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Abstract

We consider the bisimulation on the transition graphs of pushdown automata.

First we give a characterization of bisimulation using the unfolded trees. We recall
that the bisimulation is decidable for the subclass of prefix transition graphs of context-
free grammars. Furthermore any pushdown transition graph is a regular graph: it can
be generated by iterated parallel rewritings of a deterministic graph grammar.

Then we show that the rational restrictions of pushdown transition graphs are
exactly and effectively the regular graphs of finite degree. We restrict to the class of
graphs which are regular by increasing valuation : the length to a terminal coroot.
This subclass strictly contains the prefix transition graphs of reduced context-free
grammars. And we show that the bisimulation is decidable on any graph regular by
increasing valuation.

Finally we show that the bisimulation on the regular graphs of finite out-degree is
equivalent to the bisimulation on the prefix transition graphs of context-free grammars
on terms. For the deterministic case, these problems are inter-reducible to the well-
known equivalence problem of dpda.

1 Introduction

Bisimulation has been introduced [Pa 81] to test whether two processes have the same
behavior. Two vertices of a graph (set of labelled arcs) are bisimilar if they are linked
by a simulation whose inverse is also a simulation. For deterministic graphs, two vertices
are bisimilar if and only if they have the same unfolded tree. Generally we show that two
vertices of a graph are bisimilar if and only if their unfolded trees are obtained from a
common tree by pruning identical ‘adjacent subtrees’.

It is well known that the equivalence problem is undecidable for the context-free gram-
mars. However the bisimulation is decidable on the prefix transition graph of any reduced
context-free grammar [BBK 87]. It is decided by comparing vertices of same valuation
(the minimal path-length to the terminal coroot) and by taking into account the regu-
lar structure of the graphs. Another method has been introduced [Ca 90 a] : given any
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reduced context-free grammar, the greatest bisimulation on its prefix transition graph is
an equivalence induced by an effective idempotent morphism. It follows that the class
of prefix transition graphs of reduced context-free grammars is effectively closed under
quotient by the greatest bisimulation. Another consequence is that this greatest bisimu-
lation is an effective Thue congruence : we can construct a finite relation generating the
greatest bisimulation. This last method has been extended for any context-free grammar
to decide the bisimulation on its prefix transition graph [CHS 92] and on its transition
graph [CHM 93].

Although pushdown automata recognize exactly the languages generated by context-
free grammars, their (prefix) transition graphs, called pushdown transition graphs, strictly
contain the prefix transition graphs of context-free grammars [Ca 90 b]. The decidability
of bisimulation on pushdown transition graphs is an open problem. However the bisim-
ulation of deterministic pushdown transition graphs is decidable because this problem
is (inter-)reducible to the decidable equivalence of real-time dpda [Ro 86]. Furthermore
we know that any pushdown transition graph is effectively a regular graph of finite de-
gree [Ca 90 b], where a regular graph, or equational graph [Co 90], is a graph generated
by iterated rewritings according to a deterministic graph grammar. In fact, the push-
down transition graphs and the regular graphs of finite degree have effectively the same
connected components and the same accessible subgraphs. More generally, the rational
restrictions of pushdown transition graphs are exactly and effectively the regular graphs
of finite degree.

We consider the subclass of graphs which are regular by valuation : they can be
generated with a deterministic graph grammar, by vertices of increasing valuation from
a terminal coroot. This subclass strictly contains the prefix transition graphs of reduced
context-free grammars. Furthermore the original method of [BBK 87] can be generalized
to the graphs regular by valuation. More precisely to decide the bisimilarity of two vertices
of any graph regular by valuation, it suffices to restrict this problem to a finite subgraph of
all vertices whose the valuation is bounded by a value computable from the graph grammar
and from the valuation of the two vertices. This means that the bisimulation is decidable
on any graph regular by valuation.

Finally we consider the context-free grammars on terms. Their accessible prefix transi-
tion graphs are more general that the rooted regular graphs of finite out-degree. But these
two classes of graphs have the same unfolded trees. So the bisimulation on any regular
graph of finite out-degree is decidable if and only if it is decidable on the prefix tran-
sition graph of any context-free grammar on terms. Restricted to deterministic graphs,
this bisimulation problem is inter-reducible to the equivalence problem of deterministic
pushdown automata.

2 Bisimulation

In this section we give some basic properties of (strong) bisimulation. In particular we
characterize bisimulation using unfolded trees (Theorem 2.4).

Here, a graph G is an arbitrary set of labelled arcs (p, a, q) of source p, goal ¢, and label
a. Every arc (p,a,q) may be identified with a labelled transition p % q. Two graphs are



bisimilar if they are linked up by a total relation preserving the branching structure.

Definition 2.1 [Pa 81] Given a binary relation R from the vertices of a graph G into
the vertices of a graph H,

R is a partial simulation if p R g and p - p' then ¢ - ¢’ and p’ R ¢' for some ¢';
R is a simulation if furthermore R links every vertex p of G: p R ¢ for some ¢;

R is a bisimulation if R and R~' are simulations, and we write R: G ~ H.

Note that the bijective bisimulations are the isomorphisms: vertex renamings. The class
of bisimulations is closed under inverse, composition and infinite union. A bisimulation
on a graph G is a bisimulation from G to G. The union of all the bisimulations on G is
the greatest bisimulation =, on G. Two vertices p, q of a graph G are bisimilar if p =, q
or equivalently if there is a bisimulation R on GG such that p R g.

We will characterize bisimilar vertices using their unfolded trees. Recall that a path
in G from a vertex p to a vertex ¢ is either empty (denoted by €) when p = ¢, or is a
nonempty finite sequence (po,a1,p1) ... (Pn—1,an,pn) of arcs in G with pg = p and p, = q.
As usual we denote by p — * ¢ the existence of a path from p to q. The unfolded tree
Tree(G, ) of G from a vertex 7 is the set of arcs u % u(p, a, q) where u(p, a,q) is a path
from r and p — ¢ is an arc of G.
For instance the following tree :

a a a
b b b b
c \ c c
c c
c

is the unfolded tree of the following graph from vertex r :

Generally a graph T is a tree if it has a vertex r such that Tree(T,r) is isomorphic to
T. Equivalently a graph G is a tree if it has a vertex r which is a root: every vertex p



is accessible from r i.e. ¥ — * p, and furthermore r is target of no arc and every vertex
p # r is target of a unique arc. A vertex of a tree is also called a node.
An accessible subgraph of a graph G is the restriction G/r = {(p,a,q) € G | r — * p}
of G to the vertices accessible from a vertex r; in particular T'/r is the subtree of a tree T
at node r. We write G — H if there is a functional (injective inverse) bisimulation from
G to H, which is called a reduction. Note that two graphs are bisimilar if and only if they
reduce to a same graph, or equivalently they are reduced from a common graph:

G~H iff 3K, G—K<+—H iff 31K G+ K — H.

Beware that two inter-reducible graphs are not necessary isomorphic. Given a vertex r of
a graph G, the mapping associating its target with every path from r, is a reduction from
Tree(G,r) to G/r. So bisimilar vertices have bisimilar unfolded trees: if p =, ¢ then
Tree(G,p) ~ Tree(G,q). The converse is false except if the unfolded trees have bisimilar
roots. We bypass this condition using reductions:
p=q,q iff 3T tree, Tree(G,p) — T «— Tree(G,q) (%)
iff 3T tree, Tree(G,p) «— T — Tree(G,q).

Let us restrict () to deterministic graphs: distinct arcs with the same label have distinct
sources, i.e. if r - p and r % ¢ then p = g.

Corollary 2.2 Given a deterministic graph G,
p=,q9 iff Tree(G,p) is isomorphic to Tree(G,q).

To extend Corollary 2.2 to arbitrary graphs, we define a basic operation on trees. Given a
tree T' and a node ¢ distinct of the root, we define the partial tree T, = T/q U {(p,a.q)}
of T' at g, where p —% ¢ is the arc of T of goal q. Two partial trees are adjacent if they
have the same root. A basic reduction on trees consists of removing redundant adjacent
partial trees.

Definition 2.3 A tree S is pruned to a tree T' and we write S > T, if there is a set P
of nodes of S with the following two conditions:

(i) For every p in P there is ¢ not in P such that S, and S, are isomorphic adjacent
partial trees,

(i) T is isomorphic to the restriction S — U{S, | p € P} of S to the nodes not
accessible from P.

Note that a deterministic tree S is irreducible according to the pruning relation : § > T
implies S and T are isomorphic. Furthermore > is a reduction on trees : S > T implies
S — T'. So vertices are bisimilar when their unfolded trees are obtained from each other
by iteratively adding and deleting identical adjacent partial trees. We show that the
converse is true: the unfolded trees are obtained by pruning a common tree.



Theorem 2.4 We have the following equivalences:
p=goq iff Tree(G,p) (> U<)*" Tree(G,q)
iff  Tree(G,p) < T > Tree(G,q) for some tree T.

Beware that bisimilar vertices may have unfolded trees not pruning to a same tree. This
ends the fact that bisimulation preserves branching structure.

3 Bisimulation of context-free grammars

In this section, we recall and refine decision results on bisimulation of context-free gram-
mars (Theorems 3.2 and 3.3).

We consider the decidability of bisimulation. Given an arbitrary finite graph G, the
decision of =, is obvious. Any binary relation R on the vertices of G is finite, so we
can decide whether R is a bisimulation. Furthermore the set of binary relations on the
vertices of G is finite, hence we can construct the greatest bisimulation =, on G. In fact
we can decide =, in O(m.logn) [PT 87] where m := #G is the number of arcs of G (its
cardinality) and n < 2m is the number of vertices of G.

Let us consider larger classes of graphs using context-free grammars. Given an al-
phabet N of non-terminals and an alphabet T' of terminals, a context-free grammar P in
Greibach normal form (without an axiom) may be seen as a finite subset of N xT'xN*: each
production p — aq with a € T, p € N and g € N*, is replaced by a labelled transition
p — g. The set

PN* = {pt Hut|p “>u €P ANteN*}
of the prefix transitions of P is called the prefix transition graph of P. For instance the
prefix transition graph P.{z,y}* of this context-free grammar P := {z- %€ , Ti)yT} is
the infinite replication of this following infinite connected component:

a a
b| !
b .
- ueﬁ
e a
f%uiu

Recall that P is reduced if € is a coroot of P.N*, i.e. there is a path from every non-
terminal (word) to e.



In this context the deterministic context-free grammars are the simple grammars. Given
an arbitrary reduced deterministic context-free grammar P, the bisimulation =, .. of its
prefix transitions corresponds to the equivalence of simple grammars, that can be solved
polynomially according to the size of P and to its valuation [Ca 93]. Furthermore given
an arbitrary deterministic grammar P (not necessary reduced), = . corresponds to the
decidable equality of infinitary simple languages [Ca 86].

For an arbitrary reduced grammar P (not necessary deterministic), =, . remains decid-
able [BBK 87]. Using the notion of self-proving relations [Co 83 b], we have shown that

=, v~ 18 an equivalence induced by an effective idempotent morphism on N*.

Proposition 3.1 [Ca 90 a] Given any reduced context-free grammar P on a non-
terminal alphabet N, we can construct an idempotent morphism h on N* such that
u=py.v iff h(u)=h() for every u,v € N*.

This construction has been improved to polynomial time [HJM 94] and allows to decide the
equivalence of simple grammars polynomially according only to the size of the grammars.
From Proposition 3.1, it follows that =, \. is effectively a Thue congruence: we can
construct a finite binary relation R on N* such that its generated congruence %) is equal

to =, v+ [Ca 90 a]. Furthermore =, . is effectively a rational transduction: we can
construct a transducer (finite graph labelled on N*xN* with an initial vertex and final
vertices) recognizing =, \.. Finally this method has been extended to any context-free
grammar.

Theorem 3.2 [CHS 92] The greatest bisimulation on the prefiz transition graph of
any context-free grammar is decidable, is a Thue congruence and is a rational trans-
duction.

From [BCS 95] and for any context-free grammar P, we deduce that =, . is effectively
a Thue congruence and is effectively a rational transduction.
We consider also the set

N*P.N* := {spt S sut|p “>u €P A s,teN*}
of all transitions of P, called the transition graph of P. When the associative concatenation
over N is also commutative, the transition graph of any grammar P corresponds to its
prefix transition graph, and is called the commutative (prefiz) transition graph of P. For

instance the commutative transition graph of P = {z- %1z, T—b)Ty} is the following
grid:



D I T E———}

D I T E——}

which is neither the prefix transition graph nor the transition graph of a grammar. However
the transition graph of any grammar is reducible to its commutative transition graph: with
every non-terminal word u we associate its equivalence class [u] modulo the commutation
relation %) for R := {(ab,ba) | a,b € N}. So the bisimulation of grammar transition

graphs is reducible to the bisimulation of grammar commutative transition graphs, which
is decidable.

Theorem 3.3 [CHM 93] The greatest bisimulation on the transition graph of any
context-free grammar is an effective Thue congruence, hence is decidable.

However the greatest bisimulation on the transition graph of any context-free grammar is
not in general a rational transduction. For instance, the greatest bisimulation =,. , -

of P={z S e,y LN e} on N = {z,y} is equal to the non rational transduction
{ (u,v) € N*xN* | |uly = |v|]z A |uly = |v], } of the couple of words with the same
occurrences of z and of .

We will now consider the decidability of bisimulation for pushdown automata.

4 Bisimulation of pushdown automata

In this section we consider the bisimulation of pushdown automata, or only of real-time
pushdown automata: the (strong) bisimulation does not take into account the empty
transitions; the empty word is like an ordinary terminal. First we apply decision results
on the equivalence of deterministic real-time pushdown automata to the bisimulation of
their transition graphs (Theorems 4.2 and 4.3). Then we determine the structure of the
transition graphs of pushdown automata : they are regular graphs meaning that they can
be generated by deterministic graph grammars (Theorem 4.7). And we give two effective
characterizations of regular graphs of finite degree (Theorems 4.8 and 4.9). Finally we
show that the bisimulation is decidable on any graph which is regular by increasing path-
length to a terminal coroot (Theorem 4.16).

As for context-free grammars over an alphabet N of non-terminals and an alphabet T
of terminals, a real-time pushdown automaton P (without axiom and final states) may be
seen as a finite subset of QQ.NxT'xQ).N* where () is an alphabet of states disjoint of V. So



the transition graph N*.P.N* of P is the infinite replication of its prefix transition graph
P.N* called its pushdown transition graph. For instance the pushdown transition graph

of the (real-time pushdown) automaton {pz -% pzz , pz LN P, Pr — q, qx -, q}
where N = {z}, Q = {p,q}, T = {a,b,c,d} is the following graph:

b \_/‘\_/\_/
b b b
c c c c — - —
a  d d

Taking a new letter ¢, every grammar P is transformed into the following automaton
{gp 5 qu|p - u € P} with a single state Q = {g} and such that its pushdown
transition graph is isomorphic to the prefix transition graph of P. The converse is false:
the previous graph is not a connected component of the prefix transition graph of any
grammar [Ca 90 b]. Thus pushdown transition graphs are more general than grammar
transition graphs. Including @ in N, a real-time pushdown automaton P is a labelled

word rewriting system, i.e. a finite subset of N*xT'xN*. Note that the prefix transition

graph of the following rewriting system {z % €, z? LN 23} is not a pushdown transition

graph. However the prefix transition graphs of labelled word rewriting systems have
effectively the same accessible subgraphs than the pushdown transition graphs [Ca 90 b].
This correspondence remains true for the connected components.

Proposition 4.1 The prefiz transition graphs of labelled word rewriting systems and
the pushdown transition graphs have effectively the same connected components and
the same accessible subgraphs.

We now consider the decidability of bisimulation on pushdown transition graphs. Given
any graph G in VxT'xV | we denote by L(G,r, E) the set of path labels of G from r € V to
any vertex in £ C V. In particular L(P.N*,r, F.N*) is the language accepted by P from
azxiom r € Q.N* with acceptance by final states in F C Q).

Recall that P is reduced if from every word in Q.N (or in @Q.N*), there is a path ending
to some state; for instance the previous automaton is reduced. For an arbitrary reduced
real-time dpda (deterministic pushdown aeutomaton) P, = \. is inter-reducible to its
decidable equivalence problem with acceptance by empty stack [OIH 80]:

u=py-v iff L(P.N*,u,Q)=L(P.N*v,Q).

Theorem 4.2 [OIH 80| The greatest bisimulation on any reduced and deterministic
pushdown transition graph is effectively a rational transduction, hence is decidable.

For an arbitrary real-time dpda P (not necessary reduced), =, \. is inter-reducible to its
equivalence problem with acceptance on any state:

u=py-v iff L(P.N* u,QN*)=L(P.N*,v,Q.N*).



This problem is decidable even for any subset of final states [Ro 86]. In fact for pushdown
automata (respectively real-time/deterministic) the equivalence problem with acceptance
on final states is inter-reducible to the equivalence problem with acceptance on any state.

Theorem 4.3 [Ro 86] The bisimulation on any deterministic pushdown transition
graph is decidable.

Nevertheless for an arbitrary non reduced real-time dpda P, we do not know if =, . is
a rational transduction, but in this case we cannot construct a rational transducer, by
reducing the undecidable Post’s Correspondence Problem [Co 81].

A way to consider bisimulation on pushdown transition graphs is to determine their
structures. The structure of pushdown transition graphs has been originally studied in
[MS 85]. Let us give another but effective characterization of these graphs by using graph
grammars. We take a set of labels with non null arities. A hyperarc is a word asi...s,
labelled by a of arity p > 0 and joining in order the vertices si,...,s,. In particular an
arc s — t is the word ast with a of arity 2. A hypergraph H is a set of hyperarcs. A
graph grammar R is a finite set of rules of the form az;...z, — H where z,...,x, are
distinct vertices and H is a finite hypergraph. The labels of the left hand sides of R are
the non-terminals of R. The other labels in R are the terminals and are of arity 2 (they
label arcs only). We say that R is deterministic if there is only one rule by non-terminal.
A rewriting M — N consists in choosing a non-terminal hyperarc X = asj...s, in M

and a rule az...z, — H in R to be applied; the vertices z; in H indicate how to replace
X by H:

N = (M—-X) U {bg(t1)...g(ty) | bt1...t, € H}
for some matching function g mapping z; to s;, and the other vertices of H injectively to
vertices outside M; this rewriting is also denoted by M — N. Note that — is not in

general a functional relation, even when R is deterministic. Nevertheless,
M—-s...o - N if M —- o.... — N

R, X1 R, X R, X (1) R, X r(n)
for any X; € M and for any permutation 7 on {1,...,n}. Thus, it makes sense to define
a complete parallel rewriting — as follows :

M?N lf M—>o...oHN

R, X1 R, Xp
where X7,..., X, are all the non-terminal hyperarcs of M. We denote by [M] = { ast €
M | a is a terminal of R } the set of terminal arcs of M. A graph G is generated by
a deterministic graph grammar R from a hypergraph H if G is isomorphic to J,,~[Hxn]
where Hy = H and H,, — H,, ; for every n > 0. For instance the following deterministic

graph grammar :

b (X) (x) PN
A (x) b
. . B and B ¢ B
(x)
d



generates from the hypergraph { Az} the previous pushdown transition graph.

Definition 4.4 A regular graph is a graph generated by a deterministic graph gram-
mar from a finite hypergraph.

These graphs are the equational graphs of [Co 90]. Restricted to trees, a regular tree is
a tree with a finite number of nonisomorphic subtrees, i.e. the unfolded tree of a finite
graph. In particular the first example of the previous section gives a regular graph with a
non regular unfolded tree. Let us give basic properties of regular graphs.

Proposition 4.5 We have the following properties:

a) Every accessible subgraph of a reqular graph is effectively a regular graph;

b) Every connected component of a reqular graph is effectively a regular graph;

c) Every reqular graph has effectively a finite number of nonisomorphic connected
components.

Let us give some correspondences between regular graphs and prefix transition graphs of
word rewriting systems. The set of vertices of any prefix transition graph R.N* is equal
to (Dom(R) U Im(R))N*, hence is rational. We also have an effective rational language
for the vertices accessible from a given axiom [Bii 64], or better for the vertices accessible
from any rational set of vertices.

Proposition 4.6 The prefiz derivation of any (unlabelled) word rewriting system is
effectively a rational transduction.

This entails that any pushdown transition graph is a regular graph [Ca 90 b] of finite de-
gree, i.e. every vertex belongs only to a finite number of arcs. The converse is false because
every pushdown transition graph is either empty or infinite. This converse becomes true
if we restrict pushdown transition graphs to their accessible subgraphs, called accessible
pushdown transition graphs.

Theorem 4.7 [Ca 90 b] We have the following properties:

a) The accessible pushdown transition graphs are effectively
the rooted components of pushdown transition graphs, and are effectively
the rooted regular graphs of finite degree;

b) The connected components of pushdown transition graphs are effectively
the connected reqular graphs of finite degree.

For instance every deterministic graph grammar generating a rooted graph G of finite
degree, is mapped effectively into a pushdown automaton with an axiom such that its

10



accessible transition graph is isomorphic to GG, and the reverse transformation is also
effective.
One way to obtain all regular graphs of finite degree is to take the restrictions of pushdown
transition graphs P.N* to any rational subset V C ().N* of configurations :

(PN*)y = {p--q €PN*|pqeV}.

Theorem 4.8 The following families of graphs coincide effectively:

a) The regular graphs of finite degree;

b) The rational restrictions of prefiz transition graphs of labelled rewriting systems;
c) The rational restrictions of pushdown transition graphs.

Another way to obtain all regular graphs of finite degree is to apply a rule by prefix
and only if its right context belongs to a given rational language. A similar method has
been defined in [Ch 82]. More precisely, a rationally controlled labelled rewriting system
(R, f) is a labelled rewriting system R with a mapping f from R into the rational sets of
non-terminal words. The prefix transition graph of (R, f) is the set

Rf ={uw -Sovw|u-"v ERANw €flu-"v)}
of prefix transitions of R whose right contexts are allowed by f.

Theorem 4.9 The following families of graphs coincide effectively:

a) The regular graphs of finite degree;

b) The prefix transition graphs of rationally controlled labelled rewriting systems;
c) The (pushdown) transition graphs of rationally controlled pushdown automata.

Let us give some basic closure properties of rationally controlled prefix transition graphs.
In particular and despite the class of rationally controlled prefix transition graph is not
closed by quotient by the greatest bisimulation, it is closed by any morphism on vertices.

Proposition 4.10 The class of rationally controlled prefiz transition graphs is closed
effectively by union, difference, intersection, morphism, and rational restriction.

Note that the class of rationally controlled prefix transition graphs is not closed by inverse
morphism. Let us apply Proposition 4.10 to Proposition 3.1.

Corollary 4.11 [Ca 90 a] Any couple (P,N) of a reduced context-free grammar P
on a non-terminal alphabet N can be transformed into another couple (P, N) such that
P.N" is the quotient of P.N* by its greatest bisimulation.

It follows that the unfolded tree from the root of the previous regular graph is not the
unfolded tree of any (reduced) cf-grammar.

11



Given a deterministic graph grammar S generating a (regular) graph G of finite de-
gree, we give a general method to transform S into another deterministic graph grammar
generating G. Let G be any labelled graph and let g be a graduation of G, i.e. a mapping
from the vertex set V; of GG into the integer set IN. For every n > 0, we denote by

(Ggn = {s-5t eGlg(s)<n A g(t)<n A (g(s) <n V g(t) <n)}
the first n-th slides of the decomposition of G by g, and we denote by
Glgn = {s€Valgls)=nV (s€ Vg (a,. N 9(s)<n)}

the n-th frontier of G by g.
We say that G is a regular graph according to g if there exist a deterministic graph grammar
S and a hyperarc X such that for every n > 0, S generates from X by n parallel rewritings
the graph (G)g,, of terminal arcs with the vertex set [G]y,, of non-terminal hyperarcs, i.e.
YVn>0 3H, X ——S—>" H A [H]=(G)gn N Vi_ig=I[Glgn;
except when [G]y, = 0 and (G)y,, # G, Viy_[p) is restricted to a vertex not in V.
Given any vertices s,t of G, we denote by
da(s,t) = min({ |u| |u € L(GUG 4, 5,t) } U {oc})
the distance in G between s and t.
Furthermore we denote by ((G))g,s the connected component of G — (G)y 4(s)
s (may be empty), and by [[G]lgs = [Glg4(s) N V((@)),.. its frontier by g.
We write s ~ j, ¢t if h is an isomorphism from ((G))y.s to ((G))g,¢ such that h([[G]]4s) =
[[G]]g,r and h(s) =t. We say that g is vertex independent if the decomposition is identical
for isomorphic connected components with the same frontier:
s~pt = g(r)—g(s) =g(h(r)) —g(t) for every vertex r of ((G))gs-
Note that if G is a regular graph according to g then g is of bounded connection in the
following sense :
3b6>0 Vn >0 Vs,te [G]g,n , dG*(G)g,n (s,t) =00 V dG*(G)g,n (s,t) <b.
The converse is true for any connected regular graph of finite degree and with a vertex
independent graduation.

containing

Lemma 4.12 Given a connected rationally controlled rewriting system (R, f) and a
vertex independent graduation g : Vi y — IN, the following two properties are equiva-
lent :

a) R.f is a [resp. is an effective] reqular graph according to g,

b) g is of bounded connection [resp. g~ is recursive].

Note that if G is a regular graph according to g then g(G) is again a regular graph. The
converse is false except for instance when ¢ is a e-free morphism on a rationally controlled
prefix transition graph.

Proposition 4.13 Any rationally controlled prefiz transition graph is an effective reg-
ular graph according to any e-free morphism.

Thus (and as already seen in proof (b) = (a) of Theorem 4.9), R.f can be generated by
vertices of increasing length with a deterministic graph grammar. Another consequence

12



of Lemma 4.12 is that any connected graph R.f can be generated with a deterministic
graph grammar by increasing distance d(u, F) := min{ d(u,v) | v € E } of any vertex u
from a given nonempty finite set E of vertices.

Proposition 4.14 [Ca 90 b] Any connected rationally controlled prefiz transition
graph is an effective regular graph according to the distance from any nonempty fi-
nite set of vertices.

We are ready to extend the method defined in [BBK 87] to decide the bisimulation
for a general subclass of regular graphs including the prefix transition graphs of reduced
context-free grammars.

Note that the prefix transition graph of any reduced context-free grammar has e as terminal
coroot. Recall that a vertex ¢ of a graph G is terminal if it is source of no arc :

VavVt (c 5t ¢G,
and that c is a coroot if there is a path from any vertex to ¢, i.e.

VseVg s :G>* c.
In particular, a terminal coroot of a graph is unique. Given any graph G with a terminal
coroot ¢, we define the valuation || s || of any vertex s as being the minimal length of the
pathes from s to ¢, i.e.

| sl == min{|w| | we L(G,s,c) }.
For any reduced context-free grammar on a non-terminal alphabet N, the valuation on
N* is an e-free morphism, hence Proposition 4.13 can be applied.

Corollary 4.15 The prefiz transition graph of any reduced context-free grammar is
an effective reqular graph according to its valuation.

The converse is false : there exist graphs regular by valuation which are not isomorphic
to any restriction of the prefix transition graph of any reduced context-free grammar. For
instance and by identifying the two terminal vertices of the previous graph, we obtain
a graph with a terminal coroot which cannot be obtained with a reduced context-free
grammar [CM 90], and that can be generated by increasing valuation according to the
following deterministic graph grammar :

(x) /—b\ (x) (x) /—a\
i \_/ * ° ) \_/ *
A c b
. . B and B — - B
d c
: /
e

A basic property is that for any graph with a terminal coroot, two bisimilar vertices
have the same valuation. In a way similar to [BBK 87], we reduce the decidability of the
bisimulation on any regular graph according to its valuation, to the decidability on the
finite subgraph of all vertices having a valuation bounded by a computable value.
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Theorem 4.16 The bisimulation on any reqular graph according to its valuation is

decidable.

Contrary to Corollary 4.11, the class of graphs regular by valuation is not closed by
quotient by the greatest bisimulation. But for any finite degree graph regular by valuation,
if its quotient by a bisimulation is regular then this quotient is regular by valuation.

5 Bisimulation of term context-free grammars

In this section, we consider the bisimulation of context-free grammars on terms (Defini-
tion 5.1). We define two subclasses of context-free grammars such that their accessible
prefix transition graphs are exactly and effectively the rooted regular graphs of finite out-
degree (Theorem 5.3), resp. of finite degree (Theorem 5.4). On the other hand, we show
that the prefix transition graphs of context-free grammars and the regular graphs of finite
out-degree have the same unfolded trees (Proposition 5.6), hence the bisimulation on these
graphs has the same decision problem. Finally, the bisimulation decidability of determin-
istic context-free grammars is inter-reducible to the well-known equivalence problem of
dpda (Proposition 5.9).

We introduce some definitions and usual notations. The set T'(F') of (finite) terms on
a graded alphabet F' = J,,~, Fy, is the least language in F* such that ft;...t, € T'(F) for
every f € F, (of arity n > 0) and every t1,...,t, € T(F). A constant is an element of Fj.
A subterm s of a term ¢ is a term which is a factor of ¢ (usv = t for some u,v). The set
F(t) of symbols of some term ¢t = ft;...t, on F is defined recursively on its structure by
Ft) == {f} U Ui<j<p, F(ti). We denote by E(t) := F(t) N E the set of symbols in
E C F of a term t. Furthermore the height h(t) of any term t = ft;...t, is the greatest
length of its branches : h(t) := max({ 1 +h(t;) | 1 <i<n}U{0}).
We take a denumerable set V = {x1,z9,...} of term wvariables (symbols of arity zero),
disjoint from F'. The context-free grammars on words are extended to terms. Recall that
T is the set of terminals and F' will be the (graded) set of non-terminals.

Definition 5.1 A term context-free grammar on F UV is a finite set of labelled rules
fri...mn S twheren >0, f€F,,ac€T andt € T(FU{x1,...,7,}).

In particular, a term context-free grammar is a labelled term rewriting system, i.e. a finite
set of labelled rules s —= ¢ of terms s, on F UV such that V() C V(s). Recall that
a substitution o is a mapping from V into T'(F U V) which is extended into a morphism
on T(FUV): o(fty...t,) = fo(t1)...0(ty). We denote by t[ti,...,1t,] the substitution
o(t) of t defined by o(z1) = t1, ..., o(zy) = t, and o(z) = x for every other variable x.
The prefix transition graph of any context-free grammar on words can be extended to any
context-free grammar P on terms: the set

PT(F)* = { fti..tn 5 tit1,.. . ta] | fo1. .00 5t €P A t1,...,t, €T(F) }

14



of the prefix transitions of P is the prefix transition graph of P; its accessible subgraphs
are the accessible prefiz transition graphs of P. More generally, the prefix transition graph
of any term rewriting system P is the set

PT(F)* = {o(s) S o(t)|s -t € P A oisa substitution }
of its prefix transitions. Note that any prefix transition graph is of finite out-degree : every
vertex is source of only a finite number of arcs.
For instance, taking F' = {f,g,h} with f,g, h of respective arities 2,1,0, the accessible
prefix transition graph P.T(F)*/fhh of this (linear) context-free grammar

P = {friz9 — fgmi1ze , f2172 - frigza}
and from axiom fhh is the previous grid, which is not a regular graph. In fact, the term
fgzixo is not entire in the following sense : a term ¢ is entire if for every subterm s of ¢,
either s has the same variables as %, or s is a variable or s has no variable; for instance,
fxifzoxy and fgcxr, are entire terms. By extension, a rewriting system is entire if for
every rule s —— ¢, the terms s and t are entire.
Accessible prefix transition graphs of term cf-grammars generalize rooted regular graphs
of finite out-degree. More precisely, it is known that the prefix transition graphs of entire
systems, or of cf-grammars, and the regular graphs of finite out-degree have the same
accessible subgraphs [Ca 92]. Let us refine this characterization by restricting as much as
possible the class of entire cf-grammars.

Definition 5.2 A term cf-grammar P is standard if every rule s - ¢ of P satisfies
the following three properties :
(i) h(t) <2
(ii) tgV = V(t)=V(s)
(iii) s¢ by = Fo(t):Q) .

For instance with symbols f,g,h of respective arities 2,1,0, these entire cf-grammars
{gz % gggz}, {fzy % gz}, {9z -5 fhx} do not satisfy respectively (i),(i4),(4ii) of
Definition 5.2. This definition allows to refine the class of entire cf-grammars in such a
way that their accessible prefix transition graphs are the rooted regular graphs of finite
out-degree.

Theorem 5.3 The following families of graphs coincide effectively:

a) The rooted regular graphs of finite out-degree;

b) The accessible prefix transition graphs of entire rewriting systems;

c) The accessible prefiz transition graphs of standard and entire cf-grammars.

This correspondence becomes false for the connected components: it suffices to take the
following standard and entire cf-grammar P := {fz129 = z1 , fzi19 b, xz9} on F =
{f,h} with f h of respective arities 2,0, then its prefix transition graph P.T'(F)* has
the inverse grid as subgraph, so has an undecidable monadic theory [Se 91], hence is not
regular, because every regular graph has a decidable monadic theory [Co 90].

Let us restrict Theorem 5.3 to characterize the rooted regular graphs of finite degree. We
say that a term t = ftq...t, is perfect if for every 1 < i < n, h(t;) = h(t) — 1 and by
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induction ¢; is perfect. For instance, with functions f, g, h of respective arities 2,1, 0, the
term fghfhh is perfect but the term gfhgh is not perfect. By extension, a rewriting
system is perfect if for every rule s —— ¢, the terms s and ¢ are perfect. In particular, the
left hand sides of any cf-grammar are perfect. Furthermore, we say that a term rewriting
system P is constant-separated if it satisfies the following weaker condition than condition
(797) of Definition 5.2 :
V(it)#0 = Fyt)=10 for any rule s % t of P.

In particular, every standard cf-grammar is constant-separated. The restriction of The-
orem 5.3 to perfect and constant-separated systems, gives the regular graphs of finite
degree.

Theorem 5.4 The following families of graphs coincide effectively:

a) The rooted reqular graphs of finite degree;

b) The accessible prefiz transition graphs of perfect, constant-separated and entire
rewriting systems;

c) The accessible prefix transition graphs of perfect, standard and entire cf-grammars.

Now we consider the trees obtained by prefix unfolding of term context-free grammars.

Definition 5.5 A context-free tree is an unfolded tree of the prefix transition graph
of a context-free grammar on terms.

Although the accessible prefix transition graphs of term context-free grammars is a proper
extension of the rooted regular graphs of finite out-degree, their unfolded trees are the
same.

Proposition 5.6 The contexi-free trees coincide effectively with the unfolded trees of
finite out-degree regular graphs.

Thus the equality problem of context-free trees is the same that the decidability of bisim-
ulation on regular graphs of finite out-degree.

Corollary 5.7 The bisimulation on prefix transition graphs of term cf-grammars is
inter-reducible to the bisimulation on reqular graphs of finite out-degree.

In fact, the unfolded trees of regular graphs of finite out-degree is a proper extension of the
unfolded trees of regular graphs of finite degree. For instance, the unfolded tree from the
root of the regular graph of finite out-degree and generated by the following deterministic
graph grammar :
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(1)-

(1) (1)e

(2)+

(3)+

is not the unfolded tree of any regular graph of finite degree. The unfolded trees of cf-
grammars on words and on terms, of pushdown automata, and of regular graphs can be
classified.

Proposition 5.8 We have the following hierarchy on trees :
finite trees

C regular trees of finite degree

= unfolded trees of finite graphs

C unfolded trees of context-free grammars on words
C unfolded trees of pushdown automata

= unfolded trees of regular graphs of finite degree

C unfolded trees of reqular graphs of finite out-degree

unfolded trees of context-free grammars on terms
C unfolded trees of regular graphs.

This hierarchy is valid for deterministic trees, except that the last inclusion is an equality.

As for the bisimulation on regular graphs of finite degree, we distinguish the determin-
istic case for the bisimulation on term cf-grammars. Let us recall the equivalence problem
for dpda. A dpda P (not necessary real-time) is a finite subset of Q. N x T'U {e} x Q.N*
satisfying the following two conditions:

(i) P is deterministic, i.e. if s % u,s "> v € P then u=wv (evenifa = ¢)

(ii) if s S u,s v €P then a=c
The equivalence problem for dpda is to decide whether

L(P.N*,u, F.N*) = L(P.N*,v,F.N*)
for any dpda P, any subset F' of states and any configurations u,v € QQ.N*. Note that
the acceptance is by final states but the problem is not more difficult if the acceptance
is by empty stack, or also is on all states. Thus by identifying source and target of e-
transitions, this problem is reducible to the bisimulation of deterministic regular graphs;
and the inverse transformation also holds.

Proposition 5.9 The following problems are inter-reducible :
a) The equivalence for dpda

b) The bisimulation on deterministic reqular graphs

c) The equality of deterministic context-free trees.

Despite the last approach of [Me 92], the equivalence problem for dpda remains open.

In fact, the deterministic context-free trees correspond to the algebraic terms (trees)
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[Co 83 a]. Recall that a recursive program scheme [Ni 75|, [Gu 81] P on FFUV is an
unlabelled term cf-grammar, i.e. a finite set of rules
fri...tn, — t with V(t) C{zy,...,zn}
such that P is functional : fri...p — s AN fz1...2p —t = s=t
and P isin Greibach form : fz,...z, —t = t(l)e F —Np
where Np := { f € F, | fzr1...xn, € Dom(P) } is the set of non-terminals of P.

An algebraic term is an unfolded (finite or infinite) term P¥(¢) on F' — Np obtained by a
scheme P from a term ¢t = ft,...t, € T'(F'), as follows :

) o fPe). . Pot,) i fEN
Pe(ftr. . tn) = { Po(slt o tal) O oy s € P

By a simple replacement of vertex labels by arc labels, the algebraic terms correspond to
the deterministic context-free trees.

Lemma 5.10 The equality problem of deterministic context-free trees is inter-reducible
to the equality problem of algebraic terms.

Proposition 5.9 with Lemma 5.10 yield a known result.

Corollary 5.11 [CG 87] The equivalence problem for dpda is inter-reducible to the
equality problem of algebraic terms.

6 Conclusion

We have shown (Theorem 4.16) that the bisimulation is decidable for any reduced push-
down automata having a regular transition graph according to the path-length to its
terminal vertices. However the decidability of the bisimulation for any pushdown automa-
ton is an open problem.

Problem 6.1 Is bisimulation decidable for pushdown automata ?

From Theorem 4.7 (a), problem 6.1 is inter-reducible to the decidability of bisimulation of
finite degree regular graphs. So Problem 6.1 is a restricted case of the following problem.

Problem 6.2 Is bisimulation decidable for reqular graphs of finite out-degree ?

But this problem restricted to the deterministic case, is inter-reducible to the still opened
famous equivalence problem of deterministic pushdown automata (Theorem 5.9). Finally,
Problem 6.2 is a restricted case of the following problem.
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Problem 6.3 Is bisimulation decidable for reqular graphs ?
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A Appendix

We give here all the proofs of new results.

A.a Bisimulation

We need some basic facts on reductions. First we give below two bi-infinite connected
graphs G and H such that G and H are interreducible: G — H and H — G , but G
and H are not isomorphic.

e N N N L S S
- N .\/\ A~ m A~ A a_

Given a bisimulation R on G which is an equivalence, usually called a congruence, we
define the quotient of G by R as follows:

G/R = {[p], = ld,|p-—q€CG}
where [p| . := {q | p R q} is the equivalence class of p according to R. The mapping [ ]
is a bisimulation from G to G/R.

Lemma A.1 Given a congruence R of a graph G, [| : G — G/R s a reduction.

Proof.

It suffices to prove that [ | is a bisimulation.
a

Let p - ¢. By definition of G/R, [p], — [g],, hence [] 1is a simulation.
a

Conversely if [p] — [g]  then there is p % ¢ withp’ Rpand ¢ Rgq.

As R is a simulation there is ¢” such that p - ¢"” and ¢' R ¢". So [¢"]. = ldl..
O

We denote by Ker(R) := Ro R ' := {(p,q) | 3Ir, p Rr A g R r} the kernel of any
binary relation R. If R is a bisimulation then its kernel is a bisimulation. Restricting to
reductions we obtain exactly the congruences.

Lemma A.2 The congruences of a graph G are the kernels of the reductions from G.

Proof.

Let R be a congruence of G. From Lemma A.1, [] : G — G/R is a reduction from G
satisfying Ker([ ] ) = {(p.q) | [p], = [d .} = R

Conversely let h be a reduction from G to some graph H. So h is a bisimulation from G
to H. Hence Ker(h) = h o h™! is a bisimulation on G.

As h is a mapping Ker(h) is an equivalence. Finally Ker(h) is a congruence.



O

Given a bisimulation R on G and by induction on n > 0, the composition n times R" of R
is also a bisimulation on G. Hence the reflexive and transitive closure R* = [J{R" | n > 0}
is a bisimulation on G. In particular the greatest bisimulation =, of G is also the greatest
congruence of G. It follows that bisimilar graphs are graphs reducible to a same graph.

Proposition A.3 We have G ~ H iff G — o +— H.

Proof.
If G— o« H then G~ o~ H hence G ~ H. Let us show the converse.
Let R: G ~ H. So Ker(R) = R o R ! is a bisimulation on G. Hence its reflexive and
transitive closure (Ker(R)) = (R « R~")" denoted by (RR™")", is also a bisimulation on
G, hence a congruence on G. Similarly (R~ 'R) “is a congruence on H. From Lemma A.1
the following relation )

S = (1) o Bollg i
is a bisimulation from G/(RR")* to H/(R 'R)*. Note that

S([W](RR*)*) = {[q'}(R—ly_)* p (RR"Y)*R ¢'} by definition of S
= {ldl(r1r» P R(R'R)* ¢'} by assciativity of o
= Alr-1ry | P Rp'}
= [P'](RflR)* for any p’ such that p R p/,

because if p R p' and p R p" then p' R™'R p"” hence Pl 1 = P'l(r1R) -

So S is a functional bisimulation, i.e. a reduction.

Hence [] 1. 08 G — H/(R'R)* and iyt H— H/(R'R)* suit.
Remark 1: By symmetry of G and H, S~! is also functional, hence S is an isomorphism.
Remark 2: If p R p’ then S([p](rr-1)-) = [p'l(r-1p)-, i-e. p and p’ reduce to a same
vertex along these reductions.

O

Let us give some basic properties on tree reductions.

Lemma A.4 We have the following properties:

a) h: Tree(G,p) — G/p where h(u) = q for every path u from p to q ;

b) If h: G — H and r is a root of G then h(r) is a root of H ;

c¢) If h: G— H then Tree(G,p) — Tree(H,h(p)) for every vertex p of G.

Proof.

i) Consider a graph G, a vertex p, and a mapping h associating the goal h(u) to every
path u from p.

Let us show that h is a reduction from Tree(G,p) to G/p .

By definition A is a surjective mapping. It remains to prove that h is a bisimulation.

Let u — v be an arc of Tree(G, p). So u is a path from p to h(u).

Furthermore there is a vertex ¢ such that h(u) — ¢ and w(h(u),a,q) = v.

So h(v) = g hence h is a simulation.

Conversely let h(u) -~ ¢ be an arc of G/p .
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So w is a path from p to h(u) hence u — u(h(u),a,q) is an arc of Tree(G, p).
As h(u(h(u),a,q)) = q, h~! is also a similation. Finally h is a reduction.
ii) We denote by Path(G, p) the set of paths of G from p.
Let h be a reduction from a graph G to a graph H, and let p be a vertex of G.
By induction on the length of paths in G of source p, we define a mapping g as follows:
gle) = e
g(u(g,a,r)) = g(u)(h(q),a,h(r)) for every u(q,a,r) € Path(G,p).
As h is a bisimulation and by induction on the path lengths, we have
u € Path(G,p) = g¢(u) € Path(H, h(p)),
v € Path(H,h(p)) = 3Ju,u € Path(G,p) A g(u) =v.
So p ?*0 h q if and only if h(p) T*q :
In particular h(p) is a root of H when p is a root of G.
iii) Continuing (77), let us show that g is a reduction from Tree(G,p) to Tree(H, h(p)).
From (ii) ¢ is a surjective mapping. It remains to prove that g is a bisimulation.
Let u -% v be an arc of Tree(G,p). There is an arc ¢ -= r of G such that u(q,a,r) = v.
In particular u is a path ending by ¢. From (ii), g(u) € Path(H,h(p)).
So g(u) ends by h(q). As h(q) % h(r) is an arc of H, g(u) % g(u)(h(q),a, h(r)) = g(v)
is an arc of Tree(H, h(p)). Finally g is a simulation.
Conversely let g(u) —% s an arc of Tree(H, h(p)). Let g be the goal of u.
So there is ¢ such that g(u)(h(q),a,t) = s. In particular h(q) — ¢t is an arc of H.
Hence there is r such that ¢ % r is an arc of G and h(r) = t.
So u % u(g,a,r) is an arc of Tree(G, p) with

- 9(u(g,a,r)) = g(u)(h(q), a, h(r)) = g(u)(h(q),a,t) = s.

Let us note that the vertices p and ¢ of the following graph:

are not bisimilar but their unfolded trees Tree(G,p) and Tree(G, q) are bisimilar. Never-
theless bisimilar vertices means that their unfolded trees are reducible to a common tree.

Proposition A.5 p=,q iff 3T tree, Tree(G,p) — T «— Tree(G,q).

Proof.

i) Let p =, ¢ : There is a bisimulation R on G such that p R q.

Note that S: G/p ~ G/q for S := {(s,t) € R|p ?*S A q ?*t}.

From Proposition A.3 there is a graph H and reductions f : G/p — H and ¢g:G/q — H.
From Remark 2 in proof of Proposition A.3 we may assume that f(p) = ¢g(q). From
Lemma A.4 (c), we have

Tree(G, p) = Tree(G/p, p) — Tree(H, f(p)) = Tree(H, g(q)) +— Tree(G/q, q) = Tree(G, q)
ii) Suppose there is a tree T' such that Tree(G,p) — T «+— Tree(G,q).

From Lemma A.4 (b), there is R : Tree(G,p) ~ Tree(G,q) with e R €.

From Lemma A.4 (a), thereis S: G/p ~ G/q withp S q.
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Let Id be the identity relation on G. So T := S U Id is a bisimulation on G with p T ¢.
O

The set of paths of G from p is denoted by Path(G,p). The label Label(p,a,q) = a of
an arc is extended by morphism to paths, and by union to a set of paths. Restricting
Proposition A.5 to deterministic graphs, let us prove an extension of Corollary 2.2 .

Lemma A.6 Given a deterministic graph G, we have the following properties:
a) p=,4q

b) Tree(G,p) is isomorphic to Tree(G, q)

c) Label(Path(G,p)) = Label(Path(G, q)).

Proof.

a) = c) : Let p =, ¢: there is a simulation R such that pRq.

For every u € Label(Path(G,p)) and by induction on |u|, we have u € Label(Path(G, q)).
So Label(Path(G,p)) € Label(Path(G,q)) hence the equality by symmetry of = ..

c) = b) : Suppose that Label(Path(G, p)) = Label(Path(G, q)).

As G is deterministic, to every path z of G from p there is a unique path h(z) of G from
g with the same label : Label(h(z)) = Label(x).

So h is a total function from Tree(G,p) to Tree(G, q).

Let us show that h is a simulation: let z -2 y be an arc of Tree(G, p).

In particular y is a path of G from p of label Label(y) = Label(z).a .

Hence h(y) is a path of G from ¢ of label Label(h(y)) = Label(z).a .

By unicity of h(z), we have h(y) = h(z).(s,a,t) where s,t are respectively the end of paths
h(z), h(y).

By definition of Tree(G, q) it follows that h(z) —= h(y) € Tree(G, q).

Similarly to every path y of G from ¢ there is a unique path z of G from p with
Label(z) = Label(y), hence y = h(x).

By symmetry h~! is also a total function and a simulation.

Finally A is a bijective bisimulation, i.e. an isomorphism.

b) = a) : Suppose that Tree(G, p) and Tree(G, q) are isomorphic.

Any isomorphism is a reduction hence Tree(G,p) — Tree(G, q) «— Tree(G,q).

From Proposition A.5, p =, q .
O

We say that a vertex p is terminal if it is source of no arc (its out-degree is 0). We denote
by End_Path(G,p) the set of paths of G from p and ending by a terminal vertex. Recall
that a graph G is locally finite if End_Path(G, p) # () for every p.

Lemma A.7 Given a locally finite graph G, Label(Path(G, p)) = Label(Path(G, q))
if and only if Label(End_Path(G,p)) = Label(End_Path(G,q)).

Proof.
The sufficient condition is immediate. Let us prove the necessary condition.

Suppose that G is a locally finite graph.
Consider vertices p and ¢ such that Label(End_Path(G, p)) = Label(End_Path(G, q)).
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Let z be a path from p to a vertex r.

As @ is locally finite, there is a path y from r to a terminal vertex.

So Label(z).Label(y) € Label(End_Path(G,p)) = Label(End_Path(G, q)).

In particular there is a path from ¢ of label Label(z).

So Label(Path(G, p)) C Label(Path(G,q)) hence the equality by symmetry of p, q.
O

The pruning operation is a particular reduction.

Lemma A8 If S>T then S — T.

Proof.

Let S > T': there is a set P of nodes of S such that

for every p € P there are ¢ ¢ P and an isomorphism h(p) : S, ~ S, ,
and 7' is isomorphic to S — U{S, | p € P}. So

U{h(p) [pe P A =(3g€ P,q —" p)} U {(g.9) | ~(Fp e P,p —"q)}
is a reduction from S to S — U{S, | p € P}, hence from S to T.

O

We are ready to characterize bisimilar vertices by taking their unfolded trees with the
pruning operation.

Theorem 2.4 We have the following equivalences:
p=gq iff Tree(G,p) (> U<)* Tree(G,q)
iff  Tree(G,p) < T > Tree(G,q) for some tree T

Proof.

i) If Tree(G,p) <o > Tree(G,q) then Tree(G,p) (> U<)* Tree(G,q).

ii) If Tree(G,p) (> U<)* Tree(G,q) then by Lemma A.8 and Lemma A.4 (b),

there is R : Tree(G,p) ~ Tree(G,q) with e R €.

From Lemma A.4 (a), thereis S: G/p ~ G/q withp S q.

SoT := S U Id is a bisimulation on G with p T q ,i.e. p=,q .

iii) Let p =, ¢ . It remains to prove that Tree(G,p) < o > Tree(G,q).

From Proposition A.5 and Lemma A.4 (b), there is R : Tree(G,p) ~ Tree(G,q) with
eRe.

So the following disjoint union H of Tree(G, p) and Tree(G, q)

H = {(p,u)-5(p,v) | u-Sv € Tree(G,p)} U {(q,u)-(q,v) | uv € Tree(G,q)}
satisfies (p,e) =, (q,€) and has no cycle: there is no nonempty path from any vertex to
itself, i.e. p#£q forp —T q.

More generally consider a graph G with no cycle, and a set P of bisimilar vertices of G, i.e.
p = q for every p,q € P, and let us show that there is a tree T such that 7' > Tree(G, p)
for every p € P.

We denote by V' := {q | Ip € P, p — * ¢} the set of vertices accessible from P.

Let d(P,q) := min{n | 3p € P,p —" q} be the distance from P to ¢ in V, i.e. the
minimum length of paths from a vertex of P to q.

We restrict =, to vertices in V having the same distance from P:



p~gq if p=,q9 N d(P,p)=d(P,q).

As G has no cycle, ~ is a bisimulation. Let [p] := {q | ¢ ~ p} be the equivalence class
of p € V according to ~ . In particular P = [p] for every p in P. Let us define
H = {(p,uv) % ([q,u(p,a,q)) | pEV A (p,a,q) €EG AN ueG*}
and T := H/(Pe).

Then T is a tree: (P, ¢) is a root and is goal of no arc; furthermore ([¢], u(p, a,q)) is goal
of the unique arc labelled by a with source ([p], u).

Let r € P and let us show that 7' > Tree(G,r).

Let us take the most outside nodes of T" such that their second component is not a path
from r, i.e.

Q = { (ahv) | Ipwa, ([plu) = ([gl,o) €T A u€ Path(G.r) A v g Path(G,r) }.
ThenT — U{Tulu€Q} = {([p.u) = (gl ulp.a.q)) €T |ulp,a,q) € Path(G,r) },
hence is isomorphic to Tree(G,r) according to the second projection.

Let ([q],v) € Q. So there is an arc ([p],u] = ([g],v) in T such that u is a path from r to
a vertex s, and v is not a path from r. By definition of T and H, v = u(p,a,q), p — ¢
is an arc of G, s # p but s ~ p.

As ~ is a bisimulation, there is ¢ such that s - ¢ is an arc of G with ¢t ~ g¢.

So ([s],u) % ([t],u(s,a,t)) is a transition of T and ([t],u(s,a,t)) € Q.

As T/([p],u) = H/([p],u) is a tree independant of u for every p and u,

the tree T/([t],u(s,a,t)) = T/([q],u(s,a,t)) is isomorphic to T/([q],v). Finally T{(q . i

isomorphic t0 T{( u(s,a,)) With the same root ([p], u).
O

Let us notice that these two non isomorphic trees

a a a
a a a a a
a a a a a
a a a a a

have bisimilar roots but are irreducible along the pruning reduction. Proposition A.3 and
Proposition A.5 remain true if we inverse the reductions.

Proposition A.9 We have the following properties:
a) p=,q iff 3T tree, Tree(G,p) «— T — Tree(G,q).
b) G~ H iff G+ o— H.
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Proof.
The necessary condition of (a) follows from Lemma A.8 and Theorem 2.4 .
The sufficient condition of (a) is similar to the sufficient condition of Proposition A.5 .
If G+—o— H then G~ o~ H hence G ~ H. Let us show the converse. Before
let us prove an intermediate result.
i) Let (h; : G; — H,;)icr be a set of reductions such that for every vertex p common to
H; and H; , we have H;/p = H;/p .
Let G be the disjoint union of the (G;)er, i.e.
G = {(,u) S (@v)|iecl hu-SBov eq;}.
Let h(i,u) = h;(u) for every i € I and every vertex u of G; .
Let us show that h is a reduction from G to H := U{H; | i € I}. Note that h is total
and onto.
Consider an arc (i,u) — (i,v) of G. By definition of G, u —= v is an arc of G;. As h; is
a reduction h(i,u) = hij(u) % hi(v) = h(i,v) is an arc of H; hence of H. Thus h is a
simulation.
Conversely consider an arc h(i,u) % w of H. There is j € I such that h(i,u) % w is
an arc of H;. So h(i,u) is a common vertex of H; and H;.
By hypothesis H;/h(i,u) = H;/h(i,u) hence h(i,u) -~* w is an arc of H;.
As h;(u) = h(i,u) and h; is a reduction, there is an arc u - v of G; such that h;(v) = w.
By definition of G, (i,u) % (i,v) is an arc of G with h(i,v) = h;(v) = w.
ii) Given a graph G, we consider the disjoint union Unfold(G) of its unfolded trees:
Unfold(G) = { (p,u) % (p,v) | u % v € Tree(G,p) } .
From (i) and Lemma A.4 (a), we have Unfold(G) — G.
Let R: G ~ H. By Theorem 2.4 and Lemma A.8, for each pRq there is a tree T(, ;) such
that
Tree(G, p) «— Ty q) — Tree(G, q).
Let K be the disjoint union of the trees T{, ;) i.e.
K = {(p,q,u) = (p,q,v) | pRg N u S v €Tree(,q) } -
Using (i) we obtain
G +— Unfold(G) +— K — Unfold(H) — H .
O

A.b Pushdown automata and regular graphs

Let G be a graph with a vertex r and let f be a function from the vertices of G to the
vertices of another graph. We denote by

G, the connected component of G containing r ,

G!'i={v-Sul(u-S0v) €G]} the inverse of G,

f(G) = {flu) % fv)]| (v -5 v) €G} the image of G by f .
We give conditions on f in such a way that f preserves the accessible subgraphs and the
connected components of G.
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Lemma A.10 Let f be a function from the vertices of a graph G into the vertices of
a graph H. If f and f~' are partial simulations then
f(Gr) = f(G)/f(r) = H/f(r) for any r in the domain of f.

Furthermore if =1 is also a partial simulation from H™' into G~ then
f(Gr) = f(G)yoy = Hypy for any r in the domain of f.

Proof.

Let r be in the domain of f.

If f is a partial simulation then by induction on n > 0, we have for any vertex u of G:
r—tu = f(r) —" f(u) and re="u = f(r) " f(u)

Hence f(G/r) C f(G)/f(r) and [(G:) S f(G)q) -

If f~!is a partial simulation then by induction on n > 0, we have for any vertex w of H:
f(r)?"w = Juv, T?)n’() A flo)=w .

Hence H/f(r) C f(G/r).

If f~!is a partial simulation from H into G, and from H~! into G~!, then by induction

on n > 0, we have for any vertex w of H:
f(r) M w = Fu, re=>"0 A flv)=w .

Hence Hy,) € f(Gy).

As f(G) C H, it follows the equalities.

O

Let us show that the pushdown automata and the word rewriting systems have the same
connected structures by prefix rewriting.

Proposition 4.1 The prefix transition graphs of labelled word rewriting systems and
the pushdown transition graphs have effectively the same connected components and
the same accessible subgraphs.

Proof.
Let T be the set of terminals. Let R be a rewriting system on a set M of non-terminals,
and let r € M*.
We recall the construction in [Ca 90 b] of a pushdown automaton P on a set N of non-
terminals and on a set ) of states, and a configuration ¢ € Q. N such that the accessible
subgraph (P.N")/c from ¢ of the transition graph of P is isomorphic to the accessible
subgraph (R.M*)/r from r of the prefix transition graph of R. Then we prove also that
the connected component (P.N"), containing ¢ of P.N" is isomorphic to (R.M*), .
We may suppose that r # e and that R is e-free: for every rule u —— v of R, both u
and v are nonempty. Otherwise we could add a new symbol § in M and replace (R, ) by
($R,$r) where $R := { $u % $v | (u = v) € R }. It suffices to note that
BR.(MU{$})*)/$r = (SR.M*)/$r = S(R.M*)/$r = S(R.M*)/r)

and  (SR(MU[S}))s, = SRMY)g, = S(RM)g = S(RM),).
We say that R is normal if for every rule u -% v of R, both u and v have length (strictly)
smaller than 3.

i) First we transform (M, R,r) into another 3-uple (NN, S,s) preserving the accessible
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subgraph and the connected component of R.M* from r, and such that S is normal and
e-free, and s is a letter.
Let m be the greatest length of r and the words in R, i.e.

m = maz{ |ul | (u=7) V JaTv (u S v)ERV (v - u)€ER)}.
We take an injection 7 from {u € M+ | 1 < |u| < m} to some given alphabet N. Then we
extend 7 to an injection j from M™ into N* defined by induction as follows:

j(e) = e

j(u) == j(v)i(w)  where u=ovw #e A |w| =min(m,|ul).
The rewriting system S on N is defined by

S = {jluw) L jvw) | (u-v)ER AN weEM* A |lw<m}.
Note that S is normal and e-free.
Furthermore if R is a context-free grammar then S is also a context-free grammar.
Let us prove that S and the letter s = j(r) suit.

i1) Let us show that j is a simulation from R.M* into S.N*.
Let v -% v be in R.M*. There exist a rule ug —= vg of R and a word w € M* such that
u = ugw and v = vow. Consider the decomposition w = zy where y is the greatest suffix
of w such that its length |y| is a multiple of m. So
j(u) = jluow) = jluozy) = j(uoz)j(y)

and  j(v) = jvow) = j(vory) = j(vez)ji(y) -
By definition of y, we have |z| < m. Hence j(uoz) — j(voz) belongs to S.
Consequently j(u) % j(v) is a transition of S.N*.

i2) Let us show that j ! is a partial simulation from S.N* into R.M*.
Let j(u) - w be in S.N*. There exist a rule p - ¢ of S and a word ¢t € N* such that
j(u) = pt and w = gt. By definition of S, there is a rule ug —— vg of R and a word wyq of
M* such that |wy| < m, p = j(upwg) and ¢ = j(vowy).
As R is e-free, p # €. Furthermore pt € I'm(j). So there is x € M* such that j(z) = ¢t and
|z| = mlt|.

Thus j(u) = pt = jluowo)j(z) = jluowor)

and  w = qt = jlvowo)j(z) = jvowoz).

As j is injective, we have u = ugwpz. So v = vowyx suits: u — v is a transition of R.N*
and j(v) = w.

i3) Similarly to (i2) and given a transition w —% j(v) of S.N*, there is a transition
u — v of R.M* such that j(u) = w. This means that j !
(S.N*)"!into (R.M*)"!.
As j is an injective application and by (il1), (i2) and Lemma A.10, (R.M*)/r is isomorphic
to (S.N*)/s and (R.M*), is isomorphic to (S.N*)s .

is a partial simulation from

ii) It remains to transform (S, s) into a couple (P, ¢) of a pushdown automaton P on a
non-terminal set N, and a configuration ¢ such that (P.N")/c is isomorphic to (S.N*)/s
and (P.N"), is isomorphic to (S.N*) .
We define the following system:

S = {ur Svz|(u-v)eESAzEN A |uz|=2}
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where N := N U {&} with & is a new symbol.
Note that the vertices of (S.N"), belong to Nt.& , hence of length > 2. Tt follows the
above equalities:
(SN)/s& = (SN)/s& = (S.N*.&)/s& ((S.N*)/s).&
and (SN')y = (SN = (SN*'&)w = (SN*).&.

Let us denote by

N = {ul)|u=sV JaFv((u-v)esSV (v-5ues)}
the set of the first letters of s and S (or S).
We take an injection f from N’ to an alphabet @ disjoint of N. We extend f to a total
injection from N'.N" to Q. N~ as follows:

flau) == f(a)u foreveryae N' andue N .
Let us show that the pushdown automaton P := f(S) and the configuration ¢ := f(s).&
suit. We have
(PN")fe = (FS)N)/f(s)& = fEN)/f(s&) = FSN)/s) = F((SN")/5).)
and similarly (P.N '), = f((S.N*)s.&).
Finally (P.N")/c is isomorphic to (S.N*)/s hence to (R.M*)/r and (P.N"), is
isomorphic to (S.N*)s hence to (R.M*), .
O

2

For instance the system R = {z "€, x LN 23} on the non-terminal set {z} has the

following prefix transition graph R.{z}*:

and is accessible from r = 22 (or any word in z?z1). Following the proof of Proposition 4.1,

the system R is transformed into $R = {$z - § , $22 LN $23} and the axiom r is
replaced by $r = $22 .
Associating $z to z, $22 to y, $23 to z, 2% to s and § to §, R.{x}* is the accessible subgraph
from y and is the connected component containing y of the following system:
S={z5%%,ySz,25y, %5 2,
b b b b
y—z,z—38s,8s —as, zs — ys }.

The set Path(G, p, q) of pathes of a graph G from a vertex p to a vertex ¢ is extended

by union to the set Path(G,p, V) of pathes from p to any vertex in V| i.e.

Path(G,p, V) := U{ Path(G,p,q) | g€V } .
Let P be a finite subset of Q.NxT'x QQ.N*, i.e. P is a real-time pushdown automaton
on a set T of terminals, a set @ of states and a set N of stack letters (or non-terminals).
Recall that a configuration is an element of ().N*. Given a configuration r and a set V of
configurations, we have

L(P.N*,r,V) = Label(Path(P.N*,r,V)) .
If P is deterministic and reduced, then P.N* is deterministic and is locally finite: every
terminal vertex is a state, so we have



u =, - v iff Label(Path(P.N*,u)) = Label(Path(P.N*,v)) by Lemma A.6
iff Label(End_Path(P.N*,u)) = Label(End_Path(P.N*,v)) by A.7
iff  Label(Path(P.N*,u,Q)) = Label(Path(P.N*,v,Q))
iff L(P.N*,u,Q) = L(P.N*,v,Q) .
Thus the bisimulation of any reduced real-time dpda P is inter-reducible to the equivalence
problem of P with acceptance on empty stack, and this problem is decidable [OIH 80].

If P is deterministic then P.N* is deterministic and we have
u =, - v iff Label(Path(P.N*,u)) = Label(Path(P.N*,v)) by Lemma A.6

iff  Label(Path(P.N*,u,Q.N*)) = Label(Path(P.N*,v,Q.N*))

ifft L(P.N*,u,QQ.N*) = L(P.N*,v,Q.N*) .
Thus the bisimulation of any real-time dpda P is inter-reducible to the equivalence prob-
lem of P with acceptance on any state (any configuration), i.e. is reducible to the decidable
equivalence problem of P with acceptance on any final state [Ro 86].

Let us give some notations. Given a binary relation R, we denote by Dom(R) :=
{z | 3y, =Ry} the domain of R, and by Im(R) := {y | 3z, zRy} the image (or range) of
R. Recall that u(i) is the letter at the i-th occurrence of a word u, and |u| is the length of

u. We denote by Vi, s, := {s1,...,5,} the set of vertices of any hyperarc as;...s,, and
by Vg = U{Vx | X € H} the set of vertices of any hypergraph H. We consider the set
w
R (H) == {UsolHn]l | Ho=H A Vn >0, HH?HHH}

of (isomorphic) graphs generated by a deterministic graph grammar R from a hypergraph
H, and preserving H.
Let us give some basic transformations of deterministic graph grammars.
A deterministic graph grammar R is reduced from a hypergraph G if every non-terminal
of R is accessible from G:

VX € Dom(R) 3H 3Y G:R>*H ANY€eH ANY(1)=X(1).
We can put every deterministic graph grammar in a reduced form.

Lemma A.11 Any pair (R, G) of a deterministic graph grammar R and a finite hyper-
graph G may be effectively transformed into another pair (S, H) such that S is reduced
from H and S°(H) = R*(G).
Proof.
Let R be a deterministic graph grammar and G be a finite hypergraph.
Let N :={X(1) | X € Dom(R)} be the set of non-terminals of R.
As usual, the set Acc of accessible non-terminals from G is computable: it is the least
subset of NV containing the non-terminals of G, and closed by the following accessibility
relation:
{(X(1),Y(1)) |3H, (X,H)e R NY €H NY(l)eN}
More exactly Acc is the least fixpoint of the following equation:
Acc = {X(1)eN | XeG}U{Y(1)eN|3I(X,H)eR, X(1) e Acc NY € H }.
To remove the hyperarcs labelled by a non-terminal not in Acc, we define the following
deterministic graph grammar:
I:={(X,0) | X € Dom(R) N X(1) & Acc} .
So the following graph grammar:
S:={(X,K)|3H, (X,H) e R N X(1) € Acc A H——I—>K}

x1



and the unique hypergraph H defined by G — H suit:

S is reduced from H and S°(H) = R*(G).
O

w

A deterministic graph grammar R is proper if for all rule (X, H) of R, every vertex of X
is a vertex of a terminal arc of H. We can put every deterministic graph grammar in a
reduced proper form.

Lemma A.12 Any pair (R, G) of a deterministic graph grammar R and a finite hyper-
graph G may be effectively transformed into another pair (S, H) such that S is proper
and S°(H) = R*(Q).

Proof.
Let R be a deterministic graph grammar and G be a finite hypergraph. Let
N := {X(1)| X € Dom(R) } be the set of non-terminals of R, and
T = {X(1)|3dHeIm(R), X€H N X(1) ¢ N } be the set of terminals of R.
i) We remove in R and G the useless non-terminal hyperarcs.
We consider the set Acc := {X(1) | X € Dom(R) A R°(X) # {0} } of non-terminals
generating by R a non empty graph. This set is computable ; it is the least subset of N
satisfying the following equality:
Acc = {X(1) | 3H,3Y, (X, H)e RANY e€H AN Y(l)eTUAcc}.
To remove the hyperarcs labelled by a non-terminal not in Acc, we define the following
deterministic graph grammar:
I:={(X,0) | X € Dom(R) N X(1) & Acc} .
So the grammar Ry := {(X,K) | 3H, (X,H) € R N X(1) € Acc A H—=K } and the

unique hypergraph G, defined by G = G, satisfy le(Gl) = Rw(G) and R; is reduced
from G;.
il) We remove in R; and G, the useless vertices of non-terminal hyperarcs.
To every X € Dom(R;) we associate its set Acc(X) of useful vertices, i.e. of vertices of
X which are vertices of any graph in R;”(X). These sets Acc(X) for X € Dom(R;) are
computable as being the least fixpoints of the following system:
Ace(X) = {seVx |IY e€eH Y(1)eT N seVy } U

U{{Y() eVx | Z(i) € Acc(Z2)} | Y € H N Z € Dom(R;) N Y(1)=Z(1) }
for every rule X — H of R;.
For every X € Dom(R;) and by definitions of Ry and Acc(X), we can construct a hyper-
graph Hx such that

X Rio FI)*HX A [HX] #@ A AC(J(X) C V[Hx} .
To each X € Dom(R;) we associate a hyperarc X labelled by a new symbol X (1) with
X (1) #Y(1) for X # Y, and with distinct vertices such that V= = Ace(X) if Ace(X) # 0,
and V5 is reduced to a vertex of [Hy] if Ace(X) = (. As in (i) to remove the useless
vertices of non-terminal hyperarcs, we define the following deterministic graph grammar:
J:={(X,X)]| X € Dom(Ry) } .

To each X € Dom(R;) we associate a hyperarc Hv such that Hx = Hy.

So S = { (X.Hy) | X € Dom(R;) } and any hypergraph H defined by Gy = H suit:
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S is proper and S*(H) = B, “(G1) = R
O

().

Let us apply Lemma A.12 to the following deterministic graph grammar R:

(x) D C a C B (x)
(x)
A — and B ._b . B .
(x) (¥)
. . A . .
(v) (v) )
¢ L . and .. D . D .
(x) (x) (v) (x) (v)

and to the following hypergraph G:
2
] D C

We have Acc = {A,B,C} , Acc(A) = {z,y} , Ace(B) = {z} , Acc(C) = 0. By

Lemma A.12 we obtain the following proper deterministic graph grammar S:

(x) _a B C C
(%)
A A
a B C© C
() )
B LI and e,
(%) (%) (%) (%)
and the following hypergraph H:
A B C

w

such that $“(H) = R

(@) and is represented as follows:
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Let us give others effective transformations.

Proposition 4.5 We have the following properties:

a) Every accessible subgraph of a reqular graph is effectively a reqular graph;

b) Ewvery connected component of a reqular graph is effectively a regular graph;

c) Ewery regular graph has effectively a finite number of nonisomorphic connected
components.

Proof.
i) Consider a deterministic graph grammar R, a finite hypergraph G and a vertex v of
G. We will construct a deterministic graph grammar S, a finite hypergraph H such that
S“(H) = R°(@) /v .
We denote by N and T' the respective sets of non-terminals and terminals of R. We take
a new label a, i.e. a € T U N, and we add to R the rule av — G.
After a possible renaming (and adding new rules) we may suppose that every hypergraph
in Im(R) does not have two non-terminal hyperarcs with the same label. For instance
the grammar reduced to the unique rule Azy — {axs, ayt, ayz, Ast, Asz} is transformed
into the following grammar

{(Azy, {axs,ayt,ayz, Ast, Bsz}), (Bxy, {azs, ayt, ayz, Ast, Bsz})} .
For every X € Dom(R) and for every I C {2,...,|X|}, we associate the set Acc(X,I) of
vertices in B := {X(i) | i € I} and of vertices in K/E for all K in R*(X) restricted to
the vertices accessible from FE. These sets Acc(X,I) are computable as being the least
fixpoints of the following system:

Ace(X,I) = {X(1) |i€I}U{Y@B)|YeH NY(1)eT A Y(2) € Acc(X,I) } U
U{{Y (i) | Z(i) € Ace(Z,{j|Y (j) € Ace(X,I)})} | Y € H AN Z € Dom(R)
ANY()=2Z(1)}

for every rule X — H of Rand I C {2,...,|X|}.
For every X € Dom(R), I C {2,...,|X|} and every hyperarc Y satisfying the following
condition:

Xiv



C(Y,X,I) := (VyNAcc(X,I)#0),

we define the following hyperarc:
fxen(Y) = Y(1).9x,n(Y(2).9xn(Y(3) ifY(1)eT,
Fn(Y) == (Y(1).4i | Y (i) € Acc(X, D)}).gixny (Y (2))- - .gn (Y (YD) i Y(1) €N
where g(x 1) is constant in Ace(X, I), and is the empty word € otherwise.
Let us decompose R according to accessible vertices:

S = { (f(X,I)(X) ) {f(X,I)(Y)|Y € H/\C(YvXaI)} | (XvH) €R A C(XaXaI) } :
Note that S is not necessarily proper. Let (a,2)v — H be the unique rule of S associated
to the non-terminal (a,2). Then S*(H) = R*(G)/v .

ii) Consider a deterministic graph grammar R, a finite hypergraph G and a vertex v of
G. Consider a bijection from the set T of terminals to a new set T, associating to each
label a a new label @. We complete R into the following system:
R:={(X,HUu{s%St|s%t €¢H} | (X,H €R}.
From (i) we construct a system S and a finite hypergraph H such that 5 (H) = RM(G)/U.
By removing the labels of T, we obtain the following system:
S = {(X,H-{s5t|a€T}) | (X,H)eS}
and the following hypergraph:
H = H-{s%t|a€cT}
such that S”(H) is the connected component of R”(G) containing v.

iii) Consider a deterministic graph grammar R and a finite hypergraph G. We will
generalize (b) to obtain effectively the connected components of R*(G).
By Lemma A.12 we may assume that R is proper. So for every hyperarc X and every
vertex v of X, Rw(G) has a connected component containing v.
As in (i), we suppose that every hyperarc in I'm(R) does not have two non-terminal
hyperarcs with the same label.
From Lemma A.11 we may assume that R is also reduced.
Similarly to (i), for every rule X — H of R and for every I C {2,...,|X]|}, we associate
the set Con(X,I) of vertices of H which are connected to {X (i) | i € I} in R”(H). These
sets Con(X, I) are computable as being the least fixpoints of the following system:

Con(X,I) = {X@\@) |iceJUUUWI|YeHANYQ)eT AN VwnCon(X,I) # 0} U

UL LY () | Z6) € Con(Z. {jIY (j) € Con(X, DD} | Y € H
AN Z e Dom(R) N Y(1)=2Z(1) }
for every rule X — H of Rand I C{2,...,|X|}.
Let (X,H) € Dom(R). We define Cx := { Con(X,i) |2 < i < |X| } the class of
connected vertices in all graph of Rw(H). For each class P in C'x, we associate a hyperarc
Xp labelled by a new symbol Xp(1) of arity #(P NVy) whose set Vx, of vertices is equal
to P N Vx, and such that Xp(1) # Yg(1) if (X,P) # (Y,Q). Consider the following
grammar:
I .= {(X,{Xp|PeCx}) | X€Don(R)}

which splits each X € Dom(R) into hyperarcs according to C'x. For each rule (X, H) of R,
there is a unique hypergraph H x such that H = Hx. In fact each part Xp of the splitting

of X will generate only the part of Hx acce881ble from P. The restriction of a hypergraph
H to aset V of vertices is denoted by H)y := { asi...sp € H | s1,...,8, €V }. Asevery
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hypergraph in Im(R) does not have two non-terminal hyperarcs with the same label, the
following grammar:

S = { (Xp,(HX)‘p | X EDOTI’I(R) AN PeCyx }
generates from Xp the connected component of R*(X) containing P: S*(Xp) = Rw(X)‘P.
To generate according to S the connected components of Rw(G), it suffices to take the
family F' of the connected components of H where G — H, plus for each X € Dom(R)
the (remaining) connected components of the Hx not containing a vertex of X. As R is
reduced for every K € F, §°(K) is a connected component of R”(G) and the converse is
true. Note that F' is not minimal: it is possible to have two hypergraphs K; and Ky in F
such that $(K) is isomorphic to S*(K>).
(|

Let us apply Proposition 4.5 (a) to the following deterministic graph grammar R:

As defined in the proof of Proposition 4.5 (a), we have the following sets:

Acc(A,0) = 0
Acc(A{1}) = {z,s,t,u}
Ac(A{2) = Ace(A{1,2)) = {r,y.5.t,u} |

and we construct the following deterministic grammar S:

/ (A{1.2}) / (A{1.2})
(x) (%) (x)
. - (t) . * (1)
(A{1}) ‘ ’
. _— c and (A{12}) —— a c
(x)
(u) . . (u)
(A{1}) (v) (¥) (A {1})

such that $((A, {1})z) is equal to R*(Azy)/x.

Proposition 4.5 implies differents ways to have regular graphs with a root.

Corollary A.13 The following classes of graphs are equals:
a) the rooted reqular graphs
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b) the rooted connected components of reqular graphs
c) the accessible subgraphs of reqular graphs.

Proof.

a) = b) : Let G be a regular graph with a root 7. Then G is the connected component
of itself with a root r.

b) = ¢) : Let H be a connected component of a regular graph G such that H has a
root r. So H is equal to the accessible subgraph of G from r.

c) = a) : Let G be a regular graph. Let H be the accessible subgraph of G from a
vertex r. So r is a root of H and from Proposition 4.5 (a), H is a regular graph.

O

Corollary A.13 remains true for connected regular graphs.

Corollary A.14 The connected reqular graphs are the connected components of regu-
lar graphs.

Proof.
Let G be a connected regular graph. Then G is the connected component of G.
Conversely let H be a connected component of a regular graph G. Then H is connected

and by Proposition 4.5 (b), H is a regular graph.
d

Given an alphabet N and a finite relation R in N*xN*, we denote also by
— = R.N" = { (uw,vw) [u Rv N we N*}

the prefiz rewriting according to R, and its reflexive and transitive closure .% is the prefiz

derivation according to R. A well known property is that the set { u | r »%) u } of words

accessible by prefix derivation from a given axiom r € N* is a rational language, and a
finite automaton is exponentially constructible from R and r [Bii 64]. We give another
simple construction but in an efficient way.

Proposition A.15 We can construct in polynomial time a finite automaton recogniz-
ing the set of words obtained by prefiz derivation from a given aziom and according to
any rewriting system.

Proof.
i) Let N be an alphabet and let R be a finite binary relation on N*. We denote by
V = Dom(R) U {¢}
the set of words in the left hand sides of R, plus the empty word.
We will construct a finite graph G C VxN*xV (labelled on N*) such that the language
accepted by G from € to any vertex u is equal to the set of words deriving by prefix from
u, i.e.
LG e{u}) = {v]usv}. 1)
Let @ be the greatest prefix of u belonging to V, and let u be the remaining suffix, i.e.
tu=u NTeV ANVow((vw=u NaweV) = v=c¢).
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The prefix decomposition of the rules of R gives the following graph:
H:={7S5u|luRvAutuv}
and the prefix decomposition of the vertices in V' gives the following graph:
I:={75ua|uacV A la=1}
Given any graph G in VxN*xV, a path from a vertex z to a vertex y and labelled by u
is denoted by
x :z> y i.e u€ LGz {y}).
We define a splitt’ing < G > of G as follows:
<G>={urLw|-(urZLwA@Bv, e==vbw)Aur=TTg Az # €},

and is represented by the following diagram:

u Xy

1) f
|
|

y x nonempty and maximal such that ux is in V

Note that < G > is finite when G is finite.

We define a completion G of a graph G as being the least graph containing G with
<G >=10,ie.

- G if <G>=10

= GU<G> if <G>#0.

Note that G is finite when G is finite, and G can be obtained in polynomial time from G.
Let us prove that G = H U [ satisfies property (1).

QlQl

and

ii) Let us show that u % uv for every u,uv € V.
The proof is by induction on the number
Nyy = #{uw eV |Ize N, we=v} > 1
of prefixes w of v such that vw is in V.
Nyey =1:80uv =uie v=ece Henceu——i’—>uv.
Nyw > 1:80 v # e Let ya = v with |a| = 1.
By definition of I, we have uy u:iﬂ; uya. As n,, > 1, there is w such that wy = vw.

zxa .
So uw — wv with wx = y. Furthermore n, , = 1y, — 1.
I b

3

By induction hypothesis u = uw. As wza = ya = v, we obtain u = uv.
I I

iili) We say that a graph J in VxN*xV is full if
(T:j>y Nzu=zv N zeV) = (z:j>y)
Let us show that any graph J containing I and with an empty splitting < J > is a full
graph, i.e.
ICJAN <J>=0 = Jisfull
Let J D I with < J >= (). Suppose that z % y and zu = zv with z € V..

We want to show that z ——IJ)—> y by distinguish the two complementary cases below.

Case 1: |v| > |u|. There is w such that v = wu and z = zw.
As z,z € V and x = zw, we have by (i7) z :1;3 T.

Soz%m%y. As T C Jandwu:v,wehavez%y.
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Case 2: |v| < |u|. There is w such that u = wv and z = zw.

x u
Z‘ v
A
S\

As xw = z € V we define w' by zw’ = Tu. So there is s such that ws = w'.
As zw', zw € V and by (i1), zw ——j—> zw'.

As x % y and u # €, there are uy, ug, ug € N* and yq,y2 € V such that
T % Y1 u—j) Y2 % y A uwuguz =u A |ug| < |w'| < |ujugl.

u

.. x ru
By (ii), e = x. As I C J, we have ¢ =% y1. Let w"” be such that w'w” = ujus.
I J
As zw' = 7u = zw'w"us, we obtain zw' = zw'w'.

As |up| < |w'| and < J >= 0, we have zu' %I; Ya.

. S 12 w'! U3,
Finally z = 2w = azws = aw' = ys = y.
I J J
We have wsw"us = w'w"usz = ujusus = u = wv, hence sw'"uz = v.
Having I C J then z = y.
J

iv) Let us prove the direct inclusion of property (1).

Let M be the set of graphs K in VxN*xV such that for any transition z —— y in K,
Yy n%) .

Immediately the graphs H and I are in M. Furthermore if K € M then < K >€ M and
Ke M.

Hence G = H U I belongs to M. In particular if e :2> u then u r%) .

v) Let us prove the inverse inclusion of property (1).
Let us show by induction on n > 0 that v €V A u T” v = € ::> u.

.. u v
n=0:u=wv. By (ii),c = u hence ¢ = u.
I G
n = n+1l:u—"wr—w.
R

By induction hypothesis ¢ % U.
By definition of —, there are z R y and z such that w = zz and v = y=z.

Case1l: z=y. Hence w=v so e——g?u.
Case 2 : z # y. By definition of H, § % x.

By (iii), G is full. As e :1;)> u with w = 2z and z € V, we have x :;> u.

. 7 7 Y
By (ii), € = 7. Thus € =% 7 — z == u.
I I H (€]
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Asyyz=yz=vand HUI C G,wehavee%u.

vi) Finally and given an axiom r € N*, we construct in polynomial time from R U {(r,7)}
a finite automaton G on the set Dom(R) U {r, €} of vertices, on the set N* of labels, with
the start state e, the unique final state r, and such that G satisfies property (1).

This means that G recognizes the language L(G,¢e,{r}) = {v|r r%) v } of words deriving

by prefix from r and according to R.
U

Let us apply Proposition A.15 to determine the language L generated by prefix derivation
from r = ba according to the system R = {(¢,ba), (bab,ba)}. We obtain the following
graphs:

H = {ba S e, ba -5 bab}
I = {bai>bab, e%ba}
<HUI> = {bab - ba}
<HUIU<HUI>> = .

Thus we deduce the following finite automaton:

recognizing L. Hence L = ba(a + ba)*.

From [BN 84] we can deduce a stronger result than Proposition A.15.

Proposition 4.6 The prefiz derivation of any (unlabelled) word rewriting system is
effectively a rational transduction.

Proof.
Let R C N*xN*. We denote by V. = Dom(R) U {¢}.
i) Let us show that for every u,v € N*,

UI%)’U — drzyweN*IzeV (u=azw AN v=yw A x%z%y).
The sufficient condition follows by the closure of .%) with the right concatenation.
Let us prove the necessary condition by induction on n > 0 for u .?" .
n=0:u=wv. Hence w=wu and x = y = z = € suit.

n = n + 1 : there is s such that u n?” 5 .

By induction hypothesis there are words z’ ,y w' € N* and 2’ € V such that

u=z'w , s=yw and 2’ |—>z »—)y

As s v, there are p R g and ¢ such that s = pt and v = ¢t.

Thus y w' = pt and we distinguish the two cases below.
Case 1 : |w'| > |t|. There is h such that w' = ht and p = y'h.
Thus v = z'ht and v = gt with z'h n%) Zh=p F— q.

Case 2 : |w'| < |t|. There is h such that ¢t = hw' and y' = ph.
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Thus u = ¢'w’ and v = ghw' with 2’ l% z % gh.

ii) We denote by u S := { v | u S v } the image of u by a binary relation S. Let
S = U{ (u ni{)x(u n%)) ueV L
-

By Proposition A.15, S is an effective union of binary products of rational languages. By
Mezei’s theorem, S is an effective recognizable relation of N*xN*, hence is an effective
rational relation of N*xN*. By (i), the prefix derivation according to R is equal to the
prefix rewriting according to S, i.e.
e = o
R S

It follows that .% is an effective rational relation : we can construct a finite transducer
recognizing r%).

O

Let us give a simpler proof than in [Ca 90 b] that the regular graphs and the pushdown
transition graphs have the same connected components.

Theorem 4.7 We have the following properties:

a) The accessible pushdown transition graphs are effectively
the rooted components of pushdown transition graphs, and are effectively
the rooted regular graphs of finite degree;

b) The connected components of pushdown transition graphs are effectively
the connected reqular graphs of finite degree.

Proof.

i) Let us show that any connected regular graph of finite degree is effectively a connected
component of a pushdown transition graph.

Let R be a deterministic graph grammar and let G be a finite hypergraph such that B*(G)
is of finite degree.

Adding a new rule, we can assume that G is restricted to a non-terminal hyperarc of R :
G € Dom(R). Furthermore by Lemma A.12 then by Lemma A.11, we can suppose that
R is reduced from G, and G(2) is a vertex of any graph in R (G).

We will construct a pushdown automaton P and a configuration ¢ such that the connected
component containing ¢ of the transition graph of P is the connected component of Rw(G)
containing G(2).

By Proposition 4.1 it suffices to construct a labelled rewriting system S on a non-terminal

set N, and an axiom s € N* such that the connected component (S.N*), belongs to
w

(R (G))a)-
Recall that Vp is the set of vertices of any hypergraph H, and that |X| is the length of
any word X.
We take a new alphabet V. = {z1,...,2,,} of variables where
m = maz{ |X|—1]| X € Dom(R) }
is the maximum number of vertices needed by each non-terminal hyperarc.
After a possible renaming of vertices, we can assume that
X = X(U)zy...z x| for every X € Dom(R)
Vi N Vg = Vx N Vy  for every distinct rules (X, H) and (Y, K) of R.
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Let us give some notations and definitions.
A set N of non-terminals is defined by
N = VU {(z1,...,2p) | 1<p<m}
where V. = V U{Y@)|3IHeIm(R), YeH AN1<i<|Y]|}
is the set of vertices of R.
Let p > 1. For every word u € N*, we define

UL T,y Ty > 1= U ifueV
= wu(zr,...,zp) fugV
the right addition of (z1,...,zp) to u when u is not a variable. This operation is applied
also to any transition: for every non-terminal words u,v € N and every terminal a € T,
(u -5 0v)<zy,...,mp> = u-"0v iquV/\vgv.
= U< T, Ty > Lv<a,... ,Tp > otherwise.
This definition is extended by union to any graph labelled in 7.
Finally for every vy,...,v, € V , the substitution ulvy,...,v,] in any word u € N of the
x; by v; is the morphism defined on every letter of N by
zilvr, ..., vp) = v forevery 1<i<p
(T1,-- s z)vrs - vp] = (V1 Vmin(p.g)s Tmin(p,g)+15 - - -1 Tq)  for every ¢ >1 o
rlvg, ...,y =T for another r € N.

Recall that [H] := { ast € H | a € T } is the set of terminal arcs of any hypergraph H.
To every X € Dom(R), we associate a labelled rewrltlng system Sy on the non-terminal
set N such that the prefix transition graph SX N restricted to the connected components
containing the vertices of X, belongs to R*(X). These systems Sxq) for X € Dom(R)
are computable as being the least fixpoints of the following equations:
SX(l) = [H]<LU1,...,.’,C‘X‘,1> U
UL SylY(2),-- ., Y(IYD] <z15- sy > | YEH AY()ET }
for every rule X — H of R.
As the Rw(X) are regular graphs of finite degree, the systems Sx (1) exist. Finally we take
the following system:
and the non-terminal set N:
N = {u@l@)|1<i<|lul A JaFv(u Bv)esSV v Suel}
of the letters of S. By construction the prefix transition graph S.N* of S and the regular
graph Rw(G) generated by R from G have the same connected component containing

G(2).

ii) Let us show the converse transformation of (i) : any connected component C of
any pushdown transition graph is effectively a regular graph. By Proposition A.15, the
vertex set of C' is an effective rational language. By Lemma A.18, the converse of (i) is a
particular case of (b) = (a) of Theorem 4.9.

iii) A particular case of (i) is that any rooted regular graph of finite degree is effectively a
rooted component of a pushdown transition graph. But a rooted component of a pushdown
transition graph is an accessible pushdown transition graph. Finally by Proposition 4.5 (a)
and by (i1), any accessible pushdown transition graph is effectively a regular graph.

Let us apply proof (i) of Theorem 4.7 to the following deterministic graph grammar R:
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1) 1) (p) (p) () i e (k)

IR N R

(2) (2) (3) (a) (a) (x) (6)) (6))

c

As defined in the proof (i) of Theorem 4.7, we have the following system:

S4 = {:Ul i):UQ s 3L>ZE2}<.’E1,LU2> U SB[$1,3]<1U1,1U2>
S = {n =5z, ri>:r2}<x1,:v2> U Sclzi,r] < z1,z9 >
Se = {n Sk, mn i)mg}<m1,m2> U Salk,z9] < 21,29 > .

This system becomes:

b
Sa = {z1 B x9, 3(z1,72) > 22} U Sp[r1,3] < 11,72 >
d
S = {.’[)1 -5 Ty , (’I‘l,’l"g) — .’132} U Sc[.Tl,T] < T1,T9 >
SC = {Il i> k(fL‘l,ZL'Q) , T1 i) ZL‘Q} U SA[k,IQ] < T1,T9 > .

The least fixpoint of the first component is also the least fixpoint of this unique following
equation:
b
Sa = {z1 -5 12, 3(z1,72) > 72,
d
1 — 3(z1,29) , r(z1,3) (21, 22) == 3(xq,29) ,

1 % k(@) (21,3) (51, 72) , 11 D r(21,3)(21,90) }
U Salk, o] < z1,292 > [21,7] < 21,22 > [21,3] < 21,29 > .

This least fixpoint is the following:
Sa = {m1 Sz, 3(z1,m) 5 2,
d
1 — 3(z1, 29) , r(z1,3) (21, 22) = 3(z1,22) ,

1 % k(zy,r)(21,3)(51,72) , 11 L r(21,3)(21,22)
.,

(.’L‘l, ) 3

k(z1,7)(21,3) -5 r(21,3) , 3(k,7) (21, )(m1,3) -

E(zi,r) == 3(k,r)(z1,7) , r(k,3)(k,r) == 3(k,r) ,

k(z1,7) = k(k,r)(k,3)(k,7)(z1,7) , k(Tl,r) —— r(k,3)(k,r)(z1,7) ,
k(k,r)(k,3) <= r(k,3) , 3(k,r)(k,r)(k,3) b, r(k,3) ,

k(k,r) == 3(k,r)(k,7) ,

k(k,r) % k(k,r)(k,3)(k,r)(k,7) , k(k,7) N r(k,3)(k,r)(k,r) }.

Replacing z; by 1 and z9 by 2, we obtain the following labelled rewriting system S:
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1 %5 2 3(1,2) % 2
B(Lr)(13) S r(1,3) 3(k,r)(Lr)(1,3) 5 r(1,3)
k(k,r)(k,3) = r(k,3) 3(k,r)(k,r)(k,3) b, r(k,3)
1 -5 3(1,2) r(1,3)(1,2) - 3(1,2)
k(L,r) -5 3(k,r)(1,7) r(k,3)(k,r) - 3(k,r)
k(k,r) = 3(k,r)(k,7)
1 % k(1,r)(1,3)(1,2) 1 Lor@3)a,2
k(Lr) = k(k,r)(k,3)(k,r)(1,7) K(Lr) L vk, 3) (ko)1)
k(k,r) = k(k,7)(k,3)(k,r)(k,r) k(k,r) — r(k,3)(k,r)(k,r)
ontheset N = {1,2,3,r,k, (1,2, (1,3, (1,7), (k,3), (k) } of non-

terminals. Then the connected component (S.N*); containing 1 of the prefix transition
graph of S is the following graph generated by R from A12:

Note that the set of vertices is given directly from R by the following left linear grammar:

1,r)(1,3)(1,2)

1 e k(1,r)(1,3)(1,2)
a \\a \ f a
. b . d b . d
3(1,2) (1,3)(1,2)

2 .- r(1,3)(1,

S = 1+ 2+ A(1,2)
Al’g = 3 + B1’3(1,3)
Biz = 1+ Ci,(1,r)
Cl,r = k + Akyr(k,r)
Ay, = 3 + Bys(k,3)
Bk73 = r + Ckyr(k,r)
Ck’,n = k + Ak,r(k,r) .
Hence the vertex set is the following rational language:
{1,2,3(1,2), r(1,3)(1,2), k(1,7)(1,3)(1,2) }
u{3, rk,3), k(k,r)(k,3) }(k,r)(k,r)(k,3)]*(k,r)(1,7)(1,3)(1,2) .

Let us characterize the regular graphs of finite degree by pushd