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Abstract. We study a transformation on terms consisting of applying
an inverse deterministic rational mapping followed by an unfolding. It-
erating these transformations from the regular terms gives a hierarchy
of families of terms having a decidable monadic theory. In particular,
the family at level 2 contains the morphic infinite words investigated
by Carton and Thomas. We show that this hierarchy coincides with the
hierarchy considered by Knapik, Niwinski and Urzyczyn: the families of
terms that are solutions of higher order safe schemes. We also show that
this hierarchy coincides with the hierarchy defined by Damm, and recent-
ly considered by Courcelle and Knapik: the families of terms obtained
by iterating applications of first order substitutions to the set of regular
terms. Finally, using second order substitutions yields the same terms.

1 Introduction

A general approach to check properties of a finite system is to express these
properties by formulas, that can be decided on the generally infinite structure
modeling the behaviour of the system. We focus on monadic second order for-
mulas and the systems we consider are the higher order schemes [In 76], [Da 82]
and the deterministic pushdown automata with multi-level stacks [En 83].

A simple way to show the decidability of the monadic second order theory
of a given graph is to obtain the graph from a finite graph using basic graph
transformations that preserve the decidability of the monadic theory. We only
use two graph transformations. The first transformation is the unfolding of a
graph from a given vertex [CW 98]. For instance, the unfoldings of finite graphs
are the regular trees (having only a finite number of non isomorphic subtrees)
whose each node is of finite out-degree. Therefore, these trees have a decidable
monadic theory; it is the case in particular for the complete infinite binary tree
[Ra 69]. The second graph transformation is given by a finite automaton over
labels [Ca 96]. Precisely, a rational mapping h associates to each label a a rational



language h(a) (over labels and barred labels for moving by inverse arc). And we
apply h~! to a graph G to get the graph h~'(G) having an arc s -2 + when
there is a path s = ¢ in G for some word u in h(a). This graph transformation
preserves the decidability of the monadic theory: it is a noncopying monadic
second-order definable transduction in the sense of [Co 94]. This transformation
has a maximality property: starting from the regular trees, we get the same
graphs that we can get by monadic definable transductions [Ba 98] : the prefix-
recognizable graphs [Ca 96].

By alternate repetition of unfoldings and inverse rational mappings from the
finite trees, we get a hierarchy of tree families and a hierarchy of graph families
that have a decidable monadic theory. At level 0, the tree family is by definition
the set of finite trees, and the graph family is the set of finite graphs. At level 1,
the tree family is the set of regular trees, and the graph family is the set of prefix-
recognizable graphs. At higher levels, the tree family and the graph family have
never been studied. However for two related hierarchies of (families of finite
and infinite) terms, the decidability of the monadic theory has been shown.
The first one classifies the solutions of higher order safe schemes [KNU 02]. The
second one is obtained by iterating first order substitutions starting from regular
terms [CK 02]. As terms are deterministic trees, we restrict our hierarchy of tree
families by using only deterministic rational mappings from terms to terms, and
starting from the regular terms. The family at level 2 contains all the morphic
infinite words [CT 00] (Proposition 3.2). Then, we show that the three hierarchies
of term families are equal (Theorems 3.3 and 3.5). In particular, we describe
paths in lambda graphs of [KNU 02] by giving directly a deterministic rational
mapping. And we show that the evaluation of first order substitutions in [CK 02]
is essentially an inverse deterministic rational mapping followed by an unfolding.
Furthermore we show that the evaluation of second order substitutions can be
done by applying two inverse deterministic rational mappings each being followed
by an unfolding (Proposition 3.4).

2 A hierarchy of tree families

We present two basic graph transformations that preserve the decidability of the
monadic theory: the unfolding and the inverse rational mapping. Iterating these
transformations gives a hierarchy of graph families, and especially a hierarchy
of tree families.

Let IN be the set of nonnegative integers. For any n € IN, we denote [n] =
{1,...,n} with [0] = (. For any set F, we denote |E| its cardinal and 2F its
powerset. Let L* be the free monoid generated by any set L of symbols, called
letters. Any word u € L* of length |u] € IN is a mapping from {1,...,|u|} into L
represented by u(1)...u(Ju]) = wu. The word of length 0 is the empty word €.
For any word u, Occ(u) := { u(i) | i € [|u]] } is its set of letters.

Let L be a countable set of symbols for labelling arcs. A simple, oriented and
arc labelled graph G is a subset of V xLxV where V is an arbitrary set and such



that its label set

Lg:={a€eL|3s,t, (s,a,t) € G} Iis finite
but its vertex set

Vo :={s|3a,t, (s,a,t) e G V (t,a,s) € G} Iis finite or countable.
Any (s,a,t) of G is a labelled arc of source s, of target t, with label a, and is iden-

tified with the labelled transition s —— ¢ or directly s —— ¢ if G is understood.
G

For instance, the finite graph {r LN PP -5 s, p LN 4,9 -50p,q LN s} has
p,q,r, s for vertices, and has a,b for labels, and is represented by the leftmost
figure in Figure 2.2. A vertex s is terminal if it is source of no arc. We write

S % with P C L if there is s %) t for some a € P and t € V. We denote
Gw = {s %) t]s,teW} th(; restriction of a graph G to a subset W. Any
word Sga1 1. ..ans, such that n > 0 and sg =% $1 ... Sp_1 -2 s, is a path from
sg to s, labelled by w = a;...a, , and we write sqg :Z> sy, or directly sg = s,, if

G is understood. We say that a vertex r is a root of G if every vertex is accessible
from r: Vs € Vg, 3w, r = 5. We denote Path(G) the path language of G,

and L(G, 1, F) the path labels from a set I to a set F':
LG, I,F) == {w]|3s€l, JteF, S%t}
For instance taking the leftmost graph in Figure 2.2, its path labels from its root
to its terminal vertex is b(ba)*(a + bb). A trace of a graph is a path language
from and to finite vertex sets. Recall that the traces of finite graphs form the set
Rat(L*) :={ L(G,I,F) | |G| <o AN I[,F CVg5}
of rational languages over L, and we denote Fin(L*) the family of finite lan-
guages over L. A graph is deterministic if distinct arcs with the same source
have distinct labels: if r - s and r —— t then s = t. Recall that a graph is a
tree if it has a root r which is target of no arc, and every vertex s # r is target
of a unique arc. Any vertex of a tree is also called a node and any terminal node
is a leaf. The subtree of a tree G at node s is the restriction G 4|34, ;=2 Of

G to the vertices accessible from s. A forest is a graph such that each connected
component is a tree.

We will present two known basic graph transformations preserving the graph
isomorphism, and also the decidability of the monadic theory. Let us recall the
notion of graph isomorphism and the monadic theory of a graph.
Given a binary relation R, we consider the graph

R(G) = {s’i>t’|35%>t, sRs" NtRt}
of the application of R to G. We say that R(G) is isomorphic to G when R is a
bijection from Vg to Vi), and we write G ~ R(G).

To construct monadic second-order formulas, we take two disjoint countable
sets: a set of verter variables and a set of vertexr set variables. Atomic formulas
have one of the following two forms:

reX o x-Sy
where X is a vertex set variable, x and y are vertex variables, and a € L.
From the atomic formulas, we construct as usual the monadic second-order for-



mulas with the propositional connectives =, A and the existential quantifier 3
acting on these two kinds of variables. A sentence is a formula without free vari-
able. The set of monadic second-order sentences MTh(G) satisfied by a graph
G forms the monadic theory of G. Note that two isomorphic graphs satisfy the
same sentences: MTh(G) = MTh(H) if G ~ H. Many articles concern the de-
cidability of the monadic theory for infinite graphs (see among others [Sem 84]
[MuS 85], [Co 90], [Th 90] and [Th 97]).

3

3

We present now two known graph transformations: the unfolding and the inverse
label mapping. The first transformation is to unfold a graph from all its vertices.
The unfolding Unf(G) of any graph G is the following forest:

Unf(G) := {ws -% wsat | wsat € Path(G) A s %) t}
The unfolding Unf(G,I) of a graph G from a vertex subset I is the restriction
of Unf(G) to paths starting from vertices in I i.e.

Unf(G/ I) = Unf(G)\{ su€Path(G)|sel }
In particular Unf(G) = Unf(G,Vs) and for any vertex s € Vi, Unf(G, s) is
a tree (a connected component of Unf(G)), called an unfolding tree of G. For
instance, the unfolding tree from the root of the leftmost graph in Figure 2.2 is
given by the middle representation. This tree is deterministic and is a regular
tree: it has a finite number of non isomorphic subtrees.
Note that for any deterministic graph G, its unfolding Unf(G,r) from any ver-
tex r is isomorphic to the following tree:

Tree(G,r) :={u -5 ua |3 s, r%s ANaelL}
where the isomorphism associates to any spaisi...ans, € Path(G) its label
a1...a, . The unfolding preserves the decidability of the monadic theory.

Proposition 2.1 [CW 98] Given a graph G and a vertex s, we have
MTh(G) is decidable = MTh(Unf(G,s)) is decidable.

The second transformation is the inverse label mapping [Ca 96]. To move by
inverse arcs, we take a new symbol set L := { @ | a € L } in bijection with L.

Any transition s %, ¢ means that t -2 s is an arc of G. We extend the existence
G G

of a path == labelled by a word w in (LU L)*: s = s and s &> ¢ if there is r
such that s - r =% ¢. Given any relation h C Lx(LUL)* of finite domain i.e.

a mapping from L into 269" such that Dom(h) := { a | h(a) # 0 } is finite,
the inverse mapping h~1(G) of any graph G by h is the following graph:
"' (G) == {s-5t|Jwehl(a), s=1}
G

and h is a finite mapping (resp. rational mapping) when h(a) is finite (resp.
rational) for every a € L. For instance, starting from the tree of the middle rep-
resentation of Figure 2.2 and by applying by inverse the finite mapping defined
by a +— {aaba} ; b — {Gaa}; c¢,d — {aabaaa} ; e — {aabbba}, we get
the deterministic graph of the rightmost representation of Figure 2.2.



Figure 2.2 A root unfolding and an inverse finite mapping.

The inverse rational mapping preserves the decidability of the monadic theory.

Proposition 2.3 [Ca 96] Given a graph G and a rational mapping h,
MTh(G) is decidable = MTh(h™'(G)) is decidable.

Starting from the finite trees and by alternate repetition of inverse rational
mappings and unfoldings, we get a hierarchy of families of trees and a hierarchy
of families of graphs having a decidable monadic theory. Precisely and for any
graph family F, we denote
[Fl:=={H|3Ge€F, G~ H} the closure by isomorphism of F
Unf(F)=[{Unf(G,s) | 3G e F se Vg }
the unfolding trees, up to isomorphism, of graphs in F
Rat Y (F):={hYGQ) |GE€F AN h:L—Rat((LUL)*) A |Dom(h)| < o}
the inverse rational mappings of graphs in F.
Taking the set T'reeg of finite trees, we consider the hierarchy (T'ree,)n>o of
trees and the hierarchy (Graphy)n>o of graphs, defined inductively on n > 0 as
follows:
Graph,, := Rat~'(Tree,) and Tree,y 1 := Unf(Graph,)

By Proposition 2.1 and 2.3, |J,,~, Graph,, is a family of graphs having a decidable
monadic theory.

At level 0, by definition T'reeq is the family of finite trees, and Graphg is the
family of finite graphs whose their traces are the rational languages.

At level 1, Tree; is the family of regular trees of finite degree (each node is node
of a finite number of edges). Let us describe the family Graph; .

The family Graph, is the family of prefix-recognizable graphs [Ca 96]: it is the
set of prefix transition graphs of labelled recognizable word rewriting systems,
or equivalently the set of VR-equational graphs [Ba 98]. We get the graphs of
Graphy by e-closure of the transition graphs of pushdown automata [MuS 85]
[Ca 90] with e-transitions. An important property is that the inverse rational
mappings applied to Tree; to get Graph; = Rat '(Tree;) are sufficient to
obtain all the graphs which are monadic interpretable on T'ree; (or only on the
binary tree) [Ba 98]. Note that Graph, trace the context-free languages, and the
trees in Graph; are all the regular trees. An extension of Graph; to hypergraphs
has been done in [LN 01] and [B1 02].



At level n > 2, we have no general result of Graph,, . However we have results
on hierarchies of families of deterministic trees, or more exactly of finite and
infinite terms [Da 82], [KNU 01], [KNU 02], [CK 02], and we will compare these

hierarchies with (Tree,),, - , restricted to terms.

3 A hierarchy of term families

We restrict the previous hierarchy on tree families to a hierarchy of term families
(T'erm,,) obtained from the family of regular terms by iterated inverse determin-
istic rational mappings with unfoldings. Any morphic infinite word is in T'erms
(Proposition 3.2). We establish that the hierarchy (T'erm,,) coincides with the
hierarchy (Sub,) of families of terms obtained from the regular terms by it-
erated first order substitutions (Theorem 3.3). Then, we show that the terms
obtained from the regular terms by iterated second order substitutions are the
terms of the hierarchy (Proposition 3.4). Finally, we establish that the hierarchy
(T'erm,,) coincides with the hierarchy of families of terms that are solutions of
safe schemes (Theorem 3.5).

Let F be a set of symbols called functions, graded by a mapping ¢ : FF — IN
associating to each function f its arity o(f), and such that
F,:={fe€eF|o(f)=n} is countable for every n > 0.
The set T(F) of finite terms is the smallest subset of F* such that
feF A b1, 5ty € T(F) = ftl...tg(f) e T(F)
Particularly the constant set Fy C T'(F'). Any finite term, for instance fafgaa
with o(f) = 2,0(g) = 1,0(a) = 0, is represented by a tree as shown by the
leftmost representation of Figure 3.1. The middle representation of Figure 3.1
is simpler and usual. So we have to use vertex labelled graphs.
A coloured graph is a graph with a vertex labelling in a finite subset of F.
Precisely, a coloured graph G := G U ¢, is the union of a (uncoloured) graph
G C VxLxV and a vertez labelling or colouring ca C V xF which is functional:
leN{s}=xF| < 1for every s € V, such that its domain {s|3 f, (s, f) € G } is
the vertez set Vg of G containing Vi, and such that its image { f|3s, (s, f) € G }
is finite: each vertex has one colour from a finite set. Any (s, f) € G is a vertex
s labelled f and is also denoted sf. Note that the coloured graph {la} has an
empty uncoloured graph and the vertex labelling 1 +— a.
Any path spais1...a,8, € Path(G) is now labelled by w = ¢(sg)aie(s1). . .anc(sy)
and we write sg :Z> s, (or directly sy = s,, if G is understood) for a path from

so to s, labelled by w. For instance, the path labels L(G,r, E) of the coloured
tree G of Figure 3.1 from its root r to its set E of its leaves is the language
{fla, f2f1gla, f2f2a} called the branch language of G [Co 83].
We extend the unfolding and the inverse mapping to any coloured graph G :
Unf(G) :=Unf(G) U { wsf | ws € Path(G) N sf € G}
and h"1(G):={s S t|Iwechla), s=1t}
G
U{sh(f)eG|3aTweh(a)It, s=>1tV t=s}
(€] G



where h is a mapping from L U F into 2"V such that h(F) C F; so the
vertices of h~1(G) are the vertices s of h~1(G) coloured by h(f) if s is coloured
by f in G.

For any coloured graph G and any vertex r, we also consider the unfolding

Unf(G/ T) = Unf(G)\{ rw|rw € Path(G) }
of GG from r, and a canonical representative for G deterministic is:
Tree(G,r) = {u—>ua|3s,r=sANa€Ll}U{uf|r=sAsfeG}
G G

We also write T'ree(G) := Tree(G,r) when r is the unique root of G.

For instance, starting from the tree of Figure 3.1, we apply by inverse the fi-
nite mapping defined by 1 — {fla, flg,91f2f1la} , 2 — {f2f, f2f1la} and
z +— x for any colour z € {f, g, a}, to get the coloured graph of the rightmost
representation of figure below.

lf f h—1 !
SN e NS AN
I SN e

/N 1

gl !a

|

|

Figure 3.1 Tree representations and an inverse finite mapping.

~

Note that the rightmost graph of Figure 3.1 is a quotient of the tree: its root
unfolding is the tree. To represent terms and their quotients, we consider a re-
striction of coloured graphs.
A term graph is a deterministic coloured graph labelled in L = IN — {0} such
that

{i|3t, st} = {1,...0(c(s)} for every vertex s.

A general term graph is the graph T’ F) of ﬁnlte terms, defined by
T(F):={ fti.. 4 —>tIfEF/\tl,--,ngT(F)/\ZE[Q(f)]}

U{(ftl-- )| o) €ET(F) Aiele(f)]}

t1,
and the maximal quotient Graph( ) of any ﬁnlte term t is

Graph(t) T(F) (5t = s}

the restriction of T'(F) to its vertices accessible from ¢ (the subterms of t).

For instance Graph(fafgaa) = { fafgaa L a, fafgaa 2 fgaa, fgaa N ga,
fgaa 2, a, ga LI a } with the colouring ¢(fafgaa) = ¢(fgaa) = f, c(ga) = g,

¢(a) = a, and is represented by the rightmost figure in Figure 3.1.

A term treeis a term graph which is a tree, and we denote T'erm/T'rees the family

of term trees. Any finite term ¢ is identified with the isomorphic class of the root-

ed unfolding of the maximal quotient of ¢: Unf(Graph(t),t) = Unf(T(ﬁS, t).



More generally, a term (finite or infinite) is the isomorphic class [G] of a term
tree G whose a standard canonical representative is Tree(G). In particular, the
canonical representative of any finite term ¢ is

Tree(t) := Tree(Graph(t)) = Tree(T(F),t)
For instance Tree(fafgaa) = {e -1, 252,2-521,21 -5 211,22 22}
with the colouring ¢(e) = ¢(2) = f, ¢(21) = g, ¢(1) = ¢(211) = ¢(22) = a.

A well-known fact is that the family of the canonical (representatives of) term
trees
Terms = { Tree(G) | G € TermTrees }
is a complete partial order by taking {2 € Fy and by using the following partial
order:
G <o H if G-Vg{} C H forany G,H € Terms

whose the smallest element is {e {2} and such that any increasing chain Gy <g,
... <0 G, <g ... has aleast upper bound

supp>o (Gn) = (UnZO%) U{{uf|dmVn>m, uf €eG, }
For instance and for any G € Terms, we define its truncation G, to the level
n > 0 by
Gn = G {y|ju<ny YiufeG||ul<n}t U{u?|3f uf €EGA |u[=n}
to obtain an increasing chain Gy <q ... <p G, <g ... of least upper bound
G. So any mapping h : T(F) — T(F) which is monotone

Tree(s) <q Tree(t) = Tree(h(s)) <o Tree(h(t))
is extended into a continuous function h : TermTrees — Terms by defining
for any G € TermTrees and taking any 2 € Fy — Im(cq)

h(G) = supp>oTree(h(t,)) if no node is labelled by 12
where #, is the unique finite term with Tree(t,) = (T'ree(G)), ; otherwise h(G)
is undefined.
As we want to produce only terms by inverse rational mappings with unfoldings
from terms, we can restrict to any rational mapping h preserving the determin-
ism:

G deterministic = h !(G) deterministic

This implication remains true if for each a € L, we restrict h(a) to its mini-
mal prefix subset of (F(L U L))*F: for any finite automaton recognizing h(a),
we determinize it, then we do the synchronized product with the automaton
{0}xFx{1} U {1}x(L U L)x{0} of initial state 0 and of final state 1, and then
we remove any arc which is source of a final state. So we may assume that for
each a € L, h(a) is recognized by a finite deterministic automaton (A4, :,7T") such
that each final state (in T) is terminal (source of no arc), and its initial state

LEP::{SGVA\si>}whichisdisjointof{seVA|5Li€}andsuchthat
A A
se€P < teVy—P forany transition s — ¢
A

A sufficient condition to have h~!'(G) deterministic from a term tree G, is to
add the following determinism condition :
s D As % ANaeL = a=b
A

A
and in that case, we say that h is a deterministic rational mapping.



For any graph family F, we denote
DRat Y(F) = {h (@) |GEF AN h: LUF—Rat((LULUF)")

A RFE)CF A |Dom(h)| <oc A h deterministic }
the inverse deterministic rational mappings of graphs in F. So we restrict the
hierarchy (T'ree,) on terms and by using only deterministic rational mappings:

Termyq := the set of regular term trees
Term,1 = Unf(DRat™ ' (Term,)) N TermTreesn >0
where by commodity with the two next hierarchies, we start to T'ree; restricted
to terms. Recall that the terms over F; are the infinite words. Particular infinite
words having a decidable monadic theory are the infinite morphic words [CT 00]
which are words of the form:
o(t¥(a)) = o(aut(u)...m™(u)...)

where o and 7 are morphisms from A* into itself for some finite A C F; with
a € A and 7(a) = au. The decidability of the monadic theory for these infinite
words is also a consequence that they are terms at level 2 of our hierarchy.

Proposition 3.2 Any morphic word is in Terms .

We consider the hierarchy of term families defined in [Da 82] whose terms have
a decidable monadic theory [CK 02]. This hierarchy is defined as follows:

Subg := the set of regular term trees
Suby i1 = U{ [Subste,u(Sub,)] | u € FyF Au(l)# ... #£u(lu]) Ae € Fyyi}
where for any finite term ¢, Subste ,(t) is the finite term without e and is ob-
tained by evaluating the function e as a first order substitution: its first argument
is the term on which we apply the substitution and its ¢ + 1-th argument is the
term which is substituted to u(i) for each 1 < i < |u|. Precisely Subst, ,(t) is
defined by induction on the length of any finite term ¢ as follows:
Subste o (ft1.. tocp)) = fSubste o(t1).. .Subste  (tyr)) if f#e
Subst, . (etoty. . t)y)) := Subste (to)[Subste (t1)/u(1),. .., Subst, (t,)/u(|ul)]
where foranyn > 0,¢,s1,...,8, € T(F),a1 # ... #a, € Fy,t[s1/a1,...,sn/a]
is the term obtained by simultaneous replacement in ¢ of a; by s; (for 1 <i < n)
and is defined by induction on the length of ¢ as follows:
ftio typlsi/ar, .. snfan] == f(tilsi/a1, ..., snfan)). . (typ)lsi/ar, ..., sn/an])

if f&{ar,....,an}
ai[s1/ar,...,sn/a,] :=s; for every i€ [n]
Note that the mapping Subste ,, : T(F) — T(F — {e}) is monotone for < if
2 ¢ {u(1),...,u(lu])}, and we extend by continuity Subst. , to any term tree
G € TermT'rees. Finally we extend by union Subst, , to any set of term trees.

3

Theorem 3.3 Starting from the regular terms, the terms generated by n
first order substitutions are exactly the terms obtained by applying n inverse
deterministic rational mappings each being followed by an unfolding:

Sub, = Term, for every n>0.

We consider now the extension of the first order substitution to the second order
substitution Subste .., where e € F, 1 and ri,..., 1, are elementary terms

i.e. of the form fay...a,y) with f € Fland a1 # ... # a,y) € Fo and



such that r;(1) # ... # r,(1). This function Subste r,
induction on the length of any finite term as follows:
Subste r,..r, (fti-. tocp)) == fSubste . 1, (t1).. .Subster, ., (top)) if f#e
and Subste r,..r, (etoti.. .ty)
= Subste yy. r, (to)[Subste ry v, (t1)/71, ..., Subste ry. r. (tn)/Tn]
where for any n > 0, ¢,81,...,8, € T(F) and r,...,7, € T(F) elementary
terms with (1) # ... # r,(1), the term ¢[s1/r1, ..., 8, /ry] is defined by
ftl. . .tg(f)[Sl/T17 .. .7Sn/’l"n]
= f(tifsi/ri, - sn/ral) - (Bopys1/ri, - sn/ra]) if f & {ri(1),...,m(1)}
sil[(tls1/r1, . safral)/ar, .o, (Bop[81/71, - 80/Tn])ags) ]
if r; = fa1 ...ag(f)
Note that Subste,, ,, : T(F) — T(F — {e}) is monotone for <q if 2 ¢
Occur(ry) U...U Occur(ry), and similarly to the first order substitution, we
extend by continuity the second order substitution Subst.,, ,, to any term
tree. In particular Subst. ,, ,, with ri,...,r, € Fy corresponds to the first
order substitution. Any second order substitution preserves the decidability of
the monadic theory, and all the terms in |J,, Term,, are also the terms obtained
from the regular terms by iterated applications of second order substitutions.

is first defined by

n

Proposition 3.4 For any second order substitution Subst. ,, ., and any
¢q>0,GeTermy = Subster,. r,(G) € Termgrs when it is defined.

We consider the hierarchy of families of terms which are least solutions of high-
er order recursive schemes [In 76] [Da 82] and that have a decidable monadic
theory when the schemes are safe [KNU 02]. By lack of space, it is not possible
to reintroduce here the notion of a higher order recursive scheme, which is a
deterministic grammar between typed terms. The level of a scheme is the max-
imum level of the left hand side types. The terms considered in [KNU 02] are
generated by schemes satisfying a safety condition. A scheme P is safe if for any
rule fa;...a, — t there is no subterm s of ¢ with an occurrence a; in s of type
level strictly less than the type level of s. The schemes of level 1 are safe, and
have been first considered in [Ni 75] and called recursive program schemes (see
among others [Gu 81] and [Co 90]).

Theorem 3.5 For every n > 0, the terms generated by the safe schemes of
level at most n are exactly the terms in Term,, i.e. the terms obtained from
the regular terms by applying n inverse deterministic rational mappings each
being followed by an unfolding.

4 Conclusion

Several natural questions arise; we list some of them.
a) Let us begin with a question in [KNU 02]. Does any solution of an unsafe
scheme can be generated by a safe scheme, and in the negative case, has it a



decidable monadic theory ?
b) Do we get more terms by allowing non deterministic rational mappings, and
applying them not only on terms but on trees i.e.

for every n > 0, Term, = Tree, N TermTrees?
¢) Another question is to characterize the family of branch languages of all
terms in

T:= U, Term,.

Recall that the branch languages for the terms in Term, is the family of deter-
ministic context-free branch languages [Co 83].
d) A last question follows from the fact that the hierarchy (T'erm,,) coincides
with the hierarchy of families of terms recognized by the deterministic pushdown
automata with multi-level stacks. This last question is the equivalence problem
for terms in T :

is the equality of terms in T decidable ?
This problem is decidable for terms in T'erm; because it is inter-reducible to the
equivalence problem of (one level) deterministic pushdown automata, which is
decidable [Sen 97].
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