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Abstract

We define a family of graphs whose monadic theory is (in linear space) reducible to the
monadic theory S2S of the complete ordered binary tree. This family contains strictly
the context-free graphs investigated by Muller and Schupp, and also the equational
graphs defined by Courcelle. Using words as representations of vertices, we give a
complete set of representatives by prefix rewriting of rational languages. This subset
of possible representatives is a boolean algebra preserved by transitive closure of arcs
and by rational restriction on vertices.

1 Introduction

We consider the satisfaction of properties in structures. The properties are given by
monadic second-order sentences, and the structures are labelled directed graphs. Ra-
bin has shown that the complete ordered binary tree A has a decidable monadic theory
[Ra 69] : we can decide whether a given property expressed by a monadic sentence is
satisfied by the tree A. Later Muller and Schupp have extended this decidability result
to the context-free graphs [MS 85] (a context-free graph is a rooted graph of finite degree
which has a finite number of non-isomorphic connected components by ‘decomposition by
distance’ from a (any) vertex). These context-free graphs are also the transition graphs
of pushdown automata [MS 85]. Finally Courcelle has shown that the monadic theory
remains decidable for the equational graphs [Co 90] : an equational graph is a graph
generated by a deterministic graph grammar. For rooted graphs of finite degree, these e-
quational graphs are the context-free graphs [Ca 90]. These decidability results of [MS 85]
and [Co 90] are extensions of the definability method used by Rabin.

Another approach is to find transformations on graphs which preserve the decidability
of the monadic theory, and to apply these transformations to graphs having a decidable
monadic theory (see for instance [Th 91]). A first transformation has been given by Shelah
[Sh 75] and proved by Stupp [St 75]: if a graph has a decidable monadic theory then its
“tree-graph” (obtained by a version of unravelling) has a decidable monadic theory.
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sented to ICALP 96.



A way to find a transformation f on graphs that preserves the decidability of the monadic
theory, is to translate f into an “equivalent” transformation f* on monadic formulas: for
any graph G, f(G) satisfies a sentence ¢ if and only if G satisfies f*(¢). This method has
been applied for instance in [Ra 65], [Co 94], [CW 98], and especially in [Sem 84|, [W 96]
for an extension of the tree-graph transformation. We give here two transformations on
graphs which have direct equivalent transformations on monadic formulas: they are based
on the fact that the existence of a path labelled in a rational language can be expressed by
an equivalent monadic formula. By closure of the binary tree A under these two operations,
we get a family F' of graphs which have a decidable monadic theory as a corollary of Rabin’s
theorem. We show that this family F' is a strict extension of the equational graphs and
hence of the context-free graphs as well. By taking words as vertices, we extract a complete
subset Fy of representatives up to isomorphism, such that Fjy remains closed under the
two operations defining F', and is a boolean algebra.

Finally, we consider an equivalent simple form of the extended tree-graph transformation.

2 A family of graphs with a decidable monadic theory

We define two transformations on graphs which can be translated on formulas in such a way
that the decidability of the monadic theory is simply preserved. The first transformation is
the rational restriction on (arc) labels and the second transformation is the inverse rational
substitution on (arc) labels. We start with the complete ordered binary tree which has
a decidable monadic theory [Ra 69]. By applying to this tree the second transformation
followed by the first one, we obtain a family of graphs with a decidable monadic theory,
and which is closed under these two transformations.

We take an alphabet (finite set of symbols) T of terminals containing at least two
symbols a, b. Here a graph is a set of arcs labelled by symbols of T'. This means that a graph
G is a subset of VxT'xV where V is an arbitrary set. Any triple (s, a,t) of G is a labelled
arc of source s, of target t, with label a, and is identified with the labelled transition s %) t

or directly s % ¢ if G is understood. We denote by Vi := {s|JaIt, s St Vt-S s}
the set of vertices of G. A graph is deterministic if distinct arcs with the same source have
distinct labels: if 7 -% s and r -% ¢ then s = . And a graph is (source) complete if for
every label a, every vertex is source of an arc labelled by a.

The existence of a path in G from vertex s to vertex ¢ and labelled by a word w € T* is
denoted by s :1:> t or directly by s = ¢ if G is understood: we have s = s, and s == ¢

if there is some vertex r such that s — r and r = t. The label set L(G, E, F') of paths
from a set F to a set F is the following language over 1"

L(G,E,F) .= {weT*|3s€E, JteF, s—%ms}.
We say that a vertex r is a root of G if every vertex is accessible from r: Vs € Vg Fw €
T* r =5 s. And a graph is a tree if it has a root r which is target of no arc, and every

vertex s # r is target of a unique arc.
Recall that the family Rat(T*) := { L(G,E,F) | #G <oco N EUF C Vg } of path



label sets of finite graphs is the family of rational languages over T'.
Given a binary relation R whose domain is included in V', we consider the graph

R(G) = {s'&t'\ﬂs%)t, sRs NtRt}
of the application of R to G. We say that R(G) is isomorphic to G when R is a bijection
from Vi to Vi(g). Two deterministic and complete trees on the same label alphabet are
isomorphic.

To construct monadic second-order formulas, we take two disjoint denumerable sets:

a set of vertex variables and a set of vertex set variables. Atomic formulas have one of the
following two forms:

zeX or x-Sy
where X is a vertex set variable, x and y are vertex variables, and a € T
From the atomic formulas, we construct as usual the monadic second-order formulas with
the propositional connectives —, A and the existential quantifier 3 acting on these two kind
of variables. A sentence is a formula without free variable. The set MTh(G) of monadic
second-order sentences satisfied by a graph G forms the monadic theory of G.
Note that two isomorphic graphs satisfy the same sentences: MTh(R(G)) = MTh(G)
when R is bijective. Instead of renaming vertices, we consider the restriction G|, of G to
an arbitrary set L C Vi as follows:

G == GN(LxTxL) = {(s,8) | s€ L}(G) = {s %t | s,te L }.
Analogously we consider the restriction ¢, (resp. gp‘L) of any sentence ¢ to a set L by

imposing that vertex variables (resp. vertex set variables) are interpreted only by vertices
in L (resp. by subsets of L). Using a constant L for the set of vertices in a given language
L, we define by induction over the formulas:

(reX), = weX (xeX)‘L = zrz€X
(fbi>y)L = -5y (xi)y)‘L = -5y
(=w), = ~(¢) (=), = (¢,
(p ANp), = o, N1, ANy, = ¢, AN,
(Fz ¢), = Jz(r€L A p) (F = cp)‘L = EIx(mGL/\cp‘L)
FX ), = IX ¢ BX ¢, IX(XCL A g

These restrictions of graphs and sentences are dual.

Lemma 2.1 Given a graph G, a set L and a monadic sentence @, we have
GrlF e <= GEFV = G E v

L L’

Proof.

Note that the vertices of G|;, are the vertices of G in L: VG\L = Ve N L.

For the inductive proof, we refer to formulas ¢(X1,..., X, 21,...,2,) with m > 0 free
vertex set variables Xy,..., X,, and n > 0 free variables z,..., z,.

i) By induction on the structure of ¢, we have
G = (A, Ap,a1,..,a,) = G = @ (A, Ap, a1, ap)

|L
for any Ay,..., Ay, CVeNL and for any ay,...,a, € Vg N L.
ii) Furthermore and by induction on the structure of ¢, we have

G E ¢ (A, Apsar,..0n) = G = ¢ (AINL,...,AnNLay,... a,)

| L



for any A,,...,A,, C Vs and for any ai,...,a, € VgN L.
O

However for general L, the formulas ¢ and ¢, are (by the presence of the symbol L) not
monadic in the original signature. But for the case that L is rational, we show how to
transform ¢ (or go‘L) into an equivalent monadic formula: we have to transform =z € L
into a monadic formula. This transformation can be reduced to the expression by a
monadic formula [s == #]* for the existence of a path s == ¢ from s to ¢ and labelled

by a word in L € Rat(T™). This formula is defined by induction on the rational structure

y* r IX (e X A - (ze X)) ie. afalse formula
{a a
R
oy oSyl V[ y)
2 ZX g 0 3z (p L2 A [z 2y
2Lyl @ VX (z€X AVpYg((pEX A [p=2q]*) = g€ X)) = yeX)

where the transformation for == is the reflexive and transitive closure (:[>)* of =L
T = y if and only if every vertex set X containing z and closed by L. contains 1.

Note that the length |[z L y|*| of the monadic formula [z L y]* is linear in the length

|L| of the rational expression L.
Now we consider the restriction G|, 1, of a graph G to the vertices accessible from a vertex
r by a path labelled in L C T™:

L L
G||r,L = G‘{S‘T:L>s} = {3%)t\r:>s ANr=t};

in particular r is a root of G, f, .
For instance taking a deterministic and complete tree A on {a, b}:

N\
/NN

with root r i.e. its vertex satisfying the formula -3y (y Sz V y LN x), then its
restriction Ay, -4~ is the following graph:



By Lemma 2.1, the restriction of a graph preserves the decidability of the monadic theory
if we restrict to the vertices accessible from a fixed (and definable) vertex by a path labelled
in a given rational language.

Proposition 2.2 Given a graph G, a rational language L over T, and a monadic
formula o(x) satisfied by a unique vertex r, we have
MTh(G) decidable == MTh(G), 1) decidable.
Proof.
Let M = {s|r Los } be the set of vertices accessible from r by a path labelled in

L. For any sentence 1), we have
G F ¢ = G\m = by definition of M
= G E 9, by Lemma 2.1
= G = Jz(pz) A @[JM,Z)

where ¢ = is the formula obtained from ¢ by substituting to any = € M the formula

[z L z]*. Formally (38 .= yp’* where ¢’ is defined by induction on the structure
of 1 as follows:
(zeX)? = zeX (r Syt = -5y

(_| QD)L"Z — _|((’0L,z) ((p A Q)[))L,z — ch’Z A Q)[)L,z
Az @b = Tz (z =" A b AX )b = IX b=
U

In particular, the previous graph has a decidable monadic theory because A has a decidable
monadic theory [Ra 69]. We define now a second operation on labels which preserves the
decidability of the monadic theory.

To move by inverse arcs, we introduce a new alphabet T := {@|a € T } in bijection

with 7. Any transition u —— v means that v —— w is an arc of G. We extend by

composition the existence of a path = labelled by a word w in (T"UT)*, and we denote
by

L(G,E,F) == {we(TUT)*|3s€E, 3teF, s%t}
the set of path labels over T UT from a set F to a set F.

An extended substitution h on T™ is a morphism from 7™ into the family o(TUT)"

of lan-



guages over TUT, i.e. satisfying h(e) = {e} and h(uv) = h(u)h(v) for every u,v € T*.

The inverse substitution h~'(G) of a graph G according to h is the following graph:
h""(G) == {s S t|Iwe h(a), s%t}.

For instance for h(a) = {b} , h(b) = {bba} , h(c) = {@ba} and h(d) = () for every other

d in T, the inverse substitution hil(AHr,b*a*) of the previous graph is the following graph:

We denote by @ the mirror of any word u: € = € and au = @a for any letter a.

We extend by morphism barred letters to barred words with @ = a for every a € 7.
This permits to extend any substitution h into a substitution h from (T UT)* into the
(TUT)*

family 2 by defining for every a € T,

h(a) := h(a) , h(@ := h(a) .
The set of path (resp. chain) labels of an inverse substitution of a graph is equal to the
inverse substitution of the extended path (resp. chain) labels of the graph.

Lemma 2.3 Given a graph G, a substitution h, and sets E, F, we have:
L(hY(G),E,. F) = h"\(L(G, E,F)) and L(h-Y(G),E,F) = h (L(G, E, F)).
Proof.
By induction on the length of w € (T'UT)*, we have:

h
s = t <= s :>(w) t.
e) G

O

Similarly to the restriction, we define the substitution ¢, by h of any formula ¢. By

induction on the structure of any formula, we replace each atomic formula z -2 y by

the existence of a path z hle) y labelled in h(a) :

(.’EEX)h = zeX ("ri>y)h = T}gy
(—e), = ~l(p) (e AY), = © AN,
[z ), = Tz ¢ FX ¢), = IX ¢,
Note that (¢, ), = (v,), which is denoted by @, and ((p‘L)h = (goh)‘ which is denoted

by Py A graph h~1(G) of vertex set L satisfies a sentence ¢ if and only if G satisfies
v .
L, h

Lemma 2.4 Given a graph G, a substitution h and a monadic sentence p, we have
UG Fy = GEg , = GEg
where L = Vj,—1(q) is the set of vertices of h™'(G).

L, h



Proof.

The second equivalence is shown with Lemma 2.1.

Let o(X1,...,Xm,21,...,Ty) be any (monadic second-order) formula with m > 0 free
vertex set variables Xy,..., X,, and n > 0 free variables z,..., z,.

By induction on the structure of ¢, we have

hil(G) — cp(Ala"'aAmaalla"'aa'n) — G |: P
for any Ay,...,A,, C L and for any ai,...,a, € L.
U

(Ala"'aAmaa‘la"'aa‘n)

|L, h

It follows that the inverse according to a substitution h preserves the decidability of the
monadic theory when h is rational i.e. when h(a) € Rat((T UT)*) for any a € T, in
other words h: T* — Rat((T'UT)*) is a morphism.

Proposition 2.5 Given a graph G and a rational substitution h, we have

MTh(G) is decidable == MTh(h™'(G)) is decidable.
Proof.
Let L =Vj-1(g) be the set of vertices of h1(G) and let M =,y h(a) be the image
of h. For any sentence ¢, we have
L1 G) = ¢ = Gk ¢, , by Lemma 2.4
= G E o
where ¢” is the monadic formula obtained by induction on the structure of any monadic
formula ¢ as follows:
h(a)

(reX) = zeX (z Lyl = [zr=y]
)" = =" (0 A" = " Ay
EX @) = X" Gz @) = Tz Gy (a5 gl v [y =5 a) A @h)

where [z N y]* has been yet defined by induction on the rational structure of P in

Rat(T*); and we allow that P € Rat((T UT)*) by adding [z g y* oy S
d

Let us compose Proposition 2.2 with Proposition 2.5.

Proposition 2.6 Given a graph G with a unique root r, a rational substitution h, and
a rational label language L € Rat((T UT)*), we have:
MTh(G) is decidable == MTh(h™"(G) 1) is decidable

where Lg = {s|r :i> s } s the set of vertices accessible in G from r by a path
in L.
Proof.

Let @ = Vj,-1(@) be the set of vertices of h='(G) andlet M = J,ep h(a) be the image
of h. For any sentence ¢, we have



W' (G) i, E e <= h'G) E ¢ by Lemma 2.1
— G E ((pLg)Q , by Lemma 2.4
G |_ SDLG nNQ,h
— G E3IzNMylz L yl* A ol
where ¢™"? is the monadic formula obtained by induction on the structure of any
monadic formula ¢ as follows:
(:vGX)Lh’Z = geX (:c—>y)LhZ = [m@y]*
)L hz o ﬁ((pL’h’z) ((p A w)l,h,z — (pL,h,z A wL,h,z
(EX (P)L bz =5¢ (pL,h,z
Bz )% = Fw (=l A By (225 gl V [y 25 a]*) A oh)

Note that the length of the monadic sentence 3 z (V y [z i y]* A ©"?) is linear in the

length of ¢ and in the lengths of regular expressions defining L, h.
t

Note that Proposition 2.6 is a corollary of Proposition 3.1 in [Co 94] (the transformation
of G to h 1(G) Ly 18 @ ‘moncopying monadic second-order definable transduction’).
Furthermore this transformation is a reduction linear in space for the monadic theory.
Remark that hfl(G‘LG) C hHG) Lo and hH(G) Irh-1(1) C hH(G) Lo -

But the restriction to connected components and the inverse substitution commute.

Lemma 2.7 Given a graph G and a vertex subset L closed by >, we have
h’l(G‘L) = h 1(G) i, for any substitution h.
Proof.
We have
h Y (GL) = h'(GL) 1o C h*l(G) L

Let us prove the inverse inclusion. Let =z 1—) y. So z —) y with z,y € L.
RTHG) | a(e)

By definition of h~'(G), there is w € h(a) such that z :C> y. So =z %) Y.

As z,y € L and by hypothesis on L, we have x (:w> y and hence =z 1:a>
AL h™H(G L)
O

Another basic property is the composition of inverse substitutions.

Lemma 2.8 Given a graph G, and substitutions g and h, the composition g o h

defined by (g » E)_(a,) = h(g(a)) for every a € T, is a substitution satisfying
g (W HG)) = (g - B)H(G).
Proof.

Using Lemma 2.3, we have for every a € T,

g h
s N e g M g, M)y o ey
g (@) hU(@) hU(@) a (9om)~1(G)



O

We will study the family RECEg,; of graphs obtained by applying to the (up to isomor-
phism) tree A an inverse rational substitution followed by a rational restriction:

A is the complete and deterministic tree on {a, b}
RECRy = {h 1(A) Ly | h: T" — Rat({a,b,@,b}*) is a morphism
L € Rat({a,b}")

We consider also the sub-family RECF;, by using only finite substitutions:
A is the complete and deterministic tree on {a,b}

RECpy, == {h (A) La | b T"— Fin({a,b,a,b}*) is a morphism
L € Rat({a,b}*)

where Fin(V) is the set of finite subsets of a set V.
For instance taking the (up to isomorphism) complete and deterministic tree A on {a,b}

and taking n labels a1, ..., ay,, we define the following finite substitution h and the follow-
ing rational language L:
h(a;) = ab'™! 1<i<n
L = (a+ ab+ ... + ab™ H)*
in order to obtain with A~ !(A) i, the complete and deterministic tree on {a1,...,a,} :

v
NN

Thus any complete and deterministic tree is in RECF;,. More generally, as we now show,
RECRq (resp. RECp;y,) can be obtained from the complete and deterministic trees on
given n > 2 labels by inverse rational (resp. finite) substitution followed by rational
restriction.

Proposition 2.9 Let S C T of cardinal |S| > 2. We have

A is the complete and deterministic tree on S
h: T* — X((SUS)*) is a morphism

L € Rat(S*)

RECx = {h'(A)

ILa

where X is Rat or Fin.

Proof.

Let S ={ay,...,an} (withn >2). For the inclusion C, let h~'(A) ;, bein RECx.
By completion and renaming labels, there is a complete and deterministic tree A on S
such that



A = g1 (A) with g(a) =a; and g(b) = ay .
Note that the trees A and A have the same root, denoted by r.
Furthermore M = g({a,...,ab” '}*) D g(L) and M is the vertex set of the connected
component of g~ '(A) containing r. So

In = {s|rst = {s|r&s}) = gL)a
Hence . . .
BN 1y = BN A s

g
hog) HA) |gr)a by Lemma 2.8
g

For the inclusion D, let h~'(A) 1L, be an element of the right-hand side.
We have seen (above this proposition) that there is a complete and deterministic tree A
on {a,b} such that

A = g '(A) jm, with g(a;)) =ab'™", 1<i<n and M ={a,...,ab" '}*.
Note that the trees A and A have the same root r.
Furthermore M = g({a1,...,a,}*) 2 g(L) and M is the vertex set of the connected
component of g~ '(A) containing . So

Ln = {s|r=s) ={s|r = s} = {s|r@s) = g(L)a
A PRIYS A
Hence . . .
= (A) Ly, = h (g (A) |my) 1o(n)a
= (hil(gfl(A)) \MA) lg(L)a by Lemma 2.7
= (hog) YA) (M 0 g(L))a by Lemma 2.8
- = (ho@) HA) |g()n

In order to get a family of graphs with a decidable monadic theory, we start with the
complete ordered binary tree.

Theorem 2.10 [Ra 69] Any complete and deterministic tree on two labels has a de-
cidable monadic theory.

Let us apply Proposition 2.6 to this result of Rabin.

Corollary 2.11 Any graph in RECRy has a decidable monadic theory.

Let us show that RECpg is the closure of the complete and deterministic tree on {a,b}
by the operations of Proposition 2.2 and Proposition 2.5.

Theorem 2.12 The family RECRq is closed by rational restriction and by inverse
rational substitution.

10



This theorem is proved using a complete set of representatives of RECg,; . We will obtain
other closure properties and particularly we will deduce that this family contains strictly
the graphs generated by deterministic graph grammars.

3 Complete sets of representatives

We show that the rational restrictions on the vertex sets of prefix transition graphs of
labelled word rewriting systems form a complete set of representatives of RECFr;, (Corol-
lary 3.5). This set of representatives contains the context-free graphs of [MS 85]. In fact
RECHr;, is exactly the class of regular graphs of finite degree (Theorem 3.11) where a reg-
ular graph (or equational graph) is a graph generated by a deterministic graph grammar.
We show that the rational restrictions on the vertex sets of prefix transition graphs of
labelled recognizable relations constitute a complete set of representatives of RECRy
(Corollary 3.5). It follows that RECg,; contains strictly the class of regular graphs (Propo-
sition 3.12).

Finally we extend these sets of representatives to the rationally controlled prefix transition
graphs of labelled recognizable relations. This set is also a complete set of representatives
of RECpqe (Proposition 3.16). But it is a boolean algebra preserved by inverse rational
substitution and by rational restriction on vertices (Theorems 3.17 and 3.19).

We take alphabets N C T containing the symbols a, b. Usually, words over N repre-
sent vertices, and T' is the set of arc labels. A representative of the complete deterministic
tree labelled on NV is a tree A, in N*xNxN* defined as follows:

A, ={uSau|laeN AN ueN*}.

N
For instance A is a complete and deterministic tree on {a,b}. Note that for any

a,b
L C N¥*, the set LA};V of vertices accessible from the root € of A by a path labelled in L
is the mirror L := { ap...a1 | a1...a, € L'} of Lt Lay= L. This inversion is due to the
fact that we will characterize the inverse rational substitutions of A by prefix rewriting
of relations (instead of suffix rewriting).
The right closure G.N* of a graph G in N*xT'xN* is
GN* = {uw S vw|u-"v €G AN weN*}
the set of prefix transitions of G. For instance
Ay ={eSalaeN}.N*.
Note that a finite graph G in N*xT'xN* is a labelled rewriting system i.e. a finite set of
rules over N and labelled in T'; and the right closure of G is the prefix rewriting relation
according to G.
Let us give other right closures of finite graphs. For instance the identity graph
{u-Sula€eT A ueN*}
is the right closure of the finite graph { ¢ 5 e |a €T }.

2

Consider also the finite graph G = {z % ¢, z LN 23} on the non-terminal set {z}.

Its right closure G.{z}* is the following graph:

b b b
a ) a ./—\-/—\-/—\-

€ X XX XXX
a a a

11



This graph is connected. This is not the case in general. For instance, consider the graph

G=1{z S e, LN yx}. Tts right closure G.{x,y}* is the infinite replication of the
following infinite connected component:

a X a XX XXX
€
b * YXXX
b .yxx‘
. o VX
. a
et
yXyx A
We denote by U %V = {u S v|u€U A v eV } the graph of the transitions

from U C N* to V C N* and labelled by a € T. A recognizable graph is a finite union of
such graphs U -% V where U,V € Rat(N*). We denote by Rec(N*xTxN*) (resp. by
Fin(N*xTxN*)) the family of recognizable graphs (resp. finite graphs).

Note that the unlabelled recognizable graphs { (u,v) | 3a € T, u -5 v € G } are the
recognizable relations in N*xN* (by Mezei’s theorem) [Be 79]. For instance, the full graph
{u-Swv|a€eT A u,ve N*} is the recognizable graph U{ N* % N* |a € T } and is
equal to its right closure.

Let us recall some standard and simple properties on rational languages.

Lemma 3.1 Given L € Rat(N*), we have effectively the following properties:

a) [L] = {wu|wel} € Rat(N*);

b) [u] = {v|v'L=u"L} € Rat(N*) and {[u] |ue N*} is finite;

c) {U'L|UCN*} C Rat(N*) and is finite;

d) For any M C N, the language LN M*(N — M)* is a finite union of sets of the
form A.B where A€ Rat(M*) and B € Rat((N — M)*).

The right closures of recognizable graphs in N*xT'xN* are exactly the inverse rational
substitutions A~ '(A ) of A (for morphisms h : T* — Rat((NUN)*)), as we now show.
The effectiveness claim in the statement and in similar cases below means that in both
directions the respective representations can be obtained algorithmically.

Theorem 3.2 The inverse rational (resp. finite) substitutions h™1(A ) of A, are

effectively the right closures G.N* of the recognizable graphs (resp. finite graphs) G :
h'(A,) = G.N*

with  h rational (resp. finite) <= G recognizable (resp. finite).

Proof.
i) Let G be a recognizable graph, i.e. a finite union of elements in Rat(N*)xT'xRat(N*).
Let h: T* — 2(NUN)" he a morphism defined for every a € T' by

12



ha) == U{UV|U SV €@}
So h(a) € Rat((N UN)*). Let us verify that A~ !(A

)
Let us prove that h='(A,) C G.N*.
Let p = g € h"*(A,). There is z € h(a) such that p Z—Z—> q.

W) = G.N™.

By definition of h(a), there is U - V € G with z € UV.
Thus there are u € U and v € V such that z = uo.

So there is w € N* such that w = p and w == q.
AN AN

Hence p=uw and ¢ =vw ie. p -q € (U - V).N* C G.N*.

Let us prove that G.N* C h*I(AN). Let p % g € G.N*.
There are U -5V €G, ue U, vEV, w€ N* such that p = uw and ¢ = vw.
So p=uw == w == vw = q. Hence p = ¢ withwo € UV C h(a).

ii) Let h: T* — Rat((N UN)*) be a morphism.

We will simplify h by removing factors in the following finite set:
P .= {zz|z€eN }.

The removing of a factor in P is done by the rewriting

sl { (uzTv,uv) | u,v € (NUN)* Az €N} = (NUN)*(Px{e}).(NUN)*.
PX{e
The derivation relation i{)} is the reflexive and transitive closure of —{)}.

PX{e P X{e

Given any rational language L € Rat((N U N)*), its set L|P of normal forms is the
following language:
LIP = {v|3u€lL, u i{)} v Avg(NUN)*P(NUN)* }.
PX{e

It is a rational language. Thus for any a € T, the set h(a) of normal forms of h(a) in
N'N*:
h(a) := h(a)lP N N'N*
is a rational language.
Let us verify that ﬁfl(AN) =hHA,).
As A is a tree, A is co-deterministic i.e. p DirngSr = p=g.
So we have for any u,v € N*, any s,t € (N UN)* and any = € N,
U S%ﬂ v iff  wu % v,

hence for any z € (N U N)* and by induction on the length of any derivation z —>*{ } z|P
PX{e
from z to its normal form z|P (i.e. zlP ¢ (N UN)*P(N U N)*), we have

z . 2P
u = v Iiff u:i v .
A AN

Finally, if zJP ¢ N'N* then z|P has a factor z7 with z,y € N and z # y, hence there
is no path in A labelled by z|P.

ili) By Lemma 3.1 (d), for any a € T, there are n, > 0 and Uy,...,U,, ,V1,...,V,, €
Rat(N*) such that

h(a) = U1 ViU...UU,,.V,, .
So we define

G :=U{Ui S Vi|aeT AN1<i<n,}
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Finally by (i), we have G.N* = A~ 1(A
O

-

This theorem implies some direct generalizations of known results. A first consequence
follows from the closure by composition of (extended) rational substitutions.

Corollary 3.3 The class of right closures of recognizable graphs is closed effectively
by inverse rational substitution.

Proof.
Let GG be a recognizable graph and g be a rational susbstitution.
By Theorem 3.2, there is a rational substitution & such that G.N* = h~!(A
By Lemma 2.8, we have
gUGNY) = g (" (Ay) = (9. F) (A
As goh is a rational substitution, we have by Theorem 3.2, ¢~ '(G.N*) = H.N* for some

recognizable graph H.
O

N)-

As an example, consider the right closure G.N* of G = {r - ¢, 2° LR 73} with N =
{z}. Tts inverse substitution h~'(G.N*) by h, defined by h(a) = {b} and h(b) = {baa}, is
the following graph:

which is the right closure of {22 % z3 | 2 LN z}.

A consequence of Corollary 3.3 is that the unlabelled right closures of recognizable graphs
are preserved by reflexive and transitive closure. More precisely, the prefix rewriting —

of any binary relation R on N* is the unlabelled graph R.N*, i.e.

— = { (vw,vw) |u Rv N we N*}

. . .. * . . . .
and its reflexive and transitive closure — is the prefiz derivation relation of R.
R

Corollary 3.4 The prefix derivation relation of any recognizable relation is effectively
the prefix rewriting of a recognizable relation.

Proof.
Consider a recognizable relation R C N*xN*. We take a terminal @ € T to label the rules
of R to get
R:={u-%v|(uv)€ER}
a recognizable graph. We take the substitution h(a) = a*. By Corollary 3.3, we have
{u S ovlu r%) v} = h'(R.N*) = S.N*

for some recognizable graph S. So S := { (u,v) |u “ v € S} is a recognizable
relation satisfying — = — .
I:I S R

In particular for any finite relation, its prefix derivation is a rational transduction [BN 84],

14



and this remains true for any recognizable relation. Thus for the right closure of any
recognizable graph, the set of vertices accessible from any rational set is rational; this
extends the rationality of the set of words accessible from a given word by prefix derivation
of a finite relation [Bu 64].
For another consequence of Theorem 3.2, we consider the following family:

REC‘RM = { (GN*)‘L | G € Rec(N*xT'xN*) N L € Rat(N*) }.
Using Proposition 2.9, we deduce that this family is a complete set of representatives of
RECRy: .

Corollary 3.5 The set REC|g,; of the rational restrictions on wvertices of the right
closures of recognizable graphs (resp. finite graphs) is a complete set of representatives

of RECgg; (resp. RECpip).

Note that Corollary 3.5 is true in particular for N = {a,b}. By Corollary 2.11, any
rational restriction on vertices of the right closure of any recognizable graph has a decidable
monadic theory.

Corollary 3.6 MTh((G.N*)|) 1is decidable for any G € Rec(N*xTxN*) and for
any L € Rat(N*).

A particular case are the pushdown transition graphs (called also context-free graphs)
considered in [MS 85]. A pushdown transition graph is the graph (R.N*);, of the right
closure of a pushdown automaton transition relation R in Q.PxT'xQ.P*, with N = PU(Q
(where P is the set of stack letters disjoint of the set @ of states), and restricted to the set
L ={s]|r % s } of vertices accessible from a given axiom r € Q.P*. By Corollary 3.4,
we deduce the well-known fact that L is rational, and it remains to apply Corollary 3.6 to
get a principal result of [MS 85] (Theorem 4.4).

Corollary 3.7 [MS 85] Any pushdown transition graph has a decidable monadic the-
ory.

The pushdown automata define up to isomorphism the same accessible prefix transition
graphs as the labelled rewriting systems.

Proposition 3.8 [Ca 90] The pushdown transition graphs form effectively a complete
set of representatives of the rooted right closures of finite graphs.

Instead of labelled (word) rewriting systems, we can also use a subclass of context-free term
grammars [Ca 92]. We will now show that RECp,; contains also the graphs generated by
deterministic graph grammars.
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We take a ranked set F' = {J,>, F}, where F, contains labels of arity p, and such that
F, DT. A hyperarc is a word as. . .s, labelled by a € F}, (of arity p) and joining in order
the vertices s1,...,5s,. In particular an arc s %5 t is the word ast with a of arity 2. A
hypergraph is a set of hyperarcs, and a graph is a set of arcs.
A graph grammar R is a finite set of rules of the form az;...z, — H where H is a finite
hypergraph and z1,...,z, are distinct vertices of H. The labels of the left hand sides of
R are in F' — T and are the non-terminals of R. The other labels in R are in T'. We say
that R is deterministic if there is only one rule for each non-terminal.
A rewriting step M — N consists in choosing a non-terminal hyperarc X = as;...s, in
M and a rule ax;...z, — H in R to be applied; the vertices z; in H indicate how to
replace X by H: we have

N = (M—-X) U {bg(t1)...g(ty) | bt1...t, € H}

for some matching function g mapping z; to s;, and the other vertices of H injectively to
vertices outside M; this rewriting step is also denoted by M R,—>x N. Note that — is not

in general a functional relation, even when R is deterministic. Nevertheless,

M—o...o— N if M — o...0 — N
R, Xy R, Xy R, Xx(1) R, X7 (n)
for any X; € M and for any permutation 7 on {1,... n}. Thus, it makes sense to define

a complete parallel rewriting relation = as follows:
M?N lf M—>o...0—)N

R, X R, X,
where Xi,..., X, are all the non—ter;ninal hyperarcs of M. We denote by
[H'={aste H|aeT}
the set of terminal arcs of a hypergraph H. A graph G is generated by a deterministic
graph grammar R from a hypergraph H if G is isomorphic to a graph of the family Rw(H)
defined as folloxlvus:

R(H) = {UnEU[Hn]‘H = Hg:R>...:R>Hn:R>Hn+1:R>...}

Consider, for instance, the deterministic graph grammar with the following rules:

B and

This grammar generates from the hypergraph {A1} the following graph:

16



Note that this graph can also be generated by the deterministic graph grammar with the

rule:
1 1._*
tb
C
2 A _— 2 . A
tb
C
3 - R —

from the hypergraph { A123}.

Definition 3.9 A regular graph is a graph generated by a deterministic graph gram-
mar from a finite hypergraph.

These graphs are the equational graphs of [Co 90].
Note that a regular graph may be of infinite degree, where a vertex is source or target of
an infinite number of arcs. For instance the deterministic graph grammar

A A,

X X

generates from its non-terminal the following graph:

of infinite out-degree. Furthermore, a regular graph may be non-connected. For instance
the deterministic graph grammar

A a A A

X X

generates from its non-terminal the following graph:

17



with an infinite number of connected components.

Several basic properties of regular graphs are given in [Ca 95]. The regular graphs gen-
eralize the pushdown transition graphs. In fact the pushdown transition graphs are the
rooted graphs of finite degree which can be finitely decomposed by distance from any
vertex [MS 85]. As the decomposition is dual to the generation, this implies that any
pushdown transition graph is a rooted regular graph of finite degree, as shown by Muller
and Schupp. Furthermore, the inverse inclusion remains true, and this correspondence is
effective.

Proposition 3.10 [Ca 90] The pushdown transition graphs form effectively a com-
plete set of representatives of the rooted reqular graphs of finite degree.

More precisely every deterministic graph grammar generating a rooted graph G of finite
degree, is mapped effectively into a pushdown automaton with an axiom such that its
accessible prefix transition graph is isomorphic to G, and the reverse transformation is
also effective.

To generalize Proposition 3.10 to all the regular graphs of finite degree, it suffices to
take the class of graphs of all the prefix transitions of pushdown automata (or labelled
rewriting systems) and to extend this class by restriction to rational vertex sets instead
to the rational set of vertices accessible from an axiom.

Theorem 3.11 [Ca 95] RECF, is effectively the family of reqular graphs of finite
degree.

We get the regular graphs of infinite degree with inverse rational substitutions.

Proposition 3.12 RECpr, contains strictly and effectively the class of reqular graph-
s.

Proof.

i) For the strict containment, we consider the rational substitution h defined by h(a) = a
and h(b) = @™, and the rational language L = a*. Then hfl(A{a]b}) L = hHA
is the following graph:

{a}) |L
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which is the right closure G.{a}* of the recognizable graph G = {¢ % a , a* LN €}.
By definition this graph is in RECpR,; but it is not regular because it has infinitely many

vertex out-degrees (a” is of out-degree n + 1).

ii) Let R be a deterministic graph grammar and let K be a finite hypergraph.
We will construct a recognizable graph G on a non-terminal set N, and a rational language
L € N* such that (G.N")|;, belongs to R°(K).
Recall that Vj is the set of vertices of any hypergraph H, and that |X| is the length of
any word X. We take a new alphabet V = {z1,...,z,,} of variables where
m = maz{ |X|—1]| X € Dom(R) }
is the maximum number of vertices needed by each non-terminal hyperarc.
After a possible renaming of vertices, we can assume that for every rule (X, H) € R,
X = X()zi...xx)—1 forevery X € Dom(R)
Ve N Vg C Vx N Vy for every distinct rules (X, H),(X',H') € R.
Adding a new rule, we can assume that K is restricted to a non-terminal hyperarc.
Let us give some notations and definitions.
We denote by V the set of vertices of R i.e.
V=V UuWVvy|H €ImR) }.
We take a set N of non-terminals defined by

N = Uy VP
Let 1 < p < m. For every word u € N+, we define
. ] if weV
Wzt Tp) 1= u(zy,. .., Tp) if ugVv
the right addition of (x1,...,zp) to u when u is not a variable. This operation is extended
to any transition: for every non-terminal words u,v € N and every terminal g € T,
(u -5 V)1, yzp) = ulzy, ..., %) —= 0(T1,. .., Tp)
Finally the right addition is extended by union to any graph labelled in 7.
For every vi,...,v, € V , the substitution ufvy, ... ,Up| in any word u € N7 of the x; by
v; is the morphism defined on every letter of N by
Tilvi, ..., vy = v Vi<i<p
slvr, ... v = s VseV—{z,...,1,}
(815w Sg)v1s - vp] = (s1[vrs...,0p),. .., Sqlv1, .. 0p]) Vg > 1.
The substitution is extended to any transition
(u -5 )1, ... 0] = ufvr,... 5] -5 v, ]

and by union to any graph.

Recall that [H] := { ast € H | a € T } is the set of terminal arcs of any hypergraph H.
To every X € Dom(R), we associate a representative @X(l) of R*(X).

These graphs éxu) are the least fixpoints of the following equations:

GX(l) = ([H] U U{ éy(1)[Y(2)a"'7Y(|Y‘)] ‘ YeH A Y(l) QT})<"E1’---’~T\X\71>
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for every rule (X,H) € R.
Let us verify that the set

LX(l) =V Ty
of vertices of G, (1, 18 a rational language over N effectively obtained from (R, K). Note
that
Lx(1) = Lx(1) n Vi
is an effective finite language. So
Liy = Lxgy U Ly (@ ax)
with
Ligy = Wy UULL, Y (2), YYD Y € HAY(1) €T }) —
= Vi~ Vo) U U{ Ly [Y (2), YYD -V IYeHAY(1)ET }
U UL Ly (@, sy 1)[Y(2), V(YD Y e HAY(Q) €T }
= (Vi U UL LY(U[Y@) Y([Y))] \ ve H/\Y( JET}) —
U UL Ly [Y(2), - (IYI)]( 2),.. ., Y(Y) [ Y e HAY(1) T }.
We deduce the following left linear grammar:
X(1) = ﬁx(l) U Xy, z‘x‘,lll(ml’ L Ex) 1)
XMW = Vi VU Ly, [Y©2),....Y(Y)] | YeH ANY(Q)gT})
U W YWy @,y gy (Y @IE)L - Y(Y)IE) [ Y e HAY(1) ¢ T}
for every rule (X, H) € R and for every ¢ := wv1,...,0x_1 €V.
This left linear grammar generates from the non-terminal X (1) the rational language L "
It remains to define a recognizable graph G |/ such that
Gypy = (Gxpy-N )‘Lx(n'
We take
Gyeoy = {uSHv|Fw vw -5 ow € me/\

lu| = min(2,|luw|) A |v] = min(2, |vw|) }.

To construct G and to verify that G is recognizable, we restrict the right addition

X (1)
for transitions as follows:

(% o) ({1, 2p)) = {

Note that (u - v){(z1,...,%p)) = u S v iff min(ul,|[v]) >2 V w0 €V.
By restriction of the right addition in the equations defining the graphs @X(l), we obtain
the grahs G, o which are the least fixpoints of the following equations:
Gy = (H] U UL Gy V@), Y(YD Y € HAY () €T D1, omx 1))
for every rule (X,H) € R.
By left linearity of these equations, these graphs G
In particular the recognizable graph
G = GK(I)[ ( ) 7K(‘K|)]
and the rational language
L =1L

X(1)

u -5 v if min(|ul,|v]) > 2
ulzy, ..., 1) = v{x1,...,2,) otherwise.

x(1, are recognizable.

kK (2), -, K([K])]

over
N = NU{K(2),...,K(|K|)} y
are appropriate: the right closure (G.N")|, of G restricted to L belongs to R (K).

7k

Note that L ,, is the vertex set of connected components of G x(1).N
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(u % ) € Gy, N {uw,owpnL #0 = {uw,vw} CL

i.e. Ly, is closed by ++—
Gx(1)- N~

In particular L is closed by <— : it is the vertex set of connected components of G.N*.
G.N*

O

X (1) X (1)

Example 3.13 Let us apply the proof of Proposition 3.12 to the following deterministic
graph grammar R with K = A12:

T, T, b 3 4
A E—— a t /4 A
T, T, 5

As defined in the proof of Proposition 3.12, we have the following equation:
Ga = {31 % 1y, 21 53 (1. 32)) U Gal3, z2]{(z1,22))
U Gal4,5]((z1,22)) -
Its least fixpoint is:

GA == {.’I)l i) 9 5 T1 —b) 3(.’[)1,.’[)2)} ([3,T2]<<T1,T2)> + [4, 5]<<’I‘1,’I‘2>>)* .

which gives the following recognizable graph G = G 4[1,2] :

1 % 2 1 -5 3(1,2)
3(1,2) > 3(3,2)(1,2) 3(3,2) 5 3(3,2)(3,2)
3(3,2)*(1,2) % 2

4(1,2) % 5(1,2) 4(1,2) 5 3(4,5)(1,

3(4,5) -5 3(3,5)(4,5) 3(3,5) - 3(3,5)(3,5)
3(3,5)*(4,5)(1,2) -5 5(1,2)

4(3,2) % 5(3,2) 43,2) 5 3(4,5)(3,2)
3(3,5)*(4,5)(3,2) = 5(3,2)

4(4,5) % 5(4,5) 4(4,5) =  3(4,5)(4,5)
3(3.5)*(4,5)(4,5) -5 5(4,5)

4(3,5) % 5(3,5) 4(3,5) -5 3(4,5)(3,5)
3(3,5)*(4,5)(3,5) - 5(3,5)

ontheset N := {1,2,3,4,5,(1,2), (3,2), (3,5, (4,5) } of non-terminals. The
set L4 of allowed vertices is generated by the following left linear context-free grammar:
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A = r1 + x2 + A[wl,m}(.’lﬁl, ’1"2)
A[l‘l,l‘g} = 3 + 4 + 5 + A[37I2}(3,.’Eg) + A[4,5} (4,5)
Az, = 3 + 4+ 5+ Apg,Bize) 4+ Aug(45)
A[475} = 3 + 4 + 95 + A[375](3, 5) + [4,5] (4,5)
A[375] = 3 + 4 + 95 + A[375](3, 5) + [4,5] (4,5)
which gives the following rational language L = Lal[l,2] :
L :=1+2+4 3+4+5)e + ((3,5) +(4,5))*(4,5)](3,2)*(1,2)

Then the right closure (G.N*), of G restricted to L is the following graph:
ro, 302 86212 33,2)(3,2)(1,2)

2

4u- , 3(4,-5)ub3(3,5-)(4,%)u 3f3,5)£3,5l(4,j)u
5u
\

| withwin e + ((3,5) + (4,5))* (4,5)](3,2)* (1, 2)
\

which is a graph generated by R from K.
U

Several characterizations of the class of regular graphs as a subset of RECg, have been
given [Ba 98],[CK 00]. It remains to apply Corollary 2.11 to get Theorem 7.11 of [Co 90].

Corollary 3.14 [Co 90] Any regular graph has a decidable monadic theory.

Thus Corollary 3.7 and Corollary 3.14 have been obtained by using the following complete

set of representatives of RECR,; (see Corollary 3.5):
REC\gy = { (G.-N")|1, | G € Rec(N*xT'xN*) A L€ Rat(N*) }.

Although REC| g, is obviously closed by rational restriction on vertices, it is not closed
for instance by inverse morphism, nor by union. As an example, consider h with h(a) = ba

and h(b) = b. Then with z,y € N, we have
- b b *
Wife Sy, ySa, oS ayb N (o)
a b b
= {e >z, >y, — zy}
b " b *
= {e>w, e yh N,y U e = agb N
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and this graph is not in REC|g,; otherwise y -2 2y would be in the graph. A simple
extension is to take the family (J; REC|g, of finite unions of graphs in REC|g,. But
Uy REC|ra; 1s not closed by complement: consider

(e % 2*).N* -

and we can show (not verified here) that this graph € —— z* is not in Uy REC| Ry -

— (mi>:v+).N*‘x* = e 5ot

Now, we give another complete set of representatives of RFECpg, which is a boolean
algebra, closed by inverse rational substitution and by rational restriction on vertices.
Following [Ch 82], we extend the right closures of recognizable graphs to rational right
closures.

Definition 3.15 A rational right closure of a recognizable graph is a finite union of
graphs

U -SWVW = {uw Sovw|ueU ANveV ANweW}
where U, V,W € Rat(N*).

For instance (A - BA).(BA)* U (B LN AB).A(BA)* is the following graph:

. a . b . a - b . —_— —_— —_—
A BA ABA  BABA  ABABA

Let us verify that the rational right closures of recognizable graphs are also in RECR,; -

Proposition 3.16 The rational right closures of recognizable graphs form a complete
set of representatives of RECRy; -

Proof.

i) Let G be a regular graph and g be an extended rational substitution i.e. ¢ is a
morphism 7% — Rat((T UT)*). Let us show that g~ '(G) € RECpq;

By the proof of Proposition 3.12, we can construct a recognizable graph H in N*xTxN*
and a rational set L over N such that H.N* B is isomorphic to G and L is closed by

+— i.e. L is the vertex set of connected components of H.N*.
H.N*

By Theorem 3.2, we can construct a rational substitution A such that h~!'(A
Hence

v) = HN*.

g’l(H.N*‘L) = g YHN*) by Lemma 2.7
g AY) 1L

= (goh) Ay L by Lemma 2.8

= (9o B) 1By 1,
By Proposition 2.9, g*I(H.N*‘L) is in RECRq. As RECRg: is closed by isomorphism,

g Y(@G) is also in RECpg;.

L
7

ii) Note that any graph in REC|g,, is a rational closure of a recognizable graph. More
generally the family of the rational closures of the recognizable graphs is closed by rational
restriction on vertices (see (i) of the proof of Theorem 3.19).
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It remains to prove that any rational right closure of a recognizable graph is in RECg;.
Let G be a rational right closure of a recognizable graph in N*xT'xN* :

G = UieI(Ui 2 V;).WZ-
where [ is finite and for every i € I, U;, V;, W; € Rat(N™).
To each a € T, we associate a new symbol $, and we consider the rational language
Ly = U{Wi|i€l A a;=a} of vertices of the tree A, which must be marked by $,.
We extend N to the following alphabet M := NU{$,|a € T } and we take the
following rational language over M:

L = N"U U{$:.Lo|aeT}.
So the tree

H = (A = ANU{w&>$ai.w|iEI N weW;}
is a regular tree.
We define the following rational extended substitution A :

h(a) == U{U$.8.V; |i€I A aj=a} foreachacT.
Then G =h '(H) and by (i), G is in RECpq; .
O

Contrary to REC|g,; the rational right closures of recognizable graphs are preserved by
boolean operations.

Theorem 3.17 The rational right closures of recognizable graphs form an effective
boolean algebra.

Proof.
First we restrict the recognizable relations in such a way that their right closures form a
boolean algebra. We say that a graph G is right-irreducible if for any transition u - v
in G, u and v are words having different last letters (when they exist):
u=¢€¢V v=c V u(lu|) #v(v]).

In particular the recognizable graph

{N* SelaeT}U{e HN*|aeT}U{N2 S NylacTANz,ye NANz#y}
is right-irreducible and its right closure is the full graph.

i) Let us show that the right closures of right-irreducible recognizable graphs form an
effective boolean algebra.
For any graphs R and S in N*xT'xN*, we have
R.N*USN* = (RUS).N* (1)
Assume that R and S are right-irreducible. Note that for any © — v € R.N*, there is
a unique w and a unique £ -= y € R such that v = zw and v = yw : w is the greatest
common suffix of v and v. Hence
RN*NSN* = (RNS).N* (2)
So (1) and (2) imply that
R.N*—SN* = (R—S).N*
because
(R—S)N*U(RN*NSN*) = (R—S)N*U(RNS)N* = ((R—S)U(RNS))N* = RN*
(R—S)N*N(RN*NSN*) = (R—S)N*Nn(RNS)N* = (R—S)N(RNS))N* = 0
Note that the full graph is also the right closure R.N* of the following right-irreducible
recognizable graph R:
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{N* LelaeT}U{e BN |aeT}U{Nz- S NylacTANz,yc NAz#y}.
Finally the unlabelled recognizable graphs are the recognizable subsets of the product of
N* (Mezei theorem), hence form an effective boolean algebra (otherwise it suffices to apply
Lemma 3.1 (d)).

Let us extend (i) to rational right closures.

ii) The rational right closures of right-irreducible recognizable graphs form an effective
boolean algebra.

By definition, the rational right closures of recognizable graphs are preserved by (finite)
union, and it is the same when the recognizable graphs are right-irreducible.

Let us show the closure by intersection.

Consider an elementary graph (U —= V).W such that U,V,W € Rat(N*) and U - V
is right-irreducible: Yu € U — {e}, Yv € V — {€}, we have u(|u|) # v(|v]).

Note that for any z %y € (U -% V).W, there are unique v € U, v € V, w € W such
that z = ww and y = vw : w is the greatest common suffix of z and y.

Consider another elementary graph (X -2 Y).Z such that X,Y,Z € Rat(N*) and

X % vyis right-irreducible. By right irreducibility, the intersection

0 if a#b
(UNX) % (VNY).WnZz) if a=b

is a rational right closure of a right-irreducible recognizable graph.

The closure by union and the distributivity of the intersection over union imply that the

U-SV)Wn(X-LY).Z =

family of rational right closures of right-irreducible recognizable graphs is closed by inter-
section.

Let us show the closure by complementation.

Consider an elementary graph (U —= V).W such that U,V,W € Rat(N*) and U - V
is right-irreducible.

By closure by intersection, it suffices to show that the complement (U % V).W of
(U % V).W is a rational closure of a right-irreducible recognizable graph. We have

U-SV)wu (U -SV).N*-W) = (U-%V).N*
U -SV)Wn(U-SV).(N-W) = 0 as seen above.
It follows that
U-SV)W = (USV)N*U (U-SV).N*—W).

By (i), this implies that (U -% V).W is a rational right closure of a right-irreducible
recognizable graph.

This proves (ii).

To prove the theorem, we will show that any rational right closure of a recognizable graph
can be expressed by a rational right closure of a right-irreducible recognizable graph.

iii) Let us show that any rational right closure of a recognizable graph is equal effectively
to a rational right closure of a right-irreducible recognizable graph.
By Lemma 3.1 and using the mirror operation, for any L € Rat(N*) and u € N*,
Jul == {v|Lv™" =Lu"'} € Rat(N*).
We want to express any elementary graph (U % V).W with U,V,W € Rat(N*) as a
rational right closure of a right-irreducible recognizable graph. Note that
U =V)W = U (Uz )z = (Vy Ny Wlz,ye N A z#y}
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U{(e-SWVW|leecU} U{ (U -5 eWleeV}
U{ Uzt S Ve HaW|zeN}
By applying the same equality to (Uz ' -% Vz~!).2W and by induction, we get that
(U -5 V)W = UL (U@w) Dz - (V(gw) Dy)-(Jw] N fw)W
weEN*Nz,ye N ANz#y}
U U{(e> Vufl).(UﬂV[w])W lweN*}
Uy w' % e).(,Jw NV)W [we N}
is a rational right closure of a recognizable graph.

O

Let us extend Corollary 3.4.

Proposition 3.18 The rational right closures of recognizable relations are effectively
preserved by transitive closure.

Proof.
Consider a rational right closure of an unlabelled recognizable graph:

Ui (UixVi).W;  where U;, Vi, W; € Rat(N*) for every ¢ € I finite,
i.e. the prefix rewriting w7 of the finite binary relation

R ={(U.V)l]iel}
on Rat(N*) and controlled by the mapping f : R — Rat(N*) defined by f(U;,V;) = W;.
In fact we may have (U;,V;) = (U;,Vj) for i # j, and the domain of the mapping f must
be I instead of R.

i) Let us show that we may assume that for distinct rules (U, V) and (U’, V') of R,
FOVNFULV) £D = fUV) = U V) AULU AV AV

First, we prove this implication when f(U,V) = f(U',V') forevery (U, V), (U',V') € R.
More precisely, we can transform any finite (resp. and rational) relation
R = {(U,V;)|i€I} with [ finite (resp. and U;,V; € Rat(N*))
into a finite (resp. and rational) relation
[R] = { (X;,Y:) |i€J} with J finite (resp. and X;,Y; € Rat(N*))
such that  U;c; UixV; = U;jey XixY:i AN |J] < |
with X, #X; NY; #Y; forevery i#j in J.
This transformation is done by induction on the cardinal of R : |R| = |I| > 0.
Base case : |I| =0. So [R] = R suits.
Inductive case : Let (U,V) € R. We denote by
S = R-{(UV)}.
By induction hypothesis, we can transform S into
8] = { (X)) e}
such that U;e, XixV; = U{ XxY | (X,Y)€R A (X,Y) £ (U, V) }
and X, #X; NY; #Y; forevery i #j in J.
We have one of the following three cases below.
Case 1: U# X, NV #Y; forevery i € J. So [R] = {(U,V)}U]S] is appropriate.
Case 2: U = X; for some (unique) 7 € J. Then the relation
R = {(U,Y;uV)} U ([5] - {(X:, Y0)})
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is of cardinal |R'| = |[S]| < |S| < |R|
and by induction hypothesis [R] = [R'] is appropriate.
Case 3: V =Y, for some (unique) i € J. Then the relation
R = (00, V)} U (8] - {(X;, Y}
is of cardinal |R'| = |[S]| < |S| < |R|
and by induction hypothesis [R] = [R'] is appropriate.

Let us prove (i). The system (R, f) is of the form:
Rf = {(U,V)W;|iel}.
Note that any system reduced to at most one rule satisfies (i).
By induction, it remains to prove that for any system R.f satisfying (i) and for any
U, V,W € Rat(N*), we can construct a system S.g satisfying (i) and defining the same
graph than R.f U (U, V).W. It suffices to take
S = { (UL V)(Wi—W) i€}
O { (UV).(W — Uy W) }
U Uer {0 IUL U V)) [5 €1 A Wy =W JL(Win W),

ii) We denote by 'R—f)n the restriction of the prefix rewriting 'R—f) which does not rewrite

suffixes of length n:
U b—tn if 3(X,)Y)e RIzeXIJyeY IJze f(X,Y),

u=xz Nv=uyz A |z| > n.
Note that —,, C +—, for m >n, and ——¢ = +— .
R, f R, f R, f R, f

*

The derivation 'if)n is the reflexive and transitive closure ('—f>n) of the rewriting }—f)"
R, R, R,

Let us verify that

+
T —
R,fy

— J(U,V)eERFJueU3IveV Iwe f(UV), 'T'Rif)‘“" uw A vw 'Rif)‘w‘ Y.

The sufficient condition is due to the closure of 'Rif>‘w‘ by composition, and to the fact that
for (U,V)€ER, ueU, veV, we f(U V), we have uw | VW

Let us prove the necessary condition by induction on n > 1 for z rR—f>" 1.

n=1: thereare (U,V) € R, ue U, veV, we f(UV) such that & = uw and vw = y.

n:>n+1:thereisssuchthatm»R—f)”S»R—f)y.

By induction hypothesis, there are (U',V') e R, ' e U', v' e V', w' € f(U', V')
such that =z }Ri)‘“"‘ uw' A v ri”w/‘ S.
o f R, f
In particular there is s’ such that s'w’ = s.
As s Y there are (P,Q) € R, pe P, g€ Q, t € f(P,Q) such that
1 s=pt and y = gt.
Thus s'w’ = pt and we distinguish the two cases below.
Case 1: |w'| > |t|. There is h such that w’ = ht hence p = s'h.
Thus = 'Ri}\t\ pt A qt =y.

Case 2: |w'| <|t|. There is h such that ¢ = hw' hence s’ = ph.
* 1,/ 1,/ * _ _ / * ! __
Thus x 'E‘)W‘ u'w' and v'w ':f)\w’\ s = pt = phw }R—,f)‘w" qghw' =y.
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ili) We now extend a polynomial construction [Ca 95] of a rational transducer recognizing
the prefix derivation of a word rewriting system.
We will construct a graph G C FxFExF on a finite set F' of vertices and on a finite set
E of labels. Let us define F' and E.
We denote by
Fy := Dom(R) U {{e}}
the set of rational languages of the left hand sides of R, plus {{e}}. We denote by
F, == {N*} U { P 'fU,V)N...0P, " f(Us, Vi) | n>0 A
Vi<i<n, CN* A (U,V;) R}
the closure by intersection of the left quotients (by subset of N*) of the contexts Im(f)
of R, plus the language N*.
By Lemma 3.1 (¢), F is finite, and is closed by intersection and by left quotient. Thus
the direct product F := FyxFy of F} by Fj is finite. By Lemma 3.1 (b), the set
(N, = Al lyeN" AN LekF}
is a finite set of rational languages. Finally we define
E = {P'"Lin..NP 'L, |n>0 AV1<i<n,
P,CN* AN L € Im(R) U [N*]F2 }
the closure by intersection of the left quotients of Im(R) U [N*}F2.
Like for Fy, E is finite and is closed by intersection and by left quotient.

We consider now the following graph in FxExF":
[y] NP1
H = {(PL) "> Uy 'LOfUV))|(UV)ER A (PL)EF

ANyeN*}
of prefix decompositions of the rules of R.
Given any (finite) graph K in FxExF, we define a splitting (K) of K as follows:

[y N(X~tP)~tY _ X Y
(K) = {(P.D) " (Qy 'L M) | ({eh.N) 2 2 (Q.M)
AN(P,L)ye F ANye N*}.
Furthermore we define recursively a completion K of a graph K in FxExF as being the
least graph containing K with (K) = (), i.e.

' K if (K)y=10
o K U(K) if (K)#0.
Finally we take the completion G of H:
G = H.

We verify that G satisfies the following property (*): for any U € Dom(R),
JV3IveV, (UV)ER AN we f(UV) A vw f}\w\ Tw
<~ 3IW, ({e},N*) %VL (UW) N weW.

iv) To each (U, M) € F, we associate the following rational language:
GU.M) = { x| ({e}.N) 5+ (U M) }.
Consider the inverse R~! := { (V,U) | (U, V) € R } of R, and the mapping f from R!
into Rat(N*) defined by f(V,U) := f(U,V) for every (U,V) € R.
From (R™', f) we construct as defined in (44i) a graph G in FxExF (where for instance

F = FixFy with F; := Dom(R ") U{{e}} = Im(R)U{{e}}).
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We define the following rationally controlled recognizable relation (S, g):
S = {GV,L)xGU,M) | (UV)eR N MecF, N LEF,}
and ¢(G(V,L)xG(U,M)) := LNMnN f(U,V).

Let us prove that — = S
S.9 R, f

C.: Letu»—)v
S, g

There are (X,Y) € S, z€ X, y€Y, z€ g(X,Y) such that u = zz and v = yz.
There exist (U,V) € R, L € Fy, M € F; such that

X=G(V,L),Y = G(U,M) and ¢(X,Y) = LOM N f(U,V).
Hence ({e},N*) =" (V.L) and ({e},N*) =" (U, M).

G T

As z € M and by the direction <= of (*) in (i47),

AV I eVy, (UVI)ER AN z€ f(UVI) AN vz 'Rif)‘z‘ Yz
As z € L and by the direction < of (*) in (4i7),

JU; 3u €Uy, (U,V)ER A z€ f(U,V) N uyz @_‘Z‘ 2

R™L¥

But z € f(U,V) and by (i), we have Uy = U and V; = V.

Furthermore +— | = (— ‘z‘)’l hence
R™LF R, f

*
U =rz }R—f)‘z‘ U1z }E‘)‘Z‘ vz 'R—f)‘z‘ Yz = .

I

: Let x n—) Y.

By the dlrectlon = of (4), 3 (U,V)eRIuecUIveV Iwe f(U,V),
T ';f)\w\ uw N vw ';f)\w\ Y.

So there are z, ¥y such that £ = 7w and y = yw.

By the direction — of (*) in (944),
({e}, N*) * (U, M) for some M € Fy with w € M

({e}, N*) =7 (V, L) for some L € F; with w € L.

Let X = G(V,L) andY G(U,M).
Thenz e X, geYandwe LNMnN f(U,V) = ¢g(X,Y).
Thus x:fwbs—>yw:v.

Note that to get the reflexive closure nR—> of the transitive closure of rR—f) =5 it suffices
to add to S the rule ({€}, {€}) with g({e},{€}) =
O

The rational right closures of recognizable relations are also preserved by union and by
composition, hence by inverse rational substitution.

Theorem 3.19 The rational right closures of recognizable graphs are effectively pre-
served by inverse rational extended substitution on labels, and by rational restriction
on vertices.

Proof.
i) Closure by rational restriction on vertices.
Let U, V, W, L be subsets of N*. We have
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((Ui>V).W)‘L = {uww S ovw|ueU ANveEV ANweW A uw,ow€ L}
= {uw Sovw|lueU AveV AweWnu 'LNv 'L}
= W @w-Sv).Wnu'Lnv 'Ly |lueU ANveV}
= U Unfu) = Vnp).Wnu''LOv 'L) | u,ve N*}
Hence ((U -% V).W),,, is a rational right closure of a recognizable graph when U, V, W, L
are rational languages.

ii) Closure by inverse rational extended substitution on labels.
Let G be a rational right closure of a recognizable graph, and let h: T* — Rat(T UT)*
be a morphism. Note that
BUG) = Uyer ha'(G)
where hg: {a}* — Rat(T'UT)* is the morphism defined by h(a) = h(a).
Let a € T. We want to show that h,!(G) is effectively a rational right closure of a
recognizable graph. By induction on the rational structure of A(a) and by Proposition 3.18,
it remains to prove that the rational right closures of recognizable relations are preserved
by composition. By distributivity of the composition with respect to the union, it suffices
to prove that
U—V)W.(X —Y).Z where UV, W XY, Z € Rat(N*)
is effectively a rational right closure of a recognizable relation.
Recall that for w € N* and L C N*,
Ju] = { o] Lv'=Lu'}.
It is easy to verify that
U -V W.(X —=Y)Z = {(U =YX 'Vn Zwil)).(WﬂZ[w]) | weW }
U{Ov !X nwzl) —=Y)(Zn [2)|z€Z}.

O
Theorem 3.19 with Proposition 3.16 give Theorem 2.12. Let us indicate that for the
rational right closure of any recognizable graph, the path language from a vertex to a

vertex is context-free. We can extend this property for sets of vertices (not proved here in
details).

Proposition 3.20 Let G be a rational right closure of a recognizable graph, we have:
L(G,E.F) € Alg(T*) for any (E,F) € Rat(N*)xAlg(N*) U Alg(N*)xRat(N*)

We deduce that the language accepted by any pushdown automaton with acceptance by
any context-free set of final configurations, is context-free [Sa 79] (Theorem 5.5).
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