SYMMETRIZATION OPERATORS ON POLYNOMIAL RINGS
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The Hecke algebra of the symmetric group & (n + 1) can be defined as the quotient of
the free algebra C<D,;, ..., Dp> by the Coxeter relations DiDj = DjDi if ‘j -1f > 2,

DiDj4+1Dj = Dj4+1DiDj4+1 together with the Hecke relation DjDj = qDj + r.

A more concrete approach realizes this algebra as an algebra of rational symmetrizing
operators on the ring of polynomials (i.e., for those who prefer, the equivariant cohomo-
logy or Grothendieck ring of the flag manifold).

In this note, we characterize the operators satisfying the above relations plus some
extra conditions. They constitute a five (homogeneous) parameter family which admits
several interesting degenerate cases such as considered by [1-3]. We also give the expres-
sion of any rational symmetrizer in the basis of permutations and in the basis of divided
differences. Finally, we study a Leibnitz-type formula generalizing an identity of
Bernstein/Gelfand/Gelfand [2].

According to modern practice, all operators act on their left.

Let o be the transposition exchanging the letters a, b. Let P, Q # 0 be two rational
functions of a, b. To o, P, Q, associate the rational operator Dy: f > fDs; = fP + £0Q
acting on rational functions.

Four known examples (see [4]) are: o, the transposition of a and b;
9, the divided difference: fd = (f — f9)/(a — b);

m, the convex symmetrizer: fw = (fa — f%)/(a — b);

1 — w, the complement of n: f(1 — m) = (—f + £9)b/(a — b).

We now consider two operators on different pairs of letters. If these two pairs are
disjoint, the operators commute. On the contrary, suppose that the two pairs are (a, b) and
(b, c); let o be as above, and let T be the transposition of b, c. Let also D and D' be the
associated operators: fD = fP(a, b) + £9Q(a, b), fD' = fP'(b, c) + £7Q'(b, c), where P' and
Q' # 0 are rational functions in b, c.

THEOREM 1. Let a, b, c be three letters, D and D' the associated operators. Suppose
that D is invertible, that P # 0, and that the operators satisfy Coexter's relation DD'D =
D'DD'. Then the necessary and sufficient condition that the operators D and D' preserve
the ring of polynomials C[a, b, c] is that there exist scalars a, B, Y, §, n with ad —By=0,
n# 0, n #ad§ — By such that P(a, b) = (ca + B)(yb + §)/(a — b) = P(a, b)and Q =n — P =Q"'.
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In that case, D and D' satisfy the same Hecke relation DD = D(ad — BY) + n(n — a8 + BY).

The full discussion, too long to be developed here, contains the noncommutative computa-
tions of [5] and shows that the inequalities on the numerical parameters are not needed to
ensure Coxeter relations.

Remark. The operator given by the above theorem can also be written D = 3(ca + B)-
(Yb + 8) + on. It can be obtained from the operator m + n'c through the homography {a, b} -
{p(a), p(b)}, with p(x) = (ox + B)/(yx + §). 1In fact the image of m by the homography p is

the operator f »> fn® = [fp(a) — £9%(b)1/[p(a) — p(b)] = f[3(ca + B)(yb + &)/(aé — By) + o].

It is a puzzling fact that the operator for a = 1, Yy = 0 acts on the Grothendieck ring
of the flag manifold, whereas the operator for a = 0 = Yy acts on the cohomology ring.

Let A = {a;, a, ..., ap41} be an alphabet. For each permutation pe ©(A), there
exists a divided difference 3, which can be expressed as a product of the
elementary divided differences 944, where o; is the transposition of a; and aj4, (see [2-4]).

Let E be the algebra of operators V: C[A] > C[A] of the type V= Y tR, , where the
tes(a)

coefficients Ry are rational functions of the elements of A. In particular, the divided

differences 3, belong to E. Conversely, one can express any permutation e 6(A) in terms
of the 9.
N

We consider a second alphabet Z = {z;, ..., 241}, the mi-résultante X = II (a: —2j),
i+ignt1
and we denote by 6 the specialization z; »> a;, ..., Zp41 > ap41. It is easy to check the

following lemma, denoting by A the Vandermonde A = Hifj(ai - aj) and by w the maximal element
of €(A), i.e., the involution exchanging each aj with ap4,-4.

LEMMA 2. For any u=©(A), u # w, the operators Xué and X3,6 are null; moreover,
Xwd = Aw and X906 = w.

This instantly allows one to decompose any element of E in the basis {{} or the basis
{ap}:

PROPOSITION 3.

1) E is a Pol(A)-free module of basis {3;, u =6 (A)}.

2) any element V of E can be written

v=>3) (XVd,,80) 8,
t

3) Let V = I Rg be an element of E. Then, for each u, Xwu~1lve = (—1)2(w)ARu.

COROLLARY 4. The coefficients of the 3,, in the basis {u} are the same as the coeffi-
cients of the u in the basis {3} up to sign and to the factor 4, i.e.,

a,A (—1)!@ = Ty (Xop14,8).

This property of self-inversion does not seem to have been noticed (cf. [1, Prop. 4.24],
[2, Th. 5.9], [6]). Lemma 2, Proposition 3, and Corollary 4 could be formulated in purely
geometrical terms because the mi-résultante can be interpreted geometrically as the class of
the diagonal embedding of the flag manifold.

Example: Symmetric group &(a, b, c). Let o;be the transposition of (a, b), o, that of
(b, c), 3, 9, the corresponding divided differences. Then 1A= (e —b(a—¢)(b —¢); HA=(1—0y)"
(@—c)(b—c)h 0A=(1—0y)(a—0b)(a—c)ddA=(1—01)(a—0c)+ (01 —1)0; (a—b); A= (1—0y) (a—c)+ (6g—1) 0+
(b—c); 949,0,A = 1 — 0y — 0y |- 0,05 + 0,01 — 010501.  On the other hand, o, = (e — b 8 — ;0= (b —c) 9, —1; 0,0,
=(a—0b)(a—¢c)09, —(@a—Db)d—(a—c)dg+1; 0,00 =(a—c)(b—1¢)80 —(@a —¢)d — (b —c)d +1; 010301 = 0=
20, — (@ — b) (€ — ¢) 010y — (a — ¢) (b — ¢) 3y, + (a — ¢) (3 + 3) — 1.

The algebra E gives rise to a noncommutative finite-differential calculus, but only the
special cases 4 —{a,a,...},4 —{e,2¢6,3¢,...} or 4—{qg, ag, a¢’, ...} have been the object of syste-
matic studies.
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As an example, we have for the general case the following Leibnitz-type formula: Let p,
k be two positive integers, T;, ..., Tp be p transpositions, and 9, ..., ap the associated

divided differences. Given a matrix V = (Vij)i<ick,1<j<p 0of operators Vij e E, and given k
functions f,, ..., fi, we denote by f;, ..., fiVthe product (iVu-... Vi) ... (kVir* - - -- Virp)-
'

Propositions 5. Given k functions f,, ..., fy and p divided differences 3,, ..., ap,

we have that fi-...-fk0;...9p=Z2f; ... fV, summed on the kP matrices V such that for every j:
1 <j<p, the j-th column of V is of the type Tjs eees Tis aj, 1, ..., 1, i.e., a sequence
of Ti» exactly one time Sj, followed by the identity operator.

When k = p and when f,, ..., fx are polynomials of degree 1, one obtains the following
especially interesting formula due to Bernstein/Gelfand/Gelfand [2, Theorem 3.12], writing
8T for the divided difference: f - (f — £f7)/(x — y), T being the transposition exchanging
the letters x and y.

Proposition 6. Let p be a permutation of length 2(u) = p, and let f,, ..., fp be
polynomials of degree one. Then fi...fpdyn= 2(h6n)---(hﬂfﬁ, summed on all reduced decomposi-
tions of p as a product of transpositions, i.e., all products W = Ty, ..., Tps R(Tyy oves Tj)

=jvVi: 1 <j<p.
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