we will denote
them by the associated sequence of integers.

A unary list language L is p-increasing for some integer p if, for all ¢ =
(ny,...,ng) in L, one has

Ny < Npyp < -0 <y,

Observe that L may contain lists of less than p elements for which no condi-
tions are requested. A list language is ultimately increasing if it is p-increasing
for some p. Clearly, any length-finite list language is ultimately increasing.

A unary list language L is unbounded if, for all integers N and ¢, there
exists a list £ = (ny,...,n) in L, such that n; > N for at least ¢ indices j
in {1,...,k}.

Thus, in an unbounded unary list language, you may always find a list
with an integer as large as you want at a rank as large as you want. In
particular, any unbounded unary list language is length-infinite.

Examples

1) The set of constant lists

{{(ni;ne;...5mp) | p>0, ny =nyg=---=mn, >0}
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is 1-increasing and unbounded.
2) For a fixed p, the set of lists

{ (nisng;..imp; 1510 51) | ¢ >0, ny,ny,...,n, >0}
—_————

q times

is p + l-increasing and bounded.
3) The set of lists

{{(n;Ling 1. snpi5in,) | p>0, ng =ng=---=mn, >0}

is unbounded and non ultimately increasing.
4) The set of lists

{(niyng;..smy) | p>0, 1<n; <nyg <---<my}
is unbounded and 1-increasing.
We now prove

Lemma 3.1 A unary fair list language is not both unbounded and ultimately
InCcreasing.

Proof : Let us call a unary, unbounded and ultimately increasing list
language a UI list language for short. The proof is by structural induction;
it consists in showing that it is impossible to generate a Ul-language from
finite list languages by using fair operations. Clearly, a finite list language is
bounded, therefore is not UL Let now L be a (infinite) UT list language.

1) Assume that L = L; U Ly. Clearly either Ly or Ly (or both) is a Ul
list language.

2) Assume next that L = L;.L,. We show that L, has to be an UI list
language. Clearly, because L is length-infinite, either L; or L, or both is
length-infinite. Assume first that L; is length-finite. Then, it is immediate
that Ly is an Ul list language. So, assume that L; is length-infinite, and let
Uy = (mq;ma; .. .;my) be afixed element of Ly. Consider now any list ¢; in Iy
with more than p elements, where p is chosen so that L is p-increasing. Due
to this condition, all the integers in the list /; beyond rank p are less than or
equal to my, and consequently L; is bounded. Moreover, m; < my < ... <
my, showing that all lists in L, are increasing. For L to be an unbounded list
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language, it is necessary that L, is unbounded. Since L, is 1-increasing, we
get that Lo is an UI list language.

3) Assume now that L = L, || Ly and that L is p-increasing. We show that
either Ly or Ly is an UI list language. If L; and L, were both bounded, then
L would be bounded too. Hence, either L; or L, or both are unbounded
(hence length-infinite). Assume L; is unbounded, and choose a fixed list
Uy = (my;ma;...;my) in Ly. Because L contains Ly || {5, we get that Iy
itself is ultimately increasing : indeed, the integers composing such a list
in L; must be increasing from the rank max(p, k) on. So, L; is an UI list
language. The case where L, is unbounded is treated in the same way.

4) Assume that L = Lj. We show that this is impossible. Consider
indeed any list £; = (nq;ng;...;ng) be any list in L;. Because L is ultimately
increasing, any power ¢! must be ultimately increasing, which implies that
n < ng <---<n <ng. It follows that n;, = ny = ---n, = n for some n.
If there is any other list /5 in L, we get similarly that ¢, = (m,m,...,m)
for some integer m. The star of ¢;. /¢y then implies that n = m, because L
is ultimately increasing. Then, all lists in L; are sequences of the same fixed
integer. But then, L cannot be unbounded.

5) Assume finally that L = Lg*. We show that this is imposssible. Clearly,
Ly has to be length-infinite. Moreover, since L is unbounded, for any ¢, there
exists a list in L; with a non zero j-th element for some 5 > ¢. Hence, there
exists a list £; = (ny;ng,...;ny) in Ly such that £ > p and n; > 0 for some j
greater than p. Using the parallel star on ¢;, we get a list £ with an entry at
rank j as large as we want. Now, choose a new list /5 in L; with more than
k elements. The list £ || £ is not p-increasing : the element at rank j will be
greater than the elements at rank greater than k.

Hence, an Ul list language L cannot be a fair list language. .

3.2 Reversal

Te reversal of a list £ = (uy;ug; . .. ;ug) is the list €7 = (u};...; ul; ul), where
u" denotes the usual reversal of a word u. The reversal of a list language L
is defined as usual: L™ = {¢" | ¢ € L}. We now prove the following

Proposition 3.2 The family of fair list languages is not closed under rever-
sal.



February 28, 2000 7

Proof : Consider the one letter alphabet A = {a}. Over A, define the
fair list language L = ({a}*)I". Tt is easily seen that

L={(ni,ng,....n%) | E>0,n1 >ng>...>np >0}

Then, the language L" is an unbounded, ultimately increasing list language
and, by lemma 3.1, it is not a fair list language. .

This property leads naturally to consider a right parallel product in-
stead of the parallel product || (which will from now on be qualified as
left parallel product) : given two lists ¢; = (uj;ug;...;uk_1;ug) and o =
(v1;v9; .. .5 Up_1; V), we define the right parallel product by ¢ = ¢; ||, 5 where

o if k> h, then £ = (uy;ug;...; Uk _p; Ug_pe1V15 ... UgUp).
e if h =k, then £ = (ujvy; ugvy;. . . ugvp).
o if k < h, then £ = (uy;ug;...;00 ;U Vp_fi1;- .- UkUp)

This could equivalently be defined by ¢; ||, £o = (5| ¢})". In this parallel
product, the product of words starts at the right end instead of the beginning
in the original parallel product. Clearly, if L is a fair list language, its reversal
is a language obtained in the same way from finite languages by using the
operations |, and ||} instead of || and ||*. Hence, we naturally get two
different but dual families of list languages.

Denote the family of fair list languages by F, and denote the new one
by F.. It is obvious that these two families will share the same properties.
In particular none of them is closed under reversal. However, if we look at
rational list languages as defined in [?], they do coincide in both families.
Given now the left and right parallel product, it is natural to introduce the
family of list languages F;, as the family of list languages obtained from
finite list languages by using the operations U, ., %, ||, ||, |[|* and |[*. Of
course, the family F;, will be closed under reversal. Moreover, it will share
all the properties of the F; family given in [?]. Again, in particular, the
rational F,, languages will be the same than the rational F, languages.

Another natural idea is to introduce a strict parallel product |, de-
fined in the following way : for two lists {1 = (uy;ug;...;ux 1;u) and
Uy = (v1;v9; .. .;0p 15 0h), their strict parallel product ¢ = ¢y || {5 is defined
only if £ = h (i.e. if the two lists have the same length), and in this case
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=Ll ][ly =l ]| la. As clearly (€1 o) = (5] ¢7), the family obtained
from finite list languages by the operations U, ., %, | and |* is closed under
reversal. We denote this family by F;.

We can easily check that

Lemma 3.3 The family F;, is contained in the family F;.

Proof : Set E = {{e)}*. The following two identities express parallel
product in terms of strict parallel product

L|M=LE|M U L|ME, L|,M=E.L|M U L|E.M
. From these we immediately get

0=y U Ll@e) . =y U LlEn” .

The aim is now to prove that the inclusion is strict. This is achieved in a
similar way to that used for proving proposition 3.2. We consider again unary
list languages (described as sequences of integers). A unary list language
L is p-almost constant if there exists an integer p such that for any list
¢ = (ni;n9;...;ng) € L, we have n, = nyy1 = ... = ng_,. This means that
a unary list language is almost constant if it is of length less than 2p or,
if it is constant up to a p terms at each end of the list. A unary p-almost
constant list language L is unbounded if, moreover, given two integers ¢ and
N, there exists a list (ny;...;n,) in L with more than ¢ elements and such
that n, > N. A unary almost constant and unbounded list language will be
called a AC list language. We then get a lemma similar to Lemma 3.1 :

Lemma 3.4 A list language in F;, cannot be a AC list language.

Proof : It is similar to the proof of Lemma 3.1 .

This lemma can be used to show
Proposition 3.5 The family F;, is a strict subfamily of the family F;.

Proof : We show that the family F, contains an AC list language. Con-
sider the list language
L = ({a)")

™
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Then
L={(nn,...,n)|n>0}

which is obviously an AC list language. By Lemma 3.3, the language L is
not in Fy,. "

Remark : The example L of the proof gives a new example that the
Parikh image over AU {;} of a language in F, may not be semi-linear.

4 Complements

Clearly, the various parallel products considered here (left, right, strict) do
not cover all parallel products that could be invented. For instance, given
two lists ¢ = (uq;...;ux) and ¢ = (vy;...;vp), one could do the product
“somewhere” in the list, by

’_ . . . . . .
Col! = (Uys. .. Up; Upp1V1; .5 UpphUh; -« -5 Ug)
or “anywhere” by
,_ . . . . .
Col = (Upy. .. Up, UL} . Up, Ups ...} Ug)

The study of list languages could be motivated by arguments from practical
computer science, such as parallel computations or scheduling of jobs by
priority queues. However, it seems necessary, before considering any product
more in depth, to get strong reasons proving that this product deserves to
be studied.
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