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How far is one distribution to another?

Distances ∆(p,q)

Lévy-Prokhorov

Fortet-Mourier

Kantorovich-Rubinstein
a.k.a. Wasserstein

Radon

“Hellinger” (Jeffreys)

L1, Lp

(Ky Fan: between rv’s)
...

Total variation ∆(p,q) (“statistical”)

Divergences D(p∥q)

Rényi

Bhattacharyya

“Jensen-Shannon” (Lin)

“Jeffreys” (sym. Kullback-Leibler)

“Pearson” χ2

“Cauchy-Schwarz”

Sundaresan

Itakura–Saito
...

Kullback-Leibler D(p∥q) (“relative entropy”)
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Definitions

∆(p,q) ≜
1

2

∫
|p − q|dµ D(p∥q) ≜

∫
p log

p

q
dµ

does not depend on the choice of the dominating measure µ ≫ p,q (e.g.,
discrete/continuous cases);

vanishes iff p = q;
∆(p,q) = 1 ⇐⇒ p ∧ q = 0 µ-a.e. (non-overlapping supports) =⇒ D(p∥q) = +∞

∆ = 0 ⇐=============⇒ D = 0

∆ = 1 ==============⇒ D = +∞

Binary case P = (p,1 − p), Q = (q,1 − q):

δ(p,q) = |p − q| d(p∥q) = p log
p

q
+ (1 − p) log

1 − p

1 − q
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Alternate definitions

Supremum taken all partitions into a countable number of Ai ∈ Ω:

∆(p,q) ≜
1

2
sup

∑
i

|p(Ai)− q(Ai)|︸ ︷︷ ︸
Jordan’s total variation of p − q

D(p∥q) ≜ sup
∑

i

p(Ai) log
p(Ai)

q(Ai)

enough to consider intervals Ai (when Ω = Rd): Dobrushin’s theorem for D (1960)

increases by subpartionning (by the triangular inequality for ∆, by the log-sum
inequality for D). Hence sup = lim for finer and finer partitions.

∆ = 1
2

∫
|p − q|dµ already for binary partition {p < q}, {p ≥ q}.

D =
∫

p log p
q dµ by Gel’fand-Yaglom–Perez theorem (1959)
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Nice Properties

Total variation distance: binary reduction property for partition A,Ac:

∆(p,q) = sup
A

|p(A)− q(A)|

A sufficiently small value of ∆(p,q) implies that no statistical test can effectively
distinguish between the two distributions p and q

Kullback-Leibler divergence: tensorization property for product of probability
measures:

D
(⊗

i

pi

∥∥∥ ⊗
i

qi

)
=

∑
i

D(pi∥qi)
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Summary of Properties
∆(p,q)

metric ✓

binary reduction (bounded) ✓

does not tensorize ✗

D(p∥q)

not a metric ✗

unbounded limit ✗

nicely tensorizes ✓

∆ = 0 ⇐=============⇒ D = 0

∆ = 1 ==============⇒ D = +∞

︸ ︷︷ ︸
Pinsker’s inequality: D ≥ φ(∆) where φ(0) = 0, φ increasing (convex)

D

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

0,4

0,8

1,2

1,6

2

2,4

2,8

3,2

3,6

4

D

∆

P

S

BH

V
G

∆

By binary reduction, it is enough to prove it in the binary case: d ≥ φ(δ)
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Why is PInsker’s Inequality Useful?

Example: How to distinguish fair (p = ½) from unfair (q ̸= ½) coin with n tosses

To be sure with probability 1 − ϵ, we need

∆(⊗n
i=1Pi,⊗n

i=1Qi) ≥ |(1 − ϵ)− ϵ| = 1 − 2ϵ

but this does not tensorize.

However, divergence does:

D(⊗n
i=1Pi∥ ⊗n

i=1 Qi) = n · d(p∥q) = n · log 1√
1 − 4δ2

where δ = |p − q|. Then by Pinsker inequality, D ≥ φ(∆) , there should be at least

n ≥ φ(1 − 2δ)

log 1√
1−4ϵ2

tosses.
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Find the “best” φ such that

p log
p

q
+ (1 − p) log

1 − p

1 − q
≥ φ(p − q)

for all 1 ≥ p ≥ q ≥ 0.
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The classical “Pinsker” Inequality

D ≥ c ·∆2

where1 the optimal (maximum) constant c is c = 2 .

Pinsker did not explicitly state Pinsker’s inequality (not even in some other form
D ≥ φ(∆))

He proved instead two inequalities, which combined gives ∆ ≤ D + 10
√

D

Some math (Verdú, 2014) gives D ≥ c ·∆2 with the suboptimal c = 1
102 .

1Assuming natural logarithms—otherwise divide D by log e.
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The classical “Pinsker” Inequality (cont’d)

Volkonskii and Rozanov, 1959: D ≥ 2∆− log(1 + 2∆) first explicit occurence,
before the publication of Pinsker’s book!

Sakaguchi’s book, 1964: D ≥ c ·∆2 with the suboptimal c = 1 first explicit
occurence of the classical inequality. . . but remained unpublished!

McKean, 1966: D ≥ c ·∆2 with the suboptimal c = 1
e first published occurence of

the classical inequality!

Csiszár, 1966: mentions D ≥ c ·∆2 with the optimal c = 2. . . but without proof!

(he only proved c = 1
4 )

Finally, Csiszár, 1967 proved c = 2; can be simplified as a 1-line proof:

d(p∥q) = d(p∥p)︸ ︷︷ ︸
=0

+

∫ q

p

∂d(p∥r)

∂r
dr =

∫ q

p

r − p

r(1 − r)
dr ≥ 4

∫ q

p
(r − p)dr = 2(p − q)2
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The classical “Pinsker” Inequality, improved

Kemperman, 1968: (independently?) re-derived D ≥ 2∆2 (with an ad-hoc proof).

in a note added in proof, Csiszár mentions an earlier independent derivation of
Kullback, published in the same year 1967, with an improved inequality

D ≥ 2∆2 +
4

3
∆4

but Vajda, 1970 noticed that the constant 4
3 is wrong and should be replaced by the

optimal constant
4

9
!

What happened?

In fact, Kullback copied a earlier derivation in a 1953 French doctoral thesis by. . .
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Marcel-Paul (Marco) Schützenberger

Alsatian family (grand grand grand father was
Strasbourg’s mayor)

grand grand father Paul: renowned chemist, founded
the ESPCI, satirized in Les Palmes de Mr. Schutz

during WWII, appointed intern at the psychiatric
hospital in Blois; active in resistance activities
(worked for the Intelligence Service); and published
his first mathematical paper
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during WWII, appointed intern at the psychiatric
hospital in Blois; active in resistance activities
(worked for the Intelligence Service); and published
his first mathematical paper

Marco naît le 24 octobre 1920 à Paris. Un frère, Jean-Paul, vient au monde en 1928, qui sera
ingénieur, pianiste et compositeur de musique et se tuera dans un accident de voiture en 1967.

La famille Schützenberger vers 1940

LES PREMIÈRES PUBLICATIONS
Après des études classiques (Baccalauréat Math-élem en 1938) il commence à étudier la 

médecine en 1939 et les mathématiques. Ces études sont perturbées par la guerre. Il est nommé 
interne à l’hôpital psychiatrique de Blois, puis d’Yzeure. En 1943 – 44, il est actif dans des faits de 
résistance, ce qui ne l’empêche pas de publier une première Note de comptes-rendus à l’Académie 
des sciences.

L’immédiat après-guerre est l’époque de Saint-Germain-des-Prés, où Marco participe à des 
« happenings » surréalistes et dadaïstes, en compagnie des figures marquantes de ce mouvement. Il 
y cotoie notamment André Frédérique, Paul Braffort, Boris Vian. Il participe à l’écriture de pièces 
radiophoniques, apparaît dans un court-métrage jamais terminé. Il figure néanmoins comme 
personnage principal (le docteur Markus Schutz) du roman de Boris Vian Et on tuera tous les 
affreux publié en 1948 sous le pseudonyme de Vernon Sullivan. On pourra trouver plus de détails 
sur cette période de la vie de Marco dans le texte de Paul Braffort [B]. Certaines de ces personnes 
donneront naissance au Collège de ’Pataphysique et à l’Ouvroir de littérature potentielle 
(OULIPO), notamment François Le Lionnais et Raymond Queneau. Marco apparaît même dans un 
texte [P] où l’oulipien Georges Pérec explique la combinatoire de La Vie, mode d’emploi à l’aide de
trois personnages, appelés Dupont, Durand et Schustenberger (sic).

Il fait également un bout de chemin avec le Parti communiste, dans l’entourage du ministre 
Charles Tillon.
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Marcel-Paul (Marco) Schützenberger

after WWII, participates in Surrealist/Dadaist
movements — appears in a short film with Boris Vian,
and becomes the main character (Dr. Markus Schutz)
in Boris Vian’s novel Et on tuera tous les affreux

member of the cabinet of Communist minister
Charles Tillon, publishes articles in lattice theory and
in physiology, while studying “ancient Mongolian”

1948 defends his doctoral thesis entitled
Contribution à l’étude du sexe à la naissance
(Contribution to the study of sex at birth)—awarded
by the French Academy of Medicine

16

DA PITAGORA A SCHÜTZENBERGER

11 / 17 July 22nd, 2021 Olivier Rioul A Historical Perspective on Schützenberger-Pinsker Inequalities



Marcel-Paul (Marco) Schützenberger

after WWII, participates in Surrealist/Dadaist
movements — appears in a short film with Boris Vian,
and becomes the main character (Dr. Markus Schutz)
in Boris Vian’s novel Et on tuera tous les affreux

member of the cabinet of Communist minister
Charles Tillon, publishes articles in lattice theory and
in physiology, while studying “ancient Mongolian”

1948 defends his doctoral thesis entitled
Contribution à l’étude du sexe à la naissance
(Contribution to the study of sex at birth)—awarded
by the French Academy of Medicine

16

DA PITAGORA A SCHÜTZENBERGER

11 / 17 July 22nd, 2021 Olivier Rioul A Historical Perspective on Schützenberger-Pinsker Inequalities



Marcel-Paul (Marco) Schützenberger

after WWII, participates in Surrealist/Dadaist
movements — appears in a short film with Boris Vian,
and becomes the main character (Dr. Markus Schutz)
in Boris Vian’s novel Et on tuera tous les affreux

member of the cabinet of Communist minister
Charles Tillon, publishes articles in lattice theory and
in physiology, while studying “ancient Mongolian”

1948 defends his doctoral thesis entitled
Contribution à l’étude du sexe à la naissance
(Contribution to the study of sex at birth)—awarded
by the French Academy of Medicine

16

DA PITAGORA A SCHÜTZENBERGER

11 / 17 July 22nd, 2021 Olivier Rioul A Historical Perspective on Schützenberger-Pinsker Inequalities



Marcel-Paul (Marco) Schützenberger

applies statistical methods to the analysis of various
medical problems, (e.g., discovery of trisomy 21)

1948, following a paper by psychologist Anne Ancelin
based on his statistics, was offed a position in
London; got married immediately (to be better paid)
in London with Anne Ancelin (photo). Finally declined
the position, the couple divorced in 1952.

publishes papers on combinatorics in a genetics
journal, on biostatitics with George Darmois,
consultant to the World Health Organization

1952 & 1953, WHO sent him to Asia to combat
infectious diseases of tropical countries. Met 2nd wife
Hariati Soerosoegondo in Java.
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Marcel-Paul (Marco) Schützenberger

1952, came to information theory from biostatistics:

Le couple Anne Ancelin – Marco Schützenberger en 1948

LES VOYAGES : INDONÉSIE ET ÉTATS-UNIS
Marco effectue en 1951 une première mission en Asie du Sud-Est pour étudier les problèmes

sanitaires liés au pian, maladie contagieuse endémique des régions tropicales causée par un 
tréponème. L’Organisation mondiale de la santé (OMS) a commencé en 1952 un programme 
d’éradication du pian, dont on espère la conclusion en 2020. Il retourne en Indonésie en 1953, 
envoyé par l’OMS comme biostatisticien consultant. C’est à l’occasion de cette mission qu’il fait la 
connaissance d’Hariati Soerosoegondo.

Le lien commence à être fait entre statistique et théorie de l’information, comme en atteste 
cette publication de 1952 :

Il soutient une thèse de doctorat d’État en 1953, sous la double direction de Georges 
Darmois et d’Albert Châtelet, intitulée Contributions aux applications statistiques de la théorie de 
l’information. En 1954, il reçoit le prix Montyon de l’Académie des sciences pour ses travaux de 
statistiques appliquées à la médecine

C’est aussi à partir de 1954 que Marco est chargé de cours de mathématiques pour les 
biologistes à l’université de Poitiers et attaché, puis chargé de recherches au CNRS. Il est nommé  
professeur à cette même université en 1963.

Marco voyage beaucoup à partir de 1953, principalement en Amérique. Invité au MIT par 
Claude Shannon, il y passe l’année 1956 – 57. Il épouse Hariati en 1956 à Poitiers et leur fils 
Mahar, dont le prénom est formé des premières syllabes du prénom de ses parents naît en 1957 aux 
États-Unis. Entre-temps, il est devenu chargé de cours, puis professeur de statistique à l’université 
de Poitiers en 1957.

C’est pendant cette période qu’apparaît l’interconnexion de l’algèbre et de l’informatique 
théorique : codes de longueur variable, monoïdes, théorie des automates, théorème de Kleene – 
Schützenberger . Son article séminal sur le sujet Une théorie algébrique du codage paraît en 1956 
au Séminaire Dubreil – Pisot. On y trouve les bases de la théorie des automates et leurs rapports 
avec les langages rationnels et les demi-groupes.

Il retourne à plusieurs reprises en Amérique, au département de statistique de l’université de 
Caroline du Nord à Chapel Hill en 1960 – 61 et à la Harvard Medical School en 1961 – 62, où il fait
la connaissance de Noam Chomsky et d’un jeune linguiste français, Maurice Gross dont l’amitié ne 

published his mathematical thesis in 1953 (director:
Darmois, president: Fréchet)

invited to MIT by Claude Shannon, he spent 1956-57
there

at the crossroads of algebra and theoretical
computer science: variable-length codes, monoids,
automata theory, Kleene-Schützenberger theorem.
His seminal paper Une théorie algébrique du codage
(1958) lays foundations of automata theory and its
relationship with rational languages and semi-groups.
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Marcel-Paul (Marco) Schützenberger’s 1953 Thesis
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Marcel-Paul (Marco) Schützenberger’s 1953 Thesis

D ≥ 2∆2 +
4

9
∆4

optimal constants of Pinsker’s inequality, first and second order

in the binary case

7 years before Pinsker’s book

14 years before Csiszár’s first order term

17 years before Kullback’s correction of the second-order term !
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From 4/3 to 4/9

1953, most likely, the original French manuscript of Schützenberger was published
with the wrong constant 4/3

1966, Kambo and Kotz (On exponential bounds for binomial probabilities) copied
Schützenberger’s derivation verbatim, without citing the original reference and
without correcting the error 4/3 !
1967, Kullback mentioned Schützenberger’s result to derive the improved Pinsker
inequality (with the erroneous constant 4/3)
1969, Krafft (A Note on On exponential bounds for binomial probabilities) pointed
the wrong constant in Kambo and Kotz’s paper and corrected 4/3 to 4/9
1970, Vajda pointed the wrong constant in Kullback’s paper and claimed that “Kraft
corrected an inequality of Schützenberger on which Kullback’s result was based”.
1970, Correction was acknowledged by Kullback in the transactions on Information
Theory
Later, Schützenberger corrected by hand 4/3 to 4/9 in his thesis manuscript
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From 4/3 to 4/9
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Schützenberger’s identity

Schützenberger’s derivation is correct and gives the 1st and 2nd order optimal
constants based on his identity:

d=
∑
k≥1

x2k−2kxy2k−1+(2k−1)y2k

2k(2k − 1)
= 2δ2

∑
k≥1

x2k−2+2x2k−3y+· · ·+(2k−1)y2k−2

k(2k − 1)

where d = d(p,q), x = 1 − 2p and y = 1 − 2q.

1969, Krafft & Schmitz used Schützenberger identity to derive 3rd-order constant 2
9

1975, Toussaint converted it into a Pinsker inequality D ≥ 2∆2 + 4
9∆

4 + 2
9∆

6. . . but
this constant is not optimal !
2001, Topsøe used Schützenberger identity to derive 3rd-order optimal constant 32

135

2003, Fedotov, Harremoës, Topsøe used Schützenberger’s identity to derive the
4th-order optimal constant 7072/42525

D ≥ 2∆2 +
4

9
∆4 +

32

135
∆6 +

7072

42525
∆8 + · · ·
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Schützenberger’s identity

Schützenberger’s derivation is correct and gives the 1st and 2nd order optimal
constants based on his identity:

d=
∑
k≥1

x2k−2kxy2k−1+(2k−1)y2k

2k(2k − 1)
= 2δ2

∑
k≥1

x2k−2+2x2k−3y+· · ·+(2k−1)y2k−2

k(2k − 1)

where d = d(p,q), x = 1 − 2p and y = 1 − 2q.

1969, Krafft & Schmitz used Schützenberger identity to derive 3rd-order constant 2
9

1975, Toussaint converted it into a Pinsker inequality D ≥ 2∆2 + 4
9∆

4 + 2
9∆

6. . . but
this constant is not optimal !
2001, Topsøe used Schützenberger identity to derive 3rd-order optimal constant 32

135

2003, Fedotov, Harremoës, Topsøe used Schützenberger’s identity to derive the
4th-order optimal constant 7072/42525
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More Recent Improvements on Schützenberger-Pinsker
Inequality

So far the inequalities become vacuous as soon as D gets large, e.g., D ≥ 2∆2 is
vacuous as soon as D > 2: Improved bounds should reflect the fact that ∆ = 1 (non
overlapping supports) imply D = +∞

Vajda, 1970: D ≥ log 1+∆
1−∆ − 2 log e · ∆

1+∆

Bretagnolle & Huber, 1978: weaker (but simpler) inequality D ≥ log 1
1−∆2 (can be

explicitly reversed: ∆ ≤
√

1 − exp(−D))

Tsybakov’s classic book 2009: even weaker Bretagnolle-Huber inequality
D ≥ log 1

2(1−∆) (or ∆ ≤ 1 − 1
2 exp(−D))

Gilardoni, 2008: best known explicit Pinsker inequality of this kind so far:

D ≥ log
1

1 −∆
− (1 −∆) log(1 +∆)

(simple proof in the paper)
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Optimal Schützenberger-Pinsker Inequality

Derived by Fedotov, Harremoës, and Topsøe (2009), only in implicit form, using
Legendre–Fenchel transformation as a curve parametrized by hyperbolic trigonometric
functions. — Simplified expression in the paper:

Theorem

The optimal Pinsker inequality D ≥ φ∗(∆) is given in parametric form as{
∆ = λ(1 − q)q

D = log(1 − λq) + λq(1 + λ(1 − q)) log e
(1)

where λ ≥ 0 is the parameter and q = q(λ) ≜ 1
λ − 1

eλ−1
∈ [0, 1

2 ]..

Proof.

(simple proof in the paper using Lagrangian)
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Summary
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Find the “best” explicit φ such that

p log
p

q
+ (1 − p) log

1 − p

1 − q
≥ φ(p − q)

for all 1 ≥ p ≥ q ≥ 0.
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A Historical Perspective on

Schützenberger-Pinsker Inequalities

Thank you!
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