REMARK ON A THEOREM OF DENES

by
MurraY EDEN! and M. P. SCHUTZENBERGER?

The aim of this note is to give a slightly more explicit form to the corres-
pondence between labelled trees and cycles which was found by Dénes (1).

Let X = {x} (1 £ix n) be a set of vertices and

T = {t; = (@i x;) = (z,,, zy)}, (1= j=n—1) be aset of edges so that
(X,T) is a tree

Cousidering T' as an abstract alphabet, we denote by G the set of all
words in the letters # € 7' that contain each ¢ at most once and we define a
mapping from G into the symmetric group of permutations S, on elements
1,2, ...,n, by associating the transposition ¢; = (i, ij) with eacht == (23, %)
and the product g= i %, ...t with each g = t,ltl < b It is trivial
that any two.i; s correspondmg to disjoint edges commute Thus, unless
(X, 7)is a ,,bush” not all the associated cycles are distinct.

For any permutation s € S, and triple (a, b, ¢) of distinct elements, we
define the indicator o(s; @, b, ¢) with value zero if a,b, and ¢ do not belong
to the same cycle of s and with value 41 dependlng upon whether b is or is
not between @ and c¢. Formally,
o(s;a,b,c) :a(s;b,c,a) = — a(s;a,c,b) =1if s"a =0, s¥a=c¢ with n < n’
and s*"a k¢ for all n” < n'

Property 1. For any g = g’t € G and triple (a,b,c) if o(g’;a, b, c) &~ 0

then o(g’; a, b, ¢) == o(g; a, b, c).
Proof The subgra,ph (X,T") c (X,T) corresponding to the factors
of g’ is a disjoint union of trees T’ = (T4, T, ..., T;) some of which may

be reduced to a single vertex.

By DfnEs’ Theorem there is a one to one correspondence between the
trees T/ and the cycles which constitute the factors of the permutation g’.

Now 7" U {t} Cc T is also a disjoint union of trees. The new edge
t=:(x;, ;) connects two disconnected components of the graph (1", X). Further-
more, 1 and J belong to two different cycles of ¢’ say, (4,45 ... 1,) and
(jJ2ds - -+ Jp)- Now g =g’i is obtained by replacing these two cycles by
the smgle cycle (0523 «++JpJ % - - - tm). The result follows immediately.
As a consequence, we have:

Property 2. If t =: (z;, %)) and ¢’ = ( , &) are two distinct factors of the
word g =: g, g,t" gs, then a(g, 1,5, k) =

Proof. Using the construction whleh has been given for property 1,
it follows that ¢ and j are in one cycle and % in another cycle of g, ¢ g,, the
particular cycles being (il, ... I, jlyuis - - - lpam) and (kk, ...k, ), say. Thus
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gitg, ¥’ contains the cycle (jky ... ky klpyy .. Lyypedly ... 1), Hence,
o(g, g, %5 1,5, k) = 1 and the results follow from property 1.

Let h; € G denote a product of the set of all edges #;, incident to x;. Let
us now consider W ={w=(hy, h,, .. .,h,)} the set of all n-tuples of elements
hyy ooy by Clearly the number of elements w in W is

det
15izn

n—1
For any given w € W if g* = ][ ¢; is a product of maximal degree n — 1,
j=1

and if for each 7, the symbol tjj corresponding to edges incident to z; appear
in g* in the same order as in A;, then we shall say after Lynpon [2] that the
word g* is a minimal infiltration of w(g* € ((w))). Clearly if deg 2; =1, k,
reduces to a single # and may as well be omitted from w.

For instance if X = (x}, 2,, 23, 2,) and T = {t;, = (¥, &,), l, = (3, X),
ty = (5, %) } we have

W= {(tp Lty by, t3), (tv byt tyty,ts), (b, ty 0t 8, ts) ’ (tv ty gty ty, ta)} =
= {(t1 lyly ta) ’ (tz bty ta) ’ (tl tyy 1y tz) ’ (tz tyly tz)}

((tz bty ts)) = {ty1, {5,115 4}
(st ty)) = {t, t5 by, 151, Ly}
(
(

and

(

(YN ERUAN:
(8 5,8, ts)) = {t, 1,15} .
We now wish to prove:

Property 3. If g € (w)) and g” € (w')) then g =g’ i. f. f. w = w’.

Proof. By 2) we know that w =~ w’ implies g == g for every g € ((w))
g’ € ((w’)) since there must be at least one triple such that o(g;1,j,%k) =
= —o(9’; %, J, k).

To prove the backward implication let us now assume that f, f* € ((w))
and f £ f.

According to 3) it may be that f=f ie f=tt, ... 4 _, f =
= l;t;; . .. ti;_ but that one can be reduced to the other by a certain number
of exchanges of adjacent ¢’s corresponding to disjoint edges in which case f = f”.

Assume there is no such reduction f* of f to f. Thus there exists some

minimal n such that the left factor of f* of degree » is different from the left
factor of f7, i.e.

* = gl(xj’ xk) gz > f/ = g;(xl’ xm) gé(xj’ xk) g:; .
Now g; contains an edge with either z; or ; as end point since otherwise n
is not minimal. Suppose this edge is (z;, 2,). Then f* = g,(x;, z;) g2(%), %) g5

and [ = g,(z,, z,,) 92 (@), Tp) gz (2, %) g¢ in which case by property 2,

o(f*; 3, k, p) = o(f’; J, k, p). _ i
This completes the proof and it follows immediately that the number
of distinet cycles associated to the tree (X, 7T) is simply A(X, 7).
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3AMEUYAHHME OB OJXHOI1 TEOPEME DENES-A
M. EDEN u M. P. SCHUTZENBERGER
Pe3ome

ABTOpBI YCTaHaBJIMBAIOT COOTBETCTBHE M)Ay UMCIIOM JIEPeBbeB C 7 HyMe-
pUPOBaHHBIMU BepLIMHAMM K YMCJIOM pasiOiKeHH# LMKJA crereHH 7 — 1 Ha
npousBefieHnil TpaHcnosuuuii. OHKM JI0Ka3BIBAIOT UTO 3TH JiBAa YMCJA PABHBL



