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—— Abstract
We present simple graph-theoretic characterizations of Cayley graphs for left-cancellative monoids,
groups, left-quasigroups and quasigroups. We show that these characterizations are effective for
the end-regular graphs of finite degree.

1 Introduction

To describe the structure of a group, Cayley introduced in 1878 [7] the concept of graph
for any group (G, -) according to any generating subset S. This is simply the set of labeled
oriented edges g — g¢-s for every g of G and s of S. Such a graph, called Cayley
graph, is directed and labeled in S (or an encoding of S by symbols called letters or
colors). The study of groups by their Cayley graphs is a main topic of algebraic graph
theory [3, 8, 2]. A characterization of unlabeled and undirected Cayley graphs was given by
Sabidussi in 1958 [15]: an unlabeled and undirected graph is a Cayley graph if and only if
we can find a group with a free and transitive action on the graph. However, this algebraic
characterization is not well suited for deciding whether a possibly infinite graph is a Cayley
graph. It is pertinent to look for characterizations by graph-theoretic conditions. This
approach was clearly stated by Hamkins in 2010: Which graphs are Cayley graphs? [10]. In
this paper, we present simple graph-theoretic characterizations of Cayley graphs for firstly
left-cancellative and cancellative monoids, and then for groups. These characterizations are
then extended to any subset S of left-cancellative magmas, left-quasigroups, quasigroups,
and groups. Finally, we show that these characterizations are effective for the end-regular
graphs of finite degree [13] which are the graphs finitely decomposable by distance from
a(ny) vertex or equivalently are isomorphic to the suffix transition graphs of labeled word
rewriting systems.

Let us present the main structural characterizations starting with the Cayley graphs of
left-cancellative monoids. Among many properties of these graphs, we retain only three
basic ones. First and by definition, any Cayley graph is deterministic: there are no two
arcs of the same source and label. Furthermore, the left-cancellative condition implies that
any Cayley graph is simple: there are no two arcs of the same source and goal. Finally,
any Cayley graph is rooted: there is a path from the identity element to any vertex. To
these three necessary basic conditions is added a structural property, called forward vertex-
transitive: all the vertices are accessible-isomorphic i.e. the induced subgraphs by vertex
accessibility are isomorphic. These four properties characterize the Cayley graphs of left-
cancellative monoids. To describe exactly the Cayley graphs of cancellative monoids, we just
have to add the co-determinism: there are no two arcs of the same target and label. This
characterization is strengthened for the Cayley graphs of groups using the same properties
but expressed in both arc directions: these are the graphs that are connected, deterministic,
co-deterministic, and vertex-transitive: all the vertices are isomorphic.

We also consider the Cayley graph of a magma G according to any subset S and
that we called generalized. The characterizations obtained require the assumption of the
axiom of choice. First, a graph is a generalized Cayley graph of a left-cancellative magma
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if and only if it is deterministic, simple, source-complete: for any label of the graph and
from any vertex, there is at least one edge. This equivalence does not require the axiom
of choice for finitely labeled graphs, and in this case, these graphs are also the generalized
Cayley graphs of left-quasigroups. Moreover, a finitely labeled graph is a generalized Cayley
graph of a quasigroup if and only if it is also co-deterministic and target-complete: for any
label of the graph and to any vertex, there is at least one edge. We also characterize all
the generalized Cayley graphs of left-quasigroups, and of quasigroups. Finally, a graph is a
generalized Cayley graph of a group if anf only if it is simple, vertex-transitive, deterministic
and co-deterministic.

2 Directed labeled graphs

We consider directed labeled graphs without isolated vertex. We recall some basic concepts
such as determinism, completeness and vertex-transitivity. We introduce the notions of
accessible-isomorphic vertices and forward vertex-transitive graph.

Let A be an arbitrary (finite or infinite) set. A directed A-graph (V,G) is defined by
a set V of vertices and a subset G C VxAxV of edges. Any edge (s,a,t) € G is from
the source s to the target t with label a, and is also written by the transition s —s¢ t or
directly s %5 t if G is clear from the context. The sources and targets of edges form the
set Vi of non-isolated vertices of G and we denote by Ag the set of edge labels:

Vo = {s|3at (s-Htvt-Ss)} and Ag = {a|Tst (st}
Thus V — Vg is the set of isolated vertices. From now on, we assume that any graph (V, Q)
is without isolated vertex (i.e. V = Vi), hence the graph can be identified with its edge
set G. We also exclude the empty graph (): every graph is a non-empty set of labeled edges.
For instance T = {s "+ s+n|s€RAn€Z} isagraph of vertex set R and of label set
Z. As any graph G is a set, there are no two edges with the same source, target and label.
We say that a graph is simple if there are no two edges with the same source and target:
(s St As LN t) = a=0b. We say that G is finitely labeled if Ag is finite. We denote
by Gt = {(t,a,s) | (s,a,t) € G} the inverse of G. A graph is deterministic if there are
no two edges with the same source and label: (r - s A7 -3 t) = s =1t. A graph is co-
deterministic if its inverse is deterministic: there are no two edges with the same target and
label: (s %7 At % 7) = s =t. Forinstance, the graph Y is simple, not finitely labeled,
deterministic and co-deterministic. A graph G is complete if there is an edge between any
couple of vertices: V s,t € Vg Ja € Ag (s ¢ t). A graph G is source-complete if for
all vertex s and label a, there is an a-edge from s: Vs€ Vg Va€ Ag 3t (s g t). A
graph is target-complete if its inverse is source-complete: Vt € Vg Ya € Ag 35 (s g t).
For instance, T is source-complete, target-complete but not complete. Another example is
given by the graph Even = {(p,a,q), (p,b,p), (q,a,p), (¢,b,q)} represented as follows:

b b
Q . Q
L e ———
p q

It is simple, deterministic, co-deterministic, complete, source-complete and target-complete.
The vertez-restriction G|p of G to aset P is the induced subgraph of G by PN Vg:

Gp = {(sa,t) €G|s,t€P}.
The label-restriction G'¥ of G to a set P is the subset of all its edges labeled in P:
G = {(s,a,t) €G |acP}.
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Let —¢ be the unlabeled edge relation i.e. s —sg t if s —g t for some a € A. We
denote by —¢(s) = {t| s —a t } the set of successors of s € V. We write s /¢ t

if there is no edge in G from s to ¢ i.e. G N {s}xAx{t} = 0. The accessibility relation
—& = Upso —¢ is the reflexive and transitive closure under composition of —¢. A
graph G is accessible from P C Vg if for any s € Vi, there is r € P such that r —5 8.
We denote by G p the induced subgraph of G to the vertices accessible from P which is the
greatest subgraph of G accessible from P. For instance Y10y = {m —5 m+n|m,n € Z}
is a complete subgraph of Y. A root r is a vertex from which G is accessible i.e. G
also denoted by G, is equal to G. A graph G is strongly connected if every vertex is a
root: s —%5 t forall s,t € V. A graph G is co-accessible from P C Vg if G™1 is
accessible from P. We denote by dg(s,t) = min{n |s —¢  o-1 t } the distance between
s,t € Vg with min()) = w. A graph G is connected if G U G~1 is strongly connected
i.e. dg(s,t) € N for any s,t € Viz. Recall that a connected component of a graph G is a
maximal connected subset of G; we denote by Comp(G) the set of connected components
of G. A representative set of Comp(G) is a vertex subset P C Vi having exactly one
vertex in each connected component: |P N V| =1 for any C € Comp(G); it induces the
canonical mapping wp : Vg — P associating with each vertex s the vertex of P in the
same connected component: s —7, -1 7p(s) for any s € V. For instance, [0,1] is a
representative set of Comp(Y) and its canonical mapping is defined by (7)) = = — | 7]
for any x € R.

A path (sg,a1,81,...,an, Sy) of length n > 0 in a graph G is a sequence s Mg Iy s,
of n consecutive edges, and we write so “*%" s,, for indicating the source sy, the target
sy and the label word a;...a, € Af of the path where Ay is the set of words over Ag
(the free monoid generated by Ag) and e is the empty word (the identity element).
Recall that a morphism from a graph G into a graph H is a mapping h from Vg into
Vi such that s 5o t = h(s) -y h(t). If, in addition h is bijective and h~! is
a morphism, h is called an isomorphism from G to H; we write G =, H or directly
G = H if we do not specify an isomorphism, and we say that G and H are isomorphic.
An automorphism of G is an isomorphism from G to G. Two vertices s,t of a graph G
are isomorphic and we write s ~g t if ¢t = h(s) for some automorphism h of G.

A graph G is vertez-transitive if all its vertices are isomorphic: s ~q t for every s,t € Vg .
For instance, the previous graphs ¥ and Even are vertex-transitive.

Two vertices s,t of a graph G are accessible-isomorphic and we write s | t if t = h(s)
for some isomorphism h from G| to G . A graph G is forward vertez-transitive if all
its vertices are accessible-isomorphic: s | t for every s,t € Vi .

» Fact 1. Any vertex-transitive graph is forward vertex-transitive which is source-complete.

For instance TIE} = {n-5 n+1|neN} is forward vertex-transitive but not
vertex-transitive. On the other hand T{]{N_l} = {n=5n—-1|neN} is not forward

vertex-transitive: two distinct vertices are not accessible-isomorphic.

3 Cayley graphs of left-cancellative and cancellative monoids

We present graph-theoretic characterizations for the Cayley graphs of left-cancellative monoids
(Theorem 7), of cancellative monoids (Theorem 8), of cancellative semigroups (Theorem 10).

A magma (or groupoid) is a set M equipped with a binary operation - : MxM — M
that sends any two elements p,q € M to the element p-q.
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Given a subset @ C M and an injective mapping [ ] : @ — A, we define the graph

el = {p B p.glperngeqy
which is called a generalized Cayley graph of M. It is of vertex set M and of label set
Q] = {[dl | ¢ € Q@ }. We denote C[M,Q] by C(M,Q) when [] is the identity. For
instance T = C(R,Z) for the magma (R,+). We also write C[M] instead of C[M, M]
and C(M) = C(M,M) = {p = p-q|pgeM}.

» Fact 2. Any generalized Cayley graph is deterministic and source-complete.

For instance taking the magma (Z, —) and [-1] = a,C[Z,{-1}] = {n S n+1|necZ}.
By adding [1] =b, C[Z,{1,-1}] = {n S n+1|neZ}u{n-Sn-1|neZ}
We say that a magma (M, -) is left-cancellative if r-p=1r-¢ = p = q forany p,q,r € M.
Similarly (M,-) is right-cancellative if p-r=q-r = p=q for any p,q,r € M.

A magma is cancellative if it is both left-cancellative and right-cancellative.

» Fact 3. Any generalized Cayley graph of a left-cancellative magma is simple.
Any generalized Cayley graph of a right-cancellative magma is co-deterministic.

Recall also that (M,-) is a semigroup if - is associative: (p-q)-r = p-(q-r) for any
p,q,r € M. A monoid (M,-) is a semigroup with an identity element 1: 1-p = p-1 = p for
all p € M. The submonoid generated by Q C M is the least submonoid Q* = { ¢1-... ¢y, |
n>0Aq,...,q, €Q } containing Q.

When a monoid is left-cancellative, its generalized Cayley graphs are forward vertex-transitive.

» Proposition 4. Any generalized Cayley graph of a left-cancellative monoid
1s forward vertex-transitive.

Proof.
Let G = C[M,Q] for some left-cancellative monoid (M,-) and some Q C M.
Let r € M. We have to check that 1 | r.
By induction on n > 0 and for any qi,...,q, € Q and s € M, we have
Pl s e s = ((rq)) . )
As - is associative, we get Vi, = { s |7 —§ s } = r-Q*. In particular Vg, = Q.
We consider the mapping f.: M — M defined by f,.(p) =r-p for any p € M.
As - is left-cancellative, f,. is injective.
Furthermore f, is an isomorphism on its image: for any p,q,p’ € M,

p ﬂ>G p/ — fr(p> ﬂ>G fr(p/>'
The associativity of - gives the necessary condition.
The associativity and the left-cancellative property of - gives the sufficient condition.
Thus f, restricted to @* is an isomorphism from G|; to G, hence 1 |g 7. |

We can not generalize Proposition 4 to the left-cancellative semigroups. For instance the
semigroup M = {a,b} with z-y =y for any x,y € M is left-cancellative but the graph
C(M) represented below is not forward vertex-transitive.

A monoid Cayley graph is a generalized Cayley graph C[M, Q] of a monoid M generated
by @ which means that the identity element 1 is a root of C[M,Q].
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» Fact 5. A monoid M is generated by @ <= 1 isaroot of C[M,Q].

Under additional simple conditions, let us establish the converse of Proposition 4.
For any graph G and any vertex r, we introduce the path-relation Pathg(r) as the ternary
relation on Vi defined by

s,t,x) € Pathg(r) if there exists u € A% such that r ¢ ¢t and s —¢ .
G

If for any s,t € Vi there exists a unique x such that (s,¢,2) € Pathg(r), we denote by
. : VaxVig — Vi the binary path-operation on Vg defined by (s,t,sx*,t) € Pathg(r) for
any s,t € V. This is illustrated as follows:

u u

o NS>0 QWQ

T t s Skt

and we also write g%, when we need to specify G. Let us give conditions so that this
path-operation exists and is associative and left-cancellative.

» Proposition 6. Let r be a root of a deterministic and forward vertex-transitive graph G.
Then (Vg,x,) is a left-cancellative monoid of identity v and generated by —c(r).
If G is co-deterministic then =, is cancellative.
If G is simple then G = C[Vg,—c(r)] with [s] = a for any r ¢ s.

Proof.

i) Let s,t € Vio. Let us check that there is a unique x such that (s,t,z) € Pathg(r).
As r is a root, there exists u such that r —>¢ t.

As G is source-complete, there exists = such that s —g 2. Hence (s,t,z) € Pathg(r).
Let (s,t,y) € Pathg(r). There exists v € A such that r ¢ ¢t and s ¢ .

As @ is forward vertex-transitive, we have r [g s.

As G is deterministic, we get s —»g 2 hence z = y.

Thus *, exists and is denoted by - in the rest of this proof.

Let us show that (Vg,-) is a left-cancellative monoid.

ii) Let us show that - is associative.

Let x,y,z € V. We have to check that (z-y)z = z(y-2).

As 7 is a root, there exists v,w € A% such that r - y and r % z.
By (i), = % 2y -5 (z-y)-z and y — y-2

So r ™ y-z hence x % x-(y-2).

As G is deterministic, we get (z-y)-z = z-(y-2).

iii) Let us check that r is an identity element.
Let s€Vg. As r s r, weget s — s ie sr = s.
For r % s, we have r — 7-s. As G is deterministic, we get r-s = s.

iv) Let us check that - is left-cancellative. Let s,t¢,t' € Vi such that st = st
There exists u,v € A such that r % ¢t and r - t'.

So s st and s —» st’. As st = st' and r lg s, we get r — t.

As @ is deterministic, we have t = t'.

v) Let us check that Q = —¢(r) is a generating subset of V. Let s € V.

. a a
There existsn > 0, ay,...,a, € Ag and sg, ..., s, suchthat r = sg =% 51...5,_1 —» 5, = 5.
. a a
By Fact 1, there exists r1,...,7, such that » =% r{,...,7r =% 1, .
For every 1 <i<mn,s; = s;_1-r; hence s = rri-....1, =711-...:T, € Q*.

vi) Assume that G is co-deterministic. Let us check that - is right-cancellative.
Let s,s’,t € Vg such that st = s'-t.
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There exists u € A% such that » — t. So s - st and s’ -5 s/t = s:t.

As G is co-deterministic, we get s = s'.

vii) Assume that G is simple. Let Q@ = {s|r —g s }.

As G is simple and deterministic, we define the following injection [ ] from @ into Ag by
[s] = a for r %S¢ s

Let K =C[Vg,Q]. Let us show that G = K.

C: Let s 55 t. As r g s, there exists 7/ such that r -2 7.

So s %o s-r'. As G is deterministic, s’ = t.

Furthermore 7’ € Q and [r'] = a. So s Sk s = t.

D: Let s Sk t. So a=[r'] for some ' € Q.

Thus ¢t = s’ and r —S¢ 1. So s~ s/ = t. <

For instance let us consider a graph G of the following representation:

It is a skeleton of the graph of w? where a is the successor and b goes to the next limit
ordinal: (Vg, —¢) is isomorphic to (w?, <). By Proposition 6, it is a Cayley graph of a
left-cancellative monoid. Precisely to each word u € b*a*, we associate the unique vertex
<u> € Vg accessible from the root by the path labeled by w. Thus

G = { <bma"> -5 <bma™> | myn >0} U { <bma> -5 <b™ > | mon >0 )
By Proposition 6, (Vi, *...) is a left-cancellative monoid where for any m,n,p,q > 0,
<bma™ti> if p=0
<b™Pai>  if p#£0
and we have G = C[Vg, {<a>, <b>}] with [<a>] =a and [<b>] =b.

<bMa"> k... <bPal> = {

Propositions 4 and 6 give a graph-theoretic characterization of the Cayley graphs of left-
cancellative monoids.

» Theorem 7. A graph is a Cayley graph of a left-cancellative monoid if and only if
it is rooted, simple, deterministic and forward vertex-transitive.

Proof.
We obtain the necessary condition by Proposition 4 with Facts 2, 3, 5.
The sufficient condition is given by Proposition 6. |

We can restrict Theorem 7 to cancellative monoids.

» Theorem 8. A graph is a Cayley graph of a cancellative monoid if and only if
it is rooted, simple, deterministic, co-deterministic, forward vertex-transitive.

Proof.
—>: By Theorem 7 and Fact 3.
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<=: By Proposition 6. <

The previous graph is not co-deterministic hence, by Theorem 8 or Fact 3, is not a Cayley
graph of a cancellative monoid. On the other hand and according to Proposition 6, a
quater-grid G of the following representation:

a a
. -
b b b
a a
b b b
a a
| N\
| N\

| \

is a Cayley graph of a cancellative monoid. Precisely and as for the previous graph, we
associate to each word u € b*a* the unique vertex <u> accessible from the root by the
path labeled by w. By Proposition 6, (Vi, *...) is a cancellative monoid where

<bMa"> k., <bPal> = <b"TPg"T4>  for any m,n,p,q > 0
and we have G = C[Vg, {<a>, <b>}] with [<a>] =a and [<b>] =b.

Recall that a Cayley graph of a semigroup M is a generalized Cayley graph C[M, Q] such
that M = QT whose QT = { qi-...:go |n >0 A q1,...,q, € Q } is the subsemigroup
generated by ). Theorem 8 can be easily extended into a characterization of the Cayley
graphs of cancellative semigroups. Indeed, a semigroup without an identity is turned into a
monoid by just adding an identity. Precisely a monoid-completion M of a semigroup M is
defined by M = M if M has an identity element, otherwise M = M U {1} whose 1 is
an identity element of M : p-1 = 1-p = p for any p € M. This natural completion does
not preserve the left-cancellative property but it preserves the cancellative property.

» Lemma 9. Any monoid-completion of a cancellative semigroup is a cancellative monoid.

Proof.
Let M = M U {1} be a monoid-completion of a cancellative semigroup M without an
identity element.

i) Suppose there are m,e € M such that m-e = m.

In this case, let us check that e is an identity element.

We have m-(e-e) = (m-e)-e = m-e. As - is left-cancellative, we get e-e = e.

Let ne€ M. So (n-e)-e = n-(e-e) = n-e. As - is right-cancellative, we get n-e = n.
Finally e-(e:n) = (e-e)-n = en. As - is left-cancellative, we get e-n = n.

ii) By hypothesis M has no identity element. By (i), there are no m,e € M such that
m-e = m. Let us show that M is left-cancellative.

Let m-p = m-q for some m,p,q € M. Let us check that p = q.

As M is left-cancellative, we only have to consider the case where 1 € {m,p,q}.

If m=1then p=1p =149 = q.

Otherwise m € M and 1 € {p,q}. By (i), we get p=¢q = 1.

iii) Similarly there are no m,e € M such that e-m = m hence M remains also right-
cancellative. <

Let us translate the monoid-completion of cancellative semigroups into their Cayley graphs.
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A root-completion of a graph G is a graph G defined by G = G if G is rooted, otherwise
G C G C G U {r}xAgxVg and 7 is the root of G; we say that G is rootable into G.
For instance the following non connected graph:

a —a o= —a o
b b b

b b
a —a o~ —a
b b b

is forward vertex-transitive but is not rootable into an forward vertex-transitive graph. On
the other hand, a graph consisting of two (isomorphic) deterministic and source-complete
trees over {a,b} is rootable into a deterministic source-complete tree over {a,b}. Finally
the following graph:

a a a
° p ° p ° p °

is also rootable into a simple, deterministic, co-deterministic, forward vertex-transitive
graph. We can apply Theorem 8.

» Theorem 10. A graph is a Cayley graph of a cancellative semigroup if and only if
it is rootable into a simple, deterministic, co-deterministic, forward vertex-transitive graph.

Proof.

= : Let G = C[M, Q] for some cancellative semigroup M and some generating subset Q
of M i.e. QT = M. We have the following two complementary cases.

Case 1: M has an identity element. By Theorem 8, G is rooted, simple, forward vertex-
transitive, deterministic and co-deterministic. As G has a root, it is rootable into itself.
Case 2: M is not a monoid. Let M = M U {1} be a monoid-completion of M.

By Lemma 9, M remains cancellative. Furthermore Q* = M. Let

G =CMQ=Gu{lqlqeQ}.
By Theorem 8, G is rooted, simple, forward vertex-transitive, deterministic and co-deterministic.
Moreover G is rootable into G.

<=: Let a graph G rootable into a simple, deterministic, co-deterministic, forward vertex-
transitive graph G. We have the following two complementary cases.

Case 1: G is rooted. By Theorem 8 (or Proposition 6), G is a Cayley graph of a cancella-
tive monoid.

Case 2: G has no root. Let 7 be the root of G and Q = —5(r).

So QC Vg and Vg = Vi —{r}.

By Proposition 6, G = C[Vg, Q] for the associative and cancellative path-operation *, on
V& of identity element r with Vi gglerated by Q.

As r is not the target of an edge of G and by definition, %, remains an internal operation
on Vg i.e. px.q#r forany p,q € Vg.

Finally G = C[Vg, Q] and (Vg , #,-) is a cancellative semigroup. <
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For instance by Theorem 10, the previous graph is a Cayley graph of a cancellative semi-
group. It is isomorphic to

G = {nSn+l|n>0} U {nSn-1|n<0}
U {n—b>fn71|n>0} U {n—b>fn+1|n<0}.
We have G = C[Z — {0}, {—1,1}] with [1] = a and [-1] = b for the following associative
and cancellative path-operation * defined by
mxn = sign(mxn) (Jm|+ |n|) for any m,n € Z — {0}.

We can now restrict Theorem 8 to the Cayley graphs of groups.

4 Cayley graphs of groups

We present a graph-theoretic characterization for the Cayley graphs of groups: they are
the deterministic, co-deterministic, vertex-transitive, simple and connected graphs (Theo-
rem 17). By removing the connectivity condition and under the assumption of the axiom
of choice, we get a characterization for the generalized Cayley graphs of groups (Theorem 20).

Recall that a group (M,-) is a monoid whose each element p € M has an inverse p~':

ppt =1 = pLtp So C(M) is strongly connected hence by Proposition 4 is vertex-
transitive.

» Fact 11. Any generalized Cayley graph of a group is vertex-transitive.

Proof.

Let (M,-) beagroupand [] : M — A be an injective mapping.

By Proposition 4, C[M] is forward vertex-transitive.

As C[M] is strongly connected, C[M] is vertex-transitive.

For any Q@ C M, C[M,Q] = C |[M]]|HQ]] remains vertex-transitive. <

We start by considering the monoid Cayley graphs of a group M which are the generalized
Cayley graph C[M, Q] with Q* = M.

» Fact 12. Any monoid Cayley graph of a group is strongly connected.

Proof.

Let G = C[M, Q] for some group M and some @ C M with Q* = M.

Let p € M. We have to check that 1 —¢ p —¢ 1.

There exists n >0 and qi,...,q, € Q such that p = ¢1-...-q,. So 1“8y

For any 1 < i < n, we have qi_1 = Qi1 ---Qi,m,; for some m; >0 and ¢;1,...,q,m; € Q.
Thus p ¢ 1 for u = [gual--[anm.] --- (@] -[q1,m.]- <

Let us complete Proposition 6 in the case where the graph is vertex-transitive. In this case,
the path-operation is also invertible.

» Proposition 13. For any root r of a deterministic and vertex-transitive graph G,
(Va, *,) is a group.

Proof.

It suffices to complete the proof of Proposition 6 when G is in addition vertex-transitive.
Let s € V5. Let us show that s has an inverse.

There exists u € Af, such that r 5 s,

As r ~¢ s, s is also a root hence there exists v such that s — r.
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Let 3 be the vertex such that » - 3. So

535 and s — 3.
As @G is deterministic, we get s5 = 7.
As r ~g s and 5 =5 5, we get 7 —= 7.
As G is deterministic, we get 5 — 7 hence 5.5 = 7. <

We describe the monoid Cayley graphs of groups from the characterization of the Cay-
ley graphs of left-cancellative monoids (Theorem 7) just by replacing the forward vertex-
transitivity by the vertex-transitivity.

» Theorem 14. A graph is a monoid Cayley graph of a group if and only if
it is rooted, simple, deterministic and vertex-transitive.

Proof.
=—>: By Theorem 7 and Fact 11.

<=: By Propositions 6 and 13. |

For instance by Theorem 14, a graph of the following representation:

a a a
. .

°

°
°
°
°

a a a

is a monoid Cayley graph of a group: it is isomorphic to C[Z, {2,—1}] for the group (Z,+)
with [2] =a and [-1] = b.

From Fact 12, we can replace in Theorem 14 the rooted condition by the fact to be strongly
connected. By Fact 3, we can also add the co-determinism condition.

» Corollary 15. Any rooted, simple, deterministic and vertex-transitive graph
is strongly connected and co-deterministic.

We can now consider a group Cayley graph as a generalized Cayley graph C[M, Q] such that
M is a group equal to the subgroup generated by @ which is the least subgroup (Q U Q~1)*
containing @ where Q7! = { g7 | ¢ € Q } is the set of inverses of the elements in Q.
For instance, the a-line { n %> n+1|n €Z } is the Cayley graph C[Z,{1}] of the group
(Z,4) with [1] = a. This unrooted graph is not a monoid Cayley graph.
Let us generalize Theorem 14 to these well-known Cayley graphs. We need to be able to
circulate in a graph in the direct and inverse direction of the arrows. Let G be a graph and
let —: Ag — A — Ag be an injective mapping of image Ag = {@ | a € Ag }. A chain
s ¢ t is a path labeled by u € (Ag U Ag)* where for any a € Ag, we have s —5¢ t for
t %5 5. Given a vertex r, the path-relation Pathg(r) is extended into the chain-relation
Chaing(r) as the ternary relation on Vg defined by

(s,t,x) € Chaing(r) if there exists u € (Ag U Ag)* such that r ¢ t and s —=¢ 2.
Thus Pathg(r) € Chaing(r) = Pathg(r) for G = G U {t¢ s |s Dat )
If for any s,t € Vo there exists a unique z such that (s,t,2) € Chaing(r), we denote by
%, : VaxVig — Vg the binary chain-operation on Vi defined by (s,t,s %, t) € Chaing(r)
for any s,t € Vg ; we also write g%, when we need to specify G.
Let us adapt Propositions 6 and 13 to this chain-operation.
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» Proposition 16. Let r be a vertex of a connected, vertex-transitive, deterministic and
co-deterministic graph G.

Then (Vg,*,) is a group of identity r generated by —q(r).

If G is simple then G = C[Vg,—c(r)] with [s] = a for any r ¢ s.

Proof.

i) The graph G remains vertex-transitive. As G is deterministic and co-deterministic, G
is deterministic. As G is connected, G is strongly connected. By applying Propositions 6
and 13 to G, we get that (Vi,*,) is a group of identity r and Vg = Vi = (—g(r))*
with —5(r) = —a(r) U —g-1(r).

ii) Let us check that —g-1(r) = (—¢a(r))~L

C: Let s€ —ga(r) ie. 1 —sg-1 5. S0 5 ——g r for some a € A.

As G is source-complete, there exists ¢ such that r -3¢ t. Thus s —¢ s %, t.

As G is deterministic, s *.t = r hence s = t~! € (—qg(r))"%

D Let s€ (—q(r) ™! de r g st for some a € A.

So s LG sk, =71 de s€—ga(r).

iii) Suppose that in addition G is simple. Note that G can be not simple. So we define
the graph

G=GU{tSs|s Sat—rtas)

Thus G remains simple, vertex-transitive, deterministic, and is strongly connected.

Let us check that gt = G*p .

As G C G, we get g%y C &% = g*r. Let us show the inverse inclusion.

We consider the mapping 7: Ag U Ag — A@ defined for any a € Aé\ by 7(a) = a, and

for any @ € Ag — Ag, (@) is the unique letter in Ag such that ¢ @G s for any s 25 t.

This makes sense because G is deterministic, co-deterministic and vertex-transitive. Thus
s Lot = sﬂ(—azat for any a € Ag U Ag.

By extending m by morphism on (Ag U Ag)*, we get

m(u)

s =gt = s—gt forany ue (Ag U Ag)*.

This implies that g%, C G*r -
By Proposition 6, G = C[[Vg,*)a(T)]l with [s] = a for any r i>a s.
Precisely for any s € —>é\(r), we have
a if r ¢ s
[s] = a if s
Gr 7L>G S.
Finally G = Gl4¢ = C[Vg, —a(r)]. <

For instance by Proposition 16, a graph of the following representation:

a a a
. . . .

°
°
°
°

a a a

is a Cayley graph of a group: it is isomorphic to C[Zx{0,1},{(1,0), (0,1)}] with [(1,0)] = a,
[(0,1)] = b and for the chain-operation (m,i) ¥y (1n,7) = (m+n,i+j (mod2)). It is also
isomorphic to the Cayley graph of the group of finite presentation <a,b | ab = ba,b? = 1>.
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Let us adapt Theorem 14 to simply describe the Cayley graphs of groups.

» Theorem 17. A graph is a Cayley graph of a group if and only if
it is connected, simple, deterministic, co-deterministic and vertez-transitive.

Proof.

=: Let G = C[M,Q)] for some group M and Q C M with (Q U Q~1)* = M.
By Facts 2, 3, 11, G is simple, vertex-transitive, deterministic and co-deterministic.
By Fact 12, the monoid Cayley graph C[M,Q U Q~'] is strongly connected.

Thus G = C[M,QU Q’l]l‘[m is connected.
<=: By Proposition 16. <

Theorems 14 and 17 give respectively a characterization of the monoid Cayley graphs of
groups, and the group Cayley graphs. We can now deduce a characterization of the gener-
alized Cayley graphs of groups. First, let us apply Corollary 15 and Theorem 17.

» Corollary 18. The connected (resp. strongly connected) components of generalized Cayley
graphs of groups are the (resp. monoid) Cayley graphs of groups.

Let us extend Proposition 16 for non connected graphs.
Let a magma (P,-) for P a representative set of Comp(G).
We define the extended chain-relation Chaing(P) as the ternary relation on Vi defined by

(s,t,x) € Chaing(P) if there exists u,v € (Ag U Ag)* such that
np(s) g s and 7p(t) —=g t and 7p(s) wp(t) —>g .
For any connected and deterministic graph G and any vertex r, Chaing({r}) = Chaing(r).
If for any s,t € Vi there exists a unique x such that (s,¢,2) € Chaing(P), we denote by
*p : VaxVig — Vo the binary extended chain-operation on Vi defined for any s,t € Vi
by (s,t,s%pt) € Chaing(P); we also write g*p when we need to specify G.
We can extend Proposition 16.

» Proposition 19. Let G be a vertex-transitive, deterministic and co-deterministic graph.
Let a group on a representative set P of Comp(G) generated by Py and of identity r.
Then (Vg,*p) is a group of identity v generated by Py U —a(r).

If G is simple then G = C[Vg,—c(r)] with [s] = a for any r ¢ s.

Proof.

i) Let C € Comp(G) with r € V¢ .

By Proposition 16, (Vi,%,) is a group of identity r and is generated by —sg(r).

We take the group product (PxVg,:) with (p,z)-(¢,y) = (p-q,x % y) for any p,q € P

and z,y € V. This group is of identity (r,r) and is generated by Pyx{r} U {r}x—g(r).

As G is vertex-transitive, deterministic and co-deterministic, we can define the mapping
f:PxVg — Vg such that » g 2 = p —5¢ f(p,z) for (any) u € (Ag U Ag)*.

Thus f is a bijection hence (Vg,-) is a group where f(p,z)- f(¢,y) = f(p-q,x %.y) for

any p,q € P and x,y € V. This group (Vg,-) is of identity f(r,r) =r and is generated

by f(Pox{r}) U f({r}x—a(r)) = B U —al(r).

ii) Let us show that the operation - on Vi is equal to ¥p.

Let p,g € P and z,y € V. We have to check that f(p,z) *p f(q,y) = f(p,z)- f(q,y)-

Let u,v € (Ag U Ag)* such that r ¢ 2 and r —5¢ y.

By definition of %p, we have z Lo F, y hence r L F, Y.

By definition of f, we get p-q “>¢ f(p-q,z % y), p —=¢ f(p,z) and ¢ ¢ f(g,y).
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By definition of ¥p, we have p-q ¢ f(p,x) *p f(q, ).

As G is deterministic, we get f(p,x) *p f(q,y) = f(p- ¢,z *y) = f(p,x)- f(q,y).

iii) Suppose that in addition G is simple. Let [y] = a for any r ~“5¢ y. Thus
ClVe,—c(r)] = {sSs-y|lseVanr -y}

a a <
= {s—s*xpylscVarnr—y} =G

In ZF set theory, the axiom of choice is equivalent to the property that any non-empty set

has a group structure [9]. Under the assumption of the axiom of choice, we can characterize
the generalized Cayley graphs of groups.

» Theorem 20. In ZFC set theory, a graph is a generalized Cayley graph of a group
if and only if it is simple, deterministic, co-deterministic, vertex-transitive.

Proof.

By Facts 2, 3, 11, any generalized Cayley graph of a group is simple, vertex-transitive, de-
terministic and co-deterministic.

Conversely let G be a simple, deterministic, co-deterministic, vertex-transitive graph.
Using ZFC set theory, there exists a representative set P of Comp(G) and a binary
operation - such that (P,:) is a group. By Proposition 19, (Vi,%p) is a group and
G = C[Vg, —¢(r)] with [s] = a for any r %¢ s. <

For instance let us consider the following graph:
G = {(myi,p) - (m+1,i,p) | mp€eZAic{0,1}}
U { (myi,p) — (m,1—ip) | m,peZ Aic{0,1}}
of representation the countable repetition of the preceding one.
By Theorem 20, G = C[Zx{0,1}xZ,{(1,0,0),(0,1,0)}] with [(1,0,0)] = a, [(0,1,0)] =b
and for the group operation (m,i,p) - (n,j,q) = (m+n,i+ j(mod2),p + q).

Let us summarize the characterizations obtained for the Cayley graphs.

rooted + simple + deterministic + forward vertex-transitive (7) Left-cancellative monoids
| + co-deterministic (8) Cancellative monoids
| v o
| + vertex-transitive (14) Groups
l !

By relaxing the condition of being rooted by that of connectivity, we have obtained a graph-
theoretic characterization for the Cayley graphs of groups (Theorem 17).

5 Generalized Cayley graphs of left-cancellative magmas

Under ZFC set theory, we will give a fully graph-theoretic characterization for generalized
Cayley graphs of left-cancellative magmas (Theorem 25), and then when they have an iden-
tity (Theorem 27).

Recall that an element e of a magma (M,-) is a left identity (vesp. right identity) if
ep=p (resp. p-e =p) for any p € M. If M has a left identity e and a right identity e’
then e = e’ which is an identity (or neutral element) of M.

In order to characterize the Cayley graphs of left-cancellative magmas with or without an
identity, we need to restrict the path-relation. For any graph G and any vertex r, we define

XX:13
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the edge-relation Edgen(r) as the ternary relation on Vi defined by
(s,t,7) € Edges(r) if there exists a € Ag such that r %55 ¢ and s ¢ .
T).

So Edges(r) C Pathg(r). If for any s,t € Vo there exists a unique « such that (s,t,z) €
Edges(r), we denote by x,. : VaxVig — Vi the binary edge-operation on Vg defined by
(s,t,sx,t) € Edge(r) for any s,t € Vi ; we also write @x, when we need to specify G.
Let us give conditions for the existence of this edge-operation. We need to introduce two
basic graph notions. We say that a vertex r of a graph G is an 1-root if r — ¢ s for any
vertex s of G. Thus a graph is complete if and only if all its vertices are 1-roots.

» Fact 21. Any left identity of a magma M is an 1-root of C(M).

Moreover we say that a graph is loop-complete if one vertex has an a-loop then all the
vertices have an a-loop:

JreVg (r-Sgr) = VseVg (s Sgs).

» Fact 22. Any generalized Cayley graph of a left-cancellative magma with a right identity
is loop-complete.

Proof.
Let M Dbe a left-cancellative magma with a right-identity e.

Let G = C[M, Q] be a generalized Cayley graph of M.

Let p%gp for some pe M and ¢q € Q. So p-q=p = p-e.

As M is left-cancellative, ¢ = e. Thus r M, rq = r-e = r forany r € M. |

Let us adapt Propositions 6 to the edge-operation.

» Proposition 23. Let v be an 1-root of a deterministic source-complete simple graph G.
Then (Vg, x,) is a left-cancellative magma of left-identity r and
G = C[Ve] with [s] = a for any r S¢ s.
If G is loop-complete then r is an identity.

Proof.
i) Let s,t € Vio. Let us check that there is a unique x such that (s,t,z) € Edgeq(r).
As r is an 1-root and G is simple, there exists a unique a € Ag such that r g t.
As G is source-complete and deterministic, there exists a unique vertex x such that
s g 2. Thus x, exists and is denoted by - in the rest of this proof.
ii) Let us check that (Vg,-) is left-cancellative. Assume that st = s-t'.
As r is an 1-root, there exists a,a’ € Ag such that r - ¢t and r a—/>(; t.
By definition of - we get s —»g s-t and s L/>G st = st
As @G is simple, we have a = /. As G is deterministic, it follows that ¢ =¢'.
iii) Let us check that r is a left identity of (Vi, ).
Let s € Vg. As 7 is an 1-root, there exists a € Ag such that r —5¢ s.
By definition of - we have r <5 r-s. As G is deterministic, we get 7-s = s.
iv) As r is an 1-root and G is simple, we can define the mapping [ ] : Vo — Ag by
[s] = a for r %S¢ s
As @ is deterministic, [ ] is an injection. As G is source-complete, [ ] is a bijection.
Let us show that G = C[Vg].
C: Let s Lo t. As G s source-complete, there exists 7’ such that r Lo
So s ¢ sr'. As G is deterministic, s’ = t. Wehave [r'] = a hence s ¢y, s/ = L.



D. Caucal

D: Let s —“¢pyp t- There exists (a unique) 7' € Vg such that [r'] = a.

Thus t = s’ and 7 —S¢ 7. So s ¢ s’ = t.

v) Assume that G is loop-complete. Let us check that r is also a right identity.

As r is an 1-root, there is (a unique) a € Ag such that r g 7.

Let s € Vg. As G is loop-complete, we get s —»¢ s. By definition of - we have s — s-r.
As @ is deterministic, s = s-r. Thus 7 is a right identity. |

We get a fully graph-theoretic characterization of the Cayley graphs C[M] for any left-
cancellative magma M with a left identity.

» Proposition 24. A graph is equal to C[M] for some left-cancellative magma M with a
left identity if and only if it is simple, deterministic, source-complete and 1-rooted.

Proof.

=: let G = C[M] for some left-cancellative magma (M,-) with a left identity r, and
some injective mapping []. By Facts 2 and 3, G is deterministic, source-complete and
simple. By Fact 21, r is an 1-root of G.

<=: By Proposition 23. <

Under the assumption of the axiom of choice, we can characterize the generalized Cayley
graphs of left-cancellative magmas.

» Theorem 25. In ZFC set theory, the following graphs define the same family:
a) the generalized Cayley graphs of left-cancellative magmas,

b) the generalized Cayley graphs of left-cancellative magmas with a left identity,
c) the simple, deterministic, source-complete graphs.

Proof.
b) = a): immediate.
a) = c): by Facts 2 and 3.
c¢) = b): let G be a simple, deterministic and source-complete graph.
Assume the axiom of choice. Let r be a vertex of G with
Vo ——¢c(r) = {se€eVg|r—+¢ s} of mnimal cardinality.

For each vertex s, we take an injection fs from Vg — —¢(r) to Vg — —¢(s) and whose
fr is the identity. We define the graph

<G> ={sBt|Ta(sSatAr-Sgp) YU{s- fi(t)|se€ Vg AteDom(fs) }.
Thus <G> remains simple, deterministic, source-complete with V_s. = Vg = A_4. .
Furthermore r —5_. s for any s € Vg hence r is an 1-root of <G>.
By Proposition 23, <G> = C(Vg) for (Vg, x,) left-cancellative, of left identity r with

s L><G> sx,t forany s,t € Vg.

Finally G = C[Ve, —¢(r)] with [s] =a for any r 54 s. <

For instance, let G = {m -5 0|m>0}U{m - m+1|m>0} represented by

It is simple, deterministic, source-complete but without 1-root. By Theorem 25, this graph
is a generalized Cayley graph of a left-cancellative magma with a left identity. Precisely we
complete G into the graph
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<G> ={mL0om>0}u{m-Sm+n|m>0An>0}
having 0 as 1-root, and which remains simple, deterministic, source-complete.
By Proposition 23, the magma (N, xo) with the edge-operation xo of <G> i.e.
mxp0 =0 and mxon = m+n forany m >0 and n >0
is left-cancellative and 0 is a left identity. Furthermore G = C(N, {0, 1}).

We can now characterize the generalized Cayley graphs of the left-cancellative magmas with
an identity. We just have to add the loop-complete property to restrict Proposition 24 to
left-cancellative magmas with an identity element.

» Proposition 26. A graph is equal to C[M] for some left-cancellative magma M with
an identity if and only if it is simple, deterministic, source-complete, loop-complete and
1-rooted.

Proof.
—>: By Proposition 24 and Fact 22.

<—=: By Proposition 23. |

We restrict Theorem 25 to left-cancellative magmas having a right identity.

» Theorem 27. In ZFC set theory, the following graphs define the same family:
a) the generalized Cayley graphs of left-cancellative magmas with a right identity,
b) the generalized Cayley graphs of left-cancellative magmas with an identity,

c) the simple, deterministic, source-complete and loop-complete graphs.

Proof.

b) = a): immediate.

a) = c¢): By Facts 2, 3, 22.

c) = b): Let G be a graph which is simple, deterministic, source and loop-complete.
Let us apply the construction given in the proof of Theorem 25. As G is loop-complete and
if -/ 7, we can add the condition that fs(r) = s for any s € V. Thus <G> remains

loop-complete and by Proposition 23, r is an identity for x,. . |

For instance, we denote by N, = N — {0} and we consider the graph
G={0"%0" | n>0}U{ui->u|ucO'N AieN, }.

of vertex set Vg = 0*NJ and represented as follows:

o
° € ————— o -
\R
o
o ]
° — o —=—
\R ;
o
o
0 E—— 0 =
X
o
o
° E—————— 0 00 — — —

It is simple, deterministic, source-complete and loop-complete (and forward vertex-transitive).
By Theorem 27, this graph is a generalized Cayley graph of a left-cancellative magma having
an identity. For instance, we complete G into the graph

<G> = GU{Omuo—%>O"L+"uU|m,n20/\u,vENf A0 #0 }

which remains simple, deterministic, source-complete, loop-complete, with the 1-root e.
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By Proposition 23, G = C(Vg, {0}) for the left-cancellative magma (Vg, x.) of identity e
with the edge-operation x. of <G> defined for any m,n >0, u,v € N and i € N, by

0™ui x.0 = 0™ otherwise 0™u x. 0" = 0™y,
We will see that we can define <G> so that in addition, any vertex is an 1-root i.e. <G>
is complete (see Theorem 33).

6 Generalized Cayley graphs of left-quasigroups

We can now refine the previous characterization of generalized Cayley graphs from left-
cancellative magmas to left-quasigroups (Theorem 32). These algebraic structures define
the same family of finitely labeled generalized Cayley graphs (Theorem 33).

A magma (M,-) is a left-quasigroup if for each p,q € M, there is a unique r € M such
that p-r = ¢ denoted by r = p\q the left quotient of g by p.
This property ensures that each element of M occurs exactly once in each row of the Cayley
table for -. For instance {a,b,c} is a left-quasigroup for - defined by the following Cayley
table:

bllblalc

cllel|b]|a

Note that - is not associative since ¢-(b-¢) = a and (c-b)-¢ = ¢, and is not right-
cancellative since a-b = ¢-b. The first figure in Section 3 is a representation of C(M) for
the semigroup M = {a,b} with z-y = y for any z,y € M. This semigroup is also a
left-quasigroup which is not right-cancellative.

Any left-quasigroup M is left-cancellative. The converse is true for M finite but is false in
general: (N, +) is cancellative but is not a left-quasigroup. Indeed,

M is a left-quasigroup <= M is left-cancellative and p-M = M for any p € M.

Let us refine Proposition 23 in the case where the graph is also complete.

» Proposition 28. Let G be a simple, deterministic, complete and source-complete graph.
For any vertex v, (Vg, x,) 1is a left-quasigroup.

Proof.

Let r be a vertex of G. As G is complete, r is an 1-root.

By Proposition 23, (Vg, x,) is a left-cancellative magma.

Let s € Vo . It remains to check that Vg C sx,.Vg. Let t € V5.

As G is complete, there exists a € Ag such that s ——s¢ t.

As G is source-complete, there exists ¢’ € Vg such that r ¢ t/.

By definition of x, we have s —g sx,t'. As G is deterministic, we get ¢t = sx,t'. <

Let us give a simple characterization of the generalized Cayley graphs for the left-quasigroups.
For the previous left-quasigroup M, its graph C(M) is the following;:
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b c c
° > °
O~ 10,
We begin by characterizing these graphs.

» Proposition 29. We have the following equivalences:

a) a graph is equal to C[M] for some left-quasigroup M (resp. with a right identity),

b) a graph is equal to C[M] for some left-quasigroup M with a left identity (resp. identity),
c) a graph is simple, deterministic, complete, source-complete (resp. and loop-complete).

Proof.

b) = a): immediate.

a) = c¢): let G = C[M] for some left-quasigroup (M, -) and injective mapping [ ].
By Facts 2 and 3, GG is deterministic, source-complete and simple.

For any p,q € M, we have p LAUDS q hence G is complete.

If in addition M has a right identity then, by Fact 22, G is loop-complete.

c) = b): by Propositions 23 and 28. <

For instance the magma M = {0,1} with ¢-j = 1 —j for any i,5 € {0,1}, is a left-
quasigroup without left and right identity element. By Propositions 23 and 28, the magma
N ={0,1} with the edge-operation xu of C(M) defined by ixoj = j for any 4,5 € {0,1}
is a left-quasigroup with 0 and 1 are left identities, and C(M) = C[N] where [0] =1 and
[1] = 0.

We now extend Proposition 29 to the generalized Cayley graphs of left-quasigroups. To do
this, we must recall and define basic graph notions.

Let G be a graph. For any vertex s, its out-degree 6% (s) = |G N {s}xAxVg| is the number
of edges of source s. The out-degree of G is the cardinal A, = sup{ d5(s) | s € Vg }.
We say that G is of bounded out-degree when Ag is finite.

We have A}, = |Ag| for G deterministic and source-complete.

» Fact 30. For any vertex s of a graph G, we have
6&(s) < |Ag| for G deterministic, and |Ag| < 4 (s) for G source-complete.

In particular by Fact 2 and for any generalized Cayley graph G,
G is of bounded out-degree <= G is finitely labeled.
By removing the labeling of a graph G, we get the binary unlabeled edge relation on Vg :
—c = {(s,t) | Fa€ Ag (s,a,t) €G }.
Let R C VxV be a binary relation on a set V' i.e. is an unlabeled graph.
The image of P CV by R istheset R(P) = {t|3se P (s,t) € R }.
So the out-degree of s € V is 64(s) = |R(s)| and A}, = sup{ 6;(s) | s € V } is the
out-degree of R. For any graph G and any vertex s, we have 67, _(s) < 6/(s) hence
AT S Aa and we have equalities for G simple.
A relation R is an out-reqular relation if all the elements of V' have the same out-degree:
|R(s)| = |R(t)| for any s,t € V.
Let us give simple conditions on R so that its complement V xV — R is out-regular.
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» Lemma 31. Let RC VXV and S =VxV — R the complement of R w.r.t. VxV.
If R is out-regular and AE < w then S is out-regular.
If R is infinite and AE < |V| then S is out-regular.

Proof.

i) When AF is finite, we have S(s) = |V|—|R(s)| for any s € V.

In addition for R out-regular and for any s,t € V, |R(s)| = |R(t)| hence |S(s)| = |[S(t)].
ii) When R is infinite with A% < |V, we have |S(s)| = |V| for any s € V.

Hence S is out-regular on V with AL = [V]. <

We say that a graph G is out-reqular if — ¢ is out-regular i.e. all the vertices have the

same number of targets. For instance G = {s ot ot st LN s} is out-regular since

—(s) ={t} and —(t) = {s} while 65(s) =1 and &} (t) = 2.

We also say that G is co-out-regular if its unlabeled complement is out-regular i.e.
(VexVg — —¢) = -/ is an out-regular relation on Vg .

Under the assumption of the axiom of choice, we can characterize the generalized Cayley

graphs of left-quasigroups.

» Theorem 32. In ZFC set theory, the following graphs define the same family:
a) the generalized Cayley graphs of left-quasigroups (resp. with a right identity),
b) the generalized Cayley graphs of left-quasigroups with a left identity (resp. an identity),
c) the simple, deterministic, source-complete (resp. and loop-complete) co-out regular graphs.

Proof.

b) = a): immediate.

a) = c¢): let G = C[M,Q] for some left-quasigroup M and Q C M.

By Proposition 29, G = C[M ]]I[m remains simple, deterministic and source-complete.

For any s € M, 6+G (s) = |[M — Q| hence G is co-out-regular.

If in addition M has a right identity then, by Fact 22, G is loop-complete.

c) = b): let G be a graph which is simple, deterministic, co-out-regular, source-complete
(resp. and loop-complete). The co-out-regularity of G means that |V — —a(s)] =
Vo — —¢(t)| for any s,t € V. Let r be a vertex of G. Assume the axiom of choice. Let
us apply the construction given in the proof of Theorem 25. As G is co-out-regular, we can
now take for each vertex s a bijection fy from Vg——a(r) to Vo ——¢(s) and whose f,
is the identity. As for the proof of Theorem 27, if G is loop-complete and r /¢ r, we add
the condition that fs(r) = s for any s € V. The graph obtained <G> remains simple,
deterministic, source-complete (resp. loop-complete) and is in addition a complete graph.
By Proposition 28, (Vg, x,) is a left-quasigroup. By Proposition 23, r is a left-identity
(resp. is an identity) and G = C[Vg, —¢(r)] with [s] =a for any r %¢ s. <

For instance, let G = {m -5 0|m>0}U{m —>m+1|m=>0} be the graph that
we had considered after Theorem 25 and represented by

By adding edges, we transform G into the following complete graph:
<G> =GU{m Sn-1|2<n<m+1}u{m-Sn|m>0An>m+1}

which remains simple, deterministic and source-complete.
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By Propositions 23 and 29, G = C(N,{0,1}) for the left-quasigroup (N, xq) of left-
identity 0 with the edge-operation xg of <G> defined for any m > 0 by
mxo0 = 0 i mxon = n—1 V2<n<m+1

mxgl = m+1 ; mxon = n Vn>m+1.

Another example is given by a graph G of the following representation:

—_—

It is simple, deterministic, co-out-regular, source-complete and loop-complete.
By Theorem 32, this graph is a generalized Cayley graph of a left-quasigroup with an identity.
Indeed, by replacing a by 0 and b by 1, G is isomorphic to the following graph:

H={mSSmm>0u{1-50}u{m-S51|m>0Am#1}
We complete H into the graph:
<H> = {mi>m|m20}u{mﬂ>0\m20}
U {m-Sn|m>0An>0Am#n}.
So <H> remains simple, deterministic, source-complete and loop-complete.
Furthermore <H > is complete i.e. any vertex is an 1-root.
By Proposition 23, the magma (N, xq) with the edge-operation x¢ of <H> i.e.
mxg0 =m ; mxom =0 ; mxgn = n forany m,n >0 with m #n and n >0
is a left-quasigroup of identity element 0.
Furthermore G is isomorphic to C[N,{0,1}] with [0] = a and [1] = b.

The co-out-regularity in Theorem 32 can not be removed. For instance, consider the monoid
(N, +) which is is not a left-quasigroup. Its graph C(N) = {m "% m+n |m,n >0} is
simple, deterministic and source-complete. Furthermore we have 0 L>C(N) n for any n >0
while there is no edge from 1 to 0. By Proposition 29, this graph is not a generalized
Cayley graph of a left-quasigroup.

By Lemma 31, the co-out-regularity in Theorem 32 can be removed for the graphs of bounded
out-degree which coincides with the characterization of Theorem 25. In this case, we can
also remove the assumption of the axiom of choice.

» Theorem 33. For any finitely labeled graph G, the following properties are equivalent:
a) G is a generalized Cayley graph of a left-cancellative magma (resp. with a right identity),
b) G is a gen. Cayley graph of a left-quasigroups with a left identity (resp. an identity),
c) G is simple, deterministic, source-complete (resp. and loop-complete).

Proof.
b) = a): immediate.
a) = c): by Facts 2, 3, 22.
¢) = b): let G be a simple, deterministic and source-complete graph of finite label set.
By Fact 30, G is of bounded out-degree. To each injective function ¢ : Ag — Ag, we
associate a permutation ¢ on Ag extending ¢ i.e. {(a) = {(a) for every a € Dom(¥).
Let r be a vertex of G. For each vertex s, we associate the injective function:
b = {(a,b) |t (r-SetAs-Set) )
We define the following graph:
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<G> = {sS5t|Talr-Sephs-Sct)}

U {s-t|3aecAe—Doml) (r gt A sesﬁgcp)}

U {s—5t|teVe—(—a(r) U —als) )
For G of vertex set Vo = {p,q,r, s,t,x} with the following edges from r and s:

o
/p
a
b

* ———— o

r. s t .x
q
the graph <G> has the following edges from s:
;\é
T . g .
T S\_E/X
/ -

a

Thus <G> remains simple, deterministic, source complete with Vo oy = Vg = Aces -
Furthermore <G> is complete with 7 —+_.. s for any s € Viz. By Proposition 23, we
have <G> = C(Vg) for the left-cancellative magma (Vi, x,) of left identity r with
s i><<G>> sx,t forany s,t € Vg.

Finally G = C[Vg, —¢(r)] with [s] = a for any r ¢ s.
Now suppose that G is loop-complete. We distinguish the two complementary cases below.
Case 1: all the vertices of G have a loop of the same label.

Then <G> remains loop-complete and by Proposition 23, r is an identity of x,..
Case 2: G has no loop.

We take a new label a € A — Ag and we redefine <G> as being <G> for

G' = GU{s % s|seVg}. Weconclude by Case 1. <

For the previous example, we have <H> = <H>.
For the penultimate example, we have

<G> = {m-Sm+1|m>0} U {m ™1 |m>0}
U {m>n|mn>0An#£1lAn#m+1}.

For the last example of the previous section (after Theorem 27), we have

<G> = {0 50" | m>0}u{0m L 0™t m>0}
U {0 e im>0ru{om 25 0 m>1}u {0}
U {0™ % u|uec0'N; —{£0,0m,0m"} }
U {ui—>uilue0'NAieN, }U{ui—>u|uec0NAieN,}
U {ui-Se|luec0' N —{e}AieN, }U{wi-50|uc0N; AieN, }
U {i-50]ieN, }U{ui-v|u0e0’ N AieN, Avd/{e0,u,ui} }.
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7 Generalized Cayley graphs of quasigroups

We can now refine the previous characterization of generalized Cayley graphs from left-
quasigroups (Theorem 32) to quasigroups (Theorem 41).

A magma (M,-) is a quasigroup if - obeys the Latin square property: for each p,q € M,
there is a unique r € M such that p-r = ¢ denoted by r = p\q the left quotient of ¢ by p,
there is a unique s € M such that s-p = ¢ denoted by s = ¢q/p the right quotient of g by p.

This property ensures that each element of M occurs exactly once in each row and exactly
once in each column of the Cayley table for -. The previous finite left-quasigroup is not a
quasigroup. On the other hand, ({a,b,c},-) is a quasigroup with - defined by the Cayley
table:

° - -———3>o0
O« O,
Note that - is not associative: a-(b-¢) = a and (a-b)-c¢ = c¢. Furthermore,

M is a quasigroup <= M is cancellative and p- M = M = M -p for any pe M.

Let us refine Proposition 28 in the case where the graph is also co-deterministic and target-
complete.

» Proposition 34. Let G be a graph which is simple, deterministic and co-deterministic,
complete, source-complete and target-complete. For any vertex r, (Va, x,) is a quasigroup.

Proof.

Let r be a vertex of G and - be the edge-operation x,. .

By Proposition 28, (Vg,-) is a left-quasigroup.

i) Let us check that (Vg,-) is right-cancellative. Assume that s-t = s’ - t.
As G is complete, there exists a such that r g t.

By definition of - we have s ¢ s-t and s ——g s -t = s-t.

As G is co-deterministic, we get s = s'.

ii) Let t € Vo . Let us check that Vo C Vo -t. Let s € Vg

As G is complete, there exists a € Ag such that r g t.

As G is target-complete, there exists s’ € Vg such that s’ -4 s.

By definition of - we have s’ 55 s’ -t. As G is deterministic, we get s = s’ - t. <

Let us restrict Proposition 29 to the quasigroups.

» Proposition 35. We have the following equivalences:
a) a graph is equal to C[M] for some quasigroup M (resp. with a right identity),
b) a graph is equal to C[M] for some quasigroup M with a left identity (resp. an identity),
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c) a graph is simple, deterministic, co-deterministic, complete, source-complete,
target-complete (resp. and loop-complete).

Proof.

b) = a): immediate.

a) = c¢): let G = C[M] for some quasigroup (M,-) and injective mapping [ ].
By Proposition 29, G is simple, deterministic, complete and source-complete.

By Fact 3, G is co-deterministic.

For any p,q € M, we have p/q ELLO8 p hence G is target-complete.

If in addition M has a right identity then, by Fact 22, G is loop-complete.

c) = b): By Propositions 23 and 34. <

For instance let us consider the division + on Ry =]0,+o00[. So (R4, +) is a quasigroup
of right identity 1. Furthermore x; is the multiplication on R,. Thus C(Ry) for the
quasigroup (R, =) is equal to C[R,] for the group (R, x1) with [z] = % for any x > 0.
We now adapt Theorem 32 to the quasigroups. This will require a more extensive develop-
ment than what has been done with Theorem 32.

For any vertex s of a graph G, its in-degree 05 (s) = |G N VaxAx{s}| = 6/_.(s) is the
number of edges of target s, and dg(s) = 05 (s) + d5(s) is the degree of s.

The in-out-degree of G is the cardinal

Ac = sup({ 6&(s) | seVa P U{da(s) | s€ Ve }).
We say that a graph G is of bounded degree when Ag is finite.
Let R C VxV beabinary relation on a set V. The in-degree of s € V is d5(s) = |[R™*(s)|
for R=1 ={ (t,s) | (s,t) € R} the inverse of R. The in-out-degree of R is
A = sup({64(s) | s€V I U{dxr(s)|s€V }).
A relation R is a regular relation on V if |R(s)| = |[R71(s)] = Ag for any s € V.
Let us apply Lemma 31 to R and R™!.

» Corollary 36. Let RC V<V and S =VxV — R the complement of R w.r.t. VxV.
If R is reqular and Ag < w then S is reqular.
If R is infinite and Agp < |V| then S is regular.

An edge-labeling of R is a mapping c¢: R — A defining the respective graph and color set
R = { (s,¢(s,t),t) | (s,t) € R} and ¢(R) = { c(s,t) | (s,t) €ER} = Age.
An edge-coloring of R is an edge-labeling ¢ of R such that R° is a deterministic and
co-deterministic graph. In that case, we say that R is |c(R)|-edge-colorable and we have
le(R)| > Ar. We will give general conditions for a relation R to be Apg-edge-colorable.
An undirected edge-coloring of R is an edge-labeling ¢ of R such that two adjacent couples
of R have distinct colors: for any (s,t), (s',t') € R,
if (s,t) # (s',t') and {s,t} N{s',t'} #0 then c(s,t) # c(s',t').

Any undirected edge-coloring is an edge-coloring.
Let V!'={s'|s€V } bea disjoint copy of V' i.e. ' is a bijection from V to a disjoint
set V’. We transform any relation R C VxV into the relation

R = {(s,t)|(s,t) eR} C VxV’
and any edge-labeling ¢ of R into the edge-labeling ¢’ of R’ defined by

d(s,t") = c(s,t) for any (s,t) € R.
So Ar = Apg and for any edge-labeling ¢ of R,
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c is an edge-coloring of R <= ¢ is an edge-coloring of R’
<= (' is an undirected edge-coloring of R'.
As R/ C VxV' with VNV’ =, R is a bipartite relation hence for R’ finite, and by
Konig’s theorem [11], R’ has an undirected Apg/-edge-coloring. This implies that we have
an edge-coloring of any finite relation R using Apg colors.

» Lemma 37. Any finite binary relation R is Apg-edge-colorable.

Proof.
Instead of applying Konig’s theorem to R’, we will adapt its standard proof directly to R.
Let n >0, R = {(s1,t1),---,(Sn,tn)} and k= Apg.
By induction on 0 < i < n, let us construct an edge-coloring ¢; of R; = {(s1,t1),...,(si,ti)}
in [k] = {1,...,k}.
For i = 0, the empty function c¢g is an edge-coloring of Ry = {).
Let 0 <i<mn and ¢; be an edge-coloring of R; in [k]. We denote by s = s;y1, t =t;11,
Os = {ci(s,q) | (s,q) € Dom(c;) } and Iy = { ci(p,t) | (p,t) € Dom(c;) }.
We distinguish the two complementary cases below.
Case 1: O;UL C {1,...,k}. We extend ¢; to the edge-coloring ¢; 1 of R;y; by defining
cit1(s,t) = min{ j | j €O, UL, }.
Case 2: OsUIL = {1,...,k}.
As (s,t) € Dom(¢;), we have O] < k and |I;| < k. So —(Os C I) and —(I; C Oy).
Thus there exists a € Os — I; and b € I; — Oy . In particular a # b.
As R is deterministic and co-deterministic, there are unique s’ and ¢ such that ¢;(s,t') =
a and ¢;(s',t) = b. This is illustrated as follows:
L LY
where the labeled relation = for any = € {1,...,k} is defined by
- = {(p.q) €Dom(c;) | ci(p,q) = }.

Let us consider the chain in R of maximal length and of the form

a b a b

As b & O; and R is deterministic and co-deterministic, this chain is finite.
As a €1, s -2t is not an edge of this chain.
We define another edge-labeling ¢ of R; by exchanging the labels ¢ and b for the edges
of the chain: for any (p,q) € Dom(¢;),
b if p—%5 ¢ is an edge of the chain
c(p,q) = a if p LN q is an edge of the chain
ci(p,q) otherwise.
Thus R{ remains deterministic and co-deterministic 7.e. ¢ is an edge-coloring of R; with
c(s,t') = e(s',t) = b. It remains to add ¢(s,t) = a to get an edge-coloring of R;+1 in [k]. <«

Under the assumption of the axiom of choice (actually under the weaker assumption of the
ultrafilter axiom), let us generalize Lemma 37. For this we use a coloring on the vertices
instead on the edges. A wvertez-coloring of R C VxV is a mapping ¢: V — A such that
c(s) # c(t) for any (s,t) € R, and in that case, we say that R is |c¢(V)|-vertez-colorable.
Note that a relation with a reflexive pair has no vertex-coloring.

The dual of R is the binary relation D(R) on R defined by

DR) = {((rns), (nt)|(rs), (nt)eR N s#t}
U {((sr), &r)]| (sr),(tr)ER AN s#t}.
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For any edge-labeling ¢ of R,
¢ is an edge-coloring of R <= ¢ is a vertex-coloring of D(R).

Thus by Lemma 37 and for any finite relation R, D(R) has a Apg-vertex-coloring. We can
apply the compactness theorem [4] to extend Lemma 37 to any relation of bounded degree.

» Proposition 38. In ZFC set theory, any bounded degree relation R has a Ag-edge-
coloring.

Proof.

Let k be a positive integer and R be a binary relation on a set V' with Ag = k.

It is equivalent to show that D(R) is k-vertex-colorable, or that D(R) is vertex-colorable
using at most k colors.

By de Bruijn-Erdés theorem [4], it is equivalent to check that any finite subset of D(R) is
vertex-colorable with at most & colors. Let S C D(R) with S finite. Let

P ={seV|3t(st)eVs A (ts)eVs}
and Rjp = R N PxP the induced relation of R by P. So S C D(Rjp) which is finite.
By Lemma 37, Rjp is edge-colorable using Ag, < Ag = k colors.
Finally D(Rjp) hence S are vertex-colorable using at most & colors. <

We now want to color a regular relation in a complete way. First we present a general way
to extend an injection into a bijection avoiding given sets.

» Lemma 39. Let XY be equipotent well orderable infinite sets.
Let an injection p: P — Y for some subset P of X with |P| < |X]|.
Let a sequence (Py)yex—p of subsets of Y with |P,| <|Y| and such that
{zeX-—P|yeP,}| <|X| forevery ycY —p(P).
We can extend p into a bijection X — Y such that p(x) & P, for every v € X — P.

Proof.
Let <x be an initial well-ordering of X: Vaz e X, {2/ e X |2/ <z }| < |X].
Let <y be an initial well-ordering of Y.
We define p on X — P by transfinite induction. Let x € X — P.
Let us define p(x) knowing p(z’) for any 2’ <x x.
As |P,|, |P| < |X| = |Y] with X infinite, the following subset of Y’

Qo = p(P) U P, U{p(a)]a' <xa}
is of cardinal |Q.| < |Y|. So we can define

p(x) = mine, (Y — Qo).
Thus p is injective and p(x) € P, for every x € X — P.
Let us check that p is surjective. Assume that Im(p) # Y. Let

B = minc, (Y —Im(p)).
As {ze X —P|peP, }| <|X|, wecan define

a =min{zeX—-P| &P, NB<yp)}

So a € X — P and § <y p(a).
As 8 ¢ Im(p) and 8 & P, , we have 8 ¢ Q. hence p(a) <y 8 which is a contradiction. <«

A complete edge-coloring of a regular relation R is an edge-coloring ¢ of R such that R
is source-complete and target-complete. Under the assumption of the axiom of choice, we
can color in a complete way any regular relation.

XX:25
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» Proposition 40. In ZFC set theory, any regular relation R has a complete Apr-edge-
coloring.

Proof.
Let R be a regular relation on a set V.
We distinguish the two complementary cases below.
Case 1: Ar < Ny.
By Proposition 38, R has a Ag-edge-coloring c.
So R¢ is a deterministic and co-deterministic graph with |Agc| = Ar = Age.
Thus R€ is source-complete and target-complete i.e. ¢ is a complete edge-coloring.
Case 2: Ar > Ng.
Under AC, it suffices to show the existence of a complete A g-edge-coloring for R connected.
Under AC and having R connected, we have |Vg|=|Ag|.
Thanks to AC, let us consider an initial well-ordering < of Vj.
By transfinite induction, let us define a complete Ag-edge-coloring ¢ of R. Let A € Vg.
Let us define ¢ on { (\,p) e R [ A<putU{(mA)eR|A<pu}
knowing ¢ on { (u,v) | p<AVrv<A}
First, we define ¢(A, p) for any (A, u) € R with A < p.
This is illustrated below for p < A < pu.

c(p, 1)
c(A, p) A\ ?

o

As R isregular, R(A) = { | (A, u) € R} has cardinality |R(\)| = Ag. Let
P={peRMN|p<A} and p :P — Agr with p(p) =c(\ p) for any p € P.
For any p € R(\) — P, we define

Poo={clp,p) | (psn) ERNp<A}

By Lemma 39, we can extend p into a bijection R(A\) — Apg such that p(p) ¢ P, for
any p € R(A) — P. It remains to define

e\ p) = p(p) for any (A, u) € R and X < p.

Similarly, we define c¢(u, A) for any (u,\) € R with A < p.
This is illustrated below for p < A < pu.

c(p, p)
c(p, \) N ?

<

We say that a graph G is reqular if —¢ is regular. For instance {s ¢, t % s, t LN s}
is a regular graph. We also say that G is co-regular if its unlabeled complement is regular:
—~¢ is a regular relation on Vi .

Under the assumption of the axiom of choice, we can restrict Theorem 32 to obtain a
characterization of the generalized Cayley graphs of quasigroups.

» Theorem 41. In ZFC set theory, the following graphs define the same family:

a) the generalized Cayley graphs of quasigroups (resp. with a right identity),

b) the generalized Cayley graphs of quasigroups with a left identity (resp. an identity),

c) the simple, deterministic, co-deterministic, co-reqular, source-complete, target-complete
(resp. and loop-complete) graphs.
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Proof.

b) = a): immediate.

a) = c¢): let G = C[M,Q] for some quasigroup M and Q C M.

By Proposition 35, G = C[[M]]I[m remains simple, deterministic and co-deterministic,

source and target-complete.

For any s € M, 67‘ZG (s) = 0 s, (s) = |M — Q| hence G is co-regular.

If in addition M has a right identity then, by Fact 22, G is loop-complete.

c) = b): let G be a graph which is simple, deterministic and co-deterministic, source

and target-complete. So G is regular with Ag = |Ag|.

If G is without loop (hence G is loop-complete) then we take a new label a € A — Ag and

we define G’ = G U {s % s|s€ Vg }. If G has at least one loop, we put G’ = G.

Moreover, suppose also that G is co-regular. By definition, the complement relation of G’
S = { (s,t) | s,t € Vo A {S}xAgx{t} NG = @}

is a regular relation on V¢ .

By Proposition 40, S has a complete Ag-edge-coloring ¢ i.e. S¢ is a deterministic, co-

deterministic, source and target-complete graph. By definition, S¢ is also simple.

Furthermore we can assume that Ag N Age = 0.

Let H = G'US¢. Thus H is source and target-complete. It is also complete, simple,

deterministic and co-deterministic. Furthermore for G loop-complete, H is loop-complete.

Let r be a vertex of G. By Proposition 34, (Vg,x,) is a quasigroup for the edge-

operation x, of H. By Proposition 23, r is a left-identity (resp. is an identity) and

H = C[Vg, —u(r)] with [s] = a for any r sy s. By label restriction to Ag,

G = C[Vg,—a(r)] is a generalized Cayley graph of (Vg, x,). <

The co-regularity in Theorem 41 can not be removed. For instance, the following graph:

PlusMinus = {i+2mj i+ 2m+1)j|m>0A0<i<j}u{i->ili>0}

U {i+@m+1)j - i+2mj|m>0A0<i<j}

is deterministic, co-deterministic, simple, source-complete and target-complete. Further-
more it is not complete: there is no edge between 1 and 2 and more generally between
i+ (2m+1)j and i+ (2m + 2)j for any m > 0 and 0 < ¢ < j. Finally it is 0-complete:
0 -1+ j for any j > 0. By Proposition 35, PlusMinus is not a generalized Cayley graph of
a quasigroup.
By Corollary 36, the co-regularity in Theorem 41 can be removed for the graphs of bounded
degree which corresponds by Fact 30 to the finitely labeled graphs G when G and G~!
are deterministic and source-complete.

» Corollary 42. In ZFC set theory, a finitely labeled graph is a generalized Cayley graph of
a quasigroup iff it is deterministic, co-deterministic, simple, source and target-complete.

For instance the following graph of all the cycles:
Cycles = { (m,n) - (m,n+1(modm)) | m>n>0}
is by Corollary 42 a generalized Cayley graph of a quasigroup.
Let us summarize the characterizations obtained in ZFC theory for the finitely labeled gen-
eralized Cayley graphs.

XX:27
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Left-cancellative magmas
simple + deterministic + source-complete (33)
Left-quasigroups

| + co-deterministic + target-complete (41) Quasigroups

I + vertex-transitive (20) Groups

For all the generalized Cayley graphs (not necessarily finitely labeled), we need the co-out-
regularity for the left-quasigroups, and the co-regularity for the quasigroups.

8 Decidability results

We have given graph-theoretic characterizations of generalized Cayley graphs of various
basic algebraic structures. These characterizations are adapted to decide whether a graph
G is a generalized Cayley graph, and if so, we got

G = C[Ve, —¢(r)] with [s] =a for any r %3¢ s
for the operation on Vi which is either the path-operation %, with r a root, or the chain-
operation %, , or the extended chain-operation ¥p with P a representative set of Comp(G),
or the edge-operation _g. x, for some completion <G> of G and for any vertex r.
We will show the effectiveness of these characterizations and their associated operations for
a general family of infinite graphs. We restrict to the family of end-regular graphs of finite
degree [13] which admits an external characterization by finite decomposition by distance
which allows to decide the isomorphism problem, and an internal characterization as suffix
graphs of word rewriting systems which have a decidable monadic second-order theory.

8.1 End-regular graphs

A marked graph is a couple (G, P) of a graph G with a vertex subset P C Vi;. We extend
the graph isomorphism to the marked graphs: (G,P) = (G',P’) if G =, G’ for some
isomorphism ¢ such that g(P) = P’, and we also write (G,P) =, (G, P’).

Let G be a graph. The frontier Frg(H) of H C G is the set of vertices common to H
and G — H:

Frg(H) = Vg N Va_g
and we denote by Endg(H) the set of ends obtained by removing H in G:
Endg(H) = { (C,Frg(C)) | C € Comp(G — H) }.
We say that G is end-regular if there exists an increasing sequence Hy C ... C H,, C ...
of finite subgraphs H, of G such that
G = U'nZO H, and UnZO Endg(H,) is of finite index for =

and two isomorphic ends with nonempty frontiers have the same decomposition:

for any m,n >0 and any (C,P) € Endg(H,,) and (D,Q) € Endg(H,) with P,Q # 0,
if (C,P) =4 (D,Q) then C N Hyyyp =4 D N Hyyp for every p>0

with ¢’ the restriction of g to the vertices of C' N H,,4, . This is illustrated as follows:
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— ¢
Note that any end-regular graph is finitely labeled and of finite or countable vertex set.
Furthermore any end-regular graph of finite degree is of bounded degree. Moreover, every
end-regular graph has only a finite number of non-isomorphic connected components.
Any end-regular graph can be finitely presented by a deterministic graph grammar [6].
Any finite graph is end-regular. Any regular tree (having a finite number of non isomorphic
subtrees) is end-regular. Except for the quater-grid and the graph Cycles, all other graphs
in this article are end-regular. The following infinite graph:

2 = {ui S uxi|ue{aby Axc{ab}Anic{0,1}}

U {wi - u(l—1)|ue{ab}* Aic{0,1}}

of vertex set {a,b}*.{0,1} is represented below.

This graph is formed by two disjoint source-complete {a,b}-trees whose every node of a
tree is connected by a c-edge to the corresponding node of the other tree. The graph = is
end-regular since it is generated by the graph grammar [6] reduced to this unique rule:
1
a

O €«——— o0 —3 o

t N

O €«——— o0 — o

2

Note that Z is rooted and of bounded degree, simple, deterministic and co-deterministic,
source-complete but not target-complete, forward vertex-transitive but not vertex-transitive.
By Theorem 8, Z is a Cayley graph of a cancellative monoid. Precisely Z = C[Vz, {a0, b0, 1}]
with [a0] = a, [b0] = b, [1] = ¢ for the cancellative monoid (Vz, *g) with the path-operation
%o defined for any u,v € {a,b}* and i,j € {0,1} by
ui %9 vj = wok with k = i+ j (mod2).

By Theorem 33, = is also a generalized Cayley graph of a left-quasigroup with an identity,
namely ({a,b}*.{0,1},-) for - the edge-operation x of a completion <=> that we can
define for any u € {a,b}*, x € {a,b}, i € {0,1} by

wi - x0 = uwi ; wi - uxri = x0 for ui #20 ; z0 - za20 = 0
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wi -0 =wi; wi-1=wull—1i); wi-ul-i)=1
ui - v = v otherwise.
The end-regularity of a graph can also be expressed on the vertices. A graph G is vertez-
end-regular if Vg = {J,,~o Vo with
WwWc...CcV, C _ finite and Unzo Endg(G)y, ) is of finite index for =.

This notion of vertex-end-regularity corresponds to the (edge-)end-regularity.

» Lemma 43. A graph is end-regular if and only if it is vertex-end-regular.

Proof.
—: G, = Gy, suits.
—: V,, = Vg, suitssince G — G‘Vn = G- (Gn U UKecomp(G_Gn) G|FTG(K))' ]

We say that a graph G is end-reqular by distance from a vertex r if it is vertex-end-regular
for the sequence defined by V,, = { s | dg(r,s) < n } for any n > 0. In that case, G is
connected and of finite degree. Furthermore the sequence (H,,),>¢ defined by

H, = G, = {(s,a,t) € G |dg(r,s) <n Adg(rt) <n}
is a finite decomposition of G. The regularity by distance is a normal form for the connected
end-regular graphs of finite degree [6].

» Proposition 44. For any connected graph G of finite degree,
G is end-regular <= G is end-regular by distance from some vertex

<= G 1is end-reqular by distance from any vertez.

This normalization of the regularity by distance implies that for any end-regular graph G
of finite degree, the isomorphism problem is decidable: from any finite decomposition of G,
we can decide whether s ~¢ t by comparing by distance G from s with G from ¢ [6].

» Corollary 45. For any end-reqular graph G of finite degree, ~¢ is decidable.

The representation of an end-regular graph G by a graph grammar is an external repre-
sentation of G, namely which is up to isomorphism: the vertices of G are not taken into
account. To recall decidable logical properties on end-regular graphs, we present an internal
representation of these graphs by naming their vertices by words.

8.2 Suffix recognizable graphs

Another way to describe the end-regular graphs of finite degree is through rewriting systems.
A labeled word rewriting system R over an alphabet N is a finite A-graph of vertex set
Vr C N* d.e. RC N*xAxN* and R is finite. Each edge u —= v is a rule labeled by a,
of left hand side u and right hand side v. The suffix graph of R is the graph

N*R = {wu % wv | (u,a,v) E R AN weN*}.
For instance let us consider the rewriting system R over N = {a,b,0,1} defined by

0-%a0 1-%al 0500 1-5%61 0-%1 1-50
The connected component of the suffix graph N*.R of vertex 0 is equal to the graph =.
These suffix graphs give an internal representation of the end-regular graphs of finite de-
gree [6].

» Proposition 46. A connected graph of finite degree is end-regular if and only if it is
isomorphic to a connected component of a suffix graph.
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Any suffix graph N*.R can be obtained by a first order interpretation in the source-complete
N-tree Ty = {u - ua|u€N*ANa€N} ie

N*R = {u-5Sv|Tn E éa(u,v)}
where for any a € Ag, ¢, is the following first order formula

da(z,y) - V(u,a,u)eR3 2(z-5 2Nz

and the path relation = ““%" y for n >0 and ai,...,a, € Ar can be expressed by the
first order formula
F20,00y2n (20 2 20 Ao A 21l B 2 A 2g = A 2y = Y).

As the existence of a chain between two vertices can be expressed by a monadic (second
order) formula, any connected component of N*.R can be obtained by a monadic inter-
pretation in T . As Ty has a decidable monadic theory [14] and by Proposition 46, any
connected end-regular graph has a decidable monadic theory. This is generalized [1, 12] to
the suffix recognizable graphs over N which are the graphs of the form

Ui, Wi(U; 25 V;) where n >0 and Uy, Vi, W, ..., Uy, Vi, W, € Rec(N¥)
for Rec(N*) the family of recognizable (regular) languages over N. These graphs are
exactly the ones we obtain by monadic interpretations in the N-tree [1, 12].

» Proposition 47. The suffiz recognizable graphs over N are the graphs obtained by monadic
interpretations in T hence have a decidable monadic second order theory.

In particular, we can decide whether a suffix recognizable graph G is rooted or is connected.
For any vertex u of G, the subset of vertices connected to u is an effective regular lan-
guage [6]. It follows that we can extract a regular set of representents of the connected
components. Precisely let <,, be the length-lexicographic order extending a linear order on
N.

» Lemma 48. For any suffix recognizable graph G over N,

the set { min_ (V) | C € Comp(G) } is an effective regular language.
12

We can also decide first order properties like the simplicity which can be expressed by the
following first order formula:

Vm,y /\a(‘r_a_)y = _'Vb;éam_l;y)
and this the same for the properties of being deterministic, co-deterministic, source-complete,
target-complete, and loop-complete.
We still have to consider the decidability of the forward vertex-transitivity and the vertex-
transitivity of end-regular graphs of finite degree. The suffix recognizable graphs form a
strict extension of end-regular graphs that coincide for graphs of finite degree [6].

» Proposition 49. Any end-regular graph is isomorphic to a suffix recognizable graph.
Any suffiz recognizable graph of finite degree is end-reqular.

Note that a suffix recognizable graph over N of finite degree is of the form

Ui, Wi(u; 24 v;) where n >0, up,vi,...,Up, v, € N* and Wy,..., W, € Rec(N*).
By Proposition 49, these graphs constitute an internal representation of end-regular graphs
of finite degree. Note also that { A™ %5 A™*" | mn >0} = A*(e -5 A*) is a suffix
recognizable graph which is not an end-regular graph.
By monadic interpretation (or by a simple saturation method on graph grammars), the
family of end-regular graphs is closed under accessibility.

» Corollary 50. For any end-regular graph G and any vertex r, G, is end-reqular.

XX:31
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By Corollaries 45 and 50, we can decide whether s |g ¢t for G end-regular of finite degree.
» Corollary 51. For any end-regular graph G of finite degree, lq is decidable.

The forward vertex-transitivity of rooted graphs can be reduced to the accessible-isomorphism
of a root with its successors.

» Lemma 52. A graph G of root r is forward vertex-transitive iff r g s for any r —q s.

Proof.

Let G be a graph with a root r such that r |g s for any r —¢ s.

Let us check that G is forward vertex-transitive i.e. r |g s for any r —¢; s.

The proof is done by induction on n > 0 for r —% s.

For n =0, we have r = s. For n > 0, let ¢t be a vertex such that r —%71 t —q s.

By induction hypothesis, we have r g ¢ i.e. f(r) =t for some isomorphism f from G|,
to Gyi. As t —¢ s, there exists 7/ such that r —¢ v’ and f(') =s. So 7 lg s.

By hypothesis r |g r’. By transitivity of |g, we get r |g s. |

Let us transpose Lemma 52 to the vertex-transitive graphs. The forward vertex-transitivity
of connected graphs can be reduced to the isomorphism of a vertex with its adjacent vertices.

» Lemma 53. A connected graph with a vertex r is vertex-transitive if and only if
r ~qg s forany r —gug-1 S-

Let us apply Lemma 52 and 53 with Corollaries 45 and 51.

» Corollary 54. We can decide whether a rooted (resp. any) end-regular graph of finite
degree is forward vertez-transitive (resp. vertex-transitive).

In this corollary, we do not need the connected condition for the vertex-transitivity since
any end-regular graph has only a finite number of non-isomorphic connected components.
We can establish the effectiveness of previous Cayley graph characterizations for the regular
graphs of finite degree. This decidability result does not require the assumption of the axiom
of choice.

» Theorem 55. We can decide whether a suffiz recognizable graph G of finite degree is a
Cayley graph of a left-cancellative monoid, of a cancellative monoid, of a group, and whether
G is a generalized Cayley graph of a left-quasigroup, of a quasigroup, of a group.

In the affirmative, G = C[Vg, —¢(r)] where [s] = a for any r ¢ s and with a
computable suitable binary operation on Vg and vertex r.

Proof.

i) Cayley graph of a left-cancellative or cancellative monoid.

By Proposition 47 and Corollary 54, we can decide whether G is rooted, simple, forward
vertex-transitive, deterministic (resp. and co-deterministic) i.e. by Theorem 7 (resp. The-
orem 8) whether G is a Cayley graph of a left-cancellative monoid (resp. cancellative
monoid).

In the affirmative and by Proposition 6, (Vi,*,) is a left-cancellative (resp. cancellative)
monoid where 7 is a root of G, and G = C[V, —¢(r)] where [s] = a for any r % s.
It remains to check that the path-operation x*, is computable.

We just need that G is deterministic and forward vertex-transitive.

Let s,t € V. By Proposition 6, s .t is a vertex that we can determine. The label set
Lo(rt) = {ue Ay | r —5g t } of the paths from 7 to t is an effective non empty
context-free language [6]: we can construct a pushdown automaton recognizing Lg(r,t)
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hence we can compute a word u € Lg(r,t).
Thus s *,t is the target of the path from s labeled by u i.e. s —g s %, L.
ii) Cayley graph of a group.
By Proposition 47 and Corollary 54, we can decide whether G is connected, vertex-transitive,
deterministic and co-deterministic i.e. by Theorem 17, whether G is a Cayley graph of a
group. In the affirmative and by Proposition 16, it remains to check that the chain-operation
%, is computable where r is any vertex of G. We have seen that g%, = .. As r isa
root of G which is deterministic and forward vertex-transitive and by (i), *, is computable.
iii) Generalized Cayley graph of a left-quasigroup.
As G has a decidable first order theory, we can decide whether G is simple, deterministic,
source-complete i.e. by Theorem 33, whether G is a generalized Cayley graph of a left-
quasigroup. In the affirmative and by Propositions 23 and 28, it remains to check that the
edge-operation s x;, is computable where r is any vertex and <G> is the completion
of G defined in the proof of Theorem 33. This edge-operation that we denote by - has been
defined for any s,t € Vg by

s 2sas-t for r Zsot

r—scs-t for s i}c t and (a,b) € £s — L

s-t=1t for t € Vg — (—a(r) U —al(s))

where £, = {(a,b) |3t (r LgtAs L t) } and to each injective function £ : Ag — Ag,
we have associated a permutation ¢ on Ag extending ¢. Thus - is computable.
Moreover we can check that - is an effective ternary suffix-recognizable relation.
iv) Generalized Cayley graph of a quasigroup.
As G has a decidable first order theory, we can decide whether G is simple, deterministic,
co-deterministic, source and target-complete i.e. by Corollary 42 and under the assumption
of the axiom of choice, whether G is a generalized Cayley graph of a quasigroup.
Assume that G is simple, deterministic, co-deterministic, source and target-complete.
We do not need the assumption of the axiom of choice: we will define a computable quasi-
group operation on Vg .
Let r be any vertex of G. By Proposition 34 (and as for the proof of Theorem 41), it is
sufficient to define a complete graph H O G of vertex set Vi with the same properties
as G such that gx, is computable.
When Vi is finite and by Lemma 37, such a completion H is effective hence px, is com-
putable. We have to deal with the case where Vi is infinite.
The set Vg is a regular language over some finite alphabet that we order totally.
For any integer ¢« > 0, we can compute the i-th vertex v; by length-lexicographic order.
We can assume that the finite label set Ag is disjoint of N. Let us define a mapping T
from NxN into Ag UN such that the completion of G is H = { v; e vj | 4,7 >0}
By Lemma 39 and Proposition 40, T" is defined for any i,5 > 0 by

mm(N —{T,0),...,T@,j—1),T(0,7),...,T(GE — 1,])}) otherwise.
Thus T is a Latin square: for each i € N and a € Ag UN, there are unique j,k € N such
that T(i,7) = a = T(k,i). Therefore T is computable hence also g x,. .
v) Generalized Cayley graph of a group.
As G has a decidable first order theory and by Corollary 54, we can decide whether G is
simple, vertex-transitive, deterministic and co-deterministic 7.e. by Theorem 20 and under
the assumption of the axiom of choice, whether G is a generalized Cayley graph of a group.
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Assume that G is simple, vertex-transitive, deterministic and co-deterministic.

We do not need the hypothesis of the axiom of choice: we will define a computable extended

chain-operation.

Let N be the alphabet of the words of G. We take a linear order on N. By Lemma 48,
P = { min ”(VC) | C' € Comp(G) }

is an effective regular language.

Let Rk(u) = [{ ve P|v <, u}| bethe rank of u € P according to <,, i.e. u is the

Rk(u)-word in P by <, . We have a group (P,+) for uw+ v defined for any w,v € P by
Rk(u +v) = Rk(u) +Rk(v) (mod |P|) for P finite,

<

and for P countable, we consider the bijection || ||: P — Z defined for any u € P by
Rké”) if Rk(u) is even,
lull = { —Rk(;‘)“ if Rk(u) is odd
and we define u+v € P by |lu+ov| = ||ul|+|v]-

Let x € V. It is connected to v, = min_ (V¢) for €' € Comp(G) and z € V.
123

The label set L, = {u € (Ag U Ag)* | vz —»¢ = } of the chains between v, and x is
an effective context-free language.
As @G is vertex-transitive, the extended chain-operation x -y has been defined by

Vgty %G x-y with £, € L, and £, €L, .

Thus - is an effective group operation. |

We can consider the generalization of Theorem 55 to all the suffix-recognizable graphs (al-
lowing vertices of infinite degree) which form the first level of a stack hierarchy for which
any graph has a decidable monadic theory [5]. To extend Theorem 55 to any graph of this
hierarchy, we have to decide on the forward vertex-transitivity (resp. vertex-transitivity)
when these graphs are deterministic (resp. and co-deterministic).

The decidability result given by Theorem 55 is a first application of the Cayley graph
characterizations presented in this paper. Another application is to describe differently a
generalized Cayley graph by defining another operation on its vertex set. A trivial example
is given by the quasigroup (Z,—) of right identity 0. Its Cayley graph C(Z) is strongly
connected, vertex-transitive, deterministic and co-deterministic. Its path-operation from 0
is %9 = + hence by Theorem 14, it is equal to C[Z] for the group (Z,+) with [n] = —n
for any n € Z. In particular for any P C Z, the generalized Cayley graph C[Z, P] of
the quasigroup (Z,—) is equal to the generalized Cayley graph C[Z,—P] of the group
(Z,+) with [-n]" = [n] for any n € P. Similarly by Theorem 33, any finitely labeled
generalized Cayley graph G of a left-cancellative magma is a generalized Cayley graph of a
left-quasigroup and its operation is computable for G end-regular.

9 Conclusion

We obtained simple graph-theoretic characterizations for Cayley graphs of elementary al-
gebraic structures. We have shown the effectiveness of these characterizations for infinite
graphs having a structural regularity. This is only a first approach in the structural descrip-
tion and its effectiveness of Cayley graphs of algebraic structures.

This paper is archived in arXiv:1803.08518.
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