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e Jussieu, 75251 Paris C�edex 05Abstra
tWe prove that fair list languages are not 
losed under reversal.This answers a question of a paper by Breveglieri. We then introdu
ea \stri
t" parallel produ
t that de�nes a family 
losed under reversal;we show that this produ
t properly generalizes the parallel produ
t.1 Introdu
tionA list over an alphabet A is a sequen
e hu1; u2; : : : ; uki of words over A. Listlanguages have been 
onsidered by Breveglieri in [?℄. The main di�eren
ebetween lists and words is that lists 
an be merged, in various ways, by usingthe 
atenation in the free monoid A� on the terms of lists. In this sense,lists over an alphabet are 
lose to lists as 
onsidered in algorithmi
s andprogramming languages where operations are not only over the stru
ture oflists but also on the elements of a list. Typi
al examples are the \pre�x
omputation" (see [?℄) or other operations, as des
ribed in [?℄.Several operations 
an be de�ned over lists. Fair list languages are lan-guages obtained from �nite list languages by union, 
on
atenation and itsstar, and by a parallel produ
t and its asso
iated parallel star. These lan-guages were 
onsidered in depth by [?℄. The aim of this note is to give1



February 28, 2000 2an example showing that the set of fair list languages is not 
losed underreversal. This answers a question of [?℄.2 PreliminariesIn [?℄, the notions of list language and fair list language are introdu
ed. Webrie
y re
all these de�nitions.Given an alphabet A, a list is a �nite sequen
e ` = hu1; u2; : : : ; uni ofwords u1; u2; : : : ; un over A. The elements of the list are separated by thespe
ial symbol \;". The integer n is the length of the list. The empty list
ontains no word and is denoted hi. Observe that this list is di�erent fromthe list 
omposed of the single empty word h�i.A list language is a set of lists. Given two lists `1 = hu1; u2; : : : ; uki and`2 = hv1; v2; : : : ; vhi, the following operations are de�ned :� the produ
t ` = `1:`2 is the 
atenation of the two lists` = hu1; u2; : : : ; uk; v1; v2; : : : ; vhi :� the list merge ` = `1 k `2 de�ned as follows:{ if k > h, then ` = hu1v1; u2v2; : : : ; uhvh; uh+1; : : : ; uki.{ if h = k, then ` = hu1v1; u2v2; : : : ; ukvhi.{ if k < h, then ` = hu1v1; u2v2; : : : ; ukvk; vk+1; : : : ; vhiThe empty list hi is a neutral element for both produ
ts. The list merge willbe 
alled here the parallel produ
t of the two lists. The shorter of the twolists 
an be viewed as 
ompleted by the ne
essary number of empty words.The produ
t and parallel produ
t of lists are extended to list languages asusual: given two list languages L1 and L2, the produ
t of L1 and L2 is de�nedby L1:L2 = f`1:`2 j `1 2 L1; `2 2 L2g;the parallel produ
t of L1 and L2 is de�ned byL1 kL2 = f`1 k `2 j `1 2 L1; `2 2 L2g:



February 28, 2000 3As usual again, the produ
t and parallel produ
t give raise to a unary
losure operation ea
h. The unary operation of produ
t 
losure (= the star)is de�ned byL? = [i�0Li where L0 = fhig and Li+1 = Li:L:The unary operation of parallel produ
t 
losure (= the parallel star) is thende�ned by :Lk? = [i�0Li where L0 = fhig and Li+1 = Li kL:We then de�ne (following [?℄) a fair expression as an expression obtainedby using the operations union, produ
t, parallel produ
t, star and parallelstar on �nite list languages. Su
h an expression represents a list language.By de�nition, a fair list language is any list language represented by somefair expression.Example: Consider, over the alphabet A = fa; bg, the fair expressionL = (hai:hbi?)k?:This is the set of listsf hak; bk1; bk2 ; : : : ; bkpi j p � 0; k � k1 � k2 : : : � kp and kp � 1g:To a list, two ordinary words over A 
an be naturally asso
iated : the �rstone is a word over the alphabet A[f; g and is obtained by 
onsidering the listas an ordinary word. The se
ond one is the word over A obtained by erasingall symbols \;" in the previous one. This �rst word is the string version, these
ond word the 
attened version of the list [?℄. These two transformationsextend as usual to list languages. In parti
ular, an ordinary language Mover A is 
alled a 
attened list language, if there exist a fair list languageL whose 
attened image is L. Similarly, a string list language is the set ofstring versions of some list language.Example. In [?℄ it is shown that the 
ommutative image of any 
attenedlist language is semi-linear. We show that there exists a string list languagewhose 
ommutative image is not semi-linear. This answers negatively a ques-tion asked in [?℄.



February 28, 2000 4Consider indeed, the example given above. We represent the 
ommutativeimage of a word w over fa; b; ; g by a triple (jwja; jwjb; jwj;) where jwj
 is thenumber of letters 
 in w. The 
ommutative image of L is then given byf(k; �; p) j p � � � p:kg:Clearly, this set is not semi-linear. (See for instan
e [?℄.)3 Fair list languages and reversalThe aim of this se
tion is to prove that the family of fair list languages isnot 
losed under reversal. We will show that this holds already for unarylanguages, i.e. for languages over a one-letter alphabet.3.1 Unary list languagesA list language L is length-in�nite if it 
ontains lists of arbitrary length. Alist language is unary if the alphabet of words is a one-letter alphabet. Inthis 
ase, lists are obviously sequen
es of integers. Hen
e, we will denotethem by the asso
iated sequen
e of integers.A unary list language L is p-in
reasing for some integer p if, for all ` =hn1; : : : ; nki in L, one has np � np+1 � � � � � nkObserve that L may 
ontain lists of less than p elements for whi
h no 
ondi-tions are requested. A list language is ultimately in
reasing if it is p-in
reasingfor some p. Clearly, any length-�nite list language is ultimately in
reasing.A unary list language L is unbounded if, for all integers N and q, thereexists a list ` = hn1; : : : ; nki in L, su
h that nj � N for at least q indi
es jin f1; : : : ; kg.Thus, in an unbounded unary list language, you may always �nd a listwith an integer as large as you want at a rank as large as you want. Inparti
ular, any unbounded unary list language is length-in�nite.Examples1) The set of 
onstant listsf hn1;n2; : : : ;npi j p > 0; n1 = n2 = � � � = np > 0g
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reasing and unbounded.2) For a �xed p, the set of listsf hn1;n2; : : : ;np; 1; 1; : : : ; 1| {z }q times i j q � 0; n1; n2; : : : ; np > 0gis p+ 1-in
reasing and bounded.3) The set of listsf hn1; 1;n2; 1 : : : ;np�1; 1;npi j p > 0; n1 = n2 = � � � = np > 0gis unbounded and non ultimately in
reasing.4) The set of listsf hn1;n2; : : : ;npi j p > 0; 1 � n1 � n2 � � � � � npgis unbounded and 1-in
reasing.We now proveLemma 3.1 A unary fair list language is not both unbounded and ultimatelyin
reasing.Proof : Let us 
all a unary, unbounded and ultimately in
reasing listlanguage a UI list language for short. The proof is by stru
tural indu
tion;it 
onsists in showing that it is impossible to generate a UI-language from�nite list languages by using fair operations. Clearly, a �nite list language isbounded, therefore is not UI. Let now L be a (in�nite) UI list language.1) Assume that L = L1 [ L2. Clearly either L1 or L2 (or both) is a UIlist language.2) Assume next that L = L1:L2. We show that L2 has to be an UI listlanguage. Clearly, be
ause L is length-in�nite, either L1 or L2 or both islength-in�nite. Assume �rst that L1 is length-�nite. Then, it is immediatethat L2 is an UI list language. So, assume that L1 is length-in�nite, and let`2 = hm1;m2; : : : ;mki be a �xed element of L2. Consider now any list `1 in L1with more than p elements, where p is 
hosen so that L is p-in
reasing. Dueto this 
ondition, all the integers in the list `1 beyond rank p are less than orequal to m1, and 
onsequently L1 is bounded. Moreover, m1 � m2 � : : : �mk showing that all lists in L2 are in
reasing. For L to be an unbounded list



February 28, 2000 6language, it is ne
essary that L2 is unbounded. Sin
e L2 is 1-in
reasing, weget that L2 is an UI list language.3) Assume now that L = L1 kL2 and that L is p-in
reasing. We show thateither L1 or L2 is an UI list language. If L1 and L2 were both bounded, thenL would be bounded too. Hen
e, either L1 or L2 or both are unbounded(hen
e length-in�nite). Assume L1 is unbounded, and 
hoose a �xed list`2 = hm1;m2; : : : ;mki in L2. Be
ause L 
ontains L1 k `2, we get that L1itself is ultimately in
reasing : indeed, the integers 
omposing su
h a listin L1 must be in
reasing from the rank max(p; k) on. So, L1 is an UI listlanguage. The 
ase where L2 is unbounded is treated in the same way.4) Assume that L = L?1. We show that this is impossible. Considerindeed any list `1 = hn1;n2; : : : ;nki be any list in L1. Be
ause L is ultimatelyin
reasing, any power `h1 must be ultimately in
reasing, whi
h implies thatn1 � n2 � � � � � nk � n1. It follows that n1 = n2 = � � �nk = n for some n.If there is any other list `2 in L1, we get similarly that `2 = hm;m; : : : ;mifor some integer m. The star of `1 : `2 then implies that n = m, be
ause Lis ultimately in
reasing. Then, all lists in L1 are sequen
es of the same �xedinteger. But then, L 
annot be unbounded.5) Assume �nally that L = Lk?1 . We show that this is imposssible. Clearly,L1 has to be length-in�nite. Moreover, sin
e L is unbounded, for any q, thereexists a list in L1 with a non zero j-th element for some j � q. Hen
e, thereexists a list `1 = hn1;n2; : : : ;nki in L1 su
h that k � p and nj > 0 for some jgreater than p. Using the parallel star on `1, we get a list ` with an entry atrank j as large as we want. Now, 
hoose a new list `2 in L1 with more thank elements. The list ` k `2 is not p-in
reasing : the element at rank j will begreater than the elements at rank greater than k.Hen
e, an UI list language L 
annot be a fair list language.3.2 ReversalTe reversal of a list ` = hu1; u2; : : : ; uki is the list `r = hurk; : : : ; ur2; ur1i, whereur denotes the usual reversal of a word u. The reversal of a list language Lis de�ned as usual: Lr = f`r j ` 2 Lg. We now prove the followingProposition 3.2 The family of fair list languages is not 
losed under rever-sal.



February 28, 2000 7Proof : Consider the one letter alphabet A = fag. Over A, de�ne thefair list language L = (fag?)k? . It is easily seen thatL = fhn1; n2; : : : ; nki j k � 0; n1 � n2 � : : : � nk � 0gThen, the language Lr is an unbounded, ultimately in
reasing list languageand, by lemma 3.1, it is not a fair list language.This property leads naturally to 
onsider a right parallel produ
t in-stead of the parallel produ
t k (whi
h will from now on be quali�ed asleft parallel produ
t) : given two lists `1 = hu1; u2; : : : ; uk�1; uki and `2 =hv1; v2; : : : ; vh�1; vhi, we de�ne the right parallel produ
t by ` = `1 kr `2 where� if k > h, then ` = hu1; u2; : : : ; uk�h; uk�h+1v1; : : : ; ukvhi.� if h = k, then ` = hu1v1; u2v2; : : : ; ukvhi.� if k < h, then ` = hu1; u2; : : : ; vh�k; u1vh�k+1; : : : ; ukvhiThis 
ould equivalently be de�ned by `1 kr `2 = (`r2 k `r1)r. In this parallelprodu
t, the produ
t of words starts at the right end instead of the beginningin the original parallel produ
t. Clearly, if L is a fair list language, its reversalis a language obtained in the same way from �nite languages by using theoperations kr and k?r instead of k and k?. Hen
e, we naturally get twodi�erent but dual families of list languages.Denote the family of fair list languages by F` and denote the new oneby Fr. It is obvious that these two families will share the same properties.In parti
ular none of them is 
losed under reversal. However, if we look atrational list languages as de�ned in [?℄, they do 
oin
ide in both families.Given now the left and right parallel produ
t, it is natural to introdu
e thefamily of list languages F`;r as the family of list languages obtained from�nite list languages by using the operations [, :, ?, k , kr , k? and k?r. Of
ourse, the family F`;r will be 
losed under reversal. Moreover, it will shareall the properties of the F` family given in [?℄. Again, in parti
ular, therational F`;r languages will be the same than the rational F` languages.Another natural idea is to introdu
e a stri
t parallel produ
t jjj , de-�ned in the following way : for two lists `1 = hu1; u2; : : : ; uk�1; uki and`2 = hv1; v2; : : : ; vh�1; vhi, their stri
t parallel produ
t ` = `1 jjj `2 is de�nedonly if k = h (i.e. if the two lists have the same length), and in this 
ase



February 28, 2000 8` = `1 k l2 = `1 kr `2. As 
learly (`1 jjj `2)r = (`r2 jjj `r1), the family obtainedfrom �nite list languages by the operations [, :, ?, jjj and jjj? is 
losed underreversal. We denote this family by Fs.We 
an easily 
he
k thatLemma 3.3 The family F`;r is 
ontained in the family Fs.Proof : Set E = fh�ig?. The following two identities express parallelprodu
t in terms of stri
t parallel produ
tL kM = L:E jjjM [ L jjjM:E ; L kr M = E:L jjjM [ L jjjE:M>From these we immediately getLk? = fhig [ L jjj (L:E) jjj? ; Lk?r = fhig [ L jjj (E:L) jjj?The aim is now to prove that the in
lusion is stri
t. This is a
hieved in asimilar way to that used for proving proposition 3.2. We 
onsider again unarylist languages (des
ribed as sequen
es of integers). A unary list languageL is p-almost 
onstant if there exists an integer p su
h that for any list` = hn1;n2; : : : ;nki 2 L, we have np = np+1 = : : : = nk�p. This means thata unary list language is almost 
onstant if it is of length less than 2p or,if it is 
onstant up to a p terms at ea
h end of the list. A unary p-almost
onstant list language L is unbounded if, moreover, given two integers q andN , there exists a list hn1; : : : ;nki in L with more than q elements and su
hthat np � N . A unary almost 
onstant and unbounded list language will be
alled a AC list language. We then get a lemma similar to Lemma 3.1 :Lemma 3.4 A list language in F`;r 
annot be a AC list language.Proof : It is similar to the proof of Lemma 3.1This lemma 
an be used to showProposition 3.5 The family F`;r is a stri
t subfamily of the family Fs.Proof : We show that the family Fs 
ontains an AC list language. Con-sider the list language L = (hai?) jjj? :



February 28, 2000 9Then L = fhn; n; : : : ; ni j n � 0g:whi
h is obviously an AC list language. By Lemma 3.3, the language L isnot in F`;r.Remark : The example L of the proof gives a new example that theParikh image over A [ f; g of a language in Fs may not be semi-linear.4 ComplementsClearly, the various parallel produ
ts 
onsidered here (left, right, stri
t) donot 
over all parallel produ
ts that 
ould be invented. For instan
e, giventwo lists ` = hu1; : : : ; uki and `0 = hv1; : : : ; vhi, one 
ould do the produ
t\somewhere" in the list, by` Æ `0 = hu1; : : : up; up+1v1; : : : ; up+hvh; : : : ; ukior \anywhere" by ` Æ `0 = hu1; : : : up1v1; : : : ; uphvh; : : : ; ukiThe study of list languages 
ould be motivated by arguments from pra
ti
al
omputer s
ien
e, su
h as parallel 
omputations or s
heduling of jobs bypriority queues. However, it seems ne
essary, before 
onsidering any produ
tmore in depth, to get strong reasons proving that this produ
t deserves tobe studied.A
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