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ON A FACTORISATION OF FREE MONOIDS
M. P. SCHUTZENBERGER

A property is given which relates two results of Spitzer [6]; it also
relates two results of Chen, Fox and Lyndon [1]; the same remark
applies to work of Meyer-Wunderli [5] and M. Hall [3] and to its
generalisation by Lazard [4]. These connections are indicated more
fully below.

In what follows, F is the free monoid generated by a fixed set X
and Ft denotes the set of all words of positive length of F. If the
words f and f’ of F belong to a submonoid F’ of F, the words ff’ and
f'f are said to be F’'-conjugate. We consider the following conditions,
I, I’ and 11, on a family {¥;: jEJ} of subsets of F+ indexed by a
totally ordered set J.

(I) (resp. (I)). Each f& F* has at most (resp. at least) one repre-
sentation in the form f=fif; - - - fa, >0, where each f;E Y}, and
NZjeZ ¢ 0 0 2

(IT) Each F-conjugate class C has nonempty intersection with the
submonoid F; generated by Y; for exactly one j& J; further, CN\F;
is an Fj-conjugate class.

PROPOSITION 1. Any two of the three conditions 1, I’ and 11 tmply
the third one.

Proor. Let U be the large algebra of F over the real field R. If U
is a subset of F, we write U= Z {f: fe U}E%I. Since (1—U)!
=1+, {U™ m>0}, it follows that (1—U)"'=G iff G is a sub-
monoid freely generated by U.

Let us assume first that I and I’ are satisfied; it follows that each
F;, jE T, is freely generated by ¥;and that (1 —X)~'= [[{(1—-¥):
jeJ } where the product is taken according to the given ordering of J.
Further, Log(1—X)-'= > {m~1X™: m>0} =2 {\)Y: fEF+}
and Log(1—-Y;) = Z{()\jf)‘lf:fEF*'f\F,-}, where Af (resp. \;f) de-
notes the length of the word f with respect to the free basis X (resp. Y}).

For each F-conjugate class C, let ¢ denote the linear map of U
onto R that satisfies m¢f=1 if fEC and w¢f=0 if f&F\C. Since m¢
is constant on conjugate classes, for all f’, f”E€F we have wc(f'f"’)
=mc(f"f’); it follows that if RQCU is the large Lie algebra over R
generated by F, then m¢® =0 for ¥ = [g, 2]. According to our hy-

Received by the editors April 22, 1963 and, in revised form, June 13, 1963 and
September 3, 1963.

21



22 M. P. SCHUTZENBERGER [February

pothesis, Log(1—X)~!'=Log [[(1— ¥;)~! whence, by the Campbell-
Hausdorff formula Log(l1—X)-!= Z{Log(l — Yj)“ql: jEJ} +K
where K&¥'. Consequently, i

(1) mec Log(l — X)) = Z {rc Log(1 — Y)':j EJ}'

If f&C has the form f=g? with maximal positive p, it follows that
p Card C=AC where AC is the common length of all fEC; in par-
ticular, p is independent of the choice of f&C. Now 7¢ Log(1—X)—!
= > {(\f)~:fEC}=AC)~! Card C=p~L. From (1) we conclude that

() ~1 = 3 {(A(CNF)) Card (CN Fy):j E T}

If p=1, the sum in (2) can have only one nonzero term and II is
verified for C. If p>1, we conclude from the case p=1 that g has an
F-conjugate g’ € F;, for some j,&J. It follows that f'=g'»&€ CNF;,
that CNF;, is an Fj;-conjugate class and that (A;,(CNF;))~* Card
(CNF;,)=p~1. It now follows from (2) that CN\F; = & iff j=3,, and
the implication I & I’=11 is verified.

Let us assume now that II is satisfied; it follows that for each j&J
one has

(3) foranyf,f’EF, 1fff,;f,f€Fn thenf,f'EF,-.

Consequently (cf., e.g., [2]), each F; is freely generated by ¥; and
(2), whence (1), holds for every F-conjugate class C. Let a be the
natural homomorphism of % into the large algebra over R of the
free commutative monoid generated by X. We deduce from (1) that
aLog(1—X)~'= > {aLog(1—Y,)~:jE J}, or, in equivalent fashion
that e(1—X)"'=a [ [{(1 = ¥;)~1: jET}. Now, I (resp. I') is equiva-
lent to S+ [J(1 = Y;)~'=(1 — X)~! where S (resp. —.S) is an element
of A in which every f& F has non-negative coefficient. Since a.S=0
implies S=0, the implication I & II=1’ (resp. I’ & I1I=1) is verified.

ExaMPLE 1. Let o be 2 homomorphism of Finto the additive group
of R and identify J with R. For r&ER, let Y, be the set of all f& F+
such that of =7Af and that of’ <rNf’ for every factorisation f=f"f"
(f' # 1, f). The fact that {V,: 7ER} satisfies I and I’ (resp. II) is
proved by Spitzer in [6, p. 327] (resp. p. 324).

ExAMPLE 2. Let = denote a lexicographic order on F and let J be
the set H of all f& F+ such that f=f'f" for f/, f''& F* implies f <f''f’.
Let V= {h}, for each & H. The fact that I, I’ and II are satisfied is
due to Chen, Fox and Lyndon [1] (cf. also [7]). A similar result
holds when H is replaced by the set obtained by “removing the
brackets” from Hall’s basic commutators ([5] and [3, Chapter 11]).

We conclude with the following application of the “elimination
method” of Lazard [4].
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PROPOSITION 2. Let F be a free monoid, and Py and P, two subsets of
F such that F+=Pi+P,. Then there exists a unique pair of subsets
Y1CPiand YyCP; such that

(4) F=(1-Y)I(l - Yy)

PRrOOF. Let X be a free set of generators of F and let X; ,=XNP;
(=1, 2). Then Wo=(1—X;,0)"1X;,0X1,0(1 — X1,0)~! is the sum of all
f=fafy where f1 is a nontrivial word in the elements of X, and f; in
those of Xz,o. It follows that F= (1 —Xl'o)—l(l - Wg)—l(l —Xz,o)‘l. If
we let ¥;,0=X;,0 (¢=1, 2) this establishes for k=0 the inductive hy-
pothesis that

(5) X.',k C Y,"k C P; ('L = 1, 2) and F = Fl,k(l - Wk)_le,]‘
where
F,',k = (1 - Y.;,k)—l (Z = 1, 2) and Wk = Fz,kX2,kX1,kF1,k.

Suppose (5) is satisfied for some £=0. We construct inductively a
sequence of subsets W, of W for all n=0. First we take Wi o= .
Supposing Wi, given we define Wi, .41 to be the union of Wy, with
the set of all words of minimal length in the complement of
(Wi.aN\P1) Fy )\J Fy (Wi .MN\P3) in Wi. We now define

X,',k+1 = U0 (Wk,,. f\ P,'); Y!'.k+1 = Y.',k U X.'J,.H (1, = 1, 2)
n

Thus, X x1C Vi1 CPs (6=1, 2). To complete the verification that
(5) holds for k41, we need to show first

(6) W, = Xl.k+1Fl,k + F2,IcX2,k+1-

Indeed, by the inductive hypothesis each f& W, has a unique repre-
sentation in the form f=f,f;, where HEX 1k Fi1x and f,E Fp X
Taking W= F; W F:, into account, it follows that there exist two
sets T3 and T, such that T = XiorF15, T = F, X 141, and
Wi=T1\UT,. Thus the proof of (6) needs only the verification that
T]ﬂ Tz = ﬁ

Let fE Tz. By deﬁnition f=g2f2f1, where gzer,k, f2C_:F2,kX2,k,
HEX 1 1k, and fofy € Wi, oM\ P, for some 7 =0. The definition of Wi,
implies that fofi X1 k41F1,.. Thus, for each 7’ =0 and for each left
factor f{ €X1,1F1k of fi, we have fof{ € Wi o NPy It follows that for
each such f{ we have f,ff €T3, hence gifaf{ ©T%, and finally g,fof!
& WinNPy for all #”20. This shows that f=gf,fiE Ty and
ThN\T,= &, hence (6) is proved.

For the rest, we compute as follows:
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(Frie1(1 — Wip1) 'Fgp40)!

= (1= Yo (1= (1= Y1) Xo 141 X1 441(1 = Y1) ™) (1= YVipq1)

=1-Yorr1— Yt Yo Yip— Xo e 1 X161

= 1= (Yort+Xor41)— (Yipt+Xin)+ (Y2,k+X2.k+1)(Yl,k+X1.k+1)
—Xo k11 X141

=1-Yor—Yi:+ Yor Vi — (1= Yo ) X1 p1— Xopa(1— Y10)

= (1-Yer) A —=X1401(1 = Y1) = (1= Y2.1) ' X 141) (1— Y1,0)

— —1 -1
= Fz,;(l bl Wk)Fl,k = F

Finally, since W C FXXF and Wy C FW,W,F, each W}, (k=0) con-
tains no word of length less than 2*+1, It follows that the same is true
for the set complement of (1—Y1,)"'(1—Y2x)~tin F. Thus, letting
Vi=Uizo Yix (1=1, 2), we have proved the existence of at least one
pair of sets satisfying the conditions stated in Proposition 2.

To verify the uniqueness, let us consider any other pair of subsets
YY and Y4 of Ft that satisfies F=(1—Y7{)"!(1—Y4 ). We define
the subsets U;, Vi, V! (=1, 2) of Ft by the relations U;=Y./NY/;
V,=Y,—-U;; V!=Y!-U; (=1, 2). From F'=(1-Y,)(1-Y))
=(1-Y7)(1—-Y{) we deduce

(N Vo= Vi+ UVi+ VU= —V{ — Vi + UVi + ViU

Now, either V1=Y{ and Y,=Y{ (i.e., ViU V,UV/UV{ =) or else
ViU VU VY UV{ contains some element f of minimal length. By con-
struction ViN\V{ =V, V{ = . Thus (7) shows that fE(ViNV{)
U(V2NVY). Since this last set is empty if Y/ CP; and Yy CP;, the
verification of Proposition 2 is concluded.

Acknowledgment. I gratefully acknowledge the help of the referee
in improving the proofs.
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