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Abstract. In this c hapter, w e presen t a hierarc h y of in�nite-state systems

based on the primitiv e op erations of sequen tial and parallel comp osition; the

hierarc h y includes a v ariet y of commonly-studied classes of systems suc h as

con text-free and pushdo wn automata, and P etri net pro cesses. W e then exam-

ine the equiv alence and regularit y c hec king problems for these classes, with sp e-

cial emphasis on bisim ulation equiv alence, stressing the structural tec hniques

whic h ha v e b een devised for solving these problems. Finally , w e explore the

mo del c hec king problem o v er these classes with resp ect to v arious linear- and

branc hing-time temp oral logics.
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In tro duction

The study of automated (sequen tial) program v eri�cation has an inheren t the-

oretical barrier in the guise of the halting problem and formal undecidabilit y .

The simplest programs whic h manipulate the simplest in�nite data t yp es suc h

as in teger v ariables immediately fall foul of these theoretical limitations. During

execution, suc h a program ma y ev olv e in to an y of an in�nitude of states, and

kno wing if the execution of the program will lead to an y particular state, suc h

as the halting state, will in general b e imp ossible to determine. Ho w ev er, this

has not prev en ted a v ery successful attac k on the problem of pro ving program

correctness, and there are no w elegan t and accepted tec hniques for the seman tic

analysis of soft w are.

The history b ehind the mo delling of concurren t systems, in particular hard-

w are systems, has follo w ed a di�eren t course. Here, systems ha v e b een mo delled

strictly as �nite-state systems, and formal analysis to ols ha v e b een dev elop ed

for completely and explicitly exploring the reac hable states of an y giv en system,

for instance with the goal of detecting whether or not a halting, i.e., deadlo c k ed,

state is accessible. This abstraction has b een w arran ted up to a p oin t. Real

hardw are comp onen ts are indeed �nite en tities, and proto cols t ypically b eha v e

in a regular fashion irresp ectiv e of the div ersit y of messages whic h they ma y b e

designed to deliv er.

In sp ecifying concurren t systems, it is not t ypical to explicitly presen t the

state spaces of the v arious comp onen ts, for example b y listing out the states

and transition function, but rather to sp ecify them using some higher-lev el

mo delling language. Suc h formalisms for describing concurren t systems are

not usually so restrictiv e in their expressiv e p o w er. F or example, the t ypical

pro cess algebra can enco de in teger registers, and with them compute arbitrary

computable functions; and P etri nets constitute a graphical language for �nitely

presen ting t ypically in�nite-state systems. Ho w ev er, to ols whic h emplo y suc h

formalisms generally rely on tec hniques for �rst assuring that the state space

of the system b eing sp eci�ed is seman tically , if not syn tactically , �nite. F or

example, a giv en pro cess algebra to ol migh t syn tactically c hec k that no static

op erators suc h as parallel comp osition app ear within the scop e of a recursiv e

de�nition; and a giv en P etri net to ol migh t c hec k that a net is safe, that is,

that no place ma y acquire more than one tok en. Ha ving v eri�ed the �niteness

of the system at hand, the searc h algorithm can, at least in principle, pro ceed.

The problem with the blind searc h approac h, whic h has th w arted attempts

to pro vide practical v eri�cation to ols, is of course that of state space explosion.

The n um b er of reac hable states of a system will t ypically b e on the order of

exp onen tial in the n um b er of comp onen ts whic h mak e up the system. Hence a

great deal of researc h e�ort has b een exp ended on taming this state space, t yp-

ically b y dev eloping in telligen t searc h strategies. V arious promising tec hniques

ha v e b een dev elop ed whic h mak e for the automated analysis of extremely large

state spaces feasible; one p opular approac h to this problem is through the use

of BDD (binary decision diagram) enco dings of automata [20 ]. Ho w ev er, suc h

approac hes are inheren tly b ound to the analysis of �nite-state systems.

Recen tly , in terest in addressing the problem of analysing in�nite-state sys-
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tems has blossomed within the concurrency theory comm unit y . The practical

motiv ation for this has b een b oth to pro vide for the study of parallel program

v eri�cation, where in�nite data t yp es are manipulated, as w ell as to allo w for

more faithful represen tations of concurren t systems. F or example, real-time and

probabilistic mo dels ha v e come in to v ogue during the last decade to re
ect for

instance the temp oral and nondeterministic b eha viour of async hronous hard-

w are comp onen ts resp onding to con tin uously-c hanging analogue signals; and

mo dels ha v e b een dev elop ed whic h allo w for the dynamic recon�guration of a

system's structure. Suc h enhancemen ts to the expressiv e p o w er of a mo delling

language immediately giv e rise to in�nite-state mo dels, and new paradigms

not based on state space searc h need to b e in tro duced to successfully analyse

systems expressed in suc h formalisms.

In this surv ey , w e explore the t w o ma jor streams in system v eri�cation:

e quivalenc e che cking , whic h aims at establishing some seman tic equiv alence

b et w een t w o systems, one of whic h is t ypically considered to represen t the im-

plemen tation of the sp eci�cation giv en b y the other; and mo del che cking ,

whic h aims at determining whether or not a giv en system satis�es some prop-

ert y whic h is t ypically presen ted in some mo dal or temp oral logic. In the surv ey

w e concen trate exclusiv ely on discrete systems, and neglect in�nite-state struc-

tures related to, e.g., timed and h ybrid systems. The v ariet y of pro cess classes

whic h w e consider is catalogued in Section 1, where w e detail the relativ e ex-

pressiv e p o w ers of these classes. The t w o approac hes to system v eri�cation are

summarized here, where w e also sk etc h the con ten ts of the t w o relev an t sections

of the surv ey .

Equiv alence Chec king

Equiv alence c hec king, that is, determining when t w o (in�nite-state) systems

are in some seman tic sense equal, is clearly a particularly relev an t problem in

system v eri�cation. Indeed, suc h questions ha v e a long tradition in the �eld

of (theoretical) computer science. Since the pro of b y Mo ore [121 ] in 1956 of

the decidabilit y of language equiv alence for �nite-state automata, formal lan-

guage theorists ha v e b een studying the equiv alence problem o v er classes of

automata whic h express languages whic h are more expressiv e than the class of

regular languages generated b y �nite-state automata. Bar-Hillel, P erles and

Shamir [6] w ere the �rst to demonstrate, in 1961, that the class of languages

de�ned b y con text-free grammars w as to o wide to admit a decidable theory for

language equiv alence. Shortly after this, Korenjak and Hop croft [95 ] demon-

strated that language equiv alence b et w een simple (deterministic) grammars is

decidable. Only recen tly has the long-op en problem of language equiv alence

b et w een deterministic push-do wn automata (DPD A) b een settled (p ositiv ely)

b y S � enizergues [132 , 133 ].

Decidabilit y questions for P etri nets w ere addressed already t w o decades ago,

with the thesis of Hac k [63 ]. Ho w ev er, it has only b een in the m uc h more recen t

past that a more concerted e�ort has b een fo cussed on suc h questions, with the

in terest driv en in part b y analogies dra wn b et w een classes of concurren t system

mo dels and classes of generators for families of formal languages. In [114 ] Milner
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exploits the relationship b et w een regular (�nite-state) automata as discussed

b y Salomaa in [130 ] and regular b eha viours to presen t the decidabilit y and a

complete axiomatisation of bisim ulation equiv alence for �nite-state b eha viours,

whilst in his textb o ok [115 ] he demonstrates that the halting problem for T uring

mac hines can b e enco ded as a bisim ulation question for the full CCS calculus

th us demonstrating undecidabilit y in general. This �nal feat is carried out

elegan tly using �nite represen tations of coun ters in the thesis of T aubner [141 ].

These results are as exp ected; ho w ev er, real in terest w as generated with the

disco v ery b y Baeten, Bergstra and Klop [4 , 5 ] that bisim ulation equiv alence is

decidable for a family of in�nite-state automata generated b y a general class of

con text-free grammars.

In Section 2, w e presen t an o v erview of v arious results obtained regarding

decidabilit y and complexit y , with particular emphasis on bisim ulation equiv a-

lence, fo cussing on the v arious tec hniques exploited in eac h case. Our in terest in

bisim ulation equiv alence stems predominan tly from its mathematical tractabil-

it y . Apart from b eing the fundamen tal notion of equiv alence for sev eral pro cess

algebraic formalisms, bisim ulation equiv alence p ossesses sev eral pleasing math-

ematical prop erties, not least of whic h b eing|as w e shall disco v er|that it is

decidable o v er pro cess classes for whic h all other common equiv alences remain

undecidable, in particular o v er the class of pro cesses de�ned b y con text-free

grammars. F urthermore in a particularly in teresting class of pro cesses|namely

the normed deterministic pro cesses|all of the standard equiv alences coincide,

so it is sensible to concen trate on the most mathematically tractable equiv alence

when analysing prop erties of another equiv alence. In particular, b y studying

bisim ulation equiv alence w e can redisco v er standard theorems ab out the decid-

abilit y of language equiv alence, as w ell as pro vide more e�cien t algorithms for

these decidabilit y results than ha v e previously b een presen ted. W e exp ect that

the structural tec hniques whic h can b e exploited in the study of bisim ulation

equiv alence will pro v e to b e useful in tac kling v arious other language theo-

retic problems. Indeed, while S � enizergues' pro of of the decidabilit y of DPD A is

extremely long and complex, dev elop ed o v er 70 pages of a 166 page journal sub-

mission, Stirling [138 ] has since presen ted a far simpler pro of of this result using

v ariations on some of the structural analysis tec hniques explored in Section 2.

Apart from the basic equiv alence c hec king problem, w e also surv ey related

questions regarding r e gularity che cking , that is, determining if a giv en sys-

tem is seman tically �nite-state. Within a t ypical application domain suc h as

the mo delling of proto cols, w e migh t analyse in�nite-state systems whic h w e

in tend to seman tically represen t �nite-state b eha viours: our sp eci�cation of the

system is �nite-state, but the state space of the implemen tation is (syn tacti-

cally) in�nite. A p ositiv e answ er for the regularit y c hec king problem w ould

allo w the equiv alence c hec king algorithm to exploit w ell-dev elop ed tec hniques

for analysing �nite-state systems (assuming that the equiv alen t �nite-state sys-

tem could b e extracted from from this answ er).
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Mo del Chec king

Apart from equiv alence c hec king, mo del c hec king pro vides p erhaps the most

promising approac h to the formal v eri�cation of distributed, reactiv e systems.

In this approac h, one uses form ulae of a temp oral logic to sp ecify the desired

prop erties of a system, and a (semi-)decision pro cedure then c hec ks whether

the giv en system is a mo del of the form ula at hand. In particular, in the case of

�nite-state systems mo del c hec king is, at least theoretically , alw a ys applicable,

since an exhaustiv e tra v ersal through the reac hable state space of the system

under consideration can e�ectiv ely pro vide enough information to solv e the v eri-

�cation problem. In fact, using BDDs, �nite-state mo del c hec king has had some

prominen t industrial success stories, despite the omni-presen t state space explo-

sion threat, making it an indisp ensable to ol for hardw are design. The practical

success of mo del c hec king can b e witnessed b y the immediate p opularit y of the

newly-published textb o ok b y Clark e, Grum b erg and P eled [41 ].

Again, as algorithms for �nite-state mo del c hec king t ypically in v olv e the ex-

haustiv e tra v ersal of the state space, they are inheren tly incapable of v erifying

in�nite-state systems, and m ust b e replaced b y algorithms based on di�eren t

tec hniques. The new tec hniques whic h ha v e b een dev elop ed for mo del c hec k-

ing ha v e mainly b een in
uenced b y formal language theory , where there exists

a long tradition of reasoning ab out �nitely-presen ted in�nite ob jects, in this

case formal languages describ ed b y automata or grammars. Consequen tly , no-

tions from formal language theory form a recurring theme in the v eri�cation of

in�nite-state systems, e.g., as a means for the description of suc h systems, or

in c haracterizing the expressiv e p o w er of certain temp oral logics.

One general problem is, ho w ev er, the trade-o� b et w een expressiv eness and

decidabilit y . Expressiv e mo dels of computation, in conjunction with p o w er-

ful sp eci�cation formalisms, inevitably lead to an undecidable mo del c hec king

problem. Ho w ev er, taking w eak er mo dels and/or formalisms in order to reco v er

decidabilit y often greatly diminishes its practical v alue. The goal of this surv ey

is to pro vide a systematic presen tation of the results obtained so far concern-

ing decidabilit y and complexit y issues in mo del c hec king in�nite-state systems,

thereb y iden tifying feasible com binations of pro cess classes and temp oral logics.

In Section 3.1 w e pro vide a brief in tro duction to the temp oral logics w e

consider, together with their branc hing time and linear time classi�cations. W e

then pro ceed b y presen ting decidabilit y and complexit y results ab out mo del

c hec king for v arious classes of in�nite-state systems, �rst for branc hing time

logics in Section 3.2, and then for linear time logics in Section 3.3. Due to the

w ealth of tec hniques whic h ha v e b een devised for use in conjunction with the

wide v ariet y of logics whic h one ma y consider, w e only sk etc h the main ideas

of the relev an t results in this surv ey . This giv es a conceptual and easy to read

o v erview, whic h is complemen ted b y tigh t links to the original literature, th us

enabling the in terested readers to access all the tec hnical details.

Ac kno wledgemen ts Sections 1 and 2 are based on the surv ey In�nite R e-

sults [118 ] presen ted at CONCUR'96, and the origins of Section 3 are found

in the surv ey Mor e In�nite R esults [25 ] presen ted at INFINITY'96. Ho w ev er,
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there has b een a 
o o d of new results in the in terv ening y ears, and these earlier

surv eys are v astly extended here. W e wish to thank Ric hard Ma yr and Markus

Mueller-Olm for detailed commen ts on earlier drafts of this surv ey .
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1 A T axonom y of In�nite State Pro cesses

1.1 Rewrite T ransition Systems

Concurren t systems are mo delled seman tically in a v ariet y of w a ys. They ma y

b e de�ned for example b y the in�nite traces or executions whic h they ma y p er-

form, or b y the en tiret y of the prop erties whic h they satisfy in some particular

pro cess logic, or as a particular algebraic mo del of some equational sp eci�ca-

tion. In an y case, a fundamen tal unifying view is to in terpret suc h systems

as edge-lab elled directed graphs, whose no des represen t the states in whic h a

system ma y exist, and whose transitions represen t the p ossible b eha viour of the

system originating in the state represen ted b y the no de from whic h the tran-

sition emanates; the lab el on a transition represen ts an ev en t corresp onding

to the execution of that transition, whic h will t ypically represen t an in terac-

tion with the en vironmen t. The starting p oin t for our study will th us b e suc h

graphs, whic h will for us represen t pro cesses.

De�nition 1 A lab el le d tr ansition system is a tuple hS ; �; � ! ; �

0

; F i where

� S is a set of states .

� � is a �nite set of lab els .

� � ! � S � � � S is a tr ansition r elation , written �

a

� ! � for h �; a; � i 2 � ! .

� �

0

2 S is a distinguished start state .

� F � S is a �nite set of �nal states whic h are terminal , meaning that for

eac h � 2 F there is no a 2 � and � 2 S suc h that �

a

� ! � .

This notion of a lab elled transition system di�ers from the standard de�nition of

a �nite-state automaton (as for example giv en in [74 ]) in that the set of states

need not b e �nite, and �nal states m ust not ha v e an y outgoing transitions.

This last restriction is mild and justi�ed in that a �nal state refers to the

successful termination of a concurren t system. This con trasts with unsuccessful

termination (ie, deadlo c k) whic h is represen ted b y all non-�nal terminal states.

W e could remo v e this restriction, but only at the exp ense of Theorem 4 b elo w

whic h c haracterises a wide class of lab elled transition systems as push-do wn

automata whic h accept on empt y stac k. (An alternativ e approac h could b e

tak en to reco v er Theorem 4 based on PD A whic h accept b y �nal state, but w e

do not pursue this alternativ e here.)

W e follo w the example set b y Caucal [32 ] and consider the families of la-

b elled transition systems de�ned b y v arious rewrite systems. Suc h an approac h

pro vides us with a clear link b et w een w ell-studied classes of formal languages

and transition system generators, a link whic h is of particular in terest when it

comes to exploiting pro cess-theoretic tec hniques in solving problems in classical

formal language theory .

De�nition 2 A se quential lab el le d r ewrite tr ansition system is a tuple

h V ; �; P ; �

0

; F i where
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� V is a �nite set of variables ; the elemen ts of V

�

are referred to as states .

� � is a �nite set of lab els .

� P � V

�

� � � V

�

is a �nite set of r ewrite rules , written �

a

� ! � for

h �; a; � i 2 P , whic h are extended b y the pr e�x r ewriting rule : if �

a

� ! �

then �


a

� ! �
 .

� �

0

2 V

�

is a distinguished start state .

� F � V

�

is a �nite set of �nal states whic h are terminal.

A p ar al lel lab el le d r ewrite tr ansition system is de�ned precisely as ab o v e, ex-

cept that the elemen ts of V

�

are read mo dulo comm utativit y of concatena-

tion, whic h is th us in terpretted as parallel, rather than sequen tial, comp osition.

W e can th us consider states as monomials X

k

1

1

X

k

2

2

� � � X

k

n

n

o v er the v ariables

V = f X

1

; X

2

; � � � ; X

n

g . With this in mind, w e shall b e able to exploit the fol-

lo wing result due to Dic kson [48 ] whic h is easily pro v ed b y induction on n .

Lemma 3 (Dic kson's Lemma) Given an in�nite se quenc e of ve ctors of nat-

ur al numb ers

~

x

1

;

~

x

2

;

~

x

3

; : : : 2 N

n

we c an always �nd indic es i and j with i < j

such that

~

x

i

�

~

x

j

(wher e � is c onsider e d p ointwise).

The state X

k

1

1

X

k

2

2

� � � X

k

n

n

can b e view ed as the v ector ( k

1

; k

2

; : : : ; k

n

) 2 N

n

.

Hence, Dic kson's Lemma sa ys that, giv en an y in�nite sequence �

1

; �

2

; �

3

; : : :

of suc h states, w e can alw a ys �nd t w o of these, �

i

and �

j

with i < j , suc h that

the n um b er of o ccurrences of eac h v ariable X in �

j

is at least as great as in �

i

.

W e shall freely extend the transition relation � ! homomorphically to �nite

sequences of actions w 2 �

�

so as to write �

"

� ! � and �

aw

� ! � whenev er �

a

� ! �

w

� ! � . Also, w e refer to the set of states � in to whic h the initial state can b e

rewritten, that is, suc h that �

0

w

� ! � for some w 2 �

�

, as the r e achable states.

Although w e do not insist that all states b e reac hable, w e shall assume that all

v ariables in V are accessible from the initial state, that is, that for all X 2 V

there is some w 2 �

�

and �; � 2 V

�

suc h that �

0

w

� ! �X� .

This de�nition is sligh tly more general than that giv en in [32 ], whic h do es

not tak e in to accoun t �nal states nor the p ossibilit y of parallel rewriting as an

alternativ e to sequen tial rewriting. By doing this, w e expand the study of the

classes of transition systems whic h are de�ned, and extend some of the results

giv en b y Caucal, notably in the c haracterisation of arbitrary sequen tial rewrite

systems as push-do wn automata.

The families of transition systems whic h can b e de�ned b y restricted rewrite

systems can b e classi�ed using a form of Chomsky hierarc h y . This hierarc h y

pro vides an elegan t classi�cation of sev eral imp ortan t classes of transition sys-

tems whic h ha v e b een de�ned and studied indep enden t of their app earance as

particular rewrite systems. This classi�cation is presen ted in Figure 1. (T yp e 1

rewrite systems, corresp onding to con text-sensitiv e grammars, do not feature in

this hierarc h y since the rewrite rules b y de�nition are only applied to the pre�x

of a comp osition.) In the remainder of this section, w e explain the classes of

9



Restriction

on the rules

�

a

� ! � of P

Restriction

on F

Sequen tial

comp osition

P arallel

comp osition

T yp e 0 none none PD A PN

T yp e 1

1

2

� 2 Q� and

� 2 Q�

�

where

V = Q ] �

F = Q PD A MSA

T yp e 2 � 2 V F = f " g BP A BPP

T yp e 3

� 2 V and

� 2 V [ f " g

F = f " g FSA FSA

Figure 1: A hierarc h y of transition systems.

transition systems whic h are represen ted in this table, w orking up w ards starting

with the most restrictiv e class.

FSA represen ts the class of �nite-state automata. Clearly if the rules are

restricted to b e of the form A

a

� ! B or A

a

� ! " with A; B 2 V , then the reac hable

states of b oth the sequen tial and parallel transition systems will b e elemen ts of

the �nite set f � 2 V

�

: j � j � j �

0

j g .

'

&

$

%

Example 0 In the fol lowing we pr esent two typ e 3 (r e gular) r ewrite sys-

tems along with the FSA tr ansition systems which the initial states X and

A , r esp e ctively, denote.

X

a

� ! Y

Y

b

� ! "

Y

c

� ! "

?

"

Y

X

?

? ?

a

b

c

A

a

� ! B

A

a

� ! C

B

b

� ! "

C

c

� ! "

?

A

B C

"

= ~

~ =

a a

b

c

These two automata b oth r e c o gnise the same (r e gular) language f ab; ac g .

However, they ar e substantial ly di�er ent automata.

BP A represen ts the class of Basic Pro cess Algebra pro cesses of Bergstra and

Klop [9 ], whic h are the transition systems asso ciated with Greibac h normal form

(GNF) con text-free grammars in whic h only left-most deriv ations are p ermitted.

10
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Example 1 In the fol lowing we pr esent a typ e 2 (GNF c ontext-fr e e gr am-

mar) r ewrite system along with the BP A tr ansition system which the initial

state X denotes.

X

a

� ! XB

X

c

� ! "

B

b

� ! "

R

"

X

B

X B

B B

X B B

- - -

� � �

? ? ?

a a a

b b b

c c c

� � �

� � �

This automaton r e c o gnises the c ontext-fr e e language f a

n

cb

n

: n � 0 g .

BPP represen ts the class of Basic P arallel Pro cesses in tro duced b y Chris-

tensen [35 ] as a parallel analogy to BP A, and are de�ned b y the transition

systems asso ciated with GNF con text-free grammars in whic h arbitrary gram-

mar deriv ations are p ermitted.

'

&

$

%

Example 2 The typ e 2 r ewrite system fr om Example 1 gives rise to the

fol lowing BPP tr ansition system with initial state X .

X

a

� ! XB

X

c

� ! "

B

b

� ! "

R

"

X

B

X B

B B

X B B

- - -

� � �

� � �

? ? ?

a a a

b b b

b b b

c c c

� � �

� � �

This automaton r e c o gnises the language c onsisting of al l strings of the form

( a + b )

�

cb

�

which c ontain an e qual numb er of a 's and b 's in which no pr e�x

c ontains mor e b 's than a 's.

W e shall assume that for all t yp e 2 rewrite systems, " is the only terminal

state. Com bined with our previous assumption that eac h v ariable is reac hable

from the inital state, this implies that eac h v ariables is on the left hand side of

at least one rule.

PD A represen ts the class of push-do wn automata whic h accept on empt y

stac k. T o presen t suc h PD A as a restricted form of rewrite system, w e �rst

assume that the v ariable set V is partitioned in to disjoin t sets Q (�nite con trol

states) and � (stac k sym b ols). The rewrite rules are then of the form pA

a

� ! q�

with p; q 2 Q , A 2 � and � 2 �

�

, whic h represen ts the usual PD A transition

whic h sa ys that while in con trol state p with the sym b ol A at the top of the

stac k, y ou ma y read the input sym b ol a , mo v e in to con trol state q , and replace

the stac k elemen t A with the sequence � . Finally , the set of �nal states is giv en

b y Q , whic h represen t the PD A con�gurations in whic h the stac k is empt y .

11



Caucal [32 ] demonstrates that, disregarding �nal states, an y unrestricted

(t yp e 0) sequen tial rewrite system can b e presen ted as a PD A, in the sense that

the transition systems are isomorphic up to the lab elling of states. The stronger

result, in whic h �nal states are tak en in to consideration, actually holds as w ell.

The idea b ehind the enco ding is as follo ws. Giv en an arbitrary rewrite system

h V ; �; P ; �

0

; F i , tak e n satisfying

n � max f j � j : �

a

� ! � 2 P g ; and

n > max f j � j : �

a

� ! � with � 2 F g :

Then let

Q = f p

�

: � 2 V

�

and j � j < n g ; and

� = f Z

�

: � 2 V

�

and j � j = n g [ f � g :

Ev ery �nal transition state � 2 F is represen ted b y the PD A state p

�

, that is,

b y the PD A b eing in con trol state p

�

with an empt y stac k denoting acceptance;

and ev ery non-�nal transition system state 
�

1

�

2

� � � �

k

62 F with j 
 j < n and

j �

i

j = n for 1 � i � k , is represen ted in the PD A b y p




Z

�

1

Z

�

2

� � � Z

�

k

� , that is,

b y the PD A b eing in con trol state p




with with the sequence Z

�

1

Z

�

2

� � � Z

�

k

�

on its stac k. Then ev ery rewrite rule in tro duces appropriate PD A rules whic h

mimic it and resp ect this represen tation. Th us w e arriv e at the follo wing result.

Theorem 4 Every se quential lab el le d r ewrite tr ansition system c an b e r epr e-

sente d (up to the lab el ling of states) by a PD A tr ansition system.

'

&

$

%

Example 3 The BPP tr ansition system of Example 2 is given by the fol-

lowing se quential r ewrite system.

X

a

� ! XB X

c

� ! " B

b

� ! " XB

b

� ! X

By the ab ove c onstruction, this gives rise to the fol lowing PD A with initial

state p

X

� . (We omit rules c orr esp onding to the unr e achable states.)

X

a

� ! XB : p

X

�

a

� ! p

"

Z

XB

� p

"

Z

XB

a

� ! p

X

Z

BB

p

X

Z

BB

a

� ! p

"

Z

XB

Z

BB

X

c

� ! " : p

X

�

c

� ! p

"

p

"

Z

XB

c

� ! p

B

p

X

Z

BB

c

� ! p

"

Z

BB

B

b

� ! " : p

B

�

b

� ! p

"

p

"

Z

BB

b

� ! p

B

p

B

Z

BB

b

� ! p

"

Z

BB

XB

b

� ! X : p

"

Z

XB

b

� ! p

X

p

X

Z

BB

b

� ! p

"

Z

XB

This is expr esse d mor e simply by the fol lowing PD A with initial state p� .

p�

a

� ! pB� pB

a

� ! pBB q�

b

� ! q

p�

c

� ! q pB

b

� ! p qB

b

� ! q

pB

c

� ! q

12



Note that BP A coincides with the class of single-state PD A. Ho w ev er, w e shall

see in Section 1.3 that an y PD A presen tation of the transition system of Exam-

ple 2 m ust ha v e at least 2 con trol states: this transition system is not represen ted

b y an y BP A.

MSA represen ts the class of m ultiset automata, whic h can b e view ed as

\parallel" or \random-access" push-do wn automata; they are de�ned as ab o v e

except that they ha v e random access capabilit y to the stac k.

#

"

 

!

Example 4 The BP A tr ansition system of Example 1 is isomorphic to that

given by the fol lowing MSA with initial state pX .

pX

a

� ! pBX pX

c

� ! q qB

b

� ! q

Note that when the stac k alphab et has only one elemen t, PD A and MSA triv-

ially coincide. Also note that BPP coincides with the class of single-state MSA.

W e shall see in Section 1.3 that an y MSA presen tation of the transition system

of Example 1 m ust ha v e at least 2 con trol states: this transition system is not

represen ted b y an y BPP .

PN represen ts the class of (�nite, lab ellled, w eigh ted place/transition) P etri

nets, as is eviden t b y the follo wing in terpretation of unrestricted parallel rewrite

systems. The v ariable set V represen ts the set of places of the P etri net, and

eac h rewrite rule �

a

� ! � represen ts a P etri net transition lab elled a with the

input and output places represen ted b y � and � resp ectiv ely , with the w eigh ts

on the input and output arcs giv en b y the relev an t m ultiplicities in � and � .

Note that a BPP is a comm unication-free P etri net, one in whic h eac h transition

has a unique input place.

13
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Example 5 The fol lowing unr estricte d p ar al lel r ewrite system with initial

state X and �nal state Y

X

a

� ! XA XAB

c

� ! X YA

a

� ! Y

X

b

� ! XB X

d

� ! Y YB

b

� ! Y

describ es the Petri net which in its usual gr aphic al r epr esentation net would

b e r ender e d as fol lows. (The weights on al l of the ar cs is 1 .)

A X

Y

B

�

6

6

� -

}>

-

�

�

-

?

6

=

>

~

}

c

a b

a bb

d

j �

The automaton r epr esente d by this Petri net r e c o gnises the language c on-

sisting of al l strings fr om ( a + b + c )

�

d ( a + b )

�

in which the numb er of c 's

in any pr e�x is b ounde d ab ove by b oth the numb er of a 's and the numb er of

b 's; and in which the numb er of a 's (r esp e ctively b 's) b efor e the o c curr enc e

of the d minus the numb er of c 's e quals the numb er of a 's (r esp e ctively b 's)

after the o c curr enc e of the d .

Although in the sequen tial case, PD A constitutes a normal form for unrestricted

rewrite transition systems, w e shall see in Section 1.3 that this result fails to

hold in the parallel case. W e shall in fact demonstrate that the automaton

asso ciated with the ab o v e PN is not the automaton of an y MSA.

1.2 Languages and Bisimilarit y

Giv en a lab elled transition system T = hS ; �; � ! ; �

0

; F i , w e can de�ne its

language L ( T ) to b e the language generated b y its initial state �

0

, where the

language generated b y a state is de�ned in the usual fashion as the sequences

of actions whic h lab el rewrite transitions leading from the giv en state to a �nal

state.

De�nition 5 L ( � ) = f w 2 �

�

: �

w

� ! � for some � 2 F g , and L ( T ) = L ( �

0

) .

� and � are language e quivalent , written � �

L

� , i� they generate the same

language: L ( � ) = L ( � ) .

With resp ect to the languages generated b y rewrite systems, if a rewrite

system is in the pro cess of generating a w ord, then the partial w ord should

b e extendible to a complete w ord. That is, from an y reac hable state of the

transition system, a �nal state should b e reac hable. If the transition system

satis�es this prop ert y , it is said to b e norme d ; otherwise it is unnorme d .

14



De�nition 6 W e de�ne the norm of an y state � of a lab elled transition system,

written

n

( � ) , to b e the length of a shortest rewrite transition sequence whic h

tak es � to a �nal state, that is, the length of a shortest w ord in L ( � ) . By

con v en tion, w e de�ne

n

( � ) = 1 if there is no sequence of transitions from �

to a �nal state, that is, L ( � ) = ; . The transition system is norme d i� ev ery

reac hable state � has a �nite norm; otherwise it is unnorme d .

Note that, due to the assumption follo wing De�nition 2 on the accessibilit y of

all the v ariables, if a t yp e 2 rewrite transition system is normed, then all of its

v ariables m ust ha v e �nite norm. The follo wing then is a basic fact ab out the

norms of t yp e 2 (BP A and BPP) states.

Lemma 7 Given any state �� of a typ e 2 r ewrite tr ansition systems (BP A or

BPP),

n

( �� ) =

n

( � ) +

n

( � ) .

Pro of F or the sequen tial case, L ( �� ) = L ( � ) � L ( � ) = f uv : u 2 L ( � ) and

v 2 L ( � ) g . F or the parallel case, L ( �� ) = L ( � ) k L ( � ) = f u

1

v

1

u

2

v

2

� � � u

n

v

n

:

u

1

u

2

� � � u

n

2 L ( � ) and v

1

v

2

� � � v

n

2 L ( � ) g . The result follo ws easily from this.

2

A further common prop ert y of transition systems is that of determinacy .

De�nition 8 T is deterministic i� for ev ery reac hable state � and ev ery lab el

a there is at most one state � suc h that �

a

� ! � .

F or example, the t w o �nite state automata presen ted in Example 0 are b oth

normed transition systems, while only the �rst is deterministic. All other ex-

amples whic h w e ha v e presen ted ha v e b een b oth normed and deterministic.

In the realm of concurrency theory , language equiv alence is generally tak en

to b e to o coarse an equiv alence. F or example, it equates the t w o transition

systems of Example 0 whic h generate the same language f ab; ac g y et demon-

strate di�eren t deadlo c king capabilities due to the nondeterministic b eha viour

exhibited b y the second transition system. Man y �ner equiv alences ha v e b een

prop osed, with bisimulation e quivalenc e b eing p erhaps the �nest b eha vioural

equiv alence studied. (Note that w e do not consider here an y so-called `true

concurrency' equiv alences suc h as those based on partial orders.) Bisim ula-

tion equiv alence w as de�ned b y P ark [125 ] and used to great e�ect b y Mil-

ner [113 , 115 ]. Its de�nition, in the presence of �nal states, is as follo ws.

De�nition 9 A binary relation R on states of a transition system is a bisim-

ulation i� whenev er ( �; � ) 2 R w e ha v e that

� if �

a

� ! �

0

then �

a

� ! �

0

for some �

0

with ( �

0

; �

0

) 2 R ;

� if �

a

� ! �

0

then �

a

� ! �

0

for some �

0

with ( �

0

; �

0

) 2 R ;

� � 2 F i� � 2 F .

� and � are bisimulation e quivalent or bisimilar , written � � � , i� ( �; � ) 2 R

for some bisim ulation R . That is, � =

S




R : R is a bisim ulation relation

�

.
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Lemma 10 � is the lar gest bisimulation r elation.

Pro of An arbitrary union of bisim ulations is itself a bisim ulation. 2

Lemma 11 � is an e quivalenc e r elation.

Pro of Re
exivit y holds since the iden tit y relation is a bisim ulation; symmetry

holds since the in v erse of a bisim ulation is a bisim ulation; and transitivit y holds

since the comp osition of t w o bisim ulations is a bisim ulation. 2

Bisim ulation equiv alence has an elegan t c haracterisation in terms of certain

t w o-pla y er games [136 , 91 ]. Starting with a pair of states h �; � i , the t w o pla y ers

alternate mo v es according to the follo wing rules.

1. If exactly one of the pair of states is a �nal state, then pla y er I is deemed

to b e the winner. Otherwise, pla y er I c ho oses one of the states and mak es

some transition from that state (either �

a

� ! �

0

or �

a

� ! �

0

). If this pro v es

imp ossible, due to b oth states b eing terminal, then pla y er I I is deemed to

b e the winner.

2. Pla y er I I m ust resp ond to the mo v e made b y pla y er I b y making an

iden tically-lab elled transition from the other state (either �

a

� ! �

0

or

�

a

� ! �

0

). If this pro v es imp ossible, then pla y er I is deemed to b e the

winner.

3. The pla y then rep eats itself from the new pair h �

0

; �

0

i . If the game

con tin ues forev er, then pla y er I I is deemed to b e the winner.

The follo wing result is then immediately eviden t.

F act 12 � � � i� Player II has a winning str ate gy in the bisimulation game

starting with the p air h �; � i .

Conversely, � 6� � i� Player I has a winning str ate gy in the bisimulation

game starting with the p air h �; � i .

Pro of An y bisim ulation relation de�nes a winning strategy for pla y er I I for

the bisim ulation game starting from a pair in the relation: the second pla y er

merely has to resp ond to mo v es b y the �rst in suc h a w a y that the resulting

pair is con tained in the bisim ulation.

Con v ersely , a winning strategy for pla y er I I for the bisim ulation game start-

ing from a particular pair of states de�nes a bisim ulation relation con taining

that pair, namely the collection of all pairs whic h app ear after ev ery exc hange

of mo v es during an y and all games in whic h pla y er I I uses this strategy . 2

16



'

&

$

%

Example 6 The states X and A fr om Example 0 ar e language e quivalent,

as they de�ne the same language f ab; ac g . However, they ar e not bisimu-

lation e quivalent: ther e is no bisimulation r elation which r elates them. T o

se e this, we c an demonstr ate an obvious winning str ate gy for player I in

the bisimulation game starting with the p air of states h X; A i . After the �rst

exchange of moves, the new p air of states must b e either h Y ; B i or h Y ; C i ; in

the former c ase, player I may make the tr ansition Y

c

� ! " to which player

I c annot r esp ond fr om B , and in the latter c ase player I may make the

tr ansition Y

b

� ! " to which player I c annot r esp ond fr om C .

A transition system is �nite-br anching if there are only a �nite n um b er of

transitions from an y giv en reac hable state; and it is image-�nite if there are

only a �nite n um b er of transitions with a giv en lab el from an y giv en reac h-

able state. F or image-�nite transition systems, w e ha v e the follo wing strati�ed

c haracterisation of bisim ulation equiv alence [115 ].

De�nition 13 The str ati�e d bisimulation r elations �

n

are de�ned as follo ws.

� � �

0

� for all states.

� � �

k + 1

� i�

{ if �

a

� ! �

0

then �

a

� ! �

0

for some �

0

with �

0

�

k

�

0

;

{ if �

a

� ! �

0

then �

a

� ! �

0

for some �

0

with �

0

�

k

�

0

;

{ � 2 F i� � 2 F .

In terms of the game c haracterisation of bisimilarit y , � �

n

� i� Pla y er I cannot

force a win within the �rst n exc hanges of mo v es.

Lemma 14 If � and � ar e image-�nite, then � � � i� � �

n

� for al l n � 0 .

Pro of If � � � then an induction pro of giv es that � �

n

� for eac h n � 0 .

Con v ersely , f ( �; � ) : � and � are image-�nite and � �

n

� for all n � 0 g

is a bisim ulation. 2

It is clear that rewrite transition systems are image-�nite, and that this lemma

applies. It is equally clear that eac h of the relations �

n

is decidable, and

that therefore non-bisimilarit y is semi-decidable o v er rewrite transition sys-

tems. Hence the decidabilit y results w ould follo w from demonstrating the semi-

decidabilit y of bisimilarit y .
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Example 7 Consider the fol lowing in�nite-br anching tr ansition system.

A

0

A

1

A

2

A

3

X

YZ

� � � �

?

6

�

	 R

I �

�

Y

-

a a a a

a

a

a

a

a

a

a

a

a

a

� � �

�

�

�

�

�

�

The states X and Y ar e cle arly not bisimilar, as the state Z c annot b e bisim-

ilar to A

n

for any n � 0 . However, X �

n

Y for every n � 0 as Z �

n

A

n

for

e ach n � 0 .

An immediately eviden t y et imp ortan t prop ert y is the follo wing lemma with

its accompan ying corollary relating bisim ulation equiv alence to language equiv-

alence.

Lemma 15 If � � � and �

w

� ! �

0

with w 2 �

�

, then �

w

� ! �

0

for some �

0

such

that �

0

� �

0

.

Pro of Giv en a bisim ulation R con taining ( �; � ), an induction on the length

of w 2 �

�

demonstrates that if �

w

� ! �

0

then �

w

� ! �

0

with ( �

0

; �

0

) 2 R . 2

Corollary 16 If � � � then � �

L

� .

Pro of If � � � then w 2 L ( � ) i� �

w

� ! �

0

where �

0

is a �nal state, whic h|b y

the previous lemma|holds i� �

w

� ! �

0

where �

0

is a �nal state, whic h in turn

holds i� w 2 L ( � ) . 2

Apart from b eing the fundamen tal notion of equiv alence for sev eral pro cess

algebraic formalisms, bisimilarit y has sev eral pleasing mathematical prop erties

not shared b y other equiv alences suc h as language equiv alence. F urthermore as

giv en b y the follo wing lemma, language equiv alence and bisimilarit y coincide

o v er the class of normed deterministic pro cesses.

Lemma 17 F or states � and � of a norme d deterministic tr ansition system,

if � �

L

� then � � � . Thus, taken along with Cor ol lary 16, �

L

and � c oincide.

Pro of It su�ces to demonstrate that the relation f ( �; � ) : � �

L

� and �; � are

states of a normed deterministic transition system g is a bisim ulation relation.

2
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Hence it is sensible to concen trate on the more mathematically tractable bisim-

ulation equiv alence when in v estigating decidabilit y results for language equiv-

alence for deterministic language generators. W e shall see examples of this in

Section 2.

1.3 Expressivit y Results

The hierarc h y from ab o v e giv es us the follo wing classi�cation of pro cesses.

FSA

BP A

PD A

BPP

MSA

PN

(a) (b) (c) (d)

(e) (f ) (g)

(h) (i)

(?) (?)

(j)

In this section w e demonstrate the strictness of this hierarc h y b y pro viding ex-

ample transition systems whic h lie precisely in the gaps (a)-(j) indicated in the

classi�cation. (W e lea v e op en the question regarding the �nal t w o gaps.) W e

in fact do more than this b y giving examples of normed deterministic transi-

tion systems whic h separate all of these classes up to bisim ulation (and hence

also language) equiv alence. These results complemen t those presen ted for the

taxonom y describ ed b y Burk art, Caucal and Ste�en [24 ].

(a) The �rst automaton in example 0 pro vides a normed deterministic FSA.

(b) The t yp e 2 rewrite system with the t w o rules A

a

� ! AA and A

b

� ! " giv es

rise to the same transition system regardless of whether the system is

sequen tial or parallel; this is an immediate consequence of the fact that

it in v olv es only a single v ariable A . This transition system is depicted as

follo ws.

R

"

A A A A A A

- - -

�

� � �

b

a a a

b b b

� � �

This is an example of a normed deterministic transition system whic h is

b oth a BP A and a BPP but not an FSA.

(c) Examples 2 and 3 pro vide a transition system whic h can b e describ ed b y

b oth a BPP (Example 2) and a PD A (Example 3). Ho w ev er, it cannot

b e describ ed up to bisimilarit y b y an y BP A. T o see this, supp ose that
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w e ha v e a BP A whic h represen ts this transition system up to bisimilarit y ,

and let m b e at least as large as the norm of an y of its v ariables. Then the

BP A state corresp onding to XB

m

in Example 2 m ust b e of the form A�

where A 2 V and � 2 V

+

. But then any sequence of

n

( A ) norm-reducing

transitions m ust lead to the BP A state � , while the transition system in

Example 2 has t w o suc h non-bisimilar deriv ed states, namely XB

k - 1

and

B

k

where k =

n

( � ) .

(d) The follo wing BPP with initial state X

X

a

� ! XB X

c

� ! XD X

e

� ! " B

b

� ! " D

d

� ! "

is not language equiv alen t to an y PD A, as its language is easily con�rmed

not to b e con text free. (The w ords in this language of the form a

�

c

�

b

�

d

�

e

are exactly those of the form a

k

c

n

b

k

d

n

e , whic h is clearly not a con text-

free language.)

(e) Examples 1 and 4 pro vide a transition system whic h can b e describ ed b y

b oth a BP A (Example 1) and a MSA (Example 4). Ho w ev er, the con text-

free language whic h it generates, f a

n

cb

n

: n � 0 g , cannot b e generated

b y an y BPP , so this transition system is not ev en language equiv alen t to

an y BPP . T o see this, supp ose that L ( X ) = f a

n

cb

n

: n � 0 g for some

BPP state X . (As the pro cess has norm 1, the state m ust consist of a

single v ariable X .) Let k b e at least as large as the norm of an y of the

�nite-normed v ariables of this BPP , and consider a transition sequence

accepting the w ord a

k

cb

k

:

X

a

k

� ! Y�

c

� ! ��

b

k

� ! "

where the c -transition is generated b y the transition rule Y

c

� ! � . W e m ust

ha v e

n

( Y� ) = k + 1 >

n

( Y ) , so � 6= " ; hence �

b

i

� ! " and �

b

k - i

� ! " for some

i > 0 . Th us w e ha v e

X

a

k

� ! Y�

b

i

� ! Y

c

� ! �

b

k - i

� ! "

from whic h w e get the desired con tradiction: a

k

b

i

cb

k - i

2 L ( X ) for some

i > 0 .

(f ) The follo wing PD A with initial state pX

pX

a

� ! pXX pX

b

� ! q pX

b

� ! r qX

c

� ! q rX

d

� ! r

coincides with the MSA whic h it de�nes, since there is only one stac k

sym b ol. This transition system is depicted as follo ws.
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-

r

pX

q

rX

pX

2

qX

rX

2

pX

3

qX

2

- - -

� � �

� � �

6 6 6

? ? ?

a a a

c c c

d d d

b b b

b b b

� � �

� � �

� � �

Ho w ev er, this transition system cannot b e bisimilar to an y BP A, due to

a similar argumen t as for (c), nor language equiv alen t to an y BPP , due

to a similar argumen t as for (e).

(g) The follo wing MSA with initial state pX

pX

a

� ! pA pA

a

� ! pAA qA

b

� ! qB rA

c

� ! r

pA

b

� ! qB qB

c

� ! r rB

c

� ! r

generates the language f a

n

b

k

c

n

: 0 < k � n g , and hence cannot b e

language equiv alen t to an y PD A, as it is not a con text-free language, nor

to an y BPP , due to a similar argumen t as for (e).

(h) The follo wing BP A with initial state X

X

a

� ! XA X

b

� ! XB X

c

� ! " A

a

� ! " B

b

� ! "

generates the language f wcw

R

: w 2 f a; b g

�

g and hence is not language

equiv alen t to an y PN [126 ].

(i) The follo wing PD A with initial state pX

pX

a

� ! pAX pA

a

� ! pAA pB

a

� ! pAB qA

a

� ! q rA

a

� ! r

pX

b

� ! pBX pA

b

� ! pBA pB

b

� ! pBB qB

b

� ! q rB

b

� ! r

pX

c

� ! qX pA

c

� ! qA pB

c

� ! qB qX

a

� ! q rX

b

� ! r

pX

d

� ! rX pA

d

� ! rA pB

d

� ! rB

is constructed b y com bining the ideas from (f ) and (h). It can b e sc hemat-

ically pictured as follo ws.
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-

r

q

rX

pX

qX

r E X

p E X

q E X

r FE X

p FE X

q FE X

- - -

� � � �

� � � �

6 6 6

? ? ?

e f

g

a e f

g

b e f

g

c c c

d d d

� � �

� � �

� � �

In this picture, e ; f ; g ; : : : 2 f a; b g and E ; F ; G ; : : : 2 f A; B g corresp ond in

the ob vious w a y . The language this PD A generates is f wcw

R

a; wcw

R

b :

w 2 f a; b g

�

g and hence as in (h) ab o v e it is not language equiv alen t to

an y PN; and as in (c) ab o v e it is not bisimilar to an y BP A.

(j) The P etri net from Example 5 cannot b e language equiv alen t to an y PD A,

as its language is easily con�rmed not to b e con text-free. (The w ords in

this language of the form a

�

b

�

c

�

d are exactly those of the form a

n

b

n

c

n

d ,

whic h is clearly not a con text-free language.)

More imp ortan tly , this P etri net cannot b e bisimilar to an y MSA [119 ].

T o see this, supp ose that the net is bisimilar to some MSA state pA . (As

the pro cess has norm 1, the stac k m ust consist of a single sym b ol A .)

Consider p erforming an inde�nite sequence of a -transitions from pA . By

Dic kson's Lemma (Lemma 3), w e m ust ev en tually pass through t w o states

q� and q�� in whic h the con trol states are equal and the stac k of the

�rst is con tained in the stac k of the second. This implies is that w e can

p erform the follo wing execution sequence.

pA

a

k

� ! q�

a

k

� ! q��

a

k

� ! q��

2

a

k

� ! � � �

(W e can assume that the p erio d of the cycle is of the same length as the

initial segmen t. If this isn't already giv en b y the Lemma, then w e can

merely extend the initial segmen t to the next m ultiple of the length of

the cycle giv en b y the Lemma, and use this m ultiple as the cycle length.)

Considering no w an inde�nite sequence of b -transitions from q� , a second

application of Dic kson's Lemma giv es us the follo wing execution sequence.

q�

b

k

� ! r


b

k

� ! r
�

b

k

� ! r
�

2

b

k

� ! � � �

(W e can assume again b y the same reasoning as ab o v e that the p erio d

of the cycle is of the same length as the initial sequence. F urthermore,

w e can assume that this is the same as the cycle length of the earlier a -

sequence, b y rede�ning the cycle lengths to b e a common m ultiple of the

t w o cycle lengths pro vided b y the Lemma.) No w there m ust b e a state

s� suc h that
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pA

a

k

� ! q�

b

k

� ! r


c

k

� ! s� 6

c

� ! .

Consider then the follo wing sequence of transitions.

pA

a

2k

� ! q��

b

2k

� ! r
��

c

k

� ! s���

c

� !

There m ust b e a rule for sX

c

� ! for some X whic h app ears in either � or

� . But considering the follo wing sequence of transitions

pA

a

k

� ! q�

b

2k

� ! r
�

c

k

� ! s�� 6

c

� !

w e m ust deduce that this X cannot app ear in � . Equally , considering the

follo wing sequence of transitions

pA

a

2k

� ! q��

b

k

� ! r
�

c

k

� ! s�� 6

c

� !

w e m ust deduce that this X cannot app ear in � . W e th us ha v e the desired

con tradiction.

W e here summarize again these separation results in the follo wing theorem.

Theorem 18 Ther e exist (norme d and deterministic) lab el le d tr ansition sys-

tems lying pr e cisely in the gaps (a){(j) in the �gur e ab ove.

1.4 F urther Classes of Pro cesses

F or concreteness, in this c hapter w e concen trate mainly on the classes of pro-

cesses whic h fall within the describ ed hierarc h y . Ho w ev er, w e shall also sum-

marise v arious decidabilit y and algorithmic results p ertaining to other classes

of pro cesses whic h ha v e b een in tensiv ely studied. These are either extensions

or restrictions of classes within our hierarc h y , and are summarised b elo w.

P A Historically , the class BP A w as �rst de�ned as a pro cess algebra [9 ] with

pre�xing, nondeterministic c hoice, sequen tial comp osition, and recursion. Simi-

larly , the class BPP w as in tro duced b y Christensen [35 ] as the parallel analogue

to BP A, where sequen tial comp osition is replaced b y parallel comp osition with-

out comm unication. A natural extension of b oth classes then is their least

common generalization, obtained b y allo wing b oth kinds of comp osition sim ul-

taneously . This class of pro cesses is kno wn simply as Pr o c ess A lgebr a (P A).

One-coun ter automata If w e restrict the stac k alphab et of a PD A so that it

con tains only one sym b ol (apart from a sp ecial b ottom-of-stac k mark er), then

w e arriv e at the class of one-c ounter automata . This is the class de�ned b y

�nite-state automata augmen ted with a single coun ter v ariable; transitions ma y

incremen t, decremen t, or lea v e unc hanged the v alue of the coun ter, and suc h a

transition ma y b e determined b y a test-for-zero of the coun ter v alue. Note that

with t w o coun ters w e describ e the full p o w er of T uring mac hines, and hence w e

cannot hop e for decidabilit y for an y seman tic notions. Restricting to a single

coun ter aims to delimit the decidabilit y b oundary .
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One-coun ter nets The class of P etri nets with (at most) one un b ounded

place giv es rise to the class of one-c ounter nets . These di�er from one-coun ter

automata in that they cannot test-for-zero, but rather only test-for-nonzero.

That is, if a transition ma y o ccur if the coun ter is zero, then it can equally

o ccur if the coun ter is non-zero. As w e shall see, v arious problems will b e

undecidable for P etri nets with only t w o un b ounded places; this b eing the case,

considering P etri nets with only a single un b ounded place mak es for a natural

restriction.
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2 The Equiv alence Chec king Problem

2.1 Decidabilit y Results for BP A and BPP

In this section w e describ e sev eral p ositiv e results whic h ha v e b een established

regarding the decidabilit y of bisimilarit y b et w een t yp e 2 rewrite transition sys-

tems. In particular, w e shall brie
y describ e the tec hniques b ehind the follo wing

results:

1. Bisimilarit y is decidable for BP A [38 ] and BPP [37 , 36 ].

2. Bisimilarit y is decidable in p olynomial time for normed BP A [69 , 70 ] and

normed BPP [71 ].

These results con trast with those regarding the undecidabilit y of language

equiv alence for b oth BP A and BPP . The negativ e result for BP A [6] follo ws

from the fact that BP A e�ectiv ely de�nes the class of con text-free languages;

and that for BPP [66 ] follo ws from a mo di�cation b y Hirshfeld of a tec hnique

of Jan � car whic h is describ ed in Section 2.4. Both argumen ts can b e sho wn to

hold for the class of normed systems. Also, for b oth BP A and BPP , this un-

decidabilit y extends to all equiv alences whic h lie in Glabb eek's sp ectrum [59 ]

b et w een bisimilarit y and language equiv alence [82 , 61 , 79 ].

Baeten, Bergstra and Klop [4 , 5 ] presen ted the �rst suc h decidabilit y re-

sult, that bisimilarit y b et w een normed BP A is decidable. Their length y pro of

exploits the p erio dicit y whic h exists in normed BP A transition systems, and

sev eral simpler pro ofs exploiting structural prop erties w ere so on recorded, no-

tably b y Caucal [31 ], H • uttel and Stirling [80 ], and Gro ote [60 ]. Huynh and

Tian [81 ] demonstrated that this problem has a complexit y of �

P

2

b y pro viding

a nondeterministic algorithm whic h relies on an NP oracle; Hirshfeld, Jerrum

and Moller [69 , 70 ] re�ned this result b y pro viding a p olynomial algorithm,

th us sho wing the problem to b e in P . A generally more e�cien t, though w orst-

case exp onen tial, algorithm is presen ted b y Hirshfeld and Moller [72 ]. Finally ,

Christensen, H • uttel and Stirling [38 , 39 ] demonstrated that bisimilarit y b e-

t w een arbitrary BP A systems is decidable, whilst Burk art, Caucal and Stef-

fen [23 ] demonstrated an elemen tary decision pro cedure. F or the parallel case,

Christensen, Hirshfeld and Moller [37 , 36] demonstrated the general decidabilit y

result for BPP , whilst Hirshfeld, Jerrum and Moller [71 ] presen ted a p olynomial

algorithm for the normed case.

As w e noted in Section 1.2, one direction for the decidabilit y results, deter-

mining non-bisimilarit y , is automatic using the strati�ed bisim ulation relations

of De�nition 13. It therefore b eho v es us merely to pro v e that bisimilarit y is

semi-decidable.

2.1.1 Comp osition and Decomp osition

An imp ortan t prop ert y of bisim ulation equiv alence whic h w e shall exploit is the

follo wing congruence result, whic h is v alid for b oth BP A and BPP .

Lemma 19 � is a c ongruenc e (with r esp e ct to c onc atenation) over b oth BP A

and BPP; that is, if � � � and �

0

� �

0

then ��

0

� ��

0

.
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Pro of




( ��

0

; ��

0

) : � � � and �

0

� �

0

�

is a bisim ulation. 2

Giv en this congruence prop ert y , w e ha v e an ob vious p oten tial tec hnique for

the analysis of (a state of ) a t yp e 2 rewrite transition system: decomp ose the

state in to simpler comp onen ts. In general, this idea is not suitably pro vided for

b y this congruence prop ert y; states ma y indeed decomp ose, but not necessarily

in to simpler comp onen ts, nor necessarily in an y unique fashion. Ho w ev er, for

the class of normed transition systems w e ha v e a unique factorisation result

for b oth BP A and BPP , of the form �rst explored b y Milner and Moller [116 ].

Giv en a t yp e 2 rewrite transition system, w e sa y that a v ariable X 2 V is prime

(with resp ect to bisimilarit y � ) i� � = " whenev er X � Y� ; and b oth normed

BP A states and normed BPP states can b e decomp osed in a unique fashion in to

suc h prime comp onen ts. W e shall demonstrate these t w o results here separately .

F or the BP A case, w e start with the follo wing cancellation lemma.

Lemma 20 (Cancellation Lemma for normed BP A) If � , � and 
 ar e

states of a BP A and if

n

( 
 ) < 1 , then �
 � �
 implies � � � .

Pro of




( �; � ) : �
 � �
 for some 
 with

n

( 
 ) < 1

�

is a bisim ulation. 2

The assumption in this lemma that 
 is normed cannot b e dropp ed, as can

b e readily seen b y considering the follo wing coun terexample. Giv en the t w o

rewrite rules X

a

� ! " and Y

a

� ! Y , w e can immediately deduce that XY � Y , but

that X 6� " .

Theorem 21 (Unique F actorization Theorem for normed BP A)

Every norme d state � of a BP A de c omp oses uniquely (up to bisimilarity) into

prime c omp onents.

Pro of The existence of a prime decomp osition ma y b e established b y induction

on the norm.

F or uniqueness, supp ose that � = X

1

: : : X

p

� Y

1

: : : Y

q

are prime decomp osi-

tions, and that w e ha v e established the uniqueness of prime decomp ositions for

all states � with

n

( � ) <

n

( � ) . If p = 1 or q = 1 then uniqueness is immediate.

Otherwise supp ose that X

1

a

� ! 
 is a norm-reducing transition that is matc hed

b y Y

1

a

� ! � , so that 
X

2

: : : X

p

� �Y

2

: : : Y

q

. By the inductiv e h yp othesis, the

prime decomp ositions of these t w o states are equal (up to � ), en tailing X

p

� Y

q

.

Hence, b y Lemmas 19 and 20, X

1

: : : X

p - 1

� Y

1

: : : Y

q - 1

, and uniqueness then

follo ws from a second application of the inductiv e h yp othesis. 2

Notice that this theorem fails for unnormed BP A states, a fact whic h is

immediately apparen t from the observ ation that � � �� whenev er

n

( � ) = 1 .

Theorem 22 (Unique F actorization Theorem for normed BPP)

Every norme d state of a BPP de c omp oses uniquely (up to bisimilarity) into

prime c omp onents.
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Pro of Again, the existence of a prime decomp osition ma y b e established b y

induction on the norm.

F or uniqueness, supp ose that � = P

k

1

1

P

k

2

2

� � � P

k

m

m

� P

l

1

1

P

l

2

2

� � � P

l

m

m

= � repre-

sen ts a coun terexample of smallest norm; that is, all states 
 with

n

( 
 ) <

n

( � )

ha v e unique prime decomp ositions, the P

i

s are distinct (with resp ect to � )

primes, but there is some i suc h that k

i

6= l

i

. W e ma y assume that the P

i

s

are ordered b y nondecreasing norms, and then w e ma y c ho ose this i so that

k

j

= l

j

whenev er j > i . W e shall furthermore assume without loss of generalit y

that k

i

> l

i

. W e distinguish three cases, and in eac h case sho w that the state

� ma y p erform a norm-reducing transition �

a

� ! �

0

that cannot b e matc hed b y

an y transition �

a

� ! �

0

with �

0

� �

0

(or vice v ersa with the roles of � and �

rev ersed), whic h will supply the desired con tradiction. Observ e that b y mini-

malit y of the coun terexample, if �

0

and �

0

are to b e bisimilar then their prime

decomp ositions m ust b e iden tical.

Case I. If k

j

> 0 for some j < i , then w e ma y let � p erform some norm-

reducing transition via the prime comp onen t P

j

. � cannot matc h this

transition, as it cannot increase the exp onen t l

i

without decreasing the

exp onen t of some prime with norm greater than that of P

i

.

Case I I. If k

j

> 0 for some j > i , then w e ma y let � p erform a norm-reducing

transition via the prime comp onen t P

j

that maximises (after reduction

in to primes) the increase in the exp onen t k

i

. Again � is unable to matc h

this transition.

Case I I I. If the state � = P

k

i

i

is a prime p o w er, then note that l

j

= 0 for

all j > i b y c hoice of i , and that k

i

� 2 b y the de�nition of \prime." If

l

i

> 0 , then w e ma y let � p erform a norm-reducing transition via P

i

; this

transition cannot b e matc hed b y � , since it w ould require the exp onen t

k

i

to decrease b y at least t w o. If l

i

= 0 on the other hand, then w e ma y

let � p erform a norm-reducing transition via P

i

; this transition cannot b e

matc hed b y � , since � is unable to increase the exp onen t l

i

.

These cases are inclusiv e, so the theorem is pro v ed. 2

The follo wing then is an immediate corollary .

Lemma 23 (Cancellation Lemma for normed BPP) If � , � and 
 ar e

norme d states of a BPP, then �
 � �
 implies � � � .

Notice that for unnormed BPP , unique decomp osition and cancellation

again eac h fail, for similar reasons to the sequen tial case.

Giv en a binary relation R on states of a t yp e 2 rewrite transition system, let

R

� denote the least congruence con taining R ; that is,

R

� is the least equiv alence

relation whic h con tains R and the pair ( ��

0

; ��

0

) whenev er it con tains eac h of

( �; � ) and ( �

0

; �

0

) .

De�nition 24 A binary relation R on states of a t yp e 2 rewrite transition

system is a bisimulation b ase i� whenev er ( �; � ) 2 R w e ha v e that
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� if �

a

� ! �

0

then �

a

� ! �

0

for some �

0

with �

0

R

� �

0

;

� if �

a

� ! �

0

then �

a

� ! �

0

for some �

0

with �

0

R

� �

0

.

Hence the de�nition of a bisim ulation base di�ers from that of a bisim ulation

only in ho w the deriv ativ e states �

0

and �

0

are related; in de�ning R to b e a

bisim ulation, w e w ould need these deriv ativ e states to b e related b y R itself

and not just b y the (t ypically m uc h larger) congruence

R

� . A bisim ulation base

then is in some sense a basis for a bisim ulation. The imp ortance of this idea is

encompassed in the follo wing theorem due originally (in the normed BP A case)

to Caucal.

Lemma 25 If R is a bisimulation b ase for a BP A or BPP tr ansition system,

then

R

� is a bisimulation, and henc e

R

� � � .

Pro of If �

R

� � then the t w o clauses giv en b y the de�nition of

R

� b eing a bisim-

ulation hold true. This can b e demonstrated b y a straigh tforw ard induction on

the depth of inference of �

R

� � . 2

Corollary 26 � � � i� ( �; � ) 2 R for some bisimulation b ase R .

Pro of Immediate from Lemma 25. 2

It no w b ecomes apparen t that in order to demonstrate bisimilarit y b et w een

terms, w e needn't pro duce a complete (in�nite) bisim ulation relation whic h

con tains the pair; rather it su�ces simply to pro duce a bisim ulation base whic h

con tains the pair. What w e shall demonstrate is that this corollary can b e

strengthened to a �nite c haracterisation of bisim ulation, in that w e shall pro v e

the existence for b oth BP A and BPP of a �nite relation R satisfying

R

� = � .

These relations R will clearly b e bisim ulation bases, and the semi-decidabilit y

results (and hence the decidabilit y results) will b e established, taking in to ac-

coun t the follo wing.

Lemma 27 It is semi-de cidable whether a given �nite binary r elation R over

V

�

is a bisimulation b ase.

Pro of W e need simply c hec k that eac h pair ( �; � ) of the �nite relation R satis-

�es the t w o clauses of the de�nition of a bisim ulation base, whic h requires test-

ing (in parallel) if eac h transition for one of � and � has a matc hing transition

from the other. This matc hing test|that is, c hec king if the deriv ativ e states

are related b y

R

� |is itself semi-decidable, as the relation

R

� is semi-decidable.

2

The semi-decision pro cedure for c hec king � � � w ould then consists of en u-

merating all �nite binary relations o v er V

�

con taining the pair ( �; � ) and c hec k-

ing (in parallel) if an y one of them is a bisim ulation base. W e th us concen trate

on de�ning the �nite relation R satisfying

R

� = � .
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2.1.2 A Finite Bisim ulation Base for BP A

The �nite bisim ulation base for BP A whic h w e presen t here is tak en from Chris-

tensen, H • uttel and Stirling [38 , 39 ]. W e �rst presen t some tec hnical results,

starting with the follo wing unique solutions lemma.

Lemma 28 (Unique Solutions Lemma) If � � 
� and � � 
� for some


 6= " then � � � .

Pro of Let R =




( ��; �� ) : � � 
� and � � 
� for some 
 6= "

�

. W e ma y

demonstrate straigh tforw ardly that � R � is a bisim ulation, from whic h w e ma y

deduce the desired result. 2

An imp ortan t �niteness result on whic h the construction of the �nite bisim-

ulation base hangs is giv en b y the follo wing.

Lemma 29 If �
 � �
 for in�nitely many non-bisimilar 
 , then � � � .

Pro of W e can sho w that R =




( �; � ) : �
 � �
 for in�nitely man y non-

bisimilar 


�

is a bisim ulation, from whic h the result follo ws. 2

W e ma y split the set of v ariables in to t w o disjoin t sets V = V

N

[ V

U

with

the v ariables in V

N

ha ving �nite norm and those in V

U

ha ving in�nite norm.

The motiv e in this is based on the follo wing lemma.

Lemma 30 If X has in�nite norm then X� � X for al l � .

Pro of W e can immediately v erify that




( X; X� ) : X has in�nite norm

�

is a

bisim ulation. 2

Hence w e need only ev er consider states � 2 V

�

N

[ V

�

N

V

U

, the others b eing imme-

diately transformed in to suc h a bisimilar state b y erasing all sym b ols follo wing

the �rst in�nite-norm v ariable.

The construction relies on recognising when a term ma y b e brok en do wn

in to a comp osition of someho w simpler terms. T o formalise this concept w e

start with the follo wing de�nition.

De�nition 31 A p air ( X�; Y� ) satisfying X� � Y� is decomp osable if X and

Y have �nite norm, and for some 
 ,

� X � Y
 and 
� � � ; or

� Y � X
 and 
� � � .

The situation w ould b e clear if all bisimilar pairs w ere decomp osable; indeed

w e shall exploit this v ery prop ert y of normed transition systems|whic h follo ws

there from the unique decomp osabilit y result|in Section 2.2.1. Ho w ev er w e

can demonstrate that there is in some sense only a �nite n um b er of w a ys that

decomp osabilit y can fail. This crucial p oin t in the argumen t is formalised in the

follo wing lemma. W e consider t w o pairs ( X�; Y� ) and ( X�

0

; Y�

0

) to b e distinct

if � 6� �

0

or � 6� �

0

.
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Lemma 32 F or any X; Y 2 V , any set R of the form




( X�; Y� ) : X�; Y� 2 V

�

N

[ V

�

N

V

U

, X� � Y� , and ( X�; Y� ) not de c omp osable

�

which c ontains only distinct p airs must b e �nite.

Pro of If X; Y 2 V

U

then clearly R can con tain at most the single pair ( X; Y ) .

If X 2 V

U

and Y

w

� ! " and R =




( X; Y�

i

) : i 2 I

�

then for eac h i 2 I w e

m ust ha v e that X

w

� ! �

i

suc h that �

i

� �

i

. But then b y image-�niteness there

can b e only a �nite n um b er of non-bisimilar suc h �

i

.

Supp ose then that X; Y 2 V

N

and that R =




( X�

i

; Y�

i

) : i 2 I

�

is

in�nite. Without loss of generalit y , assume that

n

( Y ) �

n

( X ) , and that Y

w

� ! "

with length ( w ) =

n

( Y ) . Then for eac h i 2 I w e m ust ha v e that X

w

� ! 


i

suc h

that 


i

�

i

� �

i

. By image-�niteness, w e can ha v e only �nitely man y suc h 


i

,

so w e m ust ha v e that X

w

� ! 
 for some 
 suc h that 
�

i

� �

i

holds for in�nitely

man y i 2 I ; b y distinctness these �

i

s m ust all b e non-bisimilar. F or these i 2 I

w e m ust then ha v e that X�

i

� Y
�

i

, But then b y Lemma 29 w e m ust ha v e that

X � Y
 , con tradicting non-decomp osabilit y . 2

W e are no w ready to demonstrate the main result, that there is a �nite

relation R satisfying

R

� = � . This will b e done b y induction using the follo wing

w ell-founded ordering � .

De�nition 33 De�ne the �nite pre�x norm n

f

( � ) of � 2 V

�

as fol lows:

n

f

( � ) = max




n

( � ) :

n

( � ) < 1 and � = �
 for some 


�

.

We then de�ne the fol lowing pr e or der on p airs: ( �

1

; �

2

) � ( �

1

; �

2

) i�

max

�

n

f

( �

1

) ; n

f

( �

2

)

�

� max

�

n

f

( �

1

) ; n

f

( �

2

)

�

.

Lemma 34 L et R

0

=




( X; � ) : X 2 V

N

and X � �

�

, and let R

1

b e the lar gest

set of the form




( X�; Y� ) : X�; Y� 2 V

�

N

V

U

[ V

�

N

; X� � Y�;

and ( X�; Y� ) is not de c omp osable

�

which c ontains only distinct p airs, and c ontaining minimal elements with r esp e ct

to � . Then R = R

0

[ R

1

is a �nite r elation satisfying

R

� = � .

Pro of Firstly , R

0

and R

1

m ust b oth b e �nite. Also w e m ust ha v e

R

�� � . W e

will demonstrate b y induction on � that X� � Y� implies X�

R

� Y�

If ( X�; Y� ) is decomp osable, then X; Y 2 V

N

and (without loss of generalit y)

assume that X � Y
 and 
� � � . Then n

f

( 
� ) < n

f

( Y
� ) = n

f

( X� ) and

n

f

( � ) < n

f

( Y� ) , so ( 
�; � ) � ( X�; Y� ) . Hence b y induction 
�

R

� � . Then

from ( X; Y
 ) 2 R

0

w e get X�

R

� Y
�

R

� Y� .

Supp ose then that ( X�; Y� ) is not decomp osable. Then ( X�

0

; Y�

0

) 2 R

1

for

some �

0

� � and �

0

� � with ( �

0

; �

0

) � ( �; � ) .
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� If X; Y 2 V

N

, then ( �; � ) ; ( �

0

; �

0

) � ( X�; Y� ) , so ( �; �

0

) ; ( �; �

0

) �

( X�; Y� ) . Th us b y induction �

R

� �

0

and �

R

� �

0

, so X�

R

� X�

0

R Y�

0

R

� Y� .

� If X 2 V

N

and Y 2 V

U

, then � = �

0

= " and X� � Y . Also n

f

( �

0

) �

n

f

( � ) < n

f

( X� ) , so ( �; �

0

) � ( X�; Y ) . Th us b y induction �

R

� �

0

, so

X�

R

� X�

0

R

� Y . A symmetric argumen t applies for the case when X 2 V

U

and Y 2 V

N

.

� If X; Y 2 V

U

, then � = �

0

= � = �

0

= " and ( X; Y ) 2 R

1

, so X�

R

� Y� .

2

With this, w e ha v e demonstrated the desired result.

Theorem 35 Bisimulation e quivalenc e is de cidable for BP A.

2.1.3 A Finite Bisim ulation Base for BPP

The �nite bisim ulation base for BPP whic h w e describ e here is tak en

from Hirshfeld [67 ], whic h is itself a revised presen tation using Dic kson's

Lemma (Lemma 3) of the result of Redie [129 ] that ev ery congruence on a

�nitely generated comm utativ e semigroup (suc h as bisimilarit y o v er BPP) is

�nitely generated.

Firstly , assuming that the set of v ariables is V = f X

1

; : : : ; X

n

g , w e note that

a state � is a monomial X

k

1

1

� � � X

k

n

n

o v er V . W e then de�ne the follo wing t w o

orderings on states.

De�nition 36

� X

k

1

1

� � � X

k

n

n

< X

l

1

1

� � � X

l

n

n

i� for some i : k

i

< l

i

and k

j

= l

j

for all j < i .

� X

k

1

1

� � � X

k

n

n

< X

l

1

1

� � � X

l

n

n

i� for some i : k

i

< l

i

and k

j

� l

j

for all j .

Note that � < � implies that � < � , and that these orderings are b oth w ell-

founded: w e cannot ha v e an in�nite decreasing sequence of states with resp ect

to either ordering. F urthermore, < is a total ordering: for an y � 6= � , either

� < � or � < � . Finally , b oth orderings are precongruences: if � < � and

�

0

< �

0

( � < � and �

0

< �

0

) then ��

0

< ��

0

( ��

0

< ��

0

).

De�nition 37 A pair ( �; � ) of states is minimal i� � 6= � , and for an y

( �

0

; �

0

) < ( �; � ) with �

0

� �

0

w e ha v e �

0

= �

0

. (By ( �

0

; �

0

) < ( �; � ) w e

mean ( �

0

; �

0

) 6= ( �; � ) but �

0

v � and �

0

v � ; note that this implies that

�

0

�

0

< �� .)

Let R b e the collection of all minimal bisimilar pairs.

Lemma 38 R is �nite.
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Pro of Supp ose w e ha v e an in�nite sequence of distinct pairs ( �

i

; �

i

) 2 R . W e

can tak e an in�nite subsequence in whic h the exp onen ts of the v ariable X

1

in

the states �

i

form a nondecreasing sequence, and then w e can tak e a further

in�nite subsequence in whic h the exp onen ts of the v ariable X

2

in the states �

i

form a nondecreasing sequence, and con tin ue in this fashion so that w e are left

with an in�nite subsequence ( �

i

; �

i

) 2 R with ( �

1

; �

1

) < ( �

2

; �

2

) < � � � . But

then ( �

i

; �

i

) (for i > 1 ) cannot b e minimal, con tradicting its inclusion in R .

2

Lemma 39

R

� = � .

Pro of If �

R

� � then clearly � � � since � is a congruence and R b y de�nition

only con tains bisimilar pairs.

Supp ose then that � � � but that � 6

R

� � (in particular, � 6= � ), and that

this is a minimal coun terexample in that if �

0

� �

0

and �

0

�

0

< �� then �

0

R

� �

0

.

Since ( �; � ) 62 R there m ust b e ( �

0

; �

0

) < ( �; � ) with �

0

� �

0

and �

0

6= �

0

.

Then �

0

�

0

< �� , so �

0

�

0

< �� , and hence b y the minimalit y assumption w e

ha v e that �

0

R

� �

0

.

Without loss of generalit y , assume �

0

< �

0

. Let �

00

b e suc h that � = �

0

�

00

.

Then � � � = �

0

�

00

� �

0

�

00

. But ��

0

�

00

< ��

0

�

00

= �� , so �

R

� �

0

�

00

R

�

�

0

�

00

= � , con tradicting the assumption that � 6

R

� � . 2

Hence w e ha v e again demonstrated the desired result.

Theorem 40 Bisimulation e quivalenc e is de cidable for BPP.

2.2 P olynomial Time Algorithms for BP A and BPP

In Section 2.1 w e demonstrated the decidabilit y of bisim ulation equiv alence

o v er b oth BP A and BPP . Ho w ev er, the computational complexit y of the al-

gorithms whic h w e presen ted sho ws them to b e of little practical v alue. T o

o v ercome this de�ciency w e concen trate in this section on dev eloping e�cien t

algorithms for deciding bisimilarit y within these classes of transition systems.

What w e demonstrate in fact are p olynomial algorithms for the problem of

deciding equiv alences o v er the sub classes of normed transition systems. These

algorithms will b oth b e based on an exploitation of the decomp osition prop-

erties enjo y ed b y normed transition systems; ho w ev er, despite the apparen t

similarit y of the t w o problems, di�eren t metho ds app ear to b e required.

F or the algorithms, w e �x a normed t yp e 2 rewrite transition system with

v ariable set V . The problem then is to determine e�cien tly|that is, in time

whic h is p olynomial in the the n um b er n of sym b ols in the rewrite rules|

whether or not � � � for �; � 2 V

�

, where w e in terpret the transition system

�rst as a BP A and then as a BPP . The �rst algorithm w e describ e for BP A is

tak en from Hirshfeld, Jerrum and Moller [69 , 70 ]. The second one for BPP is

tak en from Hirshfeld, Jerrum and Moller [71 ].
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2.2.1 A P olynomial Time Algorithm for Normed BP A

The basic idea b ehind the algorithm w e presen t here for deciding bisimilarit y

b et w een normed BP A states is to exploit the unique prime decomp osition the-

orem b y decomp osing states su�cien tly far to b e able to establish or refute the

equiv alence w e are considering. F urther, w e try to construct these decomp osi-

tions b y a re�nemen t pro cess whic h starts with an o v erly generous collection of

candidate decomp ositions. As the algorithm progresses, in v alid decomp ositions

will gradually b e w eeded out.

Assume that the v ariables V are ordered b y non-decreasing norm, so that

X < Y implies

n

( X ) �

n

( Y ) . A b ase is a set B of pairs ( Y ; X� ) , where X; Y 2 V ,

� 2 V

�

, X � Y and

n

( Y ) =

n

( X� ) . W e insist that B con tains at most one pair

of the form ( Y ; X� ) for eac h c hoice of v ariables X and Y , so that the cardinalit y

of B is at most O ( n

2

) . A base B is ful l i� whenev er Y � X� with Y � X there

exists a pair ( Y ; X� ) 2 B suc h that � � � . In particular, ( X; X ) 2 B for all

X 2 V . The k ey observ ation is that bisimilarit y is the congruence closure of a

�nite base.

A t the heart of the algorithm is the de�nition of a p olynomial-time (in

the size of B ) relation �

B

�

B

� whic h satis�es � � �

B

whenev er B is full.

Cen tral to the de�nition of the relation �

B

is the idea of a decomp osing

function. A function g : V ! V

�

is a de c omp osing function if either g ( X ) = X

or g ( X ) = X

1

X

2

� � � X

p

with X

i

< X for eac h 1 � i � p . Suc h a function g can

b e extended to the domain V

�

in the ob vious fashion b y de�ning g ( " ) = " and

g ( X� ) = g ( X ) g ( � ) . W e then de�ne g

�

( � ) for � 2 V

�

to b e the limit of g

t

( � ) as

t ! 1 ; o wing to the restricted form of g w e kno w that it m ust b e eventual ly

idemp otent , that is, that this limit m ust exist. The notation g [ X 7! � ] will

b e used to denote the function that agrees with g at all p oin ts in V except X ,

where its v alue is � .

The de�nition of the relation �

B

ma y no w b e giv en. F or base B and

decomp osing function g , the relation � �

g

B

� is de�ned b y the follo wing decision

pro cedure:

� if g

�

( � ) = g

�

( � ) then return true;

� otherwise let X and Y (with X < Y ) b e the leftmost mismatc hing pair of

sym b ols in the w ords g

�

( � ) and g

�

( � ) ;

{ if ( Y ; X
 ) 2 B then return � �

g

0

B

� , where g

0

= g [ Y 7! X
 ] ;

{ otherwise return false.

Finally , �

B

is de�ned to b e �

Id

B

where Id is the iden tit y function. (Note that

this pro cedure terminates, as it calls itself at most j V j times, eac h time up dating

the v alue of the parameter function g to decomp ose another v ariable.)

Lemma 41 �

B

�

B

� and � � �

B

whenever B is ful l.

Pro of The �rst inclusion is easily con�rmed, since for an y g constructed b y

the algorithm for computing �

B

, it is the case that X

B

� g ( X ) for eac h X 2 V .
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F or the second inclusion, supp ose that � � � and at some p oin t in the

pro cedure for deciding � �

B

� w e ha v e that g

�

( � ) 6= g

�

( � ) , and that w e ha v e

only ev er up dated g with mappings X 7! 
 satisfying X � 
 . Let X and Y (with

X < Y ) b e the leftmost mismatc hing pair. Then Y � X
 m ust hold for some


 , and so, b y fullness, ( Y ; X
 ) 2 B for some 
 with Y � X
 . So the pro cedure

do es not terminate with a false result, but instead up dates g with this new

seman tically sound mapping and con tin ues. 2

T o demonstrate that �

B

can b e decided e�cien tly , w e are left with

the problem of deciding g

�

( � ) = g

�

( � ) in time p olynomial in the size

of B (and �nding the leftmost mismatc h in case of inequalit y); all other

elemen ts in the de�nition of �

B

are algorithmically undemanding. Note

that the w ords g

�

( � ) and g

�

( � ) will in general b e of exp onen tial length,

so w e cannot a�ord to compute them explicitly . Ho w ev er, the relation

can indeed b e computed in p olynomial time with a dynamic programming

algorithm whic h exploits standard string alignmen ts tric ks based on ideas from

Kn uth, Morris and Pratt [94 ]. The details of this algorithm can b e found in [70 ].

The main task no w is to disco v er a small full base that con tains only se-

man tically sound decomp osition pairs. T o do this, w e start with a small full

base, and then pro ceed to re�ne the base iterativ ely whilst main taining fullness.

Informally , w e are prop osing that at an y instan t the curren t base should con-

sist of pairs ( X; � ) represen ting candidate decomp ositions, that is, pairs suc h

that the relationship X � � is consisten t with information gained so far. The

re�nemen t step is as follo ws.

Giv en a base B , de�ne the sub-base

b

B � B to b e the set of pairs ( X; � ) 2 B

suc h that

� if X

a

� ! � then �

a

� ! 
 with � �

B


 , and

� if �

a

� ! 
 then X

a

� ! � with � �

B


 .

Lemma 42 If B is ful l then

b

B is ful l.

Pro of Supp ose Y � X� with Y � X . By fullness of B , there exists a pair

( Y ; X� ) 2 B suc h that � � � . W e sho w that the pair ( Y ; X� ) surviv es the

re�nemen t step, to b e included in

b

B . Note that, since � is a congruence, Y � X� .

Th us, if Y

a

� ! 
 then X�

a

� ! � for some � satisfying � � 
 . By fullness of B and

Lemma 41, � �

B


 . Similarly , if X�

a

� ! � then Y

a

� ! 
 with 
 � � , and hence


 �

B

� . The pair ( Y ; X� ) therefore satis�es the conditions for inclusion in

b

B .

2

In general, the re�nemen t step mak es progress, i.e., the new base

b

B is strictly

con tained in the base B from whic h it w as deriv ed. If, ho w ev er, no progress

o ccurs, an imp ortan t deduction ma y b e made.

Lemma 43 If

b

B = B then �

B

� � .
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Pro of The relation �

B

is con tained in

B

� , the congruence closure of B ; and

if

b

B = B then B m ust b e a bisim ulation base, in whic h case b y Theorem 25,

�

B

�

B

� � � . 2

Note that b y iterativ ely applying the re�nemen t step B :=

b

B to a full initial

base, w e are guaran teed b y the preceding three lemmas to stabilise at some full

base B for whic h �

B

= � .

Finally , w e are left with the task of constructing the initial base B

0

. This is

ac hiev ed as follo ws. F or eac h X 2 V and eac h 0 � � �

n

( X ) , let [ X ]

�

b e some

state that can b e reac hed from X via a sequence of � norm-reducing transitions.

(Note that some norm-reducing transition is a v ailable to ev ery state.)

Lemma 44 The b ase B

0

=


 �

Y ; X [ Y ]

n

( X )

�

: X; Y 2 V and X � Y

�

is ful l.

Pro of Supp ose Y � X� with X � Y , and let � =

n

( X ) ; then ( Y ; X [ Y ]

�

) 2 B

0

for some [ Y ]

�

suc h that Y

s

� ! [ Y ]

�

in � norm-reducing steps, where s 2 A

�

. But

the norm-reducing sequence Y

s

� ! [ Y ]

�

can only b e matc hed b y X�

s

� ! � . Hence

[ Y ]

�

� � , and B

0

m ust b e full. 2

The basic structure of the pro cedure for deciding bisimilarit y b et w een

normed states � and � is no w clear: simply iterate the re�nemen t pro cedure

B :=

b

B from the initial base B = B

0

un til it stabilises at the desired base B ,

and then test � �

B

� . By the preceding four lemmas, this test is equiv alen t

to � � � .

W e ha v e not b een sp eci�c ab out whic h state [ X ]

�

is to b e selected among

those reac hable from X via a sequence of � norm-reducing transitions. A suit-

able c hoice is pro vided b y the follo wing recursiv e de�nition. F or eac h v ari-

able X 2 V , let �

X

2 V

�

b e some state reac hable from X b y a single norm-

reducing transition X

a

� ! �

X

. Then,

[ � ]

0

= �;

[ X� ]

p

=

�

[ � ]

p -

n

( X )

; if p �

n

( X ) ;

[ �

X

]

p - 1

�; if p <

n

( X ) .

Lemma 45 With this de�nition for [ � ]

�

, the b ase B

0

intr o duc e d in L emma 44

may b e explicitly c onstructe d in p olynomial time; in p articular, every p air in B

0

has a c omp act r epr esentation as an element of V � V

�

.

Pro of It is easily c hec k ed that the natural recursiv e algorithm based on the

de�nition is p olynomial-time b ounded. 2

W e ha v e already observ ed that B

0

con tains O ( n

2

) pairs, so the re�nemen t

pro cedure is iterated at most O ( n

2

) times. Hence w e ha v e succeeded in demon-

strating our result.

Theorem 46 Ther e is a p olynomial-time (in the lengths of the states � and

� , and the size of the r ewrite rules) pr o c e dur e for de ciding bisimilarity b etwe en

two states � and � of a norme d typ e 2 se quential r ewrite tr ansition system.
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Simple con text-free grammars

Recall that a simple grammar is a con text-free grammar in Greibac h normal

form suc h that for ev ery v ariable X and terminal sym b ol a there is at most

one pro duction of the form X ! a� ; these corresp ond to deterministic t yp e 2

sequen tial rewrite transition systems. The decision pro cedure giv en b y Korenjak

and Hop croft [95 ] for deciding language equiv alence b et w een simple grammars

is doubly exp onen tial; this time complexit y w as impro v ed b y Caucal [30 ] to b e

singly exp onen tial. The follo wing result demonstrates that this problem has a

p olynomial-time solution.

Theorem 47 Ther e is a p olynomial-time algorithm for de ciding e quivalenc e of

simple gr ammars.

Pro of T o obtain a p olynomial-time decision pro cedure for deciding language

equiv alence of simple con text-free grammars (deterministic t yp e 2 sequen tial

rewrite transition systems), w e merely recall from Lemma 17 that in the case of

normed deterministic transition systems, language equiv alence and bisim ulation

equiv alence coincide. W e can restrict atten tion to normed grammars, as an y un-

normed grammar can b e transformed in to a language-equiv alen t normed gram-

mar b y remo ving pro ductions con taining unnormed non terminals. (Note that

this transformation do es not preserv e bisim ulation equiv alence, whic h mak es

it inapplicable for reducing the unnormed case to the normed case in c hec king

bisimilarit y .) Th us language equiv alence of simple grammars ma y b e c hec k ed in

p olynomial time b y the pro cedure presen ted in the previous t w o sections. 2

2.2.2 A P olynomial Time Algorithm for Normed BPP

T o demonstrate that w e can decide bisimilarit y b et w een normed BPP in p oly-

nomial time, w e require a v astly di�eren t tec hnique than that used for the BP A

case; nonetheless the tec hnique still relies completely on the unique factorisation

prop ert y .

T o start o�, w e assume without loss of generalit y that the v ariables are

giv en in order of non-decreasing norm, so that

n

( X

1

) �

n

( X

2

) � � � � �

n

( X

n

) .

De�ne the size of a monomial � 2 V

�

to b e the sum of the lengths of the binary

enco dings of the v arious exp onen ts app earing in the monomial; the size of a

pro duction X

a

� ! � to b e the length of the triple ( X; a; � ) , enco ded in binary;

and the size of a rewrite transition system to b e the sum of the sizes of all the

rewrite rules con tained within it.

T o prepare for the description of the algorithm, and the pro of that it runs

in p olynomial time, w e require some de�nitions and a few preparatory lemmas.

W e omit the (generally straigh tforw ard) pro ofs of these lemmas; they can b e

found in [71 ].

Supp ose R is an y relation on V

�

. W e sa y that a pair ( �; � ) 2 V

�

� V

�

satis�es (norm-r e ducing) exp ansion in R if

� if �

a

� ! �

0

is a (norm-reducing) transition then �

a

� ! �

0

for some �

0

with

�

0

R �

0

;
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and

� if �

a

� ! �

0

is a (norm-reducing) transition then �

a

� ! �

0

for some �

0

with

�

0

R �

0

.

Observ e that a relation R is a bisim ulation if ev ery pair ( �; � ) 2 R satis�es

expansion in � . Observ e also that if R is an equiv alence relation (resp ectiv ely ,

congruence) then the relations \satis�es expansion in R " and \satis�es norm-

reducing expansion in R " are b oth equiv alence relations (resp ectiv ely , congru-

ences).

De�ne a unique de c omp osition b ase , D , to b e a pair ( �; � ) , where � =

� ( D ) = f P

1

; : : : ; P

r

g � V is a set of primes , and � = � ( D ) is a set of pairs

( X; P

x

1

1

: : : P

x

r

r

) , one for eac h non-prime v ariable X 2 V - � . The set � ma y b e

view ed as sp ecifying, for eac h non-prime v ariable X , a decomp osition of X in to

primes. (Note that these \primes" are not in general the primes with resp ect

to the maximal bisim ulation, whic h w ere the sub ject of Theorem 22.) A unique

decomp osition base de�nes an equiv alence relation �

D

on V

�

: the relation

� �

D

� holds b et w een �; � 2 V

�

if the prime decomp ositions of � and � are

equal (as monomials).

Lemma 48 L et D b e a unique de c omp osition b ase. Then:

(i) the e quivalenc e r elation �

D

is a c ongruenc e with c anc el lation (that is,

� �

D

� whenever �
 �

D

�
 ) which c oincides with

D

� , the smal lest

c ongruenc e c ontaining � ( D ) ;

(ii) ther e is a p olynomial-time (in the size of � and � ) algorithm to de cide

� �

D

� for arbitr ary �; � 2 V

�

;

(iii) the r elation �

D

is a bisimulation pr ovide d every p air in � ( D ) satis�es

exp ansion within �

D

; this c ondition may b e che cke d by a p olynomial-time

algorithm;

(iv) the maximal bisimulation � c oincides with the c ongruenc e �

D

, wher e D

r epr esents the unique de c omp osition in � .

The next lemma allo ws us to shrink a congruence, de�ned b y a unique de-

comp osition base, whenev er it is strictly larger than the maximal bisim ulation.

Lemma 49 L et D b e a unique de c omp osition b ase such that the c ongruenc e �

D

is norm-pr eserving and strictly c ontains the maximal bisimulation � . De�ne

the r elation � as fol lows: for al l �; � 2 V

�

, the r elationship � � � holds i�

� �

D

� and the p air ( �; � ) satis�es exp ansion in �

D

. Then it is p ossible,

in p olynomial time, to �nd (a r epr esentation of ) a r elation � on V

�

such that:

(i) the r elation � � � is de cidable in p olynomial time (in the sum of the sizes

of � and � );

(ii) the r elation � is a c ongruenc e;
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(iii) ther e is a variable X 2 V that is de c omp osable in �

D

but not in � ;

(iv) the inclusions � � � � �

D

hold.

The �nal lemma allo ws us to \smo oth out" an unmanageable congruence

in to a congruence de�ned b y a unique decomp osition base.

Lemma 50 L et � b e a norm-pr eserving, p olynomial-time c omputable c ongru-

enc e satisfying � � � , wher e � denotes maximal bisimulation. Then ther e is a

de c omp osition b ase D , c omputable in p olynomial time, such that � � �

D

� � .

With the three preceding lemmas in place, the pro cedure for deciding bisim-

ulation equiv alence is clear.

(1) Let the congruence � b e de�ned b y � � � i�

n

( � ) =

n

( � ) .

(2) Compute a decomp osition base D with � � �

D

� � , using Lemma 50.

(3) If �

D

is a bisim ulation|a condition that can b e c hec k ed in p olynomial

time using Lemma 48|then halt and return the relation �

D

.

(4) Compute a congruence � satisfying � � � � �

D

, using Lemma 49. Go

to step 2.

The main result is then virtually immediate.

Theorem 51 Given a norme d BPP over variable set V , ther e is a p olynomial-

time (in the size of � , � , and the tr ansition rules) algorithm to de cide � � �

for arbitr ary �; � 2 V

�

.

Pro of On eac h iteration of the lo op formed b y lines (2){(4), the n um b er of

primes increases b y at least one. Th us the n um b er of iterations is b ounded

b y n , and eac h iteration requires only p olynomial time b y the three preceding

lemmas. 2

2.3 Computing a Finite Bisim ulation Base for BP A

In Section 2.1.2, w e demonstrated the existence of a �nite bisim ulation base

for BP A; this p ermitted us to infer the decidabilit y of bisimilarit y b et w een

BP A states using t w o semi-decision pro cedures. In this section, w e describ e an

algorithm for constructing a general bisim ulation base, a �nite relation R in

whic h the least congruence

R

� con taining R is equal to � . F rom this w e deduce

a stronger result than the decidabilit y of bisim ulation: the largest bisim ulation

� is an e�ectiv e rational relation. F urthermore, the algorithm that w e describ e

will demonstrate that the equiv alence problem with resp ect to bisimilarit y of

BP A states can b e solv ed in double exp onen tial time.

Giv en an y binary relation R on V

�

, w e de�ne

E

( R ) to b e the set of pairs in

R whic h satisfy expansion in

R

� ; that is, ( �; � ) 2

E

( R ) i� ( �; � ) 2 R and
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� if �

a

� ! �

0

then �

a

� ! �

0

for some �

0

with �

0

R

� �

0

; and

� if �

a

� ! �

0

then �

a

� ! �

0

for some �

0

with �

0

R

� �

0

.

In particular, R is a bisim ulation base (cf. De�nition 24) if R =

E

( R ) , in whic h

case

R

� is a bisim ulation (cf. Lemma 25). Our in ten tion is to construct a �nite

base R generating the largest bisim ulation: � =

R

� . T o do this, w e mimic the

construction from Section 2.2.1:

1. w e �nd a �nite relation R

0

whic h is c omplete , meaning that � =

R

0

\ �

� (this

is a re�nemen t of the notion of ful lness de�ned in Section 2.2.1);

2. w e then rep eatedly apply

E

to compute R

0

�

E

( R

0

) �

E

2

( R

0

) � � � � un til

w e �nd that

E

n

( R

0

) =

E

n + 1

( R

0

) ; w e then tak e R =

E

n

( R

0

) . (Note that

n can b e no greater than the size of R

0

.)

That this pro cedure pro vides the desired �nite base R satisfying � =

R

� fol-

lo ws from the fact that completeness is preserv ed b y the application of

E

, as

demonstrated in the next result (cf. Lemma 42).

Lemma 52 If B is c omplete, then B \ � =

E

( B ) \ � , so

E

( B ) is c omplete.

Pro of Assume that B is complete, so that � =

B \ �

� �

B

� . Then since

E

is

monotonic, w e get � =

E

( � ) �

E

(

B

� ) , and hence

B \ � = B \

E

(

B

� ) \ �

�

since � �

E

(

B

� )

�

= B \

E

( B ) \ �

�

since B \

E

(

B

� ) = B \

E

( B )

�

=

E

( B ) \ �

�

since

E

( B ) � B

�

.

2

W e shall apply this metho d to an arbitrary BP A system. As b efore w e split

the set of v ariables in to t w o disjoin t sets V = V

N

[ V

U

with the v ariables in V

N

ha ving �nite norm and those in V

U

ha ving in�nite norm, and mak e use of the

�nite pr e�x norm from De�nition 33:

n

f

( � ) = max




n

( � ) :

n

( � ) < 1 and � = �
 for some 


�

.

Giv en the follo wing three relations

R

0

=




( A; AB ) : A 2 V

U

and B 2 V

�

R

f

=




( A; � ) 2 V

N

� V

�

N

:

n

( A ) =

n

( � )

�

R

1

= V

�

N

V

U

� V

�

N

V

U

w e shall construct a �nite complete relation R = R

0

[ R

f

[ R

0

with R

0

� R

1

.

Then b y Lemmas 52 and 53 b elo w, w e shall b e able to construct R\ � .
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Lemma 53 F or any �nite S � R

f

[ R

1

with R

0

� S , the r elation

S

� is

de cidable; henc e we c an c ompute

E

( S ) .

Pro of Let

S

f

= S \ R

f

; and

S

1

=




( �

0

; �

0

) : �

S

f

� �

0

and �

S

f

� �

0

for some ( �; � ) 2 S \ R

1

�

:

As S

f

is �nite and norm-preserving, S

1

m ust b e �nite as w ell. No w,

S

� =




( �; � ) : �; � 2 V

�

N

and �

S

f

� �

�

[




( �
; �� ) : �; � 2 V

�

N

V

U

and �

S

1

� �

�

:

Note that

S

f

� restricted to V

�

N

is decidable: S

f

is norm-preserving, and hence an y

equiv alence class is an e�ectiv e �nite set. F urthermore

S

1

� restricted to V

�

N

V

U

is decidable: it is the su�x deriv ation of S

1

[ S

- 1

1

, and hence an y equiv alence

class is an e�ectiv e rational set [19 ]. 2

F or an y n � 1 , w e de�ne the relation R

n

as follo ws:

R

n

= R

0

[ R

f

[




( �; � ) 2 R

1

: n

f

( � ) ; n

f

( � ) < n

�

.

W e shall compute a constan t e suc h that R

e

is complete, after whic h w e can

compute R

e

\ � and hence infer that � is decidable. In fact, w e get a stronger

result: w e can construct a transducer (a �nite automaton lab elled b y pairs of

states) recognizing the bisim ulation.

Theorem 54 Bisimilarity is an e�e ctive r ational r elation over any BP A sys-

tem.

Pro of W e assume that w e ha v e our promised in teger e suc h that R

e

is com-

plete. By Lemmas 52 and 53, w e compute R

e

\ � = R

0

[ ( R

f

\ � ) [ S

e

,

where

S

e

=




( �; � ) : �; � 2 V

�

N

V

U

; � � � and n

f

( � ) ; n

f

( � ) < e

�

.

First w e sho w that the set of bisimilar pairs of in�nite norm is an e�ectiv e

rational relation. W e ha v e

� \ V

�

V

U

V

�

� V

�

V

U

V

�

=

R

e

\ �

� \ V

�

V

U

V

�

� V

�

V

U

V

�

=

�

S

e

� \ V

�

N

V

U

� V

�

N

V

U

�

�

�

V

�

� V

�

�

But (

S

e

� \ V

�

N

V

U

� V

�

N

V

U

) is the su�x deriv ation according to S

e

restricted

to the recognizable relation V

�

N

V

U

� V

�

N

V

U

, and hence is an e�ectiv e rational

relation [32 ].

It then remains to sho w that the set of bisimilar pairs of �nite norm is an

e�ectiv e rational relation. F or this, w e can exploit the Unique F actorisation

Theorem 21. Let V

P

� V

N

b e the set of all primes without rep etition up to � ;

that is, for ev ery � 2 V

�

N

there is a unique � 2 V

�

P

suc h that � � � . No w tak e
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S =




( X; � ) : X 2 V

N

; � 2 V

�

P

; and X � �

�

.

The set of bisimilar pairs of �nite norm can then b e expressed as the e�ectiv e

rational set S

�

� ( S

- 1

)

�

. 2

It no w remains to explain the computation of the constan t e suc h that R

e

is complete. A useful to ol is the follo wing diver genc e function:

Div ( �; � ) = min

�

f n : � 6�

n

� g [ f 1 g

�

= 1 + max f n : � �

n

� g :

An imp ortan t prop ert y is that 1= Div is an ultrametric distance.

Lemma 55

a) 1 � Div ( �; � ) = Div ( �; � ) ;

b) min

�

Div ( �; � ) ; Div ( �; 
 )

�

� Div ( �; 
 ) ;

c) If Div ( �; � ) > Div ( �; 
 ) then Div ( �; 
 ) = Div ( �; 
 ) ;

d) If

n

( � ) <

n

( � ) then Div ( �; � ) � 1 +

n

( � ) ;

e) If �

u

� ! �

0

and j u j < Div ( �; � ) then �

u

� ! �

0

such that Div ( �; � ) �

j u j + Div ( �

0

; �

0

) .

W e extend Div to an y binary relation R o v er states as follo ws.

minDiv ( R ) = min




Div ( �; � ) : � R �

�

With this, w e ma y no w generalize Lemma 55(c).

Lemma 56 If � R

�

�

0

, � R

�

�

0

, and Div ( �; � ) < minDiv ( R ) then Div ( �; � ) =

Div ( �

0

; �

0

) .

The ab o v e prop erties of the div ergence function are true for arbitrary tran-

sition systems. Henceforth w e consider only BP A systems, in whic h case the

div ergence function satis�es the follo wing additional prop erties.

Lemma 57 F or every �; �; 
; � 2 V

�

, we have the fol lowing.

a) If 
 � � then Div ( �; � ) � Div ( �
; �� ) � Div ( �; � ) +

n

( 
 ) � Div ( 
�; �� ) .

b) If �
 � �� and 1 < Div ( �; � ) < 1 then �

a

� ! �

0

and �

a

� ! �

0

such that

�

0


 � �

0

� and Div ( �

0

; �

0

) < Div ( �; � ) .

c) If �

R

� 
 , �

R

� � , and Div ( �; � ) < minDiv ( R ) then Div ( �; � ) = Div ( 
; � ) .
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If w e can compute an in teger a

�;�

for an y �; � suc h that a

�;�

> Div ( �; � )

when � 6� � , then w e w ould ha v e the basis of an algorithm for deciding � . In

fact, w e are not able to �nd suc h a b ound for an arbitrary BP A system; but for

an y BP A system, w e shall sho w that there exists an equiv alen t BP A system in

a form allo wing to compute suc h a b ound.

Consider an y BP A system with rewrite rules P . F or eac h � 2 Im ( P ) with

n

( � ) = 1 (that is, for eac h unnormed sequence � whic h app ears as the righ t

hand side of some rule of P ) w e asso ciate a new v ariable X

�

in suc h a w a y

that X

�

= X

�

whenev er � � � . (This asso ciation is not e�ectiv e, but w e are

in terested only in the div ergence function.) F or eac h suc h v ariable X

�

w e also

in tro duce a new lab el a

�

. W e then de�ne a new BP A system with the follo wing

set

b

P of rewrite rules:

b

P =




A

a

� ! � : A

a

� ! � 2 P and

n

( � ) < 1

�

[




A

a

� ! X

�

; X

�

a

�

� ! X

�

: A

a

� ! � 2 P and

n

( � ) = 1

�

:

The follo wing then attests that these t w o BP A systems are equiv alen t.

Lemma 58 F or �; � 2 V

�

N

, � �

P

� i� � �

b

P

� .

W e ha v e that Div

b

P

( �; � ) � Div

P

( �; � ) , but equalit y is not true in general.

The new system

b

P has the follo wing restriction: eac h righ t hand side is either

a normed sequence or an unnormed v ariable. F urthermore, Div ( A; B ) = 1

for ev ery A; B 2 V

U

with A 6�

b

P

B . These restrictions allo w us to �nd an

upp er b ound to the div ergence for non-bisimilar pairs. Before pro ceedings, w e

need �rst to in tro duce some further notations. F or an y �nite set E � V

�

, w e

let j E j denote its cardinalit y; max-n ( E ) = max f

n

( � ) : � 2 E g ; min-n ( E ) =

min f

n

( � ) : � 2 E g ; max-n

f

( E ) = max f n

f

( � ) : � 2 E g ; and min-n

f

( E ) =

min f n

f

( � ) : � 2 E g . W e shall also freely apply these max and min functions

to lists as w ell as sets. W e let P

f

= f A

a

� ! � 2 P :

n

( � ) < 1 g b e the restriction

of a system P to its rules of �nite norm. Then for an y �; � 2 V

�

, w e de�ne

a

�;�

= min-n ( �; � ) + ( j V

N

j - 1 ) � max-n ( Im ( P

f

)) + max-n ( V

N

)

Lemma 59 F or any BP A system P and any �; � 2 V

�

N

, if � 6� � then

Div

b

P

( �; � ) � a

�;�

.

Pro of Using Lemmas 55, 56 and 57, w e generalize directly the construction

giv en in [30 ] for simple grammars to obtain the same b ound a

�;�

for an y BP A

system in whic h eac h righ t hand side is either a normed sequence or an un-

normed v ariable; and t w o unnormed non-bisimilar v ariables are of div ergence

one (this last condition is not strictly necessary , but without it the b ound m ust

b e c hanged). 2

F or a normed system P ,

b

P = P , and a

�;�

is optimal when P = V � � � f " g , in

whic h case max-n ( Im ( P )) = 0 and max-n ( V ) = 1 , so a

�;�

= min ( j � j ; j � j ) + 1 =

Div ( �; � ) whenev er � 6� � . This b ound a

�;�

on Div

b

P

( �; � ) also pro vides a

b ound on the length of a deriv ation of P from ( �; � ) to a pair with distinct

norms, and whic h preserv es a giv en uni�cation, as form ulated in the follo wing.
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Lemma 60 F or �; � 2 V

�

N

, if �
 � �� and � 6� � then for some �

0

; �

0

and u

with j u j < a

�;�

we have that �

u

� ! �

0

, �

u

� ! �

0

,

n

( �

0

) 6=

n

( �

0

) , and �

0


 � �

0

� .

Pro of By Lemma 58, � 6�

b

P

� , and b y Lemma 59, Div

b

P

( �; � ) � a

�;�

. By

Lemma 57, using induction on Div

b

P

( �; � ) , there exist t w o deriv ations

� = �

1

a

1

� !

b

P

�

2

a

2

� !

b

P

� � �

a

n - 1

� !

b

P

�

n

and � = �

1

a

1

� !

b

P

�

2

a

2

� !

b

P

� � �

a

n - 1

� !

b

P

�

n

suc h that �

i


 � �

i

� for ev ery 1 � i � n , and

Div

b

P

( �

1

; �

1

) > Div

b

P

( �

2

; �

2

) > � � � > Div

b

P

( �

n

; �

n

) = 1 .

In particular, n � Div

b

P

( �; � ) � a

�;�

. Since Div

b

P

( �

n

; �

n

) = 1 and �

n


 � �

n

� ,

either �

n

= " 6= �

n

or �

n

6= " = �

n

, so

n

( �

n

) 6=

n

( �

n

) . Th us m = min f i :

n

( �

i

) 6=

n

( �

i

) g exists, and w e tak e u = a

1

: : : a

m - 1

, so j u j = m - 1 < n � a

�;�

.

By symmetry , w e ma y assume that

n

( �

m

) <

n

( �

m

) .

� If

n

( �

m

) < 1 , then it su�ces to tak e �

0

= �

m

and �

0

= �

m

.

� If

n

( �

m

) = 1 , then m > 1 and �

m - 1

2 V

+

N

. Let B� = �

m - 1

; then

B

a

m - 1

� !

P

� with X

�

� = �

m

. Th us it su�ces to tak e �

0

= �

m

and �

0

= �� ;

in particular,

�

0


 = �

m


 � �

m

� = X

�

�� � � � ��� = �

0

� .

2

If 
 = � in the ab o v e Lemma, then � is r ep etitive : � � �� for some � 6= " ,

and w e can �nd suc h a � with a �nite norm b ounded b y b

max-n ( �;� )

, where

b

n

= ( n + j V

N

j ) � max-n ( Im ( P

f

)) � ( max-n

f

( Im ( P )))

2

Lemma 61 F or �; � 2 V

�

N

, if �� � �� and � 6� � then � � 
� for some 
 6= "

with n

f

( 
 ) < b

max-n ( �;� )

.

Pro of By Lemma 60, there are deriv ations �

u

� ! �

0

and �

u

� ! �

0

suc h that

j u j < a

�;�

,

n

( �

0

) 6=

n

( �

0

) and �

0

� � �

0

� . Th us there are deriv ations

�

�

0

v

� ! " and �

0

v

� ! 


�

or

�

�

0

v

� ! 
 and �

0

v

� ! "

�

suc h that j v j = min-n ( �

0

; �

0

) and � � 
� . As max-n ( V

N

) � max-n ( Im ( P

f

)) + 1 ,

w e ha v e that

a

�;�

- 1 � min-n ( �; � ) + j V

N

j � max-n ( Im ( P

f

)) .

F urthermore,

n

f

( �

0

) �

n

( � ) + j u j � ( max-n

f

( Im ( P )) - 1 )

n

f

( �

0

) �

n

( � ) + j u j � ( max-n

f

( Im ( P )) - 1 )

n

f

( 
 ) � max-n

f

( �

0

; �

0

) + j v j � ( max-n

f

( Im ( P )) - 1 )
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So

n

f

( 
 ) � max-n ( �; � ) + ( a

�;�

- 1 ) � ( max-n ( Im ( P

f

)) - 1 )

+

�

min-n ( �; � ) + ( a

�;�

- 1 ) � ( max-n ( Im ( P

f

)) - 1 )

�

�

�

max-n

f

( Im ( P )) - 1

�

�

�

max-n ( �; � ) + ( a

�;�

- 1 ) � ( max-n ( Im ( P

f

)) - 1 )

�

�

max-n

f

( Im ( P ))

�

�

max-n ( �; � ) � max-n ( Im ( P

f

)) +

j V

N

j � max-n ( Im ( P

f

)) � ( max-n ( Im ( P

f

)) - 1 )

�

� max-n

f

( Im ( P ))

<

�

max-n ( �; � ) + j V

N

j

�

� max-n ( Im ( P

f

)) � ( max-n

f

( Im ( P )))

2

= b

max-n ( �;� )

:

2

W e then de�ne the in teger c = b

max-n ( V

N

) � ( 1 + max-n

f

( Im ( P )))

to obtain a se-

quence of decreasing rep etitiv e states.

Lemma 62 L et � � 
� with 0 <

n

( 
 ) < c and max-n ( V

N

) < n

f

( � ) . Then

ther e exist

b


 ,

b

� and � such that

b

� �

b




b

� with 0 <

n

(

b


 ) < c and � � �

b

� with

n

f

( � ) = n

f

( �

b

� ) and 0 <

n

( � ) < 2 max-n ( V

N

) .

Pro of As 0 <

n

( 
 ) < c , w e ha v e that 
 = A


00

with A 2 V

N

. Let A

u

� ! "

with j u j =

n

( A ) . Then � = �

0

�

00

u

� ! ��

00

suc h that ��

00

� 


00

� where j �

0

j is

minimal. As n

f

( � ) > max-n ( V

N

) � j u j , w e ha v e that �

00

6= " and �

0

2 V

�

N

. By

the mimimalit y of j �

0

j , w e ha v e that �

0

u

0

� ! B

u

00

� ! � with B = �

0

( j �

0

j ) , u

0

u

00

= u

and u

00

6= " . Hence

n

( �

0

) � j u

0

j +

n

( B ) < 2 � max-n ( V

N

) . F urthermore, n

f

( � ) �

n

( B ) + j u

00

j � ( max-n

f

( Im ( P )) + 1 ) � max-n ( V

N

) � max-n

f

( Im ( P )) . W e ha v e that

�

0

�

00

= � � A


00

� � A��

00

.

Supp ose that �

0

� A� . In particular, � 2 V

�

N

, and it su�ces to tak e

b


 =




00

A ,

b

� = ��

00

and � = A :

�

b

� = ��

00

� 


00

� = 


00

�

0

�

00

� 


00

A��

00

=

b




b

� .

� 0 <

n

(

b


 ) =

n

( 


00

A ) =

n

( A


00

) =

n

( 
 ) < c .

� � = �

0

�

00

� A��

00

= �

b

� .

� n

f

( � ) = n

f

( �

0

�

00

) =

n

( �

0

) + n

f

( �

00

)

=

n

( A ) +

n

( � ) + n

f

( �

00

) = n

f

( A��

00

) = n

f

( �

b

� ) :

� 0 <

n

( � ) =

n

( A ) � max-n ( V

N

) < 2 � max-n ( V

N

) .

Assume then that �

0

6� A� . Then w e ha v e that �

0

�

00

� A��

00

with

n

( �

0

) <

2 � max-n ( V

N

) and

n

( A� ) � max-n ( V

N

) � ( 1 + max-n

f

( Im ( P ))) .

� If � 2 V

�

N

, then b y Lemma 61, there is

b


 suc h that �

00

�

b


�

00

and

44



n

f

(

b


 ) < b

max ( 2 � max-n ( V

N

) ; max-n ( V

N

) � ( 1 + max-n

f

( Im ( P ))))

= c .

� If

n

( � ) = 1 , then �

0

�

00

� A� . Let �

0

v

� ! " with j v j =

n

( �

0

) . There is

A�

v

� !

b


 with �

00

�

b


 �

b


�

00

. Then n

f

(

b


 ) � n

f

( A� ) + j v j � ( max-n

f

( Im ( P )) -

1 ) . Th us n

f

(

b


 ) < max-n ( V

N

) � ( 1 + max-n

f

( Im ( P ))) + 2 � max-n ( V

N

) �

( max-n

f

( Im ( P )) - 1 ) < c . So it su�ces to tak e

b

� = 


00

and � = 


0

.

2

W e b ound the �nite norm of rep etitiv e states with the follo wing in teger:

d = 2 � max-n ( V

N

) � j V

N

j

c

.

Lemma 63 L et � � 
� with n

f

( 
 ) < c . Then ther e is

b

� � � with n

f

(

b

� ) < d .

Pro of If

n

( 
 ) = 1 then it su�ces to tak e

b

� = � (since c < d ). Let � � 
� with

n

( 
 ) < c . W e ma y assume that n

f

( � ) is minimal. By rep eated applications of

Lemma 62, there is a �nite sequence ( 


i

; �

i

; �

i

) with 1 � i � n suc h that

� 


1

= 
 and �

1

= � ;

� n

f

( �

n

) � max-n ( V

N

) ;

� for eac h 1 � i � n : �

i

� 


i

�

i

and 0 <

n

( �

i

) < 2 � max-n ( V

N

) ; and

� for eac h 1 � i < n : �

i

� �

i + 1

�

i + 1

and n

f

( �

i

) = n

f

( �

i + 1

�

i + 1

) .

Assume that 


i

= 


j

for i < j . Then �

i

� �

j

with n

f

( �

j

) < n

f

( �

i

) . If

b

� =

�

2

: : : �

i

�

j

then

b

� � �

2

: : : �

i

�

i

� �

1

= � , but n

f

( � ) = n

f

( �

2

: : : �

i

�

i

) > n

f

(

b

� ) . This

con tradiction to the minimalit y of � implies that the 


i

are pairwise distincts.

Hence

n � jf 
 2 V

�

N

:

n

( 
 ) < c gj

� 1 + j V

N

j + : : : + j V

N

j

c - 1

= ( j V

N

j

c

- 1 ) = ( j V

N

j - 1 ) < j V

N

j

c

:

Finally

n

f

( � ) = n

f

( �

2

: : : �

n

�

n

) < 2 ( n - 1 ) � max-n ( V

N

) + max-n ( V

N

)

< 2n max-n ( V

N

) < 2 max-n ( V

N

) � j V

N

j

c

= d:

2

The in teger e = d + 1 + max-n ( V

N

) � max-n ( Im ( P

f

)) is then a suitable b ound.

Theorem 64 The r elation R

e

is c omplete:

R

e

\ �

� = � .

Pro of W e ha v e

R

e

\ �

� �

�

� = � . T o pro v e the rev erse inclusion and using R

0

it

su�ces to sho w that for ev ery �; � 2 V

�

N

[ V

�

N

V

U

, if � � � then �

R

e

\ �

� � . W e

ma y also assume that Im ( P ) � V

�

N

[ V

�

N

V

U

. In the sequel, w e let � =

R

e

\ �

� .
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The pro of is carried out b y induction on � as de�ned in De�nition 33:

( �; � ) � ( 
; � ) i� max-n

f

( �; � ) � max n

f

( 
; � ) .

Supp ose �rst that max-n

f

( �; � ) = 0 , that is, �; � 2 V

U

[ f " g . As � � � ,

either � = � = " , in whic h case � � � ; or �; � 2 V

U

, in whic h case � ( R

e

\ � ) � .

Assume then that max-n

f

( �; � ) > 0 . First, let us v erify the follo wing prop-

ert y of normed sequences �; � 2 V

�

N

:

( ? ) If � � � and n

f

( � ) < e and ( �; � ) � ( �; � ) then � � � .

Either

n

( � ) < 1 in whic h case ( �; � ) � ( �; � ) and b y the induction h yp othesis

� � � ; or

n

( � ) = 1 in whic h case either n

f

( � ) < e so � ( R

e

\ � ) � , or n

f

( � ) � e

in whic h case ( �; � ) � ( �; � ) � ( �; � ) , and b y the induction h yp othesis � � � .

No w let A�

0

= � and B�

0

= � . By symmetry , w e ma y assume that

n

( B ) �

n

( A ) , so B 2 V

N

. Let B

u

� ! " with j u j =

n

( B ) . Then A

u

� ! 
 suc h that 
�

0

� �

0

.

In particular,

n

f

( 
 ) � j u j � ( max-n

f

( Im ( P )) - 1 ) + 1

� max-n ( V

N

) � ( max-n

f

( Im ( P )) - 1 ) + 1 < e:

F urthermore, A�

0

� B
�

0

.

Supp ose

n

( 
 ) = 1 . Then 
 � �

0

, and b y Prop ert y ( ? ), 
 � �

0

. F urthermore

A�

0

� B
 and n

f

( B
 ) � max-n ( V

N

) � max-n

f

( Im ( P )) + 1 < e .

� If A 2 V

U

then �

0

= " and hence � = A ( R

e

\ � ) B
 � B�

0

= � .

� If A 2 V

N

then A

v

� ! " suc h that j v j =

n

( A ) . Hence B


v

� !

b

� suc h that

�

0

�

b

� . In particular, n

f

(

b

� ) � max-n ( V

N

) � ( max-n

f

( Im ( P )) - 1 ) + n

f

( B
 ) �

2 � max-n ( V

N

) � max-n

f

( Im ( P )) < e and b y Prop ert y ( ? ),

b

� � �

0

. F urther-

more, A

b

� � B
 and n

f

( A

b

� ) � max-n ( V

N

) � ( 2 � max-n

f

( Im ( P )) + 1 ) < e .

Hence A

b

� ( R

e

\ � ) B
 . Finally , � = A�

0

� A

b

� � B
 � B�

0

= � .

Assume then that

n

( 
 ) < 1 . Then A 2 V

N

, and since

n

( 
�

0

) =

n

( �

0

) ,

b y induction, 
�

0

� �

0

. F urthermore,

n

( 
 ) � j u j � ( max-n ( Im ( P

f

)) - 1 ) + 1 �

max-n ( V

N

) � ( max-n ( Im ( P

f

)) - 1 ) + 1 .

� If A � B
 then A ( R

e

\ � ) B
 . Hence � = A�

0

� B
�

0

� B�

0

= � .

� If A 6� B
 then A�

0

� B
�

0

. By Lemma 61, �

0

� ��

0

for some � with

n

f

( � ) < b

max-n ( A;B
 )

< c . By Lemma 63, �

0

�

b

� for some

b

� with n

f

(

b

� ) < d .

By Prop ert y ( ? ), �

0

�

b

� . F urthermore, A

b

� ( R

e

\ � ) B


b

� , since A

b

� � B


b

�

with n

f

( A

b

� ) < e and

n

f

( B


b

� ) < max-n ( V

N

) +

n

( 
 ) + d

� max-n ( V

N

) � max-n ( Im ( P

f

)) + 1 + d = e:

Finally , � = A�

0

� A

b

� � B


b

� � B
�

0

� B�

0

= � .

2

Although w e ha v e a direct decision pro cedure to decide bisimilarit y for an y

BP A system, the complexit y is not p olynomial: constan t e is exp onen tial in the
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size of the system. A close analysis w ould demonstrates that the complexit y of

the underlying algorithm is in fact doubly exp onen tial in the size of the BP A

system.

2.4 Undecidabilit y Results for MSA

In this section w e outline Jan � car's tec hnique [84 ] for demonstrating undecid-

abilit y results for bisimilarit y through mimic king Minsky mac hines in a w eak

fashion but faithfully enough to capture the essence of the halting problem.

Jan � car �rst emplo y ed his ideas to demonstrate the undecidabilit y of bisim-

ulation equiv alence o v er the class of P etri nets. Hirshfeld [66 ] mo di�ed the

argumen t to demonstrate the undecidabilit y of trace equiv alence o v er BPP .

Jan � car and Moller [89 ] then used the tec hnique to demonstrate the undecid-

abilit y of regularit y c hec king of P etri nets with resp ect to b oth sim ulation and

trace equiv alence.

In the follo wing w e generalize Jan � car's result b y demonstrating the unde-

cidabilit y of (normed) MSA. Jan � car's tec hnique applies ideally in this case, as

MSA o�er precisely the ingredien ts presen t in P etri nets whic h are needed to

mimic Minsky mac hines.

Minsky mac hines [117 ] are simple straigh t-line programs whic h mak e use

of only t w o coun ters. F ormally , a Minsky machine is a sequence of lab elled

instructions

X

0

: comm

0

X

1

: comm

1

� � �

X

n - 1

: comm

n - 1

X

n

: halt

where eac h of the �rst n instructions is either of the form

X

`

: c

0

:= c

0

+ 1 ; goto X

j

or X

`

: c

1

:= c

1

+ 1 ; goto X

j

or of the form

X

`

: if c

0

= 0 then goto X

j

else c

0

:= c

0

- 1 ; goto X

k

or X

`

: if c

1

= 0 then goto X

j

else c

1

:= c

1

- 1 ; goto X

k

A Minsky mac hine M starts executing with the v alue 0 in the coun ters c

0

and c

1

and the con trol at the lab el X

0

. When the con trol is at lab el X

`

( 0 � ` < n ) , the

mac hine executes instruction comm

`

, mo difying the con ten ts of the coun ters and

transferring the con trol to the appropriate lab el as directed b y the instruction.

The mac hine halts if and when the con trol reac hes the halt instruction at lab el

X

n

. W e recall no w the fact that the halting problem for Minsky mac hines is

undecidable: there is no algorithm whic h decides whether or not a giv en Minsky

mac hine halts.

A Minsky mac hine as presen ted ab o v e giv es rise to the follo wing MSA.

� The input alphab et is � = f i; d; z; ! g .

� The con trol states are Q = f p

0

; p

1

; : : : ; p

n - 1

; p

n

; q

0

; q

1

; : : : ; q

n - 1

; q

n

g .
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� The stac k alphab et is � = f Z; 0; 1 g .

� F or eac h mac hine instruction

X

`

: c

b

:= c

b

+ 1 ; goto X

j

w e ha v e the MSA rules

p

`

Z

i

� ! p

j

bZ and q

`

Z

i

� ! q

j

bZ .

� F or eac h mac hine instruction

X

`

: if c

b

= 0 then goto X

j

else c

b

:= c

b

- 1 ; goto X

k

w e ha v e the MSA rules

p

`

b

d

� ! p

k

p

`

Z

z

� ! p

j

Z p

`

b

z

� ! q

j

b

q

`

b

d

� ! q

k

q

`

Z

z

� ! q

j

Z q

`

b

z

� ! p

j

b

� W e ha v e the one �nal MSA rule

p

n

Z

!

� ! p

n

The t w o states p

0

Z and q

0

Z of this MSA eac h mimic the mac hine M in the

follo wing sense.

� When M is at the command lab elled X

`

with the v alues x and y in its

coun ters, this is re
ected b y the MSA b eing in state p

`

0

x

1

y

Z (or q

`

0

x

1

y

Z ).

� If this command is an incremen t, then the MSA has only one transition

a v ailable from the con trol state p

`

( q

`

), whic h is lab elled b y i (for `in-

cremen t'), resulting in the MSA state re
ecting the state of the mac hine

up on executing the incremen t command.

� If this command is a successful test for zero (that is, the relev an t coun ter

has the v alue 0 ), then the MSA has only one transition a v ailable from the

con trol state p

`

( q

`

), whic h is lab elled z (for `zero'), again resulting in the

MSA state re
ecting the state of the mac hine up on executing the test for

zero command.

� If this command is a decremen t (that is, a failed test for zero), then the

MSA in con trol state p

`

( q

`

) has three p ossible transitions, exactly one

of whic h is lab elled d (for `decremen t') whic h w ould once again result

in the MSA state re
ecting the state of the mac hine up on executing the

decremen t command.
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� In this last instance, the MSA has the option to disregard the existence

of a relev an t coun ter sym b ol in the stac k and b eha v e as if the program

coun ter w as zero. This re
ects the w eakness of P etri nets (and hence

MSA) in their inabilit y to test for zero (a w eakness whic h w orks in their

fa v our with resp ect to sev eral imp ortan t p ositiv e decidabilit y results suc h

as the reac habilit y problem [106 ]). In this case, the MSA in con trol state

p

`

( q

`

) ma y mak e a z transition in either of t w o w a ys: either b y \hon-

estly" c heating using the rule p

`

Z

z

� ! p

j

Z ( q

`

Z

z

� ! q

j

Z ), or b y \kno wingly"

c heating using the rule p

`

b

z

� ! q

j

b ( q

`

b

z

� ! p

j

b ) th us mo ving the con trol

state o v er in to the domain of the other MSA mimic king M .

F act 65 p

0

Z � q

0

Z i� the Minsky machine M do es not halt.

Pro of If M halts, then a winning strategy for pla y er I in the bisim ulation game

w ould b e to mimic the b eha viour of M in either of the t w o MSA states. Pla y er

I I's only option in resp onse w ould b e to do the same with the other MSA state.

Up on termination, the game states will b e p

n

0

x

1

y

Z and q

n

0

x

1

y

Z for some

v alues x and y . Pla y er I ma y then mak e the transition p

n

0

x

1

y

Z

!

� ! p

n

0

x

1

y

whic h cannot b e answ ered b y pla y er I I from the state q

n

0

x

1

y

Z . Hence p

0

Z and

q

0

Z cannot b e bisimilar.

If M fails to halt, then a winning strategy for pla y er I I w ould b e to mimic

pla y er I's mo v es for as long as pla y er I mimics M , and to c heat kno wingly or

honestly , resp ectiv ely , in the instance that pla y er I c heats honestly or kno wingly ,

resp ectiv ely , so as to arriv e at the situation where the t w o states are iden tical;

from here pla y er I I can cop y ev ery mo v e of pla y er I v erbatim. Hence p

0

Z and

q

0

Z m ust b e bisimilar. 2

W e th us ha v e undecidabilit y of bisim ulation equiv alence o v er a v ery re-

stricted class of P etri nets: those with only t w o un b ounded places and a min-

imal degree of nondeterminism. Note that this nondeterminism is essen tial:

Jan � car [84 ] sho ws that bisim ulation equiv alence is decidable b et w een t w o P etri

nets when one of them is deterministic up to bisimilarit y .

The ab o v e MSA can b e made in to a normed rewrite transition system b y

adding a new input sym b ol n along with the follo wing MSA rules (one for eac h

` = 0 : : : n and eac h X = Z; 0; 1 ).

p

`

X

n

� ! p

`

q

`

X

n

� ! q

`

p

`

X

n

� ! q

`

q

`

X

n

� ! p

`

These mo v es allo w the MSA to exhaust its stac k at an y p oin t during its ex-

ecution, and con tin ues to allo w pla y er I I to pro duce a pair of iden tical states

if pla y er I elects to tak e one of these non- M -mimic king transitions. The same

argumen t can then b e made to sho w that p

0

Z and q

0

Z are bisimilar exactly

when the Minsky mac hine M do es not halt.

Theorem 66 Bisimilarity is unde cidable over the class of norme d MSA.

This result con trasts with that of Stirling [137 ] regarding the decidabilit y of

bisimilarit y o v er the class of normed PD A.
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� � FSA � -regularit y

BP A

2 exptime [23 ]

ptime in the

normed case [70 ]

ptime [99 ] 2 exptime [24 ]

PD A

decidable [134 ]

psp a ce -

hard [108 ]

exptime [87 ]

psp a ce -

hard [108 ]

psp a ce -

hard [108 ]

BPP

decidable [36 ]

co- np -hard [107 ]

ptime in the

normed case [71 ]

psp a ce [87 ]

decidable [55 ]

co- np -hard [107 ]

P A

co- np -hard [107 ]

decidable in the

normed case [68 ]

decidable [87 ] co- np -hard [107 ]

PN undecidable [85 ]

decidable [55 ]

EXpsp a ce -

hard [108 ]

decidable [55 ]

expsp a ce -

hard [108 ]

Figure 2: Results for bisimilarit y .

2.5 Summary of Results

The tables in Figures 2 and 3 summarise a v ariet y of decidabilit y and algo-

rithmic results for bisim ulation problems o v er sev eral classes of in�nite-state

systems, man y of whic h b eing as describ ed ab o v e, as w ell as giv e p oin ters to

where to �nd these results in the literature. The �rst column of the �rst table

lists results regarding bisimilarit y as discussed in this c hapter; the second col-

umn lists results regarding the problem of comparing a system to a �nite-state

system; and the third column lists results regarding the r e gularity pr oblem , de-

termining if the system is equiv alen t to some unsp eci�ed �nite-state system.

The second table presen ts the same collection of results, but this time in rela-

tion to we ak bisimulation e quivalenc e . T o de�ne w eak bisimilarit y , w e assume

that there is some lab el � whic h represen ts an unobserv able transition lab el,

and w e de�ne a new transition relation = ) b y:

�

= ) =

�

� !

�

, and for a 6= � ,

a

= ) =

�

� !

�

�

a

� ! �

�

� !

�

. Then the de�nition of w eak bisimilarit y is the same

as for bisimilarit y except using this new transition relation = ) in place of the

original � ! relation.

One-Coun ter Automata and One-Coun ter Nets

The discussion of equiv alence c hec king in this c hapter only touc hes the surface

of this v ast topic, and man y related studies ha v e b een carried out whic h consider

other classes of systems and other equiv alences. In particular, there has recen tly

b een extensiv e w ork done on one-coun ter automata and one-coun ter nets, for

b oth bisim ulation equiv alence and simulation pr e or der/e quivalenc e .

A simulation r elation is de�ned as a \one-sided" bisim ulation relation, in
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� � FSA � -regularit y

BP A

psp a ce -

hard [139 ]

ptime [99 ] ?

PD A

psp a ce -

hard [139 ]

exptime [87 ]

psp a ce

-hard [108 ]

psp a ce

-hard [108 ]

BPP

np -hard [139 ]

�

P

2

-hard [107 ]

psp a ce [87 ] �

P

2

-hard [107 ]

P A

psp a ce -

hard [139 ]

decidable [87 ] �

P

2

-hard [107 ]

PN undecidable [85 ] undecidable [55 ] undecidable [55 ]

Figure 3: Results for w eak bisimilarit y .

the sense that w e omit the second clause in De�nition 9, and in the third clause

w e only demand that � b e a �nal state whenev er � is, but not vice v ersa.

W e then sa y that � is simulate d b y � if the pair ( �; � ) is con tained in some

sim ulation relation; that is, the sim ulation preorder is de�ned to b e the union

of all sim ulation relations (and hence the largest sim ulation relation). Finally ,

t w o states are simulation e quivalent if they sim ulate eac h other.

The �rst relev an t result is that of Jan � car [86 ], demonstrating that bisim ula-

tion equiv alence, as w ell as the regularit y problem with resp ect to bisimilarit y ,

are decidable for one-coun ter automata. Although this is subsumed b y the later

result of S � enizergues [132 ], the tec hnique used b y Jan � car in his pro of of the sp e-

cial case is elegan t, emplo ying no v el ideas in v olving represen ting bisimilarit y as

a colouring of the plane and demonstrating the existence of a p erio dicit y whic h

can b e detected.

Ab dulla and

�

Cer� ans [1 ] recen tly outlined an extensiv e and tec hnically-

c hallenging pro of of the decidabilit y of the sim ulation preorder for one-coun ter

nets. This result w as subsequen tly giv en a concise and in tuitiv e pro of b y Jan � car

and Moller [90 ], again using colourings of the plane.

F or the sligh tly wider class of one-coun ter automata, Jan � car, Moller and

Sa w a [92 ] demonstrate the undecidabilit y of sim ulation equiv alence, and hence

also sim ulation preorder; for the equiv alence problem, w e can ev en assume that

one of the automata is deterministic, and for the preorder, w e can assume that

b oth are deterministic. Con trasting with these results are, �rstly , the decidabil-

it y of the equiv alence problem for deterministic one-coun ter automata, a result

whic h can b e extracted from the early results of V alian t and P aterson [143 ];

and secondly , the recen t result of Jan � car, Ku � cera and Moller [88 ] that equiv-

alence is decidable b et w een a deterministic one-coun ter automaton (in fact, a

deterministic PD A ev en) and a one-coun ter net.

Finally , it is also demonstrated in [88 ] that the regularit y problem for one-

coun ter nets with resp ect to sim ulation equiv alence is decidable. (The corre-

sp onding problem is undecidable for b oth P etri nets [89 ] and P A [98 ].) This
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pro of is carried out b y presen ting an elegan t general reduction from sim ula-

tion problems o v er one-coun ter nets to bisim ulation problems o v er one-coun ter

automata, and then exploiting the original result of Jan � car [86 ].
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3 The Mo del Chec king Problem

In this section w e surv ey the state-of-the-art in mo del-c hec king in�nite-state

systems. Again, w e concen trate exclusiv ely on discrete in�nite-state systems

and neglect, e.g., dense in�nite-state structures related to timed or h ybrid sys-

tems, whic h are co v ered, for instance, in [3 ] and [2 ]. Due to the broad scop e

of existing mo del c hec king algorithms, w e ha v e c hosen to sk etc h only the main

ideas b ehind the relev an t results complemen ted b y appropriate references: for

decidable mo del c hec king problems w e brie
y presen t the dev elop ed algorithms

together with their complexit y; for undecidable problems, w e outline the un-

decidabilit y pro of. This st yle of presen tation is in tended to pro vide readers

in terested in more tec hnical details with access to the original pap ers, and en-

sures at the same time that the surv ey remains readable for those who wish

only to glance o v er the researc h done in this area.

The remainder of this section is organized as follo ws. W e brie
y in tro duce

in Section 3.1 the temp oral logics w e consider together with their branc hing

and linear time classi�cations; this in tro duction can b e deep ened b y consult-

ing c hapter 1..4 on \Mo dal Logics for Pro cesses" in this handb o ok [17 ]. W e

then pro ceed b y presen ting decidabilit y and complexit y results ab out mo del

c hec king for v arious classes of in�nite-state systems, �rst for branc hing time

logics in Section 3.2, and subsequen tly for linear time logics in Section 3.3. The

presen tation is organized according to the t w o cen tral parameters of the mo del

c hec king problem:

� the size of the represen tation of the transition system; and

� the size of the temp oral form ula.

This allo ws us to distinguish three di�eren t complexities:

� the general case;

� the case where the form ula is �xed; and

� the case where the system is �xed.

As in practice the size of the form ula is usually v ery small compared to

the size of the system represen tation, w e fo cus on the �rst t w o cases here and

neglect the last one in our complexit y considerations.

3.1 T emp oral Logics

A successful approac h to the v eri�cation of programs relies on a suitable for-

malism for sp ecifying cen tral asp ects of the in tended system b eha viour. In the

case of se quential programs where the input/output b eha viour together with

termination pla ys a predominan t role suc h formalisms are traditionally based

on state transformer seman tics. In fact, sequen tial programs are t ypically v er-

i�ed b y considering their (partial) correctness, sp eci�ed in terms of pre- and

p ostconditions [58 ].
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Reactiv e systems, on the other hand, are t ypically nonterminating , as they

main tain an ongoing in teraction with the en vironmen t. Hence, v eri�cation

metho ds whic h rely in trinsically on the existence of a �nal state are, usually ,

not applicable and m ust b e replaced b y radically di�eren t approac hes (see [100 ]

for a surv ey). Pn ueli [127 ] w as the �rst to recognize the need for formalisms

whic h supp ort reasoning ab out non terminating b eha viour. He prop osed the use

of temp or al lo gic as a language for the sp eci�cation of concurren t program prop-

erties. T emp oral logics are tailored to expressing man y imp ortan t correctness

prop erties c haracteristic for reactiv e systems, in particular, liv eness prop erties

whic h assert that something will ev en tually happ en.

Since Pn ueli's landmark pap er a plethora of systems of temp oral logic ha v e

b een in v estigated concerning their expressiv eness and suitabilit y for v eri�cation

purp oses. The ma jorit y and b etter kno wn of these logics b elong to the class of

p oin t-based, future-tense, and prop ositional logics. In this surv ey w e will also

fo cus on this class, while elab orating on the di�erences b et w een branc hing-time

logics and linear-time logics. The reader in terested in tec hnical details b ey ond

this exp osition is adviced to consult [120 ] and c hapter 1.4 on \Mo dal Logics for

Pro cesses" in this handb o ok [17 ].

Within their resp ectiv e sp ectra, branc hing and linear-time logics can b e

classi�ed according to their expressiv e p o w er. Figure 4 sho ws the resp ectiv e

hierarc hies of temp oral logics w e will consider in the follo wing. In this �gure

an arro w L

1

! L

2

indicates that the logic L

2

is strictly more expressiv e than the

logic L

1

.

Due to their di�erence in expressiv e p o w er the v arious logics ha v e also di�er-

en t imp ortance for v eri�cation purp oses. The w eak est logics, Hennessy-Milner

logic and w eak linear-time logic, can only express prop erties ab out a �nite pre-

�x of a system, and pla y consequen tly only a minor role in themselv es. They

constitute, ho w ev er, the basis for the more expressiv e logics and p ossess some

in teresting theoretical prop erties. Most imp ortan tly , for �nite-branc hing pro-

cesses, i.e., for pro cesses where eac h state admits only �nitely man y transitions,

it is kno wn that t w o pro cesses are bisim ulation equiv alen t i� they satisfy the

same set of Hennessy-Milner logic form ulae [65 ]. T o increase the expressiv eness

of these basic logics, whic h require in�nite sets of form ulae for c haracterizing

in�nite b eha viour, the addition of the \un til" op erator has b een prop osed whic h

can express that a prop ert y � should hold until a second prop ert y  holds. On

the branc hing-time side this leads to Computation T ree Logic (CTL) [42 ], while

on the linear-time side this yields Linear T emp oral Logic (L TL) [127 ]. Since

b oth logics arise quite naturally and can express practically relev an t prop erties

they are widely used in to ols for automatic v eri�cation. But ev en the logics EF

and EG, complemen tary fragmen ts of CTL, ha v e stirred up some in terest. They

b oth ha v e b een successfully used to clarify the b orderline b et w een decidabilit y

and undecidabilit y , as w ell as to establish lo w er complexit y b ounds for mo del

c hec king v arious classes of in�nite-state systems. The logic UB is simply the

smallest common generalization of EF and EG.

Ev en more expressiv e temp oral logics are obtained b y adding least and

greatest �xp oin t op erators to the basic logics. This extension results in the
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+

Hennessy-Milner logic

EF EG

UB

CTLPCTL

PCTL
modal  mu-calculus

alternation-free

modal  mu-calculus

CLTL

CLTL

simple-PLTLlinear-time
mu-calculus

LTL

Weak LTL

Branching-Time Linear-Time

Figure 4: Branc hing and linear time logics.

branc hing-time mo dal � -calculus and the linear-time � -calculus. Both �xp oin t

logics pla y a cen tral role in the theory of mo del c hec king due to their syn tactic

minimalit y and their pleasing mathematical prop erties. Accordingly , w e will

presen t b oth logics together with their resp ectiv e mo del c hec king algorithms in

greater detail.

All the logics men tioned so far ha v e in common that they ma y express

only r e gular pr op erties . This means that in the branc hing-time setting the set

of states, resp ectiv ely in the linear-time setting the set of traces, satisfying a

giv en prop ert y form regular sets. Whereas the meaning of regularit y is clear

for traces, regular sets of states need to b e explained: a state in a transi-

tion system c haracterizes a tree, and for trees regularit y is w ell-de�ned [128 ].

There ha v e, ho w ev er, b een extensions prop osed whic h incorp orate nonregular

features lik e coun ting. The most prominen t examples are Presburger Computa-

tion T ree Logic (PCTL) [10 ] whic h com bines CTL with Presburger arithmetic,

and Constrained Linear T emp oral Logic (CL TL) [13 ], whic h enhances L TL b y

Presburger arithmetic and constrain ts expressed b y �nite-state automata. De-

spite the fact that b oth logics in their general form are undecidable already for

�nite-state systems, decidabilit y can b e regained for non trivial fragmen ts.

F or the follo wing formal in tro duction of c haracteristic temp oral logics let

T = ( S ; �; ! ) b e a lab elled transition system without start and �nal states, �

�

,

resp. �

!

, denote the set of �nite, resp. in�nite w ords o v er � , and �

1

=

df

�

�

[ �

!

.
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Moreo v er, giv en a w ord � = a

1

a

2

: : : 2 �

1

, � ( 2 ) will denote the �rst action of

� , i.e., a

1

, and �

1

the w ord a

2

a

3

: : : .

A p ath � = s

1

a

1

! s

2

a

2

! : : : in T is a �nite or in�nite transition sequence suc h

that s

i

a

i

! s

i + 1

, for all i , is in the transition relation. By � ( i ) w e denote its i -th

state s

i

, whereas �

i

denotes the part of � starting at s

i

. Moreo v er, w e denote

b y � ( ` ) its �rst state, and, if � is �nite, b y � ( a ) its last state, resp ectiv ely .

A run is a maximal path, i.e., a path that is either in�nite or terminates in a

state without successors. F urthermore, w e denote b y paths ( s ) the set of paths

starting in s , while runs ( s ) will denote the set of runs starting in s . The set of

�nite paths from s is written paths

�

( s ) . Finally , w e write prefs ( � ) for the set

of �nite pre�xes of the path � .

3.1.1 Branc hing-Time Logics

The main c haracteristic of branc hing-time logics is that they mo del the p oten-

tial of p ossible futures in a tree-lik e structure: eac h momen t in time has at least

one, but ma y ha v e ev en in�nitely man y p ossible successor momen ts. T ogether

with the temp oral order on momen ts in time, this structure therefore de�nes

in�nite trees, whic h, in a natural w a y , corresp ond to computation trees of con-

curren t pro cesses. Consequen tly , form ulae of a branc hing-time temp oral logic

can b e con v enien tly used to lo osely sp ecify the b eha viour of concurren t systems

according to their structural op erational seman tics. Moreo v er, as man y pro cess

algebras assume a set � of observ able actions, mo dal op erators of branc hing-

time logics often quan tify o v er action-lab elled transitions allo wing to sp ecify

whic h prop ert y should hold after a sp eci�c action has b een observ ed.

Hennessy-Milner Logic (HML) The w eak est branc hing-time logic is Hen-

nessy-Milner lo gic [65 ], built out of \true", negation, conjunction, and the

relativized existen tial next op erator h a i . F ormally , form ulae ha v e the follo wing

syn tax:

� ::= tt j : � j �

1

^ �

2

j h a i �

where a is an action of � . As is c haracteristic for a branc hing-time logic, the

seman tics [ [ � ] ]

T

of a form ula � is de�ned with resp ect to a lab elled transition

system T , and denotes the subset of the set of states S for whic h the form ula

holds. In particular, for form ulae of Hennessy-Milner logic the seman tics is

de�ned inductiv ely as follo ws:

[ [ tt ] ]

T

=

df

S

[ [ : � ] ]

T

=

df

S - [ [ � ] ]

T

[ [ �

1

^ �

2

] ]

T

=

df

[ [ �

1

] ]

T

\ [ [ �

2

] ]

T

[ [ h a i � ] ]

T

=

df

f s 2 S j 9 s

0

2 S : s

a

! s

0

and s

0

2 [ [ � ] ]

T

g

Instead of s 2 [ [ � ] ]

T

w e also write s j = � . T o ease the notation further, the

dual notions false , disjunction and univ ersal next op erator are de�ned using
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the standard abbreviations

ff =

df

: tt

�

1

_ �

2

=

df

: ( : �

1

^ : �

2

)

[ a ] � =

df

: h a i : �

Under the customary assumption that atomic prop ositions are closed under

negation, these abbreviations allo w us to transform ev ery form ula of Hennessy-

Milner logic in to p ositive normal form , i.e., an equiv alen t form ula without nega-

tion, b y driving negation in w ards.

F rom a conceptual p oin t of view Hennessy-Milner logic is easy to deal with

as v alidit y of a form ula at a state s ma y readily b e c hec k ed for an y pro cess

whose computation tree is �nite-branc hing, i.e., has only a �nite n um b er of

alternativ es for eac h observ able action. It simply su�ces to in v estigate the

computation tree of the lab elled transition graph under consideration up to

depth j � j , where j � j denotes the size of � de�ned in the usual w a y b y coun ting

the n um b er of op erators.

The Logics EF, EG and UB The logic EF [50 ] is obtained from Hennessy-

Milner logic b y adding the op erator EF� , meaning \there exists a path suc h that

ev en tually � holds". This addition increases the expressiv e p o w er of the logic

signi�can tly , as it b ecomes p ossible to reason ab out paths of arbitrary length. In

fact, it already su�ces to express the practically relev an t r e achability prop erties

and the practically ev en more imp ortan t dual invarianc e or safety prop erties:

: EF� expresses that a state satisfying a certain undesirable prop ert y � cannot

b e reac hed.

The addition of the op erator EG� to HML, meaning \there exists a path

suc h that � alw a ys holds" yields, symmetrically , the logic EG, whic h allo ws to

express inevitability pr op erties , e.g., : EG� means that the considered system is

guaran teed to ev en tually violate prop ert y � . The com bination of the logics EF

and EG yields the ob viously ev en more expressiv e Uni�e d System of Br anching-

Time L o gic (UB) [7 ].

F ormally the seman tics of the op erators EF and EG are giv en as follo ws:

[ [ EF� ] ]

T

=

df

f s 2 S j 9 � 2 paths

�

( s ) : � ( a ) 2 [ [ � ] ]

T

g

[ [ EG� ] ]

T

=

df

f s 2 S j 9 � 2 runs ( s ) : 8 �

0

2 prefs ( � ) : �

0

( a ) 2 [ [ � ] ]

T

g

Both op erators ha v e also a dual op erator whic h in the case of EF is de�ned as

AG� =

df

: EF : � , and in the case of EG as AF� =

df

: EG : � . In tuitiv ely , they

express prop erties of the form \alw a ys in the future � holds" and \ev en tually

in the future � holds".

Finally , a useful complexit y measure for form ulae in EF, resp ectiv ely EG, is

their nesting depth whic h measures the nesting of EF , resp ectiv ely EG op erators.

Computation T ree Logic (CTL) Computation T r e e L o gic (CTL) [42 ] is

one of the earliest prop osed branc hing-time logics. It can b e considered as the

branc hing-time coun terpart of Linear T emp oral Logic (L TL) [127 ], whic h w as
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prop osed earlier and whic h will b e in tro duced in the next section. CTL adds to

Hennessy-Milner logic an until op erator whic h is either existen tially quan ti�ed

E [ � U  ] or univ ersally quan ti�ed A [ � U  ] . The formal seman tics of the new

op erators are as follo ws.

[ [ E [ � U  ]] ]

T

=

df

f s 2 S j 9 � 2 paths

�

( s ) : 8 �

0

2 prefs ( � ) :

( �

0

6= � ) �

0

( a ) 2 [ [ � ] ]

T

) ^ � ( a ) 2 [ [  ] ]

T

g

[ [ A [ � U  ]] ]

T

=

df

f s 2 S j 8 � 2 paths

�

( s ) : 8 �

0

2 prefs ( � ) :

( �

0

6= � ) �

0

( a ) 2 [ [ � ] ]

T

) ^ � ( a ) 2 [ [  ] ]

T

g

In tuitiv ely , E [ � U  ] means that there exists a path on whic h � holds un til,

ev en tually ,  holds, while A [ � U  ] expresses that on all paths � holds un til,

ev en tually ,  holds. The un til op erators are expressiv e enough to enco de b oth

EF and EG b y means of the follo wing form ulae.

EF� � E [ tt U � ]

EG� � : A [ tt U : � ]

As a consequence, CTL subsumes the logic UB.

An example that demonstrates the practical applicabilit y of CTL is the

sp eci�cation of the alternation bit proto col, a w ell-kno wn comm unication pro-

to col for exc hanging messages b et w een a sender pro cess and a receiv er pro cess.

The alternation bit proto col could b e sp eci�ed b y the CTL form ulae

AG ( RcvMsg ) A [ RcvMsg U ( : RcvMsg ^ A [ : RcvMsg U SndMsg ])])

AG ( SndMsg ^ Snd0 )

A [ SndMsg U ( : SndMsg ^ A [ : SndMsg U ( RcvMsg ^ Rcv0 )])])

AG ( SndMsg ^ Snd1 )

A [ SndMsg U ( : SndMsg ^ A [ : SndMsg U ( RcvMsg ^ Rcv1 )])])

tak en from [40 ]. The form ulae express the fact that sending a message (SndMsg)

strictly alternates with receiving a message (RcvMsg ), and that if a message

with bit 0 (Snd0 ), resp. with bit 1 (Snd1), is sen t, then a message with bit 0

(Rcv0 ), resp. with bit 1 (Rcv1 ), is receiv ed.

The Mo dal � -Calculus The mo dal � -calculus as in tro duced b y Kozen [97 ]

is one of the most p o w erful branc hing-time logics found in the literature. Based

on mathematical �xp oin t theory , it com bines standard mo dal logic with least

and greatest �xp oin t op erators. Similar to the � -calculus for functional lan-

guages, and due to the extreme p o w er of the �xp oin t op erators, on the one

hand it allo ws us to express v ery complex (temp oral) prop erties within a sparse

syn tactic formalism, while on the other hand, due to its syn tactic minimalism,

it also pro vides a go o d basis for the conceptual study of n umerous theoretical

in tricacies whic h ha v e attracted a lot of researc h. Ho w ev er, there is a price to

b e paid for these prop erties: ev en for exp erts, it is often hard to understand the

meaning of a one-line � -calculus form ula. This is the reason for practitioners

to prefer syn tactically ric her and less expressiv e deriv ed logics. The � -calculus
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is nev ertheless also practically relev an t, as it pro vides a con v enien t \assem bly

language" for temp oral logics.

The main c haracteristic whic h distinguishes the mo dal � -calculus from most

other branc hing-time logics is the p ossibilit y to sp ecify r e cursive prop erties,

whic h adds tremendous expressiv e p o w er. Keeping in mind that the seman-

tics of branc hing-time form ulae are subsets of the state set S , suc h recursiv e

prop erties can b e view ed as equation systems whic h ha v e to b e solv ed o v er 2

S

.

Although, in general, sev eral solutions ma y exist there are t w o prominen t so-

lutions with resp ect to the subset ordering on state sets, namely the smallest

and the largest ones. Due to a theorem of T arski [140 ], their existence can b e

guaran teed whenev er the equation system satis�es an easily v eri�able mono-

tonicit y condition. The desired solution can then b e expressed b y means of a

least or greatest �xp oin t op erator, where �X:� ( X ) , resp. �X:� ( X ) , denotes the

smallest, resp. greatest, solution of X = � ( X ) .

More formally , the mo dal � -calculus is an extension of Hennessy-Milner logic

whic h in tro duces a (coun table) set of v ariables V ar , and a least �xp oin t op erator

�X:� binding X in � . Its seman tics is de�ned with resp ect to a v aluation V

mapping v ariables to subsets of S . T o ensure the ab o v e-men tioned monotonicit y

condition, it is customary to imp ose the syn tactic restriction for expressions

�X:� that an y o ccurrence of X in � m ust o ccur within the scop e of an ev en

n um b er of negations. The seman tics for v ariables and the least �xp oin t op erator

are then giv en as follo ws, where V [ X 7! E ] is the v aluation obtained from V b y

up dating the binding of X to E .

[ [ X ] ]

T

V

=

df

V ( X )

[ [ �X:� ] ]

T

V

=

df

T

f E � S j [ [ � ] ]

T

V [ X 7! E ]

� E g

The notions of b ound and free o ccurrences of v ariables are de�ned in the usual

w a y , and a form ula is said to b e closed if it do es not con tain an y free v ariable

o ccurrence. Using negation, it is p ossible to in tro duce also the greatest �xp oin t

op erator �X:� b y

�X:� =

df

: �X: : � [ : X=X ]

where � [ : X=X ] denotes the sim ultaneous replacemen t of all free o ccurrences

of X b y : X . The seman tics of �X:� can also b e de�ned directly b y

[ [ �X:� ] ]

T

V

=

df

[

f E � S j E � [ [ � ] ]

T

V [ X 7! E ]

g

The clauses for the �xp oin ts are reform ulations of the c haracterization in

the T arski-Knaster theorem [140 ] whic h states that the least �xp oin t is the

in tersection of all pre-�xp oin ts and the greatest �xp oin t is the union of all

p ost-�xp oin ts. The �xp oin t prop ert y also ensures that states satisfy a �xp oin t

form ula i� they satisfy the unfolding of the form ula, i.e.,

s 2 [ [ �X:� ] ]

T

V

i� s 2 [ [ � [ �X:�=X ]] ]

T

V

where � 2 f �; � g

The follo wing enco ding of the un til op erators

E [ � U  ] � �X: _ ( � ^ (

W

a 2 �

h a i X ))

A [ � U  ] � �X: _ ( � ^ (

V

a 2 �

[ a ] X ))
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sho ws that the mo dal � -calculus is strictly more expressiv e than CTL. F orm ulae

resulting from suc h a translation are rather sp ecial as they p ossess only one sort

of �xp oin t, namely minimal �xp oin ts. The mo dal � -calculus, ho w ev er, p ermits

users to write form ulae con taining alternating in tert wined �xp oin t op erators,

i.e., form ulae lik e the follo wing, whic h in tuitiv ely simply requires the existence

of an in�nite a -path on whic h the atomic prop osition P is guaran teed to hold

in�nitely often.

�

0

= �X: ( �Y : ( h a i Y _ ( P ^ h a i X )))

Here it is c haracteristic that a �xp oin t expression for a v ariable X con tains

another �xp oin t expression of the other kind (e.g., greatest instead of least),

whic h itself con tains X free. F orm ulae with suc h alternations are not only hard

to understand, but also hard to c hec k algorithmically: already for �nite-state

systems, the b est kno wn algorithms are exp onen tial in the so-called alternation

depth whic h is de�ned as follo ws [123 ].

De�nition 67 [Alternation Depth]

A form ula � is said to b e in the classes �

0

and �

0

i� it con tains no �xp oin t

op erators. T o form the class �

n + 1

, tak e �

n

[ �

n

, and close under (i) b o olean

and mo dal com binators, (ii) �X:� , for � 2 �

n + 1

, and (iii) substitution of

�

0

2 �

n + 1

for a free v ariable of � 2 �

n + 1

pro vided that no free v ariable of �

0

is captured b y � ; and dually for �

n + 1

. The (Niwinski) alternation depth of a

form ula � , denoted b y ad ( � ) , is then the least n suc h that � 2 �

n + 1

\ �

n + 1

,

or equiv alen tly � 2 CBM ( �

n

[ �

n

) where CBM denotes the closure under

b o olean and mo dal com binators.

Niwinski's inductiv e de�nition is stronger than the more p opular and eas-

ier to understand de�nition of Emerson and Lei [49 ]. In order to illustrate

Niwinski's quite tec hnical de�nition, w e giv e a few examples. The follo wing

subform ulae of �

0

giv en ab o v e ha v e, for instance, alternation depth 0, 1, and

2.

h a i Y _ ( P ^ h a i X ) 2 �

0

\ �

0

�Y : ( h a i Y _ ( P ^ h a i X )) 2 �

1

�X: ( �Y : ( h a i Y _ ( P ^ h a i X ))) 2 �

2

The fragmen t of form ulae with alternation depth one, called the alternation-

fr e e mo dal � -c alculus , has stirred up some greater in terest. It captures a go o d

deal of the desired system prop erties (in particular, the whole of CTL), while

p ermitting e�cien t mo del c hec king: e.g., for �nite-state systems mo del c hec king

is linear in b oth the system and the form ula size [45 ] (cf. Section 3.2). On

the other hand, Brad�eld [16 ] (and, indep enden tly , Lenzi[101 ]) sho w ed that

alternation depth induces an in�nite sequence of sublogics of strictly increasing

expressiv e p o w er. This, and other in teresting details ab out the mo dal � -calculus

and its asso ciated theory can b e found in c hapter 1.4 on \Mo dal logics for

Pro cesses" in this handb o ok [17 ].
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Presburger Computation T ree Logic (PCTL) It is w ell kno wn that

man y relev an t prop erties of reactiv e systems in v olv e constrain ts on the n um b ers

of o ccurrences of ev en ts. Ho w ev er, traditional temp oral logics, lik e the ones w e

ha v e considered so far, can only express regular prop erties of pro cesses. This

means that the set of mo dels satisfying a giv en prop ert y form regular sets, and in

particular in the branc hing-time setting are a regular set of trees. T o o v ercome

this limitation, Boua jjani, Ec hahed, and Robbana [10 ] in tro duced Pr esbur ger

Computation T r e e L o gic (PCTL) whic h extends a prop ositional v ersion of CTL

with coun ting constrain ts on actions expressed b y Presburger arithmetic for-

m ulae.

More formally , CTL is extended with state form ulae � , i.e., b o olean com-

binations of atomic prop ositions, Presburger arithmetic form ulae f , existen tial

quan ti�cation o v er in tegers written as 9 x:' , and a binding op erator [ x : � ] :' .

The binding op erator asso ciates the v ariable x with the state form ula � , and

starting from the curren t state the v ariable x then coun ts the n um b er of states

satisfying � .

These new constructs p ermit to sp ecify , for example, t ypical comm unication

proto col prop erties lik e

\b etwe en the b e ginning and the end of every session, ther e ar e ex-

actly the same numb ers of r e quests and acknow le dgements" [10 ]

b y the PCTL form ula

AG ( BEGIN ) [ x : REQ ] : [ y : A CK ] :AG ( END ) ( x = y )))

It has turned out, ho w ev er, that PCTL is to o expressiv e for automatic

v eri�cation purp oses, as it is undecidable already for �nite-state systems. The

authors therefore also in tro duce the fragmen t PCTL

+

whic h di�ers from PCTL

in that the un til op erators m ust b e of the restricted form E [ � U � ] and A [ � U � ]

where � is required to b e a state form ula. Despite this syn tactic restriction,

PCTL

+

is still quite expressiv e and con tains e.g., the form ula giv en ab o v e.

Moreo v er, it is decidable for BP A.

3.1.2 Linear-Time Logics

In con trast to branc hing-time logics, linear-time logics assume that at eac h

momen t in time there is only one determined p ossible future. This p oin t of

view concerning the seman tics of time leads immediately to mo dels where the

seman tic en tities are sequences of ev en ts along a single time line, called runs .

Dep ending on whether the underlying program structures ma y or ma y not con-

tain deadlo c ks, i.e., states in whic h no further action is p ossible, these seman tic

mo dels then either tak e in to consideration b oth the �nite, as w ell as the in�nite

runs, or restrict themselv es to the in�nite runs only .

In either case, form ulae of a linear-time logic are then in terpreted o v er the

set of all (considered) runs, and the seman tics [ [ � ] ] of a form ula � is the set of

all runs � for whic h the form ula holds, i.e., [ [ � ] ] = f � j � j = � g .

Also in the case of linear-time logics, for system v eri�cation one is t ypically

in terested whether a sp eci�c state satis�es a certain prop ert y . This led to the
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follo wing con v en tion: a state s of a transition system satis�es a form ula if every

run starting at s satis�es it.

In the follo wing w e in tro duce the linear-time logics most relev an t for the

study of in�nite-state systems. F or a b etter comparison with branc hing-time

logics w e will fo cus on action-b ase d linear-time logics whic h ha v e r elativise d

next op erators, one for eac h p ossible action.

W eak Linear T emp oral Logic (WL) The w eak est linear-time logic, called

WL, is built in analogy to Hennessy-Milner logic out of true , negation, conjunc-

tion, and a relativised next op erator ( a ) � , one for eac h action a 2 � . F ormally ,

WL form ulae ha v e the follo wing syn tax.

� ::= tt j : � j �

1

^ �

2

j ( a ) �

The inductiv e de�nition b elo w stipulates when a run � has the prop ert y � ,

written as � j = � .

� j = tt

� j = : � if � j = � do es not hold

� j = �

1

^ �

2

if � j = �

1

and � j = �

2

� j = ( a ) � if � ( 1 )

a

! � ( 2 ) ^ �

2

j = �

In tuitiv ely , a run satis�es ( a ) � if its �rst action is a , and the su�x run obtained

after c hopping o� the �rst state and the �rst action satis�es � .

Lik e for HML, w e w ould lik e to remark that WL is mainly of theoretical in-

terest due to its limited expressiv e p o w er whic h only captures �nite b eha viour.

In particular this means that the v alidit y of a form ula ma y readily b e c hec k ed

indep enden tly of the t yp e of the considered (�nite-branc hing) system b y in v es-

tigating all runs up to length j � j .

Linear T emp oral Logic (L TL) Line ar T emp or al L o gic (L TL) [127 ] can b e

seen as the \standard" linear-time logic. It is widely used in to ols for automatic

v eri�cation of reactiv e systems [105 ]. Similar to CTL, L TL is obtained b y adding

to WL an until op erator � U  . This extension increases the expressiv e p o w er

signi�can tly , as it admits to reason ab out runs of un b ounded length. The formal

seman tics of the un til op erator is giv en as follo ws.

� j = � U  if 9 i : �

i

j =  and 8 j < i : �

j

j = �

In tuitiv ely , a run s

0

a

0

! s

1

a

1

! : : : satis�es � U  if � holds un til ev en tually  holds,

i.e., if there exists some su�x s

i

a

i

! s

i + 1

a

i + 1

! : : : satisfying  , and all preceding

su�xes s

j

a

j

! s

j + 1

a

j + 1

! : : : with j < i satisfy � .

It is con v enien t to use the deriv ed op erators F� = tt U � (\ev en tually � ")

and its dual G� = : F : � (\alw a ys � "). They directly and concisely express

simple liv eness prop erties lik e \ � ev en tually happ ens" as F� , and simple safet y

prop erties lik e \ � nev er happ ens" as G : � .

Despite its expressiv e p o w er, there are, ho w ev er, comparativ ely basic prop-

erties lik e \at ev ery even momen t � holds" that cannot b e expressed in

62



L TL [146 ]. The reason for this inabilit y b ecomes clear when switc hing to a

formal language p oin t of view. Ob viously , the set of runs whic h satisfy a giv en

L TL form ula can also b e in terpreted as a formal ! -language, i.e., as a set of

in�nite w ords. Thomas [142 ] has sho wn that the L TL de�nable ! -languages

corresp ond to the class of star-free ! -regular languages, an in teresting sub class

of the ! -regular languages whic h results from restricting the monadic second

order logic o v er in�nite w ords (S1S) to �rst-order logic.

Because of this lac k of expressiv eness of L TL, v arious more expressiv e logics

ha v e b een studied, most notably the linear-time � -calculus whic h w e consider

next.

The Linear-Time � -Calculus (L T � ) The line ar-time � -c alculus [144 ] is

the linear-time analogue to the mo dal � -calculus: it is a p o w erful �xp oin t logic

in whic h all the usual linear-time op erators lik e \alw a ys", \ev en tually", and

\un til" can b e describ ed. In particular, the logic is equiv alen t in its expressiv e

p o w er to B • uc hi automata [144 , 47 ], and hence also to monadic second order

logic o v er in�nite w ords (S1S) [18 ]. Consequen tly , the linear-time � -calculus

c haracterizes the full class of ! -regular languages and is th us strictly more

expressiv e than L TL whic h ma y only describ e star-free ! -regular languages.

This expressiv eness is gained from adding v ariables to WL, together with

a least �xp oin t op erator �X:� , whic h binds the v ariable X . In order to ensure

vital monotonicit y prop erties, X is only allo w ed to o ccur in � within the scop e

of an ev en n um b er of negations.

The formal dev elopmen t pro ceeds structurally similarly as in the branc hing-

time case. The seman tics of the linear-time � -calculus is de�ned with resp ect to

a v aluation V mapping v ariables to sets of runs. The denotations for v ariables

and the �xp oin t op erator are inductiv ely de�ned b y the follo wing rules, where

R denotes the set of all runs of a giv en lab elled transition system.

[ [ X ] ]

V

= V ( X )

[ [ �X:� ] ]

V

=

T

f R � R j R � [ [ � ] ]

V [ R 7! X ]

g

Monotonicit y argumen ts guaran tee that [ [ �X:� ] ]

V

is the least �xp oin t of the

function whic h assigns to a set R of runs the set [ [ � ] ]

V [ R 7! X ]

. Dual op erators

can b e de�ned just as in the branc hing-time case, allo wing to transform ev ery

form ula in to p ositiv e normal form, whic h is v ery con v enien t for v eri�cation

purp oses.

Finally , the alternation depth of L T � form ulae is de�ned as for the mo dal

� -calculus. F rom a seman tic p oin t of view, there is, ho w ev er, an imp ortan t

di�erence, as alternation depth do es not yield a hierarc h y of strictly more ex-

pressiv e sublogics. This follo ws from the fact that L T � is equally expressiv e as

B • uc hi automata, and a B • uc hi automaton can b e enco ded b y an L T � form ulae

of alternation depth at most t w o [124 ].

Constrained Linear T emp oral Logic (CL TL) The most expressiv e linear-

time logic considered here is Constr aine d Line ar T emp or al L o gic (CL TL), whic h
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w as in tro duced in [13 ]. In analogy to PCTL (see Section 3.1.1) it allo ws to de-

�ne nonregular prop erties, i.e., prop erties whic h c haracterize nonregular sets

of runs, and that are therefore not de�nable b y �nite-state ! -automata. This

expressiv eness is ac hiev ed b y extending L TL with t w o kinds of constrain ts:

c ounting c onstr aints , whic h use Presburger arithmetic form ulae to express con-

strain ts on the n um b er of o ccurrences of ev en ts, and p attern c onstr aints , whic h

use �nite-state Rabin-Scott automata to imp ose structural constrain ts on runs.

More formally , L TL is �rst extended with state form ulae � , i.e., b o olean

com binations of atomic prop ositions.

Coun ting constrain ts are then in tro duced, as in the case of PCTL, b y Pres-

burger arithmetic form ulae f , existen tial quan ti�cation o v er in tegers written

as 9 x:' , and a binding op erator [ x : � ] :' . Through the binding op erator the

v ariable x is asso ciated with the state form ula � , and from the curren t state on

the v ariable x then coun ts the n um b er of states satisfying � . F or example, the

form ula

[ x

1

: �

1

] : [ x

2

: �

2

] :G ( P ) ( x

1

� x

2

))

sp eci�es the prop ert y that in ev ery computation starting from the curren t state

w e ha v e the in v arian t \whenev er P holds, the n um b er of states satisfying �

2

is

greater or equal than the n um b er of states satisfying �

1

".

Finally , pattern constrain ts are in tro duced using form ulae of the form # u:' ,

and A

u

where A is a deterministic �nite-state automaton. The in tended mean-

ing is that a form ula # u:' asso ciates the curren t state with the p osition v ariable

u , and if A

u

is a subform ula of ' , then A

u

holds whenev er the trace of the

computation from the state u to the curren t state is accepted b y the automaton

A . F or instance, the form ula

# u: [ x

1

: �

1

] : [ x

2

: �

2

] :G ( A

u

) ( x

1

� x

2

))

means that in ev ery computation starting from the curren t state whic h is ac-

cepted b y A , the n um b er of states satisfying �

2

is greater than or equal to the

n um b er of states satisfying �

1

.

As in the branc hing-time case, already for �nite-state systems this com bi-

nation of coun ting and pattern constrain ts yields undecidabilit y . On the other

hand, t w o imp ortan t fragmen ts of CL TL whic h still allo w us to sp ecify a wide

range of nonregular prop erties while retaining decidabilit y ha v e b een iden ti�ed:

CL TL

2

, where coun ting constrain ts cannot b e in tro duced in ev en tualit y form u-

lae, and the less expressiv e simple-PL TL

2

, whic h extends L TL with coun ting

constrain ts, where only prop ositional form ulae ma y b e used in ev en tualit y for-

m ulae.

CL TL

2

, and therefore also CL TL, are strictly more expressiv e than L TL,

since, e.g., the t ypical prop ert y of runs \ev ery �nite pre�x con tains at least

as man y a actions as b actions" is expressible in CL TL

2

but not ev en in the

linear-time � -calculus. On the other hand, simple-PL TL

2

is incomparable to

L TL, but allo ws us to express the complemen t of simple ! -regular languages,

whic h are ! -languages de�nable b y a �nite-state B • uc hi automaton where ev ery

lo op in its transition graph is a self-lo op.
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3.2 Algorithms for Branc hing-Time Logics

In the branc hing-time setting w e ha v e to distinguish t w o rather di�eren t situ-

ations.

First, for sequen tial t yp e in�nite-state systems lik e BP A, PD A and some ex-

tensions thereof monadic second order logic (MSOL) is kno wn to b e decidable

b y a complicated reduction to the emptiness problem for regular languages on

trees de�nable in monadic second order logic with n successors (SnS) [122 ]. As

a consequence, the mo dal � -calculus whic h can b e strictly em b edded in MSOL

is also decidable, and ma y th us b e used e�ectiv ely for the sp eci�cation of prop-

erties for these systems. A dra wbac k is, ho w ev er, that all decision pro cedures

based on this approac h are nonelemen tary . T o palliate this problem in the last

y ears some simpler and more direct algorithms ha v e b een dev elop ed whic h will

b e presen ted in Section 3.2.1 and 3.2.2.

Second, for in�nite-state mo dels of concurren t computation lik e BPP , MSA,

or P etri nets already the w eak logic EG is undecidable [56 ]. This is mainly due

to the p ossibilit y of these mo dels to describ e grid-lik e structures, an easy cause

of undecidabilit y . The only p ositiv e result for this class of in�nite-state mo dels

concerns the logic EF and the pro cess class BPP [52 ] whic h turn out to imp ose

a PSP A CE-complete mo del c hec king problem [109 , 111 ].

3.2.1 BP A

Hennessy-Milner Logic Since BP A pro cesses are �nite-branc hing, mo del

c hec king HML is trivially decidable. As for all �nite-branc hing pro cesses, the

giv en BP A pro cess has only to b e unfolded up to depth j � j , for a HML for-

m ula � at hand, as v alidit y of � can then readily b e c hec k ed. The enco ding

of the unfolded tree as a BP A pro cess is, ho w ev er, rather concise. More con-

cretely , Ma yr [112 ] has sho wn that the general mo del c hec king problem for HML

and BP A is PSP A CE-complete b y a reduction from the problem of quan ti�ed

b o olean form ulae (QBF).

General Fixed F orm ula

HML PSP A CE-complete PTIME

The Mo dal � -Calculus The com bination of expressiv e p o w er and syn tac-

tic minimalit y mak es the mo dal � -calculus an ideal formalism for conceptual

studies. It is therefore not surprising that it is indeed the most studied logic

for BP A pro cesses and its extensions. In particular, this line of researc h has

pro duced sev eral di�eren t mo del c hec king algorithms whic h can b e classi�ed

in to b eing either glob al or lo c al in nature, and in to algorithms dealing with the

full logic or only with a fragmen t thereof.

The �rst algorithm giv en for BP A pro cesses w as a global one handling the

alternation-free fragmen t [27 ]. Although the original algorithm w orks on form u-

lations of BP A pro cesses and alternation-free form ulae whic h are rather di�eren t

from those used in this surv ey , an adaptation to our setting is straigh tforw ard.

The mo del c hec king algorithm pro ceeds b y iterativ ely computing a form ula sp e-

ci�c pr op erty tr ansformer for eac h non terminal of the giv en BP A system. T o
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b e more precise, let � b e a �xed � -calculus form ula and D

�

b e the p o w er set

of subform ulae of � . A prop ert y transformer T

A

for a non terminal A is then a

mapping D

�

� ! D

�

where T

A

( � ) = �

0

means that �

0

is the set of subform ulae

of � v alid at A under the assumption that all subform ulae in � are v alid after

termination of A , i.e., at the �nal state " from whic h no action can o ccur. Once

the prop ert y transformers ha v e b een computed b y means of a �xp oin t itera-

tion, the mo del c hec king problem is solv ed b y taking the prop ert y transformer

of the non terminal corresp onding to the initial state of the BP A pro cess, and

applying it to the set of subform ulae of � satis�ed b y " (whic h can b e easily

lo c al ly computed as " has no successor states).

Let us illustrate this approac h further b y a simple example.

Example 8 We take as the system to b e mo del che cke d the BP A system fr om

Example 1 in Se ction 1.1 which is de�ne d by the fol lowing thr e e r ewrite rules

X

a

! XB; X

c

! "; B

b

! "

F or this system we want to automatic al ly verify that fr om the r o ot X ther e exists

an in�nite a -p ath on which the action c is always enable d. This pr op erty c an

formal ly b e expr esse d by the alternation-fr e e mo dal � -c alculus formula

� =

df

�Z: h a i Z ^ h c i tt

The �rst step of the se c ond-or der mo del che cking algorithm c onsists now of

tr ansforming the formula into an e quivalent e quational form [43 ] which explic-

itly names al l subformulae, yielding in our c ase

� f Z

1

= Z

2

^ Z

3

; Z

2

= h a i Z

1

; Z

3

= h c i Z

4

; Z

4

= tt g

De�ning Z =

df

f Z

1

; Z

2

; Z

3

; Z

4

g , the pr op erty tr ansformers to b e c ompute d

for the nonterminals X and B ar e thus mappings D

�

� ! D

�

wher e D

�

= 2

Z

.

F or notational c onvenienc e, we split these pr op erty tr ansformers further into

c omp onent pr op erty tr ansformers T

Z

i

N

: D

�

� ! 2

f Z

i

g

, for i 2 f 1; : : : ; 4 g and

N 2 f X; B g . These c omp onent tr ansformers ar e just the pr oje ctions on the Z

i

,

i.e., T

Z

i

N

( M ) =

df

t

Z

i

( T

N

( M )) wher e t

Z

i

( M ) =

df

f Z

i

g if Z

i

2 M , and t

Z

i

( M ) =

df

; otherwise. Henc e we have T

N

( M ) =

S

4

i = 1

T

Z

i

N

( M ) . The next step c ombines

now the BP A system with the formula in e quational form yielding the fol lowing

e quations for the c omp onent pr op erty tr ansformers

�

8

>

>

>

>

>

<

>

>

>

>

>

:

T

Z

1

X

= T

Z

2

X

u T

Z

3

X

T

Z

1

B

= T

Z

2

B

u T

Z

3

B

T

Z

2

X

= T

Z

1

X

� T

B

T

Z

2

B

= t

?

T

Z

3

X

= t

Z

4

T

Z

3

B

= t

?

T

Z

4

X

= t

>

T

Z

4

B

= t

?

9

>

>

>

>

>

=

>

>

>

>

>

;

wher e u me ans ar gumentwise interse ction, and � functional c omp osition. F ur-

thermor e, we use t

>

, r esp e ctively t

?

, to denote the function which maps every

subset of D

�

to Z , r esp e ctively ; .
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As we ar e lo oking for the lar gest solution, we have to initialize every c om-

p onent tr ansformer with t

>

, and get the fol lowing �xp oint iter ation.

0 1 2 3

T

Z

1

X

= T

Z

2

X

u T

Z

3

X

t

>

t

>

t

Z

4

t

Z

4

T

Z

2

X

= T

Z

1

X

� T

B

t

>

t

>

t

>

t

>

T

Z

3

X

= t

Z

4

t

>

t

Z

4

t

Z

4

t

Z

4

T

Z

4

X

= t

>

t

>

t

>

t

>

t

>

T

Z

1

B

= T

Z

2

B

u T

Z

3

B

t

>

t

>

t

?

t

?

T

Z

2

B

= t

?

t

>

t

?

t

?

t

?

T

Z

3

B

= t

?

t

>

t

?

t

?

t

?

T

Z

4

B

= t

?

t

>

t

>

t

>

t

>

The �nal step c onsists of two p arts. First, c omputing the set of al l subfor-

mulae of � valid for " , which in this example gives f Z

4

g . Se c ond, applying the

pr op erty tr ansformer of X to f Z

4

g , which r esults in

T

X

( f Z

4

g ) = Z

tel ls us that, in p articular, Z

1

and ther efor e � holds at X . Thus, as one might

have exp e cte d, the c onsider e d system do es inde e d have an in�nite p ath fr om X

on which the action c is always enable d. F or mor e details ab out se c ond-or der

mo del che cking se e [21 ].

This second order algorithm has b een generalized in [29 ] to handle the full

mo dal � -calculus. Although the actual mo del c hec k er results directly from a

com bination of the alternation-free v arian t and some kind of bac ktrac king, as

kno wn from �nite-state mo del c hec king algorithms (cf. [44 ]), the corresp onding

correctness pro of requires a stronger framew ork, whic h uses dynamic envir on-

ments [29 ]. They are needed to explicitly mo del v aluations of fr e e v ariables

during the iteration pro cess.

Both mo del c hec king algorithms ha v e in common that they are glob al , as

they pro vide complete information ab out whic h of the subform ulae of � are

satis�ed b y the states of the BP A pro cess under consideration. It is, in fact,

ev en p ossible to explicitly represen t the set of all states S

�

of a giv en transition

system satisfying a giv en form ula � b y means of a �nite automaton constructed

from the obtained prop ert y transformers. In particular, this sho ws that S

�

is

alw a ys a regular set o v er the set of non terminals [21 ].

The t w o algorithms ha v e a time complexit y whic h is p olynomial in the size

of the system, while exp onential only in the size of the form ula. F rom a practical

p oin t of view this means that the v eri�cation of BP A pro cesses should b e still

feasible, since realistic system prop erties can usually b e expressed b y small

form ulae.

Ma yr [112 ] has sho wn that this complexit y is essen tially optimal b y giving

a matc hing lo w er b ound for it. He obtained this lo w er b ound b y reducing the
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acceptance problem for linearly space b ounded alternating T uring-mac hines to

mo del c hec king BP A and the alternation-free � -calculus.

Summarizing, it follo ws that mo del c hec king the mo dal � -calculus, or its

alternation-free fragmen t, for BP A is EXPTIME-complete.

General Fixed F orm ula

alternation-free mo dal � -calculus EXPTIME-complete PTIME

full mo dal � -calculus EXPTIME-complete PTIME

Hungar and Ste�en [78 ] presen t a lo cal mo del c hec king alternativ e to [27 ]

in form of a remark ably simple tableau system. The sequen ts of the tableaux

are again inspired b y the notion of prop ert y transformer. They are of the

form A ` h �; � i , with the in tended meaning that � holds at state A under

the assumption that all form ulae of � hold at the �nal state. The heart of

the tableau system is the follo wing comp osition rule, whic h is inspired b y the

sequen tial comp osition rule of Hoare logic:

�� ` h �; � i

� ` h �; � i � ` h � ; � i

The rule has the follo wing in tended meaning. In order to sho w that � holds at

�� under the assumption that � holds at the �nal state, w e guess an interme-

diate assertion � , and pro v e the follo wing:

� if � holds at the �nal state, then � holds b efore the execution of � ;

� if � holds after execution of � , then � holds immediately b efore its exe-

cution.

Hungar [75 ] extended this tableau system for parallel comp ositions of BP A

pro cesses and the alternation-free mo dal � -calculus. In con trast to BPP where

no sync hronization is p ossible b et w een pro cesses, he considers a mo del where

BP A pro cesses comm unicate on common actions. The tableau system presen ted

is sound, but, in general, not complete, as the parallel comp osition of t w o BP A

pro cesses (with comm unication) can sim ulate a T uring Mac hine. It is, ho w-

ev er, sho wn to b e decidable for the sp ecial case in whic h at most one of the

comm unicating pro cesses is in�nite-state. This latter result coincides with the

observ ation of Burk art and Ste�en [28 ] that the sync hronous parallel comp o-

sition of a BP A pro cess with a �nite-state pro cess is essen tially a pushdo wn

automaton for whic h the mo del c hec king problem is kno wn to b e decidable.

The Logic PCTL Finally , w e men tion that the v eri�cation of nonregular

prop erties for BP A pro cesses has also b een considered. Boua jjani, Ec hahed

and Robbana in tro duce in [10 ] the logic PCTL, an extension of CTL with Pres-

burger arithmetic (see Section 3.1.1). First of all they sho w that the logic PCTL

is undecidable ev en for �nite-state systems. This negativ e result is pro v ed b y a

reduction to the halting problem for Minsky mac hines and underpins the expres-

siv e p o w er of PCTL. W eak ening, subsequen tly , PCTL to its fragmen t PCTL

+

they regain on the other hand decidabilit y of the mo del c hec king problem b y

reduction to the v alidit y problem of Presburger arithmetic.
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3.2.2 Pushdo wn Pro cesses and Extensions

V erifying Hennessy-Milner Logic is essen tially indep enden t of the considered

pro cess class, as long as the transitions systems whic h ha v e to b e considered are

�nite-branc hing. Moreo v er, the considered logics expressing nonregular prop-

erties are to o p o w erful to b e decidable for the class of pushdo wn pro cesses and

ev en more expressiv e mo dels. Our discussion of the pro cess classes b ey ond BP A

will therefore fo cus on the alternation-free and full � -calculus.

Pushdo wn Pro cessess In formal language theory , automata are used as

a \device" to accept sets of w ords. This goal lea v es the free c hoice b et w een

t w o equiv alen t acceptance criteria: acceptance with �nal con trol states and ac-

ceptance with empt y stac k. F or pro cess theory , ho w ev er, where automata are

considered as a general computational mo del, acceptance with empt y stac k pro-

vides a m uc h b etter conceptual matc h: Reac hing a PD A con�guration where

the stac k is empt y then simply corresp onds to termination of the pro cess asso-

ciated with the considered pushdo wn automaton.

After the observ ation that the pro cess class PD A, the class of transition

graphs de�ned b y pushdo wn automata accepting with empt y stac k, is strictly

more expressiv e than the class BP A [34 ] there has b een a spurt of activit y in

the dev elopmen t of v eri�cation algorithms for suc h pushdo wn automata and

their extensions.

Roughly , these algorithms can b e classi�ed as b eing

� global, iterativ e, or

� based on games, or

� based on reac habilit y analysis.

The �rst algorithm dev elop ed for PD A [28 ] can handle the alternation-free

� -calculus and is a generalization of the global, iterativ e one for BP A [27 ]. It

tak es in to accoun t the �nite con trol Q = f q

1

; : : : ; q

n

g of the giv en pushdo wn

automaton, b y observing that starting from a con�guration qA the PD A can

terminate in an y of the con�gurations q

1

�; : : : ; q

n

� represen ting the empt y

stac k. As a consequence, the prop ert y transformer for the non terminal A m ust

no w b e parameterized b y q 2 Q , and instead of a single assertion the prop-

ert y transformer m ust tak e no w j Q j assertions in to accoun t, one for eac h of the

terminating con�gurations q

i

� . Besides this more general domain for the prop-

ert y transformers the algorithm is similar to [27 ], and can b e extended along

the lines of [29 ] to handle also the full mo dal � -calculus.

A second, quite di�eren t approac h is to consider games on the transition

graphs of PD As. W alukiewicz has sho wn that mo del c hec king a mo dal � -

calculus form ula � for a PD A P can b e reduced to a parit y game on a pushdo wn

tree obtained from the com bination of P and the syn tax tree for � [149 ]. F ur-

thermore, he pro v ed that the winning strategy for a pla y er in suc h a game can

b e realized b y a pushdo wn strategy automaton. Using this strategy automaton,

it is then p ossible to reduce the existence of a winning strategy in the pushdo wn

game to the existence of a winning strategy in a �nite parit y game asso ciated
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with the strategy automaton. The last problem can, �nally , b e decided b y

an y mo del c hec king algorithm for �nite-state systems. It has to b e p oin ted out,

ho w ev er, that the size of the �nite game constructed is exp onen tial in the size of

the pushdo wn automaton. More sp eci�cally , W alukiewicz has sho wn that mo del

c hec king the alternation-free � -calculus for PD As is EXPTIME-complete, and

that this result ev en holds for a �xed form ula.

The third tec hnique for mo del c hec king pushdo wn automata is to ana-

lyze reac hable sets of con�gurations as in tro duced b y Boua jjani, Esparza, and

Maler [11 ]. Their approac h is based on alternating pushdown automata , a gen-

eralization of the classical notion of PD A whic h admits AND/OR transition

steps. The main idea of the algorithm is, giv en a PD A P and an alternation-

free � -calculus form ula � , to construct the pro duct of P and � b y means of an

alternating pushdo wn automaton AP

P � �

. This represen tation allo ws us to ex-

ploit that for alternating pushdo wn automata the set of all predecessors pre

�

( C )

for a regular set of con�gurations C is alw a ys regular and can e�ectiv ely b e com-

puted in terms of alternating �nite-state automata. In the case of AP

P � �

this

means that starting with the regular set C

tt

of all pairs of con�gurations c and

atomic form ulae  suc h that c j =  , it is p ossible to e�ectiv ely compute the

set of all con�gurations whic h satisfy � , and hence to solv e the mo del c hec king

problem.

The kno wn complexit y results for mo del c hec king PD A are summarized in

the follo wing table.

General Fixed F orm ula

alternation-free

mo dal � -calculus EXPTIME-complete EXPTIME-complete

full mo dal � -calculus EXPTIME-complete EXPTIME-complete

Regular Graphs Although w e ha v e emphasized in this surv ey the rewriting-

based approac h for the description of in�nite transition systems, other natural

represen tations ha v e also b een considered. Esp ecially in graph theory (cf. [8 ]),

a v ariet y of graph generation mec hanisms ha v e b een studied. A particularly

attractiv e candidate in this �eld is the framew ork of deterministic graph gram-

mars. They consist of an initial �nite h yp ergraph together with a set of h y-

p eredge replacemen t rules where h yp eredges pla y the roles of non terminals,

and �nite h yp ergraphs the roles of righ t-hand side expressions. A particular

deterministic graph grammar represen ts then a single in�nite graph whic h is

obtained as the limit of the �nite expansions of the initial h yp ergraph.

Figure 5 sho ws an example graph grammar with a single rule where the

initial h yp ergraph consists of the single edge X .

Graph grammars c haracterize the class of r e gular gr aphs whic h is equally

expressiv e as the class of pushdo wn automata when unguarded rewrite rules

are allo w ed [32 ]. Nev ertheless, Courcelle has sho wn that regular graphs still

p ossess a decidable monadic second order theory [46 ]. As already for BP A,

this decidabilit y result yields, ho w ev er, only a nonelemen tary complexit y upp er

b ound.
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Figure 5: An example graph grammar.

Subsequen tly , Burk art and Quemener [26 ] ha v e dev elop ed a direct mo del

c hec king algorithm for the alternation-free � -calculus and regular graphs whic h

generalizes the global, iterativ e mo del c hec king algorithm of [27 , 28 ]. They

extend the metho d of computing prop ert y transformers for non terminals to

whole �nite h yp ergraphs where the glue v ertices pla y the roles of start and end

states. Surprisingly , this generalization has the same w orst-case complexit y as

mo del c hec king pushdo wn automata. Along the lines of [29 ] the algorithm can

ev en b e adapted to cop e with the full mo dal � -calculus.

REC

Rat

Graphs A still more expressiv e class of transition systems w as in-

tro duced b y Caucal in [33 ]. He considers the class of in�nite transition graphs

REC

Rat

de�ned b y rewrite systems where in rewrite rules the left-hand side, as

w ell as the righ t-hand side ma y b e regular languages. A rewrite rule L

1

a

� ! L

2

is then in terpreted as the in�nite collection of \ordinary" rules �

a

� ! � where �

is a w ord of the regular language L

1

and � is a w ord of the regular language L

2

.

Since these rules ma y only b e applied with resp ect to pre�x rewriting, REC

Rat

b elongs to an extension of sequen tial rewrite transition systems in whic h the

set of rules ma y b e in�nite. Caucal's main results are that this class prop erly

extends the class of regular graphs, and that REC

Rat

has a decidable monadic

second order theory .

By exploiting an alternativ e represen tation of REC

Rat

graphs in terms of in-

v erse regular morphisms and regular restrictions also giv en in [33 ] Burk art [22 ]

has dev elop ed a more direct mo del c hec king algorithm for the full mo dal � -

calculus. The idea is to com bine the giv en form ula � , the in v erse regular mor-

phism h

- 1

, and the regular restriction L in to a new � -form ula � ( �; h

- 1

; L )

whic h has then to b e c hec k ed for v alidit y on an in�nite, complete tree with

bac kw ard edges. The latter problem can readily b e enco ded as a BP A mo del

c hec king problem for the full mo dal � -calculus, thereb y resulting in a single

exp onen tial mo del c hec king algorithm for REC

Rat

.

Macro Pro cesses Another natural extension of BP A are macr o pr o c esses as

considered b y Hungar in [76 ]. This framew ork extends the in terpretation of

BP A pro cesses as pro cedures, �rst giv en in [27 ], b y allo wing transitions with
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\higher-order pro cedure calls". Macro pro cesses add to the simple idea that

non terminals corresp ond to pro cedure iden ti�ers and righ t-hand sides to pro ce-

dure b o dies the concept of t yp ed formal pro cedure parameters: left-hand sides

in the grammar ha v e t yp ed formal parameters, whic h can b e instan tiated b y

non terminals of appropriate t yp e.

The t yping discipline establishes a strict \is allo w ed to b e passed as a pa-

rameter to" hierarc h y among the non terminals, whic h, in particular, excludes

the p ossibilit y of self application: it is not p ossible to pass a pro cedure to it-

self as a parameter. This is essen tial to main tain the decidabilit y of the mo del

c hec king problem.

The concept of higher-order recursion is quite p o w erful. In fact, the class of

macro pro cesses b elonging to the �rst lev el in the hierarc h y corresp onds to the

class of p oten tially in�nite-branc hing pushdo wn pro cesses, and th us co v ers the

class of regular graphs, while macro pro cesses of higher lev els are strictly more

expressiv e [77 ].

F or these macro pro cesses, Hungar dev elop ed a lo cal as w ell as global it-

erativ e mo del c hec king algorithm for the alternation-free � -calculus. Both al-

gorithms ha v e complexit y O ( tower ( k )) for a t yp e hierarc h y of depth k where

tower ( 0 ) =

df

0 and tower ( n + 1 ) =

df

2

tower ( n )

. In particular, this sho ws that

his algorithm for the general problem, where k remains unsp eci�ed, has nonele-

men tary time complexit y .

3.2.3 BPP and P etri Nets

Going from mo dels for sequen tial computation to mo dels for concurren t com-

putation the picture concerning decidabilit y of mo del c hec king c hanges dramat-

ically in the branc hing-time setting.

The Logic EG In [56 ], Kiehn and Esparza sho w that the mo del c hec king

problem for the logic EG is undecidable for BPP , and consequen tly , also for all

the other considered branc hing-time logics except EF. This result is obtained

b y a reduction from the halting problem for Minsky t w o coun ter mac hines

whic h is kno wn to b e undecidable [117 ]. Giv en a Minsky t w o coun ter mac hine

M , it is p ossible to construct a BPP P

M

whic h mo dels M in the w eak sense

that P

M

ma y sim ulate the computations of M , but ma y also \c heat" at some

p oin ts during the sim ulation. Nev ertheless, it is still p ossible to c haracterize

the \honest runs" of the system, as w ell as reac habilit y of the halting state,

in the logic EG , although the form ula b ecomes quite complicated. A closer

insp ection of the pro of rev eals that the result ev en holds for the restricted class

of deterministic BPPs, and that the form ula expressing that the halting state

can b e reac hed along an honest computation is indep enden t of the argumen t

pro cess.

The Logic EF The only branc hing-time logic not co v ered b y the negativ e

result for the logic EG is the logic EF. F or this logic Esparza has sho wn in [52 ]

that the mo del c hec king problem for BPPs is decidable. The result is based

on the fact that the reac habilit y relation for BPPs is e�ectiv ely semilinear, i.e.,
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can b e c haracterized b y a form ula in Presburger arithmetic. Com bining then

this Presburger form ula with the giv en EF form ula � yields again a Presburger

form ula c haracterizing the set of reac hable states satisfying � . Based on a de-

cision pro cedure for the v alidit y of Presburger arithmetic form ulae one obtains

a double exp onen tial time mo del c hec king algorithm for EF and BPPs.

On the other hand, Esparza also pro v ed a lo w er b ound for the problem

b y a reduction of the v alidit y problem for quan ti�ed b o olean form ula (QBF),

whic h is kno wn to b e PSP A CE-complete. This PSP A CE-hardness result, whic h

ev en holds for BPPs that describ e �nite-state systems, w as complemen ted b y

Ma yr [109 , 111 ] who sho w ed that the mo del c hec king problem for full BPP only

requires p olynomial space, thereb y establishing that it is PSP A CE-complete.

Th us adding recursion to �nite-state BPPs do es not increase the complexit y of

mo del c hec king. A further consequence of Ma yr's result is that for a �xed for-

m ula of nesting depth k the problem lies in �

P

k

, the k -th lev el of the p olynomial

hierarc h y . Ov erall, mo del c hec king BPP's with resp ect to EF has the follo wing

complexities.

General Fixed F orm ula

EF PSP A CE-complete �

P

k

Going up in the pro cess hierarc h y to the more expressiv e class of P etri Nets

costs decidabilit y for EF as sho wn b y Esparza in [51 ]. Undecidabilit y is sho wn

b y a reduction from the undecidable con tainmen t problem for P etri Nets, whic h

is de�ned as follo ws: determine for ev ery t w o P etri Nets N

1

and N

2

with the

same n um b er of places and eac h bijection f b et w een their places, whether for

eac h reac hable marking M of N

1

it is guaran teed that f ( M ) is reac hable in N

2

.

3.2.4 P A

As P A prop erly con tains BPP , the logic EG is immediately undecidable for P A.

Hence, the only branc hing-time logic not co v ered b y this result is the logic EF

for whic h Ma yr [110 ] has pro v ed decidabilit y . He presen ts a sound and complete

tableau system whic h is based on pro cess decomp osition. This algorithm has

complexit y O ( tower ( k )) for form ulae of nesting-depth k . Moreo v er, when the

form ula is �xed, the complexit y lies in �

P

k

. Later, Lugiez and Sc hno eb elen [104 ]

pro v ed decidabilit y of the logic EF for P A b y a completely di�eren t metho d

using tree-automata to represen t sets of con�gurations. The complexit y of their

algorithm is, ho w ev er, the same as that of Ma yr's algorithm. Since the b est

kno wn lo w er b ound for the problem is PSP A CE-hardness, the exact complexit y

of this mo del-c hec king problem is still unkno wn.

General Fixed F orm ula

EF PSP A CE-hard �

P

k

3.2.5 General Pro cesses

W e close this section b y men tioning that Brad�eld has prop osed in [15 ] a sound

and complete tableau system for the mo dal � -calculus and arbitrary in�nite
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transition systems. This tableau system is of course highly undecidable, but

pro vides a general guideline for in teractiv e pro ofs.

3.3 Algorithms for Linear-Time Logics

F rom a theoretical p oin t of view linear-time logics are quite attractiv e as they

ha v e a natural connection to automata on in�nite strings. More sp eci�cally ,

the set of runs denoted b y form ulae of classical linear-time logics lik e e.g., L TL

or the linear-time � -calculus are alw a ys ! -regular sets. Consequen tly , most of

the mo del c hec king algorithms for linear-time logics follo w the automata-based

approac h where linear-time form ulae are mo delled as B • uc hi automata [146 , 145 ].

In tuitiv ely this approac h w orks as follo ws. Giv en a pro cess and a linear-time

form ula � a B • uc hi automaton B

: �

is constructed, whic h accepts exactly all

runs not satisfying � . Building the pro duct of this B • uc hi automaton with the

B • uc hi automaton for the pro cess yields a B • uc hi automaton, whose language is

empt y , if and only if it satis�es � . This reduces the mo del c hec king problem

to the empt yness problem for B • uc hi automata.

Tw o di�eren t metho ds for the construction of a \prop ert y automaton" B

�

ha v e b een prop osed.

The �rst metho d could b e termed glob al , as it constructs t w o automata B

L

and B

R

suc h that L ( B

�

) = L ( B

L

) \ L ( B

R

) . Here the automaton B

L

c hec ks

some lo cal conditions on the mo del, while B

R

is the complemen t automaton of

B

R

whic h c hec ks for non-w ell-foundedness of a regeneration sequence related to

minimal �xp oin ts [144 ].

The second metho d tak es the c omp ositional approac h where with eac h con-

nectiv e in the logic a corresp onding construction on automata is asso ciated.

The �nal automaton B

�

is then obtained b y starting with the basic automata

for the v ariables in � , and applying the corresp onding automata constructions

inductiv ely according to the structure of � . The main di�cult y of this metho d,

whic h has b een dev elop ed b y Dam for the linear-time � -calculus [47 ], is con-

cerned with the automata constructions related to the �xp oin t op erators.

All algorithms considered in the sequel follo w the automata-based approac h

and ma y use either the global or the comp ositional construction for the prop ert y

B • uc hi automaton. Since B • uc hi automata are equally expressiv e as the linear-

time � -calculus all algorithms directly deal with the more expressiv e linear-time

� -calculus, and subsume mo del c hec king L TL as a sp ecial case.

Before w e pro ceed with the sp eci�cs of the in�nite-state case, w e men-

tion that L TL, resp ectiv ely L T � , mo del c hec king for �nite-state systems has

in tensiv ely b een studied. F or instance, it is w ell-kno wn that mo del c hec king

L TL, resp ectiv ely L T � , is PSP A CE-complete for �nite-state systems [135 , 144 ].

Both results follo w from a p olynomial reduction to satis�abilit y testing whic h is

sho wn to b e PSP A CE-complete itself. F ortunately , the complexit y is exp onen-

tial only in the size of the form ula whic h is in practice often small, but linear in

the system size [102 ]. Despite these at �rst sigh t negativ e results, the feasibilit y

of linear-time mo del c hec king for �nite-state systems has b een demonstrated

b y practical v eri�cation to ols lik e SPIN [73 ], PR OD [147 ] or PEP [148 ].
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3.3.1 BP A and Pushdo wn Pro cesses

L TL and L T � The decidabilit y of the mo del c hec king problem for pushdo wn

pro cesses and the linear-time � -calculus follo ws immediately from the decidabil-

it y of the corresp onding problem for the mo dal � -calculus, since the linear-time

� -calculus can b e in terpreted in its branc hing-time equiv alen t, ho w ev er at the

price of an exp onen tial blo wup. This blo wup in the translation can, ho w ev er,

b e a v oided b y a more direct approac h whic h applies automata-theoretic tec h-

niques.

Giv en a PD A P and a linear-time form ula � , one constructs as usual a B • uc hi

automaton B

: �

accepting exactly all runs whic h do not satisfy � . Com bining

then this B • uc hi automaton with the PD A P yields a B • uc hi PD A P � B

: �

represen ting the sync hronized pro duct of P and B

: �

where a run is accepted

if it visits a certain set of con trol lo cations in�nitely often. Accordingly , all

runs starting in a con�guration c of P satisfy � i� c has no accepting run

in P � B

: �

. Boua jjani, Esparza, and Maler ha v e sho wn in [11 ] that the set

C

: �

of all con�gurations of this B • uc hi PD A p ossessing an accepting run can

e�ectiv ely b e computed b y means of a certain kind of �nite automaton, called

multi-automaton . The mo del c hec king problem then simply reduces to c hec king

whether the initial con�guration of the PD A P is a mem b er of C

: �

.

This algorithm sho ws that mo del c hec king pushdo wn pro cesses with L TL,

as w ell as the linear-time � -calculus, is in EXPTIME. A reduction of the ac-

ceptance problem for linearly b ounded alternating T uring mac hines, whic h is

kno wn to b e EXPTIME-complete [93 ], sho ws, furthermore, that the problem is

EXPTIME-hard. Ov erall, these results establish that the mo del c hec king prob-

lem for pushdo wn automata wrt. L TL, as w ell as the linear-time � -calculus,

is EXPTIME-complete. Fixing a form ula � , on the other hand, the mo del

c hec king problem has only p olynomial complexit y in the size of the system rep-

resen tation. Th us the problem is only sligh tly harder than in the �nite-state

case whic h is PSP A CE-complete, and it is also p olynomial in the system size

for a �xed form ula.

Shortly afterw ards Ma yr [111 ] has also settled the exact complexit y of mo del

c hec king L TL for BP A pro cesses whic h is not co v ered b y the previous results.

He has sho wn, b y generalizing the pro of of Boua jjani, Esparza, and Maler,

that mo del c hec king the w eak er class of con text-free pro cesses with L TL is

EXPTIME-complete as w ell.

Summarizing, w e ha v e the follo wing complexit y results for mo del c hec king

L TL, resp ectiv ely L T � , on sequen tial pro cesses.

General Fixed F orm ula

FSA PSP A CE-complete PTIME

BP A EXPTIME-complete PTIME

PD A EXPTIME-complete PTIME

In addition, Esparza et al. [54 ] ha v e dev elop ed e�cien t algorithms for mo del

c hec king pushdo wn pro cesses when the negation of the sp eci�cation is already
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giv en in form of a B • uc hi automaton. This circum v en ts the exp onen tial con v er-

sion from L T � to B • uc hi automata.

The Logic CL TL Finally , decidabilit y of nonregular linear-time prop erties

has b een in v estigated b y Boua jjani and Hab ermehl in [12 ]. They consider

CL TL, a linear-time logic whic h extends L TL with pattern constrain ts expressed

b y �nite-state automata and coun ting constrain ts using Presburger arithmetic

form ulae. As full CL TL is undecidable ev en for �nite-state systems [13 ], its

fragmen t CL TL

2

whic h essen tially do es not allo w ev en tualit y form ulae with

coun ting constrain ts is in tro duced. It turns out that CL TL

2

is decidable for

pushdo wn automata whic h is sho wn in four steps:

� First, since CL TL

2

is not closed under negation, the syn tactic complemen t

of CL TL

2

, called CL TL

3

, is in tro duced. Both fragmen ts are related b y

the prop ert y that for eac h � 2 CL TL

2

there exists �

0

2 CL TL

3

suc h

that : � and �

0

ha v e the same seman tics, and vice v ersa.

� Second, it is sho wn that an y form ula of CL TL

3

can b e transformed in to

a normal form whic h is essen tially a conjunction of an ! -regular prop ert y

expressed in terms of a linear-time � -calculus form ula and a pure coun ting

constrain t ev en tualit y form ula.

� Third, it is pro v ed that satis�abilit y of a form ula � 2 CL TL

3

relativ ely

to a set of sequences S can b e reduced to a constrained emptiness prob-

lem. If

~

S , a tec hnical set construction related to S , has the additional

prop ert y that its in tersection with an ! -regular language alw a ys yields a

semilinear set, then the satis�abilit y problem can further b e reduced to

the nonemptiness problem of semilinear sets whic h itself is kno wn to b e

decidable.

� F ourth and last, the fact that pushdo wn pro cesses generate ! -con text-

free languages, whic h are semilinear and closed under in tersection with

! -regular languages sho ws that the satis�abilit y problem for CL TL

3

is

decidable, and consequen tly so is the mo del-c hec king problem for CL TL

2

.

3.3.2 BPP and P etri Nets

L TL and L T � Here, only the mo del c hec king problem for the more expressiv e

class of P etri nets and the stronger logic L T � has b een considered. As it turns

out, the decidabilit y of the mo del c hec king problem for L T � and P etri nets is

sensitiv e to whether atomic prop ositions b ey ond just true are allo w ed in the

logic or not. As sho wn b y Esparza, the case with general atomic prop ositions is

undecidable [53 ], while in case that true is the only allo w ed atomic prop osition

this problem b ecomes decidable [51 ].

The giv en decision pro cedure is based on an automata-theoretic c haracter-

isation of the logic whic h w as in tro duced b y V ardi and W olp er [146 ]. Re�ning

a tec hnique of [47 ] Esparza has sho wn that, giv en a closed form ula � , there
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exist t w o �nite automata A

: �

and B

: �

accepting the �nite, resp ectiv ely in-

�nite, w ords that do not satisfy � . Consequen tly , the P etri net N satis�es

� i� L ( N ) \ L ( A

: �

) = ; and L ( N ) \ L ( B

: �

) = ; . In order to decide these

t w o prop erties the �nite automata are transformed in to certain P etri nets and

com bined with N in a w a y similar to the classical automata pro duct yielding

N � N

A

: �

and N � N

B

: �

suc h that L ( N � N

A

: �

) = L ( N ) \ L ( N

A

: �

) and

L ( N � N

B

: �

) = L ( N ) \ L ( N

B

: �

) . Esparza then pro v es that

1. L ( N ) \ L ( A

: �

) 6= ; i� the P etri net N � N

A

: �

has a reac hable dead

marking whic h marks some place of a certain set S .

2. L ( N ) \ L ( B

: �

) 6= ; i� the P etri net N � N

B

: �

has a run whic h con tains

in�nitely man y o ccurrences of transitions of a certain set T .

No w the existence of a reac hable dead marking in (1.) can b e decided

solving an exp onen tial n um b er of instances of the reac habilit y problem for P etri

nets. The reac habilit y problem is kno wn to b e decidable since the early eigh ties

when Kosara ju [96 ], as w ell as Ma yr [106 ], presen ted a non-primitiv e recursiv e

algorithm. Only recen tly , Bouziane disco v ered an EXPSP A CE-algorithm [14 ]

whic h matc hes the long kno wn complexit y lo w er b ound of Lipton [103 ].

The existence of a run in (2.) con taining in�nitely man y o ccurrences

of transitions of a giv en set T w as sho wn to b e decidable b y Jan tzen and

V alk [83 ]. Later Y en has sho wn that this can b e decided also within exp o-

nen tial space [150 ].

Ov erall, this yields an EXPSP A CE-algorithm. Since on the other hand the

reac habilit y problem for P etri nets can b e enco ded in L TL, the mo del c hec k-

ing problem is also EXPSP A CE-hard, pro ving the problem to b e EXPSP A CE-

complete.

F or reactiv e systems, whic h often are assumed to pro vide a certain ser-

vice forev er without ev er terminating, another, non-standard seman tics is of

in terest, whic h only tak es in�nite runs in to accoun t. When restricted to these

! -seman tics, the space complexit y of Esparza's decision pro cedure is exp onen-

tial in the size of the P etri net and double exp onen tial in the size of the form ula.

Recen tly , Hab ermehl [62 ] has impro v ed on this complexit y b y sho wing that the

space complexit y can b e reduced to b e p olynomial in the size of the form ula,

whic h is kno wn to b e a lo w er b ound already for �nite-state systems. Ho w ev er,

also in the ! -setting the problem remains EXPSP A CE-hard in the size of the

system.

Ev en more surprisingly , the same complexit y is obtained already for the

w eak er mo del of BPP and the w eak er logic L TL [64 ]. In this case EXPSP A CE-

hardness can b e sho wn in �v e steps:

� First, the EXPSP A CE-complete problem whether an exp onen tially space-

b ounded T uring-mac hine accepts a giv en input, is reduced to the prob-

lem whether the exp onen tially space-b ounded univ ersal T uring-mac hine

accepts a giv en input.
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� Second, the univ ersal T uring-mac hine is enco ded in an exp onen tially

space-b ounded univ ersal Minsky n -coun ter mac hine, for whic h, conse-

quen tly , the acceptance problem is EXPSP A CE-hard.

� Third, this univ ersal Minsky n -coun ter mac hine can b e enco ded as a paral-

lel comp osition of a BPP and a �nite automaton yielding a PPD A similar

to the construction in [103 ] or [53 ]. The size of this �nite automaton is a

function in the size of the �nite con trol of the univ ersal coun ter mac hine

and th us �xed and �nite.

� F ourth, the problem if the resulting PPD A has an in�nite run can b e

enco ded in a mo del c hec king problem for BPP and an L TL-form ula. The

L TL-form ula dep ends only on the �xed �nite automaton and is th us also

�xed. This enco ding of the automaton in L TL is p ossible, since, b y c ho os-

ing the atomic actions accordingly , the automaton can b e made star-free.

Summarizing, w e ha v e the follo wing complexities when mo del c hec king L TL,

resp ectiv ely L T � .

L TL and L T � with standard seman tics

General Fixed F orm ula

BPP / PN EXPSP A CE-complete EXPSP A CE-complete

L TL and L T � with ! -seman tics

Fixed System Fixed F orm ula

BPP / PN PSP A CE-complete EXPSP A CE-complete

The Logic CL TL Pursuing their researc h on CL TL, Boua jjani and Hab er-

mehl ha v e sho wn that CL TL

2

is also decidable for P etri nets [12 ]. Since P etri

nets are in con trast to pushdo wn pro cesses not semilinear, the pro of for the

decidabilit y of CL TL

2

on pushdo wn pro cesses do es not carry o v er. This time

satis�abilit y of CL TL

3

is reduced in sev eral steps to the reac habilit y problem

in P etri nets.

� First, the regular part of the CL TL

3

form ula � is transformed in to an

equiv alen t B • uc hi automaton B whic h is then com bined with the net N

suc h that N � B represen ts their sync hronized pro duct.

� Second, one can sho w that the set of markings M of N � B from whic h

the B • uc hi automaton accepts ev ery run is semilinear.

� Third, since the coun ting constrain t part of � also describ es a semilinear

set of markings M

0

, and since semilinear sets are closed under in tersec-

tion, the satis�abilit y problem reduces to the reac habilit y problem for the

semilinear set of markings M \ M

0

.

� F ourth and last, the previous reac habilit y problem for semilinear sets can

b e reduced to the classical reac habilit y problem for single markings in

P etri nets.
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3.3.3 P A

L TL and L T � Although L TL is decidable for BP A, as w ell as for BPP , this

result do es not longer hold in their common generalization P A. As sho wn in [13 ],

a Minsky mac hine can b e sim ulated b y three BP A pro cesses in parallel, suc h

that their \honest" sync hronization, as w ell as the reac habilit y of the halting

state, is expressible b y a L TL form ula. More tec hnically , the halting of the

Minsky mac hine is enco ded as the nonemptiness of the in tersection of an ! -

star-free language with a P A ! -language. Undecidabilit y of the mo del c hec king

problem for L TL and P A follo ws then immediately from the undecidabilit y of

the halting problem for Minsky mac hines [117 ].

The Logic CL TL As a corollary , the undecidabilit y of mo del c hec king L TL

also pro v es that P A ! -languages are not closed under in tersection with ! -star-

free languages. On the other hand, it is sho wn in [12 ] that P A ! -languages

are closed under in tersection with the smaller class of simple ! -regular lan-

guages, i.e., ! -languages de�nable b y a �nite-state B • uc hi automaton where ev-

ery lo op in its transition graph is a self-lo op. Since the fragmen t simple-PL TL

2

of CL TL, whic h is incomparable to L TL, expresses exactly the simple ! -regular

languages, it can, �nally , b e sho wn that simple-PL TL

2

is indeed decidable for

P A.

3.4 Summary

F rom a bird's p ersp ectiv e w e ma y conclude that sequen tial-t yp e systems, lik e

BP A and PD A, are inheren tly easier to analyse than parallel-t yp e systems. This

conclusion is supp orted b y b oth the (un)decidabilit y as w ell as the complexit y

results:

F or BP A and PD A, most branc hing and linear-time logics are decidable,

while for parallel-t yp e systems, lik e BPP and P etri nets, except for the v ery

restrictiv e branc hing-time logics HML and EF only linear-time logics are decid-

able. In particular the mo dal � -calculus as w ell as L TL (and ev en CL TL

2

) are

decidable for PD A, while on the other hand all branc hing-time logics except

HML are undecidable for P etri nets, and merely the linear-time � -calculus with

true as only atomic prop osition is decidable for P etri nets.

Considering the complexit y results for mo del c hec king the picture is similar.

F or example on the sequen tial side mo del c hec king the mo dal � -calculus and

the linear-time � -calculus are b oth EXPTIME-complete for PD A, while on the

parallel side the mo del c hec king problem for P etri nets with resp ect to the linear-

time � -calculus is already EXPSP A CE-complete. The follo wing corresp onding

tables summarize these results and the p oin ters to the relev an t literature. T o

abbreviate the notation, G: indicates the complexit y of the general problem,

while F: sp eci�es the complexit y of the problem when the form ula is �xed.

The cen tral results presen ted in this c hapter concern w orst-case estimations

within the classical complexit y class structure. This classi�cation, although

constituting a v ery go o d guideline also for practical purp oses, m ust often b e re-
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Class Logic Complexit y

BP A HML G: PSP A CE-complete [112 ]

F: PTIME

BP A mo dal � -calculus G: EXPTIME-complete [149 , 112 ]

F: PTIME [29 ]

PD A mo dal � -calculus G: EXPTIME-complete [149 ]

F: EXPTIME-complete [149 ]

BPP EF G: PSP A CE-complete [52 , 109 , 111 ]

F: �

P

k

[52 , 109 , 111 ]

P A EF G: PSP A CE-hard [110 , 111 ]

F: �

P

k

[111 ]

Class Logic Complexit y

FSA L TL / L T � G: PSP A CE-complete [135 , 144 ]

F: PTIME

BP A L TL / L T � G: EXPTIME-complete [111 ]

F: PTIME [11 ]

PD A L TL / L T � G: EXPTIME-complete [11 ]

F: PTIME [11 ]

BPP / PN L TL / L T � G: EXPSP A CE-complete [51 , 111 ]

F: EXPSP A CE-complete [51 , 111 ]

Figure 6: Complexities of mo del c hec king problems.

�ned in order to pro vide a real basis for implemen tation decisions. W e therefore

prop ose to in v estigate

� �ner complexit y class structures, e.g., in man y cases p eople only accept

linear or at most quadratic algorithms, and ev en constan t factors ma y

pla y a signi�can t role;

� a v erage or `in practice' b eha viours: systems dev elop ed b y p eople are often

m uc h b etter b eha v ed as suggested b y w orst-case analyses; and

� sp ecial restrictiv e but practical system/prop ert y com binations, whic h can

b e treated e�cien tly .

Whereas the �rst t w o p oin ts do not require an y further explanation, the third

should b ecome clearer b y considering program analysis as an illustrating ex-

ample. Here the so-called bitve ctor pr oblems constitute a highly relev an t but

tractable class. In fact, along the lines of [110 , 57 , 131 ] it is straigh tforw ard to

deduce that in terpro cedural bitv ector analyses, ev en for programs with fork/join

parallelism and shared v ariables, admit mo del c hec king in linear time. Sp ecial

cases lik e this, whic h dep end on rather sp eci�c patterns of form ulae and/or mo d-

els, will alw a ys ha v e to b e considered case b y case. Ho w ev er, w e are con vinced

that the o v erview of the general complexities pro vides b ene�cial guidelines ev en
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for suc h re�ned complexit y considerations, as one cannot construct a scenario

a v oiding `b ottlenec ks' without kno wing exactly where they are lo cated.
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