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Reminders on Multizeta Values: Definitions.

Let : S§ = {s € seq(N") ; s1 > 2} .

Multizeta Values Definition.

Lets € S5 .
We put: Ze* = Zel" 7 = Z 1

nst - - - n,Sr
1<n,<---<np<+oo

Today, multizetas values have deep connections with many other mathematical
topics:
Number theory.
Quantum groups, knot theory or mathematical physics.
Resurgence theory and holomorphics invariants.

Feynman diagrams.
P! —{0;1; 00} (with Grothendieck-lhara’s program) .
6]

Absolute Galois group of Q.



Reminders on Multizeta Values: Integral Representation.

Multizeta values can be represented by two different ways:

by a sum or by an iterated integral.

1 u
Example: VneN*,%:/ (/ v dv)ﬂ.
_— n 0 o u
+o00 1 u +oo 1 u
e[ ([Eew)e-[([2)e
= n 0 0 u 0 o 1—=v/) u

More generally, we let: Wa*t " = / Way *** Way
o<ty <<t <1

dz dz
where wo = — and w1 =

z 1—z°

Isr—1] ... 1 0ls1—1]
Then: Zest> 5 ZWal’O 1,0 .



Reminders on Multizeta Values: the Two Multiplication Tables 1/2 .

Shuffle product or symmetrality.

Consider the alphabet X = {xo;x1} .

Fact : S) ~ xoX*x1 :
s1—1

-1
S Xs = Xg o

X1'~~X0 X1 .

We define ¢ : xoX*x3 — C by
¢(xs) = Z€®, and we extend it by linearity
to Qe ® xoQ<X> x1 .

Shuffle product:

We define LW recursively by:

clllw=wllle =w .
(xiw1) W (xjwa) = xi (wr LW (xjw2)) +
Xj((x,-wl) LUl wo

Fact : For (w1; w2) € (x0Q<X> x1)2 .
C(wr)¢(w2) = ((wr Ww2) .

Quasi-shuffle product or symmetrelity.

Consider the alphabet Y = {y;;i € N} .

Fact : Sj ~{w=ywe Y*;i>2}:
S Ys =VYs Vs -

We define ¢ : xoX*x3 — C by
C(ys) = Z€®, and we extend it by linearity
to Qe ® {yi;i >2}Q<Y> .

Stuffle product:

We define x recursively by:
EXxW=W*kE =W .
(viw1) x (yjwz) = yi (w1 * (yjw2)) +
yi ((viwr) * w2) +
Yitj(w1 x w2) .

Fact : For (wi; w2) € ({yi;i > 2}Q<Y>)2

C(wi1)l(w2) = (w1 * w2) .



Reminders on Multizeta Values: the Two Multiplication Tables 2 / 2 .

Shuffle product or symmetrality. | Quasi-shuffle product or symmetrelity.

Example: Example:

ZelZed = 2?3 4 232 4 Ze® . | Ze?Zed = Ze*3 + 3232 + 62T .

So:

Ze® =2Ze3? +6Z2e*! .



Reminders on Multizeta Values: Renormalization.

For all § € C, there exists a unique symmetrel extension of Ze® to seq(N*) ,
such that Ze' =6 .

Remark :  We can choose 6§ = 0 for simplicity, but there exists some simple
passage formulas if we chose 6 # 0 .

Sketch of proof:

e By symmetrélity, for sequences s € seq(N*) beginning with 1s, we can
recursively remove the 1s to the right.

For example: Zel? = Ze?Zel — Ze?! — 2% .
e So, if MZVcy = Vect@(Zeﬁ)gess , we have:

Vs € seq(N*) , Ze® e MZVCV[Zel] .



Reminders on Multizeta Values: Third Type of Relations.

Let y; = xo'~'x1 , for i € N* .
Then, y1 L ys — y1 * ¥s is a linear combination of words of xoX*xi and is in the
kernel of ¢ .

Example : X1 L Xox1 — X1 % XoX1 = xoxl2 — xgxl ,so Ze*t = Ze® .



Reminders on Multizeta Values: Diophantine Conjecture.

Diophantine Conjecture:

The kernel of ¢ is exactly described by the three types of relations that we have

seen:
e shuffle relations <— relations of symmetrality.
e stuffle relations <— relations of symmetrelity.

e regularization relations

Henceforth, we shall be interested only in these three types of relations between
multizeta values.



Introduction to Multitangent Functions: Definition.

Let S}y = {s €seq(N*) ; s1 >2ets >2}.
For all sequence s € S}, we consider:

Tet:. C—-7Z — C

1
‘ — Z (m+z)s---(n, + z) ’

—oo<n,< - <np <+00

Remarks : 1. Multitangent functions are a generalization of Eisenstein series

(r=1).

2. Multitangent functions appear naturally in problems of holo-
morphic dynamics.



Introduction to Multitangent Functions: First Properties.

Differential property.

Let s = (s1;---s) € Sir -
The function Te® is holomorphic on C — Z ; it is a uniformly convergent
series on any compact subset of C — Z and satisfies:

oTe*
0z

r
S1y " 385i—1,5i+1,8j+1,° »S
:_§ s,-Tel’ $3i—15SitLsSip1s o9
i=1

Parity property.
VzEC—1Z, Vs €8y, Tex—z) = (—1)ls1Te (2) .

Symmetrelity.

Te® is symmetrel.



Introduction to Multitangent Functions: Reduction into Monotangent

Functions, First Version.

Remark : A monotangent function is a multitangent function with length 1 .

Let: MZV = Vectg (Ze®)

EESJ .

m(s) = max(s1;---;s:), for all s € seq(N*) .

Property: Reduction of Convergent Multitangent Functions into Monotangent

Functions.
m(s)

Vs €8, 3zoi i Zmy) EMZVTOT! | Tet =" 7, Te" .
4=

Sketch of proof:

1
(m+X)---(n + X)sr -~

1. Partial fraction expansion of

2. Using an analytic argument:
Vze C—R, |Tez)| < 4r (

2 >Sl+"'+5r’1 efﬂgm z|

|Sm z| 1— e mlSmzl~



Introduction to Multitangent Functions: Examples of Reduction into

Monotangent Functions.

Ter* — g C(2)2T€? — 20(3)TE + ¢(2)Te" .

T2 = 20(2)Te . Teb? — —153 C(22Te .
Tet? = g (22T + 2¢3)Te* + C(2)Te" .
T — _3¢(3)Te’ + C()Te* . | Te??? — gC(Z)zTez .
T2 = 3¢R)TE+C(Q)Te . | Tetd = —§<(2)2fre2 L B)TE .
T2 — 0 . Tebl? — —gg(z)zfre2 —E)Te .

Weight 5 T2 = LeopTe



Multitangent Functions Renormalization: the Property.

Property: Multitangent Functions Renormalization.

There exists an extension of multitangent functions to seq(N*) such that:
1. Te® is always symmetrel.

2.VZEC_Z,T61(Z):m.

This extension automatically satisfies: the differential property.
the parity property.

s

@ The removal to the right algorithm does not apply:

Te'2(2) = Tel(z) x TeX(z) —Te>'(z)— Te¥(2)

known by convergent problematics convergent
hypothesis multitangent =unknown multitangent
function function



Multitangent Functions Renormalization: Notations.

Let S ={seseq(N"); s >2}.
Sf ={s €seq(N"); s > 2} .
Sir={s€seq(N*); s1 >2ets >2}.

Let us consider the symmetrel moulds He?, He® and Ce® , defined by:

Vs €S8y, Hel(z) = Z L and Hel(z)=1.

0<n, <+ <y <400 (m+2z)t---(n + 2)7

vseSt, He ()= Y 1 and He (z) = 1.

oo <m <O (n1 + z)s1 . (nr + Z)Sr

Vs € seq(N*) , Ce¥(z) = zl si I(s) =



Multitangent Functions Renormalization: Trifactorisation 1 / 2 .

1 2 3
Vs € S, Tet = E Hel Ce® He
(5152 153) €S xseq(N*) x SF
sl.s2.s3=s

We write this in a simpler way: Te® = He} x Ce® x He®

Notation:

In a general manner, we write (A® x B*®)® when we consider the sum:

S oA B

sl.s?=s



Multitangent Functions Renormalization: Trifactorisation 2 / 2 .

Sketch of proof:

Recall that Te*(z) = Z L

oen E oo (nl + 2)51 A (nr + z)sr .

We deal with the position of O in the decreasing sequence n, < --- < ny :
n<---<np<0<n<---<nt.
or
n<--<npu<n=0<n_1<---<ng.
~~ The terms to the left of 0 give He]” " **'(z) .
~+ The term n; = 0 gives Ce®(z) .

~~ The terms to the right of 0 give He"" *(z) or He" """ (z) .

. 1 2 3
We obtain all the terms He® Ce® He® wheres' s s’ =s.



Multitangent Functions Renormalization: Consequences of trifactorisation 1

/3.

Let (4 ; ®_) € H(C — Z)*.
He} et He® have a unique symmetrel extension to seq(N*) such that
He}, = ¢+ o

Hel =d_ .

Sketch of proof:

Identical to the renormalisation property of the multizeta values, by the
removal to the right of the 1s algorithm.



Multitangent Functions Renormalization: Consequences of trifactorisation 2

/3.

Example:
2,1 o 2,1 1 1 21
Tl (z) = HePl(z) +Hel(2)(= -H'-Le (2) ) + = Hel (2) + HeP(2)
N—— ZE e N —
dlvt:;rgr:nt divteerrgrsnt di\;ergent

Heil(z)+He+(z)( +Hel (z))+ Hel He' (2)
Nt}

divergent dlvergent
term term

+He® (z) He! (2) — He (z) —He> (z) .
—_ =

term convergent
divergent term



Multitangent Functions Renormalization: Consequences of trifactorisation 3

/3.

Property: Multitangent Functions Renormalization.

There exists an extension of multitangent functions to seq(N*) such that:
1. Te® is always symmetrel.

2.VzeC-1Z, Te'(z) = —2

tan(mwz)
This extension automatically satisfies: the differential property.
the parity property.

Sketch of proof:

The extension is given by:

nel@=3 (5 3)

n>1

Hel_(z):Z(%fniz> .

n>1

Vs € seq(N*) , Te* = (He} x Ce® x Hel2)*.



Multitangent Functions Renormalization: Generating Functions 1/5.

Problem: Divergent multitangent functions are not written in an internal way...

We would like to express divergent multitangent functions with convergent
multitangent functions.

Let us consider colored multizeta values and colored multitangent functions:

For (55) € seq(Q/Z x N*) and e = e~k for k € [1; n] ., we denote:

SI)II'VEI nl..
P Rt B v e
nist - - - n,sr
1<n,<---<m

(il : ir) a™---e
1 5"y Sr r
Hey (2) (n1 + Z)Sl --~(n, + Z)s,

0<n, <+ <np <400

(5177"'15r> 6‘1"1~--er
Sty sty St —
Te (Z) Z (n1+z)51~~~(n,+z)s’

nr

—oo<n, < - <np <400



Multitangent Functions Renormalization: Generating Functions 2/5.

For a symmetrel mould Me® , we can consider its generating functions, which
we denote Mig*:

Migh =1

€1, 5 Er

€1, "5 Er
Mig("lv"'v"'> — E Me(ﬂ,---,sf) vty s

s1,sr>1

~ Zig*® , Zig® , Hig® , Hig2 and Tig*



Multitangent Functions Renormalization: Generating Functions 3/5.

Let ™" = P where the sequence n = (n1;---; n,) € seq(N*) attains
o

r times its highest value, r» times its second highest value, and so on.

Lemma: The Generating Function Zig® (J. Ecalle) .

For all k € N*, let doZig¢ and coZigg be defined by:

e e .
L ifr#0.
() < - (n—v) "7
doZig, = 1<n, <o <m <k
1 Jifr=
Ny, Nr
T (G D ife#£0.
: (v1,~--,v,) St oyt L
COZng S SnpsS-esm<
0 ,ifu=0.

Then, the mould Zig® admits a mould factorization:

Zig®* = lim (coZigs x doZigg) .
k— 400



Multitangent Functions Renormalization: Generating Functions 4/5.

Theorem: The Generating Functions T ig* .

Let:
Qig’(z)=0.
€1 €1
Qig("1>(z) = —Te(1>(v1 —z).
€1, Er
Qig\"v» v/ (z2)=0,sir>2.
8 =0.
E1,° " »Er iﬂ' " . .
) _f W) 1) L ifris even
0 ,if r is odd.
Then:

Tig*(z) = 6° + Zig*! x Qigl*(z) x Zigl® .



Multitangent Functions Renormalization: Generating Functions 5/5.

Sketch of proof:

1. Tig*(z) = Hig:(z) xCig*(z) x Hig*(z) .
—_——— N—_——
=Zig®(2) =Zig® (2)
2. We use the expression of the generating function Zig*®:
Tig*(z) = lim (coZign x Tign(z) x coZig® y) ,
N—+o00 ’
£1, LUy e1, -+
where: Tig,svl""’ v’> (2) = (doZig,(,(z) x Cig*(z) x doZig:’N(z)> <V1"“

"L,

= > a
—N<n,<---<n <N (m—-Vi+z)---(n -V, +2)

3. We use a partial fraction expansion of Tigy .

4. We compute coZigy x Tigy(z) x coZig® y to conclude.

s Ur
s Vr

)



Multitangent Functions Renormalization: Reduction into Monotangent
Functions, second version.

Property: Reduction into Monotangent Functions.

m(s)
Vs € seq(N*) , I(z1;- - Zms)) € Mzv™O | e = 6§+sz7’ek ,
k=1
(im)"
where §% = r!
0 , else.

L ifs= 111 and if r is even.

— 1M1
Important remark: zy =0 <= s# 11 or { s- 1
ris even .




Multitangent Functions Renormalization: Examples of Reduction into

Monotangent Functions.

Weight 2 Weight 4
(Weight 2] (Weight 4

Tel' = —3¢(2) . Teb? = —¢(2)Te” .

Te>! = —¢(2)Te* .

Te'? =0. Telt? = —EC(2)’Te2 )
Te*' =0. Teb*! = 0.
Teltl = —¢(2)Te" . Tt = ()T .

Weight 3 Tetthl = gg(2)2 .



Relations Between Multizeta Values Obtained via the Study of

Multitangent Functions: a Commutative Diagram.

multiplication by

MTGF ® MTGF Al MTGF
reduction®reduction i
M TGF (034 M TGF reduction
multiplication by l
symmetrelity
MTGF reduction MTGF

The symmetrelity of 7e® and the precedent commutative diagram show the
symmetrelity of Ze®.

Remark: We obtain other relations between multizeta values, for example
some of regularization.



Relations Between Multizeta Values Obtained via the Study of

Multitangent Functions: No 7% in relation of reduction.

There is no composant Te® in the reduction of Te® into monotangent if:

s # 111 or{ s=11.

r is even .

Remark: We obtain some symmetrality relations between multizeta values
and some regularization relations.



Relations Between Multizeta Values Obtained via the Study of

Multitangent Functions: For weight 3 et 4.

Multitangent functions give us the following relations between multizetas
values:

m By the commutative diagram:
6Ze*? +8Ze' = 5(2&%)°.
22e?? 4 Ze* = (Z€)?.
m By the absence of composant Te':
Ze?l = Ze8 .

22*? 4z = (262)° .

Consequences: e For the weight 3, we find all the regularization relations.
e For the weight 4, we find all the symmetrelity and symmetrality
relations. We find sufficiently many relations to deduce those of
regularization.



Relations Between Multizeta Values Obtained via the Study of

Multitangent Functions: For weight 5.

Convergent multitangent functions give us the following relations between
multizeta values:

m By the commutative diagram:

2P+ 2P+ 2 = ZeZe .
Ze212 L 27221 | 7o23 | zohl = ze2ze2l
Ze212 4 27221l L 907223 4 3732 L 7Zebl = Ze? (Ze3 + Ze2’1) .
4Ze** +62Ze>° +152¢° = 102’2

m By the absence of composant Te':
Ze™? 132’ 462" = 2’ Ze’ .
Consequences: e The last one is not independant of the others.

e For the weight 5, we obtain all the symmetrelity relations,
but the following symmetrality relation is missing:

3Ze*?t 462> + 2P = ZeM 1 Ze?.



Relations Between Multizeta Values Obtained via the Study of
Multitangent Functions: General Statement.

e With convergent multitangent functions, we find :
All the symmetrelity relations.
A few of symmetrality relations.

A few of regularization relations.

e Using the divergent multitangent functions, we find:
All the symmetrelity relations.
A few more of symmetrality relations.

A few more of regularization relations.



Some Conjectures: Projection on Multitangent Function Space.

Let :  MZV = Vectg(Ze*)ses; and  MZV, = Vectg(Ze€*)seseq(ry) -
MTGF = Vecty(Te*)sesy,- and  MTGF2 = Vecty(Te*)seseq(ry) -

Here, N =N —{0;1} .

Conjecture: Projection on Multitangent Function Space.

1.2 * * st 82
V(§ ,§)€Sd X Sgr , Ze2 Tee € MTGF, .

Remark: It is sufficient to show that: Vs € S}, ZefTe* € MTGF; .

This has been verified for all the sequences s € S of weight less
than 12 .



Some Conjectures: Examples of Projections on Multitangent Function

Space.

sl =4 | zZe*Te? = %Tez'z .

1
sl =5 | 2e3Te? = 17e¥? }Tez,a _ ZelTe? — lTea,z _ 1782,3 _
6 6 6 6
Ze*Te? = —%Te3’3 . Ze¥lTe? = —%Tei3 .
lls| =6 ) .
Ze*?Te’ = —§7’e3’3 . ZehITe’ = —6763’3 .

1 1 1 1
ZSTQZ_ 7-5,2_ 7-4,3 7-3,4 7-2,5.
s = 7 ere E 15 ¢ +15 € +30 €
§ =




Some Conjectures: Multizeta values and Multitangent Functions Cleansing

1/3.

For multizeta values :

Theorem: (conjectured by J. Blumlein, proved by par J. Ecalle.)

Let MZV = Vectg (Ze§)§65; .
M2ZVy = Vectg (Ze®),

Eseq(N2) -

Then, for all sequence s € S}, Ze® can be expressed (explicitly) in terms of
MZV; .

In other words:

MZV = MZV, .



Some Conjectures: Multizeta values and Multitangent Functions Cleansing

2/3 .

For multitangent functions:

Let MTGF = Vecto (Te®),css -
MTGF, = Vectg (Te§)§655q(N2) 5

Then, for all sequence s € S}, T e® can be expressed (explicitly) in terms of
MTGF, .

In other words:

MTGF = MTGF, .



Some Conjectures: Multizeta values and Multitangent Functions Cleansing

3/3 .
1 1 1
312 _ 1 24 1 _4p0
Te 67' 47' 4Te .
1 1 1
-6 213 _ 1 2,4 42
p Te GT 4T + 4Te
7'62,1,1,2 — 717—6373
3 .
1 1 1 7 23 1
412 _ L0023 1300 150 43 34 , 125
Te 6’Te 67’e 3Te + —48Te + —487’e + 3Te
p= 7 7-63,1,3 — 17-62,3,2
5 .
1 13 5 1
2,14 _ 3,2,2 4,3 34 105
Te 3’T + Te +—247’e +—24’Te 3Te .




Some Conjectures: Absence of Relations between Multizeta Values and

Multitangent Functions of Different Weights 1/2 .

For multizeta values:

There is no relation between multizeta values of different weights:

Q L ifk=0.

Sa-@a ezn-] O ket
kEN* kEN*
Vecto(Ze®) sesy ,ifk>2.

[lsl1=k



Some Conjectures: Absence of Relations between Multizeta Values and

Multitangent Functions of Different Weights 2/2 .

For multitangent functions:

There is no relation between multitangent functions of different weights:

Q ,sik=0.

Zﬁ:@ﬁiwﬁ: {0} ,sik=1.
kEN* kEN*
Vectg(Te*)sess, ,sik>2.

[1sl=k



Some Conjectures: What are the Implications Between the Various

Conjectures?

. Projection on multitangent Multitangent Function
function space cleansing

If the conjecture concerning the projection on multitangent functions
space is true, then:

multizeta values multitangent functions
cleansing cleansing

Y Z=Pz=> =P 7.

keN* keN* keN* keN*

> Ti= DT
keN™ keN™ . ZZ": EBZk'

projection on MTGF kenx kEN*



Conclusion:

Multitangent functions seem to be an interesting functional model for the
study of multizetas values.

There is a deep link between multizeta values and multitangent functions,
the reduction into monotangent functions ; another important link, but
a conjectural one, is projection on multitangent function space.

Multitangent functions don't allow us to find the full dimorphy of

. . 1 .
multizeta values: we find only 1+ 5 symmetries.

The missing relations seem to be retrievable, but in a more complicated
way...
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