
BISIMULATION OF CONTEXT-FREE GRAMMARSAND OF PUSHDOWN AUTOMATA �Didier CaucalIRISA, Campus de Beaulieu, 35042 Rennes, FranceE-mail: caucal@irisa.frAbstractWe consider the bisimulation on the transition graphs of pushdown automata.First we give a characterization of bisimulation using the unfolded trees. We recallthat the bisimulation is decidable for the subclass of pre�x transition graphs of context-free grammars. Furthermore any pushdown transition graph is a regular graph: it canbe generated by iterated parallel rewritings of a deterministic graph grammar.Then we show that the rational restrictions of pushdown transition graphs areexactly and e�ectively the regular graphs of �nite degree. We restrict to the class ofgraphs which are regular by increasing valuation : the length to a terminal coroot.This subclass strictly contains the pre�x transition graphs of reduced context-freegrammars. And we show that the bisimulation is decidable on any graph regular byincreasing valuation.Finally we show that the bisimulation on the regular graphs of �nite out-degree isequivalent to the bisimulation on the pre�x transition graphs of context-free grammarson terms. For the deterministic case, these problems are inter-reducible to the well-known equivalence problem of dpda.
1 IntroductionBisimulation has been introduced [Pa 81] to test whether two processes have the samebehavior. Two vertices of a graph (set of labelled arcs) are bisimilar if they are linkedby a simulation whose inverse is also a simulation. For deterministic graphs, two verticesare bisimilar if and only if they have the same unfolded tree. Generally we show that twovertices of a graph are bisimilar if and only if their unfolded trees are obtained from acommon tree by pruning identical `adjacent subtrees'.It is well known that the equivalence problem is undecidable for the context-free gram-mars. However the bisimulation is decidable on the pre�x transition graph of any reducedcontext-free grammar [BBK 87]. It is decided by comparing vertices of same valuation(the minimal path-length to the terminal coroot) and by taking into account the regu-lar structure of the graphs. Another method has been introduced [Ca 90 a] : given any�This paper is an extended version of the article published in CSLI Volume 53, Modal logic and processalgebra, pp. 85{106, Stanford, 1995.This work has been partly supported by ESPRIT BRA 6317 (ASMICS).1



reduced context-free grammar, the greatest bisimulation on its pre�x transition graph isan equivalence induced by an e�ective idempotent morphism. It follows that the classof pre�x transition graphs of reduced context-free grammars is e�ectively closed underquotient by the greatest bisimulation. Another consequence is that this greatest bisimu-lation is an e�ective Thue congruence : we can construct a �nite relation generating thegreatest bisimulation. This last method has been extended for any context-free grammarto decide the bisimulation on its pre�x transition graph [CHS 92] and on its transitiongraph [CHM 93].Although pushdown automata recognize exactly the languages generated by context-free grammars, their (pre�x) transition graphs, called pushdown transition graphs, strictlycontain the pre�x transition graphs of context-free grammars [Ca 90 b]. The decidabilityof bisimulation on pushdown transition graphs is an open problem. However the bisim-ulation of deterministic pushdown transition graphs is decidable because this problemis (inter-)reducible to the decidable equivalence of real-time dpda [Ro 86]. Furthermorewe know that any pushdown transition graph is e�ectively a regular graph of �nite de-gree [Ca 90 b], where a regular graph, or equational graph [Co 90], is a graph generatedby iterated rewritings according to a deterministic graph grammar. In fact, the push-down transition graphs and the regular graphs of �nite degree have e�ectively the sameconnected components and the same accessible subgraphs. More generally, the rationalrestrictions of pushdown transition graphs are exactly and e�ectively the regular graphsof �nite degree.We consider the subclass of graphs which are regular by valuation : they can begenerated with a deterministic graph grammar, by vertices of increasing valuation froma terminal coroot. This subclass strictly contains the pre�x transition graphs of reducedcontext-free grammars. Furthermore the original method of [BBK 87] can be generalizedto the graphs regular by valuation. More precisely to decide the bisimilarity of two verticesof any graph regular by valuation, it su�ces to restrict this problem to a �nite subgraph ofall vertices whose the valuation is bounded by a value computable from the graph grammarand from the valuation of the two vertices. This means that the bisimulation is decidableon any graph regular by valuation.Finally we consider the context-free grammars on terms. Their accessible pre�x transi-tion graphs are more general that the rooted regular graphs of �nite out-degree. But thesetwo classes of graphs have the same unfolded trees. So the bisimulation on any regulargraph of �nite out-degree is decidable if and only if it is decidable on the pre�x tran-sition graph of any context-free grammar on terms. Restricted to deterministic graphs,this bisimulation problem is inter-reducible to the equivalence problem of deterministicpushdown automata.2 BisimulationIn this section we give some basic properties of (strong) bisimulation. In particular wecharacterize bisimulation using unfolded trees (Theorem 2.4).Here, a graph G is an arbitrary set of labelled arcs (p; a; q) of source p, goal q, and labela. Every arc (p; a; q) may be identi�ed with a labelled transition p a�! q. Two graphs are2



bisimilar if they are linked up by a total relation preserving the branching structure.De�nition 2.1 [Pa 81] Given a binary relation R from the vertices of a graph G intothe vertices of a graph H,R is a partial simulation if p R q and p a�! p0 then q a�! q0 and p0 R q0 for some q0;R is a simulation if furthermore R links every vertex p of G: p R q for some q;R is a bisimulation if R and R�1 are simulations, and we write R: G � H.Note that the bijective bisimulations are the isomorphisms: vertex renamings. The classof bisimulations is closed under inverse, composition and in�nite union. A bisimulationon a graph G is a bisimulation from G to G. The union of all the bisimulations on G isthe greatest bisimulation �G on G. Two vertices p; q of a graph G are bisimilar if p �G qor equivalently if there is a bisimulation R on G such that p R q.We will characterize bisimilar vertices using their unfolded trees. Recall that a pathin G from a vertex p to a vertex q is either empty (denoted by �) when p = q, or is anonempty �nite sequence (p0; a1; p1) : : : (pn�1; an; pn) of arcs in G with p0 = p and pn = q.As usual we denote by p �! * q the existence of a path from p to q. The unfolded treeTree(G; r) of G from a vertex r is the set of arcs u a�! u(p; a; q) where u(p; a; q) is a pathfrom r and p a�! q is an arc of G.For instance the following tree :a a ab b bbc c ccc cis the unfolded tree of the following graph from vertex r :(r) a a ab b b bc c cGenerally a graph T is a tree if it has a vertex r such that Tree(T; r) is isomorphic toT . Equivalently a graph G is a tree if it has a vertex r which is a root : every vertex p3



is accessible from r i.e. r �! * p, and furthermore r is target of no arc and every vertexp 6= r is target of a unique arc. A vertex of a tree is also called a node.An accessible subgraph of a graph G is the restriction G=r := f(p; a; q) 2 G j r �! * pgof G to the vertices accessible from a vertex r; in particular T=r is the subtree of a tree Tat node r. We write G �! H if there is a functional (injective inverse) bisimulation fromG to H, which is called a reduction. Note that two graphs are bisimilar if and only if theyreduce to a same graph, or equivalently they are reduced from a common graph:G � H i� 9 K; G �! K  � H i� 9 K; G  � K �! H.Beware that two inter-reducible graphs are not necessary isomorphic. Given a vertex r ofa graph G, the mapping associating its target with every path from r, is a reduction fromTree(G; r) to G=r. So bisimilar vertices have bisimilar unfolded trees: if p �G q thenTree(G; p) � Tree(G; q). The converse is false except if the unfolded trees have bisimilarroots. We bypass this condition using reductions:p �G q i� 9 T tree, Tree(G; p) �! T  � Tree(G; q) (�)i� 9 T tree, Tree(G; p)  � T �! Tree(G; q).Let us restrict (�) to deterministic graphs: distinct arcs with the same label have distinctsources, i.e. if r a�! p and r a�! q then p = q.Corollary 2.2 Given a deterministic graph G,p �G q i� Tree(G; p) is isomorphic to Tree(G; q).To extend Corollary 2.2 to arbitrary graphs, we de�ne a basic operation on trees. Given atree T and a node q distinct of the root, we de�ne the partial tree Tq := T=q [ f(p; a; q)gof T at q, where p a�! q is the arc of T of goal q. Two partial trees are adjacent if theyhave the same root. A basic reduction on trees consists of removing redundant adjacentpartial trees.De�nition 2.3 A tree S is pruned to a tree T and we write S � T , if there is a set Pof nodes of S with the following two conditions:(i) For every p in P there is q not in P such that Sp and Sq are isomorphic adjacentpartial trees,(ii) T is isomorphic to the restriction S � SfSp j p 2 Pg of S to the nodes notaccessible from P .Note that a deterministic tree S is irreducible according to the pruning relation : S � Timplies S and T are isomorphic. Furthermore � is a reduction on trees : S � T impliesS �! T . So vertices are bisimilar when their unfolded trees are obtained from each otherby iteratively adding and deleting identical adjacent partial trees. We show that theconverse is true: the unfolded trees are obtained by pruning a common tree.
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Theorem 2.4 We have the following equivalences:p �G q i� Tree(G; p) (� [ �)� Tree(G; q)i� Tree(G; p) � T � Tree(G; q) for some tree T .Beware that bisimilar vertices may have unfolded trees not pruning to a same tree. Thisends the fact that bisimulation preserves branching structure.
3 Bisimulation of context-free grammarsIn this section, we recall and re�ne decision results on bisimulation of context-free gram-mars (Theorems 3.2 and 3.3).We consider the decidability of bisimulation. Given an arbitrary �nite graph G, thedecision of �G is obvious. Any binary relation R on the vertices of G is �nite, so wecan decide whether R is a bisimulation. Furthermore the set of binary relations on thevertices of G is �nite, hence we can construct the greatest bisimulation �G on G. In factwe can decide �G in O(m:logn) [PT 87] where m := #G is the number of arcs of G (itscardinality) and n � 2m is the number of vertices of G.Let us consider larger classes of graphs using context-free grammars. Given an al-phabet N of non-terminals and an alphabet T of terminals, a context-free grammar P inGreibach normal form (without an axiom) may be seen as a �nite subset of N�T�N�: eachproduction p �! aq with a 2 T , p 2 N and q 2 N�, is replaced by a labelled transitionp a�! q. The setP:N� := f pt a�! ut j p a�! u 2 P ^ t 2 N� gof the pre�x transitions of P is called the pre�x transition graph of P . For instance thepre�x transition graph P:fx; yg� of this context-free grammar P := fx a�!� ; x b�!yxg isthe in�nite replication of this following in�nite connected component:a a b

ab bRecall that P is reduced if � is a coroot of P:N�, i.e. there is a path from every non-terminal (word) to �. 5



In this context the deterministic context-free grammars are the simple grammars. Givenan arbitrary reduced deterministic context-free grammar P , the bisimulation �P:N� of itspre�x transitions corresponds to the equivalence of simple grammars, that can be solvedpolynomially according to the size of P and to its valuation [Ca 93]. Furthermore givenan arbitrary deterministic grammar P (not necessary reduced), �P:N� corresponds to thedecidable equality of in�nitary simple languages [Ca 86].For an arbitrary reduced grammar P (not necessary deterministic), �P:N� remains decid-able [BBK 87]. Using the notion of self-proving relations [Co 83 b], we have shown that�P:N� is an equivalence induced by an e�ective idempotent morphism on N�.Proposition 3.1 [Ca 90 a] Given any reduced context-free grammar P on a non-terminal alphabet N , we can construct an idempotent morphism h on N� such thatu �P:N� v i� h(u) = h(v) for every u; v 2 N�.This construction has been improved to polynomial time [HJM 94] and allows to decide theequivalence of simple grammars polynomially according only to the size of the grammars.From Proposition 3.1, it follows that �P:N� is e�ectively a Thue congruence: we canconstruct a �nite binary relation R on N� such that its generated congruence � !R is equalto �P:N� [Ca 90 a]. Furthermore �P:N� is e�ectively a rational transduction: we canconstruct a transducer (�nite graph labelled on N��N� with an initial vertex and �nalvertices) recognizing �P:N�. Finally this method has been extended to any context-freegrammar.Theorem 3.2 [CHS 92] The greatest bisimulation on the pre�x transition graph ofany context-free grammar is decidable, is a Thue congruence and is a rational trans-duction.From [BCS 95] and for any context-free grammar P , we deduce that �P:N� is e�ectivelya Thue congruence and is e�ectively a rational transduction.We consider also the setN�:P:N� := f spt a�! sut j p a�! u 2 P ^ s; t 2 N� gof all transitions of P , called the transition graph of P . When the associative concatenationover N is also commutative, the transition graph of any grammar P corresponds to itspre�x transition graph, and is called the commutative (pre�x) transition graph of P . Forinstance the commutative transition graph of P = fx a�!xx ; x b�!xyg is the followinggrid:
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a ab b ba ab b ba awhich is neither the pre�x transition graph nor the transition graph of a grammar. Howeverthe transition graph of any grammar is reducible to its commutative transition graph: withevery non-terminal word u we associate its equivalence class [u] modulo the commutationrelation � !R for R := f(ab; ba) j a; b 2 Ng. So the bisimulation of grammar transitiongraphs is reducible to the bisimulation of grammar commutative transition graphs, whichis decidable.Theorem 3.3 [CHM 93] The greatest bisimulation on the transition graph of anycontext-free grammar is an e�ective Thue congruence, hence is decidable.However the greatest bisimulation on the transition graph of any context-free grammar isnot in general a rational transduction. For instance, the greatest bisimulation �N�:P:N�of P = fx a�! � ; y b�! �g on N = fx; yg is equal to the non rational transductionf (u; v) 2 N��N� j jujx = jvjx ^ jujy = jvjy g of the couple of words with the sameoccurrences of x and of y.We will now consider the decidability of bisimulation for pushdown automata.4 Bisimulation of pushdown automataIn this section we consider the bisimulation of pushdown automata, or only of real-timepushdown automata: the (strong) bisimulation does not take into account the emptytransitions; the empty word is like an ordinary terminal. First we apply decision resultson the equivalence of deterministic real-time pushdown automata to the bisimulation oftheir transition graphs (Theorems 4.2 and 4.3). Then we determine the structure of thetransition graphs of pushdown automata : they are regular graphs meaning that they canbe generated by deterministic graph grammars (Theorem 4.7). And we give two e�ectivecharacterizations of regular graphs of �nite degree (Theorems 4.8 and 4.9). Finally weshow that the bisimulation is decidable on any graph which is regular by increasing path-length to a terminal coroot (Theorem 4.16).As for context-free grammars over an alphabet N of non-terminals and an alphabet Tof terminals, a real-time pushdown automaton P (without axiom and �nal states) may beseen as a �nite subset of Q:N�T�Q:N� where Q is an alphabet of states disjoint of N . So7



the transition graph N�:P:N� of P is the in�nite replication of its pre�x transition graphP:N� called its pushdown transition graph. For instance the pushdown transition graphof the (real-time pushdown) automaton fpx a�! pxx ; px b�! p ; px c�! q ; qx d�! qgwhere N = fxg, Q = fp; qg, T = fa; b; c; dg is the following graph:
d d db c c c cbababaTaking a new letter q, every grammar P is transformed into the following automatonf qp a�! qu j p a�! u 2 P g with a single state Q = fqg and such that its pushdowntransition graph is isomorphic to the pre�x transition graph of P . The converse is false:the previous graph is not a connected component of the pre�x transition graph of anygrammar [Ca 90 b]. Thus pushdown transition graphs are more general than grammartransition graphs. Including Q in N , a real-time pushdown automaton P is a labelledword rewriting system, i.e. a �nite subset of N��T�N�. Note that the pre�x transitiongraph of the following rewriting system fx a�! � ; x2 b�! x3g is not a pushdown transitiongraph. However the pre�x transition graphs of labelled word rewriting systems havee�ectively the same accessible subgraphs than the pushdown transition graphs [Ca 90 b].This correspondence remains true for the connected components.Proposition 4.1 The pre�x transition graphs of labelled word rewriting systems andthe pushdown transition graphs have e�ectively the same connected components andthe same accessible subgraphs.We now consider the decidability of bisimulation on pushdown transition graphs. Givenany graph G in V �T�V , we denote by L(G; r;E) the set of path labels of G from r 2 V toany vertex in E � V . In particular L(P:N�; r; F:N�) is the language accepted by P fromaxiom r 2 Q:N� with acceptance by �nal states in F � Q.Recall that P is reduced if from every word in Q:N (or in Q:N�), there is a path endingto some state; for instance the previous automaton is reduced. For an arbitrary reducedreal-time dpda (deterministic pushdown automaton) P , �P:N� is inter-reducible to itsdecidable equivalence problem with acceptance by empty stack [OIH 80]:u �P:N� v i� L(P:N�; u;Q) = L(P:N�; v;Q).Theorem 4.2 [OIH 80] The greatest bisimulation on any reduced and deterministicpushdown transition graph is e�ectively a rational transduction, hence is decidable.For an arbitrary real-time dpda P (not necessary reduced), �P:N� is inter-reducible to itsequivalence problem with acceptance on any state:u �P:N� v i� L(P:N�; u;Q:N�) = L(P:N�; v;Q:N�).8



This problem is decidable even for any subset of �nal states [Ro 86]. In fact for pushdownautomata (respectively real-time/deterministic) the equivalence problem with acceptanceon �nal states is inter-reducible to the equivalence problem with acceptance on any state.Theorem 4.3 [Ro 86] The bisimulation on any deterministic pushdown transitiongraph is decidable.Nevertheless for an arbitrary non reduced real-time dpda P , we do not know if �P:N� isa rational transduction, but in this case we cannot construct a rational transducer, byreducing the undecidable Post's Correspondence Problem [Co 81].A way to consider bisimulation on pushdown transition graphs is to determine theirstructures. The structure of pushdown transition graphs has been originally studied in[MS 85]. Let us give another but e�ective characterization of these graphs by using graphgrammars. We take a set of labels with non null arities. A hyperarc is a word as1: : :splabelled by a of arity p > 0 and joining in order the vertices s1; : : : ; sp. In particular anarc s a�! t is the word ast with a of arity 2. A hypergraph H is a set of hyperarcs. Agraph grammar R is a �nite set of rules of the form ax1: : :xp �! H where x1; : : :; xp aredistinct vertices and H is a �nite hypergraph. The labels of the left hand sides of R arethe non-terminals of R. The other labels in R are the terminals and are of arity 2 (theylabel arcs only). We say that R is deterministic if there is only one rule by non-terminal.A rewriting M �!R N consists in choosing a non-terminal hyperarc X = as1: : :sp in Mand a rule ax1: : :xp �! H in R to be applied; the vertices xi in H indicate how to replaceX by H: N = (M �X) [ f bg(t1): : :g(tq) j bt1: : :tq 2 Hgfor some matching function g mapping xi to si, and the other vertices of H injectively tovertices outside M ; this rewriting is also denoted by M �!R;X N . Note that �!R is not ingeneral a functional relation, even when R is deterministic. Nevertheless,M �!R;X1 o : : : o �!R;Xn N i� M �!R;X�(1) o : : : o �!R;X�(n) Nfor any Xi 2M and for any permutation � on f1,: : : ,ng. Thus, it makes sense to de�nea complete parallel rewriting =)R as follows :M =)R N if M �!R;X1 o : : : o �!R;Xn Nwhere X1; : : : ;Xn are all the non-terminal hyperarcs of M . We denote by [M ] = f ast 2M j a is a terminal of R g the set of terminal arcs of M . A graph G is generated bya deterministic graph grammar R from a hypergraph H if G is isomorphic to Sn�0[Hn]where H0 = H andHn =)R Hn+1 for every n � 0. For instance the following deterministicgraph grammar :A db
a BcandB Bb(x) (x) (x)(y) (x)(y)9



generates from the hypergraph fAxg the previous pushdown transition graph.De�nition 4.4 A regular graph is a graph generated by a deterministic graph gram-mar from a �nite hypergraph.These graphs are the equational graphs of [Co 90]. Restricted to trees, a regular tree isa tree with a �nite number of nonisomorphic subtrees, i.e. the unfolded tree of a �nitegraph. In particular the �rst example of the previous section gives a regular graph with anon regular unfolded tree. Let us give basic properties of regular graphs.Proposition 4.5 We have the following properties:a) Every accessible subgraph of a regular graph is e�ectively a regular graph;b) Every connected component of a regular graph is e�ectively a regular graph;c) Every regular graph has e�ectively a �nite number of nonisomorphic connectedcomponents.Let us give some correspondences between regular graphs and pre�x transition graphs ofword rewriting systems. The set of vertices of any pre�x transition graph R:N� is equalto (Dom(R) [ Im(R))N�, hence is rational. We also have an e�ective rational languagefor the vertices accessible from a given axiom [B�u 64], or better for the vertices accessiblefrom any rational set of vertices.Proposition 4.6 The pre�x derivation of any (unlabelled) word rewriting system ise�ectively a rational transduction.This entails that any pushdown transition graph is a regular graph [Ca 90 b] of �nite de-gree, i.e. every vertex belongs only to a �nite number of arcs. The converse is false becauseevery pushdown transition graph is either empty or in�nite. This converse becomes trueif we restrict pushdown transition graphs to their accessible subgraphs, called accessiblepushdown transition graphs.Theorem 4.7 [Ca 90 b] We have the following properties:a) The accessible pushdown transition graphs are e�ectivelythe rooted components of pushdown transition graphs, and are e�ectivelythe rooted regular graphs of �nite degree;b) The connected components of pushdown transition graphs are e�ectivelythe connected regular graphs of �nite degree.For instance every deterministic graph grammar generating a rooted graph G of �nitedegree, is mapped e�ectively into a pushdown automaton with an axiom such that its10



accessible transition graph is isomorphic to G, and the reverse transformation is alsoe�ective.One way to obtain all regular graphs of �nite degree is to take the restrictions of pushdowntransition graphs P:N� to any rational subset V � Q:N� of con�gurations :(P:N�)jV = f p a�! q 2 P:N� j p; q 2 V g .Theorem 4.8 The following families of graphs coincide e�ectively:a) The regular graphs of �nite degree;b) The rational restrictions of pre�x transition graphs of labelled rewriting systems;c) The rational restrictions of pushdown transition graphs.Another way to obtain all regular graphs of �nite degree is to apply a rule by pre�xand only if its right context belongs to a given rational language. A similar method hasbeen de�ned in [Ch 82]. More precisely, a rationally controlled labelled rewriting system(R; f) is a labelled rewriting system R with a mapping f from R into the rational sets ofnon-terminal words. The pre�x transition graph of (R; f) is the setR:f := f uw a�! vw j u a�! v 2 R ^ w 2 f(u a�! v) gof pre�x transitions of R whose right contexts are allowed by f .Theorem 4.9 The following families of graphs coincide e�ectively:a) The regular graphs of �nite degree;b) The pre�x transition graphs of rationally controlled labelled rewriting systems;c) The (pushdown) transition graphs of rationally controlled pushdown automata.Let us give some basic closure properties of rationally controlled pre�x transition graphs.In particular and despite the class of rationally controlled pre�x transition graph is notclosed by quotient by the greatest bisimulation, it is closed by any morphism on vertices.Proposition 4.10 The class of rationally controlled pre�x transition graphs is closede�ectively by union, di�erence, intersection, morphism, and rational restriction.Note that the class of rationally controlled pre�x transition graphs is not closed by inversemorphism. Let us apply Proposition 4.10 to Proposition 3.1.Corollary 4.11 [Ca 90 a] Any couple (P;N) of a reduced context-free grammar Pon a non-terminal alphabet N can be transformed into another couple (P ;N) such thatP :N� is the quotient of P:N� by its greatest bisimulation.It follows that the unfolded tree from the root of the previous regular graph is not theunfolded tree of any (reduced) cf-grammar.11



Given a deterministic graph grammar S generating a (regular) graph G of �nite de-gree, we give a general method to transform S into another deterministic graph grammargenerating G. Let G be any labelled graph and let g be a graduation of G, i.e. a mappingfrom the vertex set VG of G into the integer set IN. For every n � 0, we denote by(G)g;n := f s a�! t 2 G j g(s) � n ^ g(t) � n ^ (g(s) < n _ g(t) < n) gthe �rst n-th slides of the decomposition of G by g, and we denote by[G]g;n := f s 2 VG j g(s) = n _ (s 2 VG�(G)g;n ^ g(s) < n) gthe n-th frontier of G by g.We say that G is a regular graph according to g if there exist a deterministic graph grammarS and a hyperarc X such that for every n � 0, S generates from X by n parallel rewritingsthe graph (G)g;n of terminal arcs with the vertex set [G]g;n of non-terminal hyperarcs, i.e.8 n � 0 9 H; X =)S n H ^ [H] = (G)g;n ^ VH�[H] = [G]g;n ;except when [G]g;n = ; and (G)g;n 6= G, VH�[H] is restricted to a vertex not in VG.Given any vertices s; t of G, we denote bydG(s; t) := min(f juj j u 2 L(G [G�1; s; t) g [ f1g)the distance in G between s and t.Furthermore we denote by ((G))g;s the connected component of G� (G)g;g(s) containings (may be empty), and by [[G]]g;s := [G]g;g(s) \ V((G))g;s its frontier by g.We write s � h t if h is an isomorphism from ((G))g;s to ((G))g;t such that h([[G]]g;s) =[[G]]g;t and h(s) = t. We say that g is vertex independent if the decomposition is identicalfor isomorphic connected components with the same frontier:s � h t =) g(r)� g(s) = g(h(r))� g(t) for every vertex r of ((G))g;s.Note that if G is a regular graph according to g then g is of bounded connection in thefollowing sense :9 b � 0 8 n � 0 8 s; t 2 [G]g;n ; dG�(G)g;n(s; t) =1 _ dG�(G)g;n(s; t) � b.The converse is true for any connected regular graph of �nite degree and with a vertexindependent graduation.Lemma 4.12 Given a connected rationally controlled rewriting system (R; f) and avertex independent graduation g : VR:f �! IN, the following two properties are equiva-lent :a) R:f is a [resp. is an e�ective] regular graph according to g,b) g is of bounded connection [resp. g�1 is recursive].Note that if G is a regular graph according to g then g(G) is again a regular graph. Theconverse is false except for instance when g is a �-free morphism on a rationally controlledpre�x transition graph.Proposition 4.13 Any rationally controlled pre�x transition graph is an e�ective reg-ular graph according to any �-free morphism.Thus (and as already seen in proof (b) ) (a) of Theorem 4.9), R:f can be generated byvertices of increasing length with a deterministic graph grammar. Another consequence12



of Lemma 4.12 is that any connected graph R:f can be generated with a deterministicgraph grammar by increasing distance d(u;E) := minf d(u; v) j v 2 E g of any vertex ufrom a given nonempty �nite set E of vertices.Proposition 4.14 [Ca 90 b] Any connected rationally controlled pre�x transitiongraph is an e�ective regular graph according to the distance from any nonempty �-nite set of vertices.We are ready to extend the method de�ned in [BBK 87] to decide the bisimulationfor a general subclass of regular graphs including the pre�x transition graphs of reducedcontext-free grammars.Note that the pre�x transition graph of any reduced context-free grammar has � as terminalcoroot. Recall that a vertex c of a graph G is terminal if it is source of no arc :8 a 8 t (c a�! t) 62 G ,and that c is a coroot if there is a path from any vertex to c, i.e.8 s 2 VG s =)G � c .In particular, a terminal coroot of a graph is unique. Given any graph G with a terminalcoroot c, we de�ne the valuation k s k of any vertex s as being the minimal length of thepathes from s to c, i.e.k s k := minf jwj j w 2 L(G; s; c) g.For any reduced context-free grammar on a non-terminal alphabet N , the valuation onN� is an �-free morphism, hence Proposition 4.13 can be applied.Corollary 4.15 The pre�x transition graph of any reduced context-free grammar isan e�ective regular graph according to its valuation.The converse is false : there exist graphs regular by valuation which are not isomorphicto any restriction of the pre�x transition graph of any reduced context-free grammar. Forinstance and by identifying the two terminal vertices of the previous graph, we obtaina graph with a terminal coroot which cannot be obtained with a reduced context-freegrammar [CM 90], and that can be generated by increasing valuation according to thefollowing deterministic graph grammar :A and B(x) (x)(y) d
a B(x)(y) bB(x) d cb cA basic property is that for any graph with a terminal coroot, two bisimilar verticeshave the same valuation. In a way similar to [BBK 87], we reduce the decidability of thebisimulation on any regular graph according to its valuation, to the decidability on the�nite subgraph of all vertices having a valuation bounded by a computable value.13



Theorem 4.16 The bisimulation on any regular graph according to its valuation isdecidable.Contrary to Corollary 4.11, the class of graphs regular by valuation is not closed byquotient by the greatest bisimulation. But for any �nite degree graph regular by valuation,if its quotient by a bisimulation is regular then this quotient is regular by valuation.5 Bisimulation of term context-free grammarsIn this section, we consider the bisimulation of context-free grammars on terms (De�ni-tion 5.1). We de�ne two subclasses of context-free grammars such that their accessiblepre�x transition graphs are exactly and e�ectively the rooted regular graphs of �nite out-degree (Theorem 5.3), resp. of �nite degree (Theorem 5.4). On the other hand, we showthat the pre�x transition graphs of context-free grammars and the regular graphs of �niteout-degree have the same unfolded trees (Proposition 5.6), hence the bisimulation on thesegraphs has the same decision problem. Finally, the bisimulation decidability of determin-istic context-free grammars is inter-reducible to the well-known equivalence problem ofdpda (Proposition 5.9).We introduce some de�nitions and usual notations. The set T (F ) of (�nite) terms ona graded alphabet F = Sn�0 Fn is the least language in F+ such that ft1: : :tn 2 T (F ) forevery f 2 Fn (of arity n � 0) and every t1; : : : ; tn 2 T (F ). A constant is an element of F0.A subterm s of a term t is a term which is a factor of t (usv = t for some u; v). The setF (t) of symbols of some term t = ft1: : :tn on F is de�ned recursively on its structure byF (t) := ffg [ S1�i�n F (ti). We denote by E(t) := F (t) \ E the set of symbols inE � F of a term t. Furthermore the height h(t) of any term t = ft1: : :tn is the greatestlength of its branches : h(t) := max(f 1 + h(ti) j 1 � i � ng [ f0g).We take a denumerable set V = fx1; x2; : : :g of term variables (symbols of arity zero),disjoint from F . The context-free grammars on words are extended to terms. Recall thatT is the set of terminals and F will be the (graded) set of non-terminals.De�nition 5.1 A term context-free grammar on F [ V is a �nite set of labelled rulesfx1: : :xn a�! t where n � 0, f 2 Fn, a 2 T and t 2 T (F [ fx1; : : : ; xng).In particular, a term context-free grammar is a labelled term rewriting system, i.e. a �niteset of labelled rules s a�! t of terms s; t on F [ V such that V (t) � V (s). Recall thata substitution � is a mapping from V into T (F [ V ) which is extended into a morphismon T (F [ V ) : �(ft1: : :tn) = f�(t1): : :�(tn). We denote by t[t1; : : : ; tn] the substitution�(t) of t de�ned by �(x1) = t1, : : : , �(xn) = tn and �(x) = x for every other variable x.The pre�x transition graph of any context-free grammar on words can be extended to anycontext-free grammar P on terms: the setP:T (F )� := f ft1: : :tn a�! t[t1; : : : ; tn] j fx1: : :xn a�! t 2 P ^ t1; : : : ; tn 2 T (F ) g14



of the pre�x transitions of P is the pre�x transition graph of P ; its accessible subgraphsare the accessible pre�x transition graphs of P . More generally, the pre�x transition graphof any term rewriting system P is the setP:T (F )� := f �(s) a�! �(t) j s a�! t 2 P ^ � is a substitution gof its pre�x transitions. Note that any pre�x transition graph is of �nite out-degree : everyvertex is source of only a �nite number of arcs.For instance, taking F = ff; g; hg with f; g; h of respective arities 2; 1; 0, the accessiblepre�x transition graph P:T (F )�=fhh of this (linear) context-free grammarP := ffx1x2 a�! fgx1x2 ; fx1x2 b�! fx1gx2gand from axiom fhh is the previous grid, which is not a regular graph. In fact, the termfgx1x2 is not entire in the following sense : a term t is entire if for every subterm s of t,either s has the same variables as t, or s is a variable or s has no variable; for instance,fx1fx2x1 and fgcx1 are entire terms. By extension, a rewriting system is entire if forevery rule s a�! t, the terms s and t are entire.Accessible pre�x transition graphs of term cf-grammars generalize rooted regular graphsof �nite out-degree. More precisely, it is known that the pre�x transition graphs of entiresystems, or of cf-grammars, and the regular graphs of �nite out-degree have the sameaccessible subgraphs [Ca 92]. Let us re�ne this characterization by restricting as much aspossible the class of entire cf-grammars.De�nition 5.2 A term cf-grammar P is standard if every rule s a�! t of P satis�esthe following three properties :(i) h(t) � 2(ii) t 62 V =) V (t) = V (s)(iii) s 62 F0 =) F0(t) = ; .For instance with symbols f; g; h of respective arities 2; 1; 0, these entire cf-grammarsfgx a�! gggxg, ffxy a�! gxg, fgx a�! fhxg do not satisfy respectively (i),(ii),(iii) ofDe�nition 5.2. This de�nition allows to re�ne the class of entire cf-grammars in such away that their accessible pre�x transition graphs are the rooted regular graphs of �niteout-degree.Theorem 5.3 The following families of graphs coincide e�ectively:a) The rooted regular graphs of �nite out-degree;b) The accessible pre�x transition graphs of entire rewriting systems;c) The accessible pre�x transition graphs of standard and entire cf-grammars.This correspondence becomes false for the connected components: it su�ces to take thefollowing standard and entire cf-grammar P := ffx1x2 a�! x1 ; fx1x2 b�! x2g on F =ff; hg with f; h of respective arities 2; 0, then its pre�x transition graph P:T (F )� hasthe inverse grid as subgraph, so has an undecidable monadic theory [Se 91], hence is notregular, because every regular graph has a decidable monadic theory [Co 90].Let us restrict Theorem 5.3 to characterize the rooted regular graphs of �nite degree. Wesay that a term t = ft1: : :tn is perfect if for every 1 � i � n, h(ti) = h(t) � 1 and by15



induction ti is perfect. For instance, with functions f; g; h of respective arities 2; 1; 0, theterm fghfhh is perfect but the term gfhgh is not perfect. By extension, a rewritingsystem is perfect if for every rule s a�! t, the terms s and t are perfect. In particular, theleft hand sides of any cf-grammar are perfect. Furthermore, we say that a term rewritingsystem P is constant-separated if it satis�es the following weaker condition than condition(iii) of De�nition 5.2 :V (t) 6= ; =) F0(t) = ; for any rule s a�! t of P .In particular, every standard cf-grammar is constant-separated. The restriction of The-orem 5.3 to perfect and constant-separated systems, gives the regular graphs of �nitedegree.Theorem 5.4 The following families of graphs coincide e�ectively:a) The rooted regular graphs of �nite degree;b) The accessible pre�x transition graphs of perfect, constant-separated and entirerewriting systems;c) The accessible pre�x transition graphs of perfect, standard and entire cf-grammars.Now we consider the trees obtained by pre�x unfolding of term context-free grammars.De�nition 5.5 A context-free tree is an unfolded tree of the pre�x transition graphof a context-free grammar on terms.Although the accessible pre�x transition graphs of term context-free grammars is a properextension of the rooted regular graphs of �nite out-degree, their unfolded trees are thesame.Proposition 5.6 The context-free trees coincide e�ectively with the unfolded trees of�nite out-degree regular graphs.Thus the equality problem of context-free trees is the same that the decidability of bisim-ulation on regular graphs of �nite out-degree.Corollary 5.7 The bisimulation on pre�x transition graphs of term cf-grammars isinter-reducible to the bisimulation on regular graphs of �nite out-degree.In fact, the unfolded trees of regular graphs of �nite out-degree is a proper extension of theunfolded trees of regular graphs of �nite degree. For instance, the unfolded tree from theroot of the regular graph of �nite out-degree and generated by the following deterministicgraph grammar : 16



B(1)(2)(3) (1)(2)(3) g B(1) df eandad AbB (2)(2)(1) Ais not the unfolded tree of any regular graph of �nite degree. The unfolded trees of cf-grammars on words and on terms, of pushdown automata, and of regular graphs can beclassi�ed.Proposition 5.8 We have the following hierarchy on trees :�nite trees� regular trees of �nite degree= unfolded trees of �nite graphs� unfolded trees of context-free grammars on words� unfolded trees of pushdown automata= unfolded trees of regular graphs of �nite degree� unfolded trees of regular graphs of �nite out-degree= unfolded trees of context-free grammars on terms� unfolded trees of regular graphs.This hierarchy is valid for deterministic trees, except that the last inclusion is an equality.As for the bisimulation on regular graphs of �nite degree, we distinguish the determin-istic case for the bisimulation on term cf-grammars. Let us recall the equivalence problemfor dpda. A dpda P (not necessary real-time) is a �nite subset of Q:N � T [ f�g � Q:N�satisfying the following two conditions:(i) P is deterministic, i.e. if s a�! u , s a�! v 2 P then u = v (even if a = �)(ii) if s ��! u , s a�! v 2 P then a = �.The equivalence problem for dpda is to decide whetherL(P:N�; u; F:N�) = L(P:N�; v; F:N�)for any dpda P , any subset F of states and any con�gurations u; v 2 Q:N�. Note thatthe acceptance is by �nal states but the problem is not more di�cult if the acceptanceis by empty stack, or also is on all states. Thus by identifying source and target of �-transitions, this problem is reducible to the bisimulation of deterministic regular graphs;and the inverse transformation also holds.Proposition 5.9 The following problems are inter-reducible :a) The equivalence for dpdab) The bisimulation on deterministic regular graphsc) The equality of deterministic context-free trees.Despite the last approach of [Me 92], the equivalence problem for dpda remains open.In fact, the deterministic context-free trees correspond to the algebraic terms (trees)17



[Co 83 a]. Recall that a recursive program scheme [Ni 75], [Gu 81] P on F [ V is anunlabelled term cf-grammar, i.e. a �nite set of rulesfx1: : :xn �! t with V (t) � fx1; : : : ; xngsuch that P is functional : fx1: : :xn �! s ^ fx1: : :xn �! t =) s = tand P is in Greibach form : fx1: : :xn �! t =) t(1) 2 F �NPwhere NP := f f 2 Fn j fx1: : :xn 2 Dom(P ) g is the set of non-terminals of P .An algebraic term is an unfolded (�nite or in�nite) term P!(t) on F �NP obtained by ascheme P from a term t = ft1: : :tn 2 T (F ), as follows :P!(ft1: : :tn) := ( fP!(t1): : :P!(tn) if f 62 NPP!(s[t1; : : : ; tn]) if fx1: : :xn �! s 2 P .By a simple replacement of vertex labels by arc labels, the algebraic terms correspond tothe deterministic context-free trees.Lemma 5.10 The equality problem of deterministic context-free trees is inter-reducibleto the equality problem of algebraic terms.Proposition 5.9 with Lemma 5.10 yield a known result.Corollary 5.11 [CG 87] The equivalence problem for dpda is inter-reducible to theequality problem of algebraic terms.
6 ConclusionWe have shown (Theorem 4.16) that the bisimulation is decidable for any reduced push-down automata having a regular transition graph according to the path-length to itsterminal vertices. However the decidability of the bisimulation for any pushdown automa-ton is an open problem.Problem 6.1 Is bisimulation decidable for pushdown automata ?From Theorem 4.7 (a), problem 6.1 is inter-reducible to the decidability of bisimulation of�nite degree regular graphs. So Problem 6.1 is a restricted case of the following problem.Problem 6.2 Is bisimulation decidable for regular graphs of �nite out-degree ?But this problem restricted to the deterministic case, is inter-reducible to the still openedfamous equivalence problem of deterministic pushdown automata (Theorem 5.9). Finally,Problem 6.2 is a restricted case of the following problem.18



Problem 6.3 Is bisimulation decidable for regular graphs ?
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A AppendixWe give here all the proofs of new results.A.a BisimulationWe need some basic facts on reductions. First we give below two bi-in�nite connectedgraphs G and H such that G and H are interreducible: G �! H and H �! G , but Gand H are not isomorphic. ab a ab aaa aaab a aa aaab a a aaab a ab a ab aaaba aaab a aab a aaaaaaGiven a bisimulation R on G which is an equivalence, usually called a congruence, wede�ne the quotient of G by R as follows:G=R := f [p]R a�! [q]R j p a�! q 2 G gwhere [p]R := fq j p R qg is the equivalence class of p according to R. The mapping [ ]Ris a bisimulation from G to G=R.Lemma A.1 Given a congruence R of a graph G, [ ]R : G �! G=R is a reduction.Proof.It su�ces to prove that [ ]R is a bisimulation.Let p a�! q. By de�nition of G=R, [p]R a�! [q]R hence [ ]R is a simulation.Conversely if [p]R a�! [q]R then there is p0 a�! q0 with p0 R p and q0 R q.As R is a simulation there is q00 such that p a�! q00 and q0 R q00. So [q00]R = [q]R.2We denote by Ker(R) := R o R�1 := f(p; q) j 9r; p R r ^ q R rg the kernel of anybinary relation R. If R is a bisimulation then its kernel is a bisimulation. Restricting toreductions we obtain exactly the congruences.Lemma A.2 The congruences of a graph G are the kernels of the reductions from G.Proof.Let R be a congruence of G. From Lemma A.1, [ ]R : G �! G=R is a reduction from Gsatisfying Ker([ ]R) = f(p; q) j [p]R = [q]Rg = R.Conversely let h be a reduction from G to some graph H. So h is a bisimulation from Gto H. Hence Ker(h) = h o h�1 is a bisimulation on G.As h is a mapping Ker(h) is an equivalence. Finally Ker(h) is a congruence.i



2Given a bisimulation R on G and by induction on n � 0, the composition n times Rn of Ris also a bisimulation onG. Hence the re
exive and transitive closure R� = SfRn j n � 0gis a bisimulation on G. In particular the greatest bisimulation �G of G is also the greatestcongruence of G. It follows that bisimilar graphs are graphs reducible to a same graph.Proposition A.3 We have G � H i� G �! o  � H.Proof.If G �! o  � H then G � o � H hence G � H. Let us show the converse.Let R : G � H. So Ker(R) = R o R�1 is a bisimulation on G. Hence its re
exive andtransitive closure (Ker(R))* = (R o R�1)* denoted by (RR�1)*, is also a bisimulation onG, hence a congruence on G. Similarly (R�1R)* is a congruence on H. From Lemma A.1the following relationS := ([ ](RR�1)�)�1 o R o [ ](R�1R)�is a bisimulation from G=(RR�1)� to H=(R�1R)�. Note thatS([p](RR�1)�) = f[q0](R�1R)� j p (RR�1)�R q0g by de�nition of S= f[q0](R�1R)� j p R(R�1R)� q0g by assciativity of o= f[p0](R�1R)� j p R p0g= [p0](R�1R)� for any p0 such that p R p0,because if p R p0 and p R p00 then p0 R�1R p00 hence [p0](R�1R)� = [p00](R�1R)� .So S is a functional bisimulation, i.e. a reduction.Hence [ ](RR�1)� o S : G �! H=(R�1R)� and [ ](R�1R)� : H �! H=(R�1R)� suit.Remark 1: By symmetry of G and H, S�1 is also functional, hence S is an isomorphism.Remark 2: If p R p0 then S([p](RR�1)�) = [p0](R�1R)� , i.e. p and p0 reduce to a samevertex along these reductions.2Let us give some basic properties on tree reductions.Lemma A.4 We have the following properties:a) h : Tree(G; p) �! G=p where h(u) = q for every path u from p to q ;b) If h : G �! H and r is a root of G then h(r) is a root of H ;c) If h : G �! H then Tree(G; p) �! Tree(H;h(p)) for every vertex p of G.Proof.i) Consider a graph G, a vertex p, and a mapping h associating the goal h(u) to everypath u from p.Let us show that h is a reduction from Tree(G; p) to G=p .By de�nition h is a surjective mapping. It remains to prove that h is a bisimulation.Let u a�! v be an arc of Tree(G; p). So u is a path from p to h(u).Furthermore there is a vertex q such that h(u) a�! q and u(h(u); a; q) = v.So h(v) = q hence h is a simulation.Conversely let h(u) a�! q be an arc of G=p .ii



So u is a path from p to h(u) hence u a�! u(h(u); a; q) is an arc of Tree(G; p).As h(u(h(u); a; q)) = q , h�1 is also a similation. Finally h is a reduction.ii) We denote by Path(G; p) the set of paths of G from p.Let h be a reduction from a graph G to a graph H, and let p be a vertex of G.By induction on the length of paths in G of source p, we de�ne a mapping g as follows:g(�) = �g(u(q; a; r)) = g(u)(h(q); a; h(r)) for every u(q; a; r) 2 Path(G; p).As h is a bisimulation and by induction on the path lengths, we haveu 2 Path(G; p) =) g(u) 2 Path(H;h(p)),v 2 Path(H;h(p)) =) 9 u , u 2 Path(G; p) ^ g(u) = v .So p �!G * o h q if and only if h(p) �!H * q .In particular h(p) is a root of H when p is a root of G.iii) Continuing (ii), let us show that g is a reduction from Tree(G; p) to Tree(H;h(p)).From (ii) g is a surjective mapping. It remains to prove that g is a bisimulation.Let u a�! v be an arc of Tree(G; p). There is an arc q a�! r of G such that u(q; a; r) = v.In particular u is a path ending by q. From (ii), g(u) 2 Path(H;h(p)).So g(u) ends by h(q). As h(q) a�! h(r) is an arc of H, g(u) a�! g(u)(h(q); a; h(r)) = g(v)is an arc of Tree(H;h(p)). Finally g is a simulation.Conversely let g(u) a�! s an arc of Tree(H;h(p)). Let q be the goal of u.So there is t such that g(u)(h(q); a; t) = s. In particular h(q) a�! t is an arc of H.Hence there is r such that q a�! r is an arc of G and h(r) = t.So u a�! u(q; a; r) is an arc of Tree(G; p) withg(u(q; a; r)) = g(u)(h(q); a; h(r)) = g(u)(h(q); a; t) = s.2Let us note that the vertices p and q of the following graph:abc(p) (q)are not bisimilar but their unfolded trees Tree(G; p) and Tree(G; q) are bisimilar. Never-theless bisimilar vertices means that their unfolded trees are reducible to a common tree.Proposition A.5 p �G q i� 9 T tree, Tree(G; p) �! T  � Tree(G; q).Proof.i) Let p �G q : There is a bisimulation R on G such that p R q.Note that S : G=p � G=q for S := f(s; t) 2 R j p �!G * s ^ q �!G * tg.From Proposition A.3 there is a graphH and reductions f : G=p �!H and g :G=q �!H.From Remark 2 in proof of Proposition A.3 we may assume that f(p) = g(q). FromLemma A.4 (c), we haveTree(G; p) = Tree(G=p; p) �! Tree(H; f(p)) = Tree(H; g(q)) � Tree(G=q; q) = Tree(G; q)ii) Suppose there is a tree T such that Tree(G; p) �! T  � Tree(G; q).From Lemma A.4 (b), there is R : Tree(G; p) � Tree(G; q) with � R � .From Lemma A.4 (a), there is S : G=p � G=q with p S q.iii



Let Id be the identity relation on G. So T := S [ Id is a bisimulation on G with p T q.2The set of paths of G from p is denoted by Path(G; p). The label Label(p; a; q) = a ofan arc is extended by morphism to paths, and by union to a set of paths. RestrictingProposition A.5 to deterministic graphs, let us prove an extension of Corollary 2.2 .Lemma A.6 Given a deterministic graph G, we have the following properties:a) p �G qb) Tree(G; p) is isomorphic to Tree(G; q)c) Label(Path(G; p)) = Label(Path(G; q)).Proof.a) ) c) : Let p �G q : there is a simulation R such that pRq.For every u 2 Label(Path(G; p)) and by induction on juj, we have u 2 Label(Path(G; q)).So Label(Path(G; p)) � Label(Path(G; q)) hence the equality by symmetry of �G .c) ) b) : Suppose that Label(Path(G; p)) = Label(Path(G; q)).As G is deterministic, to every path x of G from p there is a unique path h(x) of G fromq with the same label : Label(h(x)) = Label(x).So h is a total function from Tree(G; p) to Tree(G; q).Let us show that h is a simulation: let x a�! y be an arc of Tree(G; p).In particular y is a path of G from p of label Label(y) = Label(x):a .Hence h(y) is a path of G from q of label Label(h(y)) = Label(x):a .By unicity of h(x), we have h(y) = h(x):(s; a; t) where s; t are respectively the end of pathsh(x); h(y).By de�nition of Tree(G; q) it follows that h(x) a�! h(y) 2 Tree(G; q).Similarly to every path y of G from q there is a unique path x of G from p withLabel(x) = Label(y), hence y = h(x).By symmetry h�1 is also a total function and a simulation.Finally h is a bijective bisimulation, i.e. an isomorphism.b) ) a) : Suppose that Tree(G; p) and Tree(G; q) are isomorphic.Any isomorphism is a reduction hence Tree(G; p) �! Tree(G; q)  � Tree(G; q).From Proposition A.5, p �G q .2We say that a vertex p is terminal if it is source of no arc (its out-degree is 0). We denoteby End Path(G; p) the set of paths of G from p and ending by a terminal vertex. Recallthat a graph G is locally �nite if End Path(G; p) 6= ; for every p.Lemma A.7 Given a locally �nite graph G, Label(Path(G; p)) = Label(Path(G; q))if and only if Label(End Path(G; p)) = Label(End Path(G; q)).Proof.The su�cient condition is immediate. Let us prove the necessary condition.Suppose that G is a locally �nite graph.Consider vertices p and q such that Label(End Path(G; p)) = Label(End Path(G; q)).iv



Let x be a path from p to a vertex r.As G is locally �nite, there is a path y from r to a terminal vertex.So Label(x).Label(y) 2 Label(End Path(G; p)) = Label(End Path(G; q)).In particular there is a path from q of label Label(x).So Label(Path(G; p)) � Label(Path(G; q)) hence the equality by symmetry of p; q.2The pruning operation is a particular reduction.Lemma A.8 If S � T then S �! T .Proof.Let S � T : there is a set P of nodes of S such thatfor every p 2 P there are q 62 P and an isomorphism h(p) : Sp � Sq ,and T is isomorphic to S � SfSp j p 2 Pg. SoSfh(p) j p 2 P ^ :(9q 2 P; q �!+ p)g [ f(q; q) j :(9p 2 P; p �!* q)gis a reduction from S to S � SfSp j p 2 Pg, hence from S to T .2We are ready to characterize bisimilar vertices by taking their unfolded trees with thepruning operation.Theorem 2.4 We have the following equivalences:p �G q i� Tree(G; p) (� [ �)� Tree(G; q)i� Tree(G; p) � T � Tree(G; q) for some tree T .Proof.i) If Tree(G; p) � o � Tree(G; q) then Tree(G; p) (� [ �)� Tree(G; q).ii) If Tree(G; p) (� [ �)� Tree(G; q) then by Lemma A.8 and Lemma A.4 (b),there is R : Tree(G; p) � Tree(G; q) with � R � .From Lemma A.4 (a), there is S : G=p � G=q with p S q .So T := S [ Id is a bisimulation on G with p T q , i.e. p �G q .iii) Let p �G q . It remains to prove that Tree(G; p) � o � Tree(G; q).From Proposition A.5 and Lemma A.4 (b), there is R : Tree(G; p) � Tree(G; q) with� R � .So the following disjoint union H of Tree(G; p) and Tree(G; q)H := f(p; u) a�!(p; v) j u a�!v 2 Tree(G; p)g [ f(q; u) a�!(q; v) j u a�!v 2 Tree(G; q)gsatis�es (p; �) �H (q; �) and has no cycle: there is no nonempty path from any vertex toitself, i.e. p 6= q for p �!+ q.More generally consider a graph G with no cycle, and a set P of bisimilar vertices of G, i.e.p �G q for every p; q 2 P , and let us show that there is a tree T such that T � Tree(G; p)for every p 2 P .We denote by V := fq j 9p 2 P; p �! * qg the set of vertices accessible from P .Let d(P; q) := minfn j 9p 2 P; p �!n qg be the distance from P to q in V , i.e. theminimum length of paths from a vertex of P to q.We restrict �G to vertices in V having the same distance from P :v



p � q if p �G q ^ d(P; p) = d(P; q).As G has no cycle, � is a bisimulation. Let [p] := fq j q � pg be the equivalence classof p 2 V according to � . In particular P = [p] for every p in P . Let us de�neH := f ([p]; u) a�! ([q]; u(p; a; q)) j p 2 V ^ (p; a; q) 2 G ^ u 2 G� gand T := H=(P; �).Then T is a tree: (P; �) is a root and is goal of no arc; furthermore ([q]; u(p; a; q)) is goalof the unique arc labelled by a with source ([p]; u).Let r 2 P and let us show that T � Tree(G; r).Let us take the most outside nodes of T such that their second component is not a pathfrom r, i.e.Q := f ([q]; v) j 9 p; u; a; ([p]; u) a�! ([q]; v) 2 T ^ u 2 Path(G; r) ^ v 62 Path(G; r) g.Then T � Sf Tu j u 2 Q g = f ([p]; u) a�! ([q]; u(p; a; q)) 2 T j u(p; a; q) 2 Path(G; r) g,hence is isomorphic to Tree(G; r) according to the second projection.Let ([q]; v) 2 Q. So there is an arc ([p]; u] a�! ([q]; v) in T such that u is a path from r toa vertex s, and v is not a path from r. By de�nition of T and H, v = u(p; a; q), p a�! qis an arc of G, s 6= p but s � p.As � is a bisimulation, there is t such that s a�! t is an arc of G with t � q.So ([s]; u) a�! ([t]; u(s; a; t)) is a transition of T and ([t]; u(s; a; t)) 62 Q.As T=([p]; u) = H=([p]; u) is a tree independant of u for every p and u,the tree T=([t]; u(s; a; t)) = T=([q]; u(s; a; t)) is isomorphic to T=([q]; v). Finally T([q];v) isisomorphic to T([t];u(s;a;t)) with the same root ([p]; u).2Let us notice that these two non isomorphic treesa a aaaa
aaa

aaa
aaa

aaa
have bisimilar roots but are irreducible along the pruning reduction. Proposition A.3 andProposition A.5 remain true if we inverse the reductions.Proposition A.9 We have the following properties:a) p �G q i� 9 T tree, Tree(G; p)  � T �! Tree(G; q).b) G � H i� G  � o �! H. vi



Proof.The necessary condition of (a) follows from Lemma A.8 and Theorem 2.4 .The su�cient condition of (a) is similar to the su�cient condition of Proposition A.5 .If G  � o �! H then G � o � H hence G � H. Let us show the converse. Beforelet us prove an intermediate result.i) Let (hi : Gi �! Hi)i2I be a set of reductions such that for every vertex p common toHi and Hj , we have Hi=p = Hj=p .Let G be the disjoint union of the (Gi)i2I , i.e.G := f (i; u) a�! (i; v) j i 2 I ^ u a�! v 2 Gi g .Let h(i; u) = hi(u) for every i 2 I and every vertex u of Gi .Let us show that h is a reduction from G to H := SfHi j i 2 Ig. Note that h is totaland onto.Consider an arc (i; u) a�! (i; v) of G. By de�nition of G, u a�! v is an arc of Gi. As hi isa reduction h(i; u) = hi(u) a�! hi(v) = h(i; v) is an arc of Hi hence of H. Thus h is asimulation.Conversely consider an arc h(i; u) a�! w of H. There is j 2 I such that h(i; u) a�! w isan arc of Hj. So h(i; u) is a common vertex of Hi and Hj.By hypothesis Hi=h(i; u) = Hj=h(i; u) hence h(i; u) a�! w is an arc of Hi.As hi(u) = h(i; u) and hi is a reduction, there is an arc u a�! v of Gi such that hi(v) = w.By de�nition of G, (i; u) a�! (i; v) is an arc of G with h(i; v) = hi(v) = w.ii) Given a graph G, we consider the disjoint union Unfold(G) of its unfolded trees:Unfold(G) := f (p; u) a�! (p; v) j u a�! v 2 Tree(G; p) g .From (i) and Lemma A.4 (a), we have Unfold(G) �! G.Let R : G � H. By Theorem 2.4 and Lemma A.8, for each pRq there is a tree T(p;q) suchthat Tree(G; p)  � T(p;q) �! Tree(G; q).Let K be the disjoint union of the trees T(p;q) i.e.K := f (p; q; u) a�! (p; q; v) j pRq ^ u a�! v 2Tree(p;q) g .Using (i) we obtainG  � Unfold(G)  � K �! Unfold(H) �! H .2A.b Pushdown automata and regular graphsLet G be a graph with a vertex r and let f be a function from the vertices of G to thevertices of another graph. We denote byGr the connected component of G containing r ,G�1 := f v a�! u j (u a�! v) 2 G g the inverse of G ,f(G) := f f(u) a�! f(v) j (u a�! v) 2 G g the image of G by f .We give conditions on f in such a way that f preserves the accessible subgraphs and theconnected components of G.
vii



Lemma A.10 Let f be a function from the vertices of a graph G into the vertices ofa graph H. If f and f�1 are partial simulations thenf(G=r) = f(G)=f(r) = H=f(r) for any r in the domain of f .Furthermore if f�1 is also a partial simulation from H�1 into G�1 thenf(Gr) = f(G)f(r) = Hf(r) for any r in the domain of f .Proof.Let r be in the domain of f .If f is a partial simulation then by induction on n � 0, we have for any vertex u of G:r �!G n u =) f(r) �!H n f(u) and r  !G n u =) f(r)  !H n f(u) .Hence f(G=r) � f(G)=f(r) and f(Gr) � f(G)f(r) .If f�1 is a partial simulation then by induction on n � 0, we have for any vertex w of H:f(r) �!H n w =) 9 v ; r �!G n v ^ f(v) = w .Hence H=f(r) � f(G=r).If f�1 is a partial simulation from H into G, and from H�1 into G�1, then by inductionon n � 0, we have for any vertex w of H:f(r)  !H n w =) 9 v ; r  !G n v ^ f(v) = w .Hence Hf(r) � f(Gr).As f(G) � H, it follows the equalities.2Let us show that the pushdown automata and the word rewriting systems have the sameconnected structures by pre�x rewriting.Proposition 4.1 The pre�x transition graphs of labelled word rewriting systems andthe pushdown transition graphs have e�ectively the same connected components andthe same accessible subgraphs.Proof.Let T be the set of terminals. Let R be a rewriting system on a set M of non-terminals,and let r 2M�.We recall the construction in [Ca 90 b] of a pushdown automaton P on a set N of non-terminals and on a set Q of states, and a con�guration c 2 Q:N such that the accessiblesubgraph (P:N �)=c from c of the transition graph of P is isomorphic to the accessiblesubgraph (R:M�)=r from r of the pre�x transition graph of R. Then we prove also thatthe connected component (P:N�)c containing c of P:N� is isomorphic to (R:M�)r .We may suppose that r 6= � and that R is �-free: for every rule u a�! v of R, both uand v are nonempty. Otherwise we could add a new symbol $ in M and replace (R; r) by($R; $r) where $R := f $u a�! $v j (u a�! v) 2 R g. It su�ces to note that($R:(M[f$g)�)=$r = ($R:M�)=$r = $(R:M�)=$r = $((R:M�)=r)and ($R:(M[f$g)�)$r = ($R:M�)$r = ($(R:M�))$r = $((R:M�)r) .We say that R is normal if for every rule u a�! v of R, both u and v have length (strictly)smaller than 3.i) First we transform (M;R; r) into another 3-uple (N;S; s) preserving the accessibleviii



subgraph and the connected component of R:M� from r, and such that S is normal and�-free, and s is a letter.Let m be the greatest length of r and the words in R, i.e.m := maxf juj j (u = r) _ 9a 9v ((u a�! v) 2 R _ (v a�! u) 2 R) g .We take an injection i from fu 2M+ j 1 � juj � mg to some given alphabet N . Then weextend i to an injection j from M� into N� de�ned by induction as follows:j(�) := � ,j(u) := j(v)i(w) where u = vw 6= � ^ jwj = min(m; juj).The rewriting system S on N is de�ned byS := f j(uw) a�! j(vw) j (u a�! v) 2 R ^ w 2M� ^ jwj < m g .Note that S is normal and �-free.Furthermore if R is a context-free grammar then S is also a context-free grammar.Let us prove that S and the letter s = j(r) suit.i1) Let us show that j is a simulation from R:M� into S:N�.Let u a�! v be in R:M�. There exist a rule u0 a�! v0 of R and a word w 2M� such thatu = u0w and v = v0w. Consider the decomposition w = xy where y is the greatest su�xof w such that its length jyj is a multiple of m. Soj(u) = j(u0w) = j(u0xy) = j(u0x)j(y)and j(v) = j(v0w) = j(v0xy) = j(v0x)j(y) .By de�nition of y, we have jxj < m. Hence j(u0x) a�! j(v0x) belongs to S.Consequently j(u) a�! j(v) is a transition of S:N�.i2) Let us show that j�1 is a partial simulation from S:N� into R:M�.Let j(u) a�! w be in S:N�. There exist a rule p a�! q of S and a word t 2 N� such thatj(u) = pt and w = qt. By de�nition of S, there is a rule u0 a�! v0 of R and a word w0 ofM� such that jw0j < m, p = j(u0w0) and q = j(v0w0).As R is �-free, p 6= �. Furthermore pt 2 Im(j). So there is x 2M� such that j(x) = t andjxj = mjtj.Thus j(u) = pt = j(u0w0)j(x) = j(u0w0x)and w = qt = j(v0w0)j(x) = j(v0w0x).As j is injective, we have u = u0w0x. So v = v0w0x suits: u a�! v is a transition of R:N�and j(v) = w.i3) Similarly to (i2) and given a transition w a�! j(v) of S:N�, there is a transitionu a�! v of R:M� such that j(u) = w. This means that j�1 is a partial simulation from(S:N�)�1 into (R:M�)�1.As j is an injective application and by (i1), (i2) and Lemma A.10, (R:M�)=r is isomorphicto (S:N�)=s and (R:M�)r is isomorphic to (S:N�)s .ii) It remains to transform (S; s) into a couple (P; c) of a pushdown automaton P on anon-terminal set N , and a con�guration c such that (P:N�)=c is isomorphic to (S:N�)=sand (P:N �)c is isomorphic to (S:N�)s .We de�ne the following system:S := f ux a�! vx j (u a�! v) 2 S ^ x 2 N� ^ juxj = 2 gix



where N := N [ f&g with & is a new symbol.Note that the vertices of (S:N �)s& belong to N+:& , hence of length � 2. It follows theabove equalities:(S:N �)=s& = (S:N �)=s& = (S:N�:&)=s& = ((S:N�)=s):&and (S:N �)s& = (S:N �)s& = (S:N�:&)s& = (S:N�)s:& .Let us denote byN 0 := f u(1) j u = s _ 9 a 9 v ((u a�! v) 2 S _ (v a�! u) 2 S) gthe set of the �rst letters of s and S (or S).We take an injection f from N 0 to an alphabet Q disjoint of N . We extend f to a totalinjection from N 0:N� to Q:N� as follows:f(au) := f(a):u for every a 2 N 0 and u 2 N�.Let us show that the pushdown automaton P := f(S) and the con�guration c := f(s):&suit. We have(P:N �)=c = (f(S):N �)=f(s)& = f(S:N�)=f(s&) = f((S:N �)=s&) = f(((S:N�)=s):&)and similarly (P:N �)c = f((S:N�)s:&):Finally (P:N �)=c is isomorphic to (S:N�)=s hence to (R:M�)=r and (P:N �)c isisomorphic to (S:N�)s hence to (R:M�)r .2For instance the system R = fx a�! � ; x2 b�! x3g on the non-terminal set fxg has thefollowing pre�x transition graph R:fxg�:b b baaaa aand is accessible from r = x2 (or any word in x2x+). Following the proof of Proposition 4.1,the system R is transformed into $R = f$x a�! $ ; $x2 b�! $x3g and the axiom r isreplaced by $r = $x2 .Associating $x to x, $x2 to y, $x3 to z, x4 to s and $ to $, R:fxg� is the accessible subgraphfrom y and is the connected component containing y of the following system:S = fx a�! $ ; y a�! x ; z a�! y ; $s a�! z ;y b�! z ; z b�! $s ; $s b�! xs ; xs b�! ys g.The set Path(G; p; q) of pathes of a graph G from a vertex p to a vertex q is extendedby union to the set Path(G; p; V ) of pathes from p to any vertex in V , i.e.Path(G; p; V ) := Sf Path(G; p; q) j q 2 V g .Let P be a �nite subset of Q:N�T� Q:N�, i.e. P is a real-time pushdown automatonon a set T of terminals, a set Q of states and a set N of stack letters (or non-terminals).Recall that a con�guration is an element of Q:N�. Given a con�guration r and a set V ofcon�gurations, we haveL(P:N�; r; V ) = Label(Path(P:N�; r; V )) .If P is deterministic and reduced, then P:N� is deterministic and is locally �nite: everyterminal vertex is a state, so we have x



u �P:N� v i� Label(Path(P:N�; u)) = Label(Path(P:N�; v)) by Lemma A.6i� Label(End Path(P:N�; u)) = Label(End Path(P:N�; v)) by A.7i� Label(Path(P:N�; u;Q)) = Label(Path(P:N�; v;Q))i� L(P:N�; u;Q) = L(P:N�; v;Q) .Thus the bisimulation of any reduced real-time dpda P is inter-reducible to the equivalenceproblem of P with acceptance on empty stack, and this problem is decidable [OIH 80].If P is deterministic then P:N� is deterministic and we haveu �P:N� v i� Label(Path(P:N�; u)) = Label(Path(P:N�; v)) by Lemma A.6i� Label(Path(P:N�; u;Q:N�)) = Label(Path(P:N�; v;Q:N�))i� L(P:N�; u;Q:N�) = L(P:N�; v;Q:N�) .Thus the bisimulation of any real-time dpda P is inter-reducible to the equivalence prob-lem of P with acceptance on any state (any con�guration), i.e. is reducible to the decidableequivalence problem of P with acceptance on any �nal state [Ro 86].Let us give some notations. Given a binary relation R, we denote by Dom(R) :=fx j 9y; xRyg the domain of R, and by Im(R) := fy j 9x; xRyg the image (or range) ofR. Recall that u(i) is the letter at the i-th occurrence of a word u, and juj is the length ofu. We denote by Vas1:::sp := fs1; : : : ; spg the set of vertices of any hyperarc as1: : :sp, andby VH := SfVX j X 2 Hg the set of vertices of any hypergraph H. We consider the setR!(H) := f Sn�0[Hn] j H0 = H ^ 8 n � 0; Hn =)R Hn+1 gof (isomorphic) graphs generated by a deterministic graph grammar R from a hypergraphH, and preserving H.Let us give some basic transformations of deterministic graph grammars.A deterministic graph grammar R is reduced from a hypergraph G if every non-terminalof R is accessible from G:8X 2 Dom(R) 9H 9Y ; G =)R � H ^ Y 2 H ^ Y (1) = X(1) .We can put every deterministic graph grammar in a reduced form.Lemma A.11 Any pair (R;G) of a deterministic graph grammar R and a �nite hyper-graph G may be e�ectively transformed into another pair (S;H) such that S is reducedfrom H and S!(H) = R!(G).Proof.Let R be a deterministic graph grammar and G be a �nite hypergraph.Let N := fX(1) j X 2 Dom(R)g be the set of non-terminals of R.As usual, the set Acc of accessible non-terminals from G is computable: it is the leastsubset of N containing the non-terminals of G, and closed by the following accessibilityrelation: f (X(1); Y (1)) j 9H; (X;H) 2 R ^ Y 2 H ^ Y (1) 2 N gMore exactly Acc is the least �xpoint of the following equation:Acc = f X(1) 2 N j X 2 G g [ f Y (1) 2 N j 9 (X;H) 2 R; X(1) 2 Acc ^ Y 2 H g.To remove the hyperarcs labelled by a non-terminal not in Acc, we de�ne the followingdeterministic graph grammar:I := f(X; ;) j X 2 Dom(R) ^ X(1) 62 Accg .So the following graph grammar:S := f(X;K) j 9H; (X;H) 2 R ^ X(1) 2 Acc ^ H=)I K gxi



and the unique hypergraph H de�ned by G =)I H suit:S is reduced from H and S!(H) = R!(G).2A deterministic graph grammar R is proper if for all rule (X;H) of R, every vertex of Xis a vertex of a terminal arc of H. We can put every deterministic graph grammar in areduced proper form.Lemma A.12 Any pair (R;G) of a deterministic graph grammar R and a �nite hyper-graph G may be e�ectively transformed into another pair (S;H) such that S is properand S!(H) = R!(G).Proof.Let R be a deterministic graph grammar and G be a �nite hypergraph. LetN := f X(1) j X 2 Dom(R) g be the set of non-terminals of R, andT := f X(1) j 9H 2 Im(R); X 2 H ^ X(1) 62 N g be the set of terminals of R.i) We remove in R and G the useless non-terminal hyperarcs.We consider the set Acc := fX(1) j X 2 Dom(R) ^ R!(X) 6= f;g g of non-terminalsgenerating by R a non empty graph. This set is computable ; it is the least subset of Nsatisfying the following equality:Acc = f X(1) j 9H;9Y; (X;H) 2 R ^ Y 2 H ^ Y (1) 2 T [Acc g .To remove the hyperarcs labelled by a non-terminal not in Acc, we de�ne the followingdeterministic graph grammar:I := f(X; ;) j X 2 Dom(R) ^ X(1) 62 Accg .So the grammar R1 := f(X;K) j 9H; (X;H) 2 R ^ X(1) 2 Acc ^ H=)I K g and theunique hypergraph G1 de�ned by G =)I G1 satisfy R1!(G1) = R!(G) and R1 is reducedfrom G1.ii) We remove in R1 and G1 the useless vertices of non-terminal hyperarcs.To every X 2 Dom(R1) we associate its set Acc(X) of useful vertices, i.e. of vertices ofX which are vertices of any graph in R1!(X). These sets Acc(X) for X 2 Dom(R1) arecomputable as being the least �xpoints of the following system:Acc(X) = f s 2 VX j 9Y 2 H; Y (1) 2 T ^ s 2 VY g [Sf fY (i) 2 VX j Z(i) 2 Acc(Z)g j Y 2 H ^ Z 2 Dom(R1) ^ Y (1) = Z(1) gfor every rule X �! H of R1.For every X 2 Dom(R1) and by de�nitions of R1 and Acc(X), we can construct a hyper-graph HX such thatX R1 o �!R1 �HX ^ [HX ] 6= ; ^ Acc(X) � V[HX ] .To each X 2 Dom(R1) we associate a hyperarc X labelled by a new symbol X(1) withX(1) 6= Y (1) for X 6= Y , and with distinct vertices such that VX = Acc(X) if Acc(X) 6= ;,and VX is reduced to a vertex of [HX ] if Acc(X) = ;. As in (i) to remove the uselessvertices of non-terminal hyperarcs, we de�ne the following deterministic graph grammar:J := f (X;X) j X 2 Dom(R1) g .To each X 2 Dom(R1) we associate a hyperarc HX such that HX =)J HX .So S = f (X;HX) j X 2 Dom(R1) g and any hypergraph H de�ned by G1 =)J H suit:xii



S is proper and S!(H) = R1!(G1) = R!(G).2Let us apply Lemma A.12 to the following deterministic graph grammar R:C B and(x)(y) (y)A A (x)D C (x)(y)B (y)B
C(x)

a
c and

(x) b
(x) (y)D (x) (y)Dand to the following hypergraph G: DA B CWe have Acc = fA;B;Cg , Acc(A) = fx; yg , Acc(B) = fxg , Acc(C) = ;. ByLemma A.12 we obtain the following proper deterministic graph grammar S:a B

(x) BbB (x)
(x)(y) (y)(x) a CC CCB

and (x) (x)C c
AA

and the following hypergraph H: B CAsuch that S!(H) = R!(G) and is represented as follows:
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Let us give others e�ective transformations.Proposition 4.5 We have the following properties:a) Every accessible subgraph of a regular graph is e�ectively a regular graph;b) Every connected component of a regular graph is e�ectively a regular graph;c) Every regular graph has e�ectively a �nite number of nonisomorphic connectedcomponents.Proof.i) Consider a deterministic graph grammar R, a �nite hypergraph G and a vertex v ofG. We will construct a deterministic graph grammar S, a �nite hypergraph H such thatS!(H) = R!(G)=v .We denote by N and T the respective sets of non-terminals and terminals of R. We takea new label a, i.e. a 62 T [N , and we add to R the rule av �! G.After a possible renaming (and adding new rules) we may suppose that every hypergraphin Im(R) does not have two non-terminal hyperarcs with the same label. For instancethe grammar reduced to the unique rule Axy �! faxs; ayt; ayz;Ast;Aszg is transformedinto the following grammarf(Axy; faxs; ayt; ayz;Ast;Bszg); (Bxy; faxs; ayt; ayz;Ast;Bszg)g .For every X 2 Dom(R) and for every I � f2; : : : ; jXjg, we associate the set Acc(X; I) ofvertices in E := fX(i) j i 2 Ig and of vertices in K=E for all K in R!(X) restricted tothe vertices accessible from E. These sets Acc(X; I) are computable as being the least�xpoints of the following system:Acc(X; I) = fX(i) j i 2 Ig [ f Y (3) j Y 2 H ^ Y (1) 2 T ^ Y (2) 2 Acc(X; I) g [Sf fY (i) j Z(i) 2 Acc(Z; fjjY (j) 2 Acc(X; I)g)g j Y 2 H ^ Z 2 Dom(R)^ Y (1) = Z(1) gfor every rule X �! H of R and I � f2; : : : ; jXjg.For every X 2 Dom(R), I � f2; : : : ; jXjg and every hyperarc Y satisfying the followingcondition: xiv



C(Y;X; I) := (VY \Acc(X; I) 6= ;) ,we de�ne the following hyperarc:f(X;I)(Y ) := Y (1):g(X;I)(Y (2)):g(X;I)(Y (3)) if Y (1) 2 T ,f(X;I)(Y ) := (Y (1); fi j Y (i) 2 Acc(X; I)g):g(X;I)(Y (2)): : :g(X;I)(Y (jY j)) if Y (1) 2 Nwhere g(X;I) is constant in Acc(X; I), and is the empty word � otherwise.Let us decompose R according to accessible vertices:S := f (f(X;I)(X) ; ff(X;I)(Y )jY 2 H ^C(Y;X; I)g j (X;H) 2 R ^ C(X;X; I) g .Note that S is not necessarily proper. Let (a; 2)v �! H be the unique rule of S associatedto the non-terminal (a; 2). Then S!(H) = R!(G)=v .ii) Consider a deterministic graph grammar R, a �nite hypergraph G and a vertex v ofG. Consider a bijection from the set T of terminals to a new set T , associating to eachlabel a a new label a. We complete R into the following system:R := f(X ; H [ fs a�!t j s a�!t 2 Hg j (X;H) 2 R g .From (i) we construct a system S and a �nite hypergraph H such that S!(H) = R!(G)=v.By removing the labels of T , we obtain the following system:S := f (X;H � fs a�!t j a 2 Tg) j (X;H) 2 S gand the following hypergraph:H := H � fs a�!t j a 2 Tgsuch that S!(H) is the connected component of R!(G) containing v.iii) Consider a deterministic graph grammar R and a �nite hypergraph G. We willgeneralize (b) to obtain e�ectively the connected components of R!(G).By Lemma A.12 we may assume that R is proper. So for every hyperarc X and everyvertex v of X, R!(G) has a connected component containing v.As in (i), we suppose that every hyperarc in Im(R) does not have two non-terminalhyperarcs with the same label.From Lemma A.11 we may assume that R is also reduced.Similarly to (i), for every rule X �! H of R and for every I � f2; : : : ; jXjg, we associatethe set Con(X; I) of vertices of H which are connected to fX(i) j i 2 Ig in R!(H). Thesesets Con(X; I) are computable as being the least �xpoints of the following system:Con(X; I) = fX(i) j i 2 Ig[Sf VY j Y 2 H ^ Y (1) 2 T ^ VY \Con(X; I) 6= ; g [Sf fY (i) j Z(i) 2 Con(Z; fjjY (j) 2 Con(X; I)g)g j Y 2 H^ Z 2 Dom(R) ^ Y (1) = Z(1) gfor every rule X �! H of R and I � f2; : : : ; jXjg.Let (X;H) 2 Dom(R). We de�ne CX := f Con(X; i) j 2 � i � jXj g the class ofconnected vertices in all graph of R!(H). For each class P in CX , we associate a hyperarcXP labelled by a new symbol XP (1) of arity #(P \VX) whose set VXP of vertices is equalto P \ VX , and such that XP (1) 6= YQ(1) if (X;P ) 6= (Y;Q). Consider the followinggrammar: I := f (X; fXP j P 2 CXg) j X 2 Dom(R) gwhich splits each X 2 Dom(R) into hyperarcs according to CX . For each rule (X;H) of R,there is a unique hypergraphHX such that H =)I HX . In fact each partXP of the splittingof X will generate only the part of HX accessible from P . The restriction of a hypergraphH to a set V of vertices is denoted by HjV := f as1: : :sp 2 H j s1; : : : ; sp 2 V g. As everyxv



hypergraph in Im(R) does not have two non-terminal hyperarcs with the same label, thefollowing grammar:S := f (XP ; (HX)jP j X 2 Dom(R) ^ P 2 CX ggenerates from XP the connected component of R!(X) containing P : S!(XP ) = R!(X)jP .To generate according to S the connected components of R!(G), it su�ces to take thefamily F of the connected components of H where G =)I H, plus for each X 2 Dom(R)the (remaining) connected components of the HX not containing a vertex of X. As R isreduced for every K 2 F , S!(K) is a connected component of R!(G) and the converse istrue. Note that F is not minimal: it is possible to have two hypergraphs K1 and K2 in Fsuch that S!(K1) is isomorphic to S!(K2).2Let us apply Proposition 4.5 (a) to the following deterministic graph grammar R:(x)(y) (x)(y)A a AcA
b
d

(s)(t)(u)(v)As de�ned in the proof of Proposition 4.5 (a), we have the following sets:Acc(A; ;) = ;Acc(A; f1g) = fx; s; t; ugAcc(A; f2g) = Acc(A; f1; 2g) = fx; y; s; t; ug ,and we construct the following deterministic grammar S:
and(x) cb (s)(t) (x)(y)(A,f1g)(x) (u)(A,f1g)

(A,f1,2g) (x)(y)a cb (s)(t)(A,f1,2g)
(A,f1g)(u)(A,f1,2g)such that S!((A; f1g)x) is equal to R!(Axy)=x.Proposition 4.5 implies di�erents ways to have regular graphs with a root.Corollary A.13 The following classes of graphs are equals:a) the rooted regular graphs xvi



b) the rooted connected components of regular graphsc) the accessible subgraphs of regular graphs.Proof.a) =) b) : Let G be a regular graph with a root r. Then G is the connected componentof itself with a root r.b) =) c) : Let H be a connected component of a regular graph G such that H has aroot r. So H is equal to the accessible subgraph of G from r.c) =) a) : Let G be a regular graph. Let H be the accessible subgraph of G from avertex r. So r is a root of H and from Proposition 4.5 (a), H is a regular graph.2Corollary A.13 remains true for connected regular graphs.Corollary A.14 The connected regular graphs are the connected components of regu-lar graphs.Proof.Let G be a connected regular graph. Then G is the connected component of G.Conversely let H be a connected component of a regular graph G. Then H is connectedand by Proposition 4.5 (b), H is a regular graph.2Given an alphabet N and a �nite relation R in N��N�, we denote also by7�!R := R:N� = f (uw; vw) j u R v ^ w 2 N� gthe pre�x rewriting according to R, and its re
exive and transitive closure �7�!R is the pre�xderivation according to R. A well known property is that the set f u j r �7�!R u g of wordsaccessible by pre�x derivation from a given axiom r 2 N� is a rational language, and a�nite automaton is exponentially constructible from R and r [B�u 64]. We give anothersimple construction but in an e�cient way.Proposition A.15 We can construct in polynomial time a �nite automaton recogniz-ing the set of words obtained by pre�x derivation from a given axiom and according toany rewriting system.Proof.i) Let N be an alphabet and let R be a �nite binary relation on N�. We denote byV := Dom(R) [ f�gthe set of words in the left hand sides of R, plus the empty word.We will construct a �nite graph G � V �N��V (labelled on N�) such that the languageaccepted by G from � to any vertex u is equal to the set of words deriving by pre�x fromu, i.e. L(G; �; fug) = f v j u �7�!R v g. (1)Let u be the greatest pre�x of u belonging to V , and let u be the remaining su�x, i.e.uu = u ^ u 2 V ^ 8 v; w ( (vw = u ^ uv 2 V ) =) v = � ).xvii



The pre�x decomposition of the rules of R gives the following graph:H := f v v�! u j u R v ^ u 6= v gand the pre�x decomposition of the vertices in V gives the following graph:I := f u ua�! ua j ua 2 V ^ jaj = 1 g.Given any graph G in V �N��V , a path from a vertex x to a vertex y and labelled by uis denoted byx u=)G y i:e: u 2 L(G;x; fyg).We de�ne a splitting < G > of G as follows:< G > := f ux y�! w j :(ux y=) w) ^ (9 v; � u=) v xy�! w) ^ ux = uxy ^ x 6= � g,and is represented by the following diagram:(ux)xyu y(1) x nonempty and maximal such that ux is in VNote that < G > is �nite when G is �nite.We de�ne a completion G of a graph G as being the least graph containing G with< G >= ;, i.e.G = G if < G >= ;and G = G [ < G > if < G >6= ; .Note that G is �nite when G is �nite, and G can be obtained in polynomial time from G.Let us prove that G = H [ I satis�es property (1).ii) Let us show that u v=)I uv for every u; uv 2 V .The proof is by induction on the numbernu;v = #f uw 2 V j 9 x 2 N�; wx = v g � 1of pre�xes w of v such that uw is in V .nu;v = 1 : so uv = u i.e. v = �. Hence u v=)I uv .nu;v > 1 : so v 6= �. Let ya = v with jaj = 1.By de�nition of I, we have uy uya�!I uya. As nu;v > 1, there is w such that uy = uw.So uw xa�!I uv with wx = y. Furthermore nu;w = nu;v � 1.By induction hypothesis u w=)I uw. As wxa = ya = v, we obtain u v=)I uv.iii) We say that a graph J in V �N��V is full if(x u=)J y ^ xu = zv ^ z 2 V ) =) (z v=)J y).Let us show that any graph J containing I and with an empty splitting < J > is a fullgraph, i.e. I � J ^ < J >= ; =) J is full.Let J � I with < J >= ;. Suppose that x u=)J y and xu = zv with z 2 V .We want to show that z v=)J y by distinguish the two complementary cases below.Case 1: jvj � juj. There is w such that v = wu and x = zw.As x; z 2 V and x = zw, we have by (ii) z w=)I x.So z w=)I x u=)J y. As I � J and wu = v, we have z v=)J y.xviii



Case 2: jvj < juj. There is w such that u = wv and z = xw.xz w usw' vAs xw = z 2 V we de�ne w0 by xw0 = xu. So there is s such that ws = w0.As xw0; xw 2 V and by (ii), xw s=)I xw0.As x u=)J y and u 6= �, there are u1; u2; u3 2 N� and y1; y2 2 V such thatx u1=)J y1 u2�!J y2 u3=)J y ^ u1u2u3 = u ^ ju1j < jw0j � ju1u2j.uu1 u2 u3w' w"By (ii), � x=)I x. As I � J , we have � xu1=)J y1. Let w00 be such that w0w00 = u1u2.As xw0 = xu = xw0w00u3, we obtain xw0 = xw0w00.As ju1j < jw0j and < J >= ;, we have xw0 w00=)J y2.Finally z = xw s=)I xws = xw0 w00=)J y2 u3=)J y.We have wsw00u3 = w0w00u3 = u1u2u3 = u = wv, hence sw00u3 = v.Having I � J then z v=)J y.iv) Let us prove the direct inclusion of property (1).Let M be the set of graphs K in V �N��V such that for any transition x u�! y in K,y �7�!R xu.Immediately the graphs H and I are in M . Furthermore if K 2M then < K >2M andK 2M .Hence G = H [ I belongs to M . In particular if � v=)G u then u �7�!R v.v) Let us prove the inverse inclusion of property (1).Let us show by induction on n � 0 that u 2 V ^ u 7�!R n v =) � v=)G u.n = 0 : u = v. By (ii), � u=)I u hence � v=)G u.n =) n+ 1 : u 7�!R n w 7�!v.By induction hypothesis � w=)G u.By de�nition of 7�!R , there are x R y and z such that w = xz and v = yz.Case 1 : x = y. Hence w = v so � v=)G u.Case 2 : x 6= y. By de�nition of H, y y�!H x.By (iii), G is full. As � w=)G u with w = xz and x 2 V , we have x z=)G u.By (ii), � y=)I y. Thus � y=)I y y�!H x z=)G u.xix



As yyz = yz = v and H [ I � G, we have � v=)G u.vi) Finally and given an axiom r 2 N�, we construct in polynomial time from R [ f(r; r)ga �nite automaton G on the set Dom(R) [ fr; �g of vertices, on the set N� of labels, withthe start state �, the unique �nal state r, and such that G satis�es property (1).This means that G recognizes the language L(G; �; frg) = f v j r �7�!R v g of words derivingby pre�x from r and according to R.2Let us apply Proposition A.15 to determine the language L generated by pre�x derivationfrom r = ba according to the system R = f(�; ba); (bab; ba)g. We obtain the followinggraphs: H = fba ��! � ; ba ��! babgI = fba b�! bab ; � ba�! bag< H [ I > = fbab a�! bag< H [ I[ < H [ I >> = ;.Thus we deduce the following �nite automaton:(1) (ba) (bab)a1ba1 brecognizing L. Hence L = ba(a+ ba)�.From [BN 84] we can deduce a stronger result than Proposition A.15.Proposition 4.6 The pre�x derivation of any (unlabelled) word rewriting system ise�ectively a rational transduction.Proof.Let R � N��N�. We denote by V = Dom(R) [ f�g.i) Let us show that for every u; v 2 N�,u �7�!R v () 9 x; y; w 2 N� 9 z 2 V (u = xw ^ v = yw ^ x �7�!R z �7�!R y).The su�cient condition follows by the closure of �7�!R with the right concatenation.Let us prove the necessary condition by induction on n � 0 for u 7�!R n v.n = 0 : u = v. Hence w = u and x = y = z = � suit.n =) n+ 1 : there is s such that u 7�!R n s 7�!v.By induction hypothesis, there are words x0; y0; w0 2 N� and z0 2 V such thatu = x0w0 ; s = y0w0 and x0 �7�!R z0 �7�!R y0.As s 7�!R v, there are p R q and t such that s = pt and v = qt.Thus y0w0 = pt and we distinguish the two cases below.Case 1 : jw0j � jtj. There is h such that w0 = ht and p = y0h.Thus u = x0ht and v = qt with x0h �7�!R z0h = p 7�!R q.Case 2 : jw0j < jtj. There is h such that t = hw0 and y0 = ph.xx



Thus u = x0w0 and v = qhw0 with x0 �7�!R z0 +7�!R qh.ii) We denote by u S := f v j u S v g the image of u by a binary relation S. LetS := Sf (u �7�!R�1)�(u �7�!R ) j u 2 V g.By Proposition A.15, S is an e�ective union of binary products of rational languages. ByMezei's theorem, S is an e�ective recognizable relation of N��N�, hence is an e�ectiverational relation of N��N�. By (i), the pre�x derivation according to R is equal to thepre�x rewriting according to S, i.e.�7�!R = 7�!S .It follows that �7�!R is an e�ective rational relation : we can construct a �nite transducerrecognizing �7�!R .2Let us give a simpler proof than in [Ca 90 b] that the regular graphs and the pushdowntransition graphs have the same connected components.Theorem 4.7 We have the following properties:a) The accessible pushdown transition graphs are e�ectivelythe rooted components of pushdown transition graphs, and are e�ectivelythe rooted regular graphs of �nite degree;b) The connected components of pushdown transition graphs are e�ectivelythe connected regular graphs of �nite degree.Proof.i) Let us show that any connected regular graph of �nite degree is e�ectively a connectedcomponent of a pushdown transition graph.Let R be a deterministic graph grammar and let G be a �nite hypergraph such that R!(G)is of �nite degree.Adding a new rule, we can assume that G is restricted to a non-terminal hyperarc of R :G 2 Dom(R). Furthermore by Lemma A.12 then by Lemma A.11, we can suppose thatR is reduced from G, and G(2) is a vertex of any graph in R!(G).We will construct a pushdown automaton P and a con�guration c such that the connectedcomponent containing c of the transition graph of P is the connected component of R!(G)containing G(2).By Proposition 4.1 it su�ces to construct a labelled rewriting system S on a non-terminalset N , and an axiom s 2 N� such that the connected component (S:N�)s belongs to(R!(G))G(2).Recall that VH is the set of vertices of any hypergraph H, and that jXj is the length ofany word X.We take a new alphabet V = fx1; : : : ; xmg of variables wherem := maxf jXj � 1 j X 2 Dom(R) gis the maximum number of vertices needed by each non-terminal hyperarc.After a possible renaming of vertices, we can assume thatX = X(1)x1: : :xjXj�1 for every X 2 Dom(R)VH \ VK = VX \ VY for every distinct rules (X;H) and (Y;K) of R.xxi



Let us give some notations and de�nitions.A set N of non-terminals is de�ned byN := V [ f (x1; : : : ; xp) j 1 � p � m gwhere V := V [ f Y (i) j 9 H 2 Im(R); Y 2 H ^ 1 � i � jY j gis the set of vertices of R.Let p � 1. For every word u 2 N�, we de�neu < x1; : : : ; xp > := u if u 2 V:= u(x1; : : : ; xp) if u 62 Vthe right addition of (x1; : : : ; xp) to u when u is not a variable. This operation is appliedalso to any transition: for every non-terminal words u; v 2 N� and every terminal a 2 T ,(u a�! v) < x1; : : : ; xp > := u a�! v if u 62 V ^ v 62 V .:= u < x1; : : : ; xp > a�! v < x1; : : : ; xp > otherwise.This de�nition is extended by union to any graph labelled in T .Finally for every v1; : : : ; vp 2 V , the substitution u[v1; : : : ; vp] in any word u 2 N� of thexi by vi is the morphism de�ned on every letter of N byxi[v1; : : : ; vp] := vi for every 1 � i � p(x1; : : : ; xq)[v1; : : : ; vp] := (v1; : : : ; vmin(p;q); xmin(p;q)+1; : : : ; xq) for every q � 1r[v1; : : : ; vp] := r for another r 2 N:Recall that [H] := f ast 2 H j a 2 T g is the set of terminal arcs of any hypergraph H.To every X 2 Dom(R), we associate a labelled rewriting system SX on the non-terminalset N such that the pre�x transition graph SX :N� restricted to the connected componentscontaining the vertices of X, belongs to R!(X). These systems SX(1) for X 2 Dom(R)are computable as being the least �xpoints of the following equations:SX(1) = [H] < x1; : : : ; xjXj�1 > [Sf (SY (1)[Y (2); : : : ; Y (jY j)] < x1; : : : ; xjY j�1 > j Y 2 H ^ Y (1) 62 T gfor every rule X �! H of R.As the R!(X) are regular graphs of �nite degree, the systems SX(1) exist. Finally we takethe following system:S := SG(1)[G(2); : : : ; G(jGj)]and the non-terminal set N :N := f u(i) j 1 � i � juj ^ 9 a 9 v ((u a�! v) 2 S _ (v a�! u) 2 S) gof the letters of S. By construction the pre�x transition graph S:N� of S and the regulargraph R!(G) generated by R from G have the same connected component containingG(2).ii) Let us show the converse transformation of (i) : any connected component C ofany pushdown transition graph is e�ectively a regular graph. By Proposition A.15, thevertex set of C is an e�ective rational language. By Lemma A.18, the converse of (i) is aparticular case of (b)) (a) of Theorem 4.9.iii) A particular case of (i) is that any rooted regular graph of �nite degree is e�ectively arooted component of a pushdown transition graph. But a rooted component of a pushdowntransition graph is an accessible pushdown transition graph. Finally by Proposition 4.5 (a)and by (ii), any accessible pushdown transition graph is e�ectively a regular graph.2Let us apply proof (i) of Theorem 4.7 to the following deterministic graph grammar R:xxii



A(1)(2) (1)(2)a b (3) ;B ;B(p)(q) (p)(q) (r)c d C C(i) (i)f(j) e (k)A(j)As de�ned in the proof (i) of Theorem 4.7, we have the following system:SA = fx1 a�! x2 ; 3 b�! x2g < x1; x2 > [ SB[x1; 3] < x1; x2 >SB = fx1 c�! x2 ; r d�! x2g < x1; x2 > [ SC [x1; r] < x1; x2 >SC = fx1 e�! k ; x1 f�! x2g < x1; x2 > [ SA[k; x2] < x1; x2 > .This system becomes:SA = fx1 a�! x2 ; 3(x1; x2) b�! x2g [ SB[x1; 3] < x1; x2 >SB = fx1 c�! x2 ; r(x1; x2) d�! x2g [ SC [x1; r] < x1; x2 >SC = fx1 e�! k(x1; x2) ; x1 f�! x2g [ SA[k; x2] < x1; x2 > .The least �xpoint of the �rst component is also the least �xpoint of this unique followingequation:SA = fx1 a�! x2 ; 3(x1; x2) b�! x2 ;x1 c�! 3(x1; x2) ; r(x1; 3)(x1; x2) d�! 3(x1; x2) ;x1 e�! k(x1; r)(x1; 3)(x1; x2) ; x1 f�! r(x1; 3)(x1; x2) g[ SA[k; x2] < x1; x2 > [x1; r] < x1; x2 > [x1; 3] < x1; x2 > .This least �xpoint is the following:SA = fx1 a�! x2 ; 3(x1; x2) b�! x2 ;x1 c�! 3(x1; x2) ; r(x1; 3)(x1; x2) d�! 3(x1; x2) ;x1 e�! k(x1; r)(x1; 3)(x1; x2) ; x1 f�! r(x1; 3)(x1; x2) ;k(x1; r)(x1; 3) a�! r(x1; 3) ; 3(k; r)(x1; r)(x1; 3) b�! r(x1; 3) ;k(x1; r) c�! 3(k; r)(x1; r) ; r(k; 3)(k; r) d�! 3(k; r) ;k(x1; r) e�! k(k; r)(k; 3)(k; r)(x1 ; r) ; k(x1; r) f�! r(k; 3)(k; r)(x1; r) ;k(k; r)(k; 3) a�! r(k; 3) ; 3(k; r)(k; r)(k; 3) b�! r(k; 3) ;k(k; r) c�! 3(k; r)(k; r) ;k(k; r) e�! k(k; r)(k; 3)(k; r)(k; r) ; k(k; r) f�! r(k; 3)(k; r)(k; r) g:Replacing x1 by 1 and x2 by 2, we obtain the following labelled rewriting system S:
xxiii



1 a�! 2 3(1; 2) b�! 2k(1; r)(1; 3) a�! r(1; 3) 3(k; r)(1; r)(1; 3) b�! r(1; 3)k(k; r)(k; 3) a�! r(k; 3) 3(k; r)(k; r)(k; 3) b�! r(k; 3)1 c�! 3(1; 2) r(1; 3)(1; 2) d�! 3(1; 2)k(1; r) c�! 3(k; r)(1; r) r(k; 3)(k; r) d�! 3(k; r)k(k; r) c�! 3(k; r)(k; r)1 e�! k(1; r)(1; 3)(1; 2) 1 f�! r(1; 3)(1; 2)k(1; r) e�! k(k; r)(k; 3)(k; r)(1; r) k(1; r) f�! r(k; 3)(k; r)(1; r)k(k; r) e�! k(k; r)(k; 3)(k; r)(k; r) k(k; r) f�! r(k; 3)(k; r)(k; r)on the set N := f 1 ; 2 ; 3 ; r ; k ; (1; 2) ; (1; 3) ; (1; r) ; (k; 3) ; (k; r) g of non-terminals. Then the connected component (S:N�)1 containing 1 of the pre�x transitiongraph of S is the following graph generated by R from A12:ea db c f ea db c f e db c fa a1
2 r(1,3)(1,2)3(1,2)

k(1,r)(1,3)(1,2)
Note that the set of vertices is given directly from R by the following left linear grammar:S = 1 + 2 + A1;2(1; 2)A1;2 = 3 + B1;3(1; 3)B1;3 = r + C1;r(1; r)C1;r = k + Ak;r(k; r)Ak;r = 3 + Bk;3(k; 3)Bk;3 = r + Ck;r(k; r)Ck;r = k + Ak;r(k; r) .Hence the vertex set is the following rational language:f 1 ; 2 ; 3(1; 2) ; r(1; 3)(1; 2) ; k(1; r)(1; 3)(1; 2) g[ f 3 ; r(k; 3) ; k(k; r)(k; 3) g[(k; r)(k; r)(k; 3)]�(k; r)(1; r)(1; 3)(1; 2) .Let us characterize the regular graphs of �nite degree by pushdown automata with rationalrestrictions.Theorem 4.8 The following families of graphs coincide e�ectively:a) The regular graphs of �nite degree;b) The rational restrictions of pre�x transition graphs of labelled rewriting systems;c) The rational restrictions of pushdown transition graphs.Proof.c) ) b) : Every pushdown transition graph is the pre�x transition graph of a pushdownautomaton, hence of a (labelled word) rewriting system.xxiv



b) ) a) : Let R be a rewriting system on a non-terminal set N and on a terminal set T .Let L � N� be an e�ective rational language: we have an alphabet Q, elements p; q 2 Qand a rewriting system A � Q�N�Q such that L(A; p; fqg) = L. This means that A isa nondeterministic �nite automaton without �-transition, with p as initial state and q asthe unique �nal state, and A recognizes L. We may assume that the set Q of states isdisjoint of N .We will show that the restriction (R:N�)jL on L of the pre�x transition graph of R, is ane�ective regular graph.Let $ be a new symbol. The following rewriting system:A := f s $�! rx j (r x�! s) 2 A gsatis�es f u j q �!A � pu g = L .We group together R and A into the following rewriting system R:R := A [ pR = A [ f pu a�! pv j (u a�! v) 2 R gon the non-terminal set N [Q and on the terminal set T [ f$g.We denote byK := (R:(N [Q)�)=qthe accessible subgraph from q of the pre�x transition graph of R. This graph have thetwo following properties:K = (R:N�)=q(pR:N�)jL = f u a�! v 2 K j a 2 T ^ 9 u0; v0 (u0 $�! u) 2 K ^ (v0 $�! v) 2 Kg:From Proposition 4.1 and Theorem 4.7 (a), we can construct a deterministic graph gram-mar S and a non-terminal hyperarc G 2 Dom(S) such that K 2 S!(G). It remains torestrict the terminal arcs of any right hand side H of S to the set Goal$(H) of the verticesbeing a goal of a $-transition in S!(H).These sets Goal$(H) for H 2 Im(S) are computable as being the least �xpoints of thefollowing equations:Goal$(H) := f v j 9 u (u $�! v) 2 H g [ Sf Y (i) j Y 2 H ^ 1 � i � jY j ^9 (Z;P ) 2 S; Y (1) = Z(1) ^ Z(i) 2 Goal$(P ) g.Finally the following deterministic graph grammar S:S := f (X ; f Y 2 H j 9 Z 2 Dom(R); Y (1) = Z(1) g [f u a�! v j a 2 T ^ u; v 2 Goal$(H) g) j (X;H) 2 S ggenerates from G the graph (R:N�)jL .a) ) c) : This implication is a re�nement of Proposition 4.5 (c).Let R be a deterministic graph grammar and let G be a �nite hypergraph such that R!(G)is of �nite degree.By Lemma A.12 then by Lemma A.11, we may assume that R is proper and reduced fromG. We denote byN := f X(1) j X 2 Dom(R) gthe non-terminal set of R, and by�! := f (X(1); Y (1)) j 9 H; (X;H) 2 R ^ Y 2 H ^ Y (1) 2 N gthe accessibility relation on the non-terminals.We will suppress in R the non-terminals that we need only a �nite number of times todevelopp R!(G). We say that a non-terminal x 2 N is useful if there is a non-terminalxxv



y and an in�nite number of n such that y �!n x. The useful non-terminal set U iscomputable as being the greatest �xpoint of the following equation:U �! = U i.e. U = f y j 9 x 2 U; x �! y g.We consider the following deterministic graph grammar S:S := f (X;H) 2 R j X(1) 62 U gof the restriction of R to the rules of the non-useful non-terminals.To every hypergraph H of Im(R� S) [ fGg, we associate a hypergraph [H] such thatH �!S � [H] ^ 8 Y 2 [H]; Y (1) 62 U .So the following deterministic graph grammar R:R := f (X; [H]) j (X;H) 2 R ^ X(1) 2 U ggenerates from [G] graphs belonging to R!(G).After a possible renaming (and adding new rules), we may suppose that every hypergraphin Im(R) does not have two non-terminal hyperarcs with the same label. Applying theconstruction of Proposition 4.5 (iii), we de�ne for each X in Dom(R) the class CX ofconnected vertices of X in R!(X). Moreover for each class P in CX , we associate ahyperarc XP labelled by a new symbol XP (1) of arity #(P \VX) whose set VXP of verticesis equal to P \ VX , and such that XP (1) 6= YQ(1) if (X;P ) 6= (Y;Q). So the followingdeterministic graph grammar:I := f (X; f XP j P 2 CX g) j X 2 Dom(R) gsplits each X 2 Dom(R) into hyperarcs according to CX .Then the following deterministic graph grammar S:S := f (XP ;Hp) j P 2 CX ^ p 2 P ^ 9 K; (X;K) 2 R ^ K =)I H ggenerates from XP the connected component of R!(X) containing P :S!(XP ) = (R!(X))p for any p 2 P .Let F1 be the following family:F1 := f Hv j [G] =)I H ^ v 2 VH gof the connected components of the splitting of [G].Let F2 be the following family:F2 := f Hv j 9 X;K; (X;K) 2 R ^ K =)I H ^ v 2 VH ^ VHv \VX = ; gof the connected components of the splitting of any right hand side of R and not containingany vertex of its left hand side.So f S!(H) j H 2 F1 [ F2 g is the set of the connected components of R!([G]). As Rhas only useful non-terminals, R!([G]) is composed of a unique S!(H) for each H 2 F1and an in�nite repetition of S!(H) for each H 2 F2 .From Theorem 4.7 (b) and for each H 2 F1 [ F2 , we construct a pushdown automatonPH on a non-terminal set NH and on a state set QH , and a con�guration cH such that(PH :(NH)�)cH belongs to S!(H). We may assume that the pushdown automata PH havedistinct non-terminal sets and state sets: NH \NK = ; and QH \QK = ; for distincthypergraphs H and K in F1 [ F2 . From Proposition A.15, the set f u j cH � !PH u g ofvertices of (PH :(NH)�)cH is an e�ective rational language LH .The (disjoint) union of the pushdown automata PH gives the following pushdown automa-ton P : P := Sf PH j H 2 F1 [ F2 gxxvi



on the following non-terminal set N := Sf NH j H 2 F1 [ F2 gand on the following state set Q := Sf QH j H 2 F1 [ F2 g:Let $ be a new symbol and let L be the following rational language:L := Sf LH j H 2 F1 g [ Sf LH :$� j H 2 F2 g.Finally (P:N�)jL belongs to R!([G]), i.e. to R!(G).2Let us give some consequences of Theorem 4.8 .Corollary A.16 Every pushdown transition graph is e�ectively a regular graph of�nite degree.Proof.Let P be a pushdown automaton on a non-terminal set N . The set of vertices of thetransition graph P:N� of P is the following rational language:L := VP:N� = VP :N� = Dom(P ):N� [ Im(P ):N�= f uw j w 2 N� ^ 9 a; v ((u a�! v) 2 P _ (v a�! u) 2 P ) g:By Theorem 4.8 (c ) a), P:N� = (P:N�)jL is an e�ective regular graph of �nite degree.2Furthermore Theorem 4.8 simpli�es the acceptance condition on �nal states to test theequivalence problem of pushdown automata classes.Corollary A.17 For pushdown automata (respectively real-time and/or determinis-tic), the equivalence problem with acceptance on �nal states is inter-reducible to theequivalence problem with acceptance on the set of states.Proof.Let P be a pushdown automaton, let F � Q be a subset of states, and let u; v 2 Q:N� becon�gurations of P .We will construct a pushdown automaton P and two con�gurations u; v 2 Q:N� such thatL(P:N�; u; F:N�) = L(P:N�; v; F:N�) i� L(P :N�; u;Q:N �) = L(P :N �; v;Q:N�) ,meaning that P accepts on F the same language from u and v if and only if P accepts onits state set Q the same language from u and v. We takeone new non-terminal x : N 0 := N [ fxgthree new terminals a; b; c : T 0 := T [ fa; b; cgtwo new states p; q : Q0 := Q [ fp; qgand we construct the following pushdown automaton P 0:P 0 := P [ fpx a�! ux ; px b�! vxg [ f ry c�! qy j r 2 F ^ y 2 N 0 g.We consider the set V 0 of con�gurations of P 0 which are accessible from px and derive toa con�guration in q:N 0�:V 0 := f w 2 Q0:N 0� j px �!P 0 � w ^ 9 z 2 N 0�; w �!P 0 � qz gwhere �!P 0 := f (sw; tw) j w 2 N 0� ^ 9d (s d�! t) 2 P 0 g is the unlabelled (pre�x)rewriting according to P 0, i.e. �!P 0 � is the accessibility relation on the transition graph ofP 0. By de�nition of V 0, the restriction (P 0:N 0�)jV 0 to V 0 of the transition graph of P 0, isxxvii



a locally �nite graph with a root.From Proposition 4.6, the pre�x derivation �!P 0 � is an e�ective rational transduction.Consequently the setV 0 = fpxg�!P 0 � \ �!P 0 �(q:N 0�) = fpxg�!P 0 � \ (q:N 0�)�!P 0�1�is an e�ective rational con�guration set.From Theorem 4.8 the restriction (P 0:N 0�)jV 0 to V 0 of the transition graph of P 0 is ane�ective regular graph. As (P 0:N 0�)jV 0 is a rooted regular graph of �nite degree and fromTheorem4.7 (a), it is e�ectively an accessible pushdown transition graph. This means thatwe can construct a pushdown automaton P on a non-terminal set N and on a state setQ, and a con�guration w such that its transition graph H := (P :N�)=w accessible fromw is isomorphic to (P 0:N 0�)jV 0 .If P is real-time and/or deterministic then P is also respectively real-time and/or deter-ministic.Let u (resp. v) be the goal of the unique arc in H labelled by a (resp. b). So we haveL(P:N�; u; F:N�) = L(P:N�; v; F:N�)i� L(P:N�; u; F:N�):c = L(P:N�; v; F:N�):ci� Label(End Path((P 0:N 0�)jV 0 ; u)) = Label(End Path((P 0:N 0�)jV 0 ; v))i� Label(End Path(H;u)) = Label(End Path(H; v))i� Label(Path(H;u)) = Label(Path(H; v)) by Lemma A.7i� L(P :N�; u;Q:N�) = L(P :N�; v;Q:N�).2Let us characterize regular graphs of �nite degree by rationally controlled pushdown au-tomata. First any rational restriction of a pre�x transition graph can be de�ned by rationalcontrol of its system.Lemma A.18 Given a labelled rewriting system R in N��T�N� and a rational setL of N�, we can construct a function f from R into the family of rational sets of N�such that R:f = (R:N�)jL.Proof.To every rule u a�! v of R, we associate the rational setf(u a�! v) := u�1L \ v�1Lof words w having uw and vw in L.So (R:N�)jL = f uw a�! vw j u a�! v 2 R ^ uw; vw 2 L g= f uw a�! vw j u a�! v 2 R ^ w 2 f(u a�! v) g= R:f .2The converse of Lemma A.18 is false but the pre�x transition graph of any rationallycontrolled system is isomorphic to a rational restriction of a pre�x transition graph.Theorem 4.9 The following families of graphs coincide e�ectively:a) The regular graphs of �nite degree;b) The pre�x transition graphs of rationally controlled labelled rewriting systems;c) The (pushdown) transition graphs of rationally controlled pushdown automata.xxviii



Proof.a) ) c) : It follows directly from Theorem 4.8 (a) ) (c) and from Lemma A.18.c) ) b) : It follows directly from the fact that any system (R; f) on (N;T ) de�nes thesame pre�x transition graph R:f if we extend N (and T ).b) ) a) : Let R be a �nite relation in N��T�N� and let f be a mapping from R intothe family Rat(N�) of rational languages over N . We will construct a deterministic graphgrammar S generating R:f by vertices of increasing length.Note that the set VR:f of vertices of R:f is the following rational languages:VR:f = Sf u:f(u a�! v) j u a�! v 2 R g [ Sf v:f(u a�! v) j u a�! v 2 R g.We will generate R:f from the empty word �. So we de�ne the following set:WR:f := f�g [ VR:f .Let m be the greatest length of the words in R, i.e.m := maxf juj j 9a 9v (u a�! v) 2 R [R�1 g .To any word u 2 N�, we denote by su its su�x of length max(0; juj �m) and by pu itscorresponding pre�x, i.e.u = pusu ^ jpuj = min(juj;m).We consider the restriction R:fju of R:f to the vertices of length � juj and having su assu�x. Note that R:fj� = R:f and R:fju = R:fjv if juj = jvj � m. Note that in generalR:fju is not connected. We denote byIu := f v 2WR:f j jvj = juj ^ sv = su gthe set of vertices of R:fju of length juj (with I� = f�g), and we denote byJu := f v 2 VR:f j 9 w 9 a; v a�! w 2 R:f [ (R:f)�1 ^jwj < juj � jvj ^ 9 z; sv = zsu gthe set of vertices of R:fju linking by an arc of R:f with another vertex of length < juj.In particular J� = ;.We de�ne an equivalence � on the set WR:f by u � v if the two following conditions aresatis�ed: (Iu [ Ju):s�1u = (Iv [ Jv):s�1vand f(x a�! y):s�1u = f(x a�! y):s�1v 8 x a�! y 2 R.If u � v then R:fju is isomorphic to R:fjv : (R:fju):s�1u = (R:fjv):s�1v .By right quotients of any rational language, we obtain only a �nite number of (rational)languages. So � is of �nite index and a set U of representatives is constructible from(R; f).For any u 2 U , we associate the graph Hu of arcs of R:fju with a vertex in Iu, i.e.Hu := f v a�! w 2 R:f j jvj; jwj � juj ^ (v 2 Iu _ w 2 Iu) g.To construct a grammar S generating R:f , we only add to each Hu a set Ku of non-terminal hyperarcs which generates according to S the graph R:fju.To this end, we take a graded alphabet F disjoint of T , and to each u 2 U , we associatea hyperarc ju labelled in F such thatju = gs1:::sn with fs1; : : : ; sng = Iu [ Ju andsi 6= sj if i 6= j andg 6= jv(1) if v 2 U � fug.For any u 2 U , we de�nenu := min(f jwj j w 2 VR:fju ^ jwj > juj g [ f1g) andKu := f g(t1sw): : :(tnsw) j w 2 VR:fju ^ jwj = nu <1 ^9 v 2 U; v � w ^ jv = g(t1sv) : : : (tnsv) g.xxix



Finally we take the following deterministic graph grammar S :S := f (ju;Hu [Ku) j u 2 U g.Thus S is �nite. For any u 2 U , R:fju belongs to S!(ju). In particular R:f = R:fj� isisomorphic to S!(j�). Hence R:f is an e�ective regular graph of �nite degree.2Let us apply (b) ) (a) of Theorem 4.9 to the following rationally controlled context-freegrammar (P; f) :P = fx a�! xy ; x b�! xz g on N = fx; yg and T = fa; bg, withf(x a�! xy) = y+z� and f(x b�! xz) = z�y2z�.So WR:f = � + xy+z� + xz�y2z�We have the following classes according to � :[�] = f�g ; [xy] = xyz� ; [xy2] = xy2z� ; [xy3] = xy3z� ; [xy4] = xy4y�z� ;[xzy2] = xzy2z� ; [xz2y2] = xz2z�y2z�.We obtain the following deterministic graph grammar S :B(xy)A(1) B(xyz)and and C(xyy) a D(xyyy)F(xzyy)b
andF(xzyy) (xzyy)b G(xzzyy) G(xzzyy) (xzzyy)b G(xzzzyy)aD (xyyyy)E(xyyy) (xyyy) and a EE(xyyyy) (xyyyy) (xyyyyy)

a(xy) (xyy)CB(xy) (xyy)
This grammar S generates from A� the following pre�x transition graph P:f :

bbba aaa
(xy)

bbba aaa(xyyy)(xyyyy)(xyyyyy) (xzzzyy)(xzzyy)(xzyy) (xyz)(xyy)
Let us precise the e�ective transformation (b) ) (c) of Theorem 4.9.xxx



Lemma A.19 We can transform e�ectively any rationally controlled rewriting system(R; f) into another system (S; g) plus an isomorphism between R:f and S:g, and suchthat S is normal and �-free.Proof.Let R be a rewriting system in M��T�M� and let f be a mapping from R into the familyRat(M�) of rational languages over M . We will construct a rewriting system S on a setN of non-terminals, and a mapping g from S into Rat(N�) such that S is normal and�-free, i.e. 1 � juj; jvj � 2 for every u a�! v 2 S,and such that we have an e�ective isomorphism from R:f to S:g.i) It su�ces to generalize the construction of Proposition 4.1.We may suppose that R is �-free. Otherwise we take a new symbol $ and we transform(M;R; f) into another triple (M [ f$g; $R; f$) such that for every rule u a�! v of R,f$($u a�! $v) := f(u a�! v). Thus we have $R:f$ = $(R:f).Let m be the greatest length of the words in R, i.e.m := maxf juj j 9a 9v; u a�! v 2 R [R�1 g.We take an injection i from fu 2 M+ j 1 � juj � mg to some given alphabet N . Weconsider the injection j from M� into N� de�ned by induction as follows:j(�) := � ,j(u) := j(v)i(w) where u = vw 6= � ^ jwj = min(m; juj).So the rewriting system S on N de�ned byS := f j(uw) a�! j(vw) j (u a�! v) 2 R ^ w 2M� ^ jwj < m gis normal and �-free.For every rule x a�! y of S, we de�ne g(j(x) a�! j(y)) as follows:g(j(x) a�! j(y)) := Sf j(w�1:f(u a�! v)) j u a�! v 2 R ^jwj < m ^ j(uw) = x ^ j(vw) = y g.By extending i by inverse morphism, i.e.i(u) := f i(u1): : :i(up) j u1: : :up = u ^ 81 � j � p; 1 � juj j � m g,we see that j preserves the language rationality:j(L) = i(L) \ (N [ f�g):f A 2 N j ji�1(A)j = m g�.Thus g is a mapping from S into Rat(N�).It remains to prove that j is an isomorphism from R:f to S:g. Note that j is a bijectionfrom VR:f to VS:g. So it remains to prove that j is a bisimulation.ii) Let us show that j is a simulation from R:f into S:g.Let u a�! v be in R:f . There exist a rule u0 a�! v0 of R and a word w in f(u0 a�! v0)such that u = u0w and v = v0w. Consider the decomposition w = xy where y is thegreatest su�x of w such that its length jyj is a multiple of m. Soj(u) = j(u0w) = j(u0xy) = j(u0x)j(y)and j(v) = j(v0w) = j(v0xy) = j(v0x)j(y) .By de�nition of y, we have jxj < m. Hence j(u0x) a�! j(v0x) belongs to S.As xy = w we have y 2 x�1:fwg � x�1:f(u0 a�! v0).Hence j(y) 2 j(x�1:f(u0 a�! v0)) � g(j(u0x) a�! j(v0x)).Finally j(u) a�! j(v) is a transition of S:g.xxxi



iii) Let us show that j�1 is a partial simulation from S:g into R:f .Let j(u) a�! w be in S:g. There exist a rule p a�! q of S and a word t 2 g(p a�! q) suchthat j(u) = pt and w = qt. By de�nition of g, there is a rule u0 a�! v0 of R and a wordw0 of M� such that jw0j < m, p = j(u0w0), q = j(v0w0), and t 2 j(w�10 :f(u0 a�! v0)).As R is �-free, p 6= �. Furthermore pt 2 Im(j). So there is x 2M� such that j(x) = t andjxj = mjtj.Thus j(u) = pt = j(u0w0)j(x) = j(u0w0x)and w = qt = j(v0w0)j(x) = j(v0w0x).As j is injective, we have u = u0w0x. We have j(x) = t 2 j(w�10 :f(u0 a�! v0)).As j is injective, x 2 w�10 :f(u0 a�! v0) hence w0x 2 f(u0 a�! v0).Finally v = v0w0x suits: u a�! v is a transition of R:f and j(v) = w.Note that this normalization remains correct and e�ective if f is any mapping from Rinto the family Alg(M�) of algebraic languages over M : g can be constructed and is amapping from S into Alg(N�).2From Lemma A.18, the class of rationally controlled pre�x transition graphs is larger thanthe class of rationally restricted pre�x transition graphs, and has basic closure properties.Proposition 4.10 The class of rationally controlled pre�x transition graphs is closede�ectively by union, di�erence, intersection, morphism, and rational restriction.Proof.Let (R; f) and (S; g) be rationally controlled labelled rewriting systems. We may assumethat R and S have the same set N of non-terminals, and the same set T of terminals :every system (R; f) on (N;T ) de�nes the same pre�x transition graph R:f if we extendN and T .i) Closure by union. We haveR:f [ S:g = (R [ S):hwhere h : R [ S �! Rat(N�) is de�ned byh(u a�! v) := 8><>: f(u a�! v) if u a�! v 2 R� Sg(u a�! v) if u a�! v 2 S �Rf(u a�! v) [ g(u a�! v) if u a�! v 2 R \ S:ii) Closure by di�erence. We haveR:f � S:g = R:hsuch that for every u a�! v 2 R, h(u a�! v) is de�ned byh(u a�! v) := f(u a�! v) � Sf wg(uw a�! vw) j uw a�! vw 2 S g� Sf w�1g(x a�! y) j x a�! y 2 S ^ 9 w; xw = u ^ yw = v g.iii) Closure by intersection. It su�ces to apply (ii) to one of the following equalities:R:f \ S:g = R:f � (R:f � S:g) = S:g � (S:g �R:f)However let us establish the following direct and symmetric equality:R:f \ S:g = P:h xxxii



whereP := f u a�! v 2 R j 9 w; uw a�! vw 2 S g [ f u a�! v 2 S j 9 w; uw a�! vw 2 R gand h(u a�! v) is equal to8><>: f(u a�! v) \ Sf wg(uw a�! vw) j uw a�! vw 2 S g if u a�! v 2 R� S (1)g(u a�! v) \ Sf wf(uw a�! vw) j uw a�! vw 2 R g if u a�! v 2 S �R (2)(1) + (2) if u a�! v 2 R \ S:iii-a) Let us prove that R:f \ S:g � P:h .Let p a�! q 2 R:f \ S:g .There are u a�! v 2 R and x 2 f(u a�! v) such that p = ux and q = vx.There are s a�! t 2 S and y 2 g(s a�! t) such that p = sy and q = ty.So ux = sy and vx = ty. We distinguish the two complementary cases below.Case 1: jxj � jyj. There is w such that x = wy.Hence s = uw and t = vw. This means that uw a�! vw 2 S, so u a�! v 2 P .Furthermore x 2 f(u a�! v) and x = wy 2 w:g(s a�! t) � w:g(uw a�! vw).Thus x 2 h(u a�! v).Case 2: jxj < jyj. This case is similar to Case 1.iii-b) Let us prove that P:h � R:f \ S:g .Let p a�! q 2 P:h .There are u a�! v 2 P and x 2 h(u a�! v) such that p = ux and q = vx.We distinguish the two cases below.Case 1: u a�! v 2 R and x 2 f(u a�! v) \ Sf wg(uw a�! vw) j uw a�! vw 2 S g.Then there are y; z such that uy a�! vy 2 S , z 2 g(uy a�! vy) and yz = x.Hence (p a�! q) = (ux a�! vx) 2 R:f and (p a�! q) = (uyz a�! vyz) 2 S:g .Thus p a�! q 2 R:f \ S:g .Case 2: u a�! v 2 S and x 2 g(u a�! v) \ Sf wf(uw a�! vw) j uw a�! vw 2 R g.This case is similar to Case 1.iv) Closure by morphism on vertices.Let h : N� �! N� be a morphism. We haveh(R:f) = h(R):gsuch that for every x a�! y 2 h(R), g(x a�! y) is de�ned byg(x a�! y) := Sf h(f(u a�! v)) j u a�! v 2 R ^ h(u) = x ^ h(v) = y g.Note that if R is a context-free grammar then h(R) remains a context-free grammar.v) Closure by rational restriction.Let L be a rational language of N�. As Lemma A.18, we have(R:f)jL = R:gsuch that for every u a�! v 2 R, g(u a�! v) is de�ned byg(u a�! v) := f(u a�! v) \ u�1L \ v�1L .2 xxxiii



Note that a bounded connection mapping g of a connected graph G of �nite degree has alocally �nite inverse, i.e. #f s 2 VG j g(s) = n g < 1 for every n � 0.Lemma A.20 If g is a bounded connection mapping of a connected graph G of �nitedegree, then g�1 is locally �nite.Proof.Let us prove this lemma by contraposition.Suppose that g is a graduation of a connected and �nite degree graph G such that g�1 isnot locally �nite.In that case, we can consider the smallest integer p such that g�1(p) is in�nite, i.e.p := minf n j #fu 2 VG j g(u) = ng = 1 g.As G is of �nite degree, the subgraph(G)g;p = f u a�! v 2 G j g(u) � p ^ g(v) � p ^ (g(u) < p _ g(v) < p) gis �nite. In particular the following subset E of [G]g;p :E := f u 2 VG�(G)g;p j g(u) = p gis in�nite.As G is a connected graph of �nite degree and (G)g;p is �nite, then G� (G)g;p has only a�nite number of connected components. Hence there is an in�nite subset F of E in oneconnected component of G� (G)g;p. As G is of �nite degree, for every b � 0 there are u; vin F such that dG�(G)g;p(u; v) � b. As F � [G]g;p, this means that g is not of boundedconnection.2For instance, let (R; f) be the following rationally controlled system:R = f� a�! xg with f(� a�! x) = x�.We de�ne the following graduations g and h : for every n � 0,g(xn) = 1 +maxf m j m(m+ 1) � 2n g and h(xn) = n2.Thus R:f is gradued by g and h as follows:a a a a a a(xx)(1) (x)[2] [2] [3] [3] [3] [4][1]g :h : [0] [1] [4] [9] [16] [25] [36]Hence g�1 is locally �nite but g is not of bounded connection and is not vertex independant.And h�1 is locally �nite, h is of bounded connection but h is not vertex independant.This graph is not regular according to these graduations. Let us give a necessary andsu�cient condition to preserve the regular structure of a graph using a vertex independentgraduation on its vertices.Lemma 4.12 Given a connected rationally controlled rewriting system (R; f) and avertex independent graduation g : VR:f �! IN, the following two properties are equiva-lent:a) R:f is a [resp. is an e�ective] regular graph according to g,b) g is of bounded connection [resp. g�1 is recursive].xxxiv



Proof.a) =) b) : Consider a regular graph G according to a mapping g from VG into IN. Thismeans that there is a deterministic graph grammar S and a hyperarc X 2 Dom(S) suchthat for every n � 0, there is H with X =)S n H and [H] = (G)g;n and VH�[H] = [G]g;n.For n = 0, f u 2 VG j g(u) = 0 g = [G]g;0 hence is of cardinality #VX .Let n > 0. We take one derivation X =)S n�1 K =)S H. We havef u 2 VG j g(u) = n g = [G]g;n � [G]g;n�1 ,hence is of cardinality #(VH � VK). Thus g�1 is locally �nite and g�1 is computable fromS;X; g.Let us prove that g is of bounded connection. We de�ne the following integer:b := maxf dS!(Y )(s; t) <1 j s; t 2 VY ^ Y 2 Dom(S) g.Let n � 0 and let u; v 2 [G]g;n such that dG�(G)g;n(u; v) <1.There is an hypergraph H such that X =)S n H with [H] = (G)g;n and VH�[H] = [G]g;n.As u; v 2 VH�[H], there exists a non-terminal hyperarc Z 2 H with u; v 2 VZ : u = Z(i)and v = Z(j) for some 2 � i; j � jZj.Let Y 2 Dom(S) such that Y (1) = Z(1). HencedG�(G)g;n(u; v) = dS!(Y )(Y (i); Y (j)) � b .b) =) a) : Consider a rationally controlled rewriting system (R; f).i) Let us verify that the accessibility �!� in R:f is decidable.Let u and v be any vertices of R:f . To decide whether u �!� v, we add two new symbols$ and & in the non-terminal set N , and two new symbols # and % in the terminal set T .We replace (R; f) by the following system (S; h) :S := f $p a�! $q j p a�! q 2 R g [ f& %�! $u$ ; $v$ #�! &gwhere h($p a�! $q) = f(p a�! q):$ for every p a�! q 2 Rand h(& %�! $u$) = h($v$ #�! &) = f�g .So u �!R:f � v i� & �!S:h + & i� & %�!S:h o �!S:h � o #�!S:h &.By Theorem 4.9 and by Proposition 4.5 (a), we can construct a deterministic graph gram-mar U and a �nite graph G generating the accessible subgraph S:h=& of S:h from vertex&. Finally u �!R:f � v if and only if the label # appears in grammar U or in graph G.This construction is simple but it would be more elegant to generalize Proposition 4.6.ii) Let G be any graph in V �T�V .To characterize any subgraph H of G, it su�ces to know its frontier [H] with G�H :[H] := VH \ VG�Hand its subgraph < H > of transitions linked to its frontier:< H > := f u a�! v 2 H j u 2 VG�H _ v 2 VG�H g.In fact H = G(< H >; [H])where for any K � G and any E � VK ,G(K;E) := K [ f u a�! v 2 G j 9 w 2 VK �E; w �!�=E u gwith u �!=E v if u �! v and u; v 62 E.xxxv



iii) Assume that R:f is connected and g�1 is recursive.Let m be the greatest length of the words in R, i.e.m := maxf juj j 9a 9v (u a�! v) 2 R [R�1 g .To any word u 2 N�, we denote by su its su�x of lengthmax(0; juj�m). For any subgraphG of R:f , note that G:s�1G := f u a�! v j usG a�! vsG 2 G g is isomorphic to G, wheresG := su for any vertex u of G of minimal length.Let n � 0. As g�1 is recursive and by Lemma A.20, we can compute the �nite graph(R:f)g;n.By Proposition 4.10 and by (i), we can determine the partition fDn;1; : : : ;Dn;png of [R:f ]g;ninto connected vertices in R:f � (R:f)g;n.For each 1 � i � pn, we can compute the subgraphCn;i := f u a�! v 2 R:f � (R:f)g;n j u 2 Dn;i _ v 2 Dn;i g.Thus we haveR:f � (R:f)g;n = Spni=1R:f(Cn;i;Dn;i).Furthermore we can take a vertex un;i of R:f(Cn;i;Dn;i) of minimal length.Finally we can compute the maximal subgraph Hn;i of (R:f)g;n+1� (R:f)g;n connected toDn;i in R:f � (R:f)g;n, i.e.Hn;i := [(R:f)g;n+1 � (R:f)g;n] \ R:f(Cn;i;Dn;i).We take an order < on the non-terminal set N that we extend on N� such that < ispreserved by right concatenation (for instance, by length then by lexicographic order forwords of the same length). To Dn;i, we associate the hyperarcUn;i := (Cn;i:s�1un;i ;Dn;i:s�1un;i)v1: : :vq with fv1; : : : ; vqg = Dn;i and v1 < : : : < vq,labelled by a couple of a �nite graph and of a subset of vertices.The deterministic graph grammar S we look for is de�ned as the union of a sequence ofgrammars (Sn)n�0. This sequence is inductively constructed as follows:S0 := ;Sn+1 := Sn [ f (Un;i ; Hn;i [ Sf Un+1;j j VUn+1;j \ VHn;i 6= ; g) j 1 � i � pn ^Un;i 62 N(Sn) gwhere N(Sn) := f X(1) j X 2 Dom(Sn) g is the non-terminal set of the graph grammarSn.The �nitude of S is shown in (iv). We add to S a rule (X;H) such that X(1) is a newsymbol and VX = [R:f ]g;0 and Sf U0;i j 1 � i � p0 g =) H. As g is vertex independent,S generates R:f from X and according to g.iv) It remains to prove that S is �nite, that is to say the existence of i such that S = Si,i.e. Si+1 = Si.As R:f is of �nite degree and is of bounded connection, it su�ces to show the existenceof a bound b such that8 n � 0; 8 i; 1 � i � pn; 9 u 2 Dn;i; juj � jun;ij � b.Let p be the minimal length of the vertices of R:f , i.e.p := minf juj j u 2 VR:f g.By hypothesis R:f is connected. Thus to any vertex u of R:f we associate the minimallength h(u) needed to access a vertex of minimal length, i.e.h(u) := minf n j 9 v 2 R:f; jvj = p ^ u  !�n v g
xxxvi



where u �!n v if u �! v and juj; jvj � n.We have seen in proof (b)) (a) of Theorem 4.9 that R:f is regular according to the lengthof vertices. So the following integer:c := maxf h(u) j u 2 VR:f gexists. Let d := maxf g(u) j u 2 VR:f ^ juj = p gbe the maximal graduation of the vertices of minimal length.Let n > d and let 1 � i � pn. By de�nition of c, there is an undirected path v0; : : : ; vqfrom v0 = un;i to a vertex vq of minimal length p such thatjvj j � jun;ij � c for every 1 � j � q.As n > d, we have jun;ij > p, hencek := minf j j vj 62 VR:f(Cn;i;Dn;i) gexists. So k > 1 and vk�1 2 Dn;i with jvk�1j � jun;ij � c. Finallyb := max(fcg [ f juj � jun;ij j n � d ^ 1 � i � pn ^ u 2 Dn;i g)suits, hence S is �nite.2Let us express di�erently a bounded connection graduation of a rationally controlled pre�xtransition graph.Lemma A.21 Given a graduation g of a rationally controlled pre�x transition graphR:f , the following properties are equivalent:a) g is of bounded connectionb) 9 b � 0 8 n � 0 8 s; t 2 [R:f ]g;n ; dR:f�(R:f)g;n(s; t) =1 _ dR:f (s; t) � bc) 9 b � 0 8 n � 0 8 s; t 2 [R:f ]g;n ; dR:f�(R:f)g;n(s; t) =1 _ jsj � jtj � b.Proof.a) =) b) : dR:f (s; t) � dR:f�(R:f)g;n (s; t).b) =) c) : jsj � jtj � m:dR:f (s; t) where m is the greatest length of the words in R.c) =) a) : As shown in (b)) (a) of Theorem 4.9, there is a deterministic graph grammarS generating from a hyperarc X the graph R:f according to the length of its vertices.Assume that (c) is true. So the following integer:c := maxf dS!(G)�H(s; t) <1 j 9 Y 2 Dom(S) ^ Y =)S b G ^H � G ^ s; t 2 VG�H g.exists and suits for (a).2Note that the quotient g(G) of a graph G by an application g is a regular graph when Gis a regular graph according to g.Lemma A.22 If G is a [resp. an e�ective] regular graph according to g then g(G) isa [resp. an e�ective] regular graph according to the identity.Proof.Suppose that G is a regular graph according to g.There is a deterministic graph grammar S and a hyperarc X such that for every n � 0,xxxvii



there is H with X =)S n H and [H] = (G)g;n and VH�[H] = [G]g;n.Let us show that g(G) is a regular graph according to the identity.It su�ces for each rule (Y;H) of S to identify all vertices in H which are not in Y . Wemay assume that the integer 0 is not a vertex in S. Given a subset E of vertices of a graphH, the quotient H : E is the identi�cation to 0 of all vertices not in E, i.e. H : E = hE(H)wherehE(s) := ( s if s 2 E0 otherwise for every s 2 VH .The quotient of the right hand sides of S gives the following deterministic graph grammarS := f (Y;H : VY ) j (Y;H) 2 S g.So S generates from the hyperarc X : ; the graph g(G) by vertices of increasing value.2Let us apply Lemma A.22 to the following rationally controlled system (R; f) :R = fx a�! � ; x b�! xyy ; y c�! �g andf(x a�! �) = f(x b�! xyy) = (yy)� and f(y c�! �) = y�.Its pre�x transition graph R:f is the following graph:
c c cc(s) a a bbbWe take a graduation g on the vertives of R:f as being the morphism de�ned byg(x) = g(y) = 1 .Note that g is the valuation of R:f : g(u) = minf jvj j u v=)R:f � g for every vertex uof R:f . The graph R:f can be generated according to g with the following deterministicgraph grammar: ; ;cA B B(x)(y) (x)(y) C c Bc Cb ab(s) (s) (1)(2) (1)(2)By applying proof of Lemma A.22, we obtain the following deterministic graph grammar;B(x)(y) (x)(y) Cc CA c ;B Bc(s) (s) (1)(2) (1)(2)b ab

This grammar generates from the hyperarc A0 the quotient g(R:f) of R:f by g, and isrepresented as follows: xxxviii



c c c c c c c(0) (1) (2) (3) (4) (5) (6) (7)b a a ab b bBy Theorem 4.10, the quotient g(R:f) of a pre�x transition graph R:f by a morphism gremains a regular graph. Furthermore if g is �-free then R:f is a regular graph accordingto g.Proposition 4.13 Any rationally controlled pre�x transition graph is an e�ective reg-ular graph according to any �-free morphism.Proof.Let (R; f) be a rationally controlled rewriting system on the set N of non-terminals.Let h : N� �! IN be a morphism such that h(x) > 0 for every x 2 N .Let us show that R:f is an e�ective regular graph according to h.Note that h is not a vertex independent graduation. But Lemma 4.12 can be extended toh. In fact and given any vertex u of R:f , recall thatsu is the su�x of u of length max(0; juj �m)where m := maxf juj j 9a 9v (u a�! v) 2 R [R�1 gis the greatest length of the words in R,and ((R:f))g;u is the connected component of (R:f)g;u containing u.To every vertex v of ((R:f))g;u, we associate j(v) = v:s�1u . So j is an isomorphism from((R:f))g;u to ((R:f))g;u:s�1u satisfyingh(v)� h(u) = h(j(v)) � h(j(u)) for every vertex v of ((R:f))g;u.Thus it remains to prove that h�1 is recursive and that h is of bounded connection.Let n � 0. We havef u 2 VR:f j h(u) = n g � f u 2 VR:f j juj � n g,hence h�1 is locally �nite and recursive.Consider the following integer:b := maxf jh(u) � h(v)j j u a�! v 2 R g.Let x a�! y be a transition of R:f : there is a rule u a�! v of R and w 2 N� such thatuw = x and vw = y. Sojh(x)� h(y)j = jh(uw) � h(vw)j = jh(u) � h(v)j � b.We say that h is of bounded di�erence (see Lemma A.25).It remains to prove that h is of bounded connection.Let p be the greatest length of the words in h(N), i.e.p := maxf jh(x)j j x 2 N g.To any word u 2 N�, we denote by qu its su�x of length max(0; juj � (2m� 1)p) and bypu its corresponding pre�x, i.e.u = puqu ^ jpuj = min(juj; (2m � 1)p).We haveR:f � (R:f)h;n = f u a�! v 2 R:f j h(u) > n _ h(v) > n _ h(u) = h(v) = n g.Let u be a vertex of R:f � (R:f)h;n. If h(u) < n then there is a transition u a�! v ofR:f [ (R:f)�1 such that h(v) > n. As h(v) � h(u) � b, we obtainxxxix



h(u) � h(v)� b � n+ 1� b.But b � maxf h(u) j 9 v;9 a; u a�! v 2 R [R�1 g� maxf jujp j 9 v;9 a; u a�! v 2 R [R�1 g= mp.Finally h(u) � n+ 1�mp for every vertex u of R:f � (R:f)h;nAs [R:f ]h;n = f u 2 VR:f j h(u) = n _ 9 v 9 a (u a�! v 2 R:f [ (R:f)�1 ^h(u) < n < h(v) g,we have h(u) � n for every u 2 [R:f ]h;n.Let C be a connected component of R:f � (R:f)h;n. We take a vertex u of C in [R:f ]h;n.i) Let us show that qu is a common su�x of the vertices of C.If juj � (2m� 1)p then qu = � is a su�x of any word.If juj > (2m� 1)p thenh(pu) � jpuj = (2m� 1)p .Let v be a vertex of C and suppose that qu is not a su�x of C.Hence there is a path in C from u to v passing to a vertex xqu such that x is of lengthjxj � m� 1. Thusn+ 1�mp � h(xqu) = h(x) + h(qu) � (m� 1)p+ h(qu)� h(pu) + h(qu)�mp = h(u)�mp � n�mp ,which is a contradiction. Thus qu is a su�x of any vertex v of C.ii) Let us show that if qu 6= � and v 2 VC then jv:q�1u j � m.Suppose that qu 6= � i.e. juj > (2m� 1)p and let v 2 VC .By (i), there is w such that v = wqu. We want to show that jwj � m.Recall that h(v) � n+ 1�mp .As h(u) � n, we obtainh(v) � h(u)�mp+ 1 .Hencepjwj � h(w) = h(v) � h(qu) � h(u)� h(qu)�mp+ 1 = h(pu)�mp+ 1� jpuj �mp+ 1 = (2m� 1)p�mp+ 1 = (m� 1)p+ 1.So jwj � m� 1 + 1p > m� 1 i.e. jwj � m.iii) Finally for every x; y 2 VC \ [R:f ]h;n, we have by (i) :dC(x; y) = dC:q�1u (x:q�1u ; yq�1u ) .By (ii), C:q�1u is the connected component of R:(fq�1u )� (R:(fq�1u ))h;n�jh(qu)j containingx:q�1u (or yq�1u ), where fq�1u is de�ned for every s a�! t 2 R, byfq�1u (s a�! t) := f(s a�! t):q�1u .As the set of right quotients of a rational language is a �nite family of rational languages,there is only a �nite number of fz�1 for z 2 N�.Note that n� jh(qu)j � jh(u)j � jh(qu)j+mp� 1 = jh(pu)j+mp� 1� jpujp+mp� 1 � (2m� 1)p2 +mp� 1 .xl



Then dC(x; y) � b where b is the following integer:b := maxf dG(x; y) <1 j 9 z 2 N�; 9 n � (2m� 1)p2 +mp� 1;x; y 2 [R:fz�1]h;n ^ G = R:(fz�1)�(R:(fz�1))h;n g.2Let us generalize and in an e�ective way the following result of [MS 85] : any accessiblepushdown transition graph is a regular graph according to the distance from any vertex.Proposition 4.14 Any connected rationally controlled pre�x transition graph is ane�ective regular graph according to the distance from any nonempty �nite set of vertices.Proof.Let R:f be a rationally controlled pre�x transition graph and let E be a �nite subset ofvertices.By Lemma A.19, we may assume that R is normal and �-free : every word in R is a letteror two letters, i.e.8 u a�! v 2 R; 1 � juj; jvj � 2.By Proposition 4.13, we can construct a deterministic graph grammar S generating froma non-terminal hyperarc X the graph R:f by vertices of increasing length.So the following integer:b := maxf dS!(Y )(s; t) <1 j s; t 2 VY ^ Y 2 Dom(S) gexists. Let us show that R:f is an e�ective regular graph according to the distance d fromE, i.e. d(u) := d(u;E) = minf d(u; v) j v 2 E gNote that d�1 is recursive.By Lemma 4.12, it su�ces to show that d is of bounded connection. Note that(R:f)d;n := f u a�! v 2 R:f j d(u) � n ^ d(v) � n ^ (d(u) < n _ d(v) < n) g= f u a�! v 2 R:f j d(u) < n _ d(v) < n g.HenceR:f � (R:f)d;n = f u a�! v 2 R:f j d(u) � n ^ d(v) � n gand [R:f ]d;n := f u 2 VR:f j d(u) = n _ (u 2 VR:f�(R:f)d;n ^ d(u) < n) g= f u 2 VR:f j d(u) = n g.Let nE := maxf juj j u 2 E g be the maximal length of the words in E.let n � nE and let u; v 2 [R:f ]d;n such that dR:f�(R:f)d;n (u; v) < 1, i.e. u and v are in asame connected component ((R:f))d;u = ((R:f))d;v in R:f � (R:f)d;n.Let p := minf jwj j w 2 V((R:f))d;u g be the minimal length of the vertices of thisconnected component.Let w be a vertex of ((R:f))d;u of minimal length p. In particular d(w) � d(u) = n.Consider an undirected path of minimal length from u [resp. v] to E. As R is normal and�-free, this path goes through a �rst vertex x [resp. y] of length p.So x; y; w are connected in f u a�! v 2 R:f j juj � n ^ jvj � n g henced(x; y) � b and d(x;w) � b.Thus d(u; x) + d(x) = d(u) � d(w) � d(w; x) + d(x)xli



hence d(u; x) � d(w; x) � b.Similarly we have d(v; y) � b. Finallyd(u; v) � d(u; x) + d(x; y) + d(y; v) � 3b.By Lemma A.21, d is of bounded connection.2A convenient property is that the generation of any rationally controlled pre�x transitiongraph according to any graduation can be made e�ectively with another rationally con-trolled rewriting system but by increasing length of its vertices.Lemma A.23 Given any rationally controlled rewriting system (R; f) and any map-ping g : VR:f �! IN such that R:f is an e�ective regular graph according to g, we canconstruct a rationally controlled rewriting system (S; h) plus an isomorphism i fromR:f into S:h satisfying the following property:i(f u 2 VR:f j g(u) = n g) = f u 2 VS:h j juj = n+1 g for every n � 0.Proof.It su�ces to take the construction (i) of Theorem 4.7 and the construction of Lemma A.18.2Let us verify that bisimilar vertices of a graph with a terminal coroot, have the samevaluation.Lemma A.24 Given any graph G with a terminal coroot,if s �G t then k s k = k t k for every s; t 2 VG .Proof.Let c be the terminal coroot of G. Let us prove this lemma by induction on k s k � 0.k s k = 0 : s = c. As s �G t and s is terminal then t is terminal.But c is the unique terminal vertex, hence t = c = s. In particular k s k = k t k.k s k > 0 : there is an arc s a�! s0 of G such that k s0 k = k s k � 1.As s �G t, there is an arc t a�! t0 of G such that t0 �G s0.By induction hypothesis k s0 k = k t0 k.Hence k t k � k t0 k+ 1 = k s k.By symetry of s and t, it follows that k s k = k t k.2Let us simplify Lemma 4.12 when the graduation is the valuation. We say that a gradua-tion g of a graph G is of bounded di�erence if9 b � 0 8 s a�! t 2 G; jg(s)� g(t)j � b.Let us give another formulation.Lemma A.25 Given a graph G and a mapping g : VG �! IN, we have:a) g is of bounded di�erence i� 9 b � 0; 8 n � 0; 8 u 2 [G]g;n; n� g(u) � b,b) if G is a regular graph according to g and G is of �nite degreethen g is of bounded di�erence. xlii



Proof.i) Let us prove the necessary condition of (a).Suppose that g is of bounded di�erence : there is b � 0 such that for every transitionu a�! v of G, we have jg(u) � g(v)j � b.Let n � 0 and let u 2 [G]g;n. We want to show that n� g(u) � b.Either g(u) = n hence n� g(u) = 0 � b.Or g(u) < n hence there is u a�! v in G [ (G)�1 such that g(v) > n.As g is of bounded di�erence, g(v) � g(u) � b.Hence n� g(u) � n+ b� g(v) < n+ b� n = b.ii) Let us prove the su�cient condition of (a).Suppose there is b � 0 such that for every n � 0 and for every u 2 [G]g;n, we haven� g(u) � b. Let us show that g is of bounded di�erence.Consider any transition u a�! v of G. We distinguish the three below complementarycases.Case 1: g(u) = g(v). Hence jg(u) � g(v)j = 0.Case 2: g(u) > g(v).So v 2 [G]g;g(u)�1. By hypothesis (g(u) � 1)� g(v) � b.Hence jg(u) � g(v)j = g(u)� g(v) � b+ 1.Case 3: g(u) < g(v). This case is similar to Case 2.iii) Let us prove (b).Suppose that G is a �nite degree regular graph according to a mapping g. This meansthat there is a deterministic graph grammar S and a hyperarc X 2 Dom(S) such that forevery n � 0, there is H with X =)S n H and [H] = (G)g;n and VH�[H] = [G]g;n.Let us show that g is of bounded di�erence.As G is of �nite degree, the following integer b exists:b := minf n j 8 Y 2 Dom(S); 8 H (Y =)S n H ) VH�[H] \ VY = ;) g.Hence we have jg(u) � g(v)j � b for every transition u a�! v of G.2The properties of bounded di�erence and of bounded connection coincide for the valuationof any �nite degree regular graph with a terminal coroot.Lemma A.26 A rationally controlled pre�x transition graph with a terminal coroot isregular according to its valuation i� its valuation is of bounded di�erence.Proof.Consider a rationally controlled pre�x transition graph R:f with a terminal coroot c.By Lemma 4.12 and by Lemma A.25 (b), it su�ces to prove that if the valuation of R:fis of bounded di�erence then it is of bounded connection.Suppose that the valuation k k of R:f is of bounded di�erence. So the following integerb := maxf k u k � k v k j 9 a; u a�! v 2 R:f [ (R:f)�1 gxliii



exists. Then for any vertices s and t of any subgraph G � R:f , we havek s k � k t k � b:dG(s; t) (1)If dG(s; t) =1 then inequality (1) holds else we prove (1) by induction on dG(s; t) � 0.Let us show that k k is of bounded connection.By Proposition 4.14, we have a deterministic graph grammar S generating from a hyperarcof Dom(S) the graph R:f by vertices of increasing distance from c.Let n � 0 and let C be a connected component ofR:f � (R:f)k k;n = f u a�! v 2 R:f j k u k > n _ k v k > n _ ku k = k v k = n g.In particular n� b � k s k for every vertex s of C.Recall that the frontier [R:f ]k k;n of the n-th decomposition of R:f by k k is the followingsubset of vertices:[R:f ]k k;n = f u 2 VR:f j k u k = n _ 9 v 9 a (u a�! v 2 R:f [ (R:f)�1 ^ku k < n < k v k g.In particular n� b � k s k � n for every s in [R:f ]k k;n.Let u; v 2 VC \ [R:f ]k k;n and let w 2 VC of minimal distance from c (in R:f). We haveku k � kw k � n� (n� b) = b.Consider a path from u to c of minimal length ku k. This path goes through a vertex xof distance d(w; c) from c. By de�nition of x, we haveku k � k x k � d(u; c) � d(x; c) = d(u; x).Consider the following integer:c := f dS!(Y )(s; t) <1 j Y 2 Dom(S) ^ s; t 2 VY g.As d(w; c) = d(x; c) and by Property (1) applied to the restriction H of R:f to the verticesof distance greater or equal to d(w; c), we havekw k � kx k � b:dH(w; x) � b:c .Thusd(u; x) � k u k � kx k = (k u k � kw k) + (kw k � kx k) � b+ bc = b(1 + c)hence d(u; v) � d(u; x) + d(v; x) � 2b(1 + c).By Lemma A.21, k k is of bounded connection.2Note that any regular graph according to the valuation is of �nite in-degree but it can beof in�nite out-degree. For instance, the following graph:
is regular according to the valuation and it does not satisfy Lemma A.26 : its valuation isnot of bounded di�erence but it is of in�nite out-degree.Let us generalize the following result of [BBK 87] : the bisimulation on the pre�x transitiongraph of any reduced context-free grammar, is decidable.Theorem 4.16 The bisimulation on any regular graph according to its valuation isdecidable. xliv



Proof.Consider a deterministic graph grammar S and a non-terminal hyperarc X such that Sgenerates from X a graph G by vertices of increasing valuation. This means that G is aregular graph with a terminal coroot, and that we have an in�nite derivationX = H0 =)S H1 =)S : : : Hn =)S : : :such that for every n � 0,[Hn] = (G)k k;n and VHn�[Hn] = [G]k k;n.By renaming labels and by adding new rules, we may assume that every right hand sideH of S have distinct non-terminals, i.e.8 Y;Z 2 H � [H]; Y 6= Z =) Y (1) 6= Z(1).Furthermore and by proof of Lemma A.25 (b), we may assume that for every m;n � 0and for every non-terminal hyperarcs Y 2 Hm � [Hm] and Z 2 Hn � [Hn] with the samelabel Y (1) = Z(1), we havekY (i) k = m () kZ(i) k = n for every 2 � i � jY j.For every n � 0 and for every Y 2 Hn � [Hn], there is a hypergraph HY such thatY =)S HY and Sf HY j Y 2 Hn � [Hn] g = Hn+1 �Hn .We denote byp := maxf jY j � 1 j Y 2 Dom(S) gthe maximal arity of S, and byq := #S = #f Y j Y 2 Dom(S) gthe cardinality of S, i.e. the number of its non-terminal hyperarcs.We take two vertices s and t of G and we want to decide whether s �G t.By Lemma A.24, if k s k 6= k t k then s is not bisimilar to t.Suppose that k s k = k t k.We take the following bound:b := k s k+ q2:2p2 ,where 2p2 is a bound of the number of binary relations on vertices between two non-terminal hyperarcs.To decide whether s and t are bisimilar, it su�ces to show the following property:s �G t i� s �(G)k k;b t . (1)i) Let R be a bisimulation on G and let n � 0. Let us show thatR�n := f (u; v) 2 R j ku k � n ^ k v k � n gis a bisimulation on (G)k k;n.Recall that (G)k k;n = f u a�! v 2 G j k u k � n ^ k v k � n ^ k u k:k v k < n2 g.Consider a transition u a�! u0 of (G)k k;n and u R�n v. In particular u a�! u0 2 G andu R v. As R is a bisimulation, there is v0 such that v a�! v0 2 G and u0 R v0. ByLemma A.24, k v k = k u k and k v0 k = k u0 k. Thus v a�! v0 2 (G)k k;n and u0 R�n v0. SoR�n is a simulation. Similarly R�1�n is a simulation, hence R�n is a bisimulation.ii) Assume that s �(G)k k;b t : there is a bisimulation S on (G)k k;b such that s S t.From S, we will construct a bisimulation R on G such that s R t.Let R be any binary relation on the vertices of G. For any n � 0 and for any non-terminalhyperarcs Y;Z 2 Hn � [Hn] of Hn, we denote byR(Y;Z; n) := f ((Y (1); i); (Z(1); j)) j Y (i) R Z(j) ^ kY (i) k = kZ(j) k = n gxlv



the binary relation on the places of the vertices of Y and Z normed by n and linked by R.Furthermore for every m � 0 and for every hyperarcs P;Q 2 Hm � [Hm] labelled respec-tively by P (1) = Y (1) and Q(1) = Z(1), we de�ne the following relation from the verticesof P to the vertices of Q :R(Y;Z; n) < P;Q > := f (P (i); Q(j)) j (Y (1); i) R(Y;Z; n) (Z(1); j) ghaving the same places by R that Y with Z :(R(Y;Z; n) < P;Q >)(P;Q;m) = R(Y;Z; n)and kP (i) k = kQ(j) k = m for every (P (i); Q(j)) 2 R(Y;Z; n) < P;Q >.By de�nition of b, there is k s k � n0 � b such that for every Y;Z 2 Hn0 � [Hn0 ],R(Y;Z; n) = Sf R(P;Q;m) jm < n ^ P;Q 2 Hm�[Hm] ^ R(P;Q;m) � R(Y;Z; n) g.We complete the restrictionR0 := S�n0of S on (G)k,kn0 to a bisimulation R := Sf Rn j n � 0 g on G such that for every n � 0,Rn+1 := Rn [ Sf Rn(P 0; Q0;m+ 1) < Y 0; Z 0 > jm < n0+n ^ 9 Y;Z 2 Hn0+n� [Hn0+n] ^ 9 P;Q 2 Hm� [Hm] ;Y 0 2 HY ^ Z 0 2 HZ ^ P 0 2 HP ^ Q0 2 HQ^ Y (1) = P (1) ^ Z(1) = Q(1) ^ Y 0(1) = P 0(1) ^ Z 0(1) = Q0(1)^ Rn(P;Q;m) � Rn(Y;Z; n0 + n) g .Note that for every n � 0, we haveku k = k v k = n0 + n+ 1 for every (u; v) 2 Rn+1 �Rn ,hence for every 0 � m � n and for every Y;Z 2 Hm � [Hm],Rn(Y;Z;m) = Rm(Y;Z;m) = Rmax(0;m�n0)(Y;Z;m).By induction on n � 0, Rn is a bisimulation on (G)k k;n0+n .So R is a bisimulation on G.As n0 � k s k, we have s R t, hence s �G t.2Recall that the graph following Lemma A.22 is regular according to the valuation. Butthe following regular graph with a terminal coroot:
is not regular according to the valuation. Furthermore the following graph:
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aa bbb aa bba
aa bba b

ab

is regular according to the valuation, but its following quotient by the greatest bisimula-tion:
aa bbb bba baaaa

aa
is not a regular graph.Nevertheless by Lemma A.24 and by Lemma A.26, for any �nite degree graph which isregular according to the valuation, if its quotient by a bisimulation is regular then thisquotient is also regular by valuation.Corollary A.27 Let G be a �nite degree graph, regular according to the valuation.Let R be a bisimulation on G.If G=R is a regular graph then G=R is a regular graph according to the valuation.The extension of Corollary A.27 to any regular graph of in�nite (out-)degree, remainsopen.
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A.c Term context-free grammars and regular graphsWe give some correspondences between pre�x transition graphs of context-free grammarson terms, and regular graphs.In appendix B, we study the entire rewriting systems, and show that their accessiblepre�x transition graphs are e�ectively rooted regular graphs of �nite out-degree (cf The-orem B.10). The converse is true.Theorem 5.3 The following families of graphs coincide e�ectively:a) The rooted regular graphs of �nite out-degree;b) The accessible pre�x transition graphs of entire rewriting systems;c) The accessible pre�x transition graphs of standard and entire cf-grammars.Proof.a) =) c) : Let R be a deterministic graph grammar and let v be a vertex of a �nitehypergraph G such that R!(G) is of �nite out-degree and v is a root.We will construct an entire and standard term cf-grammar P on a set F , and an axiom r inF0 such that the graph P:T (F )�=r of its accessible pre�x transitions from r, is isomorphicto G.Adding a new rule, we can assume that G is restricted to a non-terminal hyperarc of R :G 2 Dom(R). Furthermore by Lemma A.11, we may assume that R is reduced from G.We will construct a term context-free grammar P and an axiom such that the pre�xtransition graph of P accessible from its axiom belongs to R!(G).Recall that VH is the set of vertices of any hypergraph H, and that jXj is the length ofany word X.After a possible renaming of vertices, we can assume that the rules of R have distinctvertices: (VX [ VH) \ (VY [ VK) = ; for every distinct rules (X;H); (Y;K) of R. Wegradue the setF := Sf VH � VX j (X;H) 2 R gof vertices in Im(R) which are not in Dom(R) as follows: f is of arity jXj � 1 for everyf 2 VH � VX with (X;H) 2 R. At the moment F0 is empty.We denote by T the set of terminals of R. We take a new denumerable set fx1; x2; : : :gfor variables. To every vertex p of R, i.e. p 2 VX [ VH for any rule X �! H of R, weassociate a term h(p) on F [ fx1; x2; : : :g de�ned byh(p) := xi�1 if p = X(i)h(p) := px1: : :xjXj�1 if p 2 VH � VXand we associate a labelled graph P (p) such that the sets P (p) are the least �xpoints ofthe following system:P (p) = f h(p) a�! h(q) j p a�! q 2 H ^ a 2 T g [ Sf P (Z(i))[h(Y (2)); : : : ; h(Y (jY j))] jY 2 H ^ Y (i) = p ^ Z 2 Dom(R) ^ Y (1) = Z(1) g .As R!(G) is a regular graph of �nite out-degree, its out-degree is bounded hence the setsP (p) exist. To F we add the set F0 = VG. Finally we take the following term context-freegrammar: P := Sf R(p)[G(2); : : : ; G(jGj)] j p 2 F0 g [ Sf R(p) j p 2 F � F0 g.xlviii



Thus P is entire and standard, and r := v is in F0.By construction the pre�x transition graph P:T (F )�=r of P and accessible from r is gen-erated by R from G.c) =) b) : any term cf-grammar is a term rewriting system.b) =) a) : by Theorem B.10.2Let us apply Theorem 5.3 (a) =) (c) to the following deterministic graph grammar R:(i)
(k)(j) A

A
(i)
(k)(j) B
(f)(g)

d B(y) (y)(z) (z) c(x) B(h)(x) aband
with axiom G reduced to Aijk .As de�ned in the proof of Theorem 5.3, we have the following system:P (i) = P (x)[x1; x2; x3]P (j) = fx2 d�! fx1x2x3g [ P (y)[x1; x2; x3]P (k) = P (z)[x1; x2; x3] [ P (i)[x3; fx1x2x3; gx1x2x3]P (f) = P (j)[x3; fx1x2x3; gx1x2x3]P (g) = P (k)[x3; fx1x2x3; gx1x2x3]P (x) = P (x)[x1; hx1x2x3; x3]P (y) = fx2 a�! hx1x2x3 ; x2 b�! x1 ; x2 c�! x3gP (z) = P (z)[x1; hx1x2x3; x3]P (h) = P (y)[x1; hx1x2x3; x3]This system has the following least �xpoints:P (i) = P (k) = P (g) = P (x) = P (z) = ;P (j) = fx2 a�! hx1x2x3 ; x2 b�! x1 ; x2 c�! x3 ; x2 d�! fx1x2x3gP (f) = ffx1x2x3 a�! hx3fx1x2x3gx1x2x3 ; fx1x2x3 b�! x3 ;fx1x2x3 c�! gx1x2x3 ; fx1x2x3 d�! fx3fx1x2x3gx1x2x3gP (y) = fx2 a�! hx1x2x3 ; x2 b�! x1 ; x2 c�! x3gP (h) = fhx1x2x3 a�! hx1hx1x2x3x3 ; hx1x2x3 b�! x1 ; hx1x2x3 c�! x3gWe obtain the following term context-free grammar P :xlix



j a�! hijk fx1x2x3 a�! hx3fx1x2x3gx1x2x3 hx1x2x3 a�! hx1hx1x2x3x3j b�! i fx1x2x3 b�! x3 hx1x2x3 b�! x1j c�! k fx1x2x3 c�! gx1x2x3 hx1x2x3 c�! x3j d�! fijk fx1x2x3 d�! fx3fx1x2x3gx1x2x3Then the pre�x transition graph P:(Tff; g; h; i; j; kg)�=j of P and accessible from j is thefollowing graph generated by G from Aijk:
aaab b b bb b b b
aaab b b bb b b b
aaab b b bb b b b

(i)(j)d
(gijk)
(gk�jkgijk)d

d
(hijk) (hihihijkkk)(k)(�jk)

(fk�jkgijk)
To restrict Theorem 5.3 to regular graphs of �nite degree, we consider perfect and constant-separated rewriting systems. Note that the pre�x derivation of a perfect term is a perfectterm if the system is perfect and constant-separated.Lemma A.28 Let P be a perfect and constant-separated rewriting system on a set F .Let r be a perfect term on F .Then its pre�x transition graph P:T (F )�=r accessible from r, has only perfect vertices,and is of �nite degree.Proof.i) Let s a�! t be a pre�x transition of P such that s is perfect. Let us verify that t isperfect.There is a rule s0 a�! t0 in P and a substitution � such that s = �(s0) and t = �(t0).As s and s0 are perfect, for every variable x 2 V (s0), �(x) is perfect and of heighth(�(x)) = h(s)� h(s0).Furthermore t0 is perfect and if V (t0) 6= ; then F0(t0) = ;.Case 1 : V (t0) = ;. l



Then t = �(t0) = t0 is perfect.Case 2 : V (t0) 6= ;.So F0(t0) = ;.For every perfect term r and for every substitution �r such that F0(r) = ; andt0 = �r(r),we have :8 x 2 V (r); �(�r(x)) is perfect and of height h(�(�r(x))) = (h(s)� h(s0)) + (h(t0)�h(r)).This property is proved by induction on h(t0)� h(r) � 0.So for r 2 V , we have t = �(t0) = �(�r(r)) is perfect.ii) By (i) and by induction on the length of pre�x derivations from r, any vertex ofP:T (F )�=r is perfect.For any system P , its pre�x transition graph P:T (F )� is of �nite out-degree.Let s a�! t be any transition of P:T (F )�=r.As s and t are perfect, h(s) � h(t) +maxf h(s0) j 9 t0; s0 a�! t0 2 P g.Hence P:T (F )�=r is of �nite in-degree.2Let us restrict Theorem 5.3 to perfect and constant-separated systems.Theorem 5.4 The following families of graphs coincide e�ectively:a) The rooted regular graphs of �nite degree;b) The accessible pre�x transition graphs of perfect, constant-separated and entirerewriting systems;c) The accessible pre�x transition graphs of perfect, standard and entire cf-grammars.Proof.a) =) c) : It su�ces to apply proof (i) of Theorem 5.3 with Proposition 4.14.Let us give another proof using pushdown automata.By Theorem 4.7 (a), we can take a pushdown automaton P on a set N of non-terminalsand on a set Q of states, plus an axiom r 2 QN�. And we will construct an entire, perfectand standard term cf-grammar P 0 on a set F , and an axiom r0 in F0 such that the graphP 0:T (F )�=r0 of its accessible pre�x transitions from r0, is isomorphic to the graph P:N�=rof the accessible pre�x transitions of P from r.By the proof of Proposition 4.1, we may assume that any right hand side of P has lengthat most 3 (i.e. belongs to Q [QN [QNN) and that r 2 QN .We denote by fq1; : : : ; qng := Q the set of n states of P .To each couple (q;A) of a state q and of a non-terminal A, we associate a new symbol< qA > of arity n. LetF := f < qA > j q 2 Q ^ A 2 N g.For every q 2 Q and U 2 N�, we de�ne a term f(qU) as follows :f(qU) := ( xi if U = � ^ q = qi< qA > f(q1V ): : :f(qnV ) if U = AV ^ A 2 N .So the following term rewriting system :f(P ) := f f(s) a�! f(t) j s a�! t 2 P gli



is a standard, perfect and entire cf-grammar without constant.Furthermore f(P ):T (F )�=f(r) = f(PN�=r) hence is isomorphic to PN�=r.As f(r) is not a constant, we takeF := F [Q [ fr0gwhere each state qi is a constant, and r0 is a new symbol. And we takeP 0 := f(P ) [ f r0 a�! f(t)[q1; : : : ; qn] j r a�! t 2 P g.Then (P 0; r0) suits : r0 is a constant, P 0 is a standard, perfect and entire cf-grammar suchthat P 0:T (F )�=r0 is isomorphic to f(P:T (F )�=r) which is isomorphic to PN�=r.c) =) b) : any standard term cf-grammar is a constant-separated term rewriting system.b) =) a) : by Theorem B.10 and by Lemma A.28.2An easy consequence of Theorem 5.3 is that the bisimulation decidability of pre�x tran-sition graphs of cf-grammars is inter-reducible to the bisimulation decidability of regulargraphs of �nite out-degree.Proposition 5.6 The context-free trees coincide e�ectively with the unfolded trees of�nite out-degree regular graphs.Proof.By Theorem 5.3, it su�ces to show that any context-free tree is isomorphic e�ectively toa context-free tree of an entire cf-grammar.Let P be a cf-grammar on F [ V , and let r 2 T (F [ V ).We will construct a graded alphabet F , an entire cf-grammar P on F [ V , and a termr 2 T (F [V ) such that the unfolded tree of P:T (F )� from r is isomorphic to the unfoldedtree of P :T (F )� from r.Let m be the maximal arity of the functions de�ned by P :m := maxf n j 9 f; fx1: : :xn 2 Dom(P ) g.To each function f of F of arity n, we associate a new symbol f of arity n+1. Furthermore,every integer n may be seen as a function of arity n.We consider the following graded set :F := f f j f 2 F g [ f0; : : : ;m+ 1g .We complete each rule of P to obtain the following entire cf-grammar P :P := ffx1: : :xn+1 a�! t � (n+ 1) j fx1: : :xn a�! t 2 P gwhere for every n � 0, we havex � n := x for every variable xft1: : :tm � n := f(t1 � n) : : : (tm � n)n(x1; : : : ; xn) .By construction, P and r := r � 0 suit.2For instance, let us apply the construction of Proposition 5.6 to the following cf-grammarP = ffxy a�! fxgy ; fxy b�! xg with the term r = fxy, where f is of arity 2 and g is ofarity 1.We obtain the following entire cf-grammar P = ffxyz a�! fxgy3xyz3xyz ; fxyz b�! x glii



and the term r = fxy0. For this example, P:T (F )�=r is isomorphic to P :T (F )�=r, hencethey have the same unfolded tree.We consider now the equivalence problem for dpda. The acceptance condition is either byempty stack, or by �nal states, or by all the states.Lemma A.29 The equivalence problem for dpda is the same with acceptancea) on empty stack,b) by �nal states,c) by all the states.Proof.b) () c) : By Corollary A.17.a) =) b) : Let P be a dpda and let u; v 2 Q:N� be con�gurations of P .We will construct a dpda P , two con�gurations u; v 2 Q:N�, and a subset F of Q suchthatL(P:N�; u;Q) = L(P:N�; v;Q) i� L(P :N�; u; F :N�) = L(P :N�; v; F :N�) ,meaning that P accepts on empty stack the same language from u and v if and only if Paccepts on F the same language from u and v. We takeone new non-terminal & : N := N [ f&gno new terminal : T := Tone new state # : Q := Q [ f#gand we construct the following pushdown automaton P :P := P [ f p& ��! # j p 2 Q g.Thus for every non-terminal word u 2 N�, we haveL(P:N�; u;Q)$ = L(P :N�; u&; f#g) = L(P :N�; u&;#:N�) .It remains to take F := f#g, u := u& and v := v& :L(P:N�; u;Q) = L(P:N�; v;Q)i� L(P :N�; u; F :N�) = L(P :N�; v; F :N�).b) =) a) : Let P be a dpda, let F � Q be a subset of states, and let u; v 2 Q:N� becon�gurations of P .We will construct a dpda P and two con�gurations u; v 2 Q:N� such thatL(P:N�; u; F:N�) = L(P:N�; v; F:N�) i� L(P :N�; u;Q) = L(P :N �; v;Q) ,meaning that P accepts on F the same language from u and v if and only if P accepts onempty stack the same language from u and v. We takeone new non-terminal & : N := N [ f&gone new terminal $ : T := T [ f$gone new state # plus jQj new states : Q := Q [ f#g [ f p j p 2 Q gand we construct the following pushdown automaton P :P := f pA a�! qU 2 P j p 62 F _ a 6= � g [ f pA ��! qU j pA ��! qU 2 P ^ p 2 F g[ f pA ��! qU j pA ��! qU 2 P g [ f pA a�! qU j pA a�! qU 2 P ^ a 6= � g[ f pA $�! # j A 2 N ^ : (pA ��! ) g [ f p& $�! # j p 2 F g[ f #A ��! # j A 2 N g.Thus for every non-terminal word u 2 N�, we haveL(P:N�; u; F:N�)$ = L(P :N�; u&; f#g) = L(P :N�; u&; Q) .liii



It remains to take u := u& and v := v& :L(P:N�; u; F:N�) = L(P:N�; v; F:N�)i� L(P:N�; u; F:N�):$ = L(P:N�; v; F:N�):$i� L(P :N�; u;Q) = L(P :N�; v;Q).2Let us translate this equivalence problem for dpda to the decidability of bisimulation onregular graphs of �nite out-degree.Proposition 5.9 The following problems are inter-reducible :a) The equivalence for dpdab) The bisimulation on deterministic regular graphsc) The equality of deterministic context-free trees.Proof.b) () c) : By Proposition 5.6.a) =) b) : Let P be a dpda and u; v 2 Q:N� be con�gurations.We will construct a deterministic regular graph H of �nite out-degree, with vertices s; tsuch thatL(P:N�; u;Q:N�) = Label(Path(H; s)) and L(P:N�; v;Q:N�) = Label(Path(H; t)).By Lemma A.6, it follows the following property (1) :L(P:N�; u;Q:N�) = L(P:N�; v;Q:N�) i� s�H t , (1)meaning that P accepts on all states the same language from u and v if and only if s andt are bisimilar on H. We takeone new non-terminal & : N := N [ f&gtwo new terminals a; b : T := T [ fa; bgone new state # : Q := Q [ f#gand we construct the following dpda P :P := P [ f #& a�! u ; #& b�! v g.By Theorem 4.7 (a), we construct a deterministic graph grammar R generating from ahyperarc Y 2 Dom(R), the accessible subgraph P :N�=#& of P from #&.Given a graph G, we denote by � !G * := ( ��! [ ��!-1)� the smallest equivalence on itsvertices which contains the relation ��! := f (s; t) j s ��! t 2 G g of �-transitions.We quotient R by identifying vertices linked by an �-transition :R := f ([X] � !H *; [H] � !H *) j (X;H) 2 R g .Let H be a graph generated by R from [Y ] � !K * where (Y;K) 2 R.Thus H is isomorphic to [G] � !G * where G := P :N�=#&.So H is deterministic and of �nite out-degree.Furthermore there are unique vertices r; s; t such that r a�! s and r b�! t.Finally H; s; t satisfy property (1).Another proof is by using Theorem 4.7 (a) and Theorem 5.4 to produce a perfect, standardand entire cf-grammar P 0 which is deterministic and for every �-rule fx1: : :xn ��! t thenliv



fx1: : :xn a�! is not possible for every terminal a.After removing these �-rule fx1: : :xn ��! t and by substituing its left hand sides f by itsright hand sides t in the remaining right hand sides of P 0, we obtain a standard and entirecf-grammar without �-rule. Then we apply Theorem 5.3.b) =) a) : Let R be a deterministic graph grammar and let s0; t0 be vertices of a hyperarcX0 2 Dom(R) such that R!(X0) is deterministic and of �nite out-degree.We will construct a dpda P and two con�gurations u; v 2 Q:N� such thats0 �R!(X0) t0 i� L(P :N�; u;Q:N �) = L(P :N �; v;Q:N�) .By Theorem 5.3, we can construct a deterministic, standard and entire cf-grammar P ona set F of functions, and two constants i; j 2 F0 such thatP:T (F )�=i is isomorphic to R!(X0)=s0 with i corresponding to s0and P:T (F )�=j is isomorphic to R!(X0)=t0 with j corresponding to t0.Thus s0 �R!(X0) t0 i� i �P:T (F )� ji� Label(Path(P:T (F )�; i)) = Label(Path(P:T (F )�; j)),by using Lemma A.6. Let m be the maximal arity of the functions de�ned by P :m := maxf n j 9 f; fx1: : :xn 2 Dom(P ) g.Let F 0 := F [ f �n;i j 1 � n � m ^ 1 � i � n gwhere each �n;i is of arity n.Each rule of P is completed to obtain the following perfect, standard and entire cf-grammarP 0 on F 0 : P 0 := f �n;ix1: : :xn ��! xi j 1 � n � m ^ 1 � i � n g[ f fx1: : :xn a�! [t]n;h(t) j fx1: : :xn a�! t 2 P gwhere for every 1 � i � n � m and every p � 0,[xi]n;p := ( xi if p = 0�n;i[x1]n;p�1 : : : [xn]n;p�1 if p > 0 .and for every f 2 F0,[f ]n;p := ( f if p = 0�1;1[f ]n;p�1 if p > 0 .and for every f 2 F � F0 with p > 0,[ft1: : :tq]n;p := f [t1]n;p�1 : : : [tq]n;p�1 .So Label(Path(P 0:T (F 0)�; t)) = Label(Path(P:T (F )�; t)) for every term t on F [ V .It su�ces to apply Theorem 5.4 to obtain a suitable dpda P with suitable con�gurationsu; v.Let us give another proof by reversing the transformation in (a) =) (b) : we add �-transitions to the graph grammar R.After a possible renaming of vertices, we can assume that the rules of R have distinctvertices: (VX [ VH) \ (VY [ VK) = ; for every distinct rules (X;H); (Y;K) of R.We denote by V := S f VX j X 2 Dom(R) g the vertex set of the left hand sides of R.We compute the subset V � V of vertices x which are source of an arc in R!(X) forx 2 VX and X 2 Dom(R). More exactly V is the least �xpoint of the following equation :V = f p 2 VX j 9 H; (X;H) 2 R ^ 9 a 2 T 9 q; p a�! q 2 H glv



[ f Y (i) 2 VX j 9 H; (X;H) 2 R ^ Y 2 H ^ 9 Z 2 Dom(R);Y (1) = Z(1) ^ Z(i) 2 V g .To each vertex x 2 V � V , we associate a new symbol �(x), and we extend � by theidentity for the remaining vertices of R. By applying � to the right hand sides of R andby adding the rules �(x) ��! x for x 2 V �V , we obtain the following deterministic graphgrammar R :R := f (X ; �(H) [ f �(x) ��! x j x 2 (V � V ) \ VH g) j (X;H) 2 R g.Thus for every X 2 Dom(R) and x 2 VX , we haveLabel(Path(R!(X); x) = Label(Path(R!(X); x).So s0 �R!(X0) t0 i� Label(Path(R!(X0); s0) = Label(Path(R!(X0); t0) .Note that R!(X0) is of �nite degree. By Theorem 4.7 (a), we can construct a pushdownautomaton P1 and a con�guration u such that P1:N�1 =u is isomorphic to R!(X0)=s0 withu corresponding to s0. So P1 is a dpda.Similarly we can construct a dpda P2 and a con�guration v such that P2:N�2 =v is isomorphicto R!(X0)=t0 with v corresponding to t0.So s0 �R!(X0) t0 i� L(P1:N�1 ; u;Q1:N�1 ) = L(P2:N�2 ; u;Q2:N�2 ) .After a possible renaming, we assume that N1 \N2 = ;.Finally P := P1 [ P2 is a suitable dpda.2Finally, the deterministic context-free trees corresponds to the algebraic terms, i.e. the�nite and in�nite terms obtained by pre�x unfolding of recursive program schemes.Lemma 5.10 The equality problem of deterministic context-free trees is inter-reducibleto the equality problem of algebraic terms.Proof.=) : Let P be a deterministic term cf-grammar on F [V , and let s; t be terms on F [V .We will construct a scheme P on F[V , and two terms s; t on F such that Tree(P:T (F )�; s)is isomorphic to Tree(P:T (F )�; t) if and only if P!(s) is isomorphic to P!(t).Let NP be the set of non-terminals of P :NP := f f 2 Fn j fx1: : :xn 2 Dom(P ) g.We assume that there is a constant c 2 F0 �NP , otherwise we add a new constant c.Let s := s[c; : : : ; c] and t := t[c; : : : ; c].We choose a strict order < on the set T of terminals (labels of P ).To each function f 2 Fn, we consider its following label set :T (f) := f a j 9 t; fx1: : :xn a�! t 2 P g .In particular T (f) = ; for every f 2 F �NP . To each subset T (f), we associate a newfunction T (f) of arity jT (f)j. We take the following function set F :F := F [ f T (f) j f 2 F g .And we de�ne the following scheme :P := f fx1: : :xn �! T (f)t1: : :tm j 9 a1; : : : ; am; fx1: : :xn ai�! ti^ fa1; : : : ; amg = T (f) ^ a1 < : : : < am g:
lvi



In particular for every f 2 Fn �NP , fx1: : :xn �! ; is a rule of P .Given a deterministic tree S and a node u, we associate a (�nite or not) term Term(S; u)on F as follows :Term(S; u) := fa1; : : : ; amgTerm(S; v1): : :T erm(S; vm)where u ai�! vi are the arcs of S of source u, and a1 < : : : < am.Then Term(Tree(P:T (F )�; r)) = P!(r[c; : : : ; c]) for every term r 2 T (F [ V ) .Thus Tree(P:T (F )�; s) is isomorphic to Tree(P:T (F )�; t)i� Term(Tree(P:T (F )�; s)) = Term(Tree(P:T (F )�; t))i� P!(s) = P!(t) .(= : Let P be a scheme on F [ V , and let s; t be terms on F .We will construct a term cf-grammar P on F [V such that P!(s) is isomorphic to P!(t)if and only if Tree(P :T (F )�; s) is isomorphic to Tree(P :T (F )�; t).We consider the following set T of terminals (labels of P to be constructed) :T := (F0 �NP ) [ f gi j 9 m; g 2 Fm �NP ^ 1 � i �m g.We take a new constant ? (not in F0), and we construct the following term cf-grammar :P := f fx1: : :xn gi�! ti j fx1: : :xn �! gt1: : :tm 2 P ^ 1 � i � m g[ f fx1: : :xn g�! ? j fx1: : :xn �! g 2 P g[ f gx1: : :xm gi�! xi j g 2 Fm �NP ^ 1 � i � m g[ f g g�! ? j g 2 F0 �NP g.By taking fg1; : : : ; gmg = g for every g 2 Fm with m � 1, we de�ne the Term operator asabove but withTerm(S; u) := a where u is source of a unique arc, and its label a 2 F0 .Then Term(Tree(P :T (F )�; r)) = P!(r) for every term r 2 T (F ) .Thus P!(s) = P!(t)i� Term(Tree(P :T (F )�; s)) = Term(Tree(P :T (F )�; t))i� Tree(P :T (F )�; s) is isomorphic to Tree(P :T (F )�; t) .2Let us apply the construction of Lemma 5.10 to the following term cf-grammar :P = ffx a�! x ; fx b�! gx ; fx c�! fhx ; hx a�! i ; i a�! jgwhere F = ff; g; h; i; jg.We take the term t = fx, and we choose a < b < c and fa; b; cg = p , fag = q , ; = r.From P; t, we obtain the term t = fj and the following scheme :P = ffx �! pxgxfhx ; hx �! qi ; i �! qj ; gx �! r ; j �! rg .Tree(P:T (F )�; t) and Term(Tree(P:T (F )�; t)) = P!(t) are represented as follows :pr r prqqr pa ca cbb
aa lvii



Let us apply the construction of Lemma 5.10 to the following scheme :P = ffx �! dxgffb ; g �! ch ; h �! bgwhere F = fa; b; c; d; f; g; hg of respective arities 0; 0; 1; 3; 1; 0; 0.We take the term t = fca. From P , we obtain the following term cf-grammar :P = ffx d1�! x ; fx d2�! g ; fx d3�! ffb ; g c1�! h ; h b�! ? g[ fdxyz d1�! x ; dxyz d2�! y ; dxyz d3�! z ; cx c1�! x ; b b�! ? ; a a�! ? g.P!(t) = Term(Tree(P :T (F )�; t)) and Tree(P :T (F )�; t) are represented as follows :
a cd1 d2 d3 bc1a c1bd2d1 d3b

c1b c1b
dc c da b d c dcb db b
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B AppendixWe study here the entire labelled rewriting systems. And we show that their accessiblepre�x transition graphs are regular graphs (cf Theorem B.10).B.a NormalizationLet us begin by normalizing every entire system with an axiom without modifying itsaccessible pre�x rewriting (up to isomorphism). First, we introduce some de�nitions andnotations. Recall that a term t is ground if it has no constant, i.e. F0(t) = ;.De�nition B.1 A term t is normed if every ground and proper subterm of t is of nullheight.In particular, every term of height � 1 is normed. Likewise, every normed term of height> 1 is not ground. By extension, a normed system is a system whose rule terms arenormed. We say that a system R is a proper system if the left hand sides of its rules arenot variables, i.e. for every rule s �! t of R, s 62 V . Leth(R) = maxf h(s) j 9t; (s �! t) 2 R _ (t �! s) 2 R gthe height of a system R, i.e. the maximal height of its terms. Likewise, we denote byh(�) = f h(�(x)) j x 2 V g the height of a substitution �. Let us recall that a constant isa symbol of F0. Let E(R) be the set of symbols in E � F[V of the terms of a system R,i.e. E(R) = [f E(s) j 9t; (s �! t) 2 R _ (t �! s) 2 R g:We denote by a7�!R the relation of pre�x transitions labelled by a, according to any systemR : s a7�!R t if s a�! t 2 R:T (F )�, i.e.s a�! t if s = �(s0) and t = �(t0) for some s0 a�! t0 2 R and some substitution�.Furthermore 7�!R := Sa a7�!R is the pre�x rewriting according to R, and its re
exive andtransitive closure 7�!R * is the pre�x derivation of R.Let jAj be the cardinality of a set A. Given a binary relation R, we denote by Dom(R) =f s j 9 t; s R t g the domain of R and by Im(R) = f t j 9 s; s R t g the image of R. Letf(R) = f (f(s); f(t)) j s R t g the transformation of a binary relation R on a set A by amapping f from A into A. It is now possible to give a normalization of the entire systems.Proposition B.2 Any pair (R; r) consisting of a labelled entire system R and a termr may be e�ectively transformed into another pair (S; s) of a proper, normed and entirelabelled system S of height h(S) � 2 and a constant s 2 F0 such that S:T (F )�=s ise�ectively isomorphic to R:T (F )�=r .Proof.The method given here is a generalization of Lemma 2.4 of [MS 85].lix



To avoid identical rules up to variables renaming, we order the set V = fx1; x2; : : :g ofvariables. We may suppose R proper and V (R) = ;. Otherwise, we take an injection �from V (r) into F0 � F (R) and we replace (R; r) by (S; �(r)) whereS = f (s a�! t) 2 R j s 62 V g [ f (fx1: : :xp a�! t[x 7! fx1: : :xp]) j(x a�! t) 2 R ^ x 2 V ^ f 2 (F (R)[Im(�)) \ Fp g:So S is proper, V (�(r)) = ; and R0:T (F )�=�(r) = �(R:T (F )�=r) .We denote bym = max( f h(s) j 9 a; t; (s a�! t) 2 R _ (t a�! s) 2 R g [ fh(r)g )the maximal height of r and of the terms of R. We may suppose m 6= 0 otherwise (R; r)is suitable. We consider the smallest set T of (linear) terms such thatF0 [ fx1g � Tand ft1�1(t2): : :�p�1(tp) 2 T for every f 2 Fp and t1; : : : ; tp 2 T ,where for every 1 � i � p; �i is the substitution de�ned by�i(xj) = xk for k = j + jV (t1)j+ : : : + jV (ti)j :To every substitution �, we associate the set D� = f x 2 V j �(x) 6= x g of non �xedvariables of �, and the sequence h(~�) = h(�(x1))h(�(x2)) : : : 2 IN1 of the heights of theterms substituted to the variables.Take an injection I from f t 2 T � fx1g j h(t) � m g into F such that I(t) 2 FjV (t)jand I(fx1: : :xp) = f . The image of I is denoted by [F ]. We de�ne a mapping [ ] fromT (F (R)[V ) into T ([F ][V ) by[t] = t if h(t) = 0and [t] = I(s)[�(x1)]: : :[�(xjV (s)j)] if h(t) 6= 0 wheres 2 T � fx1g ; h(s) � m ;�(s) = t and h(~�) 2 (mIN)1:The mapping [ ] is well de�ned: given a term t, there exist a unique term s of T � fx1gand a unique substitution � with D� � fx1; : : : ; xjV (s)jg such that h(s) � m ;�(s) = t andh� 2 (mIN)1.Furthermore [ ] is injective, and for every term t, V ([t]) = V (t).We denote by x(u) = minf f1g [ f i j u(i) = x g g the smallest occurrence of a letterx in a word u. LetP = f t 2 T (F[V ) j xi(t) � xi+1(t) for every i � 1 gbe the set of terms where no variable appears (by pre�x) before the preceding variableshave already appeared.We de�ne the following system S:S = f [�(s)] a�! [�(t)] j (s a�! t) 2 R ^ � 2 Subst ^ �(s) 2 P ^ h(�) < m g:lx



By de�nition of P , S has only a �nite number of rules. Moreover, every constant of aterm t of S is at height 0 or 1 of t, so S is normed. Furthermore h(S) � 2. First, we show(point i) that S is entire. Then we prove (point iii) and (point iv) thatS:T (F )�=[r] = [R:T (F )�=r] , hence (S; [r]) is suitable.i) Let us show that S is entire. It su�ces to establish the following property:if t is entire and h(�) < m then [�(t)] is entire:By induction on h(t) � 0.If h(t) = 0 then h(�(t)) < m so h[�(t)] � 1 hence [�(t)] is entire.If h(t) > 0 so h(�(t)) 6= 0 hence[�(t)] = I(s)[�(x1)]: : :[�(xjV (s)j)] withs 2 T � fx1g ; h(s) � m ; �(s) = �(t) and h(~� ) 2 (mIN)1:Let 1 � i � jV (s)j such that h[�(xi)] 6= 0. So h(�(xi)) � m. As h(�) < m, there exists anoccurrence u of t such that t(u) 62 V and �(xi) = �(tnu).If V (tnu) = ; then V [�(xi)] = V [�(tnu)] = ;.If V (tnu) 6= ; then V (tnu) = V (t) because t is entire. So V (�(tnu)) = V (�(t)) henceV [�(xi)] = V (�(xi)) = V (�(tnu)) = V (�(t)) = V [�(t)]:Furthermore tnu is entire, hence by induction hypothesis [�(xi)] = [�(tnu)] is entire.Finally [�(t)] is entire and this terminates the induction.ii) Let us show that every term t and every substitution � satisfy the following property:[�(t)] = [�]([t]) if h(~�) 2 (mIN)1 (1)where [�] is the substitution de�ned by [�](x) = [�(x)] for every x 2 V .Let us prove (1) by induction on h(t) � 0.h(t) = 0 : t 2 F0[V so [�(t)] = [�](t) = [�]([t]).Let us show (1) for h(t) > 0 supposing that (1) is true for every term of height < h(t).Let us take the term s of T �fx1g and the substitution � such that �(s) = t ; h(s) �m ; D� � V (s) and h(~� ) 2 (mIN)1. We de�ne the composition �o� by (�o�)(x) =�(�(x)) for every x 2 V . So[�(t)] = [�(�(s))] = [(�o�)(s)]= I(s)[(�o�)(x1)] : : : [(�o�)(xjV (s)j)] because h( ~�o�) 2 (mIN)1= I(s)[�(�(x1))] : : : [�(�(xjV (s)j))]= I(s)[�]([�(x1)]) : : : [�]([�(xjV (s)j)]) by ind. hyp. on h(�(xi)) < h(t)= [�](I(s)[�(x1)] : : : [�(xjV (s)j)]) because [�] is a substitution= [�]([�(s)]) by de�nition of [ ]= [�]([t]).This ends the induction, so property (1) is proved.iii) Let us show that [R:T (F )�=r] � S:T (F )�=[r] . It su�ces to prove thats a7�!R t =) [s] a7�!S [t] for every term s and t on F[V:lxi



Let s and t be terms such that s a7�!R t. So, there exist a rule s0 a�! t0 of R and asubstitution �0 such that s = �0(s0) and t = �0(t0).We decompose �0 into �0 = � o� such that h(�) < m and h(~�) 2 (mIN)1. Up to a variablesrenaming, we suppose that �(s0) 2 P . So [�(s0)] a�! [�(t0)] is a rule of S, hence from (ii)[s] = [�(�(s0))] = [� ]([�(s0)]) a7�!S [� ]([�(t0)]) = [�(�(t0))] = [t];this ends the proof of (iii).iv) Let us show that S:T (F )�=[r] � [R:T (F )�=r]. It su�ces to show that[s] a7�!S t0 =) 9t; s a7�!R t ^ [t] = t0 for every s 2 T (F[V ) and t0 2 T ([F ][V ):Let s 2 T (F[V ) and consider a transition [s] a7�!S t0. So, there exist a rule s0 a�! t0 ofR, a substitution � satisfying �(s0) 2 P and h(�) < m, and a substitution � such that[s] = �([�(s0)]) and t0 = � [�(t0)].We can suppose that the respective sets D� and D� of non �xe variables of � and � arerestricted as follows:D� = V [�(s0)] [ V [�(t0)] = V [�(s0)] = V (�(s0)) = D�:Let us show that there exists a substitution � such that h(~�) 2 (mIN)1 and [�] = � .Either h(s0) = 0. As R is proper, s0 2 F0 so [�(s0)] = [s0] = s0.hence D� = ; and the identity for � suits, i.e. D� = ;.Or h(s0) > 0. Then h(�(s0)) � h(s0) > 0. So, the existence of � is deduciblefrom [s] = �([�(s0)]).From (ii) [s] = [�]([�(s0)]) = [�(�(s0))] and as [ ] is injective, we have s = �(�(s0)).Similarly t0 = [�]([�(t0)]) = [�(�(t0))]. Hence t = �(�(t0)) suits and (iv) is proved.2Contrary to Theorem B.10, let us remark that this normalization of an entire system doesnot give an entire cf-grammar.B.b Pre�x derivationFirst, let us give three basic properties concerning ground and normed terms.Every subterm of an entire term is entire. More generally, the class of entire terms isclosed by pre�x derivation according to any entire system.Lemma B.3 Given an entire system R, if s 7�!R *t and s is entire then t is entire.Proof.By induction on the length of the pre�x derivation, it su�ces to establish it for s 7�!R twith s entire. There exist a rule s0 �! t0 of R and a substitution � such that s = �(s0)and t = �(t0). Let t0 be a subterm of t such that t0 62 V and V (t0) 6= ;. To show that t isentire, it su�ces to show that V (t0) = V (t). We distinguish the two cases below.Case 1: there is a variable x of t0 such that t0 is a subterm of �(x).lxii



So t0 and �(x) are subterms of s, with at least one variable, but not reduced to thisvariable. As s is entire, we have V (t0) = V (�(x)) = V (s). SoV (t) � V (s) = V (t0) � V (t) hence V (t0) = V (t).Case 2: there is a subterm t00 62 V of t0 such that t0 = �(t00).As V (t0) 6= ;, we have V (t00) 6= ;. So V (t00) = V (t0) because R is entire andtherefore t0 is entire.In consequence V (t0) = V (�(t00)) = V (�(t0)) = V (t).In all cases V (t0) = V (t). Finally t is entire.2Similarly, the pre�x derivation according to any entire and normed system preserves thenormality of non ground terms.Lemma B.4 Given an entire and normed system R, if s 7�!R � t where s is normedand t is not ground, then t is normed.Proof.By induction on the length of the pre�x derivation, it su�ces to show it for s 7�!R t withs normed and V (t) 6= ;. There exist a rule s0 �! t0 of R and a substitution � such thats = �(s0) and t = �(t0). Let t0 be a proper and ground subterm of t. To show that t isnormed, it su�ces to prove that h(t0) = 0. We distinguish the two cases below:Case 1: there is a variable x of t0 such that t0 is a subterm of �(x).Thus t0 is a subterm of s. As V (t) 6= ;, we have V (s) 6= ; hence t0 6= s. Thush(t0) = 0 because s is normed.Case 2: there is a subterm t00 62 V of t0 such that t0 = �(t00).Case 2.1: V (t00) = ;.Thus t0 = t00. As t0 6= t, we have t0 6= t0. So h(t0) = 0 because t0 is normed.Case 2.2: V (t00) 6= ;.As t0 is entire, we have V (t00) = V (t0). Consequently ; = V (t0) = V (�(t00)) =V (�(t0)) = V (t); which is excluded by hypothesis.In any case h(t0) = 0. Finally, t is normed.2Let �t be the restriction of a substitution � to the variables of a term t, i.e. for everyvariable x of t, �t(x) = �(x) else �t is the identity. This notation allows to express a basicproperty concerning the substitution of an entire and normed term.Lemma B.5 Given a substitution � and an entire and normed term t, we haveh(�(t)) = h(t) + h(�t) :Proof.By induction on h(t) � 0.
lxiii



h(t) = 0 : let t 2 F0 so �(t) = t and h(�t) = 0; hence the equality.let t 2 V so h(t) = 0 and h(�(t)) = h(�t); hence the equality.h(t) = 1 : h(�(t)) = 1 + h(�t) = h(t) + h(�t).h(t) > 1 : we can decompose t into t = ft1: : :tp where f 2 F .Therefore �(t) = f�(t1): : :�(tp).Thus h(�(t)) = 1 +maxfh(�(t1)); : : : ; h(�(tp))g= 1 +maxfh(t1) + h(�t1); : : : ; h(tp) + h(�tp)g by induction hyp:Take a q such that h(tq) is maximal.So h(tq) � 1 and as t is entire and normed, we have V (tq) = V (t).Thus h(�tq ) = h(�t) is maximal, henceh(�(t)) = 1 + h(tq) + h(�tq ) = h(t) + h(�t):This ends the induction and the proof of this lemma.2We are now able to decide if a given term derives by pre�x from another one according toan entire system.Proposition B.6 The pre�x derivation of an entire system is decidable.i) As the labels do not matter in this proposition, we will not take them into account.Let R be an entire system and let us consider the terms s and t. Let us show that we candecide if s 7�!R * t.Add the rules s �! s and t �! t in R. From Proposition B.2, we can suppose R proper,normed, of height h(R) � 2 and s; t 2 F0\Dom(R). Without modifying the decisionof the pre�x derivation of s in t, we can suppose that R is completed into the followingsystem:R[f �(u) �! �(v) j (u �! v) 2 R ^ � 2 Subst ^ h(�) = 0 ^ �(u) 2 P ^ V (�(v)) 6= ;g(1)where the set V = fx1; x2; : : :g of variables is ordered and P is the set, de�ned in theproof of Proposition B.2, of the terms in which no variable xi occurs (by pre�x) withoutprevious occurrence of each of the variables x1; : : : ; xi�1. So completed, R has only a �nitenumber of rules, and remains normed and entire. Let us point out thats 7�!R * t i� (s �! t) 2 Swhere S = f s �! t j s R o 7�!R * t ^ h(t) � 1 g.Thus s 7�!R * t is decidable i� S is constructible.ii) Let us show that S is constructible. For every system U , we de�neU = f (s �! t) 2 U j h(t) � h(s) gand =)U = 7�!U � [ (7�!U � o 7�!U ) lxiv



the operation deriving by pre�x according to U followed or not by the pre�x rewritingaccording to U . Thus =)U is decidable. To construct S, we de�ne the following sequence(Sn)n�0 of systems: S0 = ;Sn+1 = f s �! t j s R o =)Sn t ^ h(t) � 1 gBy induction on n�0, Sn � Sn+1 � R o 7�!R �; hence Sn � S for every n�0. So the integerq = minf n j Sn = Sn+1 g exists. Moreover and by induction on n�0, Sq+n = Sq. Let usshow that Sq = S. It remains to prove that S � Sq. For this and by induction on n�0, itsu�ces to establish the following property:s7�!R n t ^ h(t) � 1 =) s =)Sn t : (2)By induction on n�0.n = 0 :s = t so s =); t because =); = 7�!; 0 = f (s; s) j s 2 T (F[V ) g.(� n) =) n+ 1 :Let s 7�!R n+1 t such that h(t) � 1. Consider the following integerm = maxf i j 9 s0; u; �; s0 R o7�!R i u ^ �(s0) = s ^ �(u)7�!R n-i t gWe distinguish the two following complementary cases:Case 1: m = nBy de�nition of m, there exists s0; t0; v; � such thats0 R v 7�!R n t0 ; �(s0) = s ; �(t0) = t .As h(t0) � h(t) � 1, we have v =)Sn t0 by induction hypothesis.Thus s0 Sn+1 t0 therefore s = �(s0) =)Sn+1 �(t0) = t .Case 2: m < nThere exist s0; u; � such that s0 R o 7�!R m u ; �(s0) = s ; �(u)7�!R n-m t .As m < n, we have V (u) 6= ;. From the completion (1), we can suppose thats0 and � satisfy the following property:�(x) 62 F0 and �(x) 6= �(y) for every x; y 2 V (s0) with x 6= y: (3)Let us show that h(u) � 1. As n�m > 0, there exists v such that�(u) 7�!R v 7�!R n-m-1 tThus there exist a rule s1 �! t1 of R and a substitution � such that �(s1) =�(u) and �(t1) = v. Assume that h(u) � 2.As V (u) 6= ; and from Lemma B.3 and Lemma B.4, u is an entire and normedterm. From Lemma B.5, we have2 + h(�u) � h(u) + h(�u) = h(�(u)) = h(�(s1)) = h(s1) + h(�s1) � 2 + h(�s1)hence h(�u) � h(�s1). As h(�(s1)) = h(�(u)) � 2, we have s1 62 F0 so h(s1) > 0because R is proper. We can write s1 = fw1: : :wp. As h(u) � 2 and �(u) =�(s1) = f�(w1): : :�(wp), we can write u = fu1: : :up.Let us show that there exists a substitution � such that �(s1) = u.lxv



From property (3), it su�ces to prove that wj 2 V when uj 2 V . Assumethat there exists a 1 � j � p such that uj 2 V . Thenh(�(wj)) = h(�(uj)) � h(�u) � h(�s1).As wj is a subterm of s1 entire and normed, we have h(wj) = 0. Fromproperty (3), h(�(wj)) = h(�(ui)) > 0 hence wj 2 V .Therefore u = �(s1) 7�!R �(t1). As �(s1) = �(u) = �(�(s1)), we have � o �s1 =�s1 . So �(�(t1)) = �(t1) = v because V (t1) � V (s1).Finally s0 R o 7�!R m+1 �(t1) and �(�(t1)) 7�!R n-m-1 t ; which is in contradictionwith the maximality of m.Finally h(u) � 1. By induction hypothesis, we haves0 R o =)Sm u so s0 Sm+1 u. Consequently s0 Sn u. As V (u) 6= ;, we haveV (s0) 6= ; so h(s0) � 1 � h(u) hence s0 Sn u. Moreover and by inductionhypothesis, �(u) =)Sn�m t so �(u) =)Sn t.Finally s = �(s0) 7�!Sn o =)Sn t.As 7�!Sn o =)Sn � =)Sn , we have s =)Sn t hence s =)Sn+1 t.This ends the induction and proves property (2). Thus S is constructible, so s 7�!R * t isdecidable.2Let us indicate that we can show that the pre�x derivation of any context-free grammaris decidable.B.c TransformationWe need some basic properties on the terms obtained by pre�x derivation according to anentire and normed system.The loss of variables by pre�x rewriting brings a fall of height.Lemma B.7 Given an entire and normed system R, if s 7�!R t with s entire andnormed and V (s) 6= V (t) then h(t) � h(R).Proof.There exists a rule s0 �! t0 of R and a substitution � such that �(s0) = s and �(t0) = t.As R is entire and normed, and from Lemma B.5, we haveh(t) = h(t0) + h(�t0) � h(R) + h(�t0) :If there is a variable x of t0 then x is a variable of s0 and satis�es one of the three conditionsbelow.Case 1: �(x) 2 V . Thus h(�(x)) = 0Case 2: V (�(x)) = ;.As V (s) 6= V (t), we have V (s) 6= ;. Therefore s 6= x. Hence �(x) is a properand ground subterm of s. As s is normed, h(�(x)) = 0.Case 3: �(x) 62 V and V (�(x)) 6= ;.lxvi



As s is entire, V (�(x)) = V (s). From Lemma B.3, t is entire. As �(x) is asubterm of t, we have V (�(x)) = V (t). Finally V (s) = V (t) which is forbiddenby hypothesis.In any case, h(�(x)) = 0 for every x 2 V (t0), i.e. h(�t0) = 0 hence h(t) � h(R).2Let us give a su�cient condition for a subterm of a substitution of an entire and normedterm to be a subterm of one of the substituted terms.Lemma B.8 Given a substitution � and a term s entire and normed, if t is a subtermof �(s) of height 0 < h(t) � h(�s) then there is a variable x of s such that t is a subtermof �(x).Proof.By contraposition. Let s be an entire and normed term, and � a substitution. Let t be asubterm of �(s) of height h(t) 6= 0, and not a subterm of an �(x) for x 2 V (s). Thus thereexists a subterm s0 62 V of s such that t = �(s0). As s is normed and h(t) 6= 0, we haveV (s0) 6= ;. Thus V (s0) = V (s) because s is entire. Hence V (t) = V (�(s0)) = V (�(s)).As h(t) 6= 0, h(t) � 1 + h(�s).2We say that a system R is a normalized system if R is entire, normed and proper, andof height h(R) � 2. Recall that Proposition B.2 transforms every entire system andevery term into a normalized system R and a constant r with an isomorphic accessiblepre�x rewriting graph. For every term s accessible by pre�x derivation according to Rfrom r, we will show that the subterms of s of the same height have the same set ofimmediate subterms, except for the constants. More exactly, we denote by T (ft1: : :tp) =ft1; : : : ; tpg�F0 the set of immediate subterms of ft1: : :tp (where f 2 F[V ) which are notconstants. In a more general way and for every subterm t of s, we show that every subtermof s not in F0 and of maximal height < h(t) is an immediate subterm of t. Formally, wedenote byE(s; n) = f t 62 F0 j 9 m; t 2 T (snm) ^ h(t) < n � h(snm) g for n � h(s)the set of the subterms of s of maximal height less than n which are not constants.Lemma B.9 Given a normalized system R and a constant r, if r 7�!R * sthen E(s; h(t)) = T (t) for every subterm t of s.Proof.By de�nitions of T and E, we have T (t) � E(s; h(t)). Furthermore,(a) E(s; h(s)) = T (s)(b) E(s; 0) = ; = T (t) for every subterm t of s of null height.Let us show the inverse inclusion E(s; h(t)) � T (t) by induction on the derivation lengthfrom r to s.As r 2 F0 and from (b), r satis�es the inclusion.lxvii



Suppose that r 7�!R * s 7�!R t and that s satis�es the inclusion. Let t0 be a subterm of t andlet us show that E(t; h(t0)) � T (t0). From (a) and (b), we can suppose that 0 < h(t0) �h(t) � 1. Let v 2 E(t; h(t0)). In particular v 62 F0, and there exists a subterm u of t suchthat v 2 T (u) and h(v) < h(t0) � h(u). To establish this lemma, it su�ces to show thatv 2 T (t0). As s 7�!R t, there exist a rule s0 �! t0 of R and a substitution � such that�(s0) = s and �(t0) = t. As R is entire and normed, s0 and t0 are entire and normed. AsR is proper, normed and of height h(R) � 2, we have h(t0) � h(s0) + 1. Thus and fromLemma B.5, we haveh(t0) � h(t)� 1 = h(t0) + h(�t0)� 1 � h(s0) + h(�t0) � h(s0) + h(�s0) = h(s):Hence E(s; h(t0)) exists. Note thath(v) � h(t0)� 1 � h(t)� 2 � h(t)� h(t0) = h(�t0):We distinguish the two cases below.Case 1: h(u) � h(�t0).From Lemma B.8, there exists a variable x of t0 such that u is a subterm of�(x). As V (t0) � V (s0), u is a subterm of �(s0) = s. Thus v 2 E(s; h(t0)).As h(t) � h(u) � h(�t0) and similarly, t0 is a subterm of s. By inductionhypothesis E(s; h(t0)) � T (t0) hence v 2 T (t0).Case 2: h(u) > h(�t0).So, there exists a subterm t00 62 V of t0 such that u = �(t00). As v 2 T (u)� F0and t0 is normed, we have V (t00) 6= ;. Therefore V (t00) = V (t0) because t0 isentire. As h(v) � h(�t0), there exists a variable x of t0 such that v = �(x). AsR is proper, there exists a subterm w of s0 such that x 2 T (w) and V (w) =V (s0). Then v 2 T (�(w)) andh(�(w)) � 1 + h(�s0) � 1 + h(�t0) � h(t0)� 1 + h(�t0) = h(t)� 1 � h(t0):Hence v 2 E(s; h(t0)). We consider the two following subcases.Case 2.1: h(t0) � h(�t0).From Lemma B.8, t0 is a subterm of s. By induction hypothesis, we haveE(s; h(t0)) � T (t0) so v 2 T (t0).Case 2.2: h(t0) > h(�t0).So 1 + h(�t0) � h(t0) � h(t)� 1 = h(t0) + h(�t0)� 1.Hence h(t0) = 2 and h(t0) = h(t)� 1.Consequently, there exists t00 2 T (t0) such that t0 = �(t00) and h(t00) = 1.As t0 is entire and normed, x 2 V (t0) = V (t00). Hence v = �(x) 2 T (t0).In all cases v 2 T (t0).2We are now in a position to show that every accessible pre�x rewriting graph of an entiresystem is e�ectively a regular graph.Theorem B.10 Any accessible pre�x transition graph of any entire term rewritingsystem is a regular graph. lxviii



Let R be a labelled entire system and r be a term.We will construct a deterministic graph grammarG and a hyperarcH such that R:T (F )�=ris isomorphic to the regular graph generated by G from H.From Proposition B.2, we can suppose that R is entire, normed, proper, of height h(R)at most 2, and that r is a constant. We denote by P (R; r) = R:T (F )�=r the pre�xtransition graph of R and accessible from r. As V (r) = ;, every vertex s of P (R; r) isground, i.e. V (s) = ; for r 7�!R * s. The deterministic graph grammar G we are going toconstruct, generates by parallel rewriting the graphP (R; r) = P (R; r)0 [ P (R; r)1 [ : : :by slices P (R; r)n = f (s a�! t) 2 P (R; r) j h(s) = n gof arcs whose sources are of growing height. In n + 1 parallel rewritings, the grammarG will generate the graph P (R; r)0 [ : : : [ P (R; r)n plus a set of non-terminal hyperarcs,whose vertices of P (R; r) of height n + 1 of a non-terminal hyperarc are joined by therelationP = f (s; t) j r 7�!R * s ^ r 7�!R * t ^ h(s) = h(t) ^ E(s; h(s)� 2) = E(t; h(s)� 2) gwhere by extension E(s; n) = ; for n < 0.Note that P is an equivalence and from Proposition B.6, P is decidable. Denote by 7�!R nthe pre�x rewriting by vertices of height at least n � 0, i.e.s 7�!R n t if s 7�!R t ^ h(s) � n ^ h(t) � n:From a non-terminal hyperarc K(s) associated to a vertex s, the grammar G will generatethe graph Q(R;P (s)) where for every set T of terms on F[V ,Q(R;T ) = f u a�! v j 9 t 2 T; t (7�!R h(t))* u ^ u a7�!R v g:The non-terminal hyperarc K(s) will join the set Q(P (s)) of the vertices of Q(R;P (s)) ofheight � h(s), i.e. for every vertex t,Q(t) = f u j t (7�!R h(t))* o 7�!R u ^ h(u) � h(t) g [ ftg:i)We want to de�ne an equivalence relation � on the set of the vertices of P (R; r), which isdecidable, of �nite index and �ner than the equivalence of pairs (s; t) such that Q(R;P (s))is isomorphic to Q(R;P (t)). For this and to every vertex s of P (R; r), we associate aninjection Is : E(s; h(s)� 2) ,! V:The inverse relation �s = I �1s is a substitution. Let us complete Is into the relationJs = f (t; x) j x 2 Im(Is) ^ V (t) � Im(Is) ^ x 6= t ^ �s(x) = �s(t) gin such a way that the su�x rewriting according to Js is canonical (i.e. of �nite terminationand con
uent. Let t#Js be the normal form of a term t according to Js, i.e. t#Js is thelxix



minimal term for the instantiation such that �s(t#Js) = t. Consider the equivalencerelation � on the vertices of P (R; r), de�ned bys � t if there exists a substitution j from V into V s:t: Q(P (s))#Js = j(Q(P (t))#Jt):The number of variables in Q(P (s))#Js is equal to the cardinality of E(s; h(s)�2) which isfrom Lemma B.9, at most equal to the maximal arity of the functions in R. Furthermore,if h(s) � 3 then Js = ; else h(t#Js) = 3. Thus � is of �nite index. We will establish(point iv) that Q(R;P (s)) is isomorphic to Q(R;P (t)) for s � t, and we will show (pointv) that � is decidable. First, we need to show (point ii and point iii) some intermediateresults.ii) Let s P t be such that h(s) � 4 and let us show that t#Js is normed and entire.a) Let us prove that t#Js is normed.Let u be a (proper and) ground subterm of t#Js. As h(s) � 4 and u is irreduciblefor the su�x rewriting according to Is, we have h(u) < h(s) � 2. Furthermore�s(t#Js) = t and h(t) = h(s). Thus u is a subterm of a subterm v of t#Js ofmaximal height such that h(�s(v)) < h(s)� 2. As v is irreducible according to Js,we have �s(v) 62 E(t; h(s) � 2). Therefore �s(v) 2 F0 so h(v) = 0 hence h(u) = 0.Finally t#Js is normed.b) Let us prove that t#Js is entire.Let u be a subterm of t#Js of height h(u) 6= 0. Similarly to (a), we have h(�s(u)) �h(s) � 2. So �s(u) has a subterm v of height h(s) � 2. So v is a subterm of�s(t#Js) = t and v#Js is a subterm of u. By de�nition of P and from Lemma B.9,we have E(s; h(s) � 2) = E(t; h(s) � 2) = T (v). So, every variable of t#Js is avariable of v#Js, hence of u. Thus V (u) = V (t#Js) hence t#Js is entire.iii) Let us show that Q(R;P (s)) = �s(Q(R;P (s)#Js)).If h(s) � 3 then Js = ; hence the equality.a) Let us prove that �s(Q(R;P (s)#Js)) � Q(R;P (s)) for h(s) � 4.Let u a�! v an arc of Q(R;P (s)#Js). There exists a sequence t0; : : : ; tn such thatt0 2 P (s)#Js ; tn = u ; ti 7�!R h(t0) ti+1 for every 0 � i < n.As h(s) � 4 ; h(t0) = 3 ; V (t0) 6= ; and from (ii), t0 is entire and normed. FromLemma B.7, Lemma B.4 , Lemma B.3, and by induction on 0 � i � n, we haveV (ti) = V (t0), ti is normed and entire.Furthermore h(ti) � h(t0) and from Lemma B.5, we obtainh(�s(ti)) � h(�s(t0)) = h(s).In consequence �s(ti) 7�!R h(s) �s(ti+1) for every 0 � i < n.Furthermore �s(u) a7�!R �s(v) hence �s(u) a�! �s(v) 2 Q(R;P (s)).b) Let us prove that Q(R;P (s)) � �s(Q(R;P (s)#Js)) for h(s) � 4.Let u a�! v 2 Q(R;P (s)). There exists a sequence t0; : : : ; tn such that t0 2P (s) ; tn = u ; ti 7�!R h(s) ti+1 for every 0 � i < n.Let us set s0 = t0#Js. From (ii), s0 is entire and normed. Furthermore �s(s0) =t0 ; V (s0) 6= ; and h(s0) = 3. By induction on 1 � i � n, we construct an entireand normed term si such that lxx



si�1 7�!R si ; �s(si) = ti and h(si) � 3.In fact, suppose that si�1 is entire and normed, V (si�1) 6= ;; �s(si�1) = ti�1 andh(si�1) � 3. Then, there exists a term si such that si�1 7�!R si and �s(si) = ti.From Lemma B.7, Lemma B.4 and Lemma B.3, V (si) 6= ; ; si is entire and normed.At last and from Lemma B.5, we haveh(s) � h(ti) = h(�s(si)) = h(si) + h((�s)si)and h((�s)si) � h((�s)s0) = h(�s)(s0))� h(s0) = h(s)� 3,hence h(s) � h(si) + h(s)� 3 i.e. h(si) � 3.Thus s0 (7�!R h(s0))* sn. As h(sn) 6= 0, there exists sn+1 such that sn a7�!R sn+1and �s(sn+1) = v. Finally (sn a�! sn+1) 2 Q(R;P (s)#Js) with �s(sn) = u and�s(sn+1) = v.iv) Let us show that s � t implies that Q(R;P (s)) is isomorphic to Q(R;P (t)).For every term t, �s(t#Js) = �s(t). Therefore and from (iii), we haveQ(R;P (s)) = �s(Q(R;P (s)#Js)) = �s(Q(R;P (s)#Js)#Js),i.e. Q(R;P (s)) = f �s(u#Js) a�! �s(v#Js) j u a�! v 2 Q(R;P (s)#Js) g.a) Let us prove that �s is injective on Q(R;P (s)#Js)#Js.Let u and v be vertices of Q(R;P (s)#Js)#Js such that �s(u) = �s(v). Supposethat u 6= v. By symmetry of u and v, we can suppose there exist a variable x ofu and a subterm v0 of v such that �s(x) = �s(v0) and x 6= v0. Thus (v0; x) 2 Js sov is reducible for the su�x rewriting according to Js, which is impossible. ThusQ(R;P (s)) is isomorphic to Q(R;P (s)#Js)#Js.b) Let us prove that if t 2 P (s)#Js and t (7�!R h(t))* u then u#Js = u and V (u) = ; = V (t).If h(s) � 3 then Js = ; hence u#Js = u and V (u) = V (t).If h(s) � 4 then we have seen in point (iii) (a) that V (u) = V (t) and, u is entireand normed. Let v be a subterm of u of height h(v) � 1. As u is normed, V (v) 6= ;,and as u is entire, V (v) = V (u) = V (t). Thus and for every variable x such that�s(x) 6= x, x 2 V (v) hence h(�s(v)) � 1 + h(�s(x)), therefore �s(v) 6= �s(x) i.e.(v; x) 62 Js. Thus u#Js = u.c) Let us prove that the set of terms in Q(P (s)) of height h(s) is equal to P (s).By de�nition of Q, P (s) � Q(P (s)). Conversely, let t 2 Q(P (s)) of height h(t) =h(s) and prove that t 2 P (s).If h(s) � 3 then Q(P (s)) [resp. P (s)] is the set of vertices of P (R; r) of height� h(s) [resp. = h(s)], hence t 2 P (s).Suppose that h(s) > 3. For every vertex u of Q(R;P (s)#Js), let us prove thath(�s(u)) = h(u) + h(s)� 3 if h(u) � 3and h(�s(u)) < h(s) if h(u) < 3.In fact, if h(u) � 3, we have seen that u is entire and normed, V (u) = V (t) andfrom Lemma B.5, we have h(�s(u)) = h(u) + h(�s) = h(u) + h(s)� 3.If h(u) < 3 then h(�s(u)) � h(u) + h(�s) < 3 + h(s)� 3 = h(s).From (iii), there exists a vertex u of Q(R;P (s)#Js) such that t = �s(u). Thush(u) = 3 and from (iii) (a), u is entire and normed, and V (u) = �s(E(s; h(s)� 2)).There is a subterm v of u of height h(v) = 1. As u is normed and entire, V (v) =V (u) = �s(E(s; h(s) � 2)). Thus T (�s(v)) = E(s; h(s) � 2). From Lemma B.9,lxxi



T (�s(v)) = E(t; h(�s(v))) = E(t; h(s) � 2). Finally s P t, i.e. t 2 P (s). ThusP (s) = f t 2 Q(P (s)) j h(t) = h(s) g:In particular, for every t 2 Q(P (s)), h(t) = h(s) i� h(t#Js) = minfh(s); 3g.ThereforeP (s)#Js = f t#Js j t 2 Q(P (s)) ^ h(t#Js) = minfh(s); 3g g : (1)d) Suppose that s � t and show that Q(R;P (s)) is isomorphic to Q(R;P (t)).There exists a bijection j from V to V such that Q(P (s))#Js = j(Q(P (t))#Jt).Therefore j(Q(R;P (t)#Jt)#Jt) = Q(R; j(P (t)#Jt))#j(Jt)= Q(R;P (s)#Js)#j(Jt) from (1)= Q(R;P (s)#Js)#Js from (b).Thus Q(R;P (s)#Js)#Js is isomorphic to Q(R;P (t)#Jt)#Jt and from (a),Q(R;P (s)) is isomorphic to Q(R;P (t)).v) Let us show that � is decidable, i.e. Q(P (s))#Js is constructible.If h(s) � 3 then Js = ; and Q(P (s)) is the set of vertices of P (R; r) of height � h(s).Suppose that h(s) > 3. From (iv) (c), Q(P (s)) = �s(Q(P (s)#Js)) henceQ(P (s))#Js = Q(P (s)#Js)#JsLet us prove that Q(P (s)#Js) is constructible. As P (s)#Js is constructible and from(iv)(c), it remains to determine the set Q(P (s)#Js) restricted to the terms of height � 2,i.e. the set A(s) = f u j 9 t 2 P (s)#Js; t (7�!R 3)* o 7�!R u ^ h(u) � 2 g:Let t 2 P (s)#Js. Take a constant $ 2 F0 � F (R) not in R, and denote by u$ the termobtained from a term u by replacing by $ every immediate subterm of u whose height � 3.If t (7�!R 3)* u then u$ belongs to the following set:T = f u 2 T (F (R)[V (t)[f$g) j u is entire and normed ^8v 2 T (u)� f$g; h(v) � 2 ^ $ 62 F (v) g:Let b be the cardinality of T and by induction on n � 0, let us prove the following property:t 2 P (s)#Js ^ t (7�!R 3)n o 7�!R u ^ h(u) � 2 =)9t0 2 P (s)#Js ; 9q � b ; t0 (7�!R 3)q o 7�!R u : (2)If n � b then t0 = t and q = n satisfy property (2).Suppose that n > b.there exists a sequence t0; : : : ; tn such that t0 = t ; tn 7�!R u ; ti 7�!R 3 ti+1 for every0 � i < n. Let m = maxf i j h(ti) = 3 g. From (iv)(c), tm 2 P (s)#Js. If m > 0 then(1) is true by induction hypothesis.Suppose that m = 0. As n > b, there exists 0 < i < j � n such that (ti)$ = (tj)$.Thus ti (7�!R 3)n-jo 7�!R u because h(u) � 2 hence the immediate subterms of tj of heightlxxii



� 3 are irrelevant for getting u.Thus t (7�!R 3)n-j+io 7�!R u hence we obtain (2) by induction hypothesis.This ends the induction, and property (2) is established. ConsequentlyA(s) = f u j 9 t 2 P (s)#Js; 9 n � b; t (7�!R 3)n o 7�!R u ^ h(u) � 2 gis constructible, hence Q(P (s)#Js) = P (s)#Js [A(s) is constructible. ThereforeQ(P (s))#Js = Q(P (s)#Js)#Js is constructible, hence � is decidable.vi) We can now give a (non deterministic) procedure for the construction of a deterministicgraph grammar G generating P (R; r).Given a vertex s, we denote by K(s) the set of hyperarcs labelled by s whose vertices arethe terms of Q(P (s)), and which are distincts, i.e.K(s) = fss1: : :sp j fs1; : : : ; spg = Q(P (s)) ^ 1 � i < j � p ) si 6= sj g:Initially G has only one ruleG = f(H0; ;)g where H0 2 K(r):The construction of G stops when every rule in G has a non empty right hand side. Else,given a rule (H; ;) of G, we are going to change (point d) the right hand side of this rule,and adding (point c) in G the non-terminal hyperarcs whose rules we want to construct.We denote by s the label of H, i.e. s = H(1) that is H 2 K(s).a) The new right hand side will have as terminal arcs, the set T (s) of the arcs in P (R; r)whose sources are in P (s), i.e.T (s) = f u a�! v j u a7�!R v ^ u 2 P (s) g:b) We will extract one vertex by non-terminal hyperarc to be constructed.LetM be the set of vertices of T (s), of height h(s)+1 and sources of arcs in P (R; r),i.e.M = f v j 9u 2 P (s); u 7�!R v ^ h(v) = h(s) + 1 ^ 9t; v 7�!R t g:Let us take a set A of representatives of the quotient ofM by P , i.e. A is a minimalsubset of M such that[f P (t) j t 2 A g = [f P (t) j t 2M g:From (iv)(c), remark that for s (7�!R h(s))* t and h(s) = h(t), we have s P t.c) To every t 2 A, we will associate a non-terminal hyperarc N(t).If t is equivalent to a non-terminal of G, i.e. 9 ut1: : :tq 2 Dom(G); u � t, thenthere is a bijection j from V to V such that j(Q(P (u))#Ju) = Q(P (t))#Jt, andwe de�ne N(t) = u�t(j(t1#Ju)): : :�t(j(tq#Ju)):Otherwise, we choose N(t) in K(t) that we add as a non-terminal hyperarc of G,i.e. G = G [ f(N(t); ;)g:lxxiii



d) G = (G� (H; ;)) [ f (H;T (s) [ f N(t) j t 2 A g) g.By construction and for every H 2 Dom(G)\K(s); G!(H) is isomorphic to Q(R;P (s)).In particular when s = r; G!(H0) is isomorphic to P (R; r).2
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