ON A FAMILY OF SUBMONOIDS

by
M. P. SCHUTZENBERGER!

§ 1. Introduction

As it is well known, only few of the properties of the subgroups of a group
are still enjoyed by all the submonoids of a monoid [1] and in the applications
it is sometimes useful to consider more restricted families of stable subsets
(i. e. of subsets 4 which are such that 42 C A4).

In remote connection with a problem in communication theory (Cf.
[12]) one encounters a family ®(F) of submonoids of a monoid F that is
characterized by extremal properties and that, consequently, admits several
slightly different definitions. When F is a group, &(F') reduces to the lattice
of the subgroups of ¥ ; in the general case, it is not necessarily a lattice and its
simplest definition is the following one.

Definition. The submonoid 4 of a monoid F belongs to &(F') if and only
if it satisfies the following three conditions :

1. There exists at least one homomorphism y of F, compatible with 4
(i. e. y71y A = A) which is such that 4 is isomorphic to a monoid admitting
minimal left and right ideals ;

2. (N,) : 4 intersects every right and every left ideal of F ;

3. A is maximal among the submonoids of F that have the same inter-
sectoin with an arbitrarily small two-sided ideal of F.

Let us abbreviate by Ny(XN,, N,, N,) the condition that 4 intersects
every two sided (right, left, right and left) ideal of F (i. e. that A4 is net’ in
P. DuBreiL’s theory [5]), by My(M,, M, M,) the condition that yF admits
minimal two-sided (right, left, right and left) ideals for some homomorphism
y compatible with 4.

We shall verify that (F) can also be defined by the following set of
three conditions : A satisfies

1. M,;

2'. N;;

3’. There exists some right representation of F by mappings of a set
into itself that is such that A4 is submonoid which lets invariant one element
from the set.
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Let us recall that LEvy’s condition [8] that a stable subset 4 of a free
monoid F is isomorphic to a free monoid can be expressed in the form (Cf. [12]).

Ua: fANArn A @ only if fe4d

which remains meaningful even when F is not a free monoid.
We shall also verify that §(F) is characterized by the following set of
conditions on 4 :

3”- Ud .

When F is finite, the conditions 1, 1’ or 1” become vacuous. Then §(F)
can be characterized by 3, 3’ or 3” and the requirement that 4 contains at least
one positive power of each element from F.

In § 2, as a preliminary step, we apply the classical theory of SUusCHKE-
wirscH [18] and REegs [11] for obtaining a direct characterization of §(F)
when F admits minimal left and right ideals. In §§ 3 and 4 respectively we
discuss the sets of conditions (1”, 2", 3”) and (1, 2/, 3’). In order to make the
paper self contained several results which are special cases of theorems due
to other authors are given complete proofs.

Applications of the remarks developed here to the less restricted family
of the submonoids which satisfy U, only will be considered in another paper.

§ 2. A direct definition of R(F)

Let us verify first the following

Remark 2.1. If the stable subset 4 of a monoid F satisfies N, and admits
minimal right ideals, then, F' also admits minimal right ideals.

Proof. Let us consider any a € A such that a4 is a minimal right ideal of
A; by definition this is equivalent to the statement that, for any a’ € 4, there
exists at least one "€ 4 which is such that aa’a” = a since, unless, the right
ideal aa’4 would be a proper subset of a4.

Trivially, if a4 is minimal, the sameis true ofanya’’’4 wherea'’' € 4 a A4.

Let us show that if A satisfies V,, a*F is a minimal right ideal of F.
Indeed, for any f€F, N,implies that ANafF =~ @, i. e. that aff’ =a, € A for
some f'€F ; multiplying on the left by a, we obtain @?/f’ = aa,. By our
previous remark, there exists at least one a;€ 4 which satisfies aa,a; = a.
Thus, a?ff' aja = a? and the result is verified.

We observe that when the homomorphism y is compatible with 4 any
of the conditions M,, N, or Uz = d, r, I, k) defined in the introduction (or
later) is true for y4 in ¢ F if and only if it is true for 4 in F. Since we have seen
that when A satisfies IV, the condition 1 implies M, there will be no loss in
generality for the description of a given 4 from K(F) in assuming that F itself
admits minimal ideals.

This convention will be kept in the §§ 2 and 3 and we shall use the follow-
ing standing notations :
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The monoid F admits the minimal right ideals R; (¢ € I) and the minimal
left ideals L; (j € J). The minimal two-sided ideal of F' is denoted by D and the
following facts are classical (Cf. [18], [3], [16])

1. D=UZE=UL,
i€l i€J
2. every quasiideal K, ; =: R, N L; ;18 isomorphic to a certain group @,

the SUSCHKEWITSCH group of F. (A quasy ideal is the intersection of a left and
of a right ideal [16]).

3. The idempotent e, ; of K, ; is such that de;; = d and ¢, ;d’ = d’ for
any dEL and d' € R, ; thus, 1dentlca11y, K,;=e¢; F €]

We select a fixed arbitr ary quasi ideal K1 1 and lsomorphlsm c:K;; >G
and we introduce the following standing notations : gj; = oleg;e g ,1)(—- €gs
the neutral element of & when 4 or j is equal to 1 since e, je,,€;; = €, iden-
tically).

Gy =: the subgroup of G generated by the elements g, ;

o’ the mapping D — G which is defined by ¢'d =: cr(e1 j dey 1) where
j is the index of the left ideal L; containing d.

T = the mapping ¢ >K ; which is defmed by 7; ;9=€;1-0"Xgj'g)- &5,

Tt is classical that 7, ; and the restriction of o’ to K, ;are mutually i inverse
isomorphisms (onto) (Cf [11], [2], [10]). Indeed, 7, ; 'is a homomorphlsm
because of the following more general formula valid for any g, 9' €G

0

(ti;9) (T j 9') = €1-07UG5 g)-ex;-er 1 MGk )€y =

— . -1 47 — "
= €1°0"Yg7kg )eey =T g
where

9" = 9;:9:199; 9% 9 ; thus, when ¢=1¢ and j= j, we have
simply
<Ti,j9)(7i',j9'):Ti,j(gg')-
Because of the formula
o' 759 = 0 (er,; (107" (g7} 9) er,)) €11) =
= 0(91,1' €i1) 'gji 9‘0(9141‘ e11) = ¢,

we see that 7; ; is a monomorphism (i. e. isomor phlsm into). Finally, it is proved
that 7, (and consequently the restriction of ¢’) is an isomorphism (onto) by
the formula. valid for any d€K, ;

7,0 d = ¢;-071 (9],1 (91,jd91,1))‘€1,j =
=: (ei,l-a “(giteg).e;) d-e; = e ;de ;= d.
We still need to recall the following simple statement. (Cf. [15], [17]).

Theorem 2.2. For any non empty stable subset B of D the three follo-
wing conditions are equivalent

(i) For at least one K,;; having a non empty intersection Q with B the
subset o'Q of G contains the inverse of each of its elements;
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(ii) There exist nonempty subsets Iz of I and Jg of J and a subgroup

G’ ofG'tkat have the following properties: G contains every g;,;{(¢,j) €Ip X Jp},
= {d€D: o'de@ and dEK,, [(i) €15 X 5]}
(iil) B admits minimal right (and left) ideals.

Proof. (i) implies (ii). Because of the fact that the restriction of ¢’ to
K, ; is an isomorphism, there is no loss in generality in taking (i,j) = (1,1)
in the condition (i) which then, (because B is stable) becomes equivalent to
the condition that G’ == 0Qisa subgroup of G.Thus e, ; = 07 ¢; belongs to B.

Trivially, if b€ B;N B and b’ €L; NB, we have bb’ EK :N B and, thus,
K, ;N B o if and only if (:,j)€1p X J g where Iz and Jg ‘are subsets of
and J respectively.

Let b be any element from K, N B; we have o(e; b3 e;;) = ¢'€G’
and, since G is a group, b’ = bo~(g" 1) 13 belongs to K;;NB. A straightforward
computa,tlon shows that bb’ = ¢, ; and, thus, we have e j€Bandyg;;€q for al]
(4,§) € Ip X J g. Consequently, for any such pair (2, ), the mappings 7, ; and ¢’
can be carried out by using multiplications by elements from B only. 1t follows
1nstant1y that for any such (¢, j) and g € G (rspectively, d € K, ;) one has 7, ;g€ B
(resp. o’d € G') ifand only if g € G' (resp. d € B) and this is preclsely the formula
given in (ii).

(ii) tmplies (iii). Let 15 and Jz be any non empty subsets of I and J
and G’ any subgroup of G contalmng all the elements g;; (3, j) € Ip X Jp.
In order to prove that B as defined in (ii) admits right and left ideals it is
enough to show that for any (s, j) € (I X Jg) one has

(7,;G') B(r;; G') == 7;; G

This again is a straightforward computation, which also shows that B2
is contained in B, i. e. that B is stable.

(iii) emplies (i). Let us assume only that the stable subset B admits mi-
nimal right ideals and, for simplicity, that b EK1 1N B is such that bB is mini-
mal. This implies in partlcular that, to any b’ €K 11N B, there corresponds at
least one b’ in some suitable K, , that is such that bb'b" = b ; ertlng g =
= ob, g = ob’, ¢" = o'b", it follows that gg'g" =g, i. e. that g —~g’—1
Thus since b'b”b"EK1 1 the set G' = a(Kl,lnB) contains o(b’d"b") =
whenever it contains g’. Consequently, G’ is a subgroup of G and the proof
is concluded.

It is useful to observe that the apparently weaker conditions (iii)’ below
is in fact equivalent to (iii).

(iii)’. There exists a homomorphism y of F which s such that
DYyy=ty B = B ani that y B admits minimal right ideals.

Indeed, since K,; FK;; = K,;, any homomorphism y of F sends
K, , onto a minimal quasi-ideal of yF = F' and, consequently, y induces an

epimorphism p’ (homomorphism onto) of @ onto the SUSCHKEWITSCH group G
of F.

Let us assume now that y B admits minimal right ideals ; because of
theorem 2.2, y B admits minimal quasi- -ideals and, since (K, 1nB) B(K,,N B)
is contained in K,,N B, at least one of these minimal quasi ideals, @, say,
is contained in K, ; = yK, ;. Thus »’ @, , is a subgroup @' of G and the stable
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subset @ =y’ p(K;,;NB) of @ satisfies the conditions &' " & = & and
G'caq".

From this we conclude that G’ = @”, that is, @11 = y(K; 1N B).

This ends the proof because, when DNy~1yB = B, it shows that the
stable subset K, ;N B = DNy~ 1Q,, is equal to c~19'~1 @ where "1 @ is
a subgroup of G, and that, consequently, the condition (i) is satisfied.

Let us define a mapping y from F to the set of right cosets of @ over G,
by the rule

xf = Goo(ey;fer,).
We have
Remark 2.3. (i) If f€D, yf = Gyo'd ;
(ii) for any f, '€ F, 1) Cxf) (xf’)-

Proof. We verify first that for any /€ F and j€J, o(e,,jfe;,;) belongs to xf.
Indeed, fe,,; belongs to a well defined K, and, using, 7;,, we obtain

fers = €07 Hgi} 0" (fery)) €11 = €100’ (fey,1)) -

Thus, for any e, ;,
0(6’1,1' fern) = o(ey,j €,1) 0'(fer 1) € Gox /.

This proves the statement (i).
Let now f, f € F. The product e, , f belongs to a well defined K, ; and
we have

ole, ff e11) = o(egy fel,j I e11) = olerq ferq) 0'(6’1,1' I )

that is,
x(ff') = (xf) o(eq,; I’ €1,1) and the statement (ii) follows from our initial
remark.

Theorem 2.4. A necessary and sufficient condition that A belongs to
K(F) is that

A={j¢F: zcC@)

where G' is any subgroup of G that contains G.

Proof. The condition is necessary because, if 4 belongs to K(F), its
intersection B with any K ; is not empty (condition 2) and, according to the
condition 1, it satisfies the condition (iii)’ of theorem 2.2. Thus, by theorem
2.2 and remark 2.3 (i), we have B = AND =: {d¢D : ydCG'} where G is
a subgroup containing G,. Since remark 2.3 (ii) shows trivially that BfB is
contained in B if and only if yf is contained in @’ the condition 3 of the intro-
duction implies that A4 is precisely the set of those elements from F.

The condition is sufficient because, if 4 = {f: yfCG"'}, remark 2.3 (i)
and (ii) show that 42C A, and that 4 D =: Bis a stable subset which satisfies
the conditions of theorem 2.2 and BAB =: B. Thus the conditions 1 and 2
are satisfied and since, as above, BfB is contained in B only if yfCG"’, the
maximality condition 3 is also verified.

As a consequence we have
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Corollary 2.5. If 4 belongs to (') and if the index m in @ of the subgroup
G’ defined above is finite, at least one positive power f™, m’ < m of each f
belongs to 4.

Proof. Let us observe that, for any f, /'€ F, one has G'y(ff’) = G'yf’
if and only if G'yf’ == @', that is, by theorem 2.4, if and only if f belongs to A.

Since, by hypothesis, not all the m -}- 1 cosets

G, Gxf,Gyf% ..., ¢ f"

are distinct, one must have Q'yfm” = G'yfm'+m” i.e. fn" € A for some positive m’
at the most equal to m.

§ 3. The conditions U, .
In this § we use the following conditions U, (x = d, r, {, k) for charac-
terizing K(F). We recall that U, is defined by

Uy: fANAfN A+ @ only if fcA.

Thus, if 4 is a nonempty stable subset satisfying Uy, it is a submonoid
(i. e. it contains the neutral element e of F) because eANAden4 &+ @. It is
readily verified that, when 4 is stable, equivalent forms of U, are

fANAs+g@gand AfN A+ donlyif fc4,;

(because a, af = a, € 4, and a’, fa’ = a, € A imply (a} @) f = f(a’ a,) =
= a;0;€4)

and, also

a, af, fac A only if f ¢ A.

We define U, by

(U,): Afn A+ @only if feA.

Then, U, (or the symmetric condition U, fANA = @ only if f€A4)
implies U,. As it is easily checked (Cf. the beginning of 4 below), U, is equi-
valent to the condition 2’ of the introduction.

When A4 is a submonoid, the conjunction U, of the conditions U, and
U, is more expeditiously written as

(Uy): ANAfA £ o only if f€A.

A theory of the subsets, which satisfy U, (x = r, [, k) ("les complexes
unitaires”) is due to P. DUBREIL [6].
We first verify the following

Remark 3.1. When the submonoid 4 of F satisfies M, N, and U, the
condition N, (respectively N,) is a necessary and sufficient condition
that it satisfies U, (vespectively U,).

Proof. Because of M, we can assume without loss of generality that ¥
itself admits minimal right and left ideals and we use freely the notations of
§ 2. The condition N, can be taken as the hypothesis that ANK,, is not
empty.

Let us first verify that B = 4 N D satisfies the condition (i) of theorem
2.2 (i. e. @' = 0(4 N K,,) is a subgroup of G). Indeed, if g = oa € G", for some
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a€ ANK,,, the element b =: 6~ g1 satifies the relation ba® = a?h = a, that is,
bANAbNA 5= @. Thus, by U, b€ A and, finally, g7 = ob € G-

(Reciprocally if F reduces to the union of D and a neutral element e,
it is easily checked that for any B satisfying the conditions of theorem 2.2
the submonoid union of B and e, satisfies the condition U,. Indeed, for any
deD,

dBNB+ o and Bdn B+ @ imply d €K, with (G, j) €I, X I

and, then b, db € B implies ¢'d € G").
Now we have :

N, implies U,.

Because of our hypothesus N, is equivalent to the requirement that
every e, (¢ €I) belongs to 4, or, in the notations of theorem 2. 2, that I = I.
It follows that for any d €D, 1f bd €A for some b EB then d belongs to 4; mdeed
bd € A implies d € L;, where j €Jp and ¢'d € @’ since G’ is a subgroup which
contains all the elements g;; With (¢, j) € I X Jg.

This practically ends ‘the proof because lf a, af €A, the element d = fe, ,
from D satisfies the condition bd € A with b = e, ;a € B. Thus we have, a, af,
€11, fe1,1 €4 and, by U,, we conclude that a, afEA only if fEA that is, U,.

The rec1procal statement (U, implies N,) is contained in the following
slightly less special implication which will be needed later :

When M,, N, and U, imply N,.

We assume that F itself contains an element » which is such that the ideal
7F is minimal ; thus, because of N, 4 contains at least one element b € FrFn A
which is such that bF is a minimal right ideal.

Let us show that ANfF s for all f€ F, (i. e., N,); indeed since bF
is minimal, there exists at least one f’ which is such that b = bff’. Because of U,
the product ff’ belongs to 4 and this concluedes the proof.

Theorem 3.2. If the submonoid A satisfies M, necessary and sufficient
conditions that it belongs to K(F) are Uyand N, or U, and N, or U, and N,.

Proof. Let us assume that 4 belongs to (F) and use the notations of
theorem 2.4 ; by corollary 2.5 every idempotent of ¥ belongs to A4, and con-
sequently A4 satisfies N, ; the fact that AfANA s& & onlyif fe4 (i.e. U,)
has already been verified in the proof of theorem 2.4.

Reciprocally, we observe that, according to remark 3.1, the three con-
ditions U, and N,,” are equivalent to ”U, and N,”” when 4 satisfies M,.
Using the notations of remark 3.1, the condition N, imposes that B = 4 nb
intersects every K, ; and consequently B = {d€D:ydC G’} where G’ is a
subgroup contamlng G, ; once more, since BfB C B only if gf is contained
in G’ we finally obtain 4 = {f : ¥f p(G } and the result is entirely proved.

§ 4. The set of conditions (1’, 2, 3’)

In order to make the proof clearer we recall first the following well
known result (Cf. [19]) :

Theorem 4.1. T'o any nonempty subset X of F there corresponds one
quotient monoid yx F which is characterized by the following properties
(i) The homomorphism yyx is compatible with X ;
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(i) If y' is any homomorphism of F compatitle with X,yx F is a
homomorphic image of y'F.

Proof. Let us consider the mapping 2 of F to the subsets of F that is
defined by

Axf={f€F  ff cX}
(Cf. [5]).

We have

1. ifz€ X, Ax f= Axzx only if f € X (because Ay f contains e if and only if
1€X);

2. if Ay f = Ay f', then Ay (ff") = Ax(f'f") forallf" € F.

Consequently, if S denotes the set of all Ay f(f€ F), we can define a
répresentation (S, F) — S by

(ax ) ' = Ax(ff") for any Axf€S and f' € F.

We denote the corresponding homomorphism of F by yx and we observe
that the congruence relation pyf=yif (1. e. Ax(f"f) = Axf(f"f’) for all
f” € F) can be expressed in the symmetrical form:

for all f,, f, € F, fiff, € X if and only if f,f'f, € X.

This shows instantly that y, is compatible with X since efe € X if and
only if f€ X.

Let now y’: F — F be any homomorphism and define X = 5’ X ;

we can construct in the same manner as above a quotient monoid yx F and
for any f,f' € F we have y;v' f=yxy' [ only when for all f,, f, € F

y" hif, €y’ X if and only lf 7 flf o€y X

Consequently, when p'71 9y’ X = X, we have yx ?'f=vxy'f onlyif
vxf = yxf and the result is proved.

Incidentally, the notations introduced provide the formal verification
that U, is equivalent to the condition 2’ of the introduction, because on the
one hand, if 4 is stable and if it satisfies U,, we have e€ 4 and 1,a = 4
foranya € A ; thus 1, e = 1, fif and only if f € 4 and A4 is precisely the sub-
monoid which lets 1, e invariant in the representation (8, F') — S described
above. On the other hand, if S’ is any set and (S’, F)—8’ a representation,
for any given s € S’, the submonoid A" — - {feF: f = 8} satisfies U, because
of the assoclatlwty

Theorem 4.2. If the stable subset A of F satisfies M., N, and U,, it
belongs to K(F).

Proof. Since N, is stronger than N,;, we already know by the last part
of the proof of remark 3.1 that A4 satisfies N, and we shall repeatedly use this
fact.

Without loss of generality we shall assume that F =y, F'; conse-
quently, because of theorem 2.1 and M,, the monoid F itself admits minimal
right ideals ; it will be enough to verify that it admits also minimal left ideals,
because, then by remark 3.1, U, is a simple consequence of M, N, and U,.

The verification involves three steps.

i. Let b € A be a fixed element such that bF is a minimal right ideal (such
an element exists because of N,). We verify that for any f € F' there exists
at least one f’ € F which is such that 1, fb =: 1, f'b2
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Indeed, by N,, fbf; € A for some f, ; by N,, f'b?f, € A for some f'; by
the hypothesis that bF is minimal, bf,f, = b for some f;’. Thus

Iafofy = da J V2, = A
because of the hypothesis that A4 satisfies U,. Finally, multiplying by f; we get
dafb=2sfbfy [y = Auf B2 i fi= 20 ] 0®

and our remark is proved. B _
ii. Let us keep the same notations and define b by the condition that % b=:b.

From the relation A, fb = 1, f'b% we deduce by multiplication by bb that
Apfbbb = A, f'U2bb = 2, f'b% = A, fD.

Since this holds for each f € F, it follows from the hypothesis y , ¥ =: F
that 6bb =: b. Consequently b6 is an idempotent.

The last step is classical (cf. [3], [15], [16]) but we include its proof
here for the sake of completeness :
iii. If F contains an idempotent ¢ which is such that ¢ is a minimal right
ideal, then, Fc is a minimal left ideal.

Indeed, for any f, € F, we have cf,cf, = ¢ for some f, and cfycf; =: ¢
for some f; because of the minimal character of cF. Multiplying the last
equality by cf; we get

cfcfacfs = cfie, that is cefse = cf;c.

Consequently, cf,cf,c =: ¢ =: ¢ and the result is proved since we have
shown that ¢ belongs to any left ideal Ff,c.

Remark. Counter examples (cf.[13]) show that it is not possible to
dispense entirely with some requirement on the minimal ideals in the various
implications between the conditions N, and U,, described here.

For example, let ¥ be the monoid of permutations of the set of integers
generated by the translation n —n 4- 1, and n —n —- 1 and the permutation
which lets invariant the negative integers and which consists of the cycles

(1,2) (3,4,5) (6,7,8,9) . . .. 1"’;*1,73'"2"] 11, 1“;“—-1

Let 4 be the submonoid of F that lets 0 invariant. It is easily checked
that y ,F =: F, that I has no minimal ideals and that A4 satisfies N, and U,.

We conclude by giving a simple characterization of y , ' for any 4 from
S(F) (cf. [14]).

The notations are that of §§ 2 and 3.

Remark. 4.3. If 4 belongs to K(F'), a necessary and sufficient condition
that y , F = F is that f =: f’ if and only if

nia(ey,; fe;1) = nwoley; [ ;1)

for all (¢, j) € I XJ where zis a homomorphism of ¢ whose kernel, E, is the
largest normal subgroup of ¢ contained in G'.

9 A Matematikai Kutaté Intézet Kozleményei VI. A/3.
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Proof. Let us observe that because of U, and N, the relation f,ff, € 4 is:
equivalent to e, ; f; ff, €11 € 4 for any three elements f;, f and f, of F. With.
the help of the mapping 7, ; (¢f. § 1) can we write e;,f, and fye;; as (671 g;)ey,;
ande; (071 g,) respectively, for suitable g,, g, € G and idempotents e;; and e;,.

Thus, f,ff, € 4 is equivalent to g,a(e,fe;,)g, € G’ where g;, g, and (3, 7)
do not depend upon f. It follows from the definitions of y , that y ,f" if and only
if for each (4,j) € I XJ and, then, for all g,, g, € G, one has g,0(e;,fe; )9, € G’
when and only when g,0(e,,f’¢;;)g, € G'. Since for each (¢,) this relation bet-
ween g =: o(eyfe;;) and g' =: o(e,f’e;;) is precisely yg g = yg-g' and since
E is, trivially, the kernel of yg- the result is proved.

It follows that a set of necessary and sufficient conditions that D =:
=y D is :

i. the only normal subgroup of G contained in G' is {eg} ;

ii. the J x I matrix (g;,) has all its rows and columns distinct.

As an application we can display the following example which shows
that, even if F is finitely generated, the condition that for some fixed finite
m, f™ belongs to A for all f € F does not insure that y , ' has only finitely many
minimal quasi ideals.

Example. Let F consist of e, all the powers a™ of a certain element «
and of a minimal two-sided ideal D of the type described in § 1. The group G
will be the symmetric group on three elements generated by a and g satisfying
the relations a2 = 3 = (af)? =: e¢g; I, and J will be the set of positive in-
tegers.

The element a is entirely defined by the rules :

73,541 (6g) if 7 is not a power of 2,
,j %= P
73,41 (@) if 7 is a power of 2.

We define the right ideals RB; by R, =: e, F, R;;; =: aR; and, accordingly,
the matrix (g;,;) has all its entries in the subgroup Gy = {eg, a}.

Finally, A =: {f € F : yf = G} contains the sixth power of every element.
of F and it belongs to §(F).

By considering for each value of m > 0 the sub-block of the matrix
(9;,) determined by 1 <14 < 2™, 1 4- 2™ < j < 2™#, one easily checks that
no two rows of this matrix are the same and that consequently, it also contains
infinitely many distinct columns.

Thus p 4 F is not finite and, since F is generated by a and b = 7,,(8)-
the example has all the properties stated.

(Received May 28, 1961.)
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05 OJTHOM CEMEHCTBE NnOaQMOHOH 0B
M. P. SCHUTZENBERGER
Pe3iome

B oroif 3ameTKe omuchiBaeTcsl HeKoTopoe cemeiicteo K(F') moaMOHOHMIOB
moHouaa F, umernomux cBoicTBa, BO3MOXKHO OJIM3KME K CBOMCTBaM MOATpYMI
nexoropoit rpynnsl. Eciu F — cB0OOAHBIH MOHOUJ, TOrA MOAMOHOU/IBI CeMeii-
crBa K(F) umeroT TNpUJIOXKEHHMS] K HEKOTOPHIM BOINpPOCaM KOAMPOBAHUSI KaK
ocobomy ciyyaio CBODOIHBIX TMOAMOHOMAOB MOHouja F. XapakrepHo, uTo eciiu
A npunapnexxut K(F), To jist Kaxporo f € F' naiifercst Xots 661 OfUH f” TaKoi,
uro ff'f € A (cymecTBoBaHue cnaboro o6paTHOro 3sieMeHTa) M, Haob0poOT, eciu
f u fff npunapnexxar A, To f TOKe NPUHAZNEKUT A (Kaxupli cradblif
oOpaTHbIil HEKOTOPOTO JemeHTa noamononna A € K(F) npunamnexur A).

BoJybliast 4acTh CTaThd IOCBSIEHA JMCCKYCCHH TOTO 3aCJY)KMBAIOLIEro
BHUMaHHUs (aKTa, 4To NpH OOBIYHBIX OrPAHMYEHHSIX OTHOCHTENIbHO CYIIECTBO-
BaHUS MHHHMMAJIbHBIX MIEaJoOB 3T [BYXCTODOHHHE YCJIOBUSI COepIKarcsl B
eme Oosee ciadblX aHAJIOTMUHBIX OXHOCTOPOHHBIX YCJIOBHSIX.



