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Abstract

Multizeta values are numbers appearing in many different contexts. Un-
fortunately, there arithmetics remains mostly out of reach.

In this article, we define a functional analogue of the algebra of mul-
tizetas values, namely the algebra of multitangent functions, which are 1-
periodic functions defined by a process formally similar to multizeta values.

We introduce here the fundamental notions of reduction into monotan-
gent functions, projection onto multitangent functions and that of trifac-
torisation, giving a way of writing a multitangent function in terms on
Hurwitz multizeta functions. This explains why the multitangent algebra
is a functional analogue of the algebra of multizeta values. We then discuss
the most important algebraic and analytic properties of these functions and
their consequences on multizeta values, as well as their regularization in the
divergent case.

Each property of multitangent has a pendant on the side of multizeta
values. This allowed us to propose new conjectures, which have been checked
up to the weight 18.
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1. Introduction

1.1. The Riemann zeta function at positive integers

An interesting problem, but still unsolved and probably out of reach
today, is to determine the polynomial relations over Q between the numbers



¢(2),¢(3),¢(4), -, where the Riemann zeta function ¢ can be defined

by the convergent series
+00

1

()= —

ns
n=1

in the domain Res > 1.
Thanks to Euler, we know the classical formula for all even integers s:

2m)° | Bs
From this, one can see that Q[((2),((4),((6), -] = Q[x?] . Now, Linde-

mann’s theorem on the transcendence of m concludes the discussion for s
even, as the last ring is of transcendence degree 1 .

Euler failed to give such a formula for {(3). Actually, the situation is
quite more complicated concerning the values of the Riemann zeta function
at odd integers. Essentially, nothing is known about their arithmetics. One
had to wait the end of the twentieth century to see the first results:

1. In 1979, Roger Apéry proved that ((3) is an irrational number (see
[1]) ;

2. In 2000, Tanguy Rivoal proved there are infinitely many numbers in
the list ((3) , ¢(5) , ¢(7) , - -- which are irrational numbers (see [29]) ;

3. in 2004, Wadim Zudilin showed that there is at least one number in
the list ¢(3) , ¢(5) , --- , ¢(11) which is irrational (see [40]) .

One conjectures that each number ((s) , s > 2, is a transcendental
number. To be more precise, the following conjecture is expected:

Conjecture 1. The numbers © , ((3) , ((5) , ¢((7) , --- are algebraically
independent over Q .

1.2. The multizeta values

The notion of multizeta value has been introduced in order to study
questions related to this conjecture. Multizeta values are a multidimen-
sional generalization of the values of the Riemann zeta function ( at positive
integers, defined by:

Zesla“'asr — E 1 ,
nlsl oo nrn‘;r
0<n,r<---<ny

for all sequences of S§ = {(s1;--- ;s,) € seq(N*) ;51 > 2} .
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Their first introduction dates back to the year 1775 when Euler studied
in his famous article [21] the case of length 2. In this work, he proved
numerous remarkable relations between these numbers, like Ze*! = Ze3 or
more generally:

p—1
Vp € N* | ZePtizkk — Zeptl

Although they sporadically appeared in the mathematics as well as in
the physics literature, we can say that they were forgotten during the XIX*™"
century and during most of the XX* century. In the last 70’s, these numbers
have been reintroduced by Jean Ecalle in holomorphic dynamics. He used
them as auxiliary coefficients in order to construct some geometrical and
analytical objects, such as solutions of differential equations with specific
dynamical properties. During the late 80’s, multizeta values appeared in
many different contexts. They have been the object of an enormous renewed
interest, which has then been massive and decisive. Finally, these numbers
began to be studied for themselves.

Today, multizeta values arise in many different areas like in:

1. Number theory (search for relations between multizeta values, in or-
der to study the hypothetical algebraic independence of values of Rie-
mann’s zeta function ; arithmetical dimorphy) : see [17], [36], [39] for
example.

2. Quantum groups, knot theory or mathematical physics (with the Drin-
feld associator which has multizeta values as coefficients): see [5], [6],
[24] ou [26].

3. Resurgence theory and analytical invariants (in many cases, these in-
variants are expressed in term of series of multizetas values) : see [3]
and [4]

4. the study of Feynman diagrams : see [5], [6] or [26].

5. the study of P*—{0; 1; 00} (through the Grothendieck-Thara program):
see [23], [25], [27] for example.

6. the study of the “absolute Galois group”: see [24] for example.

In regard of Conjecture 1, one of the important questions is the under-
standing of the relations between multizeta numbers. There are numerous
relations between these numbers, coming in particular from their represen-
tation as iterated series or as iterated itegral. Let us remind what is the
seond representation.



It is now a well-known fact that multizeta values has a representation as
an iterated integral. This can be seen in the following way. If we consider
the 1-differential forms

dt d dt
Wop = — and w; = ——
0 n 1 1_t7

the iterated integral

Ql, Qe
Wa 7—/ Way * * * Wa,
0<ty<--<tp<1

is well defined when (ay;--- ;) € {0;1}" satisfied @y = 1 and o, = 0 .
This allows us to defined a symmetral mould, denoted by Wa* .
It is easy to see that the moulds Ze® and Wa*® are related each others
by :
ZeStrsr — WOl 10l :

for all sequences (s1;--- ;s,) € seq(N*) stisfying s; > 2 .

Among others, the relation coming from the symmetrality and sym-
metrelity relations are particularly important. These two types of relations
allow us to express a product of two multizeta values as a Q-linear combi-
nation of multizeta values in two different ways. One conjectures that these
two families (up to a regularization process) spans all the other relations
between these numbers (see [36] or [39]). This conjecture, out of reach to-
day, would in particular show the absence of relations between multizeta
values of different weights, and so the transcendence of the numbers ((s) ,
§>2.

1.3. On multitangent functions

In this article, we will present an algebra of functions, the algebra of
multitangent functions, which is in a certain sense a good analogue of the
algebra of the multizeta values. Before we give the definition, let us mention
two ideas which underlie the definition of multitangent functions.

First, we know that one of the essential ideas of the explicit calculation
of ((2n) , where n € N; is a symmetrization of the set of summation, that
is to say a transformation which allows us to transform a sum over N into
a sum over Z . Here, the transformation comes from the expansion of the
cotangent function. By the same idea, we are able to compute numerous

mnr

w
sums of the form g —— , where w is a root of unity.
m’/‘
meEN* 6



Consequently, it is a natural idea to try to symmetrize the summation
simplex of multizeta values.

Next, some well-known ideas are interesting to stress out. One knows
that working with numbers imposes a certain rigidity, while working with
functions, which will be evaluated after to a particular point, gives more
flexibility. One also knows that working with periodic functions gives us
access to a whole panel of methods.

The simplest suggestion of a functional model of multizeta values is to
consider the Hurwitz multizeta functions:

2 Hel(2) = Z

0<ny < <nyr

1
(nl + Z)sl . (nr + Z)S’V‘

)

for all sequences of (s, - ,s,) € S . The advantage of these functions is
to have a very simple link with the multizetas values:

Hes = (0) = Zet |

where (s, -+ ,8,) € Sy .

Unfortunately, this choice seems not to be the best one, according to the
previous remarks: these functions are not periodic and the set of summation
is not symmetric... So, we are led to modify the model by considering the
functions:

1

Y Te 7""r(Z): Z (n1+2)31"'(nT+2)8T )

—oo<ny <+ <nyp<+00

for all sequences of Sj, = {(s1;--+ ;5,) €seq(N*);s, > 2 and s, > 2} .

Obviously, these are 1-periodic functions and the set of summation is a
symmetric set. Nevertheless, what is gained on one side is obviously lost on
the other one: in spite of similar expressions, the link with multizeta values
is not so clear. Indeed, this link does exist and is actually stronger than the
one with Hurwitz multizeta functions (see §3 and §7.5.3) .

We are going to refer to these functions as “multitangent functions”.
The prefix “multi” characterizes the summation set in more than one vari-
able; the suffix “tangent” comes from the link between Einsenstein series
and the cotangent function. A more representative name would have been

7



“multiple cotangent functions” or “multicotangent functions”, but we pre-
ferred to simplify it by forgetting the syllable “co”, which doesn’t alter its
quintessence.

To the best of our knowledge, this family of functions had never been
studied from the point of view of special functions, even if it is an interesting
and completely natural mathematical object. There are, actually, three
good reasons to study such a family of functions, in an algebraic as well as
in an analytical way:

1. The multitangent functions seem to have appeared for the first time
in resurgence theory and holomorphic dynamics, in a book of Jean
Ecalle (see [14], vol. 2 as well as [3] or the survey [4]). Consequently,
these functions have some direct applications.

2. The multitangent functions are deeply linked to multizeta values, at
least because of an evidence formal similarity. In a naive approach,
we can raise the same questions as for multizeta values, but this time
for multitangent functions.

3. The multitangent functions are a multidimensional generalization of
the Eisenstein series, which have been used by Eisenstein to develop
his theory of trigonometric functions in his famous article of 1847 (see
[20] or [37] for a modern approach). So, interesting facts may emerge
from this generalization.

1.4. Eisenstein series

The series considered by Eisenstein are defined for all z € C — Z by:

1
er(z) = —_
n;z (z+m)k
where £ € N* .
As Eisenstein himself said, “the fundamental properties of these simply-
periodic functions reveal themselves through consideration of a single iden-
tity” (see [20]):

11 (1+1)+ 9 (1+1>
p’¢®  (p+q)? \p* ¢ p+9?\p q)

From this, he would obtain some identities, which are non trivial at a

first sight, between these series. About the ingenuity and the virtuosity of
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Eisenstein, André Weil compared his work with one of the most difficult
works, even today, of the last period of creation of Beethoven: the Diabelli
variations. It is a work of art based from the most harmless theme which
may be and which, during the variations following one another, will generate
a prodigious and extremely rich musical universe which is full of delicacy,
but also at the same time full of pianos and compositional virtuosity. The
parallel to show the beauty of the results obtained by Eisenstein is crystal
clear.

In his variations, Eisenstein obtained, in particular, the following rela-
tions:

£22(2) = ea(2) +4C(2)ea(2) . (1)
e3(z) = e1(2)ea(z) . (2)
3e4(2) = e2(2)” + 2e1(2)es(2) . (3)

Eisenstein also proved that each of his series is in fact a polynomial
with real coefficients in £; . In our study of the algebraic relations between
multitangent functions, we will find another proof of the relations (1) ,
(2) and (3) . These are particular cases of more general relations: the
relation (1) is a mix of the relations of symmetrelity and of the reduction of
multitangent function into monotangent functions, while relations (2) and
(3) are the archetype of relations of symmetrelity for divergent multitangent
functions.

Let us mention that although Weil preferred in [37] the notation ¢ in
honour of Eisenstein, from now on, we will systematically use the notation
T e® coming from multitangent functions. Also, in connection with the name
“multitangent functions”, we shall name them “monotangent functions” in
order to mean the sequence is of length one.

1.5. Results proved in this article

Because of the three fundamental reasons evoked before, we have ini-
tiated a complete study of multitangent functions. The first important
properties (see §2 and 5) are:

Property 1. 1. The mould" Te® of multitangent function is a symmetrel
mould, that is, for all sequences a and B in S, we have

Te2(2)Tel(z) = Z TeX(z) , where z€ C—17 .
yeshe(a,B)
9



2. There are many Q-linear relations between of multitangent functions.

In one word, the first point allows us to find more than one half of
all the known algebraic relations between multizeta values (the relation of
symmetrelity and a few of double-shuffle relations), while the second point
allows us to find exactly the others algebraic relations between multizeta
values (the relation of symmetrality and the other double-shuffle relations).

We will also see that each multitangent function has a simple expres-
sion in term of multizeta values and monotangent functions. We will also
determine that a sort of converse is true: the algebra of multitangent func-
tions is a module over the algebra of multizeta values. The first property is
called the “reduction into monotangent functions” (see §3), while the second
property is called “projection onto multitangent functions” (see §4).

Theorem 1. (Reduction into monotangent functions)
For all sequences s = (s1;--- ;8,) € seq(N*), there exists an explicit family

(z0)ke[o; M] € (VectQ(Zeg)gesg)MH, with M = max_s;, such that:

i€[1;7]

max(s1;:+;Sr)

Tes(z) = 25 + Z 25 Tek(2) , where z€ C—17 .
k=1

; * s_ 5 _
Moreover, if s € S, then z5 = 2] =0 .

From an algebraic point of view, let us define some algebras related to
the first point of the property 1:

MZVey = Vectg (Ze€2) and MZVey, = Vectg (Z€2) ses

b

SESE
|Isl|=p

HMZFey 4 = Vectg (He?,) and HMZFcv,, = Vectg (Hed) sesy

sESK
b lIsl|=p

HMZFCV,, = VGC'C@ (H€§_) and HMZFCV,f,p = VectQ (H6§_) s€SE

sESH
=TTe lIs||=p

MTGFqy = Vectq (Tef) and MTGFey, = Vectg (T€®) sesy

b

*
SE€SE . o
lIsl|=p

HM ZVey s = Vectg (Heil’He*S_Q) slesp o

s2eSy

ISee the appendix for a brief introduction to mould notations and calculus.
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where p € N, 8 = {(s1;---;5,) € seq(N*);s, > 2} and the weight of a
sequence s = (81, -+, 8,) € N* is defined by:

lIs||=s1+ -+ s .
Using this notation, we can state the following:

Theorem 2. (Projection onto multitangent functions)
The following assertions are equivalent:
p—2
1. For all non negative integer p , MTGFevy, = @MZVCVp,k S Tek .
k=0

2. MTGFgy is a MZVey-module.
3. For all sequence 0 € S* , Ze?Te? € MTGFevy)g)+2 -

e

We will see that the duality reduction/projection is a very important
process (see §5). In one sentence, we can sum up all the study by saying:

“the algebra of multitangent functions is a functional analogue of the
algebra of multizeta values: each result on multizeta values has a
translation in the algebra of multitangent functions, and conversely.”

We can also sum up this study by the following diagram:

MZVCV evaluation at 0 HMZF.;_,CV

reduction |  projection

v
trifactorizati
MTG Foy - ttitectorization _ gy pr7p, oy

In this diagram, which will be constructed throughout the article as an
evolutive one, the trifactorization is an explicit expression of each multi-
tangent function in term of Hurwitz multizeta functions. Using it, we will
be able to regularize divergent multitangent functions (see §7), that is to
say multitangent functions depending of a sequence s € Ny — &y, . This
explains that we allow such sequences in the Theorem 7 .

11



We will also see some analytical properties of the multitangent functions
(see 6), such as their Fourier expansion or their upper bound on the half-
plane, which would be useful for direct applications. Finally, we will perform
some explicit calculation (see section 6) to obtain:

Property 2. Let n € N* and k € N.
Let us also set E the floor function and define for (k;n) € N x N* the
functions ty, by:

cos™ N (x) , ifk is odd.

sin®V(x) , if k is even.

VeeR | ty,(z) = {

Then, we consider the moulds sg® , e* and s* , which are C-valued and
defined over the alphabet Q = {1; —1}:

n n n

_q1yim

s5g¢ = H&?k, s¢ = E Eks et = g epe D5
k=1 k=1 k=1

Then, for all z € C—7Z , we have:

(_1)n71+E(%) kn

n Z 595 () M tppn(s5T2)

| 1 n
(kn)!(2sin(7z)) = (e1rm on)EQ"

Te'(2) =

2. Definition of the multitangent functions and its first properties

Let us begin with a general lemma which immediately shows, if a certain
condition holds, that a mould defined as an iterated sum of holomorphic
functions is a symmetrel mould valued in the algebra of holomorphic func-
tions. This will give us the analytical definition of multitangent functions,
but this will also be useful for dealing with the Hurwitz multizeta func-
tions in the sequel. In the case of multizeta values, it gives the well-known
convergence criterion.

As a consequence of this lemma, we will obtain four elementary, but
fundamental, properties of multitangent functions.

2.1. A lemma on symmetrel moulds

This is a first version of this lemma, for classical sums, that is to say
when the summation index varies from N to +oo, when N € N:

12



Lemma 1. (Definition of symmetrel moulds, version 1.)

Let U be an open set of C, (fn)nen a sequence of holomorphic functions

onlU and N € N .
We assume that for all compact subsets K of U,

1
s, = 0(5) -

Then, for all sequences s € seq(C) — {0}, of length r, satisfying

Re (s1) > 1,

Re(s1+---+s,) >,

we have:

— C
— Yo @) (a2

N<np<---<ny<+00

1. The function Fe : U
z

1s well defined on U.
2. Fey is holomorphic on U and for all z € U:

(FS) ()= % (H(fm) .

N<n,<---<ni<+oo \i=1

Moreover, Fe} a symmetrel mould defined on the set of sequences s €
seq(C) satisfying (4), valued in H(U) , if we set Fe?\, =1.

All the interest of this lemma is to give in one result an absolute conver-
gence criterion for iterated sum as well as to give the symmetrel character.
So, from now on, each time we will consider a mould which satisfies the
hypothesis of this lemma and its second version, we will just say it will be
a symmetrel mould without further explanation.

In the following proof, we will just indicate the reason of the conditions
imposed to obtain absolute convergence of the series and the holomorphy
of Fe%,. Nevertheless, we will prove in detail the symmetrelity of Fe%; even
if it is also elementary and a direct consequence of a calculation made by
Michael Hoffman (see [22], page 485) .

13



PrROOF. Points 1 and 2 can be proved simultaneously because the series
which defines Fe}, is normally convergent on every compact subset of U .
Thus, the classical theorem of Weierstrass for limit of sequences of holo-
morphic functions concludes the proposition. Actually, if K is a compact
subset of U , there exists Mg > 0 such that for all n € N:

My
falloore < 25

Besides, for z € K, we can write f,(z) = r
0,(2) €] —m; 7] . Thus: |f,(2)'] = e ) € [0;e"] .
MK%ese

In particular, we obtain: |f,(2)°] < NCFS T

a constant C' > 0 satisfying:

S S C
D e i B ey 27

N<np<---<nj N<ng<---<ni

< Czeﬂ?esl,---,%e&a < 400 .

Let N € N . We will show the symmetrelity of Fe}(z) by an induction
process. To be precise, we will show the equality Fe?; (Z)Fei? (2) = Z Fex(2),
Y€Eshe(s!;s?)
with sequences s! and s? of seq(C) satisfying (4) . The induction is over the
integer [(s') + 1(s?) .

Before starting?, let us remind that, if s € seq(C) satisfy (4), then, by
definition of Fe},, we have:

Fey = (f)"Fe™.

p>N

Anchor step: Let (u;v) € (seq(C))* satisfying (4) and I(u) = I(v) = 1.

14



Writing u = (u) and v = (v), we successively have, for N € N:

FeyFey = (Z(fp)u> (Z(fq)v>

p>N q>N

= > )"+ D ) U+ D (F)"(fy)

p>q>N p=q>N qg>p>N

= D (f)UFel(z) + Fest (2) + > (fo)"Fei(2)

q>N p>N

= Fey'+ Feyt" + Fey" = Z Fey, .

wcEshe(u;v)

Thus, the property is initialised.

Induction step: Let us suppose that the result is proved for all sequences u
and v of seq(C) satisfying (4) and such that [(u) +(v) > 2.

In the same way as for length 1 and by the use of the induction hypothesis,
if u and v are of length k and [ respectively, we successively have:

2Let us remind that if s = (s1,---,s,), the notation s=F refers to the sequence

(s1,---,8k) of the first k terms of s, while s<F refers to the empty sequence when k = 1
or the sequence of the first (k — 1) terms of s if k > 2 .
For this notation, see the annex on mould calculus.

15



PP = 3 (R () Per™ Fe™ 4 Y (f)mtnpe™ per
p>q>N n=p=q>N
<i-1

©Y G e

q>p>N

= D () Fey P+ Y (f) PG P

q>N n>N

+ > (f)Fer™ ey

p>N

¥ (Z(fq>”’F62V>+ 5 (zwwx)
weshe(

weshe(u;ySi-1)\g>N e(usk—liy<i-H)\n>N

.S (zupw@;v)

weshe(u<k—1;5)\p>N

= Z Fey + Z Fey + Z Fey

weshe(uv=<i=1).y weshe(uSk—1vS=1). (uy+uy) weshe(usk~1iv)uy
w
E Fey .
weshe(u;v)

Thus, by induction, for all sequences s' and s? of seq(C) satisfying (4),
we have: o,
Fe FeSy = Z Fe), where N € N .

yEshe(st;s?)

In other words, for all z € U and N € N, the mould Fe%(z) is a
symmetrel one.

We obtain, as a corollary, the second version of this lemma, but for sums
over all integers:

Lemma 2. (Definition of symmetrel moulds, version 2.)
Let U be an open set of C, (fn)nez a sequence of holomorphic functions

16



onlU .
We assume that for all compact subsets K of U,

1
e, =0 (1)

1. Then, for all sequences s € seq(C) — {0}, of length r, satisfying

. 3%6(81+"'+3k>>k’
Vk € [[177“]]’{ Re (sp + -+ + Sp—pr1) > K, ®)

the function Fe®: U — C

oY (@) ()

—oo<n,<---<ny<+0o

1s well defined on U, holomorphic on U and satisfy:

VzelU, (Fef) (2) = > (H(fni(Z))si> :

—oo<n,< - <ny <400 =1
2. Moreover, Fe} a symmetrel mould defined on the set of sequences

s € seq(C) satisfying (12), valued in H(U) , if we set Feb =1 .

ProOF. The lemma for definition of symmetrel moulds, version 1, has sev-
eral consequences:
e The mould Fe® can be factorised:

Fe*(z) = Fel(z) x Ce*(z) x Fel(z) , (6)

where, for all s € seq(C) satisfying (5), the functions Fe? , Cef and Fe?
are defined on U by:

I(s)

Fez) = S [0

0<np<--<ni<4oo i=1

1 ,if l(s) =0 .
Ces(z) = ¢ (fo(2)" ifl(s)=1.
0 , otherwise.

I(s)

Fe) = Y [T

—oco<n, < <nE<0 i=k

17



U(s)
Actually, let us set Fey(z) = Z H (fn:(2))” where z € U
0<n,<---<ni<+oo i=k

and s € seq(C) satisfying (5) . In the definition of Fe$y(2), we obtain by
isolating the summation index n, when it is equal to 0:

I(s) U(s)

Felo(z) = > [T (o™ + > (fni(2))"

0=n,<npy_1<--<n1<+o0o i=k 0<nyp<np_1<---<n1<+o0 i=k

= (fol2))" F&& (2) + Fei (2) = (Fet(2) x Ce*(2))®,

In the same way, we show that Fe®(z) = Fef(z) x Fe®(z), which im-
plies the trifactorisation (6) .

e Since s € seq(C) satisfies (5), s and s satisfy (4) . The lemma for
definition of symmetrel moulds, version 1, shows us that the functions Fefk
and Fe® " are well defined and holomorphic on ¢/ and that their derivatives
can be calculated by a term by term process.

Thus, Fe® is well defined and holomorphic on U, with a derivative which
is the summation of the summand derivatives.

e Moreover, according to the first version of this lemma, Fef and Fe® are
symmetrel moulds, as well as C'e® . Since the mould product of symmetrel
moulds defines a symmetrel mould, we deduce that Fe® is a symmetrel
mould for all z €U .

2.2. Application: definition of multitangent functions
Let us consider Y = C — Z and for n € Z, the functions

fn: U — C
1

zZ .
n+z

It is clear that, for all compact subsets K of C — Z,

1
Il =, 0 (o)

18



The lemma for definition of symmetrel moulds, version 2, allows us to define
a symmetrel mould, denoted Te®, defined by:

Tet: C—-7Z — C

1
— .
z Z (nl + z)sl . (nr + Z)ST

—oo<n,y<---<ny1<+00

This mould, which will be called the mould of multitangent functions, is
defined, a priori, for all sequences

sES, = {_s € seq(N"); 51 > 2 and sy5) > 2}
and is valued in the algebra of holomorphic functions defined on C — 7Z .

2.3. First properties of multitangent functions

Here are the first elementary properties satisfied by the multitangent
functions. These are consequences of Lemma 2 or of a simple change of
variables in the summations (third point):

Property 3. L. The function Te* is well-defined for sequences s € Sy, .
2. The function Te* is holomorphic on C—Z for all sequences s € Sy, it

1 a uniformly convergent series on every compact subset of C—7 and
satisfies, for all s € Sy, and all z € C — Z:

I(s)

6T€§ (Z) _ Z SiTe'SI’m 7si,1,si+1,si+1,--- »S1(s) (Z) )
=1

0z

3. For all sequences s € Sj, and all z € C — Z we have:

Te*(—z) = (—1)H§”’7'eg(z) '

4. For all z € C—7Z , Te*(z) is symmetrel , that is, for all sequences
(@) € (57,

Te*(2)Tel(z)= Y Te(z).

yEshe(a;B)

We will speak respectively of the differentiation property and the parity
property to refer to the formula of the second point and that of the third

point.
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3. Reduction into monotangent functions

The aim of this section is to show a non trivial link between multitan-
gent functions and multizeta values. More precisely, we will show that all
(convergent) multitangent functions can be expressed in terms of multizeta
values and monotangent functions®. In order to do this, we will proceed
classically, that is, we will perform a partial fraction expansion (in the vari-
able z) and then sum then after a reorganisation of the terms.

Let us remark that this idea had already been mentioned by Jean Ecalle

(cf [14], p. 429) .

3.1. A partial fraction expansion

Let us fix a positive integer r, a family of positive integers s = (s;)1<i<r
and finaly a family of complex numbers a = (a;)1<i<,, Where the a; are
pairwise distinct. Let us also consider the rational fraction defined by

1
F,i(X) =
,,,( ) (X+a1)81"'(X+ar)Sr

We know that the partial fraction expansion of Fj ¢(X) can be written
in the following way:

XT: 812: F <i—1 a>1+1 S<z 1 S>z+1)(j) (_CI/Z)
i=1 j= O X—i_ai)sz J

With the previous notations, an easy computation shows that, for all
k € N, we have:

(k) (Sl+nlf1) T (sr+nrfl)
o 51— Sp—

k! F§7§ = n17;r>o (X + a1)81+n1 T (X + ar)STJrnT .
ny+-+nr=k

To conclude this subsection, let us introduce three notations:

3Let us recall that a monotangent function is a multitangent function of length 1 .
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5?715 — (_1 s1teFsi—1+Sip1+ootsrtkit ki o1tk +oo ke
3

‘Di(a) = ﬁ(ai - al)ﬁkl) ( I (a - az’)&m) :

=1 l=i+1

o= (L) (Lo ) (TT(7 40

=1 l=i+1 =1
1#i

Y

Of course, in the previous notations ‘ Dy (a) and *By, the sequence k has

the same length than a and an i*" index which does not intervene.
So, we finally have the following partial fraction expansion:

TS €§,k ZBiS(

Pl®=22 2 Fraone

i=1 k=0 gy logsee sk >0
Ky 4o Ey e k>0

3.2. Expression of a multitangent function in terms of multizeta values and
monotangent functions

Plugging (7) in the definition of a multitangent function, we can ex-
change the multiple summation (from the definition of a multitangent) with
the finite summation (from the partial fraction expansion), because of the
absolute convergence, and then sum by decomposing the multiple summa-
tion into three terms. Then, the following are successively equal to 7T e(z),
ifsesy.:
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) > )

1=1 k=0 &y, ;e k>0 —00<N, << <400
Kyt Akt ke >0

r s;—1 6§,L{ iB§

_ ZZI Z Z Z Z Z ((z + ;i)si_k ZDls((kll)

k2
k=0 kq, kp>0 MGEZL (ny;emy_1)€ZITL (nyy ;e inp)ENTTE
k1+ +k+ +kpr>0 ny<n;_1<--<np np<-<niyp1<ng

<

k1, ’f\‘ k>0 n; €L (nig1sinp) €L =1 k=i D
k1+'“+ki+'”+kr20 7oo§nr<~-<ni+1<ni

s

)
(77‘1;'“;717;,1)62"71 Dkgz =
n;<n; 1<---<nj<4oo N

So, we have the following relation:

rosi—1
_ ] si—k
— E E Z5 Te " (2),
=1 k=0
where
s i RS Sptkr, sip1+tkip s1+k1,,8i—1+ki—1
k= E BkZe Ze .

kyyee gy k>0
key gtk >0

T
The divergent monotangent Te! : 2 —s ———— seems to appear in this
tan(mz)

relation. Nevertheless, the Te! coefficient is necessarily null. Indeed, it
is not difficult to see that all (convergent) multitangent function decrease
exponentially to Owhen z — +o0o with Rez # 0 , for example . So, we
obtain:

Theorem 3. (Reduction into monotangent functions, version 1)
For all sequence s € S, we have:

- zr: i ZisifkTek(Z) where z € C—17, .

=1 k=2
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3.3. Tables of convergent multitangent functions

With a suitable computer algebra software, we can easily generate a
table of multitangent functions up to a fixed weight. Different tables can
be computed:

1. those given by the previous theorem ;

2. those obtained from the first ones, as soon as we have downloaded a
table of exact values of the multizeta values (see [30] for this purpose) ;

3. those obtained from the first ones, as soon as we have downloaded a
table of numerical values of the multizeta values (see [2] or [11] for
this purpose) ;

4. those obtained from the first ones, after a linearization of products of
multizeta values (the choice of linearization by symmetrelity is more
natural in this context than using the symmetrality) .

Table 1 contains some examples of such tables. Some boxes in it are
empty, which means the expression is the same than in the previous column.
Let us immediately remark that there are a lot of Q-linear relations between
multitangents and all of them all absolutely non trivial. Here are two of
them which are easy to state, but the second one is still quite mysterious:

Te'?=0. (8)

3T e +2Te*? =0 . (9)
We will study this in detail in Section 5.3.

3.4. Linear independence of monotangent functions

At this stage, let us authorize a little incursion in the world of the
arithmetic of multitangent functions, a quite obscur world. We have the
following lemma. Although it is a simple one, which admits many different
proofs, it will be a fundamental lemma which will be used here and there
repeatedly in this article.

Lemma 3. The monotangent functions are C-linearly independant.

We give a proof based on the differentiation property of multitangent
functions. It is possible to prove this using the Fourier coefficients of mono-
tangent functions or by looking at the poles of monotangent functions, etc.
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PROOF. Let us suppose the familly (7e"),en+ is not C-free.
So, we would have acces to an integer r > 2, a r-tuple of integers

(ny;--- ;m,.) satisfying 0 < n; < --+ < n, and a r-tuple of non all zeros
complex numbers (\,,;- - ;A,,) such that:

Z AnkTenk =v.

k=1

Using the differentiation property of multitangent functions, we would
obtain:

z”: (_1)nk—1)\nk 8”k_1Tel

=0.
(nk — 2)' Ozme—1

k=1
So, Te! would satisfy a linear differential equation with constant coef-
ficients, and therefore could be written as a C-linear combination of expo-
nential polynomials. This would allow us to obtain an analytic continuation
over all C of the cotangent function.
Because such an analytic continuation is impossible, we have proved that
monotangent functions are C-free. O

Since we have just seen that there exists a lot of linear relations be-
tween multitangent functions, we know that this lemma can not be extended
to multitangent functions. In fact, since we know the Eisenstein relation
Te*(2)Te'(z) = Ted(z), we can affirm that monotangent functions are not
algebraically independent, even if we restrict to convergent monotangent
functions:

2<Te3>2 =3Te*Tet — <T62>3 .

3.5. A first approach to algebraic structure of MTGF

Recall that we have denoted by MT G F¢y the algebra, over the field of
rational numbers, spanned by all the functions 7e? , s € S5, . Now, we will
be more precise: for p € N, we will denote by MTGFey,, the Q-algebra
spanned by all the functions Te® , with sequences s € §;, of weight p . In
the same way, we will denote by MZV¢y,, the Q-algebra spanned by all the
numbers Ze® , with sequences s € §; of weight p . Then, MZVey will be
the QQ-algebra spanned by all the numbers Ze® |, with sequences s € §; .

So, the reduction into monotangent functions, together with the previous
lemma, yields the following corollary?:

4The notation E - o denotes the set {e-ase € E} .



p—2
Corollary 1. Forallpe N, MTGFey, C GBMZVCV,p,k STer .

k=0

PROOF. Because of the symmetrelity of Ze®, we know that each vector
space MV Z, is a Q-algebra. So, the reduction process gives the inclusion

p—2
MTGFEey, C Z/\/lZVCVJQ,,C - Te . But, from the previous lemma, it is
k=
p0—2 p—2
quite clear that Z MZVey p—i - Tek = @ MZVeyp—i - Teb . d
k=0 k=0

3.6. Consequences

An easy consequence of this section is that each property on multitan-
gent functions that will be proven will have implications on multizeta values.
The process will often be like this: we express the fact we are studying in
terms of multitangent functions, then we reduce all the multitangents into
monotangent functions and finally use the C-linear independence of the
monotangent functions to conclude something on multizeta values.

The following diagram will evolve throughout the article to explain how
the multitangent functions are linked to the multizeta values.

MZVey

reduction

MTGFey

Figure 1: Links between multizeta values and multitangent functions

To illustrate this idea, let us show how a calculation on multitangent
functions, which will be done in section 8, gives us a calculation of multizeta
values. For this purpose, let us consider the following formal power series:

2, = Y 2MXP | T(z) = Y T (X7

p=>0 p>0
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The Property 14 will show that, in (C[[\/y ﬂ, we have:

22k—17r2k—2
Tolz)=1+) ka’re?(z) =1+
E>1 ’

ch(2mvX)

272

— 1Te2(z) . (10)

On the other hand, the reduction into monotangent functions implies

To(2) = 1+ X 2:°Te*(2) (11)

p

because we have, for all p € N: Te2” = Z ze?" 2T ()

- sh2(xv/X)
™WX

From the last two equations, we therefore obtain: Z; = , that

1s: )
(] T

VneN, 22" = T
mERL 2O =)

4. Projection onto multitangent functions

4.1. A second approach to the algebraic structure of MTGF
We have just seen that for all p € N:

p—2

MTGFey, S MZVey, - Te" .

k=0

The table of convergent multitangents that we have established up to weight
18 shows that the inclusion is in fact an equality. This is why we conjecture
that the equality holds for all p € N .

p—2
Conjecture 2. For allp € N, MTGFey, = P MZVey,y, - Tek .

k=0
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4.2. A structure of MZV -module

Recall the notation S§ = {s € seq(N*);s =0 or s, > 2} .

If Conjecture 2 is true, then MZV,, - Te? can be seen as a subset of
MTGFey,y, for all integers (p;q) € N* . This lead us to the following
conjecture:

Conjecture 3. 1. For all sequences @ € S and s € S, , we have:
Ze2Ted € MTGFCV,HQ’HHEH .

2. MTGFey is a MZVgy-module.

e

Of course, the second point is a direct consequence of the first one,
but it is the one which interests us in theory ; in practice, we will favour
the first one because of the weight homogeneity. What is important is the
equivalence between the conjectures 2 and 3:

Property 4. Conjecture 2 is equivalent to Conjecture 3.

PRrROOF. 1. Let us suppose that Conjecture 2 holds.
Thus, according to the reduction into monotangent functions and the
symmetrelity of the mould Ze®, it follows, for (g;s) € S} x Sj,, that

max(s1;:;Sr)
Ze?Tet = Z (Z ciZeS““Ze"> Tk, where Sik €Sy,

k=2 )

max(s1;:;Sr)
= Z (Z cZ-Ze"’?k> Te* where gir €Sy .

k=2 7

According to Conjecture 3, we are now able to write each term of the
form Zegivaek in MTGFCV,HQH+H§H that iS, ZGQT€§ c MTGFCV7HQH+H§H .
This concludes that MT GFey is a MZVey-module.

2. Let us suppose that Conjecture 3 holds.
According to Conjecture 3, for all sequences s € S and all integer k£ > 2,
we are able to express ZeSTe” in MTGFey,sj+k - In other words, for all

peN:
p—2

P M2ZVeypr - Te* € MTGFey, .
k=0 97



We now conclude to the equality

p—2
MTGFoyy, = P MZVev,y, - Te*

k=0
for all p € N from Corollary 1 0

The first point of Conjecture 3 can be a bit reduced. We will restrict to
the following statement:

Conjecture 4. For all sequences g € S , Ze2Te* € MTGFeovg)+2 -

From the differentiation property, it is easy to see that we have not lost
information.

Property 5. Conjecture 4 is equivalent to Conjectures 2 and 3.

Proor. It is sufficient to show that Conjecture 4 implies the first point of
Conjecture 3.

So, assume that Conjecture 4 holds ; that is to say that we are able to
express each expression of the type Ze?Te? in MTGFoy g)+2 - Using
the differentiation property, we find explicitly an expression of Ze?Te” in
MTGFeov,g|+x for all K > 2 . In other words, we have proved the first
point of Conjecture 3, which is the desired conclusion. U

4.3. About the projection of a multizeta value onto multitangent functions
For k € N, k > 2, an explicit expression of Ze?TeF € MTGE, g 41 Will

be called a projection of the multizeta Ze? onto the space of multitangent

functions, or a projection onto multitangents to shorten the terminology.

4.8.1. A converse of the reduction into monotangent functions

The relations of projections onto multitangent functions can be consid-
ered as a converse of the reduction into monotangent functions in the fol-
lowing sense: according to Conjecture 3, each property that will be proven
on multizeta values will have implications on multitangent functions.

The process will often be like this: we express the fact we are studying
in terms of multizeta functions, then we multiply the different relations by
a monotangent function and finally project all of these onto multitangent
functions to conclude something on multitangent functions.

The diagram on the figure 2 completes the figure 1. An arrow indi-
cates a link between two algebras while an arrow in dotted lines indicates

a hypothetical link.
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MZVey
A

projection reduction

MTGFoy

Figure 2: Links between multizeta values and multitangent functions

4.8.2. How to find a projection onto multitangents in practice ¢

The idea is to proceed by induction on the weight of . Let us suppose
that we know how to express ZesTe? in MTGFevy,pie for all sequences s of
weight p < ||g]| . According to the differentiation property, we know how
to express ZesTellel=lE42 in MTGFoy /142 -

We write the reduction into monotangent functions of 7e® | for all se-
quences s € S, of weight ||| + 2, as:

Z Ze | T2+ .

i€E(s)

Here, the set E(s) is finite and has only sequences of S} of weight ||g|| ;
the dotted stand for some elements of MT'GFgy)g|j+2 - In order to express
Ze?Te? in MTGFoy)o|+2 , the idea is to find out a linear relation with
rational coefficients between Z Ze*' which is equal to Ze? .

i€F(s)

4.3.3. Some examples
As an example, let us express ZeSTe? in MTGF g +2, for all sequences
satisfying |[s|] < 5 :

1
The table 1 gives us Ze?Te? = 57-62’2 .
Moreover, we know that all multizeta values of weight 3 and 4 can be
respectively expressed in terms of Ze? and (Ze?)?. Hence, we only have to

consider the quantities Ze*Te? and (Ze*)*Te? .
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The table 1 gives us the reduction into monotangent functions of weight
5 and 6. We can, for example, choose the expressions

1

1
ZeTe? = 67-63’2— 67-62’3.
3
Z2)2T 2 — _ LT3
(Ze*)*Te 127@
The case ||s|| = 5 is a bit more complicated. Indeed, a classical conjec-

ture is that the Q-vector space spanned by multizeta values of weight 5 is
a 2 dimensional vector space and one of its base is (Ze®; Ze?Ze?). What is
certain, is that its dimension is bounded by 2 . Therefore, it is sufficient to

express Ze°Te? and Ze2Ze*Te? in MTGFy; . An easy calculation based
on reduction into monotangent functions gives us the following projections:

1
ZedTe? = 0 (T62’5 + 273t — 2T et — Te5’2) )

1 1
Z 2Z 3 2 - — 3,22 _ 2,2,3
e“Ze'Te 12T€ 12T€

I o5 1 __ 5, 1
+24Te +12T6

1
L4 L 52
] 2Te 51 Te* .

To complete our calculation, we only have to use the exact expressions
of multizeta values in terms of those just considered (see for instance [30]) .
The table 2 gives us the complete table of projection onto multitangents of
all the multizeta values of weight at most 5 .

4.8.4. An abstract formalization of the method
Recall that all multizeta values of weight n can be expressed as a Q-linear
combination of a finite number of them, which are called the irreducible
multizeta values. Let us denote by ¢,, the number of irreducibles of weight n.
A theorem proved by Goncharov and Terasoma shows that if (d,,),en is
the sequence defined by

dy=ds =1,

Vn € N,dn+3 = dn+1 -+ dn s
) 30




then we have: ¢, < d, for all n € N . A conjecture due to Zagier® asserts
that (¢, )nen satisfies the same recurrence relation as (dy, )en, that is, ¢, = d,
forallm e N .

Let ¢ € S8 be of weight p. Our objective is to express Ze?Te? in
MTGFCVJH_Q .

For this, first begin to write all the reductions into multitangents of
weight p + 2 and of valuation at least 2. Then, isolate from the same side
of the sign = the components 7Te? . Now, in all these expressions, we can
express each multizeta value in terms of the ¢, corresponding irreducibles.
Since each term Ze?Te*, k > 3, which appear in a reduction into monotan-
gents can be expressed by induction in MT'GFey 49, we will have written
some Q-linear equations with a left-hand side composed of terms of the form
Ze?Te? and a right-hand side expressed in MTGFeoypyie -

As an example, let us do it for weight 4. Fach multizeta value of weight
4 can be written in term of Ze?*, so we obtain the system:

(

4ZerTe? = Te?* +2Ze3Ted — Ze2Tel.
—6ZelTe? = Te33.

4ZerTe? = Tebt? —2Ze3Ted — ZeTel.

4ZelTe? = Te*t +2Ze3Ted — Ze*Tel.
—Ze'Ter = Te?3 — ZedTeb.

4ZerTe?. = Te22?
—Ze'Te?. = Tedb?2+ Ze3Ted

2ZelTe?. = Te>bl?

\

If we see the quantity Ze?Te? as a formal variable, this system is con-

®Concerning this well-known conjecture, we refer the reader to the works of P. Deligne
and A. B. Goncharov ([13]), of T. Terasoma ([35]) as well as the recent works of F. Brown
([7] and [8]) -
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nected to the column matrix *(4; —6;4;4; —1;4; —1;2), which has rank 1 .
Of course, the second equation can be chosen to produce the simplest rela-
tions when we will have to derive it.

The first difficulty is to find out the dimension of the matrix we have to
deal with. This is exactly the question of the number of irreducible multizeta
values of weight n, which is hypothetically solved by the conjecture of Zagier.
Of course, we can bypass this difficulty by treating all the possible values of

Cn, 1. 1,--+  d, , but this is not really satisfying. Nevertheless, we know
that, if A € M, ,(Q) has rank ¢ and if its column are denoted by a4, - - - , aq,
then the matrix with columns a1 — aas, a3, -+ ,a, , « € Q, hasrank g —1 .

Applying this principle to our matrix (eventually more once), it is sufficient
to consider the case where ¢, = d,,, i.e. to suppose that Zagier’s conjecture
holds.

If we suppose that Zagier’s Conjecture holds, the second difficulty is now
to evaluate the rank of the matrix...

The table 3 shows us a submatrix of those obtained, using the values
of multizeta values given by [30], for the weight 1 = ¢4 , 2 =1¢5,2 = ¢4,
3 = ¢7 . Our table of multitangents up to weight 18 shows easily that the
equality ¢, = d, is valid up to n = 16 . Consequently, Conjecture 4, and
then Conjectures 2 and 3 , hold up to weight 18 .

4.4. About unit cleansing of multitangent functions

Let us call valuation of a sequence of positive integers, the smallest inte-
gers composing this sequence. Following [19], we know that every multizeta
value, even if it is a divergent one, can be expressed as a (Q-linear combina-
tion of multizeta values with a valuation at least 2 , the same weight and
a length which might be lesser. Moreover, this expression is unique up to
the relations of symmetrelity . For a proof of this fact, see for instance the
recent article [19]. The most famous example of such a relation is due to
Euler: Ze*! = Ze?.

Such an expression can be called a “unit cleansing of multizeta values”.

4.4.1. A conjecture about cleansing of multitangent functions

We conjecture a similar result relatively to multitangent functions. De-
noting MTGF, = Vectg(Te?)scseqnz), the vector space spanned by mul-
titangents with valuation at least 2, and MTGF,, = Vectg(Te®)secscaty),

[Isll=p
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the subspace of convergent multitangent functions with valuation at least 2
and weight p, this can be written:

Conjecture 5. For all sequences s € Sy, Te? € MTGFy g -

For example, the simplest convergent multitangent, which is not cleaned
and not the null function, is 7e?'? . Its unit cleansing is given by the
following relations:

1 1 1
213 _ .42 _ .24 17,33
[ e 1 Je 1 Jes™ + 6 Je

_ 7~64,2 . lTeQA . 27-62,2,2
4 4
1 1 3

_ 4,2 L4 24 3,3 2,2,2

= Te 4Te + —15T6 _QOTG .

As this example shows us, there is no uniqueness of such a cleansing.
This is, of course, due to the many relations between multitangent func-
tions. Here, the responsible relation is 37 e?%*2? + 2Te33 = 0, which is
the prototype of a more general relation between multitangent functions:
Vk € N* | 3Te™ 4 (=1)F2Te*™ = 0. This relation is immediately ob-
tained from the reduction into monotangent functions, or by the evaluation
of Te"" that will be given in section 8

The table 4 gives us more examples of unit cleansing for multitangent
functions.

4.4.2. On projection onto unit-free multitangent functions
By analogy with Conjecture 4, it is quite natural to consider the follow-
ing conjecture:

Conjecture 6. For all sequences 0 € S; , Ze2Te* € MTGE, g/1+2 -

Conjectures 4 and 6 are probably equivalent but it is sufficient for us to
know that Conjecture 6 implies Conjecture 4.

Of course, what we have said on the abstract formalization of the method
is also valid in this case. The only modification is to consider multitangent
functions of MTGF; 442 instead of MTGFoy,g|+2 - So, we will obtain
a linear system with f,,» equationsand ¢, unknown ; the matrix we will
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obtain has size f, 12 X ¢, .

The table 3 shows us the obtained matrix’, using the values of multizeta
values given by [30], for the weight 1 = ¢4 ,2=1¢5,2=1¢s, 3 = c¢; . Again,
the table of multitangents up to weight 18 shows easily that the equality
¢n = d,, is valid up to n = 16 . Consequently, Conjecture 6 holds up to the
weight 18 .

It leads to think that:

Conjecture 7. Let (¢c,)nen be the sequence defined by:
C1 :0,02 = C3 = 1.

Vn € Na Cn+3 = Cnt1 T Cp.

If p > 2, the f,12 X ¢, matriz obtained by the previous process from all the
sequences of weight p has rank c, .

This new conjecture is equivalent to Conjecture 6 and hence implies
Conjecture 5 as well as Conjectures 2 and 3 .

Here is a quantitative argument to support this last conjecture, and
consequently all of the other conjectures of this section:

The first matrices we have obtained contain lots of 0’s. This allows us
to say they have “highly” rank ¢, ; we are hinting that if this matrix have
rank c,, this is not by chance. It results from the large number of equations
and from the small number of unknowns (in comparison to the other one) ,
but also from the repartition of the large number of zeros which forced the
column vectors to be linearly independent.

Moreover, we know:

forz ~ 0,281,620+2 , ¢, ~ 0,411,32° .

Thus, the more p will be tall, the more there will be “chances” to find
some linearly independent rows. Therefore, the conjecture will be probably
more true.

SHere, (f,)nen denote the classical Fibonacci series.

"That’s why, in section 4.3.4, we refer oursef to the same table as submatrix of these
we must have. It was the submatrix obtained by considering only multitangent functions
of MTGF2’||Q||+2 .
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4.4.3. Unit cleansing of divergent multitangent functions

Let us finish this section by a little anticipation on a later section. We
will see in Section 7 that there exists a regularization process allowing us
to define multitangent functions for sequences s € seq(N*) which begin or
finish by a 1 . These functions will be expressed by the reduction into
monotangent functions, with a small non-zero correction which will be a
power of 7 in a few cases. So, according to Conjecture 4, each divergent
multitangent function can be expressed as a Q-linear combination of unit-
free convergent multitangent functions.

Therefore, Conjecture 5 can be generalised to:

Conjecture 8. For all sequences s € seq(N*) , Te? € MTGFy g .

5. Algebraic properties
5.1. Is MTGFevy a graded algebra ¢

Many conjectures have been stated about multizeta values. These are
deep ones, but seem to be completely out of reach nowadays. We will see
a first application of the dual process of reduction and projection. Thanks
to it, we will state a new conjecture, which is related to a hypothetical
structure of graded algebra. Then, we will see two simple examples where
it is impossible to have non-trivial Q-linear relations between multitangent
functions of different weights.

5.1.1. Hypothetical absence of Q-linear relations between different weight
Let us remind the following well-known conjecture on multizeta values:

Conjecture 9. There is no null Q-linear relation between multizeta values
of different weights:

MZVey =Y MZVey, = P MZVev, .

peEN peEN

In other words, MZVey s a graded Q-algebra.

Let us remark that this conjecture implies in particular the transcen-
dence of all the numbers Ze®, where s > 2 . Because of the reduc-
tion/projection process, we can state the analogue conjecture for the mul-
titangent functions:
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Conjecture 10. There is no null Q-linear relation between multitangent
functions of different weights:

MTGFoy = MTGFovpn =@ MTGFoyy.s .

peN pEN

In other words, MTGFey is a graded Q-algebra.

In Section 4, we have conjectured that for all sequences g € S , we have
Ze?Te? € MTGFoy jg)+2 - The following property explains how these two
conjectures are related.

Property 6. 1. Conjecture 9 implies Conjecture 10.
2. Congectures 3 and 10 imply Conjecture 9.

PROOF. 1. Suppose that there exists a QQ-linear relation between multitan-
gent functions of different weights. So, there exists a a family of non zero Q-
linear combination of multitangent functions (t;);e; € H.MTGFCW such

iel
that
Z ti=0,

where [ is a finite set.

Each t; is a QQ-linear combination of convergent multitangents of weight
i that we can suppose to be nonzero. By reduction into monotangent func-
tions, for all terms ¢;, there exist a familly (2;;);e1,s] of multizeta values,
z; ; being of weight j, such that:

%

ti = Z Zi,i_kTek.

k=2

Let us remark that, for a fixed ¢ in I, there exists z;; # 0: indeed, if the
contrary holds, we would have ¢; = 0 . Thus, denoting by M the greatest
element of I, we can write:

i M
0= Zti = Z Z Zi7i_k7—€k = Z (Z Zi,i—k) Tek.

i€l i€l k=2 k=2 i€l
i>k
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Consequently, the linear independence of the monotangent functions implies
that for all k € [2; M |:
Z Zii—k = 0.

iel
i>k

We have obtained a non trivial Q-linear relation between multizeta values

of different weight. Thus: Z Zy #+ @ Zy .

keN* keN*
We have therefore shown that:

ST +PT=> 2+#P 2.

keN* keN* keN* keN*

2. Suppose now that there exists some non trivial Q-linear relation between
of multizeta values of different weight. So, there exist two famillies, one

of sequences s', - -+, s” in 8 and the second of non-zero rational numbers

c1, -, ¢, such that:
n
ZCiZeSZ =0.
i=1

The map i — ||s?|| is supposed non constant.
Thus:

n
ciZef Te*(2) =0, where 2z € C—7Z .
i=1
Conjecture 3 gives us, for all i € [1; n], an expression of c;Ze¥ Te? as a
Q-linear combination of multitangent functions of weight ||s?|| + 2 : there
exist an integer n; and some sequences ™', --- | s"™ in S;, and rational
numbers ¢;; , -+ , ¢;p, satisfying:

n;
CiZG’SZTeQ = E Civa€§w .

j=1
We therefore obtain a non-trivial Q-linear relation between multitangent

functions (otherwise, all the ¢; would be zero) not all of the same weight:

n o n;

0,7
E Ci’jT(?*S =0.

i=1 j=1

This is a contradiction with the absence of Q-linear relation between mul-

titangent functions of different weights. Therefore, we have shown:
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2 =D
keN* keN® . sz: @Zk-

keN* keN*
Vo € S, Ze?Te? € Tio||+2

5.1.2. Transcendence of multitangent functions which are not identically
zero

As an example of the absence of the existence of the Q-linear combi-
nation between multitangent of different weight, we can of course think
of Lemma 3, that is to the linear independence of monotangent functions.
Another example can concern a transcendence property.

In order to use a transcendence method, it may be useful to know if a
function is transcendent or not. Here, a transcendent function is defined as a
function from a set {2 C C valued in C, which is transcendent over C[X] . If
we find a nonzero multitangent function which is not transcendent, then we
would have a Q-linear relation between multitangents of different weights.
Fortunately for Conjecture 10, we can state that:

Lemma 4. Any nonzero multitangent function is transcendent.

Let us remark that if we want to be able to use this lemma in a transcen-
dence argument, it will be necessary to characterize the null multitangent
functions. This will be hypothetically done in a forthcoming section (see
Section 8.3).

PROOF. Let us consider s € Sj, such that Te® £ 0 .
If we suppose that Te® is an algebraic function, there exists a polynomial
P € C[X;Y] such that P(z;Te(z)) = 0. Let us consider the smallest
possible degree in X of such a polynomial, which will be denoted by d
Writing P in an expanded form, there exists a non-trivial familly of
polynoms (F;);c[o;4] such that we would have:

d
ZR-(Z) (Te3(2)) =0, where 2 € C—7Z .
i=0
Thanks to the exponentially flat character of convergent multitangent func-

tions, when z goes to the infinity outside of the real axis, we would obtain
for all polynomial P and sequence s € Sj:

P(z)Te*(z) — 0 .
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Thus:
d

ZH(Z) (Te(z)) — 0.

Because the function Z P, (Te®)" is supposed to be null, we therefore would
i=0

have Py(z) — 0, that is P, would be null. From the hypothesis, 7 e? is not

the null function. So:

Y RGN TEE) ™ =Y () (Te(2) =0

This contradicts the fact that d is the smallest possible degree in X for
such a polynomial P. Consequently, we have shown that every nonzero
multitangent function is transcendent. 0

5.2. On a hypothetical basis of MTGFev,y,

In this paragraph, we will study the analogue of Zagier’s conjecture on
the dimension of MZVey, . For this, we will use the reduction/projection
process to translate it in MTGFgy . Recall that the Zagier conjecture
states that (dim MZVeoy.,)nen would satisfy the recurrence relation:

60:170120,02:1.
Cnt3 = Cpy1 + Cp , Where n € N .

The translation into MTGF¢y is:

Conjecture 11. (dim MTGFcoyni2)nen would satisfy the recurrence rela-
tion:

dprg = dpys +dpio —d, , wheren € N .

Of course, this conjecture is related to that of Zagier:

Property 7. Let us suppose that Conjecture 3 holds, i.e. that MTGFgy
18 a MZVy-module.

Then, Conjecture 11 is equivalent to the Zagier’s conjecture.
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The proof is based on Property 8. We have the following formal power
series which are respectively the hypotheticaly Hilbert-Poincaré series of the
hypotheticaly graded Q-algebras MZVey and MTGFey:

. ? 1
HMZVCV = % dim MZVCV’],XP = m .
? 1
= di TGF, X? = .
Fmrarey % i MIGEovpr2 1 X2 X9(1_X)

So, it will to sufficient to prove that (1 — X)H mrar., = Hamzve,, which is
done in the following:

Property 8. Let us suppose that Conjecture 3 holds, i.e. that MTGF¢y
18 a MZVy-module.

1. If (Ze§§> denotes a basis of MV Zcy,, for allp € N |

k=1, ,dim MZVgv.,

then (Ze—sﬁ’Te”) k=t dim MV, is a basis of MTGFeovpio for allp € N .
v>2 »

2. We have: Vp € N, dim MTGFcypa =Y dim MZVovyy, .

k=0

PrROOF. Because the second point follows directly from the first one, we
will only prove that a basis of MTGFcy,p4o is given by the family:

k
(Ze§uTev> k=1,---,dim MZVy,

utv=p+2
v>2

Step 0:

Because we have supposed that MTGF¢y is a MZVy-module, each term
of the hypothetical basis is indeed an element of MTGFey pia .

Step 1: the linear independence property.

If we suppose the existence of scalars (A, ) such that:

p+2 dim MZVCV,’Hr‘rQ*U

k
E g >\v,k26§u7-ev =0 )
v=2 k=1
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by the linear independence of monotangent functions, we obtain:

dim MZVC’VJH»Q—’U

Yoe[2;p+2], Z )\%kZefSﬁ:O.
k=1

Consequently, from the linear independence of the (Ze—sﬁ> ,
k=1, dim MZV,

we conclude that all the scalars A, are null, which concludes this step.
Step 2: the spanning property.

By the reduction into monotangent functions, one writes each multitangent
function in term of Ze®' Ze=* Tem. Consequently, using the symmetrelity of
the mould Ze®, we now only have to express each multizeta value of weight
k which appears in such a relation in terms of the basis of MZVey, .

By this process, we would have expressed each convergent multitangent
function in term of ZesiTe? | where k € [1; dim MZV, ] , u+v =p+2
and v > 2 because the reduction into monotangent functions, as well as the
symmetrelity , preserves the weight. 0

To conclude this paragraph, we give in the following figure the first
hypothetical dimensions of the space of multitangent functions of weight
p + 2 . We can recognize the sequences A000931 and A023434 from the
On-Line Encyclopedia of Integer Sequences (see [34])

D 011123456789 ]10]11]12

dim MZVey, [1]0[1]1]1|2/2[3 4|5 |7[9]12

dim MTGFoypes |1]1]2]314]6]8[11]15]20|27]36 |48

Figure 3: The first hypothetical dimensions of the space of multitangent
functions of weight p + 2.

5.8. The Q-linear relations between multitangent functions

We know that multizeta values have two encodings. The first one is

the one we have used since the beginning of this article, resulting from the
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specialization z,, = n~! (up to a convention of choosing the summation
sequence to an increasing or a decreasing sequence) of the monomial basis
of quasi-symmetric functions: it is exactly the symmetrel mould Ze® . The
second one comes from an iterated integral representation (which has been
mentioned in the introduction, see ?77): it is the symmetral mould Wa* .

Because of the dual process reduction/projection, we can imagine that
the symmetral coding has a translation in the algebra MTGF . One can
think that a quadratic relation in MZV will be translated in MTGF' into
another quadratic relation, but this does not secure to be true (essentially
because Hurwitz multizeta functions have one and only one encoding) . In
fact, there are lots of null Q-linear relations between multitangent functions;
these will replace the symmetrality relations. Of course, the existence of
these is a natural fact, but, as we will see, they all have an odd look. So,
the situation is not yet completely understood.

We will see in the following that sometimes, it is possible to prove easily a
relation using multitangent properties (because it is the derivative of a well-
know relation between multitangent function or using a parity argument).
Most of the time, these relations remain completely mysterious.

Now, let us explain what happens for small weights.

Up to weight 5. The only Q-linear relation up to weight 5 is the surprising
existence of a null multitangent function, Te?%? . Although it is an interest-
ing fact, we are going to postpone the study of null multitangent functions
in section 8.3) . Let us just mention that many multitangent functions are
the null function and that we have a conjectural characterization of those.

Weight 6. Unless it is an easy case, this is the first interesting weight. Ac-
cording to dim MZV, = dim MZV; = dim MZV; = 1, we deduce® from
Conjecture 2 that dim MTGFs = 4 . Consequently, there exist exactly four
independent QQ-linear relations between multitangent functions of weight 6.
Actually, it is not difficult to find them, using the known values of multizeta
values of weight 4 .

These four independent relations are given in the table 5.

Weight 7. Concerning the weight 7, we obtain table 6. Because it is con-
jectured that dim MTGF; = 6 and because MT'GF% is spanned by sixteen
functions, one is tempted to find exactly ten independent relations. That is

8Because Conjecture 4 is true for the global weight 6 as we have seen this with the
table 2 .
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what we obtain, but the remaining question is “are there any other relations
between multitangent functions of weight 77”7 Consequently, this is the first
weight where we can only speak hypothetically.

5.4. On the possibility of finding relations between multizeta values from the
multitangent functions

5.4.1. Two different process for multiplying two multitangent functions.

It is clear that we have two possibilities to compute a product of two
multitangent functions, according to the symmetrelity of 7Te® and to the
relations of reduction into monotangent functions. This is summed up in the
following diagram, where “reduction” (resp. “symmetrel multiplication”)
indicates the linear extension to MTGFgy (resp. MTGFoy @ MTGFEey)
of the reduction process (resp. the multiplication by the symmetrelity of

Te*):

MTGF @ MTGF mfjti”;’gz:fjn MTGF
reduction®reduction l
MTGF @ MTGF reduction
symmetrellmultiplication
MTGF reduction MTGF

Obviously, these two process give the same result in MTGF¢y, but
the expression is different. This gives us the opportunity to find out some
relations between multizeta values.

First, we see that the previous commutative diagram gives us a way
to find out all the relations of symmetrelity . Let us emphasize that the
following property is not the best way to prove the symmetrelity of Ze®, but
its aim is just to begin to describe the relations between multizeta values
obtained from those of multitangent functions.

Property 9. 1. The relations of symmetrelity of Te* and the previous
commutative diagram imply all the relations of symmetrelity of Ze®.

2. The previous commutative diagram gives us more relations than those
of symmetrelity .

PROOF. Let us consider two sequences s and s? in Sl: . and denote by My,
the largest integer which appears in these two sequences, and finally set

43



Using the symmetrelity of Te® and then from the recursive definition of
the set she, we obtain:

7_6§14MT6§1.M _ Z T6§.M + Z TB*S'QM .

seshe(sl;s?-M)Ushe(s!-M;s?) s€she(s!;s?)

Thus, the coefficient of Te2™ in the product Tes' M Tes' M obtained first
by the symmetrel multiplication and then by reduction into monotangent

functions, is:
Z Ze® .
scshe(s!;s?)

On an other hand, in the reduction into monotangent functions of Tes M
and Tes" M the only monotangents which may contribute to 7e? are the
terms 7 eM coming from the reduction into monotangent functions of Tes' M
and Tes” M. These are respectively equal to Zes' TeM and Zes’ TeM. Con-
sequently, the coefficient of Te2™ in the product Tes MTes' M obtained
first by reduction into monotangent functions, then by the symmetrel mul-
tiplication and finally by reduction one more time is: Zes' Zes

As a consequence, we obtain the relation we are looking for:

Zet Zet = Z Zes .

s€she(s!;s?)

2. As well, the previous diagram gives us more than the symmetrelity
relations of the multizeta values. To see this, we can make the calculation
in the simplest case where the diagram gives a result:

1. T xTe*? = 22e2(Te?)” = 4Ze2Te>? + 22T ¢
— 8(2e2)*Te +2Z2Tet .
2. Te?x Te*? = 3Te2??+ Tel? + Te!
= (3 (262)2 +6Ze*? + 8Ze4> Te? +2Ze*Tet .
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Thus, by the linear independence of monotangent functions, we obtain:
6Z¢>? 4 8Ze' = 5(Ze?)” . (12)
Using the symmetrelity of multizeta values, (12) can be written:
3Ze* =4Ze*? . (13)

But, the only relation of symmetrelity of weight 4 is:

(262)2 =2Ze*? + Zet . (14)
If (13) could be proven from (14), using uniquely the symmetrelity of
2
Zet = 5(262)2.

Ze*, we would know the following values
3

ze2? = (2
e : ()( e’)

To prove these relations, we actually need the following three equations
which come from the three types of relations describing hypothetically the
kernel of the map (:

(262)2 = 2Ze*? 4 Zet .
(Ze2)® = 2Ze*2 44231
Zet = Ze?? 4 Zedl

This proves that the diagram gives us more relations than those of sym-
metrelity . 0

Let us also remark that we can write another commutative diagram for
the derivative of a multitangent function, but this does not give us a way
to find relations between multizeta values.

5.5. Back to the absence of the monotangent Te' in the relations of reduc-
tion

We have seen that the convergent multitangent functions are exponen-

tially flat, near infinity (see §6.3). This implies the absence of the mono-

tangent Te! in the relations of reduction. From this, we can deduce some

relations between multizeta values. For all sequences s € §; ., we have:
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U(s)

i S s1+k1,,8i-1+ki—1 Srtkrye Sit1tkivr
Y Y B Ze i1 Ze i —
=1

kl’”;’\ki"” k>0
k4 Akt tkp=s;—1
On the other hand, we can prove these relations between multizeta val-
ues in an independent way. Consequently, this will immediately show the
exponentially flat character as a corollary and also will answer the question
“Are these relations consequences of the quadratic relations?”

Indeed, these relations are consequences of symmetrality relations of
multizetas values. Let us denote by S(r) the left hand side of the previous
equality, that is, for all positive integer r and all sequences s € Sj, of length
T

I(s)
S(?‘) — Z Z iBiS{Z€S1+k1,~~ ySi—1tki—1 Zesr"l‘kry“‘ Sit1tkipr
=1 kl’A“j;A.A,krz() -
k1+'“+a+“‘+k7‘:5i*1
We will show that S(r) = 0 for all sequences s € Sj,, by linearization of
the product of multizeta values coming from the relations of symmetrality.
Let us explain this in detail.
Each multizeta value can be written as an iterated integral. Such an
expression can be for all sequences s € &}

2o = [ TP )
es = - .
0<uy <+ <uyp<+00 (eul - 1) e (eUT - 1) H(S _ 1)'
=1

Thus, for all sequences s € Sf, of length r and all i € [1; r], we have
if we setting ug = 0 and u,,1 = O:

E iBiZesl-‘rkl,”' Si—1+ki—1 Zesr+kra"' Sit1+Kig1

ki, kg ke >0
k1+"'+ki+'”+k7":si_1
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— 181+t s; — 1)!
_ oy s

r

= | P N R S |
Ry e Ky k20 H(S . 1)' kl- kl. kr-
k4 k4 thkp=s;—1 p
p=1
=2 Spr1t+kpr1—1
(Upy1 — wy)serithes
p+1 p)
/ H Up+1 1 dU1 o dui*1
O<uy <--<uj_1 <400 p=0 er -

T

spt+kp—1
(Up — Upy1)*P 7
" 1 duiyy -+ - du, |,
O<ur<---<u;y1<+00 p=i+1 err —

(_1>5i+1+"'+87« N
G / gi(ug; -+ sup)duy -+ - dug . .. du, |
{0

| <up < <uj—1 <F00} X {0<u,r <+ <ujq1 <Foo}
H(sp —1)!
p=1
(u
. . _ P
where gi(“la"' 7u7‘) - H

pE[1;r]-{i}
ways with ug = 0 and u,,1 =0 .

— 'U/pfl)sp_l
ewr — 1

(ui-‘rl — ui—l)Si_lv al-

In order to conclude that S(r) = 0, we need the shuffle product
{0<u; < <wug <400} x{0<u, < - <uyg < +oo} .

To do it, let us introduce a few notations coming from the syntatic point of
view. We now consider the alphabet Q, = {uy;- - ;u,}, the non-commutative
T

polynomial e, = Z(ul coti_1) W (U - - uipp) and the set E,. of words of
i=1

seq(€2.) which appears in e,, that is to say in the linearization of the mul-

tizeta values appearing in the game:

B, = {w € seq(®) ; {e,|w) # 0}

Finally, to each word w = u;, - - - u;, of seq(£2,.) which contains exactly one
time all the letters of seq(f2,) except one which will be denoted u;, we
associate an integral /(w) defined by:

Hw) = I(ug - -u)

— (—1)si+1+'"+57"/ gl(ul’ e ;ur)dul e dul e dur .
O0<ugy <-+-<uj, <+00



We will evaluate the sum, in the right-hand side, by grouping pairwise
the element of F,. . E, will then be decomposed into a family of pairs of
words we will call associate words.

Definition 1. Let us consider, for all (k;1) € [1; r]?, the morphism oy,
from seq(Q2,.) (for the word concatenation) defined by:

opr: [1;r] — [1;7]
U; —

We will say that two words w' and w?* of seq(Q,) are associated when:

Jie[1;r],w’ =giin(w') orw' =g (w?) .

We then write: w' § w? .
Let seq(€2.) be the set of words of seq(€2.) which contain exactly one
time all the letters of €2,., except one. One can remark that two words of

P

seq(£2,) can of course have a different missing letter. Finally, we associate a

—_—

permutation o, of [1; r] — {i} with each word w = wy, - - - u,,_, of seq(£2,),
where 7 is the index of the absent letter of w, defined by:

1 o i—1 i+1 -+ 7
O,y =

We have then:

Lemma 5. 1. For allw € E, and all integer i € [1;r—1] , we have:

_ —1
O iv1(w) = /Zéﬂ ©0u O Piit1



with pigyr: [1ir] —{iy — [1;r]={i+1}
B ifk i1

P ifk=i+1.
2. Forallw € E, , there exists a unique w' € E, —{w} such that: w () o' .
3. For all (W' w?) € E,? | we have : w' § w? = [(w') = —I(w?) .

Since F, has 2"~ ! elements counted with their multiplicity in F,, we can
conclude, from the second statement of the previous lemma that E, can be
cut into 2”2 pairs of associated words in E,.

Thus, according to the third statement of the lemma, we finally deduce:
S(r) = 0. This can be written as:

Property 10. 1. The exponentially flat character of multitangent func-
tions implies some relations between multizeta values which are coming
from the symmetrality relations of the multizeta values.

2. The symmetrality relations of the multizeta values impose the absence
of the monotangent Tel in the relation of reduction into monotangent
functions, and thus force the multitangent functions to be exponentially

flat.

Consequently, one can ask the following question:
“According to the exponentially flat character of convergent multitangent
functions, are we able to find all the symmetrality relations between multi-
zeta values? If the answer is negative, which relations do we obtain?”

The answer is simple and comes from a rapid exploration of the table of
multitangent functions. We immediately see that, in weight 5, we find all
the symmetrality relations of multizeta values of weight 4, but this situation
is really exceptional. For instance, in weight 6, one symmetrality relation
is not obtained:

3Ze* 4 6ZeP! 4 ZePh? = ZeP! Ze? (15)

Nevertheless, considering all Q-linear relations between multitangent
functions, we are able to find all the symmetrality relations. To illustrate
this, one can find (15) from:

4T et — 2T e3bh2 4 Te2l22 — 0 (16)
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6. Analytic properties

As announced in Section 3.2, we now will see that each multitangent
function will decrease to 0 when z will increase to infinity, avoiding the
real axis. This is the so-called exponentially flat character of convergent
multitangent functions. For studying the convergence of series involving
multitangent functions, we look for a upper bound depending on the weight
of the sequence s and which also show us the exponentially flat character.

To obtain such an upper bound, we will have to avoid the use of the
triangular inequality, which is not precise enough sharp, so we want to use
directly a upper bound on the sum. First, we will focus us on Fourier coef-
ficients of multitangents ; then, we will deal with geometric upper bounds
of multitangent functions in order to obtain upper bound of the Fourier
coefficients. Finally, using this, we obtain a upper bound as required.

6.1. Fourier expansion of convergent multitangent functions

It is quite obvious that all convergent multitangent functions are 1-
periodic on C — Z . Thus, we are naturally interested in their Fourier
expansions. We will now compute their Fourier coefficients. The result
proved here is central for the explicit calculation of analytical invariants of
tangent-to-identity diffeomorphisms (see [3])

Let us begin by recalling the Fourier expansion of Te! (see [33]) :

im 2wy e i Smz < 0.

Te'(z) = L <0 (17)
tan(7z) ) , 0; _
—27?—22#5 e it Smz > 0.
n>0

Since the convergence of Te! is normal on {¢ € C;Sm({ < —c} and
{C € C;3m( > ¢}, for all ¢ > 0 the expression (17) is the Fourier expansion
of Te! . So, the differentiation property gives us for all o € N — {0;1} and
all z€ C—Z:

—% o—1 )
21’772 %em”“ ,ifSmz <0 .

—% o—-1
—2imy %emm LifSmz>0.

20



Inserting this Fourier expansion in the expression for the reduction into
monotangents (see §3) when s € §* , we obtain:

Te(z) = ZZ ,5— T )

7=1 k=2
2 k-1 4
233 (Z m_ﬂf' Zh) e e <.
. n<0 j=1 = )
2 k-1 .
_gmzz (Z (2 Zk> e e .
n>0 j=1 = :

Since the convergence of this series is normal on {¢ € C;3Im{ < —c}
and {¢ € C;Im ( > ¢}, for all ¢ > 0 we obtain the Fourier expansion of the
multitangent functions:

Lemma 6. Let us set’, for alln € Z and all s € S* :

)k—l

Jj=

Then, for all sequences s € S* and all z € C — Z, we have:

Zﬁfsq" Lif Smz <0,

Te(z) = n<0
—foq” ,if Smz >0,
n>0

where g = > .

9Let us remark that the mould ’7A;L' can not be a symmetrel one. For example, we
have:

~ ~ 4
2772 + T =2 x 5774—77r4=O.
N2
(7'12) = 167%.
This explains the absence of the letter e in its name.
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6.2. An upper bound for multitangent functions

In this paragraph, we will prove two geometric upper bounds (or nearly
geometric ones), where the exponent will be the weight of the multitan-
gent and then give two hypothetical upper bounds. For this, we will use
elementary methods.

We begin, for a convergent multitangent function, by proving the fol-
lowing upper bound:

Lemma 7. For all sequences s € S* and all z € C — R, we have :

TeE)| < )

- ‘%mz|||§“—l(§)—1 '

PROOF. Let s€e S*and z€¢ C—R..
We will denote by f* the function defined on R x R by:

fes(w;y) = > ! -

—oo< N, < - <ng <400 ((nl + x)2 + y2)%1 T ((nT + $)2 + y2)

We hence have: |Te2(z)| < fe3(Re z; |Im z|). Moreover, using an argument
we will develop in a forthcoming section (see Section 11), we obtain the
following trifactorisation:

fet(xsy) = fel(w;y) x Ie*(z;y) x fel (z;y) ,

where the functions fef , fe? and Ie® are defined on R x R* by:

fe(zry) = > ! :

s1 Sp °
—E(z)<n,<--<ni<+00 ((mm+2)2+y2)2 - ((ny +2)2 +y2) 2

fe (@) = S ! :

51
—oo<n,<-<ny <—E(x) (m+2)2+y2)2 - ((ny + )2 +92)

ol

0 Jifl(s) # 1.
Ie*(z;y) =

[N

(& — E(x))* +v*)
52

Jifl(s) =1.



Thus, we successively have:

fe(zy)= ! -

vy <mmeatoe (1 + 2= B@)2 +52) 7 - (0 + 2 — B(2)2 +32) 7

1 2,1,-,1
< — — —fel " (x — E(x);0
()" (y2) 5 () o E)
1 1
< -
—ys1—2ys2—1 ... ySr—l 0<nr<..z<;11<+oo n12n2 ceen,
Zell 2

=EET = e
2
In the same way, we have: fe (z;y) < T
Y S[|—=i8)—

Hence: o
|Tes(2)] < Zfefjk(?]%e 2 |Sm z|)Ie (Re z; |Sm z|) fe& " (Re 2 [Sm 2|)

k=1

I(s)
2 1 9
<
a ; |%m2“|§<k||*(k71)71 X |%mZ|S’€ X |%mz|||§>k||*(l(§)fk)fl
& 4 ()
- ,; | 2|[lslI=1E) -1 ™ | 2 llsll—i)-1

Next, we present the second upper bound. It is an improvement of the
first one when we restrict to nonempty sequences of seq(Ny) . The proof
uses the same notations and also the same ideas as for the first upper bound.

Lemma 8. For all s € seq(Ny) — {0} and all z € C — R satisfying |z| > 1,

[Isl]
we have: |Ted(z)| < ! ( 2 ) :
; |[Sm 2]

(_S)! Sm z

PROOF. Let s € seq(Ny) be a sequence of length r and z € C— R satisfying

|z| > 1. Let us also consider, as in the previous proof, the notations fe? |
e, fe® and Ies .
+

In the case where s € seq(Ny) C S* , we will improve the upper bounds
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which have just been found in the proof of the first upper bound by using
an integral test for convergence:

S (roy) — 1
fex(z;y) Z H< nz+£€—E($>>2+y2>2>

0<n,<---<n1<+o0 i=1

Y 11 1
r! (nqs ) E(N%)T = 1( ((n; + o — E(x))? ‘l'y)g)

z;ﬁ]:>n2¢n

IA

1 1

rl 11 (% (n+az— E(x))?+ y2)52i>

1 — +oo dt

il </0 ((t+ 7 — B(2))? +y2)7
1

S ([ Y 1)
- rl y||§H—27' 0 u2—|—y2 - rl yH,SH—T '

In the same way, we have: fe (z;y)

IN

Hence:

|Tes(z)] < Zfefk(%e z; |Sm z])Le® (Re z; |Im z|)fe§,>k(§Re z; |Sm z])

k=1

7\ k-1
- 1) !

<
< D (& — 1) [Sm 2|01 [z o1

C G

(r — k) [Sm 2|l F1=0)

g r—1 r 1 1 2r—1 % r—1
() > (3)

<
|Sm 2| llsll=7 — (k=Dr =k~ (r=1!Sm z|llsll=r

71_r—l 1 47 1
(r — D)1 [Sm z|lsl=r = 71 |Sm z|lsl—

To conclude, we only have to notice that, for s € seq(Ny) , we have
||s|| > 2I(s) . Consequently, we deduce the sought upper bound:

|T€S(z)|<i< 9 )S
=i\ VRma)
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6.3. About the exponentially flat character

Now, we will focus on proving the exponentially flat character of conver-
gent multitangent functions. Such a result is easy to understand with the
Borel transform (for more details on it, see [3] , [9], [10] , [15] or [32] for an
introduction of this notion and underlying ideas) . It turns out that it pro-
vides an argument allowing to justify that multitangents are exponentially
flat near infinity because this transformation does not detect such functions.

The Borel transform B is defined for formal power series of the form

fz) =3 2 by:

5 (Z ;111) € =20

n>0 n>0

If L:H(Q) — H(Q) is defined by L(f)(z) = f(z + 1), we thus have:
B(L(f))(C) = e™*B(f)(C) ; then, B (Z Lp(f)) (€)=0.

PEZL
Hence, we can deduce from this fact the exponentially flat character of
convergent multitangent functions, but not in an explicit way. Although
it might be possible to obtain it in an explicit way, we will not study this
question here because we will use Fourier expansion to find out an explicit
upper bound which shows this exponentially flat character.

6.3.1. An upper bound for Fourier coefficients of convergent multitangent
functions

Let us start by finding an upper bound of the Fourier coefficients of a
multitangent function with valuation at least 2 . For this purpose, let us
fix a sequence s of seq(Ny) and ¢ > 0 .

Let T% and 77 be the functions defined by T75(z) = Z’]A;fz” and

n>0

T2 (2) = Z’ﬁsz" These are respectively defined and holomorphic on

n<0
{CeC0<[¢] <e®} and {¢ € C;|(] > e*™} .
If z € C satisfies |z| = e™*™ (resp. |z| = €*™) with r > ¢, we can write:
z = e AT (resp. z = 2™ 20T for ) € [0;1[. So, using the upper bound



from Lemma 8, we obtain:

Isl]
TS (2)] = |Te(6 + ir)] < (\i[) 7

IT5(2)| = |Tex(0 — )| < (})”S' ,

that is, for all » > ¢:

Iz\ilgm T(2) S(%)BH.
ik T!*H(z)) S(%)Isn

Thus, for all integer n, all sequences s € seq(Ns) and all r > ¢, the
Cauchy inequalities give us:

R 9\ sl
‘7;§| <27 (W) BQTWW

Hence, taking the limit as » — ¢ gives us:

(\%> sl e

We can repeat the same reasoning for any multitangent function, that
is, we can use the upper bound from Lemma 7 instead of Lemma 8 . We
obtain another upper bound of Fourier coefficients. These two inequalities
are summed up in the following lemma:

'?\;?SQW

Lemma 9. Let us denote, for alln € Z and all s € §*:

)k:l

Touey (Y G )
j=1

Then, for all integer n and ¢ > 0, we have:

8mi(s)

S
T cllsll=i(s)~

62’3'”‘” , where s € §* .
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6.3.2. Using the Fourier expansion

For a given z € C—R , if we use the shorthand notation n < 0 to denote
n > 0 when Smz > 0, or n < 0 otherwise, the previous lemma and the
Fourier expansion of a multitangent gives us for all sequences s € &* and
all c € ]0;|Sm 2] [:

|T€§(2)| < 87Tl(_S) Z 6—2n7r§?mz€2n7rc

= clisll=is)-1 =
8rl(s) 1
cllsll=l(s)=1 g2n(|Smz[—c) _ 1 °

provided x > 0 ; so this implies:

Moreover, we have 5 < —
e?* —1 = sh*(x)

8ml(s 4
|T€§(Z)| S —l<_ >_1 2 :
CH,SH (§) Sh (W(’%m Z‘ R C))
This last inequality proves the exponentially flat character of convergent
multitangent functions, which was our aim. We can also use the upper
|Sm 2|

2

bound otbained for sequences s € seq(Ns) . So, setting ¢ = , we

have proved the following

Property 11. L. For all sequences s € S;, and z € C — R, we have:

|Tes(z)|<( 2 )|S|I(S)1 327l(s)
< p

1Sm 2| (7T|%mz|) '
2

2. For all sequences s € seq(Ny) and z € C — R, we have:

IEN
Tes() < 22 il |
|Sm 2| 2 <7r|%mz|)
2

7. Study of a symmetrel extension of multitangent functions to
seq(N*)

Our aim in this section is, if s is a divergent sequence, that is when
s € seq(N*) — §* to make a regularization of Te® . To be precise, the

o7



question is to define Te® for s € seq(N*) such that s; =1 or s, = 1, as well
as when sy =s, =1 ...

Moreover, we want the extension satisfies the same properties as the
convergent multitangent functions. So, we must keep:

1. The symmetrelity of the extension of Te®*(z) .

2. The differentiation property (see Section 2.3).

3. The parity property (see Section 2.3).

4. The property of reduction into monotangent functions (see Section 3).

7.1. A generic method to extend the definition of a symmetrel mould

In this section, we consider a symmetrel mould Se® over the alphabet
2 = N*, which is well defined for sequences in Sj = {s € seq(N*) ; s; > 2} .
We want to define an extension of Se® for all the sequences of seq(N*) such
that the ‘new’ mould Se® is again a symmetrel one.

The following lemma is due to Jean Ecalle. The first part is now well-
known while the second was not published. To be exhaustive, we shall prove
both points.

Lemma 10. 1. For all 0 € C , there exists a unique symmetrel exten-
sion of Se® to seq(N*), denoted by Sefj , such that Sej =0 .
2. ForallyeC, let ./\fe; be the symmetrel mould defined on sequences

l, ifs =10,
of seq(N*) by: Nes =4 T

0 , otherwise.

Hence, for all (61 ; 63) € C? | we have:
Seg, = Neg, _g, x Sep, .

PrRoOOF. 1. If such an extension Se® exists, it may satisfy the algorithmic
right move of the ones which begin an evaluation sequence. In other words,
the following identities must be valid for all £ € N and all sequences s € S;:

k1] g

(k+1)Se" = Se'Sels — > Set . (18)

u€eshe(1; 1[*] -§)—{1[k+1] s}

By induction on the number of ones which begin the sequences, these iden-
tities impose the uniqueness of the extension Se® to seq(N*) .
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To prove the existence of such an extension of Se®, we define Se® recur-
k
sively by (18). If k € N and s € S}, we define Seé[ e by:

1[k+1].g

(k+1)Sey, - Qgeé[k]-,s _ Z Selgl
ucshe(1;1kl.g)—{1lk+1].5}
The only thing we have to verify is the symmetrelity of Sej . This may

be done by induction on k + [, where k£ and [ denote the number of ones
which begin the first and second sequences in the product:

1[k+1].g1 101.g2

(k+1)Se, Se, ©

1[kl.g1 1U.g2 Z u 101.g2

u€she (1;1F.s1)—{1lk+1].s1}

= 0 Z Sey — Z Z Se(%l

ueshe (1F].s1,11.2) ueshe (1;1F.s1)—{1lk+1].s1} uw'eshe (u;1M1-5?)

u’ u’

= > >, Sa - ) >S4
ucshe (1[%1.s1:100.52) u’'eshe(u;1) ucshe(1;1Fl.s1) u/cshe(u;1l1.52)

+(k+1) Z Segi

ueshe (11F+1].s1;10.52)

= Z Sep; — Z Z Seg

u€she (11F.s1;100.52;1) ueshe(1;1F.s1) w’eshe (u;1M-s2)

+(k+1) > Se¥

ueshe (1F+1].s1;1010.52)

= Z Sep — Z Se¥

u€she (11F-s1;1[0.52;1) ucshe (1;1k.s1;100.52)

+(k+1) Z Seei

ueshe (1F+1].1;100.52)

= (k+1) > Se¥
g€sh§(1[k+1]-§1;1[l]-§2)
where we have used the recursive definition of Sej in the first and third
equality, the inductive step in the second one and finally the associativity

29



and commutativity of the stuffle product in the last three equalities.

This concludes the proof of the first point and allows us to consider Sej
for all # € C .

2. In order to prove full generality the formula expressing Sej in terms
of Sep, , it is sufficient to prove that for all § € C, we have: Sej = Ne§xSef .
Indeed, v — Ne? is a morphism from (C ; +) to (M&() ; %) .

Once again, we will prove it by induction on the number of ones which
begin the evaluation sequence. It is clear that the formula is valid when
s € §§ . Let us suppose that the formula holds for all sequences of seq(N*)
which begin with at most &k ones.

The algorithmic right move to the right of the ones gives, using the
induction step:

1[k+1]. 11K].
(k+1)Sep *° = SepSey * — § : Set
ucshe(1;1kl.g)—{1lk+1].5}
k
o 9P+1S 1lk—pl.g s u
a p! “o B Z €
p=0 ucshe(1;1Fl.g)—{1lF+1].5}
k
9p+ 1[k—p]
- Z | 60 s —2563 — E 8637
p:O p QEA BGB

where:

A={1ll. 2.1kl g5 e [0; k—1]} .

B=1".(she(1;s) - {1-s}) .
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We have:

Al [i].9.1[k—i—1] el op [i—p].9.1[k—i—1].
s = L < T3 e
ucA 1=0 i=0 p=0
p k—p—1
p 0 =0
u o° —p].
DS = Z Z aSa
ueB p=0 ueshe(1;s)—{1-s} p:
08 1 = [ OP u
p=0 ucllk—rl.(she(1;-s)—{1's})
Hence:
u ek 1s — P U
Y. Sg o= —pSet ) | > Sey
ucshe(1;1kl.g)—{1lk+1].g} p=0 ueshe(1;1k—pl.g)—{1lk+1-pl.g}
Ny [k+1—p].
- —ySeéS—Z(;%H—p)Seé* )
! = !
k
or
= = (Bra-psg )
p=0 '

We can now conclude:

k k
5 P! s o
s = S Esd e 3 (Y- pse )
p=0 P p=0 p:
k _ k+1 _
gr+1-p 1lp] gr+1-p 1lp]
= —8Sey * 4+ Y p——8¢, ®
;(kﬁ—p)! R R O
gr+1 k on k1] g [+1]

= +Z((kz+1)mse0 ) + (k + 1)Seq

n=1

1(k+1].g

= (k+1)(Nej x Sep)

By induction, for all sequences of type 1% . s, with s € S; , we have
Sefy = Neg x Sef , which ends the proof of the lemma. O
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7.2. Trifactorization of Te® and consequences

The extension of multitangent functions to the divergent case is more
complicated than the case exposed in the previous section. Actually, even if
we want to impose the knowledge of Te!, one cannot apply the algorithmic
right move of the ones which begin an evaluation sequence because the ones
which begin or end the sequences will be sent respectively at the end or the
beginning of the sequences in the game. To picture this, we have:

Tel?(z) = Te'(z) x Te*(z) —Te*'(2)— Tel(z)

known by convergent problem convergent
hypothesis multitangent — unknown multitangent
function function

The difficulty, here, comes from the joint management of the two sources
of divergence created at —oo and 400 . To overcome it, we would separate
the divergence at —oo from that at +oo . To this end, we will use a mould
factorization in which each term has only one source of divergence. Let us
remind that we have already used and proved such a factorization when we
have proved the convergence rule for the multitangent functions (see p. 16) ,
but we give here a separate statement because of its importance:

Lemma 11. Let S5, = {s € seq(N*);s1 > 2 and s, > 2} .

Let us consider the symmetrel moulds He%, He® and Ce®* valued in holo-
morphic functions over C — Z and defined for all sequences s € Sf (resp.
s € SF and s € seq(N*)) by:

1
He’ (2) = and He (=1,
: O<nr<§11<+oo (nl + Z)sl o (nr + Z)ST +

He® (z) = Z ! and He® (z) =1 .

—00<ny <+ <n1 <0 (n1+2)5 - (n, + 2)%

1 if s=10
Ce®(z) = 5 Zi if I(s)=1.
0 if I(s)>1

Then:
Te® =He’ x Ce® x He® .
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The moulds He? and He$ are named Hurwitz multizeta functions; Ce®
is going to play the role of a correction because it enters in game only for
null summation indexes in the expression of Te® . Let us remark that it is
clear from their definition that these three moulds are symmetrel , which
explains the letter e in their names.

First of all, we mention that this trifactorization acts as we wanted: it
separates the divergence sources. Secondly, it is now clear that it is sufficient
to extend (with the symmetrelity property) the definition of the two moulds
of Hurwitz multizeta functions to seq(N*) in order to obtain an extension of
Te* to seq(N*) which is also symmetrel . For this purpose, Lemma 10 can
be applied: given (®4;P_) € H(C — Z)?, the moulds He?, and He® admit
a unique extension to seq(N*) such that Hel = @, and He! = d_ .

Finally, the following figure completes the figures 1 and 2. In the follow-
ing diagram, we denote by

HMZVCVA: = VeCtMZVCV(z) (H@i%ef)

slesy >
s2€S%

where 8 = {(s1;- - ;s,) € seq(N*); s, > 2} . From the trifactorisation, we
see that MT' G Fey can be embedded in HM Z Ve, 4, which will be indicated
by a curly arrow in the diagram. Recall that an arrow indicates a link
between two algebras, while an arrow in dotted lines indicates a hypothetical
link.

MZVCV evaluation at 0 HMZFJDCV

reduction projection

y
trifactorizati
MTG Foy——BRoization _ g\ 7p,

Figure 4: Links between multizeta values and multitangent functions

As a consequence, we obtain the following

Corollary 2. Let &, and ®_ be two holomorphic functions over C — 7Z .
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The mould Te* admits a symmetrel extension to seq(N*) such that:
1
V2eC—Z ,Te (2) =P,(2) + -+ P_(2) .
z

Vs € seq(N*) |, Te® = (Hef x Ce® x He®)® .

7.8. Formal Hurwitz multizeta functions and formal multitangent functions

In order to simplify the following proof, we will work in the ring of
formal power series by introducing the notion of formal Hurwitz multizeta
functions and formal multitangent functions. To distinguish whether we are
analytically or formally working without specifying it, we use two different
notations. The formal character will be denoted by a straight capital letter
while the analytic character will be denoted by a cursive capital letter (as
we have always done from the begining) .

7.3.1. The mould He$ (X)

We define formal Hurwitz multizeta functions as the Taylor expansions
near 0 of the Hurwitz multizeta functions. Using the generalised product
rule for the successive derivatives of a product as well as the formal Taylor
formula, we defined the formal Hurwitz multizeta functions by He?.(X) = 1
and for all sequences s € §; of length r € N* by:

k>0 kit +kp=k i=1

Thus, He% (X) is a symmetrel mould defined over S} , valued in C[X] .
According to Lemma 10, for all S € C[X] , He®* has a unique symmetrel
extension to seq(N*) such that Hel (X) = S(X) . We have now to define
in a suitable manner Hel (X) . We can set:

—+00
Hel (X) =) ZeH(-X)".
k=1

This definition is natural because we want the differentiation property
to be satisfied by the extension of He?, as well as its formal analogue.
Consequently, the analytic analogue of Hel is

Hho =3 ()

n>1

Then, we obtain:
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Property 12. For all sequences s € seq(N*), we have:

TETESED DD DI | | SR EXEEE R

E>0 ky+-tkp=k i=1

PROOF. By uniqueness of the moulds satisfying these properties, it is suf-
—~s

ficient to prove that the mould He,(X) defined by the right hand side

satisfies:

—~s

1. He, (X) extends the definition of He% (X) to seq(N*) .
2. He,(X) = Hel (X) .
3. He:r(X) is a symmetrel mould.

The third point is the only one which requires some explanations. Let
—~s
us denote by My the k™ coefficient of He, (X). In order to prove the

symmetrelity of I%i(X ), we will show that:

p
W(shis?) € (sea(N))  pe NS MEME = S M.

k=0 yEshe(st;s?)

For (s';s?) € (seq(N*))2 and p € N, we have if we denote I(s') = r and
I(s*) ="

e ’ (s}+ki—1>> < (s?+ki+r—1>>
M M —
;0 L k1+---§+r/:k <E ki E Kitr

) Zeshthi e shbhe Z st Hhrin e s 4

(s k-1 L (82 4 ki — 1
Lo (e me )
kitotk, o=k \i=1 i=1
><< Z Zeif> ,

yEshe(s'+k=";s2+k>T)
where s' + k=" and s? + k”" respectively denote (s{ + ky;--- ;s! + k) and
(82 4+ kypy1; - ;SE/ + kyypr) . Two cases are possible:

1. v is a shuffle of s' + k=" and s* + k™"
Then, we can reorder if necessary the k;’s such that the resulting term

is M , where 7 is deduced from 7 by setting k; = 0 for all i.
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2. 7 contains one or more contractions of s' + k=" and s + k>":
We can separate indexes which do not act on contractions from the
other ones. Let us denote them by s; and s7. This gives some sums
of binomial coefficients:

k; kj B K ’
k’i-‘rk’j:K
which is exactly the expected binomial coefficient.

Thus, the term expected is again Mg , where ’_’7 is deduced from 7 by
cancelling all the k;’s.

Let us remark that '_7 runs over the set she(s';s?) when 7 runs over the
set she(s' + k=";8% + k") . We deduce from this that:

Ep:M,le;Qk = Y M.
k=0

yEshe(sl;s?)

Consequently, }/Ivei (X) is a symmetrel mould and is equal to He? (X) .

U

7.8.2. The mould He® (X)
The same can be done for the mould He® (X). Thus, we can define this
mould for all sequences s € seq(N*) by:

He (X) = (—1)lslges (—X)

k>0 ki+-+kr=k =1

where Ze® is defined from Ze® by a pseudo-parity relation:

(—1)lsl

nlsl e nrsr

Ze = (—l)lslZesn = 3
0<ny <---<ny
- Y

pr<am <0 prsl .. .plsr
Implicitly, this imposes:

Hel_(z)zz:(niz—%> .

n<0




7.8.8. The mould Te*(X)

We have just seen that for &, and ®_ two holomorphic function over
C — Z, there exists a symmetrel extension of Te® to seq(N*), defined by

Te* = Hes x Ce® x He®, such that Tel(z) = Hel () + % + He! (z) for all
2€eC-7Z.

With the definition of the formal Hurwitz multizeta functions, the formal
analogue T'e®*(X) should be defined by:

Te*(X)=Hel(X) x Ce*(X) x He* (X) ,

(

1 ,if I(s) =0 .

where Ce*(X) = X | ifl(s)=1.

0 Jifl(s) > 2.

\
Consequently, Te®(X) is a symmetrel mould defined on seq(N*) and
valued in C((X)) .

7.4. Properties of the extension of the mould Te® to seq(N*)

The convergent Hurwitz multizeta functions satisfies the differentiation
and parity properties, as the convergent multitangent functions. We want
that their extensions to seq(N*) satisfy the same properties. These depend
on the choice of the functions Hel and Hel . From now on, we always
define these functions by:

oS (Y wo-p(dd)

n>0 n<0

With these definitions, these moulds are symmetrel and satisfy:

Lemma 12. For all sequences s € seq(N*), we have:

I(s)

OHes: e,

1. = — E siHeL .
0z —

2. Hes (—2) = (—1)||§‘|He§(z) , where z€ C—7Z .
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PRrROOF. 1. Let us begin by proving this for formal Hurwitz multizeta func-
tions.

We just have to prove the first point because the second one is the def-
inition of He® (X) . For positive integers s and k, the key point of the
following calculation is:

I s+k—1 . s+k—1
k N E—1 ‘

Thus, for all s € seq(N*), if the derivation of C[X] is denoted by D,
D(He%)(X) is succelssively equals to:

_ Z Z Z k) <H (SZ +Il; )) Zesrthirorthe (L X )Ro1

k>1 Kp.ooke20 p=1
k

k14 4kr=
! Sz—l-kz—l Sp—l-/{?p—l
S5 3> SHED SR S | BN G D T G
p=1 k>0 gy, kp, ,kr>0 €[ 1;7]—{p} ¢ p
kp>1

ki4-kp=k+1
! X2651+k517"'73T+kr(_X>k

=YYy s I ()] ()

p=1 k>0 ki, kr>0 i€[1;r]— p
o, [1;7]-{r}

% Z€S1+k1,~- Sp—1+kp—1,5pF+14+kp,spr1+kpr1, - ,sr+kr (_X)k

r
81, 3Sp—1,8 +1’s’ )8
:_E H@_,'_l p—1,5p p+1 T(X)

p=1

2. From the formal case to the analytic one.

It is well known that 0 < Ze® < 2 (resp. 0 < Ze® < 2) for all sequences
s € S} (resp. s € SF). Thus, the formal power series He® (X) and He? (X)
are actually Taylor expansions. Consequently, the previous equalities are
valid in the analytical case, first on the disc centered in 0 and with radius

1
5 and then on C — Z, according to the identity theorem for holomorphic
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functions. U

These properties have immediate consequences on T e® extended to seq(N*).
These, as well as Corollary 2 and the definition of He! and H® are summed
up in the following theorem:

Theorem 4. There exists a symmetrel extension of Te® to seq(N*), valued
in holomorphic functions over C — Z, such that:

Te* =Hel xCe® x He? .

™

Tel(z) ,forallze C—-17Z .

- tan(mz)

Moreover, the following properties hold for all sequences s € seq(N*):

0z 2
2. Ted(—z) = (—1)”5”7'e§(z) , where z € C—7 .

I(s)
OT 8
1. Te = Zsﬂ‘eﬁei,
=1

PrROOF. From the definition of ’;’-Lel+ and Hel , we only have to prove the

differentiation properties as well as the parity property. According to the

trifactorisation, for s € seq(N*) and if we denote e; = (0F~; 1; 0l®)~1) we
have successively:

oTe® 87—leil
0z Z

oo, s, @ 0C e L OHE
o Ce* He? + He, ER HeZ + He: Ce s >

sl.s2.s3=s

I(s) 1 1 2
slpesle) - o ush<<ishHHis?) | g3y i E )T
= — g g siHe, =0 Ce e He ;

i=1 sl.s2.53=s
I(s?)=1

I(s)
= — Z <Si Z HeiCeSQHeS_3>
i=1

sl.s2.s3=s+te;
I(s?)=1

U(s)
— Z Si’]’e§+§i )
i=1
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2. Ted(—z) = Z Heil(—z)Ce§2(—z)He§_3(—z) O

= (—1)lkl Z He%(z)(}eg(z)%eg(z)

= (_1)H,s\|7'€§(z) _

7.5. Reduction into monotangent functions

The only property of divergent multitangent which remains to be proved
is the reduction into monotangent functions. From now on and until the end
of this section, our aim is to find and prove such a property for convergent
and divergent multitangent functions. For this, we will adapt the proof
given in the convergent case. To simplify the calculation, we will apply
the same technique, that is to say a partial fraction expansion, but for
the generating series Tig® . Then, we will see that the reduction into
monotangent functions can not have exactly the same expression as in the
convergent case.

7.5.1. A first expression of Tig®(X)

The moulds Ze®, Te*(X), He (X), He® (X) and Ce*(X) are symmetrel
. We will consider their generating functions, respectively denoted by Zig®,
Tig*(X), Hig}(X), Hig®(X) and Cig®(X). Let us remark that these
moulds are valued in C[X] or C((X)).

We can begin with the calculation of the generating functions of He? (X):

Lemma 13. The generating function of the mould He% (X) , denoted by
Hig$ (X) and valued in C[X][(Y;)ren+] ~ C[X; Y15 Ya;---], is -

Hig}:lv“"YT(X) _ Zing—X,...7yT_X '

Such a result could be expected, because Hurwitz multizeta functions
He? (z) are nothing else than translations of multizeta values. Consequently,
this should have a translation readable on the generating function.

PROOF. Let » € N*. Let us denote Dy, the derivation with respect to Y;
and S(F') the constant term of F' € A[Y3;--- ;Y] .
For all (ky;--- ;k.) € (N*)", we have:
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55 (D§} o+ -0 Dy (Zigh XY= Xy)

eyl
pi+ ki .
S ( Z ZePrthit L prthet1 (H ( ) Y _X)pz))
= ,pr>0 =1
- Z Z€p1+k1+1,---,pr+kr+1 p1+ ki (Pt kr (=X)prtter
k1 k,
= Z Z Zeprkitle potke+1 (P +hi\ (Pt ke (—X)P
ky k,
p>0 p1+--+pr=p
kil ke
— H€+ +1 +1 (X) )
Thus, the formal Taylor formula for formal power series in several inde-

terminates gives: Zigh =% Y% = Z Hef bl xyyk . oyke

- kr>0

= Hz’g?""” (X) .
O

Moreover, according to the parity property, the generating function
Zig™ " of Ze® is defined by:

Zzgzl7 7Y’r — (_1)TZZg_YT7 7_Y1 .
The same calculation as in the previous proof gives:

Lemma 14. The generating function of the mould He® (X) , denoted by
Hig®* (X) and valued in C[X][(Y;)ren+] =~ C[X;Y1; Ya;- -], is:

Hig"™ ¥ (X) = Zigh "X,

These two lemmas, together with the trifactorisation, imply immediately
the first expression of Tig®(X) . Even if it is a standard calculation in
mould calculus, the following expression of Tig®(X) deserves to be singled
out because it is the first step of the computation of Tig®*(X) .

Property 13. Let us denote by Zig*(X) and Zig® (X) the moulds valued
in CIX][(Y:)ren<] = C[X;Y1; Ya; - - -] respectively defined by:
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Zigh ¥ (X) = Zigh =X ¥=X,

Zigh V(X)) = Zigh XX
Then, in C(X)[(Y:)ren+], we have:
Tig*(X) = Zig*(X) x Cig*(X) x Zig® (X).

7.5.2. Second expression of Tig® and flexion markers

The second expression of Tig®(X) will use some notations and notions
introduced by Jean Ecalle for his study of flexion structures (see. [16], [17],
[18] or [19]). Let us introduce them before stating the result.

Flexion markers. The four flexion markers | , | , [ and | act on factorisation
of (bi)sequences. So, let us consider two alphabets ; , Q5 and then their
product Q = Q; x s ; let us also consider a sequence w € seq(€2) which
can be factorize:
w=w'w €seq(Q).

The flexion marker | acts on w’ by subtracting the right inferior element
of w*™! to each inferior element of w’ while the flexion marker [ acts on w’
by adding the sum of superior elements of w'~! to the left superior element
of w'. In the same way, the flexion marker | acts on w® by subtracting the
left inferior element of w*t! to each inferior element of w* while the flexion
marker | acts on w' by adding the sum of superior elements of w**! to the
right superior element of w’.

By the use of these flexion markers, elements of {2; will be added each
other while element of (25 will be subtracted each other.

To clarify the definitions and the actions of the different markers, here

) Ug, " ;U9 U0, "+ ,U15
is an example. If w=--ra-b--- = ...

Vg, Vg V10, ,V15
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then we have:

ues ,  Ug Ue , Ug, Ug..15
gJ = 5 3_1—| = y
V6:10 "5 V910 Vg ,-+, Us, Vg
U1 -+, Uis Ue...10 5 U11---15
Lb = 5 ’Vb = 5
V11:.9 , ", U159 V10 , V11 ytt, Uis

where n;..; = n; +--- +n; and n;; = n; — n; in the variables n.

Colors. If we don’t care, it is easy not to see flexion structures. But, when
there are some addition or subtraction of the variables, flexion structures
are possibly present. The use of colors is a good way to avoid passing next
to them. So, we will stiffen a bit more the situation by using colors in a
temporary way. This requires to redefine our moulds, that is, they become
bimoulds.

First, there is the bimould of coloured multizeta values defined for se-
quences in seq (Q/Z x N*) by:

s s eln1 ceeer
17'.' b T - ;
Ze ") = E ———"— where e, = e ¥ for k € [1;n].
nlsl e anT
1<n,<---<ny

Its generating series Zig® is then a symmetri mould defined for se-
quences in seq(Q/Z X (V})ieN*) . This also gives us the definition of the
bimould Zig®:

€1, " Er —&p, e ,—€1
AV Ve A\ =V =W
Zig_ = (—1)"Zig '

In a similar way, we can define formal or analytical coloured Hurwitz
multizeta functions as well as formal or analytical coloured multitangent
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functions. These are bimoulds valued in the algebra of holomorphic func-
r> € seq (Q/Z x N*) — {0}, with

€1, €&

81,7, 8r

tions over C — Z or in C[X] . If (

the notation e, = e %™+ for k € [1; n], these are respectively defined by:

ni Ny
.. '67’-

o (ny + 2)

(517'“737‘) 61
ey (2) = Z (n1 + 2)

S1 Sr )

0<n,y<---<ny1<+00

517.4.’&‘7, 51 RN 67.
(517...,5T) T ; k’l—l (s ... .8 )
He., (X) = ZLH ( L ) Ze\t TR (X

e e
Te\™ " )(z) = Z r

(ny+2)" - (n, + 2)

Sr )

—00< Ny <+ <N <+00

Te ( ’ST)(X) - S He () (X)Ce (> (X)He(ss) (X) .

CIEEH)

Obviously, these definitions contain some divergent cases for Hurwitz
multizeta functions as well as for multitangent functions: in the first case, it
is when (g1;s1) = (0;1) , while it is when (g1;51) = (0;1) or (g,5s,) = (0; 1)
in the second case. In these exceptional cases, a regularization process is
needed and is based, as we have done previously without colors, on the
regularization of the generating series Zig® and, so, on the following well-
known lemma due to Jean Ecalle (see [17] p. 5 and [19] p. 6) :

1
Lemma 15. Let p"7 " = — where the non-increasing sequence
Ty Tp-
n = (ny;---;n,) € seq(N*) attains vy times its highest value, o times
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its second highest value, etc.
For (up)pé[[l;r] €eC andke|l;r], let e = e 2™ .

Finally, for all k € N*, we consider the moulds doZig; and coZig;, defined

for all <u1 M) € SGQ(Q/Z X (V%)z'eN*) by:

V1, Ur

(u1,--- ,ur) Z elnl . ernr Zfr 7& .
Vl"“ 7VT — o . —_ ’ :
doZig,, = 1<n,<--<ni<k (1 = V1) (ne = V7)
1 Lifr=20.
( Mnly'“7n7‘
w1, 1) P |
( , ) (173 e ifu#Oandr£0
1<n, <. <n1<k
Z' Vlu"' 7Vr‘ B
o - 0 cifu=0andr#0.
1 Cifr=0.

\

Then, the mould Zig admits an elementary mould “factorisation”:

Zig®* = lim (coZig, x doZig;) .

n—-4oo

Let us remark that in this “factorisation”, the mould doZig; gives us the
dominant terms of Zig®, while the mould coZig;, play the role of correcting
the series to restore the convergence of the divergent series

elnl e eTnT
> (i — 1) (y —v)

1<n,<--<n1<k

Some new moulds. Let § be the indicator function of {0}. Let us also
consider the formal bimoulds Qig® and 0* defined on seq(@ /7 X (V;)ieN*)
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)
Qig" =0 .
Qig Vl) Te(l)(vl).
u1,~~-,u,«)
| Qig V) — o ifr > 2.
(
& =0
ULy Uy C N
(V V) <Z:’) O(uy)---0(uy) ,if ris even.
5 1, s Vr — !
0 , if r is odd.
\

Second expression of Tig®. We will apply the previous lemma, which gives
an expression of Zig®, in the first expression of Ti¢g®. This will allow us to
make a partial fraction expansion in the indeterminate X. We then obtain:

Theorem 5. Let Qig® be the bimould valued in H(C — Z) and defined for
all z € C—7Z by:

—Tet(yi—=z) ,ifr=1.
Qighvr(z) =

0 , otherwise.

Then, for all z € C — Z, we have in C[X][(V})ren+]:

Tig®(z) = 6° + Zig® x Qigl*l(z) x Zigk .
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Proor. Continuing to use the same principle for our notations, we set:

uyp o, Up
i—-Y, - V=Y

ul Up
(Vl7... 7VT>
doZigy (X) = doZigy

ULy Ur UL, Ur
Vi,V Vi-Y, VoY
(X) = :

coZigy = coZigy
U, Up —Up, -+, — U]
Vi,---, Vi Ve, =
doZig (X) = (=1)'doZig_ y (X) .
wi, e —us
Vi,ooo, Vi I Z TR %1
coZig "y (X) = (=1)coZig (X) .
ul,. .. 7u7'
Let € seq(Q/Z x (V;)ien+). Lemmas 13 and 15 give:
Vi V.

Tig*(X)= lim (coZigy X Tigh(X) x coZig® y) ,
N N b

N—+o00
where T'igy (X) = doZigy (X) x Cig*(X) x doZig® y(X) .

It is not difficult to obtain another form of the previous trifactorisation
by proceeding in the same way as in the proof of the trifactorisation of T e*:

ULy, Ur
) (Vl,'”,vr) elnl ...ernr (19)
Tign - Z (m—-V+X)--(n, -V, +X)

—N<np<---<ni<N
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Now, we can write down the partial fraction expansion in 7igy:

(u17... 7u’r)
.
Vi,--, Vp o.M
Tig =2 X 11 :
N
n; —ng+ Vi =V,
k=1 —N<ny<--<ni<N selLir J ko Vi J
J
ek”k
ng — Vk + X '

Plugging this expansion in (19), after some calculations, we obtain in
CIXT(V2)ren-]:

Tig*(X) = 6* + Zig™ x Qigl*l(X) x Zig® .

It is clear that Qig®(z) is also well defined in a neighbourhood of 0 in
seq(C). Moreover, the generating functions Zig® and Zig® are actually
Taylor expansions defined in seq(D(O; 1)) . Here, the key point is that
|Zef| < 477! for all sequences s € seq(N*) of length r. Such an upper
bound is far from being precise, but is sufficient for our purpose. A proof
of it comes from the algorithmic right move of the ones which begin an
evaluation sequence and:

tshe(a; B) = mmzw) 2" (a ¢ k) (b E k) -

k=0

defines an analytic function. The identity theorem for holomorphic func-
tions concludes the proof of this theorem.

This gives a neighbourhood of 0 in seq(C) where Zig* x Qigl*1(X) x ZigL'

O

To conclude this section, let us explain why the corrective term §° is
mandatory.

Let us imagine this is not the case, that is to say that we have two
functions ¢ and 1 such that the mould Te® is extended to the divergent
case by Te® = Hel ,xCe®xHe® , , where He? , and He® , are respectively
the extension to the divergent case of the moulds He? and He® such that

Hel = and He! =1 .
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Then, we would have the following identity because of the fundamental
equality proved in the previous theorem, but without the corrective term:

Higt , x Cig® x Hig® , = Tig* = Zig® x Qigl*l(2) x Zz’g£°

In particular, we would have equality of the constant terms of these
generating functions, that is, we would have 1 = 0 --- Consequently, we
can not find a choice of the functions ¢ and v that extend the Hurwitz
multizeta functions such that there is no corrective term in the reduction
into monotangent of divergent multitangent functions.

7.5.3. Reduction into monotangent functions for divergent multitangent func-
tions
Theorem 5 admits the following corollary which comes from a direct
formal power series expansion of Tig®(z) . This corresponds exactly to the
fourth point mentionned at the beginning of this section. Let us remark
that, from now on, we only consider moulds and not bimoulds.

Let us recall that we have introduced the following notations (see sec-
tions 3.1 and 7.5.2):

B = <ﬁ<—1>’“) (f[(—m) f[(sljl'f[l)

=1 l=i+1 =1
1#i

Z-’Sk = E iBiZQSTJFkT»"' 1Sit1tkita Zesl+k1,--- Si—1+ki 1
3 k .

)
kyyee kg, k>0
k1+u.+ki+m+k7,:k

(im)"

58 _ rl

,if s = 10 et if 7 is even.

0 , otherwise.

Then, we have:

Theorem 6. (Reduction into monotangent functions, version 2)
For all sequences s € seq(N*), we have:

g _6S+ZZ zs—kTe

i=1 k=1

Moreover, if s € Sy, the summation of k begins at 2 .
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This result is computable. One can give complete tables for divergent
multitangent functions up to a fixed weight, as in the convergent case (see
table 1 for the convergent case and table 7 for the divergent case) .

For example, one can see that Te®! and Tel? are null. As already
said in the introduction, this remarkable fact shows us that the relation of
symmetrelity Te*Tel = Te*! + Tel? + Te® = Te(z) allows us to find in
a different way (more complicated, but more general) the simplest relations
between Eisenstein series.

8. Some explicit calculations of multitangent functions

Before presenting some explicit calculations of multitangent functions,
let us remind a few notations. If a is any sequence, then al”! denotes the

sequence « - - - - - & , where the sequence a is repeated k times. In particular,
—
r times
nl¥l is the sequence (n;--- ;n) where n is repeated k times.

8.1. Calculation of Te'" (z) , forr € N

For all r € N, Te'"(2) is the constant term of Tig"* ¥ so:

Gr)" e oz r—1

117 | P 1

Te (X)=¢ T + E Zig" Zig_ Te (X) .
0 ,ifr¢g2Z k=0

We have evaluate ZZigo[k] Zigg[nfk] for n € N*, by considering the

k=0
product Z,Z | where:

2 = zZig""x" =3z X"

n>0 n>0
. oln [n]
Z_ = E Zig? " X" = E Zel XM
n>0 n>0

The mould Ze® and Ze® being symmetrel , we automatically obtain the
following formal differential equations (see Property 15) :
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So: D(Z.2.) = Z,HelZ +Z He'Z = Z,Z (Hel + He')

= —2Z.Z (Z Ze2n+2X2n+1>

n>0

= —2Z.Z_ (Z 262"X2”—1> .

n>1

Letting Exp be the formal exponential, we obtain:
Z,Z =Ex <—Z ZL%)@“)
+&—- = Lxp n :
n>1
On the other hand, in C((X)), we have:

1 1 1 _1_cos(mX) 1
He, (X)+He (X)=Te (X)-X —WW—X.

Indeed, this relation is valid in C[X], so:

He' (X)+ He' (X)=D (Log (Sin(”X )>) .

X
So that:
Zen sin(mX) (rX)*
2,2 —Frp | -5 2 x| = N T
2 ooy (3 2 ) < e
Finally, we obtain:
()" . :
Jif r € 27 0 ,if r e 27
Te"(X) = r! +4 x Te (X) ,
: (im)™ .
0 ,ifr¢g2Z if r ¢ 27

2r — 1)1’
g V=1



and the analytic equality follows for all z € C — Z:

Tl (2) = (_1>p(2p)!

(—1p

Jifr=2p.

—Te' ifr=2p+1.
(2p+1)!T€ (z) ,ifr=2p+
8.2. Calculation of Te”[k](z), form e N* and k € N

We will give an explicit evaluation of all multitangent functions of the
form Te”[k](z), for n € N* and £ € N, in term of monotangent functions
and multizeta values. This will be done by proving the following property:

Property 14. Let n € N* and k € N. Denote by E the floor function and
define the functions ty,, for (k;n) € N x N* by:

cos™ W (x) , ifk is odd.
Vo e Rty ,(z) =

sin™V(x) | if k is even.

Consider the moulds sg® , €* and s* , which are C-valued and defined over

the alphabet Q = {1; —1}:

n n n
_q)ir
sg—‘e:Hek, §& = E €k » ef = E epe P15
k=1 k=1 k=1

Then, for all z € C—7Z , we have:

(_1)n71+E(%) kn

Ten[k](z) - (kn)!(2 sin(wz);r" Z 9% b (5°72)

e=(e1; ;en)EQM

In order to prove this, we will use an elementary theory of formal power
series in one indeterminate. The central point is the following lemma. This
gives us a formal differential equation automatically satisfied by the gener-
ating functions of the family of multitangent functions under consideration.
Then, we only have to find out a formal power series expansion of solutions
of this equation.
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8.2.1. A property linking symmetrelity and formal differential equation
Let us begin by proving the following general property concerning sym-
metrel moulds:

Property 15. Let us consider a commutative algebra A, a semigroup (€2; +)
and a symmetrel mould Se® € M5 (Q) .
For all w € Q) | we set:

—+00 —+00
Fo=Y 8¢ xr | Gu= Y (—1)rSelrie e,
p=0 p=0

For a given w € €, the formal power series F,, satisfies the differential
equation:
DY =YY@, .

Let us point out that this property is well known is combinatorics as the
Newton relations for symmetric functions. Here, the term F,, means to be
the elementary symmetric functions while the term G, is then the power
sums.

The proof of this property we will give here is based on the algorithmic
removal to the right of the ones which begin an evaluation sequence w € 2 of
the mould Se® ; so the proof is exactly based on the notion of symmetrelity
. This algorithm is recursively presented by the following formula:

p—1
Vp € N7vw S Q; Sew[f’]sew = (p =+ 1)Sew[p+1] + Z Sew[k]gw,w[?*k—l]'
k=0

PROOF. Let us fix w € 2 and introduce the temporary notation w,; for
(p;1) € N x N*:

p

1 (k] 1 wlP—F]
up; = (—1) E Se e

k=0

Then, using the symmetrelity property, we have for (p;1) € (N*)? :

p p—1
(k] [p—F] (k] [p—1—k]
(_1)ZS€w[1’]Selw _ (_1)l§ Sev Jw,w!P o (_1)l+1 § Se® J(HDw,w!P
k=0 k=0
= Upl — Up-1,1+1 -
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This implies successively, for p € N*:

p—1 P
Z(_l)lsew@*l] Se(l+1)w - _ Z(_l)lsew[pf(lfl)] Selw
=0 =1
p
- Z (“P—(l—l),l - Upfl,l+1)
=1
= Uop+1 = Up
— (_1)p+156(p+1)w + (p + 1)Sew[p+1]'
p
Then: (p + 1)S€w[p+1] _ Z(_]_)lsewlpfllse(l-l-l)w ’ for all pe N*
=0

Since the previous equality is also true for p = 0, we can state the fol-
lowing equality between formal power series:

DF, =F,G, .
U

Using the fact that two formal power series with the same formal deriva-
tive differ only by their constant term, it is not difficult to see, if A is a ring
and if ¢ € A[X], then formal power series satisfying DY = Y D¢y are
defined by:

Y(X) = CEaplp(X) - (0)),C € A .

Here, Exp refers to the formal exponential. The resolution of such a
formal differential equation boils down to a problem of expressing a formal
indefinite integral. The constant C' is then determined by the constant term
inY.

Indeed, as already announced in the course of the evaluation of Te' ! (X)
(see Section 8.1), by the symmetrelity of Ze®, the formal power series

Z, = Z Ze" X7 satisfies the formal differential equation:
r>0

DZ. =Z, (Z(—npzep“)(f’) = Z,Hel .

p=>0
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8.2.2. Application to the mould Te*(X)
Recall that the mould T'e®(X') has been extended to seq(N*) in the previ-
ous section, in such a way as to preserve the symmetrelity property. Hence,

the previous property applies: if we set, for n € N*, T), = Z Ten™ (X)Y?

p=0
+oo
and U, = Z(—l)pTe"(pH)(X)Yp, we then have, for all positive integer n,
p=0

in C(X))[Y]: O

We just need to compute a formal indefinite integral of U, in order to
calculate Tem” (X) for all p € N. Let us consider V,, € C(X))[Y] defined
by Vo(X;Y) = U, (X;Y™) . A permutation of formal summation symbols
(which is a priori a non-authorized operation) , followed by a partial fraction
expansion, suggests we have for all positive integer n:

n—1
nY WL (X Y) = = 3 e e (X - e<2k+1)%y> .

k=0

Recall that, here, S and Dy denote respectively the taking of the con-
stant term and the formal derivative relative to the indeterminate Y. In-
deed, the Taylor formula permits to prove this relation in the ring C(X))[Y] .
For | € N, if we denote the right hand side of the previous equality by W,
we have successively:

n—1
ll'S (Déy)Wn) = ( Ze 2kA1)(1+1) 2 141 (X _ €(2k+1)igy>>

k=0
n—1
_ (Ze (2k+1)(1+1) 1;;) TeHl(X)
k=0
0 ,sil+1#0[n].

n(=1)1Tei™(X) ,sil+1=qn.
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—+00 —+00

Hence: W, = Z'S(Dl W) Y= " n(—1)r ! Tem(X)y ™!
=0 q=1
—+00
= Y"1 (=) (X)y ™
q=0

= RY"L(XY)
In the ring C((X))[Y], we therefore have:

n—1
nY" W (XGY) = = BT (X—e@k“)%”Y) .
k=0

The ring morphism ¢, : C(X))[Y] — C(X))[Y*/"] defined by
‘;On(Y) =y

is a continuous one for the [-adic topology; we hence observe that if P is
a polynomial with coefficients in C((X)), then p(P(X;Y)) = P(X;Y'/") .
This can be extended to formal power series of C((X))[Y], using the conti-
nuity of ¢,, and the density of polynomials.

Transposed in C((X))[Y'/"] using the morphisms ¢,,, the relation ex-
pressing V,,(X;Y) becomes in C(X))[Y'/"] :

3
,_.

Un(X3Y) = 1y R Tel (X — e(%“)%Y%) el
n
0

i

A priori, this last equality is in C((X))[Y/"], while by definition we have
U, € C(X)[Y] . We can then proceed component by component in the
ring C(X))[Y] .

To express T,, by using the general formula of solving a first order formal
differential equation, it is sufficient to determine the exponential of the
formal indefinite integral (in Y'), without constant term, of wTe'(X + wY’)
in C(X)[] .

To this purpose, let us remind we have proved in C((X))[Y], the relation
Te'(X +Y) =

tan(rX + 1Y) Therefore, the formal indefinite integral

in Y of wl'e!(X + wY), for w € C, without constant term, is given by

' X Y
Log. (). Conmsequently, in €(X)1Y, the formal i

w
inite primitive in Y without constant term of —7Te' (X + wY%> a1 s
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sin(mX)
tion in C((X))[Y'/"], we deduce that for all positive integer n:

in(m(X +wYn
Log <Sm(ﬂ( T ))> Thus, by solving the formal differential equa-

oo H sin (7T<X — e(%“)%Y%))
T, =Y T (X)y? ==

p=0

sin” (7w X)

Let us insist on the fact that, although seeming to be a priori a relation
in C((X))[Y'*/"], this equality hold in fact in C((X))[Y], by definition of T, .

8.2.3. A new formal power series expansion of T,

In order to calculate Te™” (X) for (n;p) € (N*)2, we need a formal power
series expansion of T}, expressed in another way than its definition. To get
this new expansion, it is convenient to expand a product of many sinus
terms.

It is easily seen, by induction on n, that in C[Xy;--- ; X,,]:

n ) -1 n—1 e ‘ B n
,HSIH(Xk) = ( 21 Z (—1)#keltinder=—1} gy (n=1) (Zaka> .

(e15+sen)E{+1;—1}" k=1

Let us consider the moulds sg® , €* and s* , which are C-valued and
defined over the alphabet Q = {1;—-1} for all sequences ¢ € seq(92) by:

sg° = Hgk u{ze[1 nlei=—1} g ng and ef ZE’“‘B (2k—1)ir

Let E be the floor function and define all for (k;n) € Nx N * the functions
tk,n by

cos™ N (x) | if k is odd.
VreR , tk’n(l’) =

sin®V(x) | if k is even.

It follows that for all n € N*, we have successively:
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-1 n—1
T, = ﬁ E sg° sin(™1) <s§7rX + 6§7TY%>
sin (7 n

e=(e1; ;€0 )EQT

—1)1 I (L EEE) (e )k .
(2<sin(3rX))" 2 (595;_; : A ) tk,n(saﬂX)Y")y

e=(g; 1en)EQ™

R _1\n—1+E(EL_k

( 1) 1+ 2 ™ g ) 15
- 2 kI(2sin(m X)) Y. sE(E) (XY
‘ e=(e1;56n)EQT

k=0
Note that we have used in the second equality

k
n

+o0 (_1)E(M)

sin" V(X +Y) = X -

ten(X)Y"in C[X; Y],

e
I
=

and that in the last sum, Q" is a finite set.

As already indicated before the end of the previous paragraph, we have
by definition of 7,, : T,, € C(X))[Y]. This imposes the vanishing of the
coefficients of Y if n { k in the previous equality. Hence:

+oo (_1)n71+E(%) kn

Z s
(kn)!(2sin(rX))" . z; o §9°(€5) " tinn (57 X)

k=0

It follows that we have proved, for all (n; k) € N*x N, the formal equality
announced in Property 14:

(k] (_1)n—1+E(%)ﬂ.kn

T = s X))

Z 595 (€5) (s X) .

e=(e1; 360 )EQT

To conclude this calculation, we only have to justify that the analytic
equality follows from the formal one. This is obvious because each (conver-
gent or divergent) multitangent function is a Laurent series at 0 which is
exactly given by the expression of the associated formal multitangent func-
tion. In the componentwise equality which has just been proved, we can
thus replace the straight capital letters by cursive capital letters to conclude
the proof of Property 14.
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8.2.4. A few examples
For n = 1, this result gives, for k € N* and 2z € C - Z :

(=Lpm i — 2
Tel[k:] (Z) _ (2p>‘ 3 p .
(=Dpr*__ | .
WT@ (Z) ,1fk:2p+1.
Also, for n = 2, this result gives, for k € N*and z €¢ C - Z :
" 92k—1,-2k—2
Te* (z) = WTeQ(z).

The table 8 gives some others explicit results from this property.

8.3. About odd, even or null multitangent functions

Surprisingly, there exists convergent multitangent functions which are
null (see table 1). The first multitangent with this property is Te*!2. It is
easy to see: the reduction into monotangent functions impose on 7e*!? to
be C-linearly dependent to Te?, hence to be an even function ; nevertheless,
the parity property tells us 7e?!2 is also an odd function. Necessary, the
multitangent function 7 e?%? is the null function.

In the same manner, we can state the following lemma:
Lemma 16. Lets € S5 Nseq({1;2}) be a symmetric sequence (i.e. s =s),
of odd weight and of length greater than 1 .

Then, Te® is the null function.

When we look at a table of convergent multitangent functions up to
weight 18, it seems that the converse is also true:

Conjecture 12. (Caracterisation of null multitangent functions) The null
convergent multitangent functions are exactly the multitangent functions
Te? with symmelric sequence s € Sy, N seq({l;Q}), of odd weight and of
length greater than 1 .

We mentionned that this conjecture is true for length 3 (see [3])

Let us remark that even (resp. odd) components of an odd (resp. even)
multitangent function are naturaly null. The following question is then
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an interesting one: “ If s € Sy, (or seq(N*)) , is there any component
Ter, ke [2; max(sy;--- ;s,) Jwhich does not appear in the reduction into
monotangent functions of Te$ 27

It seems that the answer might be no, except when the multitangent
function which does not have this component is an odd or even function.

An other question is also: “ If Te® is an odd or even function, have we
« o i i
necessary got s = s ?7 This time, it seems to be yes. The converse is
already acquired, according to the property of parity.

All of this discussion can be summed up in the following conjecture
(which obviously implies the previous one) :

Conjecture 13. (Caracterisation of odd or even multitangent functions)
Let s € S5,

1. If the component Te*, k € [2; max(sy;--- ;s,)], does not appear in the
reduction into monotangent functions of Te® , then Te® will be of opposite
parity of k (and thus may be the null function) .

% The multitangent function Te® is an odd or even function if and only if
S =s.

8.4. Explicit calculation of some multitangent functions

The reduction into monotangent functions allows us to do some explicit
calculations of multitangent functions. We will give a few examples in the
convergent case.

In order to apply this reduction simply, here are a few elementary re-
marks:

1. Only the indexes i satisfying s; > 2 give a contribution to the expres-
sion of the reduction into monotangent functions.

2. If s € S5, Niseq({1;2;3}) is a symmetric sequence (ie s =s) of even
weight, only the monotangent function 7e? has to be considered; this
means that only the indexes & = 2 give a contribution to the reduction.

3. If s € 8§, Mseq({1;2;3}) is a symmetric sequence of odd weight, only
the monotangent function 7e® has to be considered; this means that
only the indexes k = 3 give a contribution to the reduction.

Applying these remarks, a simple calculation gives us the results of the
table 9.
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9. Conclusion

In this article, we have thoroughly investigated the algebra MTG F¢y,
of multitangent functions, spanned as a Q-vector space by the functions:

Tes: C—-Z — C

1
—
& Z (nl + 2)51 e (nr + Z)Sr ’

—oco<n,y< -<ny<+0o0o

for sequences in S, = {_S € seq(N*); 51 > 2 and sy > 2} )

The first properties we have proved are elementary ones and concern the
symmetrelity of the mould 7 e®, the differentiation property and the parity
property. Another seemingly easy property is in fact a deep one, namely
the reduction into monotangent functions:

Theorem 7. (Reduction into monotangent functions)
For all sequences s = (s1;+ -+ ;8,) € seq(N*), there exists an explicit family

(z0)kefo; M] € MZVEE with M = n[[laxﬂsi, such that:
i€ 1l;r

maz(s1;;Sr)
V2eC—7Z, Te¥(z) =25+ Z 5 Tek(z) .

k=1

; * s_ 5 __
Moreover, if s € Sy, then z5 = 2z] =0 .

We have then immediately derived that for all p > 2, we have:

p—2
MTGFCV’Z; Q @MZVCV,p—k : T@k .

k=0

Then, we have explained why the reduction into monotangent functions
is such an important operation. The reason is that this process has in a
certain sense a converse, namely the projection onto multitangent functions.
According to Conjectures 2 , 3 and 4 and Properties 4 and 5, we have proved
the following:

Theorem 8. (Projection onto multitangent functions)

The following assertions are equivalent:
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p—2

1. For all non negative integer p , MTGFey,, = @MZVCV’I,,;C S Tek
k=0

2. MTGFgy is a MZVey-module.

3. For all sequence ¢ € 8§, Ze?Te?> € MTGFey,jig)42 -

By an argument of linear algebra, we have explained that the largest p
is, the stronger are the reasons to believe in the previous assertions. We
have verified them up to weight 18 .

The third important fact, which was used during the regularization pro-
cess of divergent multitangent functions, is the trifactorisation of the multi-
tangent functions: all multitangents can be expressed as a finite product of
Hurwitz multizeta functions in such a way as to preserve the exponentially
flat character of multitangent functions.

Finally, the links between the algebra of multizeta values and the algebra
of multitangent functions are summed up by these three properties and the
following diagram:

MZVCV evaluation at 0 %MZF+,CV

reduction projection

v
trifactorization
MTG Foy 2222 HMZF: cv

As an example of the “duality” multizeta values/multitangent functions,
we have explained that if the hypothetical M ZVy-module structure holds,
then we have a conjecture concerning the dimension of MT'G Fcy,, which is
actually equivalent to Zagier’s conjecture on multizeta values. This justified
the following table of conjectural dimensions:

If these dimensions looks reasonable, this is because of the existence of
many Q-linear relations between multitangent functions. For instance,

AT 313 _ 9T 312 | 2122 _

is an interesting relation because it implies a relation between multizeta
values, discussed at the end of Section 5.
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D 0[112(3(4|5|6| 7|8 |9 [10]|11|12

dim MZVey, 1101111223 |4 |5 |7]9]12

dim MTGFeypio [1[1]2]3[4]6|8|11|15]20 |27 |36 |48

Figure 5: The first hypothetical dimensions of multitangent vector space of weight
p+2.

Now, the remaining question is to find a new method to prove that there
is no non-trivial Q-linear relations between the multitangent functions which
are supposed to span MT'GFcy,,. To illustrate this, if we were able to prove
the absence of non-trivial Q-linear relations between 7e® , Te>? , Te?3 and
Te?, this would imply a well-known fact: ((3) = Ze®* € Q . Such a partial
result would already be an important breakthrough, because such a method
would certainly be generalisable to other weights, while Apery’s method is
not. Nevertheless, such a method would probably not give an upper bound
of the irrationality measure, while Apery’s method can.

Probably, the new method would come from the study of the Hurwitz
multizeta functions, and more precisely from the study of algebraic relations
in the algebra HMZV, ¢y .

A. Introduction to mould notations and calculus

For all this annex, references can be found in many text of Jean Ecalle.
See for instance [15] or [17] ; see also for other presentation than these of
Jean Ecalle : [12] or [31].

A.1. Notion of moulds

A mould is a function defined over a free monoid seq(2) (or sometimes
over a subset of seq(£2)), valued in an algebra A. Concretely, this means
that “a mould is a function with a variable number of variables”.

Thus, moulds depend of sequences w = (wy;- -+ ;w,) of any length r.
The variables w; are elements of €. We will often identify sequences of

seq(€2) and non-commutative polynomials over the alphabet €.
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In a general way, we will use the mould notations:

1. Sequences will always be written in bold and underlined, with an
upper indexation if necessary. We call length of w and denote [(w)
the number of elements of w. Without more precisions, we will use
the letter r to indicate the length of any sequences. We also define
the weight of w, when €2 has a semi-group structure, by:

Il = wy 4wy

2. For a given mould, traditionally denoted by M as a map from seq(2)
to A, we will prefer the notation M* which indicate the evaluation of
the mould M* on the sequence w of seq(2) .

3. We shall use the notation M?$(Q2) to refer us to the set of all the
moulds constructed over the alphabet () and valued in the algebra A .

A.2. Mould operations

Moulds can be, among other operations, added, multiplied by a scalar
as well as multiplied, composed, and so on. In this article, among the
operations we will use, only the multiplication needs to be defined: if
(A% B*) € (M3(Q))%, then, the mould multiplication M*® = A® x B* is
defined for all sequences w € seq(£2) by:

l(w) , ,
M= > AUBY =) At e
(whiw?)e(@*)? 1=0
wlwi=w

There are a few explanations relative to notations. For a sequence

w = (w; - ;w,) € seq(2) and an integer k € [0; r], we write:

0 Jif k= (Wrats - swy) L if k<.
wsk = and w’t =

(Wi swg) , if k>0 0 Jif k=1,

Let us remark that the two deconcatenations () - w and w - () intervene
in the definition of the mould multiplication and refer respectively to the
index ¢ = 0 and i = [(w). We will denote such a product by:

(A x By =Y A'BY

wlw?2=w
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Finally, (M%(£2),+, -, x) is an associative but non-commutative A-
algebra with unit, whose invertible are easily characterised:

(ML) = {M* € M3(Q); M* € AX} .

We will denote by (M*)*~! the multiplicative inverse of a mould M*®, when
it exists.

A.3. Symmetrality

Let us first remind that the shuffle product of two words P = py---p,
and ) = ¢ ---qs constructed over the alphabet ) is denoted by LU and
defined recursively by:

Pue=cwP=P ,

Pu@Q=p(ppuQ) +qa(Pug q),

where ¢ is the empty word. As an example, if P = a-b and () = ¢, we have
P @ = abc+ acb + cab .

In order to have a better understanding of the shuffle, one can have a
visual representation of it. One can see a word as a desk of card, then the
shuffle of two words becomes the set of all the result one can obtained by
inserting classically one desk of cards in another one.

The multiset sha(a;fB), where a and B are sequences of seq({2), is de-
fined to be the set of all monomials that appears in the non-commutative
polynomial a L B, counted with its multiplicity.

When A an algebra, we define a symmetral mould Ma® to be a mould
of M3 (€2) which satisfies for all (a;B) € (seq(Q))2:

Ma2MaP = Z’ Ma? .

YEsha(a;B)

Here, the sum Z' Ma? is a shorthand for Z mult (g; §> Ma?,
Y€sha(a;B) YEseq(Q) 7

9‘;9) is the coefficient of the monomial 4 in the product a i

where mult( .

and is equal to (& W Bly) . From now on, we shall omit the prime on the
sum:
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Ma*Md® = Y~ (@wBly)Ma? = >  Mad?.

yEseq() vy€sha(a,B)

The symmetrality imposes, through a multitude of relations, a strong
rigidity. For example, if (z;y) € Q% and Ma® denote a symmetral mould,
then we have necessarily:

Ma*Ma¥ = Ma™ + Ma¥®
Ma™Ma¥ = Ma¥= + 2Mav¥ .

A.4. Symmetrelity
Let (€,-) be an alphabet with an semi-group structure. Let us first

remind that the stuffle product of two words P =p;---p, and Q = q1 - - - ¢s
constructed over the alphabet €2 is denoted by x and defined recursively by:

Pxe=exP=P .
PxQ=pi(prp*Q)+a(Pxga-q)+pr-a)(p2prxagaqs),

where ¢ is again the empty word. As an example, in seq(V), if P =1 -2
and @ =3, then: Px@Q=1-2-3+1-3-2+4+3-1-24+1-5+4-2.

As well as for the shuffle product, one can imagine a visual representa-
tion of the stuffle product. Seeing one more time a word as a desk of card,
then the stuffle of two words becomes the set of all the result one can obtain
by inserting magically one desk of blue cards in a desk of red cards. By
magically, we mean that some new cards may happen: these new ones are
hydrid cards, that is, one of its sides is blue while the other is red. Such
a hybrid card can only be obtained when two cards of different colors are
situated side by side in a classic shuffle of the two desks of cards. In the

previous example, the hybrid cards are 5, coming from the shuffling 1 - 5,
and 4, from 4 -2 .

The multiset sha(a;f), where a and B are sequences of seq(f2), is de-

fined to be the set of all monomials that appears in the non-commutative
polynomial & LLJ B, counted with its multiplicity.
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The multiset she(a;B), where @ and B are sequences in seq(f2), is de-
fined to be the set of all monomials that appears in the non-commutative
polynomial a x B, counting with its multiplicity.

When € is an alphabet, which is also an additive semigroup and A an
algebra, we define a symmetrel mould Me® to be a mould of M$(£2) which

satisfies for all (a;B) € (Seq(Q))Q:

Me2MeP = Z' MeY .
Y€she(a; B)

o

Here, the sum Z’ Me2Y is a shorthand for Z mult (_ ’ §> Me?,
yEshe(a;B) YEseq($2) 7

where mult (9‘,;9) is the coefficient of the monomial 7 in the product a x 8

and is equal to {(a * Bly) . From now on, we also omit the prime:

Me2Mef = Z (axBly)Me? = Z MeY .

YEseq(Q) yEshe(a,B)

As well as the symmetrality, the symmetrelity imposes a strong rigidity.
For example, if (z;y) € Q? and Me® denote a symmetrel mould, then we
have necessarily:

Me*MeY = Me*Y + Me¥® + Me®tv.

Me*YMeY = Me¥®Y + 2Me*¥Y + Me 9y + Me®% |

A.5. Symmetrility
If Me® is a symmetrel mould over seq(N*) | valued in a commutative
algebra A, then its generating functions, denoted by M1g®, is defined by:

Mig® =1 .
Migh=vr =y Met ot e Ao ]

81,0 ,8r21

The mould Mig® is then automatically a symmetrs mould, that is to
say that it satisfies the relation:

Mig¥Mig™ = Z Mig* .

x€shi(v;w)



The multiset shi(v;w) is also a quasi-shuffle product as defined in [22],
as the stuffle. If v and w are sequences over an alphabet of indeterminates,
this set is defined exactly in the same way as she(v;w), but, here, the
contraction of the quasi-shuffle product is an abstract contraction defined
over (N*)2. The evaluation of a mould Mig® on a sequence which has such
contraction is then done by induction and given by the formula:

Mig¥e¥ — Migyvw
T —y '

Mig!(ﬂf@y)&v —

A.6. Some examples of rules

Envisaged as a simple system of notations, the mould language already
leads us to concise formulas as well as the economy of long sequences of
indexes. But its real utility resids in the different mould operations and the
rules which indicate how these affect (preserve or transform) basic symme-
tries.

For example: 1. alternal o alternal = alternal .
2. symmetrel o symmetrel = symmetrel .
3. alterna/el conjugated by symmetra/el = alterna/el .
4. exponential (alterna/el) = symtra/el .

A.7. Some notations

We will always write in bold, italic and underlined the vowel which
indicates not only a symmetry of the considered moulds, but also the nature
of the products of sequences which will appear. Using this, it will become
simpler to distinguish symmetral , symmetrel and symmetrzl moulds as well
as to distinguish the set sha(a;B), she(a;B) and shi(a;f).

The moulds that we consider will carry in their name the vowelic alter-
ation whose immediately indicates their symmetry type. For example, the
mould 7Te®(z) is a symmetrel mould (see p 91), while Zig® is symmetril
(see p. 70). The absence of this vowel will also indicate that the mould
verifies no symmetry.

Finally, if @ = (aq;- -+ ; a,) is a sequence constructed over an alphabet
), we respectively denote by a and a!™, the opposite sequence a and the
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sequence a repeated k times:

a = (ap;---;00)
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Multitangent functions

Multitangent functions

Weight with no multizeta linearisation with exact evaluation of multizeta values
4 Te?? = 2Ze*Te? .
Te?3 = —3Ze3Te? + ZeTe? .
5 Te3? = 3Ze3Te? + ZeTed .
Te>12 = 0.
TeM = AZATE 22T+ ZETe | Tt = CCPTE - (TS + (T
Tehd = _6ZMTe? . Tet = 2 (2P
Tet? = 4Ze*Te? + 2Ze3Ted + Ze?Tet . Tet? = W C(2)*Te? 4+ 2¢(3)Te® + ¢(2)Te* .
6 Te213 — IAN%,M + Nm,\ﬁvﬂmw b Ze2ITe | Tel3 = Iwnﬁqu‘mw +((3)TeR
Tere2 = g (2 4 (2e2)?) TR Ter2t = 2 (2T
Tebl2 = —(Ze22 + Ze)Te? — Ze2Ted | | Tebl? = Iwm@wq‘mw —(3)T .
Te212 = 9z 2L17e2 T2 12 — MAvawﬂ%

Table 1. Tabulation of the multitangent functions of weight 4 , 5 and 6.
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1
Isl| =4 | Ze2Te? = §T62’2
Ze3Te? = é7’e3’2 — éTeZS .
Is|| =5 . .
Ze21Te? = 6T€3’2 — 6T62’3 )
1
ZelTe? = —6T€3’3 .
Ze*?Te* = —%T63’3 .
|Is|| =6 |
Ze3lTe? = —ﬂTe?”g .
Z2LIT 2 — _27-63,3 .
ZeTe? = —iTeE”2 — i7'64’3 + i7'63’4 + i7'62’5 .
30 15 15 30
1 1 1 1 1 1
FA T2 = 223 | L322 L L 52 L A3, L 125
erTe = 5Te i 100¢ Tl T A Te
1 1 7 7 7 7
263’2T62 — Z7‘63,2,2 . Zr7~€2,2,3 + EOT€572 + @TGZLB . @T63,4 . E07‘62,5 )
1 1 1 2 2 1
Z2BT 2 — S 223 _ S322 | L 52 S A3 S 34 Lo 25
sl 7 e Te 6Te 676 15Te 15Te + 15Te + 15Te
i 263’1’17-62 — iT€2’2’3 _ iTe?),Z,Q . iTGS,Q o iT€4,3 + iTeSA + iT62,5
12 12 40 20 20 40 '
1 1 7 7 7 7
Ze220 T2 _ td22 _ ta223 e Cpas Cpsa L op a5
e Te 4T€ 4T€ + 120Te + 60T€ 60T€ 120Te
1 1 1 2 2 1
2T 2 — D223 D322 L L 52 L A3 S 34 L 25
e *Te 6Te 6T6 15T€ 15Te + 15Te + 15Te
262’1’1’1T62 — _iT65,2 o iT€4’3 + iTe?)A + iT€2,5 ]
30 15 15 30

Table 2. Some examples of projection onto multitangent functions.
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8 -5 0 8, —7 0 0
5 35
_12 10 0 _A 0 21 0 0
5 7
8 32
8 o2 0 ~35 0 0
- ~10 0 -
8 _ 0 35 0 0
15 8 _21 0 0
— 6 35
2
15 352 ¢ 7 0 0
- 6 105
2
88 9 0 0 0
35 2
16
6 4 “u -2 =
105 5
16
8 9 14 20 =
35 2 5
16
% 21 -10 =
5
7
16
R —14 20 =
105 5
2 0 0 0
35
48
—28 O —
5
16
14 -2 =
5
48
28 0o -=
5
16
21 T ——
5
441
215 0
16
441
= 15 o
16
189 24
_ = 15 —==
16 5
189 24
22 _15 ==
16 5

Table 3. Obtained matrix, for the weight p € [4; 7], applying the explained
method relatively to the unit-cleansing for multitangent functions.
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Is|| =5 0.
1 1 1
67-63,3 4 Z_17-624 o Z7-64,2
1 1 1
sl| = A3 Lo oa 1 4o
|Is|| Te (Tt + T
—%763’3
1903 1300 150 T __ 43 23_ 45, 1_ 55
6Te GT 3T + 48T6 + 48T€ + BTe
1
Tedld — L7232
5
1 1 13 5 1
57-63’2’2 + §T€5’2 + ﬂT64’3 + 2—4T€3’4 - 57-62’5 .
g0 L5 1 g 1T 5, 1 o5
sl = 7 ST T T T T
i 2 300 150 O 45 11 _ 5, 155
= 3Te 6Te 24Te + 24Te + 6T€ )
2 500 1 _ 5o 11__ 49 O __ 5, 1_ 5
3Te + 6Te + 24Te 24Te 6T6 )
1 1 23 7 1
3112 _ _ta322 L5029 a3 (o34 15
Te 376 12T6 48T€ 48T€ + 127@ .

Table 4. Some examples of unit cleansing for multitangent functions of

weight 5, 6 and 7.
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Relations in MTG Fy Equivalent relations in MZV

Relations Origin
Tedb2 4 Te2l3 f Te2bl2 = (. Ze2bl = Zedl 4 Ze22 Double-shuffle

2T 312 4 Te222 4 9T 213 = () . (262)2 = 4Ze31 4 2Ze22 . Shuffle

Ze3Ze? = 6Zeb! 4 3Ze3? + Ze?3 . Shuffle

Te2d _ Teb2 4 9T o213 _ 9T 312 — () .

Ze? = Ze2l | Double-shuffle
3T 32 4 3Te?13 —Te33 =0 . Zet = Zedl 4 Ze?? Double-shuffle

Table 5. The four independent QQ-linear relations between multitangent

functions of weight 6.
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Relations in MTGF;

Te2lLL12 — (.
—4T63’1’3 + T€3’1’1’2 + T€2’1’1’3 =0.
4T€3’1’3 _ 2T€3’1’1’2 + T€2,1,2,2 =0.

AT 313 L 9T 3 L2 4 Te221.2 — () |

T€4’1’2 + 5T€3’1’3 + T€2’1’4 =0.

—T€4’3 + 7-64,1,2 + 5T63’1’3 + 7'62,2,3 _ 47-63,1,1,2 =0.
—5Te*? + Te**? = 0.

T€4’3 _ T€4’1’2 + T63’2’2 _ 8T63’1’3 + 47‘63,1,1,2 =0.
—T€5’2 + T€2’5 _ 4T€4’1’2 _ 18T63’1’3 + 4T€3’1’1’2 =0.

Tet3 4 Tedt £ 8Ted? =0 .

Table 6. The ten independent (Q-linear relations between multitangent
functions of weight 7.
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Weight | Multitangent functions | | Weight Multitangent functions
2 Telt = =3¢(2) . Telt = ((3)Te? = ¢(2)Te’ .
Tel? =0, Teb! = —((3)Te* = ¢(2)Te’ .
3 Te*! =0 . Tebb3 = ((3)Te* — %C(2)T63 .
Tett = —((2)Te" . Tel?? = —2((3)Te* .
Te's = —((2)Te . Teldt =0 |
Tet — ()T | e
| T 50T Tebt = (3T~ (T
Tel2t =0 | Tebh12 = ()T
Tetht = —((2)T¢? Teti2l =g .
Tebtit = (o) Tel2id =0 .
Tt = ()T
3

TelLLL1 — _C(Q)QT(?I .

10

Table 7. Tabulation of the divergent multitangent functions of weight 2 , 3 , 4 and 5.




ew (—1)Fa?E
Te = o
1[2k+1] (_1)k772k 1
T ke
2k—1._2(k—1)
2lkl L 2
Te* = 2k)! Te* .
sk 3(_1)k26k—27T6k—2 )
Te’ o = 6] Te” .
T 32k 41) 3(_1)k26k+1ﬂ.6k
e = e’ .
(6 + 3)!
9tk—14(k—1)
ot = P (o P () 30
5 (=1 k29k 10k—4
7 — S (2 3ot ) (7 - 27
5(—1 k29k 10k
T€5[2k+1] = —((10)]{ n 57;' (2k+3 . 3T€5 + OénTel (T62)2> 3
a=123+5V5 .
where a,, = 11(a* 4+ &% — 28¥1) 4+ 51/5(a* — a*) and
a=123-5V5.
96k—5.-6(k—1)
T — W (360Te6 — 18u,, Te*Te* — v, (7'62)3) ,
u, = 26+ (=27)F.
where

v, = 30—6(=27)F-3.2~.

Table 8. Examples of calculations of multitangent functions with repeated argument.
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VpeN |
V(piq) € N?
Vpe N,
VpeN
Vp e N |
VpeN,

Vpe N,

.Nlmmh [l 2 _

\Nlmw“iwﬁw“i&,m o
\Nnmmpivm,:z 2
\Nlmwuimwt_ 3 -

TeBurs

\Nlmw,i@_uw _

\Nlmwh [l 2 _

(14 (=1)P)Zert2Te? .
lenﬁmmﬁﬁbﬁ + (—1)1ZePt2 Zett? + Nmim%ﬁvq{mw .
AICNAN%LLVMQ'% :

2p+1
223 Tl = 22T

(2%F — 2(—4)P) ' Teb
(4p +4)! .

- QT% +1)Zert? + mmiv?w + Zer? e

(1P + 1) Zert2t 4+ (“1pZerts) Te2 + (~1pZer2Teb

Table 9. Examples of explicit calculations of multitangent functions.
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