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Abstract

W e consider the bisim ulation on the transition graphs of pushdo wn automata.

First w e giv e a c haracterization of bisim ulation using the unfolded trees. W e recall

that the bisim ulation is decidable for the sub class of pre�x transition graphs of con text-

free grammars. F urthermore an y pushdo wn transition graph is a regular graph: it can

b e generated b y iterated parallel rewritings of a deterministic graph grammar.

Then w e sho w that the rational restrictions of pushdo wn transition graphs are

exactly and e�ectiv ely the regular graphs of �nite degree. W e restrict to the class of

graphs whic h are regular b y increasing v aluation : the length to a terminal coro ot.

This sub class strictly con tains the pre�x transition graphs of reduced con text-free

grammars. And w e sho w that the bisim ulation is decidable on an y graph regular b y

increasing v aluation.

Finally w e sho w that the bisim ulation on the regular graphs of �nite out-degree is

equiv alen t to the bisim ulation on the pre�x transition graphs of con text-free grammars

on terms. F or the deterministic case, these problems are in ter-reducible to the w ell-

kno wn equiv alence problem of dp da.

1 In tro duction

Bisim ulation has b een in tro duced [P a 81 ] to test whether t w o pro cesses ha v e the same

b eha vior. Tw o v ertices of a graph (set of lab elled arcs) are bisimilar if they are link ed

b y a sim ulation whose in v erse is also a sim ulation. F or deterministic graphs, t w o v ertices

are bisimilar if and only if they ha v e the same unfolded tree. Generally w e sho w that t w o

v ertices of a graph are bisimilar if and only if their unfolded trees are obtained from a

common tree b y pruning iden tical `adjacen t subtrees'.

It is w ell kno wn that the equiv alence problem is undecidable for the con text-free gram-

mars. Ho w ev er the bisim ulation is decidable on the pre�x transition graph of an y reduced

con text-free grammar [BBK 87 ]. It is decided b y comparing v ertices of same v aluation

(the minimal path-length to the terminal coro ot) and b y taking in to accoun t the regu-

lar structure of the graphs. Another metho d has b een in tro duced [Ca 90 a ] : giv en an y
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reduced con text-free grammar, the greatest bisim ulation on its pre�x transition graph is

an equiv alence induced b y an e�ectiv e idemp oten t morphism. It follo ws that the class

of pre�x transition graphs of reduced con text-free grammars is e�ectiv ely closed under

quotien t b y the greatest bisim ulation. Another consequence is that this greatest bisim u-

lation is an e�ectiv e Th ue congruence : w e can construct a �nite relation generating the

greatest bisim ulation. This last metho d has b een extended for an y con text-free grammar

to decide the bisim ulation on its pre�x transition graph [CHS 92] and on its transition

graph [CHM 93 ].

Although pushdo wn automata recognize exactly the languages generated b y con text-

free grammars, their (pre�x) transition graphs, called pushdo wn transition graphs, strictly

con tain the pre�x transition graphs of con text-free grammars [Ca 90 b ]. The decidabilit y

of bisim ulation on pushdo wn transition graphs is an op en problem. Ho w ev er the bisim-

ulation of deterministic pushdo wn transition graphs is decidable b ecause this problem

is (in ter-)reducible to the decidable equiv alence of real-time dp da [Ro 86 ]. F urthermore

w e kno w that an y pushdo wn transition graph is e�ectiv ely a regular graph of �nite de-

gree [Ca 90 b], where a regular graph, or equational graph [Co 90 ], is a graph generated

b y iterated rewritings according to a deterministic graph grammar. In fact, the push-

do wn transition graphs and the regular graphs of �nite degree ha v e e�ectiv ely the same

connected comp onen ts and the same accessible subgraphs. More generally , the rational

restrictions of pushdo wn transition graphs are exactly and e�ectiv ely the regular graphs

of �nite degree.

W e consider the sub class of graphs whic h are regular b y v aluation : they can b e

generated with a deterministic graph grammar, b y v ertices of increasing v aluation from

a terminal coro ot. This sub class strictly con tains the pre�x transition graphs of reduced

con text-free grammars. F urthermore the original metho d of [BBK 87 ] can b e generalized

to the graphs regular b y v aluation. More precisely to decide the bisimilarit y of t w o v ertices

of an y graph regular b y v aluation, it su�ces to restrict this problem to a �nite subgraph of

all v ertices whose the v aluation is b ounded b y a v alue computable from the graph grammar

and from the v aluation of the t w o v ertices. This means that the bisim ulation is decidable

on an y graph regular b y v aluation.

Finally w e consider the con text-free grammars on terms. Their accessible pre�x transi-

tion graphs are more general that the ro oted regular graphs of �nite out-degree. But these

t w o classes of graphs ha v e the same unfolded trees. So the bisim ulation on an y regular

graph of �nite out-degree is decidable if and only if it is decidable on the pre�x tran-

sition graph of an y con text-free grammar on terms. Restricted to deterministic graphs,

this bisim ulation problem is in ter-reducible to the equiv alence problem of deterministic

pushdo wn automata.

2 Bisim ulation

In this section w e giv e some basic prop erties of (strong) bisim ulation. In particular w e

c haracterize bisim ulation using unfolded trees (Theorem 2.4).

Here, a gr aph G is an arbitrary set of lab el le d ar cs ( p; a; q ) of source p , goal q , and lab el

a . Ev ery arc ( p; a; q ) ma y b e iden ti�ed with a lab el le d tr ansition p

a

� ! q . Tw o graphs are
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bisimilar if they are link ed up b y a total relation preserving the branc hing structure.

De�nition 2.1 [P a 81 ] Giv en a binary relation R from the v ertices of a graph G in to

the v ertices of a graph H ,

R is a p artial simulation if p R q and p

a

� ! p

0

then q

a

� ! q

0

and p

0

R q

0

for some q

0

;

R is a simulation if furthermore R links ev ery v ertex p of G : p R q for some q ;

R is a bisimulation if R and R

� 1

are sim ulations, and w e write R : G � H .

Note that the bijectiv e bisim ulations are the isomorphisms : v ertex renamings. The class

of bisim ulations is closed under in v erse, comp osition and in�nite union. A bisim ulation

on a graph G is a bisim ulation from G to G . The union of all the bisim ulations on G is

the greatest bisim ulation �

G

on G . Tw o v ertices p; q of a graph G are bisimilar if p �

G

q

or equiv alen tly if there is a bisim ulation R on G suc h that p R q .

W e will c haracterize bisimilar v ertices using their unfolded trees. Recall that a p ath

in G from a v ertex p to a v ertex q is either empt y (denoted b y � ) when p = q , or is a

nonempt y �nite sequence ( p

0

; a

1

; p

1

) : : : ( p

n � 1

; a

n

; p

n

) of arcs in G with p

0

= p and p

n

= q .

As usual w e denote b y p � !

*

q the existence of a path from p to q . The unfolde d tr e e

T ree( G; r ) of G from a v ertex r is the set of arcs u

a

� ! u ( p; a; q ) where u ( p; a; q ) is a path

from r and p

a

� ! q is an arc of G .

F or instance the follo wing tree :

a a a

b b bb

c c c

cc

c

is the unfolded tree of the follo wing graph from v ertex r :

(r)

a a a

b b b b

c c c

Generally a graph T is a tr e e if it has a v ertex r suc h that T ree( T ; r ) is isomorphic to

T . Equiv alen tly a graph G is a tree if it has a v ertex r whic h is a r o ot : ev ery v ertex p

3



is ac c essible from r i.e. r � !

*

p , and furthermore r is target of no arc and ev ery v ertex

p 6= r is target of a unique arc. A v ertex of a tree is also called a no de .

An ac c essible sub gr aph of a graph G is the restriction G=r := f ( p; a; q ) 2 G j r � !

*

p g

of G to the v ertices accessible from a v ertex r ; in particular T =r is the subtr e e of a tree T

at no de r . W e write G � ! H if there is a functional (injectiv e in v erse) bisim ulation from

G to H , whic h is called a r e duction . Note that t w o graphs are bisimilar if and only if they

reduce to a same graph, or equiv alen tly they are reduced from a common graph:

G � H i� 9 K ; G � ! K  � H i� 9 K ; G  � K � ! H .

Bew are that t w o in ter-reducible graphs are not necessary isomorphic. Giv en a v ertex r of

a graph G , the mapping asso ciating its target with ev ery path from r , is a reduction from

T ree( G; r ) to G=r . So bisimilar v ertices ha v e bisimilar unfolded trees: if p �

G

q then

T ree( G; p ) � T ree( G; q ). The con v erse is false except if the unfolded trees ha v e bisimilar

ro ots. W e b ypass this condition using reductions:

p �

G

q i� 9 T tree, T ree( G; p ) � ! T  � T ree( G; q ) ( � )

i� 9 T tree, T ree( G; p )  � T � ! T ree( G; q ).

Let us restrict ( � ) to deterministic graphs: distinct arcs with the same lab el ha v e distinct

sources, i.e. if r

a

� ! p and r

a

� ! q then p = q .

Corollary 2.2 Given a deterministic gr aph G ,

p �

G

q i� T ree( G; p ) is isomorphic to T ree( G; q ) .

T o extend Corollary 2.2 to arbitrary graphs, w e de�ne a basic op eration on trees. Giv en a

tree T and a no de q distinct of the ro ot, w e de�ne the p artial tr e e T

q

:= T =q [ f ( p; a; q ) g

of T at q , where p

a

� ! q is the arc of T of goal q . Tw o partial trees are adjac ent if they

ha v e the same ro ot. A basic reduction on trees consists of remo ving redundan t adjacen t

partial trees.

De�nition 2.3 A tree S is prune d to a tree T and w e write S � T , if there is a set P

of no des of S with the follo wing t w o conditions:

(i) F or ev ery p in P there is q not in P suc h that S

p

and S

q

are isomorphic adjacen t

partial trees,

(ii) T is isomorphic to the restriction S �

S

f S

p

j p 2 P g of S to the no des not

accessible from P .

Note that a deterministic tree S is irreducible according to the pruning relation : S � T

implies S and T are isomorphic. F urthermore � is a reduction on trees : S � T implies

S � ! T . So v ertices are bisimilar when their unfolded trees are obtained from eac h other

b y iterativ ely adding and deleting iden tical adjacen t partial trees. W e sho w that the

con v erse is true: the unfolded trees are obtained b y pruning a common tree.
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Theorem 2.4 We have the fol lowing e quivalenc es:

p �

G

q i� T ree( G; p ) ( � [ � )

�

T ree( G; q )

i� T ree( G; p ) � T � T ree( G; q ) for some tr e e T .

Bew are that bisimilar v ertices ma y ha v e unfolded trees not pruning to a same tree. This

ends the fact that bisim ulation preserv es branc hing structure.

3 Bisim ulation of con text-free grammars

In this section, w e recall and re�ne decision results on bisim ulation of con text-free gram-

mars (Theorems 3.2 and 3.3).

W e consider the decidabilit y of bisim ulation. Giv en an arbitrary �nite graph G , the

decision of �

G

is ob vious. An y binary relation R on the v ertices of G is �nite, so w e

can decide whether R is a bisim ulation. F urthermore the set of binary relations on the

v ertices of G is �nite, hence w e can construct the greatest bisim ulation �

G

on G . In fact

w e can decide �

G

in O ( m:l og n ) [PT 87 ] where m := # G is the n um b er of arcs of G (its

cardinalit y) and n � 2 m is the n um b er of v ertices of G .

Let us consider larger classes of graphs using con text-free grammars. Giv en an al-

phab et N of non-terminals and an alphab et T of terminals , a c ontext-fr e e gr ammar P in

Greibac h normal form (without an axiom) ma y b e seen as a �nite subset of N � T � N

�

: eac h

pro duction p � ! aq with a 2 T , p 2 N and q 2 N

�

, is replaced b y a lab elled transition

p

a

� ! q . The set

P :N

�

:= f pt

a

� ! ut j p

a

� ! u 2 P ^ t 2 N

�

g

of the pre�x transitions of P is called the pr e�x tr ansition gr aph of P . F or instance the

pre�x transition graph P : f x; y g

�

of this con text-free grammar P := f x

a

� ! � ; x

b

� ! y x g is

the in�nite replication of this follo wing in�nite connected comp onen t:

a a

b

a

b

b

Recall that P is r e duc e d if � is a coro ot of P :N

�

, i.e. there is a path from ev ery non-

terminal (w ord) to � .
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In this con text the deterministic con text-free grammars are the simple gr ammars . Giv en

an arbitrary reduced deterministic con text-free grammar P , the bisim ulation �

P :N

�

of its

pre�x transitions corresp onds to the equiv alence of simple grammars, that can b e solv ed

p olynomially according to the size of P and to its v aluation [Ca 93 ]. F urthermore giv en

an arbitrary deterministic grammar P (not necessary reduced), �

P :N

�

corresp onds to the

decidable equalit y of in�nitary simple languages [Ca 86 ].

F or an arbitrary reduced grammar P (not necessary deterministic), �

P :N

�

remains decid-

able [BBK 87 ]. Using the notion of self-pro ving relations [Co 83 b], w e ha v e sho wn that

�

P :N

�

is an equiv alence induced b y an e�ectiv e idemp oten t morphism on N

�

.

Prop osition 3.1 [Ca 90 a] Given any r e duc e d c ontext-fr e e gr ammar P on a non-

terminal alphab et N , we c an c onstruct an idemp otent morphism h on N

�

such that

u �

P :N

�

v i� h ( u ) = h ( v ) for every u; v 2 N

�

.

This construction has b een impro v ed to p olynomial time [HJM 94] and allo ws to decide the

equiv alence of simple grammars p olynomially according only to the size of the grammars.

F rom Prop osition 3.1, it follo ws that �

P :N

�

is e�ectiv ely a Thue c ongruenc e : w e can

construct a �nite binary relation R on N

�

suc h that its generated congruence

�

 !

R

is equal

to �

P :N

�

[Ca 90 a ]. F urthermore �

P :N

�

is e�ectiv ely a r ational tr ansduction : w e can

construct a transducer (�nite graph lab elled on N

�

� N

�

with an initial v ertex and �nal

v ertices) recognizing �

P :N

�

. Finally this metho d has b een extended to an y con text-free

grammar.

Theorem 3.2 [CHS 92] The gr e atest bisimulation on the pr e�x tr ansition gr aph of

any c ontext-fr e e gr ammar is de cidable, is a Thue c ongruenc e and is a r ational tr ans-

duction.

F rom [BCS 95 ] and for an y con text-free grammar P , w e deduce that �

P :N

�

is e�ectiv ely

a Th ue congruence and is e�ectiv ely a rational transduction.

W e consider also the set

N

�

:P :N

�

:= f spt

a

� ! sut j p

a

� ! u 2 P ^ s; t 2 N

�

g

of all transitions of P , called the tr ansition gr aph of P . When the asso ciativ e concatenation

o v er N is also comm utativ e, the transition graph of an y grammar P corresp onds to its

pre�x transition graph, and is called the c ommutative (pr e�x) tr ansition gr aph of P . F or

instance the comm utativ e transition graph of P = f x

a

� ! xx ; x

b

� ! xy g is the follo wing

grid:
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a a

b b b

a a

b b b

a a

whic h is neither the pre�x transition graph nor the transition graph of a grammar. Ho w ev er

the transition graph of an y grammar is reducible to its comm utativ e transition graph: with

ev ery non-terminal w ord u w e asso ciate its equiv alence class [ u ] mo dulo the comm utation

relation

�

 !

R

for R := f ( ab; ba ) j a; b 2 N g . So the bisim ulation of grammar transition

graphs is reducible to the bisim ulation of grammar comm utativ e transition graphs, whic h

is decidable.

Theorem 3.3 [CHM 93 ] The gr e atest bisimulation on the tr ansition gr aph of any

c ontext-fr e e gr ammar is an e�e ctive Thue c ongruenc e, henc e is de cidable.

Ho w ev er the greatest bisim ulation on the transition graph of an y con text-free grammar is

not in general a rational transduction. F or instance, the greatest bisim ulation �

N

�

:P :N

�

of P = f x

a

� ! � ; y

b

� ! � g on N = f x; y g is equal to the non rational transduction

f ( u; v ) 2 N

�

� N

�

j j u j

x

= j v j

x

^ j u j

y

= j v j

y

g of the couple of w ords with the same

o ccurrences of x and of y .

W e will no w consider the decidabilit y of bisim ulation for pushdo wn automata.

4 Bisim ulation of pushdo wn automata

In this section w e consider the bisim ulation of pushdo wn automata, or only of real-time

pushdo wn automata: the (strong) bisim ulation do es not tak e in to accoun t the empt y

transitions; the empt y w ord is lik e an ordinary terminal. First w e apply decision results

on the equiv alence of deterministic real-time pushdo wn automata to the bisim ulation of

their transition graphs (Theorems 4.2 and 4.3). Then w e determine the structure of the

transition graphs of pushdo wn automata : they are regular graphs meaning that they can

b e generated b y deterministic graph grammars (Theorem 4.7). And w e giv e t w o e�ectiv e

c haracterizations of regular graphs of �nite degree (Theorems 4.8 and 4.9). Finally w e

sho w that the bisim ulation is decidable on an y graph whic h is regular b y increasing path-

length to a terminal coro ot (Theorem 4.16).

As for con text-free grammars o v er an alphab et N of non-terminals and an alphab et T

of terminals, a r e al-time pushdown automaton P (without axiom and �nal states) ma y b e

seen as a �nite subset of Q:N � T � Q:N

�

where Q is an alphab et of states disjoin t of N . So
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the transition graph N

�

:P :N

�

of P is the in�nite replication of its pre�x transition graph

P :N

�

called its pushdown tr ansition gr aph . F or instance the pushdo wn transition graph

of the (real-time pushdo wn) automaton f px

a

� ! pxx ; px

b

� ! p ; px

c

� ! q ; q x

d

� ! q g

where N = f x g , Q = f p; q g , T = f a; b; c; d g is the follo wing graph:

d d d

b

c c c c

b

a

b

a

b

a

T aking a new letter q , ev ery grammar P is transformed in to the follo wing automaton

f q p

a

� ! q u j p

a

� ! u 2 P g with a single state Q = f q g and suc h that its pushdo wn

transition graph is isomorphic to the pre�x transition graph of P . The con v erse is false:

the previous graph is not a connected comp onen t of the pre�x transition graph of an y

grammar [Ca 90 b]. Th us pushdo wn transition graphs are more general than grammar

transition graphs. Including Q in N , a real-time pushdo wn automaton P is a lab el le d

wor d r ewriting system , i.e. a �nite subset of N

�

� T � N

�

. Note that the pre�x transition

graph of the follo wing rewriting system f x

a

� ! � ; x

2

b

� ! x

3

g is not a pushdo wn transition

graph. Ho w ev er the pre�x transition graphs of lab elled w ord rewriting systems ha v e

e�ectiv ely the same accessible subgraphs than the pushdo wn transition graphs [Ca 90 b ].

This corresp ondence remains true for the connected comp onen ts.

Prop osition 4.1 The pr e�x tr ansition gr aphs of lab el le d wor d r ewriting systems and

the pushdown tr ansition gr aphs have e�e ctively the same c onne cte d c omp onents and

the same ac c essible sub gr aphs.

W e no w consider the decidabilit y of bisim ulation on pushdo wn transition graphs. Giv en

an y graph G in V � T � V , w e denote b y L ( G; r ; E ) the set of path lab els of G from r 2 V to

an y v ertex in E � V . In particular L ( P :N

�

; r ; F :N

�

) is the language ac c epte d b y P from

axiom r 2 Q:N

�

with ac c eptanc e by �nal states in F � Q .

Recall that P is r e duc e d if from ev ery w ord in Q:N (or in Q:N

�

), there is a path ending

to some state; for instance the previous automaton is reduced. F or an arbitrary reduced

real-time dp da ( d eterministic p ush d o wn a utomaton) P , �

P :N

�

is in ter-reducible to its

decidable equiv alence problem with acceptance b y empt y stac k [OIH 80 ]:

u �

P :N

�

v i� L ( P :N

�

; u; Q ) = L ( P :N

�

; v ; Q ).

Theorem 4.2 [OIH 80 ] The gr e atest bisimulation on any r e duc e d and deterministic

pushdown tr ansition gr aph is e�e ctively a r ational tr ansduction, henc e is de cidable.

F or an arbitrary real-time dp da P (not necessary reduced), �

P :N

�

is in ter-reducible to its

equiv alence problem with acceptance on an y state:

u �

P :N

�

v i� L ( P :N

�

; u; Q:N

�

) = L ( P :N

�

; v ; Q:N

�

).
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This problem is decidable ev en for an y subset of �nal states [Ro 86 ]. In fact for pushdo wn

automata (resp ectiv ely real-time/deterministic) the equiv alence problem with acceptance

on �nal states is in ter-reducible to the equiv alence problem with acceptance on an y state.

Theorem 4.3 [Ro 86 ] The bisimulation on any deterministic pushdown tr ansition

gr aph is de cidable.

Nev ertheless for an arbitrary non reduced real-time dp da P , w e do not kno w if �

P :N

�

is

a rational transduction, but in this case w e cannot construct a rational transducer, b y

reducing the undecidable P ost's Corresp ondence Problem [Co 81 ].

A w a y to consider bisim ulation on pushdo wn transition graphs is to determine their

structures. The structure of pushdo wn transition graphs has b een originally studied in

[MS 85 ]. Let us giv e another but e�ectiv e c haracterization of these graphs b y using graph

grammars. W e tak e a set of lab els with non n ull arities. A hyp er ar c is a w ord as

1

: : : s

p

lab elled b y a of arit y p > 0 and joining in order the v ertices s

1

; : : : ; s

p

. In particular an

arc s

a

� ! t is the w ord ast with a of arit y 2. A hyp er gr aph H is a set of h yp erarcs. A

gr aph gr ammar R is a �nite set of rules of the form ax

1

: : : x

p

� ! H where x

1

; : : : ; x

p

are

distinct v ertices and H is a �nite h yp ergraph. The lab els of the left hand sides of R are

the non-terminals of R . The other lab els in R are the terminals and are of arit y 2 (they

lab el arcs only). W e sa y that R is deterministic if there is only one rule b y non-terminal.

A r ewriting M � !

R

N consists in c ho osing a non-terminal h yp erarc X = as

1

: : : s

p

in M

and a rule ax

1

: : : x

p

� ! H in R to b e applied; the v ertices x

i

in H indicate ho w to replace

X b y H :

N = ( M � X ) [ f bg ( t

1

) : : : g ( t

q

) j bt

1

: : : t

q

2 H g

for some matc hing function g mapping x

i

to s

i

, and the other v ertices of H injectiv ely to

v ertices outside M ; this rewriting is also denoted b y M � !

R; X

N . Note that � !

R

is not in

general a functional relation, ev en when R is deterministic. Nev ertheless,

M � !

R; X

1

o : : : o � !

R; X

n

N i� M � !

R; X

� (1)

o : : : o � !

R; X

� (n)

N

for an y X

i

2 M and for an y p erm utation � on f 1, : : : ,n g . Th us, it mak es sense to de�ne

a c omplete p ar al lel r ewriting = )

R

as follo ws :

M = )

R

N if M � !

R; X

1

o : : : o � !

R; X

n

N

where X

1

; : : : ; X

n

are all the non-terminal h yp erarcs of M . W e denote b y [ M ] = f ast 2

M j a is a terminal of R g the set of terminal arcs of M . A graph G is gener ate d by

a deterministic gr aph gr ammar R from a h yp ergraph H if G is isomorphic to

S

n � 0

[ H

n

]

where H

0

= H and H

n

= )

R

H

n +1

for ev ery n � 0. F or instance the follo wing deterministic

graph grammar :

A

d

b

a

Bc

and

B B

b

(x)

(x)

(x)

(y)

(x)

(y)

9



generates from the h yp ergraph f Ax g the previous pushdo wn transition graph.

De�nition 4.4 A r e gular gr aph is a graph generated b y a deterministic graph gram-

mar from a �nite h yp ergraph.

These graphs are the equational graphs of [Co 90 ]. Restricted to trees, a regular tree is

a tree with a �nite n um b er of nonisomorphic subtrees, i.e. the unfolded tree of a �nite

graph. In particular the �rst example of the previous section giv es a regular graph with a

non regular unfolded tree. Let us giv e basic prop erties of regular graphs.

Prop osition 4.5 We have the fol lowing pr op erties :

a) Every ac c essible sub gr aph of a r e gular gr aph is e�e ctively a r e gular gr aph ;

b) Every c onne cte d c omp onent of a r e gular gr aph is e�e ctively a r e gular gr aph ;

c) Every r e gular gr aph has e�e ctively a �nite numb er of nonisomorphic c onne cte d

c omp onents.

Let us giv e some corresp ondences b et w een regular graphs and pre�x transition graphs of

w ord rewriting systems. The set of v ertices of an y pre�x transition graph R :N

�

is equal

to ( D om ( R ) [ I m ( R )) N

�

, hence is rational. W e also ha v e an e�ectiv e rational language

for the v ertices accessible from a giv en axiom [B • u 64 ], or b etter for the v ertices accessible

from an y rational set of v ertices.

Prop osition 4.6 The pr e�x derivation of any (unlab el le d) wor d r ewriting system is

e�e ctively a r ational tr ansduction.

This en tails that an y pushdo wn transition graph is a regular graph [Ca 90 b ] of �nite de-

gr e e , i.e. ev ery v ertex b elongs only to a �nite n um b er of arcs. The con v erse is false b ecause

ev ery pushdo wn transition graph is either empt y or in�nite. This con v erse b ecomes true

if w e restrict pushdo wn transition graphs to their accessible subgraphs, called ac c essible

pushdown tr ansition gr aphs .

Theorem 4.7 [Ca 90 b] We have the fol lowing pr op erties :

a) The ac c essible pushdown tr ansition gr aphs ar e e�e ctively

the r o ote d c omp onents of pushdown tr ansition gr aphs, and ar e e�e ctively

the r o ote d r e gular gr aphs of �nite de gr e e ;

b) The c onne cte d c omp onents of pushdown tr ansition gr aphs ar e e�e ctively

the c onne cte d r e gular gr aphs of �nite de gr e e .

F or instance ev ery deterministic graph grammar generating a ro oted graph G of �nite

degree, is mapp ed e�ectiv ely in to a pushdo wn automaton with an axiom suc h that its

10



accessible transition graph is isomorphic to G , and the rev erse transformation is also

e�ectiv e.

One w a y to obtain all regular graphs of �nite degree is to tak e the restrictions of pushdo wn

transition graphs P :N

�

to an y rational subset V � Q:N

�

of con�gurations :

( P :N

�

)

j V

= f p

a

� ! q 2 P :N

�

j p; q 2 V g .

Theorem 4.8 The fol lowing families of gr aphs c oincide e�e ctively:

a) The r e gular gr aphs of �nite de gr e e ;

b) The r ational r estrictions of pr e�x tr ansition gr aphs of lab el le d r ewriting systems ;

c) The r ational r estrictions of pushdown tr ansition gr aphs.

Another w a y to obtain all regular graphs of �nite degree is to apply a rule b y pre�x

and only if its righ t con text b elongs to a giv en rational language. A similar metho d has

b een de�ned in [Ch 82 ]. More precisely , a r ational ly c ontr ol le d lab el le d r ewriting system

( R ; f ) is a lab elled rewriting system R with a mapping f from R in to the rational sets of

non-terminal w ords. The pre�x transition graph of ( R ; f ) is the set

R :f := f uw

a

� ! v w j u

a

� ! v 2 R ^ w 2 f ( u

a

� ! v ) g

of pre�x transitions of R whose righ t con texts are allo w ed b y f .

Theorem 4.9 The fol lowing families of gr aphs c oincide e�e ctively:

a) The r e gular gr aphs of �nite de gr e e ;

b) The pr e�x tr ansition gr aphs of r ational ly c ontr ol le d lab el le d r ewriting systems ;

c) The (pushdown) tr ansition gr aphs of r ational ly c ontr ol le d pushdown automata.

Let us giv e some basic closure prop erties of rationally con trolled pre�x transition graphs.

In particular and despite the class of rationally con trolled pre�x transition graph is not

closed b y quotien t b y the greatest bisim ulation, it is closed b y an y morphism on v ertices.

Prop osition 4.10 The class of r ational ly c ontr ol le d pr e�x tr ansition gr aphs is close d

e�e ctively by union, di�er enc e, interse ction, morphism, and r ational r estriction.

Note that the class of rationally con trolled pre�x transition graphs is not closed b y in v erse

morphism. Let us apply Prop osition 4.10 to Prop osition 3.1.

Corollary 4.11 [Ca 90 a ] A ny c ouple ( P ; N ) of a r e duc e d c ontext-fr e e gr ammar P

on a non-terminal alphab et N c an b e tr ansforme d into another c ouple ( P ; N ) such that

P : N

�

is the quotient of P :N

�

by its gr e atest bisimulation.

It follo ws that the unfolded tree from the ro ot of the previous regular graph is not the

unfolded tree of an y (reduced) cf-grammar.

11



Giv en a deterministic graph grammar S generating a (regular) graph G of �nite de-

gree, w e giv e a general metho d to transform S in to another deterministic graph grammar

generating G . Let G b e an y lab elled graph and let g b e a gr aduation of G , i.e. a mapping

from the v ertex set V

G

of G in to the in teger set I N . F or ev ery n � 0, w e denote b y

( G )

g ;n

:= f s

a

� ! t 2 G j g ( s ) � n ^ g ( t ) � n ^ ( g ( s ) < n _ g ( t ) < n ) g

the �rst n -th slides of the de c omp osition of G b y g , and w e denote b y

[ G ]

g ;n

:= f s 2 V

G

j g ( s ) = n _ ( s 2 V

G � ( G )

g ;n

^ g ( s ) < n ) g

the n -th fr ontier of G b y g .

W e sa y that G is a r e gular gr aph ac c or ding to g if there exist a deterministic graph grammar

S and a h yp erarc X suc h that for ev ery n � 0, S generates from X b y n parallel rewritings

the graph ( G )

g ;n

of terminal arcs with the v ertex set [ G ]

g ;n

of non-terminal h yp erarcs, i.e.

8 n � 0 9 H ; X = )

S

n

H ^ [ H ] = ( G )

g ;n

^ V

H � [ H ]

= [ G ]

g ;n

;

except when [ G ]

g ;n

= ; and ( G )

g ;n

6= G , V

H � [ H ]

is restricted to a v ertex not in V

G

.

Giv en an y v ertices s; t of G , w e denote b y

d

G

( s; t ) := min ( f j u j j u 2 L ( G [ G

� 1

; s; t ) g [ f1g )

the distanc e in G b et w een s and t .

F urthermore w e denote b y (( G ))

g ;s

the connected comp onen t of G � ( G )

g ;g ( s )

con taining

s (ma y b e empt y), and b y [[ G ]]

g ;s

:= [ G ]

g ;g ( s )

\ V

(( G ))

g ;s

its fron tier b y g .

W e write s �

h

t if h is an isomorphism from (( G ))

g ;s

to (( G ))

g ;t

suc h that h ([[ G ]]

g ;s

) =

[[ G ]]

g ;t

and h ( s ) = t . W e sa y that g is vertex indep endent if the decomp osition is iden tical

for isomorphic connected comp onen ts with the same fron tier:

s �

h

t = ) g ( r ) � g ( s ) = g ( h ( r )) � g ( t ) for ev ery v ertex r of (( G ))

g ;s

.

Note that if G is a regular graph according to g then g is of b ounde d c onne ction in the

follo wing sense :

9 b � 0 8 n � 0 8 s; t 2 [ G ]

g ;n

; d

G � ( G )

g ;n

( s; t ) = 1 _ d

G � ( G )

g ;n

( s; t ) � b .

The con v erse is true for an y connected regular graph of �nite degree and with a v ertex

indep enden t graduation.

Lemma 4.12 Given a c onne cte d r ational ly c ontr ol le d r ewriting system ( R ; f ) and a

vertex indep endent gr aduation g : V

R:f

� ! I N , the fol lowing two pr op erties ar e e quiva-

lent :

a) R :f is a [r esp. is an e�e ctive] r e gular gr aph ac c or ding to g ,

b) g is of b ounde d c onne ction [r esp. g

� 1

is r e cursive].

Note that if G is a regular graph according to g then g ( G ) is again a regular graph. The

con v erse is false except for instance when g is a � -free morphism on a rationally con trolled

pre�x transition graph.

Prop osition 4.13 A ny r ational ly c ontr ol le d pr e�x tr ansition gr aph is an e�e ctive r e g-

ular gr aph ac c or ding to any � -fr e e morphism.

Th us (and as already seen in pro of ( b ) ) ( a ) of Theorem 4.9), R :f can b e generated b y

v ertices of increasing length with a deterministic graph grammar. Another consequence
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of Lemma 4.12 is that an y connected graph R :f can b e generated with a deterministic

graph grammar b y increasing distance d ( u; E ) := min f d ( u; v ) j v 2 E g of an y v ertex u

from a giv en nonempt y �nite set E of v ertices.

Prop osition 4.14 [Ca 90 b] A ny c onne cte d r ational ly c ontr ol le d pr e�x tr ansition

gr aph is an e�e ctive r e gular gr aph ac c or ding to the distanc e fr om any nonempty �-

nite set of vertic es.

W e are ready to extend the metho d de�ned in [BBK 87 ] to decide the bisim ulation

for a general sub class of regular graphs including the pre�x transition graphs of reduced

con text-free grammars.

Note that the pre�x transition graph of an y reduced con text-free grammar has � as terminal

coro ot. Recall that a v ertex c of a graph G is terminal if it is source of no arc :

8 a 8 t ( c

a

� ! t ) 62 G ,

and that c is a c or o ot if there is a path from an y v ertex to c , i.e.

8 s 2 V

G

s = )

G

�

c .

In particular, a terminal coro ot of a graph is unique. Giv en an y graph G with a terminal

coro ot c , w e de�ne the valuation k s k of an y v ertex s as b eing the minimal length of the

pathes from s to c , i.e.

k s k := min f j w j j w 2 L ( G; s; c ) g .

F or an y reduced con text-free grammar on a non-terminal alphab et N , the v aluation on

N

�

is an � -free morphism, hence Prop osition 4.13 can b e applied.

Corollary 4.15 The pr e�x tr ansition gr aph of any r e duc e d c ontext-fr e e gr ammar is

an e�e ctive r e gular gr aph ac c or ding to its valuation.

The con v erse is false : there exist graphs regular b y v aluation whic h are not isomorphic

to an y restriction of the pre�x transition graph of an y reduced con text-free grammar. F or

instance and b y iden tifying the t w o terminal v ertices of the previous graph, w e obtain

a graph with a terminal coro ot whic h cannot b e obtained with a reduced con text-free

grammar [CM 90 ], and that can b e generated b y increasing v aluation according to the

follo wing deterministic graph grammar :

A

and

B

(x)

(x)

(y)

d

a

B

(x)

(y)

b

B

(x)

d

c

b

c

A basic prop ert y is that for an y graph with a terminal coro ot, t w o bisimilar v ertices

ha v e the same v aluation. In a w a y similar to [BBK 87 ], w e reduce the decidabilit y of the

bisim ulation on an y regular graph according to its v aluation, to the decidabilit y on the

�nite subgraph of all v ertices ha ving a v aluation b ounded b y a computable v alue.
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Theorem 4.16 The bisimulation on any r e gular gr aph ac c or ding to its valuation is

de cidable.

Con trary to Corollary 4.11, the class of graphs regular b y v aluation is not closed b y

quotien t b y the greatest bisim ulation. But for an y �nite degree graph regular b y v aluation,

if its quotien t b y a bisim ulation is regular then this quotien t is regular b y v aluation.

5 Bisim ulation of term con text-free grammars

In this section, w e consider the bisim ulation of con text-free grammars on terms (De�ni-

tion 5.1). W e de�ne t w o sub classes of con text-free grammars suc h that their accessible

pre�x transition graphs are exactly and e�ectiv ely the ro oted regular graphs of �nite out-

degree (Theorem 5.3), resp. of �nite degree (Theorem 5.4). On the other hand, w e sho w

that the pre�x transition graphs of con text-free grammars and the regular graphs of �nite

out-degree ha v e the same unfolded trees (Prop osition 5.6), hence the bisim ulation on these

graphs has the same decision problem. Finally , the bisim ulation decidabilit y of determin-

istic con text-free grammars is in ter-reducible to the w ell-kno wn equiv alence problem of

dp da (Prop osition 5.9).

W e in tro duce some de�nitions and usual notations. The set T ( F ) of (�nite) terms on

a graded alphab et F =

S

n � 0

F

n

is the least language in F

+

suc h that f t

1

: : : t

n

2 T ( F ) for

ev ery f 2 F

n

(of arit y n � 0) and ev ery t

1

; : : : ; t

n

2 T ( F ). A c onstant is an elemen t of F

0

.

A subterm s of a term t is a term whic h is a factor of t ( usv = t for some u; v ). The set

F ( t ) of sym b ols of some term t = f t

1

: : : t

n

on F is de�ned recursiv ely on its structure b y

F ( t ) := f f g [

S

1 � i � n

F ( t

i

). W e denote b y E ( t ) := F ( t ) \ E the set of sym b ols in

E � F of a term t . F urthermore the height h ( t ) of an y term t = f t

1

: : : t

n

is the greatest

length of its branc hes : h ( t ) := max ( f 1 + h ( t

i

) j 1 � i � n g [ f 0 g ).

W e tak e a den umerable set V = f x

1

; x

2

; : : : g of term variables (sym b ols of arit y zero),

disjoin t from F . The con text-free grammars on w ords are extended to terms. Recall that

T is the set of terminals and F will b e the (graded) set of non-terminals.

De�nition 5.1 A term c ontext-fr e e gr ammar on F [ V is a �nite set of lab elled rules

f x

1

: : : x

n

a

� ! t where n � 0, f 2 F

n

, a 2 T and t 2 T ( F [ f x

1

; : : : ; x

n

g ).

In particular, a term con text-free grammar is a lab el le d term r ewriting system , i.e. a �nite

set of lab elled rules s

a

� ! t of terms s; t on F [ V suc h that V ( t ) � V ( s ). Recall that

a substitution � is a mapping from V in to T ( F [ V ) whic h is extended in to a morphism

on T ( F [ V ) : � ( f t

1

: : : t

n

) = f � ( t

1

) : : : � ( t

n

). W e denote b y t [ t

1

; : : : ; t

n

] the substitution

� ( t ) of t de�ned b y � ( x

1

) = t

1

, : : : , � ( x

n

) = t

n

and � ( x ) = x for ev ery other v ariable x .

The pre�x transition graph of an y con text-free grammar on w ords can b e extended to an y

con text-free grammar P on terms: the set

P :T ( F )

�

:= f f t

1

: : : t

n

a

� ! t [ t

1

; : : : ; t

n

] j f x

1

: : : x

n

a

� ! t 2 P ^ t

1

; : : : ; t

n

2 T ( F ) g
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of the pre�x transitions of P is the pr e�x tr ansition gr aph of P ; its accessible subgraphs

are the ac c essible pr e�x tr ansition gr aphs of P . More generally , the pre�x transition graph

of an y term rewriting system P is the set

P :T ( F )

�

:= f � ( s )

a

� ! � ( t ) j s

a

� ! t 2 P ^ � is a substitution g

of its pre�x transitions. Note that an y pre�x transition graph is of �nite out-de gr e e : ev ery

v ertex is source of only a �nite n um b er of arcs.

F or instance, taking F = f f ; g ; h g with f ; g ; h of resp ectiv e arities 2 ; 1 ; 0, the accessible

pre�x transition graph P :T ( F )

�

=f hh of this (linear) con text-free grammar

P := f f x

1

x

2

a

� ! f g x

1

x

2

; f x

1

x

2

b

� ! f x

1

g x

2

g

and from axiom f hh is the previous grid, whic h is not a regular graph. In fact, the term

f g x

1

x

2

is not en tire in the follo wing sense : a term t is entir e if for ev ery subterm s of t ,

either s has the same v ariables as t , or s is a v ariable or s has no v ariable; for instance,

f x

1

f x

2

x

1

and f g cx

1

are en tire terms. By extension, a rewriting system is en tire if for

ev ery rule s

a

� ! t , the terms s and t are en tire.

Accessible pre�x transition graphs of term cf-grammars generalize ro oted regular graphs

of �nite out-degree. More precisely , it is kno wn that the pre�x transition graphs of en tire

systems, or of cf-grammars, and the regular graphs of �nite out-degree ha v e the same

accessible subgraphs [Ca 92 ]. Let us re�ne this c haracterization b y restricting as m uc h as

p ossible the class of en tire cf-grammars.

De�nition 5.2 A term cf-grammar P is standar d if ev ery rule s

a

� ! t of P satis�es

the follo wing three prop erties :

(i) h ( t ) � 2

(ii) t 62 V = ) V ( t ) = V ( s )

(iii) s 62 F

0

= ) F

0

( t ) = ; .

F or instance with sym b ols f ; g ; h of resp ectiv e arities 2 ; 1 ; 0, these en tire cf-grammars

f g x

a

� ! g g g x g , f f xy

a

� ! g x g , f g x

a

� ! f hx g do not satisfy resp ectiv ely ( i ),( ii ),( iii ) of

De�nition 5.2. This de�nition allo ws to re�ne the class of en tire cf-grammars in suc h a

w a y that their accessible pre�x transition graphs are the ro oted regular graphs of �nite

out-degree.

Theorem 5.3 The fol lowing families of gr aphs c oincide e�e ctively:

a) The r o ote d r e gular gr aphs of �nite out-de gr e e ;

b) The ac c essible pr e�x tr ansition gr aphs of entir e r ewriting systems ;

c) The ac c essible pr e�x tr ansition gr aphs of standar d and entir e cf-gr ammars.

This corresp ondence b ecomes false for the connected comp onen ts: it su�ces to tak e the

follo wing standard and en tire cf-grammar P := f f x

1

x

2

a

� ! x

1

; f x

1

x

2

b

� ! x

2

g on F =

f f ; h g with f ; h of resp ectiv e arities 2 ; 0, then its pre�x transition graph P :T ( F )

�

has

the in v erse grid as subgraph, so has an undecidable monadic theory [Se 91 ], hence is not

regular, b ecause ev ery regular graph has a decidable monadic theory [Co 90 ].

Let us restrict Theorem 5.3 to c haracterize the ro oted regular graphs of �nite degree. W e

sa y that a term t = f t

1

: : : t

n

is p erfe ct if for ev ery 1 � i � n , h ( t

i

) = h ( t ) � 1 and b y
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induction t

i

is p erfect. F or instance, with functions f ; g ; h of resp ectiv e arities 2 ; 1 ; 0, the

term f g hf hh is p erfect but the term g f hg h is not p erfect. By extension, a rewriting

system is p erfect if for ev ery rule s

a

� ! t , the terms s and t are p erfect. In particular, the

left hand sides of an y cf-grammar are p erfect. F urthermore, w e sa y that a term rewriting

system P is c onstant-sep ar ate d if it satis�es the follo wing w eak er condition than condition

( iii ) of De�nition 5.2 :

V ( t ) 6= ; = ) F

0

( t ) = ; for an y rule s

a

� ! t of P .

In particular, ev ery standard cf-grammar is constan t-separated. The restriction of The-

orem 5.3 to p erfect and constan t-separated systems, giv es the regular graphs of �nite

degree.

Theorem 5.4 The fol lowing families of gr aphs c oincide e�e ctively:

a) The r o ote d r e gular gr aphs of �nite de gr e e ;

b) The ac c essible pr e�x tr ansition gr aphs of p erfe ct, c onstant-sep ar ate d and entir e

r ewriting systems ;

c) The ac c essible pr e�x tr ansition gr aphs of p erfe ct, standar d and entir e cf-gr ammars.

No w w e consider the trees obtained b y pre�x unfolding of term con text-free grammars.

De�nition 5.5 A c ontext-fr e e tr e e is an unfolded tree of the pre�x transition graph

of a con text-free grammar on terms.

Although the accessible pre�x transition graphs of term con text-free grammars is a prop er

extension of the ro oted regular graphs of �nite out-degree, their unfolded trees are the

same.

Prop osition 5.6 The c ontext-fr e e tr e es c oincide e�e ctively with the unfolde d tr e es of

�nite out-de gr e e r e gular gr aphs.

Th us the equalit y problem of con text-free trees is the same that the decidabilit y of bisim-

ulation on regular graphs of �nite out-degree.

Corollary 5.7 The bisimulation on pr e�x tr ansition gr aphs of term cf-gr ammars is

inter-r e ducible to the bisimulation on r e gular gr aphs of �nite out-de gr e e.

In fact, the unfolded trees of regular graphs of �nite out-degree is a prop er extension of the

unfolded trees of regular graphs of �nite degree. F or instance, the unfolded tree from the

ro ot of the regular graph of �nite out-degree and generated b y the follo wing deterministic

graph grammar :
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B

(1)

(2)

(3)

(1)

(2)

(3)

g

B

(1)

d

f

e

and

a

d

Ab

B

(2)

(2)

(1)

A

is not the unfolded tree of an y regular graph of �nite degree. The unfolded trees of cf-

grammars on w ords and on terms, of pushdo wn automata, and of regular graphs can b e

classi�ed.

Prop osition 5.8 We have the fol lowing hier ar chy on tr e es :

�nite tr e es

� r e gular tr e es of �nite de gr e e

= unfolde d tr e es of �nite gr aphs

� unfolde d tr e es of c ontext-fr e e gr ammars on wor ds

� unfolde d tr e es of pushdown automata

= unfolde d tr e es of r e gular gr aphs of �nite de gr e e

� unfolde d tr e es of r e gular gr aphs of �nite out-de gr e e

= unfolde d tr e es of c ontext-fr e e gr ammars on terms

� unfolde d tr e es of r e gular gr aphs.

This hierarc h y is v alid for deterministic trees, except that the last inclusion is an equalit y .

As for the bisim ulation on regular graphs of �nite degree, w e distinguish the determin-

istic case for the bisim ulation on term cf-grammars. Let us recall the equiv alence problem

for dp da. A dp da P (not necessary real-time) is a �nite subset of Q:N � T [ f � g � Q:N

�

satisfying the follo wing t w o conditions:

(i) P is deterministic, i.e. if s

a

� ! u , s

a

� ! v 2 P then u = v (ev en if a = � )

(ii) if s

�

� ! u , s

a

� ! v 2 P then a = � .

The e quivalenc e pr oblem for dp da is to decide whether

L ( P :N

�

; u; F :N

�

) = L ( P :N

�

; v ; F :N

�

)

for an y dp da P , an y subset F of states and an y con�gurations u; v 2 Q:N

�

. Note that

the acceptance is b y �nal states but the problem is not more di�cult if the acceptance

is b y empt y stac k, or also is on all states. Th us b y iden tifying source and target of � -

transitions, this problem is reducible to the bisim ulation of deterministic regular graphs;

and the in v erse transformation also holds.

Prop osition 5.9 The fol lowing pr oblems ar e inter-r e ducible :

a) The e quivalenc e for dp da

b) The bisimulation on deterministic r e gular gr aphs

c) The e quality of deterministic c ontext-fr e e tr e es.

Despite the last approac h of [Me 92 ], the equiv alence problem for dp da remains op en.

In fact, the deterministic con text-free trees corresp ond to the algebraic terms (trees)
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[Co 83 a ]. Recall that a recursiv e program scheme [Ni 75 ], [Gu 81 ] P on F [ V is an

unlab elled term cf-grammar, i.e. a �nite set of rules

f x

1

: : : x

n

� ! t with V ( t ) � f x

1

; : : : ; x

n

g

suc h that P is functional : f x

1

: : : x

n

� ! s ^ f x

1

: : : x

n

� ! t = ) s = t

and P is in Gr eib ach form : f x

1

: : : x

n

� ! t = ) t (1) 2 F � N

P

where N

P

:= f f 2 F

n

j f x

1

: : : x

n

2 D om ( P ) g is the set of non-terminals of P .

An algebr aic term is an unfolded (�nite or in�nite) term P

!

( t ) on F � N

P

obtained b y a

sc heme P from a term t = f t

1

: : : t

n

2 T ( F ), as follo ws :

P

!

( f t

1

: : : t

n

) :=

(

f P

!

( t

1

) : : : P

!

( t

n

) if f 62 N

P

P

!

( s [ t

1

; : : : ; t

n

]) if f x

1

: : : x

n

� ! s 2 P .

By a simple replacemen t of v ertex lab els b y arc lab els, the algebraic terms corresp ond to

the deterministic con text-free trees.

Lemma 5.10 The e quality pr oblem of deterministic c ontext-fr e e tr e es is inter-r e ducible

to the e quality pr oblem of algebr aic terms.

Prop osition 5.9 with Lemma 5.10 yield a kno wn result.

Corollary 5.11 [CG 87] The e quivalenc e pr oblem for dp da is inter-r e ducible to the

e quality pr oblem of algebr aic terms.

6 Conclusion

W e ha v e sho wn (Theorem 4.16) that the bisim ulation is decidable for an y reduced push-

do wn automata ha ving a regular transition graph according to the path-length to its

terminal v ertices. Ho w ev er the decidabilit y of the bisim ulation for an y pushdo wn automa-

ton is an op en problem.

Problem 6.1 Is bisimulation de cidable for pushdown automata ?

F rom Theorem 4.7 ( a ), problem 6.1 is in ter-reducible to the decidabilit y of bisim ulation of

�nite degree regular graphs. So Problem 6.1 is a restricted case of the follo wing problem.

Problem 6.2 Is bisimulation de cidable for r e gular gr aphs of �nite out-de gr e e ?

But this problem restricted to the deterministic case, is in ter-reducible to the still op ened

famous equiv alence problem of deterministic pushdo wn automata (Theorem 5.9). Finally ,

Problem 6.2 is a restricted case of the follo wing problem.
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Problem 6.3 Is bisimulation de cidable for r e gular gr aphs ?
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A App endix

W e giv e here all the pro ofs of new results.

A.a Bisim ulation

W e need some basic facts on reductions. First w e giv e b elo w t w o bi-in�nite connected

graphs G and H suc h that G and H are in terreducible: G � ! H and H � ! G , but G

and H are not isomorphic.

a

b

a

a

b

aa

a

a

a

a

b

a

a

a

a

a

a

b

a

a

a

a

a

b

a

a

b

a

a

b

aa

a

b

a

a

a

a

b

a

a

a

b

a

aa

a

a

a

a

Giv en a bisim ulation R on G whic h is an equiv alence, usually called a c ongruenc e , w e

de�ne the quotient of G b y R as follo ws:

G=R := f [ p ]

R

a

� ! [ q ]

R

j p

a

� ! q 2 G g

where [ p ]

R

:= f q j p R q g is the equiv alence class of p according to R . The mapping [ ]

R

is a bisim ulation from G to G=R .

Lemma A.1 Given a c ongruenc e R of a gr aph G , [ ]

R

: G � ! G=R is a r e duction.

Pro of.

It su�ces to pro v e that [ ]

R

is a bisim ulation.

Let p

a

� ! q . By de�nition of G=R , [ p ]

R

a

� ! [ q ]

R

hence [ ]

R

is a sim ulation.

Con v ersely if [ p ]

R

a

� ! [ q ]

R

then there is p

0

a

� ! q

0

with p

0

R p and q

0

R q .

As R is a sim ulation there is q

00

suc h that p

a

� ! q

00

and q

0

R q

00

. So [ q

00

]

R

= [ q ]

R

.

2

W e denote b y Ker( R ) := R o R

� 1

:= f ( p; q ) j 9 r ; p R r ^ q R r g the kernel of an y

binary relation R . If R is a bisim ulation then its k ernel is a bisim ulation. Restricting to

reductions w e obtain exactly the congruences.

Lemma A.2 The c ongruenc es of a gr aph G ar e the kernels of the r e ductions fr om G .

Pro of.

Let R b e a congruence of G . F rom Lemma A.1, [ ]

R

: G � ! G=R is a reduction from G

satisfying Ker([ ]

R

) = f ( p; q ) j [ p ]

R

= [ q ]

R

g = R .

Con v ersely let h b e a reduction from G to some graph H . So h is a bisim ulation from G

to H . Hence Ker( h ) = h o h

� 1

is a bisim ulation on G .

As h is a mapping Ker( h ) is an equiv alence. Finally Ker( h ) is a congruence.
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2

Giv en a bisim ulation R on G and b y induction on n � 0, the comp osition n times R

n

of R

is also a bisim ulation on G . Hence the re
exiv e and transitiv e closure R

�

=

S

f R

n

j n � 0 g

is a bisim ulation on G . In particular the greatest bisim ulation �

G

of G is also the greatest

congruence of G . It follo ws that bisimilar graphs are graphs reducible to a same graph.

Prop osition A.3 We have G � H i� G � ! o  � H .

Pro of.

If G � ! o  � H then G � o � H hence G � H . Let us sho w the con v erse.

Let R : G � H . So Ker( R ) = R o R

� 1

is a bisim ulation on G . Hence its re
exiv e and

transitiv e closure (Ker( R ))

*

= ( R o R

� 1

)

*

denoted b y ( R R

� 1

)

*

, is also a bisim ulation on

G , hence a congruence on G . Similarly ( R

� 1

R )

*

is a congruence on H . F rom Lemma A.1

the follo wing relation

S := ([ ]

(RR

� 1

)

�

)

� 1

o R o [ ]

(R

� 1

R)

�

is a bisim ulation from G= ( R R

� 1

)

�

to H = ( R

� 1

R )

�

. Note that

S ([ p ]

( RR

� 1

)

�
) = f [ q

0

]

( R

� 1

R )

�
j p ( R R

� 1

)

�

R q

0

g b y de�nition of S

= f [ q

0

]

( R

� 1

R )

�
j p R ( R

� 1

R )

�

q

0

g b y assciativit y of o

= f [ p

0

]

( R

� 1

R )

�
j p R p

0

g

= [ p

0

]

( R

� 1

R )

�
for an y p

0

suc h that p R p

0

,

b ecause if p R p

0

and p R p

00

then p

0

R

� 1

R p

00

hence [ p

0

]

( R

� 1

R )

�
= [ p

00

]

( R

� 1

R )

�
.

So S is a functional bisim ulation, i.e. a reduction.

Hence [ ]

(RR

� 1

)

�

o S : G � ! H = ( R

� 1

R )

�

and [ ]

(R

� 1

R)

�

: H � ! H = ( R

� 1

R )

�

suit.

Remark 1: By symmetry of G and H , S

� 1

is also functional, hence S is an isomorphism.

Remark 2: If p R p

0

then S ([ p ]

( RR

� 1

)

�
) = [ p

0

]

( R

� 1

R )

�
, i.e. p and p

0

reduce to a same

v ertex along these reductions.

2

Let us giv e some basic prop erties on tree reductions.

Lemma A.4 We have the fol lowing pr op erties:

a) h : T ree( G; p ) � ! G=p wher e h ( u ) = q for every p ath u fr om p to q ;

b) If h : G � ! H and r is a r o ot of G then h ( r ) is a r o ot of H ;

c) If h : G � ! H then T ree( G; p ) � ! T ree( H ; h ( p )) for every vertex p of G .

Pro of.

i) Consider a graph G , a v ertex p , and a mapping h asso ciating the goal h ( u ) to ev ery

path u from p .

Let us sho w that h is a reduction from T ree( G; p ) to G=p .

By de�nition h is a surjectiv e mapping. It remains to pro v e that h is a bisim ulation.

Let u

a

� ! v b e an arc of T ree( G; p ). So u is a path from p to h ( u ).

F urthermore there is a v ertex q suc h that h ( u )

a

� ! q and u ( h ( u ) ; a; q ) = v .

So h ( v ) = q hence h is a sim ulation.

Con v ersely let h ( u )

a

� ! q b e an arc of G=p .

ii



So u is a path from p to h ( u ) hence u

a

� ! u ( h ( u ) ; a; q ) is an arc of T ree( G; p ).

As h ( u ( h ( u ) ; a; q )) = q , h

� 1

is also a similation. Finally h is a reduction.

ii) W e denote b y P ath( G; p ) the set of paths of G from p .

Let h b e a reduction from a graph G to a graph H , and let p b e a v ertex of G .

By induction on the length of paths in G of source p , w e de�ne a mapping g as follo ws:

g ( � ) = �

g ( u ( q ; a; r )) = g ( u )( h ( q ) ; a; h ( r )) for ev ery u ( q ; a; r ) 2 P ath( G; p ).

As h is a bisim ulation and b y induction on the path lengths, w e ha v e

u 2 P ath( G; p ) = ) g ( u ) 2 P ath( H ; h ( p )),

v 2 P ath( H ; h ( p )) = ) 9 u , u 2 P ath( G; p ) ^ g ( u ) = v .

So p � !

G

*

o h q if and only if h ( p ) � !

H

*

q .

In particular h ( p ) is a ro ot of H when p is a ro ot of G .

iii) Con tin uing ( ii ), let us sho w that g is a reduction from T ree( G; p ) to T ree( H ; h ( p )).

F rom ( ii ) g is a surjectiv e mapping. It remains to pro v e that g is a bisim ulation.

Let u

a

� ! v b e an arc of T ree( G; p ). There is an arc q

a

� ! r of G suc h that u ( q ; a; r ) = v .

In particular u is a path ending b y q . F rom ( ii ), g ( u ) 2 P ath( H ; h ( p )).

So g ( u ) ends b y h ( q ). As h ( q )

a

� ! h ( r ) is an arc of H , g ( u )

a

� ! g ( u )( h ( q ) ; a; h ( r )) = g ( v )

is an arc of T ree( H ; h ( p )). Finally g is a sim ulation.

Con v ersely let g ( u )

a

� ! s an arc of T ree( H ; h ( p )). Let q b e the goal of u .

So there is t suc h that g ( u )( h ( q ) ; a; t ) = s . In particular h ( q )

a

� ! t is an arc of H .

Hence there is r suc h that q

a

� ! r is an arc of G and h ( r ) = t .

So u

a

� ! u ( q ; a; r ) is an arc of T ree( G; p ) with

g ( u ( q ; a; r )) = g ( u )( h ( q ) ; a; h ( r )) = g ( u )( h ( q ) ; a; t ) = s .

2

Let us note that the v ertices p and q of the follo wing graph:

a

b

c

(p) (q)

are not bisimilar but their unfolded trees T ree( G; p ) and T ree( G; q ) are bisimilar. Nev er-

theless bisimilar v ertices means that their unfolded trees are reducible to a common tree.

Prop osition A.5 p �

G

q i� 9 T tr e e, T ree( G; p ) � ! T  � T ree( G; q ) .

Pro of.

i) Let p �

G

q : There is a bisim ulation R on G suc h that p R q .

Note that S : G=p � G=q for S := f ( s; t ) 2 R j p � !

G

*

s ^ q � !

G

*

t g .

F rom Prop osition A.3 there is a graph H and reductions f : G=p � ! H and g : G=q � ! H .

F rom Remark 2 in pro of of Prop osition A.3 w e ma y assume that f ( p ) = g ( q ). F rom

Lemma A.4 (c), w e ha v e

T ree( G; p ) = T ree( G=p; p ) � ! T ree( H ; f ( p )) = T ree( H ; g ( q ))  � T ree( G=q ; q ) = T ree( G; q )

ii) Supp ose there is a tree T suc h that T ree( G; p ) � ! T  � T ree( G; q ).

F rom Lemma A.4 (b), there is R : T ree( G; p ) � T ree( G; q ) with � R � .

F rom Lemma A.4 (a), there is S : G=p � G=q with p S q .
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Let I d b e the iden tit y relation on G . So T := S [ I d is a bisim ulation on G with p T q .

2

The set of paths of G from p is denoted b y P ath( G; p ). The lab el Lab el( p; a; q ) = a of

an arc is extended b y morphism to paths, and b y union to a set of paths. Restricting

Prop osition A.5 to deterministic graphs, let us pro v e an extension of Corollary 2.2 .

Lemma A.6 Given a deterministic gr aph G , we have the fol lowing pr op erties:

a) p �

G

q

b) T ree( G; p ) is isomorphic to T ree( G; q )

c) Lab el(P ath( G; p )) = Lab el(P ath( G; q )) .

Pro of.

a) ) c) : Let p �

G

q : there is a sim ulation R suc h that pR q .

F or ev ery u 2 Lab el(P ath( G; p )) and b y induction on j u j , w e ha v e u 2 Lab el(P ath( G; q )).

So Lab el(P ath( G; p )) � Lab el(P ath( G; q )) hence the equalit y b y symmetry of �

G

.

c) ) b) : Supp ose that Lab el(P ath( G; p )) = Lab el(P ath( G; q )).

As G is deterministic, to ev ery path x of G from p there is a unique path h ( x ) of G from

q with the same lab el : Lab el( h ( x )) = Lab el( x ).

So h is a total function from T ree( G; p ) to T ree( G; q ).

Let us sho w that h is a sim ulation: let x

a

� ! y b e an arc of T ree( G; p ).

In particular y is a path of G from p of lab el Lab el( y ) = Lab el( x ) :a .

Hence h ( y ) is a path of G from q of lab el Lab el( h ( y )) = Lab el( x ) :a .

By unicit y of h ( x ), w e ha v e h ( y ) = h ( x ) : ( s; a; t ) where s; t are resp ectiv ely the end of paths

h ( x ) ; h ( y ).

By de�nition of T ree( G; q ) it follo ws that h ( x )

a

� ! h ( y ) 2 T ree( G; q ).

Similarly to ev ery path y of G from q there is a unique path x of G from p with

Lab el( x ) = Lab el( y ), hence y = h ( x ).

By symmetry h

� 1

is also a total function and a sim ulation.

Finally h is a bijectiv e bisim ulation, i.e. an isomorphism.

b) ) a) : Supp ose that T ree( G; p ) and T ree( G; q ) are isomorphic.

An y isomorphism is a reduction hence T ree( G; p ) � ! T ree( G; q )  � T ree( G; q ).

F rom Prop osition A.5, p �

G

q .

2

W e sa y that a v ertex p is terminal if it is source of no arc (its out-degree is 0). W e denote

b y End P ath( G; p ) the set of paths of G from p and ending b y a terminal v ertex. Recall

that a graph G is lo c al ly �nite if End P ath( G; p ) 6= ; for ev ery p .

Lemma A.7 Given a lo c al ly �nite gr aph G , Lab el(P ath( G; p )) = Lab el(P ath( G; q ))

if and only if Lab el(End P ath( G; p )) = Lab el(End P ath( G; q )) .

Pro of.

The su�cien t condition is immediate. Let us pro v e the necessary condition.

Supp ose that G is a lo cally �nite graph.

Consider v ertices p and q suc h that Lab el(End P ath( G; p )) = Lab el(End P ath( G; q )).
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Let x b e a path from p to a v ertex r .

As G is lo cally �nite, there is a path y from r to a terminal v ertex.

So Lab el( x ).Lab el( y ) 2 Lab el(End P ath( G; p )) = Lab el(End P ath( G; q )).

In particular there is a path from q of lab el Lab el( x ).

So Lab el(P ath( G; p )) � Lab el(P ath( G; q )) hence the equalit y b y symmetry of p; q .

2

The pruning op eration is a particular reduction.

Lemma A.8 If S � T then S � ! T .

Pro of.

Let S � T : there is a set P of no des of S suc h that

for ev ery p 2 P there are q 62 P and an isomorphism h ( p ) : S

p

� S

q

,

and T is isomorphic to S �

S

f S

p

j p 2 P g . So

S

f h ( p ) j p 2 P ^ : ( 9 q 2 P ; q � !

+

p ) g [ f ( q ; q ) j : ( 9 p 2 P ; p � !

*

q ) g

is a reduction from S to S �

S

f S

p

j p 2 P g , hence from S to T .

2

W e are ready to c haracterize bisimilar v ertices b y taking their unfolded trees with the

pruning op eration.

Theorem 2.4 We have the fol lowing e quivalenc es:

p �

G

q i� T ree( G; p ) ( � [ � )

�

T ree( G; q )

i� T ree( G; p ) � T � T ree( G; q ) for some tr e e T .

Pro of.

i) If T ree( G; p ) � o � T ree( G; q ) then T ree( G; p ) ( � [ � )

�

T ree( G; q ).

ii) If T ree( G; p ) ( � [ � )

�

T ree( G; q ) then b y Lemma A.8 and Lemma A.4 (b),

there is R : T ree( G; p ) � T ree( G; q ) with � R � .

F rom Lemma A.4 (a), there is S : G=p � G=q with p S q .

So T := S [ I d is a bisim ulation on G with p T q , i.e. p �

G

q .

iii) Let p �

G

q . It remains to pro v e that T ree( G; p ) � o � T ree( G; q ).

F rom Prop osition A.5 and Lemma A.4 (b), there is R : T ree( G; p ) � T ree( G; q ) with

� R � .

So the follo wing disjoin t union H of T ree( G; p ) and T ree( G; q )

H := f ( p; u )

a

� ! ( p; v ) j u

a

� ! v 2 T r ee ( G; p ) g [ f ( q ; u )

a

� ! ( q ; v ) j u

a

� ! v 2 T r ee ( G; q ) g

satis�es ( p; � ) �

H

( q ; � ) and has no cycle : there is no nonempt y path from an y v ertex to

itself, i.e. p 6= q for p � !

+

q .

More generally consider a graph G with no cycle, and a set P of bisimilar v ertices of G , i.e.

p �

G

q for ev ery p; q 2 P , and let us sho w that there is a tree T suc h that T � T ree( G; p )

for ev ery p 2 P .

W e denote b y V := f q j 9 p 2 P ; p � !

*

q g the set of v ertices accessible from P .

Let d ( P ; q ) := min f n j 9 p 2 P ; p � !

n

q g b e the distance from P to q in V , i.e. the

minim um length of paths from a v ertex of P to q .

W e restrict �

G

to v ertices in V ha ving the same distance from P :

v



p � q if p �

G

q ^ d ( P ; p ) = d ( P ; q ).

As G has no cycle, � is a bisim ulation. Let [ p ] := f q j q � p g b e the equiv alence class

of p 2 V according to � . In particular P = [ p ] for ev ery p in P . Let us de�ne

H := f ([ p ] ; u )

a

� ! ([ q ] ; u ( p; a; q )) j p 2 V ^ ( p; a; q ) 2 G ^ u 2 G

�

g

and T := H = ( P ; � ).

Then T is a tree: ( P ; � ) is a ro ot and is goal of no arc; furthermore ([ q ] ; u ( p; a; q )) is goal

of the unique arc lab elled b y a with source ([ p ] ; u ).

Let r 2 P and let us sho w that T � T ree( G; r ).

Let us tak e the most outside no des of T suc h that their second comp onen t is not a path

from r , i.e.

Q := f ([ q ] ; v ) j 9 p; u; a; ([ p ] ; u )

a

� ! ([ q ] ; v ) 2 T ^ u 2 P ath ( G; r ) ^ v 62 P ath ( G; r ) g .

Then T �

S

f T

u

j u 2 Q g = f ([ p ] ; u )

a

� ! ([ q ] ; u ( p; a; q )) 2 T j u ( p; a; q ) 2 P ath ( G; r ) g ,

hence is isomorphic to T ree( G; r ) according to the second pro jection.

Let ([ q ] ; v ) 2 Q . So there is an arc ([ p ] ; u ]

a

� ! ([ q ] ; v ) in T suc h that u is a path from r to

a v ertex s , and v is not a path from r . By de�nition of T and H , v = u ( p; a; q ), p

a

� ! q

is an arc of G , s 6= p but s � p .

As � is a bisim ulation, there is t suc h that s

a

� ! t is an arc of G with t � q .

So ([ s ] ; u )

a

� ! ([ t ] ; u ( s; a; t )) is a transition of T and ([ t ] ; u ( s; a; t )) 62 Q .

As T = ([ p ] ; u ) = H = ([ p ] ; u ) is a tree indep endan t of u for ev ery p and u ,

the tree T = ([ t ] ; u ( s; a; t )) = T = ([ q ] ; u ( s; a; t )) is isomorphic to T = ([ q ] ; v ). Finally T

([ q ] ;v )

is

isomorphic to T

([ t ] ;u ( s;a;t ))

with the same ro ot ([ p ] ; u ).

2

Let us notice that these t w o non isomorphic trees

a a a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

a

ha v e bisimilar ro ots but are irreducible along the pruning reduction. Prop osition A.3 and

Prop osition A.5 remain true if w e in v erse the reductions.

Prop osition A.9 We have the fol lowing pr op erties:

a) p �

G

q i� 9 T tr e e, T ree( G; p )  � T � ! T ree( G; q ) .

b) G � H i� G  � o � ! H .
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Pro of.

The necessary condition of (a) follo ws from Lemma A.8 and Theorem 2.4 .

The su�cien t condition of (a) is similar to the su�cien t condition of Prop osition A.5 .

If G  � o � ! H then G � o � H hence G � H . Let us sho w the con v erse. Before

let us pro v e an in termediate result.

i) Let ( h

i

: G

i

� ! H

i

)

i 2 I

b e a set of reductions suc h that for ev ery v ertex p common to

H

i

and H

j

, w e ha v e H

i

=p = H

j

=p .

Let G b e the disjoin t union of the ( G

i

)

i 2 I

, i.e.

G := f ( i; u )

a

� ! ( i; v ) j i 2 I ^ u

a

� ! v 2 G

i

g .

Let h ( i; u ) = h

i

( u ) for ev ery i 2 I and ev ery v ertex u of G

i

.

Let us sho w that h is a reduction from G to H :=

S

f H

i

j i 2 I g . Note that h is total

and on to.

Consider an arc ( i; u )

a

� ! ( i; v ) of G . By de�nition of G , u

a

� ! v is an arc of G

i

. As h

i

is

a reduction h ( i; u ) = h

i

( u )

a

� ! h

i

( v ) = h ( i; v ) is an arc of H

i

hence of H . Th us h is a

sim ulation.

Con v ersely consider an arc h ( i; u )

a

� ! w of H . There is j 2 I suc h that h ( i; u )

a

� ! w is

an arc of H

j

. So h ( i; u ) is a common v ertex of H

i

and H

j

.

By h yp othesis H

i

=h ( i; u ) = H

j

=h ( i; u ) hence h ( i; u )

a

� ! w is an arc of H

i

.

As h

i

( u ) = h ( i; u ) and h

i

is a reduction, there is an arc u

a

� ! v of G

i

suc h that h

i

( v ) = w .

By de�nition of G , ( i; u )

a

� ! ( i; v ) is an arc of G with h ( i; v ) = h

i

( v ) = w .

ii) Giv en a graph G , w e consider the disjoin t union Unfold( G ) of its unfolded trees:

Unfold( G ) := f ( p; u )

a

� ! ( p; v ) j u

a

� ! v 2 T ree( G; p ) g .

F rom ( i ) and Lemma A.4 (a), w e ha v e Unfold( G ) � ! G .

Let R : G � H . By Theorem 2.4 and Lemma A.8, for eac h pR q there is a tree T

( p;q )

suc h

that

T ree( G; p )  � T

( p;q )

� ! T ree( G; q ).

Let K b e the disjoin t union of the trees T

( p;q )

i.e.

K := f ( p; q ; u )

a

� ! ( p; q ; v ) j pR q ^ u

a

� ! v 2 T ree

( p;q )

g .

Using ( i ) w e obtain

G  � Unfold( G )  � K � ! Unfold( H ) � ! H .

2

A.b Pushdo wn automata and regular graphs

Let G b e a graph with a v ertex r and let f b e a function from the v ertices of G to the

v ertices of another graph. W e denote b y

G

r

the connected comp onen t of G con taining r ,

G

� 1

:= f v

a

� ! u j ( u

a

� ! v ) 2 G g the inverse of G ,

f ( G ) := f f ( u )

a

� ! f ( v ) j ( u

a

� ! v ) 2 G g the image of G b y f .

W e giv e conditions on f in suc h a w a y that f preserv es the accessible subgraphs and the

connected comp onen ts of G .
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Lemma A.10 L et f b e a function fr om the vertic es of a gr aph G into the vertic es of

a gr aph H . If f and f

� 1

ar e p artial simulations then

f ( G=r ) = f ( G ) =f ( r ) = H =f ( r ) for any r in the domain of f .

F urthermor e if f

� 1

is also a p artial simulation fr om H

� 1

into G

� 1

then

f ( G

r

) = f ( G )

f ( r )

= H

f ( r )

for any r in the domain of f .

Pro of.

Let r b e in the domain of f .

If f is a partial sim ulation then b y induction on n � 0, w e ha v e for an y v ertex u of G :

r � !

G

n

u = ) f ( r ) � !

H

n

f ( u ) and r  !

G

n

u = ) f ( r )  !

H

n

f ( u ) .

Hence f ( G=r ) � f ( G ) =f ( r ) and f ( G

r

) � f ( G )

f ( r )

.

If f

� 1

is a partial sim ulation then b y induction on n � 0, w e ha v e for an y v ertex w of H :

f ( r ) � !

H

n

w = ) 9 v ; r � !

G

n

v ^ f ( v ) = w .

Hence H =f ( r ) � f ( G=r ).

If f

� 1

is a partial sim ulation from H in to G , and from H

� 1

in to G

� 1

, then b y induction

on n � 0, w e ha v e for an y v ertex w of H :

f ( r )  !

H

n

w = ) 9 v ; r  !

G

n

v ^ f ( v ) = w .

Hence H

f ( r )

� f ( G

r

).

As f ( G ) � H , it follo ws the equalities.

2

Let us sho w that the pushdo wn automata and the w ord rewriting systems ha v e the same

connected structures b y pre�x rewriting.

Prop osition 4.1 The pr e�x tr ansition gr aphs of lab el le d wor d r ewriting systems and

the pushdown tr ansition gr aphs have e�e ctively the same c onne cte d c omp onents and

the same ac c essible sub gr aphs.

Pro of.

Let T b e the set of terminals. Let R b e a rewriting system on a set M of non-terminals,

and let r 2 M

�

.

W e recall the construction in [Ca 90 b] of a pushdo wn automaton P on a set N of non-

terminals and on a set Q of states, and a con�guration c 2 Q: N suc h that the accessible

subgraph ( P : N

�

) =c from c of the transition graph of P is isomorphic to the accessible

subgraph ( R :M

�

) =r from r of the pre�x transition graph of R . Then w e pro v e also that

the connected comp onen t ( P : N

�

)

c

con taining c of P : N

�

is isomorphic to ( R :M

�

)

r

.

W e ma y supp ose that r 6= � and that R is � -fr e e : for ev ery rule u

a

� ! v of R , b oth u

and v are nonempt y . Otherwise w e could add a new sym b ol $ in M and replace ( R ; r ) b y

($ R ; $ r ) where $ R := f $ u

a

� ! $ v j ( u

a

� ! v ) 2 R g . It su�ces to note that

($ R : ( M [ f $ g )

�

) = $ r = ($ R :M

�

) = $ r = $( R :M

�

) = $ r = $(( R :M

�

) =r )

and ($ R : ( M [ f $ g )

�

)

$ r

= ($ R :M

�

)

$ r

= ($( R :M

�

))

$ r

= $(( R :M

�

)

r

) .

W e sa y that R is normal if for ev ery rule u

a

� ! v of R , b oth u and v ha v e length (strictly)

smaller than 3.

i) First w e transform ( M ; R ; r ) in to another 3-uple ( N ; S; s ) preserving the accessible
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subgraph and the connected comp onen t of R :M

�

from r , and suc h that S is normal and

� -free, and s is a letter.

Let m b e the greatest length of r and the w ords in R , i.e.

m := max f j u j j ( u = r ) _ 9 a 9 v (( u

a

� ! v ) 2 R _ ( v

a

� ! u ) 2 R ) g .

W e tak e an injection i from f u 2 M

+

j 1 � j u j � m g to some giv en alphab et N . Then w e

extend i to an injection j from M

�

in to N

�

de�ned b y induction as follo ws:

j ( � ) := � ,

j ( u ) := j ( v ) i ( w ) where u = v w 6= � ^ j w j = min ( m; j u j ).

The rewriting system S on N is de�ned b y

S := f j ( uw )

a

� ! j ( v w ) j ( u

a

� ! v ) 2 R ^ w 2 M

�

^ j w j < m g .

Note that S is normal and � -free.

F urthermore if R is a con text-free grammar then S is also a con text-free grammar.

Let us pro v e that S and the letter s = j ( r ) suit.

i1) Let us sho w that j is a sim ulation from R :M

�

in to S:N

�

.

Let u

a

� ! v b e in R :M

�

. There exist a rule u

0

a

� ! v

0

of R and a w ord w 2 M

�

suc h that

u = u

0

w and v = v

0

w . Consider the decomp osition w = xy where y is the greatest su�x

of w suc h that its length j y j is a m ultiple of m . So

j ( u ) = j ( u

0

w ) = j ( u

0

xy ) = j ( u

0

x ) j ( y )

and j ( v ) = j ( v

0

w ) = j ( v

0

xy ) = j ( v

0

x ) j ( y ) .

By de�nition of y , w e ha v e j x j < m . Hence j ( u

0

x )

a

� ! j ( v

0

x ) b elongs to S .

Consequen tly j ( u )

a

� ! j ( v ) is a transition of S:N

�

.

i2) Let us sho w that j

� 1

is a partial sim ulation from S:N

�

in to R :M

�

.

Let j ( u )

a

� ! w b e in S:N

�

. There exist a rule p

a

� ! q of S and a w ord t 2 N

�

suc h that

j ( u ) = pt and w = q t . By de�nition of S , there is a rule u

0

a

� ! v

0

of R and a w ord w

0

of

M

�

suc h that j w

0

j < m , p = j ( u

0

w

0

) and q = j ( v

0

w

0

).

As R is � -free, p 6= � . F urthermore pt 2 I m ( j ). So there is x 2 M

�

suc h that j ( x ) = t and

j x j = m j t j .

Th us j ( u ) = pt = j ( u

0

w

0

) j ( x ) = j ( u

0

w

0

x )

and w = q t = j ( v

0

w

0

) j ( x ) = j ( v

0

w

0

x ).

As j is injectiv e, w e ha v e u = u

0

w

0

x . So v = v

0

w

0

x suits: u

a

� ! v is a transition of R :N

�

and j ( v ) = w .

i3) Similarly to (i2) and giv en a transition w

a

� ! j ( v ) of S:N

�

, there is a transition

u

a

� ! v of R :M

�

suc h that j ( u ) = w . This means that j

� 1

is a partial sim ulation from

( S:N

�

)

� 1

in to ( R :M

�

)

� 1

.

As j is an injectiv e application and b y (i1), (i2) and Lemma A.10, ( R :M

�

) =r is isomorphic

to ( S:N

�

) =s and ( R :M

�

)

r

is isomorphic to ( S:N

�

)

s

.

ii) It remains to transform ( S; s ) in to a couple ( P ; c ) of a pushdo wn automaton P on a

non-terminal set N , and a con�guration c suc h that ( P : N

�

) =c is isomorphic to ( S:N

�

) =s

and ( P : N

�

)

c

is isomorphic to ( S:N

�

)

s

.

W e de�ne the follo wing system:

S := f ux

a

� ! v x j ( u

a

� ! v ) 2 S ^ x 2 N

�

^ j ux j = 2 g
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where N := N [ f & g with & is a new sym b ol.

Note that the v ertices of ( S: N

�

)

s &

b elong to N

+

: & , hence of length � 2. It follo ws the

ab o v e equalities:

( S : N

�

) =s & = ( S: N

�

) =s & = ( S:N

�

: &) =s & = (( S:N

�

) =s ) : &

and ( S : N

�

)

s &

= ( S: N

�

)

s &

= ( S:N

�

: &)

s &

= ( S:N

�

)

s

: & .

Let us denote b y

N

0

:= f u (1) j u = s _ 9 a 9 v (( u

a

� ! v ) 2 S _ ( v

a

� ! u ) 2 S ) g

the set of the �rst letters of s and S (or S ).

W e tak e an injection f from N

0

to an alphab et Q disjoin t of N . W e extend f to a total

injection from N

0

: N

�

to Q: N

�

as follo ws:

f ( au ) := f ( a ) :u for ev ery a 2 N

0

and u 2 N

�

.

Let us sho w that the pushdo wn automaton P := f ( S ) and the con�guration c := f ( s ) : &

suit. W e ha v e

( P : N

�

) =c = ( f ( S ) : N

�

) =f ( s )& = f ( S : N

�

) =f ( s &) = f (( S : N

�

) =s &) = f ((( S:N

�

) =s ) : &)

and similarly ( P : N

�

)

c

= f (( S:N

�

)

s

: &) :

Finally ( P : N

�

) =c is isomorphic to ( S:N

�

) =s hence to ( R :M

�

) =r and ( P : N

�

)

c

is

isomorphic to ( S:N

�

)

s

hence to ( R :M

�

)

r

.

2

F or instance the system R = f x

a

� ! � ; x

2

b

� ! x

3

g on the non-terminal set f x g has the

follo wing pre�x transition graph R : f x g

�

:

b b b

aaa

a a

and is accessible from r = x

2

(or an y w ord in x

2

x

+

). F ollo wing the pro of of Prop osition 4.1,

the system R is transformed in to $ R = f $ x

a

� ! $ ; $ x

2

b

� ! $ x

3

g and the axiom r is

replaced b y $ r = $ x

2

.

Asso ciating $ x to x , $ x

2

to y , $ x

3

to z , x

4

to s and $ to $, R : f x g

�

is the accessible subgraph

from y and is the connected comp onen t con taining y of the follo wing system:

S = f x

a

� ! $ ; y

a

� ! x ; z

a

� ! y ; $ s

a

� ! z ;

y

b

� ! z ; z

b

� ! $ s ; $ s

b

� ! xs ; xs

b

� ! y s g .

The set P ath( G; p; q ) of pathes of a graph G from a v ertex p to a v ertex q is extended

b y union to the set P ath( G; p; V ) of pathes from p to an y v ertex in V , i.e.

P ath( G; p; V ) :=

S

f P ath( G; p; q ) j q 2 V g .

Let P b e a �nite subset of Q:N � T � Q:N

�

, i.e. P is a real-time pushdo wn automaton

on a set T of terminals, a set Q of states and a set N of stac k letters (or non-terminals).

Recall that a c on�gur ation is an elemen t of Q:N

�

. Giv en a con�guration r and a set V of

con�gurations, w e ha v e

L ( P :N

�

; r ; V ) = Lab el(P ath( P :N

�

; r ; V )) .

If P is deterministic and reduced, then P :N

�

is deterministic and is lo cally �nite: ev ery

terminal v ertex is a state, so w e ha v e
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u �

P :N

�

v i� Lab el(P ath( P :N

�

; u )) = Lab el(P ath( P :N

�

; v )) b y Lemma A.6

i� Lab el(End P ath( P :N

�

; u )) = Lab el(End P ath( P :N

�

; v )) b y A.7

i� Lab el(P ath( P :N

�

; u; Q )) = Lab el(P ath( P :N

�

; v ; Q ))

i� L ( P :N

�

; u; Q ) = L ( P :N

�

; v ; Q ) .

Th us the bisim ulation of an y reduced real-time dp da P is in ter-reducible to the equiv alence

problem of P with acceptance on empt y stac k, and this problem is decidable [OIH 80 ].

If P is deterministic then P :N

�

is deterministic and w e ha v e

u �

P :N

�

v i� Lab el(P ath( P :N

�

; u )) = Lab el(P ath( P :N

�

; v )) b y Lemma A.6

i� Lab el(P ath( P :N

�

; u; Q:N

�

)) = Lab el(P ath( P :N

�

; v ; Q:N

�

))

i� L ( P :N

�

; u; Q:N

�

) = L ( P :N

�

; v ; Q:N

�

) .

Th us the bisim ulation of an y real-time dp da P is in ter-reducible to the equiv alence prob-

lem of P with acceptance on an y state (an y con�guration), i.e. is reducible to the decidable

equiv alence problem of P with acceptance on an y �nal state [Ro 86 ].

Let us giv e some notations. Giv en a binary relation R , w e denote b y D om ( R ) :=

f x j 9 y ; xR y g the domain of R , and b y I m ( R ) := f y j 9 x; xR y g the image (or range) of

R . Recall that u ( i ) is the letter at the i -th o ccurrence of a w ord u , and j u j is the length of

u . W e denote b y V

as

1

::: s

p

:= f s

1

; : : : ; s

p

g the set of v ertices of an y h yp erarc as

1

: : : s

p

, and

b y V

H

:=

S

f V

X

j X 2 H g the set of v ertices of an y h yp ergraph H . W e consider the set

R

!

( H ) := f

S

n � 0

[ H

n

] j H

0

= H ^ 8 n � 0 ; H

n

= )

R

H

n +1

g

of (isomorphic) graphs generated b y a deterministic graph grammar R from a h yp ergraph

H , and preserving H .

Let us giv e some basic transformations of deterministic graph grammars.

A deterministic graph grammar R is r e duc e d from a h yp ergraph G if ev ery non-terminal

of R is accessible from G :

8 X 2 D om ( R ) 9 H 9 Y ; G = )

R

�

H ^ Y 2 H ^ Y (1) = X (1) .

W e can put ev ery deterministic graph grammar in a reduced form.

Lemma A.11 A ny p air ( R ; G ) of a deterministic gr aph gr ammar R and a �nite hyp er-

gr aph G may b e e�e ctively tr ansforme d into another p air ( S; H ) such that S is r e duc e d

fr om H and S

!

( H ) = R

!

( G ) .

Pro of.

Let R b e a deterministic graph grammar and G b e a �nite h yp ergraph.

Let N := f X (1) j X 2 D om ( R ) g b e the set of non-terminals of R .

As usual, the set Acc of accessible non-terminals from G is computable: it is the least

subset of N con taining the non-terminals of G , and closed b y the follo wing accessibilit y

relation:

f ( X (1) ; Y (1)) j 9 H ; ( X ; H ) 2 R ^ Y 2 H ^ Y (1) 2 N g

More exactly Acc is the least �xp oin t of the follo wing equation:

Acc = f X (1) 2 N j X 2 G g [ f Y (1) 2 N j 9 ( X ; H ) 2 R ; X (1) 2 Acc ^ Y 2 H g .

T o remo v e the h yp erarcs lab elled b y a non-terminal not in Acc , w e de�ne the follo wing

deterministic graph grammar:

I := f ( X ; ; ) j X 2 D om ( R ) ^ X (1) 62 Acc g .

So the follo wing graph grammar:

S := f ( X ; K ) j 9 H ; ( X ; H ) 2 R ^ X (1) 2 Acc ^ H = )

I

K g
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and the unique h yp ergraph H de�ned b y G = )

I

H suit:

S is reduced from H and S

!

( H ) = R

!

( G ).

2

A deterministic graph grammar R is pr op er if for all rule ( X ; H ) of R , ev ery v ertex of X

is a v ertex of a terminal arc of H . W e can put ev ery deterministic graph grammar in a

reduced prop er form.

Lemma A.12 A ny p air ( R ; G ) of a deterministic gr aph gr ammar R and a �nite hyp er-

gr aph G may b e e�e ctively tr ansforme d into another p air ( S; H ) such that S is pr op er

and S

!

( H ) = R

!

( G ) .

Pro of.

Let R b e a deterministic graph grammar and G b e a �nite h yp ergraph. Let

N := f X (1) j X 2 D om ( R ) g b e the set of non-terminals of R , and

T := f X (1) j 9 H 2 I m ( R ) ; X 2 H ^ X (1) 62 N g b e the set of terminals of R .

i) W e remo v e in R and G the useless non-terminal h yp erarcs.

W e consider the set Acc := f X (1) j X 2 D om ( R ) ^ R

!

( X ) 6= f;g g of non-terminals

generating b y R a non empt y graph. This set is computable ; it is the least subset of N

satisfying the follo wing equalit y:

Acc = f X (1) j 9 H ; 9 Y ; ( X ; H ) 2 R ^ Y 2 H ^ Y (1) 2 T [ Acc g .

T o remo v e the h yp erarcs lab elled b y a non-terminal not in Acc , w e de�ne the follo wing

deterministic graph grammar:

I := f ( X ; ; ) j X 2 D om ( R ) ^ X (1) 62 Acc g .

So the grammar R

1

:= f ( X ; K ) j 9 H ; ( X ; H ) 2 R ^ X (1) 2 Acc ^ H = )

I

K g and the

unique h yp ergraph G

1

de�ned b y G = )

I

G

1

satisfy R

1

!

( G

1

) = R

!

( G ) and R

1

is reduced

from G

1

.

ii) W e remo v e in R

1

and G

1

the useless v ertices of non-terminal h yp erarcs.

T o ev ery X 2 D om ( R

1

) w e asso ciate its set Acc ( X ) of useful vertic es , i.e. of v ertices of

X whic h are v ertices of an y graph in R

1

!

( X ). These sets Acc ( X ) for X 2 D om ( R

1

) are

computable as b eing the least �xp oin ts of the follo wing system:

Acc ( X ) = f s 2 V

X

j 9 Y 2 H ; Y (1) 2 T ^ s 2 V

Y

g [

S

f f Y ( i ) 2 V

X

j Z ( i ) 2 Acc ( Z ) g j Y 2 H ^ Z 2 D om ( R

1

) ^ Y (1) = Z (1) g

for ev ery rule X � ! H of R

1

.

F or ev ery X 2 D om ( R

1

) and b y de�nitions of R

1

and Acc ( X ), w e can construct a h yp er-

graph H

X

suc h that

X R

1

o � !

R

1

�

H

X

^ [ H

X

] 6= ; ^ Acc ( X ) � V

[ H

X

]

.

T o eac h X 2 D om ( R

1

) w e asso ciate a h yp erarc X lab elled b y a new sym b ol X (1) with

X (1) 6= Y (1) for X 6= Y , and with distinct v ertices suc h that V

X

= Acc ( X ) if Acc ( X ) 6= ; ,

and V

X

is reduced to a v ertex of [ H

X

] if Acc ( X ) = ; . As in ( i ) to remo v e the useless

v ertices of non-terminal h yp erarcs, w e de�ne the follo wing deterministic graph grammar:

J := f ( X ; X ) j X 2 D om ( R

1

) g .

T o eac h X 2 D om ( R

1

) w e asso ciate a h yp erarc H

X

suc h that H

X

= )

J

H

X

.

So S = f ( X ; H

X

) j X 2 D om ( R

1

) g and an y h yp ergraph H de�ned b y G

1

= )

J

H suit:
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S is prop er and S

!

( H ) = R

1

!

( G

1

) = R

!

( G ).

2

Let us apply Lemma A.12 to the follo wing deterministic graph grammar R :

C B

and

(x)

(y) (y)

A

A

(x)

D C

(x)

(y)

B

(y)

B

C

(x)

a

c

and

(x)

b

(x) (y)

D

(x) (y)

D

and to the follo wing h yp ergraph G :

D

A B

C

W e ha v e Acc = f A; B ; C g , Acc ( A ) = f x; y g , Acc ( B ) = f x g , Acc ( C ) = ; . By

Lemma A.12 w e obtain the follo wing prop er deterministic graph grammar S :

a B

(x)

B

b

B

(x)

(x)

(y) (y)

(x)

a CC

CC

B

and

(x) (x)

C

c

AA

and the follo wing h yp ergraph H :

B CA

suc h that S

!

( H ) = R

!

( G ) and is represen ted as follo ws:
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b b b

b

b b ba

a b b b

c

Let us giv e others e�ectiv e transformations.

Prop osition 4.5 We have the fol lowing pr op erties:

a) Every ac c essible sub gr aph of a r e gular gr aph is e�e ctively a r e gular gr aph;

b) Every c onne cte d c omp onent of a r e gular gr aph is e�e ctively a r e gular gr aph;

c) Every r e gular gr aph has e�e ctively a �nite numb er of nonisomorphic c onne cte d

c omp onents.

Pro of.

i) Consider a deterministic graph grammar R , a �nite h yp ergraph G and a v ertex v of

G . W e will construct a deterministic graph grammar S , a �nite h yp ergraph H suc h that

S

!

( H ) = R

!

( G ) =v .

W e denote b y N and T the resp ectiv e sets of non-terminals and terminals of R . W e tak e

a new lab el a , i.e. a 62 T [ N , and w e add to R the rule av � ! G .

After a p ossible renaming (and adding new rules) w e ma y supp ose that ev ery h yp ergraph

in I m ( R ) do es not ha v e t w o non-terminal h yp erarcs with the same lab el. F or instance

the grammar reduced to the unique rule Axy � ! f axs; ay t; ay z ; Ast; Asz g is transformed

in to the follo wing grammar

f ( Axy ; f axs; ay t; ay z ; Ast; B sz g ) ; ( B xy ; f axs; ay t; ay z ; Ast; B sz g ) g .

F or ev ery X 2 D om ( R ) and for ev ery I � f 2 ; : : : ; j X jg , w e asso ciate the set Acc ( X ; I ) of

v ertices in E := f X ( i ) j i 2 I g and of v ertices in K =E for all K in R

!

( X ) restricted to

the v ertices accessible from E . These sets Acc ( X ; I ) are computable as b eing the least

�xp oin ts of the follo wing system:

Acc ( X ; I ) = f X ( i ) j i 2 I g [ f Y (3) j Y 2 H ^ Y (1) 2 T ^ Y (2) 2 Acc ( X ; I ) g [

S

f f Y ( i ) j Z ( i ) 2 Acc ( Z ; f j j Y ( j ) 2 Acc ( X ; I ) g ) g j Y 2 H ^ Z 2 D om ( R )

^ Y (1) = Z (1) g

for ev ery rule X � ! H of R and I � f 2 ; : : : ; j X jg .

F or ev ery X 2 D om ( R ), I � f 2 ; : : : ; j X jg and ev ery h yp erarc Y satisfying the follo wing

condition:
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C ( Y ; X ; I ) := ( V

Y

\ Acc ( X ; I ) 6= ; ) ,

w e de�ne the follo wing h yp erarc:

f

( X ;I )

( Y ) := Y (1) :g

( X ;I )

( Y (2)) :g

( X ;I )

( Y (3)) if Y (1) 2 T ,

f

( X ;I )

( Y ) := ( Y (1) ; f i j Y ( i ) 2 Acc ( X ; I ) g ) :g

( X ;I )

( Y (2)) : : : g

( X ;I )

( Y ( j Y j )) if Y (1) 2 N

where g

( X ;I )

is constan t in Acc ( X ; I ), and is the empt y w ord � otherwise.

Let us decomp ose R according to accessible v ertices:

S := f ( f

( X ;I )

( X ) ; f f

( X ;I )

( Y ) j Y 2 H ^ C ( Y ; X ; I ) g j ( X ; H ) 2 R ^ C ( X ; X ; I ) g .

Note that S is not necessarily prop er. Let ( a; 2) v � ! H b e the unique rule of S asso ciated

to the non-terminal ( a; 2). Then S

!

( H ) = R

!

( G ) =v .

ii) Consider a deterministic graph grammar R , a �nite h yp ergraph G and a v ertex v of

G . Consider a bijection from the set T of terminals to a new set T , asso ciating to eac h

lab el a a new lab el a . W e complete R in to the follo wing system:

R := f ( X ; H [ f s

a

� ! t j s

a

� ! t 2 H g j ( X ; H ) 2 R g .

F rom ( i ) w e construct a system S and a �nite h yp ergraph H suc h that S

!

( H ) = R

!

( G ) =v .

By remo ving the lab els of T , w e obtain the follo wing system:

S := f ( X ; H � f s

a

� ! t j a 2 T g ) j ( X ; H ) 2 S g

and the follo wing h yp ergraph:

H := H � f s

a

� ! t j a 2 T g

suc h that S

!

( H ) is the connected comp onen t of R

!

( G ) con taining v .

iii) Consider a deterministic graph grammar R and a �nite h yp ergraph G . W e will

generalize (b) to obtain e�ectiv ely the connected comp onen ts of R

!

( G ).

By Lemma A.12 w e ma y assume that R is prop er. So for ev ery h yp erarc X and ev ery

v ertex v of X , R

!

( G ) has a connected comp onen t con taining v .

As in ( i ), w e supp ose that ev ery h yp erarc in I m ( R ) do es not ha v e t w o non-terminal

h yp erarcs with the same lab el.

F rom Lemma A.11 w e ma y assume that R is also reduced.

Similarly to ( i ), for ev ery rule X � ! H of R and for ev ery I � f 2 ; : : : ; j X jg , w e asso ciate

the set C on ( X ; I ) of v ertices of H whic h are connected to f X ( i ) j i 2 I g in R

!

( H ). These

sets C on ( X ; I ) are computable as b eing the least �xp oin ts of the follo wing system:

C on ( X ; I ) = f X ( i ) j i 2 I g [

S

f V

Y

j Y 2 H ^ Y (1) 2 T ^ V

Y

\ C on ( X ; I ) 6= ; g [

S

f f Y ( i ) j Z ( i ) 2 C on ( Z ; f j j Y ( j ) 2 C on ( X ; I ) g ) g j Y 2 H

^ Z 2 D om ( R ) ^ Y (1) = Z (1) g

for ev ery rule X � ! H of R and I � f 2 ; : : : ; j X jg .

Let ( X ; H ) 2 D om ( R ). W e de�ne C

X

:= f C on ( X ; i ) j 2 � i � j X j g the class of

connected v ertices in all graph of R

!

( H ). F or eac h class P in C

X

, w e asso ciate a h yp erarc

X

P

lab elled b y a new sym b ol X

P

(1) of arit y # ( P \ V

X

) whose set V

X

P

of v ertices is equal

to P \ V

X

, and suc h that X

P

(1) 6= Y

Q

(1) if ( X ; P ) 6= ( Y ; Q ). Consider the follo wing

grammar:

I := f ( X ; f X

P

j P 2 C

X

g ) j X 2 D om ( R ) g

whic h splits eac h X 2 D om ( R ) in to h yp erarcs according to C

X

. F or eac h rule ( X ; H ) of R ,

there is a unique h yp ergraph H

X

suc h that H = )

I

H

X

. In fact eac h part X

P

of the splitting

of X will generate only the part of H

X

accessible from P . The r estriction of a h yp ergraph

H to a set V of v ertices is denoted b y H

j V

:= f as

1

: : : s

p

2 H j s

1

; : : : ; s

p

2 V g . As ev ery
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h yp ergraph in I m ( R ) do es not ha v e t w o non-terminal h yp erarcs with the same lab el, the

follo wing grammar:

S := f ( X

P

; ( H

X

)

j P

j X 2 D om ( R ) ^ P 2 C

X

g

generates from X

P

the connected comp onen t of R

!

( X ) con taining P : S

!

( X

P

) = R

!

( X )

j P

.

T o generate according to S the connected comp onen ts of R

!

( G ), it su�ces to tak e the

family F of the connected comp onen ts of H where G = )

I

H , plus for eac h X 2 D om ( R )

the (remaining) connected comp onen ts of the H

X

not con taining a v ertex of X . As R is

reduced for ev ery K 2 F , S

!

( K ) is a connected comp onen t of R

!

( G ) and the con v erse is

true. Note that F is not minimal: it is p ossible to ha v e t w o h yp ergraphs K

1

and K

2

in F

suc h that S

!

( K

1

) is isomorphic to S

!

( K

2

).

2

Let us apply Prop osition 4.5 (a) to the follo wing deterministic graph grammar R :

(x)

(y)

(x)

(y)

A a

A

c

A

b

d

(s)

(t)

(u)

(v)

As de�ned in the pro of of Prop osition 4.5 (a), w e ha v e the follo wing sets:

Acc ( A; ; ) = ;

Acc ( A; f 1 g ) = f x; s; t; u g

Acc ( A; f 2 g ) = Acc ( A; f 1 ; 2 g ) = f x; y ; s; t; u g ,

and w e construct the follo wing deterministic grammar S :

and

(x)

c

b

(s)

(t)

(x)

(y)

(A, f 1 g )

(x)

(u)

(A, f 1 g )

(A, f 1,2 g )

(x)

(y)

a c

b

(s)

(t)

(A, f 1,2 g )

(A, f 1 g )

(u)

(A, f 1,2 g )

suc h that S

!

(( A; f 1 g ) x ) is equal to R

!

( Axy ) =x .

Prop osition 4.5 implies di�eren ts w a ys to ha v e regular graphs with a ro ot.

Corollary A.13 The fol lowing classes of gr aphs ar e e quals:

a) the r o ote d r e gular gr aphs
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b) the r o ote d c onne cte d c omp onents of r e gular gr aphs

c) the ac c essible sub gr aphs of r e gular gr aphs.

Pro of.

a) = ) b) : Let G b e a regular graph with a ro ot r . Then G is the connected comp onen t

of itself with a ro ot r .

b) = ) c) : Let H b e a connected comp onen t of a regular graph G suc h that H has a

ro ot r . So H is equal to the accessible subgraph of G from r .

c) = ) a) : Let G b e a regular graph. Let H b e the accessible subgraph of G from a

v ertex r . So r is a ro ot of H and from Prop osition 4.5 (a), H is a regular graph.

2

Corollary A.13 remains true for connected regular graphs.

Corollary A.14 The c onne cte d r e gular gr aphs ar e the c onne cte d c omp onents of r e gu-

lar gr aphs.

Pro of.

Let G b e a connected regular graph. Then G is the connected comp onen t of G .

Con v ersely let H b e a connected comp onen t of a regular graph G . Then H is connected

and b y Prop osition 4.5 (b), H is a regular graph.

2

Giv en an alphab et N and a �nite relation R in N

�

� N

�

, w e denote also b y

7� !

R

:= R :N

�

= f ( uw ; v w ) j u R v ^ w 2 N

�

g

the pr e�x r ewriting according to R , and its re
exiv e and transitiv e closure

�

7� !

R

is the pr e�x

derivation according to R . A w ell kno wn prop ert y is that the set f u j r

�

7� !

R

u g of w ords

accessible b y pre�x deriv ation from a giv en axiom r 2 N

�

is a rational language, and a

�nite automaton is exp onen tially constructible from R and r [B • u 64]. W e giv e another

simple construction but in an e�cien t w a y .

Prop osition A.15 We c an c onstruct in p olynomial time a �nite automaton r e c o gniz-

ing the set of wor ds obtaine d by pr e�x derivation fr om a given axiom and ac c or ding to

any r ewriting system.

Pro of.

i) Let N b e an alphab et and let R b e a �nite binary relation on N

�

. W e denote b y

V := D om ( R ) [ f � g

the set of w ords in the left hand sides of R , plus the empt y w ord.

W e will construct a �nite graph G � V � N

�

� V (lab elled on N

�

) suc h that the language

accepted b y G from � to an y v ertex u is equal to the set of w ords deriving b y pre�x from

u , i.e.

L ( G; �; f u g ) = f v j u

�

7� !

R

v g . (1)

Let u b e the greatest pre�x of u b elonging to V , and let u b e the remaining su�x, i.e.

uu = u ^ u 2 V ^ 8 v ; w ( ( v w = u ^ uv 2 V ) = ) v = � ).
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The pre�x decomp osition of the rules of R giv es the follo wing graph:

H := f v

v

� ! u j u R v ^ u 6= v g

and the pre�x decomp osition of the v ertices in V giv es the follo wing graph:

I := f u

u a

� ! ua j ua 2 V ^ j a j = 1 g .

Giv en an y graph G in V � N

�

� V , a path from a v ertex x to a v ertex y and lab elled b y u

is denoted b y

x

u

= )

G

y i:e: u 2 L ( G; x; f y g ).

W e de�ne a splitting < G > of G as follo ws:

< G > := f ux

y

� ! w j : ( ux

y

= ) w ) ^ ( 9 v ; �

u

= ) v

xy

� ! w ) ^ ux = uxy ^ x 6= � g ,

and is represen ted b y the follo wing diagram:

(ux)

xyu

y

(1)

x nonempt y and maximal suc h that ux is in V

Note that < G > is �nite when G is �nite.

W e de�ne a completion G of a graph G as b eing the least graph con taining G with

< G > = ; , i.e.

G = G if < G > = ;

and G = G [ < G > if < G > 6= ; .

Note that G is �nite when G is �nite, and G can b e obtained in p olynomial time from G .

Let us pro v e that G = H [ I satis�es prop ert y (1).

ii) Let us sho w that u

v

= )

I

uv for ev ery u; uv 2 V .

The pro of is b y induction on the n um b er

n

u;v

= # f uw 2 V j 9 x 2 N

�

; w x = v g � 1

of pre�xes w of v suc h that uw is in V .

n

u;v

= 1 : so uv = u i.e. v = � . Hence u

v

= )

I

uv .

n

u;v

> 1 : so v 6= � . Let y a = v with j a j = 1.

By de�nition of I , w e ha v e uy

uy a

� !

I

uy a . As n

u;v

> 1, there is w suc h that uy = uw .

So uw

xa

� !

I

uv with w x = y . F urthermore n

u;w

= n

u;v

� 1.

By induction h yp othesis u

w

= )

I

uw . As w xa = y a = v , w e obtain u

v

= )

I

uv .

iii) W e sa y that a graph J in V � N

�

� V is ful l if

( x

u

= )

J

y ^ xu = z v ^ z 2 V ) = ) ( z

v

= )

J

y ).

Let us sho w that an y graph J con taining I and with an empt y splitting < J > is a full

graph, i.e.

I � J ^ < J > = ; = ) J is full.

Let J � I with < J > = ; . Supp ose that x

u

= )

J

y and xu = z v with z 2 V .

W e w an t to sho w that z

v

= )

J

y b y distinguish the t w o complemen tary cases b elo w.

Case 1: j v j � j u j . There is w suc h that v = w u and x = z w .

As x; z 2 V and x = z w , w e ha v e b y ( ii ) z

w

= )

I

x .

So z

w

= )

I

x

u

= )

J

y . As I � J and w u = v , w e ha v e z

v

= )

J

y .
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Case 2: j v j < j u j . There is w suc h that u = w v and z = xw .

x

z

w

u

s

w'

v

As xw = z 2 V w e de�ne w

0

b y xw

0

= xu . So there is s suc h that w s = w

0

.

As xw

0

; xw 2 V and b y ( ii ), xw

s

= )

I

xw

0

.

As x

u

= )

J

y and u 6= � , there are u

1

; u

2

; u

3

2 N

�

and y

1

; y

2

2 V suc h that

x

u

1

= )

J

y

1

u

2

� !

J

y

2

u

3

= )

J

y ^ u

1

u

2

u

3

= u ^ j u

1

j < j w

0

j � j u

1

u

2

j .

u

u1 u2 u3

w' w"

By ( ii ), �

x

= )

I

x . As I � J , w e ha v e �

xu

1

= )

J

y

1

. Let w

00

b e suc h that w

0

w

00

= u

1

u

2

.

As xw

0

= xu = xw

0

w

00

u

3

, w e obtain xw

0

= xw

0

w

00

.

As j u

1

j < j w

0

j and < J > = ; , w e ha v e xw

0

w

00

= )

J

y

2

.

Finally z = xw

s

= )

I

xw s = xw

0

w

00

= )

J

y

2

u

3

= )

J

y .

W e ha v e w sw

00

u

3

= w

0

w

00

u

3

= u

1

u

2

u

3

= u = w v , hence sw

00

u

3

= v .

Ha ving I � J then z

v

= )

J

y .

iv) Let us pro v e the direct inclusion of prop ert y (1).

Let M b e the set of graphs K in V � N

�

� V suc h that for an y transition x

u

� ! y in K ,

y

�

7� !

R

xu .

Immediately the graphs H and I are in M . F urthermore if K 2 M then < K > 2 M and

K 2 M .

Hence G = H [ I b elongs to M . In particular if �

v

= )

G

u then u

�

7� !

R

v .

v) Let us pro v e the in v erse inclusion of prop ert y (1).

Let us sho w b y induction on n � 0 that u 2 V ^ u 7� !

R

n

v = ) �

v

= )

G

u .

n = 0 : u = v . By ( ii ), �

u

= )

I

u hence �

v

= )

G

u .

n = ) n + 1 : u 7� !

R

n

w 7� ! v .

By induction h yp othesis �

w

= )

G

u .

By de�nition of 7� !

R

, there are x R y and z suc h that w = xz and v = y z .

Case 1 : x = y . Hence w = v so �

v

= )

G

u .

Case 2 : x 6= y . By de�nition of H , y

y

� !

H

x .

By ( iii ), G is full. As �

w

= )

G

u with w = xz and x 2 V , w e ha v e x

z

= )

G

u .

By ( ii ), �

y

= )

I

y . Th us �

y

= )

I

y

y

� !

H

x

z

= )

G

u .
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As y y z = y z = v and H [ I � G , w e ha v e �

v

= )

G

u .

vi) Finally and giv en an axiom r 2 N

�

, w e construct in p olynomial time from R [ f ( r ; r ) g

a �nite automaton G on the set D om ( R ) [ f r ; � g of v ertices, on the set N

�

of lab els, with

the start state � , the unique �nal state r , and suc h that G satis�es prop ert y (1).

This means that G recognizes the language L ( G; �; f r g ) = f v j r

�

7� !

R

v g of w ords deriving

b y pre�x from r and according to R .

2

Let us apply Prop osition A.15 to determine the language L generated b y pre�x deriv ation

from r = ba according to the system R = f ( �; ba ) ; ( bab; ba ) g . W e obtain the follo wing

graphs:

H = f ba

�

� ! � ; ba

�

� ! bab g

I = f ba

b

� ! bab ; �

ba

� ! ba g

< H [ I > = f bab

a

� ! ba g

< H [ I [ < H [ I >> = ; .

Th us w e deduce the follo wing �nite automaton:

(1) (ba) (bab)

a

1ba

1 b

recognizing L . Hence L = ba ( a + ba )

�

.

F rom [BN 84 ] w e can deduce a stronger result than Prop osition A.15.

Prop osition 4.6 The pr e�x derivation of any (unlab el le d) wor d r ewriting system is

e�e ctively a r ational tr ansduction.

Pro of.

Let R � N

�

� N

�

. W e denote b y V = D om ( R ) [ f � g .

i) Let us sho w that for ev ery u; v 2 N

�

,

u

�

7� !

R

v ( ) 9 x; y ; w 2 N

�

9 z 2 V ( u = xw ^ v = y w ^ x

�

7� !

R

z

�

7� !

R

y ).

The su�cien t condition follo ws b y the closure of

�

7� !

R

with the righ t concatenation.

Let us pro v e the necessary condition b y induction on n � 0 for u 7� !

R

n

v .

n = 0 : u = v . Hence w = u and x = y = z = � suit.

n = ) n + 1 : there is s suc h that u 7� !

R

n

s 7� ! v .

By induction h yp othesis, there are w ords x

0

; y

0

; w

0

2 N

�

and z

0

2 V suc h that

u = x

0

w

0

; s = y

0

w

0

and x

0

�

7� !

R

z

0

�

7� !

R

y

0

.

As s 7� !

R

v , there are p R q and t suc h that s = pt and v = q t .

Th us y

0

w

0

= pt and w e distinguish the t w o cases b elo w.

Case 1 : j w

0

j � j t j . There is h suc h that w

0

= ht and p = y

0

h .

Th us u = x

0

ht and v = q t with x

0

h

�

7� !

R

z

0

h = p 7� !

R

q .

Case 2 : j w

0

j < j t j . There is h suc h that t = hw

0

and y

0

= ph .
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Th us u = x

0

w

0

and v = q hw

0

with x

0

�

7� !

R

z

0

+

7� !

R

q h .

ii) W e denote b y u S := f v j u S v g the image of u b y a binary relation S . Let

S :=

S

f ( u

�

7� !

R

� 1

) � ( u

�

7� !

R

) j u 2 V g .

By Prop osition A.15, S is an e�ectiv e union of binary pro ducts of rational languages. By

Mezei's theorem, S is an e�ectiv e recognizable relation of N

�

� N

�

, hence is an e�ectiv e

rational relation of N

�

� N

�

. By ( i ), the pre�x deriv ation according to R is equal to the

pre�x rewriting according to S , i.e.

�

7� !

R

= 7� !

S

.

It follo ws that

�

7� !

R

is an e�ectiv e rational relation : w e can construct a �nite transducer

recognizing

�

7� !

R

.

2

Let us giv e a simpler pro of than in [Ca 90 b ] that the regular graphs and the pushdo wn

transition graphs ha v e the same connected comp onen ts.

Theorem 4.7 We have the fol lowing pr op erties:

a) The ac c essible pushdown tr ansition gr aphs ar e e�e ctively

the r o ote d c omp onents of pushdown tr ansition gr aphs, and ar e e�e ctively

the r o ote d r e gular gr aphs of �nite de gr e e;

b) The c onne cte d c omp onents of pushdown tr ansition gr aphs ar e e�e ctively

the c onne cte d r e gular gr aphs of �nite de gr e e .

Pro of.

i) Let us sho w that an y connected regular graph of �nite degree is e�ectiv ely a connected

comp onen t of a pushdo wn transition graph.

Let R b e a deterministic graph grammar and let G b e a �nite h yp ergraph suc h that R

!

( G )

is of �nite degree.

Adding a new rule, w e can assume that G is restricted to a non-terminal h yp erarc of R :

G 2 D om ( R ). F urthermore b y Lemma A.12 then b y Lemma A.11, w e can supp ose that

R is reduced from G , and G (2) is a v ertex of an y graph in R

!

( G ).

W e will construct a pushdo wn automaton P and a con�guration c suc h that the connected

comp onen t con taining c of the transition graph of P is the connected comp onen t of R

!

( G )

con taining G (2).

By Prop osition 4.1 it su�ces to construct a lab elled rewriting system S on a non-terminal

set N , and an axiom s 2 N

�

suc h that the connected comp onen t ( S:N

�

)

s

b elongs to

( R

!

( G ))

G (2)

.

Recall that V

H

is the set of v ertices of an y h yp ergraph H , and that j X j is the length of

an y w ord X .

W e tak e a new alphab et V = f x

1

; : : : ; x

m

g of variables where

m := max f j X j � 1 j X 2 D om ( R ) g

is the maxim um n um b er of v ertices needed b y eac h non-terminal h yp erarc.

After a p ossible renaming of v ertices, w e can assume that

X = X (1) x

1

: : : x

j X j� 1

for ev ery X 2 D om ( R )

V

H

\ V

K

= V

X

\ V

Y

for ev ery distinct rules ( X ; H ) and ( Y ; K ) of R .
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Let us giv e some notations and de�nitions.

A set N of non-terminals is de�ned b y

N := V [ f ( x

1

; : : : ; x

p

) j 1 � p � m g

where V := V [ f Y ( i ) j 9 H 2 I m ( R ) ; Y 2 H ^ 1 � i � j Y j g

is the set of v ertices of R .

Let p � 1. F or ev ery w ord u 2 N

�

, w e de�ne

u < x

1

; : : : ; x

p

> := u if u 2 V

:= u ( x

1

; : : : ; x

p

) if u 62 V

the right addition of ( x

1

; : : : ; x

p

) to u when u is not a v ariable. This op eration is applied

also to an y transition: for ev ery non-terminal w ords u; v 2 N

�

and ev ery terminal a 2 T ,

( u

a

� ! v ) < x

1

; : : : ; x

p

> := u

a

� ! v if u 62 V ^ v 62 V .

:= u < x

1

; : : : ; x

p

>

a

� ! v < x

1

; : : : ; x

p

> otherwise.

This de�nition is extended b y union to an y graph lab elled in T .

Finally for ev ery v

1

; : : : ; v

p

2 V , the substitution u [ v

1

; : : : ; v

p

] in an y w ord u 2 N

�

of the

x

i

b y v

i

is the morphism de�ned on ev ery letter of N b y

x

i

[ v

1

; : : : ; v

p

] := v

i

for ev ery 1 � i � p

( x

1

; : : : ; x

q

)[ v

1

; : : : ; v

p

] := ( v

1

; : : : ; v

min ( p;q )

; x

min ( p;q )+1

; : : : ; x

q

) for ev ery q � 1

r [ v

1

; : : : ; v

p

] := r for another r 2 N :

Recall that [ H ] := f ast 2 H j a 2 T g is the set of terminal arcs of an y h yp ergraph H .

T o ev ery X 2 D om ( R ), w e asso ciate a lab elled rewriting system S

X

on the non-terminal

set N suc h that the pre�x transition graph S

X

: N

�

restricted to the connected comp onen ts

con taining the v ertices of X , b elongs to R

!

( X ). These systems S

X (1)

for X 2 D om ( R )

are computable as b eing the least �xp oin ts of the follo wing equations:

S

X (1)

= [ H ] < x

1

; : : : ; x

j X j� 1

> [

S

f ( S

Y (1)

[ Y (2) ; : : : ; Y ( j Y j )] < x

1

; : : : ; x

j Y j� 1

> j Y 2 H ^ Y (1) 62 T g

for ev ery rule X � ! H of R .

As the R

!

( X ) are regular graphs of �nite degree, the systems S

X (1)

exist. Finally w e tak e

the follo wing system:

S := S

G (1)

[ G (2) ; : : : ; G ( j G j )]

and the non-terminal set N :

N := f u ( i ) j 1 � i � j u j ^ 9 a 9 v (( u

a

� ! v ) 2 S _ ( v

a

� ! u ) 2 S ) g

of the letters of S . By construction the pre�x transition graph S:N

�

of S and the regular

graph R

!

( G ) generated b y R from G ha v e the same connected comp onen t con taining

G (2).

ii) Let us sho w the con v erse transformation of ( i ) : an y connected comp onen t C of

an y pushdo wn transition graph is e�ectiv ely a regular graph. By Prop osition A.15, the

v ertex set of C is an e�ectiv e rational language. By Lemma A.18, the con v erse of ( i ) is a

particular case of ( b ) ) ( a ) of Theorem 4.9.

iii) A particular case of ( i ) is that an y ro oted regular graph of �nite degree is e�ectiv ely a

ro oted comp onen t of a pushdo wn transition graph. But a ro oted comp onen t of a pushdo wn

transition graph is an accessible pushdo wn transition graph. Finally b y Prop osition 4.5 ( a )

and b y ( ii ), an y accessible pushdo wn transition graph is e�ectiv ely a regular graph.

2

Let us apply pro of ( i ) of Theorem 4.7 to the follo wing deterministic graph grammar R :
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A

(1)

(2)

(1)

(2)

a

b

(3)

;

B

;

B

(p)

(q)

(p)

(q)

(r)

c

d

C

C

(i) (i)

f

(j)

e

(k)

A

(j)

As de�ned in the pro of ( i ) of Theorem 4.7, w e ha v e the follo wing system:

S

A

= f x

1

a

� ! x

2

; 3

b

� ! x

2

g < x

1

; x

2

> [ S

B

[ x

1

; 3] < x

1

; x

2

>

S

B

= f x

1

c

� ! x

2

; r

d

� ! x

2

g < x

1

; x

2

> [ S

C

[ x

1

; r ] < x

1

; x

2

>

S

C

= f x

1

e

� ! k ; x

1

f

� ! x

2

g < x

1

; x

2

> [ S

A

[ k ; x

2

] < x

1

; x

2

> .

This system b ecomes:

S

A

= f x

1

a

� ! x

2

; 3( x

1

; x

2

)

b

� ! x

2

g [ S

B

[ x

1

; 3] < x

1

; x

2

>

S

B

= f x

1

c

� ! x

2

; r ( x

1

; x

2

)

d

� ! x

2

g [ S

C

[ x

1

; r ] < x

1

; x

2

>

S

C

= f x

1

e

� ! k ( x

1

; x

2

) ; x

1

f

� ! x

2

g [ S

A

[ k ; x

2

] < x

1

; x

2

> .

The least �xp oin t of the �rst comp onen t is also the least �xp oin t of this unique follo wing

equation:

S

A

= f x

1

a

� ! x

2

; 3( x

1

; x

2

)

b

� ! x

2

;

x

1

c

� ! 3( x

1

; x

2

) ; r ( x

1

; 3)( x

1

; x

2

)

d

� ! 3( x

1

; x

2

) ;

x

1

e

� ! k ( x

1

; r )( x

1

; 3)( x

1

; x

2

) ; x

1

f

� ! r ( x

1

; 3)( x

1

; x

2

) g

[ S

A

[ k ; x

2

] < x

1

; x

2

> [ x

1

; r ] < x

1

; x

2

> [ x

1

; 3] < x

1

; x

2

> .

This least �xp oin t is the follo wing:

S

A

= f x

1

a

� ! x

2

; 3( x

1

; x

2

)

b

� ! x

2

;

x

1

c

� ! 3( x

1

; x

2

) ; r ( x

1

; 3)( x

1

; x

2

)

d

� ! 3( x

1

; x

2

) ;

x

1

e

� ! k ( x

1

; r )( x

1

; 3)( x

1

; x

2

) ; x

1

f

� ! r ( x

1

; 3)( x

1

; x

2

) ;

k ( x

1

; r )( x

1

; 3)

a

� ! r ( x

1

; 3) ; 3( k ; r )( x

1

; r )( x

1

; 3)

b

� ! r ( x

1

; 3) ;

k ( x

1

; r )

c

� ! 3( k ; r )( x

1

; r ) ; r ( k ; 3)( k ; r )

d

� ! 3( k ; r ) ;

k ( x

1

; r )

e

� ! k ( k ; r )( k ; 3)( k ; r )( x

1

; r ) ; k ( x

1

; r )

f

� ! r ( k ; 3)( k ; r )( x

1

; r ) ;

k ( k ; r )( k ; 3)

a

� ! r ( k ; 3) ; 3( k ; r )( k ; r )( k ; 3)

b

� ! r ( k ; 3) ;

k ( k ; r )

c

� ! 3( k ; r )( k ; r ) ;

k ( k ; r )

e

� ! k ( k ; r )( k ; 3)( k ; r )( k ; r ) ; k ( k ; r )

f

� ! r ( k ; 3)( k ; r )( k ; r ) g :

Replacing x

1

b y 1 and x

2

b y 2, w e obtain the follo wing lab elled rewriting system S :
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1

a

� ! 2 3(1 ; 2)

b

� ! 2

k (1 ; r )(1 ; 3)

a

� ! r (1 ; 3) 3( k ; r )(1 ; r )(1 ; 3)

b

� ! r (1 ; 3)

k ( k ; r )( k ; 3)

a

� ! r ( k ; 3) 3( k ; r )( k ; r )( k ; 3)

b

� ! r ( k ; 3)

1

c

� ! 3(1 ; 2) r (1 ; 3)(1 ; 2)

d

� ! 3(1 ; 2)

k (1 ; r )

c

� ! 3( k ; r )(1 ; r ) r ( k ; 3)( k ; r )

d

� ! 3( k ; r )

k ( k ; r )

c

� ! 3( k ; r )( k ; r )

1

e

� ! k (1 ; r )(1 ; 3)(1 ; 2) 1

f

� ! r (1 ; 3)(1 ; 2)

k (1 ; r )

e

� ! k ( k ; r )( k ; 3)( k ; r )(1 ; r ) k (1 ; r )

f

� ! r ( k ; 3)( k ; r )(1 ; r )

k ( k ; r )

e

� ! k ( k ; r )( k ; 3)( k ; r )( k ; r ) k ( k ; r )

f

� ! r ( k ; 3)( k ; r )( k ; r )

on the set N := f 1 ; 2 ; 3 ; r ; k ; (1 ; 2) ; (1 ; 3) ; (1 ; r ) ; ( k ; 3) ; ( k ; r ) g of non-

terminals. Then the connected comp onen t ( S:N

�

)

1

con taining 1 of the pre�x transition

graph of S is the follo wing graph generated b y R from A 12:

e

a

db

c f

e

a

db

c f

e

db

c fa a

1

2 r(1,3)(1,2)3(1,2)

k(1,r)(1,3)(1,2)

Note that the set of v ertices is giv en directly from R b y the follo wing left linear grammar:

S = 1 + 2 + A

1 ; 2

(1 ; 2)

A

1 ; 2

= 3 + B

1 ; 3

(1 ; 3)

B

1 ; 3

= r + C

1 ;r

(1 ; r )

C

1 ;r

= k + A

k ;r

( k ; r )

A

k ;r

= 3 + B

k ; 3

( k ; 3)

B

k ; 3

= r + C

k ;r

( k ; r )

C

k ;r

= k + A

k ;r

( k ; r ) .

Hence the v ertex set is the follo wing rational language:

f 1 ; 2 ; 3(1 ; 2) ; r (1 ; 3)(1 ; 2) ; k (1 ; r )(1 ; 3)(1 ; 2) g

[ f 3 ; r ( k ; 3) ; k ( k ; r )( k ; 3) g [( k ; r )( k ; r )( k ; 3)]

�

( k ; r )(1 ; r )(1 ; 3)(1 ; 2) .

Let us c haracterize the regular graphs of �nite degree b y pushdo wn automata with rational

restrictions.

Theorem 4.8 The fol lowing families of gr aphs c oincide e�e ctively:

a) The r e gular gr aphs of �nite de gr e e ;

b) The r ational r estrictions of pr e�x tr ansition gr aphs of lab el le d r ewriting systems ;

c) The r ational r estrictions of pushdown tr ansition gr aphs.

Pro of.

c) ) b) : Ev ery pushdo wn transition graph is the pre�x transition graph of a pushdo wn

automaton, hence of a (lab elled w ord) rewriting system.
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b) ) a) : Let R b e a rewriting system on a non-terminal set N and on a terminal set T .

Let L � N

�

b e an e�ectiv e rational language: w e ha v e an alphab et Q , elemen ts p; q 2 Q

and a rewriting system A � Q � N � Q suc h that L ( A; p; f q g ) = L . This means that A is

a nondeterministic �nite automaton without � -transition, with p as initial state and q as

the unique �nal state, and A recognizes L . W e ma y assume that the set Q of states is

disjoin t of N .

W e will sho w that the restriction ( R :N

�

)

j L

on L of the pre�x transition graph of R , is an

e�ectiv e regular graph.

Let $ b e a new sym b ol. The follo wing rewriting system:

A := f s

$

� ! r x j ( r

x

� ! s ) 2 A g

satis�es

f u j q � !

A

�

pu g = L .

W e group together R and A in to the follo wing rewriting system R :

R := A [ pR = A [ f pu

a

� ! pv j ( u

a

� ! v ) 2 R g

on the non-terminal set N [ Q and on the terminal set T [ f $ g .

W e denote b y

K := ( R : ( N [ Q )

�

) =q

the accessible subgraph from q of the pre�x transition graph of R . This graph ha v e the

t w o follo wing prop erties:

K = ( R :N

�

) =q

( pR :N

�

)

j L

= f u

a

� ! v 2 K j a 2 T ^ 9 u

0

; v

0

( u

0

$

� ! u ) 2 K ^ ( v

0

$

� ! v ) 2 K g :

F rom Prop osition 4.1 and Theorem 4.7 (a), w e can construct a deterministic graph gram-

mar S and a non-terminal h yp erarc G 2 D om ( S ) suc h that K 2 S

!

( G ). It remains to

restrict the terminal arcs of an y righ t hand side H of S to the set Goal $( H ) of the v ertices

b eing a goal of a $-transition in S

!

( H ).

These sets Goal $( H ) for H 2 I m ( S ) are computable as b eing the least �xp oin ts of the

follo wing equations:

Goal $( H ) := f v j 9 u ( u

$

� ! v ) 2 H g [

S

f Y ( i ) j Y 2 H ^ 1 � i � j Y j ^

9 ( Z ; P ) 2 S; Y (1) = Z (1) ^ Z ( i ) 2 Goal $( P ) g .

Finally the follo wing deterministic graph grammar S :

S := f ( X ; f Y 2 H j 9 Z 2 D om ( R ) ; Y (1) = Z (1) g [

f u

a

� ! v j a 2 T ^ u; v 2 Goal $( H ) g ) j ( X ; H ) 2 S g

generates from G the graph ( R :N

�

)

j L

.

a) ) c) : This implication is a re�nemen t of Prop osition 4.5 (c).

Let R b e a deterministic graph grammar and let G b e a �nite h yp ergraph suc h that R

!

( G )

is of �nite degree.

By Lemma A.12 then b y Lemma A.11, w e ma y assume that R is prop er and reduced from

G . W e denote b y

N := f X (1) j X 2 D om ( R ) g

the non-terminal set of R , and b y

� ! := f ( X (1) ; Y (1)) j 9 H ; ( X ; H ) 2 R ^ Y 2 H ^ Y (1) 2 N g

the accessibilit y relation on the non-terminals.

W e will suppress in R the non-terminals that w e need only a �nite n um b er of times to

dev elopp R

!

( G ). W e sa y that a non-terminal x 2 N is useful if there is a non-terminal
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y and an in�nite n um b er of n suc h that y � !

n

x . The useful non-terminal set U is

computable as b eing the greatest �xp oin t of the follo wing equation:

U � ! = U i.e. U = f y j 9 x 2 U; x � ! y g .

W e consider the follo wing deterministic graph grammar S :

S := f ( X ; H ) 2 R j X (1) 62 U g

of the restriction of R to the rules of the non-useful non-terminals.

T o ev ery h yp ergraph H of I m ( R � S ) [ f G g , w e asso ciate a h yp ergraph [ H ] suc h that

H � !

S

�

[ H ] ^ 8 Y 2 [ H ] ; Y (1) 62 U .

So the follo wing deterministic graph grammar R :

R := f ( X ; [ H ]) j ( X ; H ) 2 R ^ X (1) 2 U g

generates from [ G ] graphs b elonging to R

!

( G ).

After a p ossible renaming (and adding new rules), w e ma y supp ose that ev ery h yp ergraph

in I m ( R ) do es not ha v e t w o non-terminal h yp erarcs with the same lab el. Applying the

construction of Prop osition 4.5 ( iii ), w e de�ne for eac h X in D om ( R ) the class C

X

of

connected v ertices of X in R

!

( X ). Moreo v er for eac h class P in C

X

, w e asso ciate a

h yp erarc X

P

lab elled b y a new sym b ol X

P

(1) of arit y # ( P \ V

X

) whose set V

X

P

of v ertices

is equal to P \ V

X

, and suc h that X

P

(1) 6= Y

Q

(1) if ( X ; P ) 6= ( Y ; Q ). So the follo wing

deterministic graph grammar:

I := f ( X ; f X

P

j P 2 C

X

g ) j X 2 D om ( R ) g

splits eac h X 2 D om ( R ) in to h yp erarcs according to C

X

.

Then the follo wing deterministic graph grammar S :

S := f ( X

P

; H

p

) j P 2 C

X

^ p 2 P ^ 9 K ; ( X ; K ) 2 R ^ K = )

I

H g

generates from X

P

the connected comp onen t of R

!

( X ) con taining P :

S

!

( X

P

) = ( R

!

( X ))

p

for an y p 2 P .

Let F

1

b e the follo wing family:

F

1

:= f H

v

j [ G ] = )

I

H ^ v 2 V

H

g

of the connected comp onen ts of the splitting of [ G ].

Let F

2

b e the follo wing family:

F

2

:= f H

v

j 9 X ; K ; ( X ; K ) 2 R ^ K = )

I

H ^ v 2 V

H

^ V

H

v

\ V

X

= ; g

of the connected comp onen ts of the splitting of an y righ t hand side of R and not con taining

an y v ertex of its left hand side.

So f S

!

( H ) j H 2 F

1

[ F

2

g is the set of the connected comp onen ts of R

!

([ G ]). As R

has only useful non-terminals, R

!

([ G ]) is comp osed of a unique S

!

( H ) for eac h H 2 F

1

and an in�nite rep etition of S

!

( H ) for eac h H 2 F

2

.

F rom Theorem 4.7 (b) and for eac h H 2 F

1

[ F

2

, w e construct a pushdo wn automaton

P

H

on a non-terminal set N

H

and on a state set Q

H

, and a con�guration c

H

suc h that

( P

H

: ( N

H

)

�

)

c

H

b elongs to S

!

( H ). W e ma y assume that the pushdo wn automata P

H

ha v e

distinct non-terminal sets and state sets: N

H

\ N

K

= ; and Q

H

\ Q

K

= ; for distinct

h yp ergraphs H and K in F

1

[ F

2

. F rom Prop osition A.15, the set f u j c

H

�

 !

P

H

u g of

v ertices of ( P

H

: ( N

H

)

�

)

c

H

is an e�ectiv e rational language L

H

.

The (disjoin t) union of the pushdo wn automata P

H

giv es the follo wing pushdo wn automa-

ton P :

P :=

S

f P

H

j H 2 F

1

[ F

2

g
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on the follo wing non-terminal set N :=

S

f N

H

j H 2 F

1

[ F

2

g

and on the follo wing state set Q :=

S

f Q

H

j H 2 F

1

[ F

2

g :

Let $ b e a new sym b ol and let L b e the follo wing rational language:

L :=

S

f L

H

j H 2 F

1

g [

S

f L

H

: $

�

j H 2 F

2

g .

Finally ( P :N

�

)

j L

b elongs to R

!

([ G ]), i.e. to R

!

( G ).

2

Let us giv e some consequences of Theorem 4.8 .

Corollary A.16 Every pushdown tr ansition gr aph is e�e ctively a r e gular gr aph of

�nite de gr e e.

Pro of.

Let P b e a pushdo wn automaton on a non-terminal set N . The set of v ertices of the

transition graph P :N

�

of P is the follo wing rational language:

L := V

P :N

�

= V

P

:N

�

= D om ( P ) :N

�

[ I m ( P ) :N

�

= f uw j w 2 N

�

^ 9 a; v (( u

a

� ! v ) 2 P _ ( v

a

� ! u ) 2 P ) g :

By Theorem 4.8 (c ) a), P :N

�

= ( P :N

�

)

j L

is an e�ectiv e regular graph of �nite degree.

2

F urthermore Theorem 4.8 simpli�es the acceptance condition on �nal states to test the

equiv alence problem of pushdo wn automata classes.

Corollary A.17 F or pushdown automata (r esp e ctively r e al-time and/or determinis-

tic), the e quivalenc e pr oblem with ac c eptanc e on �nal states is inter-r e ducible to the

e quivalenc e pr oblem with ac c eptanc e on the set of states.

Pro of.

Let P b e a pushdo wn automaton, let F � Q b e a subset of states, and let u; v 2 Q:N

�

b e

con�gurations of P .

W e will construct a pushdo wn automaton P and t w o con�gurations u ; v 2 Q: N

�

suc h that

L ( P :N

�

; u; F :N

�

) = L ( P :N

�

; v ; F :N

�

) i� L ( P : N

�

; u; Q: N

�

) = L ( P : N

�

; v ; Q: N

�

) ,

meaning that P accepts on F the same language from u and v if and only if P accepts on

its state set Q the same language from u and v . W e tak e

one new non-terminal x : N

0

:= N [ f x g

three new terminals a; b; c : T

0

:= T [ f a; b; c g

t w o new states p; q : Q

0

:= Q [ f p; q g

and w e construct the follo wing pushdo wn automaton P

0

:

P

0

:= P [ f px

a

� ! ux ; px

b

� ! v x g [ f r y

c

� ! q y j r 2 F ^ y 2 N

0

g .

W e consider the set V

0

of con�gurations of P

0

whic h are accessible from px and deriv e to

a con�guration in q :N

0�

:

V

0

:= f w 2 Q

0

:N

0�

j px � !

P

0

�

w ^ 9 z 2 N

0�

; w � !

P

0

�

q z g

where � !

P

0

:= f ( sw ; tw ) j w 2 N

0�

^ 9 d ( s

d

� ! t ) 2 P

0

g is the unlab elled (pre�x)

rewriting according to P

0

, i.e. � !

P

0

�

is the accessibilit y relation on the transition graph of

P

0

. By de�nition of V

0

, the restriction ( P

0

:N

0�

)

j V

0 to V

0

of the transition graph of P

0

, is
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a lo cally �nite graph with a ro ot.

F rom Prop osition 4.6, the pre�x deriv ation � !

P

0

�

is an e�ectiv e rational transduction.

Consequen tly the set

V

0

= f px g � !

P

0

�

\ � !

P

0

�

( q :N

0�

) = f px g � !

P

0

�

\ ( q :N

0�

) � !

P

0� 1

�

is an e�ectiv e rational con�guration set.

F rom Theorem 4.8 the restriction ( P

0

:N

0�

)

j V

0 to V

0

of the transition graph of P

0

is an

e�ectiv e regular graph. As ( P

0

:N

0�

)

j V

0
is a ro oted regular graph of �nite degree and from

Theorem4.7 (a), it is e�ectiv ely an accessible pushdo wn transition graph. This means that

w e can construct a pushdo wn automaton P on a non-terminal set N and on a state set

Q , and a con�guration w suc h that its transition graph H := ( P : N

�

) = w accessible from

w is isomorphic to ( P

0

:N

0�

)

j V

0
.

If P is real-time and/or deterministic then P is also resp ectiv ely real-time and/or deter-

ministic.

Let u (resp. v ) b e the goal of the unique arc in H lab elled b y a (resp. b ). So w e ha v e

L ( P :N

�

; u; F :N

�

) = L ( P :N

�

; v ; F :N

�

)

i� L ( P :N

�

; u; F :N

�

) :c = L ( P :N

�

; v ; F :N

�

) :c

i� Lab el(End P ath(( P

0

:N

0�

)

j V

0 ; u )) = Lab el(End P ath(( P

0

:N

0�

)

j V

0 ; v ))

i� Lab el(End P ath( H ; u )) = Lab el(End P ath( H ; v ))

i� Lab el(P ath( H ; u )) = Lab el(P ath( H ; v )) b y Lemma A.7

i� L ( P : N

�

; u; Q : N

�

) = L ( P : N

�

; v ; Q: N

�

).

2

Let us c haracterize regular graphs of �nite degree b y rationally con trolled pushdo wn au-

tomata. First an y rational restriction of a pre�x transition graph can b e de�ned b y rational

con trol of its system.

Lemma A.18 Given a lab el le d r ewriting system R in N

�

� T � N

�

and a r ational set

L of N

�

, we c an c onstruct a function f fr om R into the family of r ational sets of N

�

such that R :f = ( R :N

�

)

j L

.

Pro of.

T o ev ery rule u

a

� ! v of R , w e asso ciate the rational set

f ( u

a

� ! v ) := u

� 1

L \ v

� 1

L

of w ords w ha ving uw and v w in L .

So ( R :N

�

)

j L

= f uw

a

� ! v w j u

a

� ! v 2 R ^ uw ; v w 2 L g

= f uw

a

� ! v w j u

a

� ! v 2 R ^ w 2 f ( u

a

� ! v ) g

= R :f .

2

The con v erse of Lemma A.18 is false but the pre�x transition graph of an y rationally

con trolled system is isomorphic to a rational restriction of a pre�x transition graph.

Theorem 4.9 The fol lowing families of gr aphs c oincide e�e ctively:

a) The r e gular gr aphs of �nite de gr e e ;

b) The pr e�x tr ansition gr aphs of r ational ly c ontr ol le d lab el le d r ewriting systems ;

c) The (pushdown) tr ansition gr aphs of r ational ly c ontr ol le d pushdown automata.
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Pro of.

a) ) c) : It follo ws directly from Theorem 4.8 (a) ) (c) and from Lemma A.18.

c) ) b) : It follo ws directly from the fact that an y system ( R ; f ) on ( N ; T ) de�nes the

same pre�x transition graph R :f if w e extend N (and T ).

b) ) a) : Let R b e a �nite relation in N

�

� T � N

�

and let f b e a mapping from R in to

the family R at ( N

�

) of rational languages o v er N . W e will construct a deterministic graph

grammar S generating R :f b y v ertices of increasing length.

Note that the set V

R:f

of v ertices of R :f is the follo wing rational languages:

V

R:f

=

S

f u:f ( u

a

� ! v ) j u

a

� ! v 2 R g [

S

f v :f ( u

a

� ! v ) j u

a

� ! v 2 R g .

W e will generate R :f from the empt y w ord � . So w e de�ne the follo wing set:

W

R:f

:= f � g [ V

R:f

.

Let m b e the greatest length of the w ords in R , i.e.

m := max f j u j j 9 a 9 v ( u

a

� ! v ) 2 R [ R

� 1

g .

T o an y w ord u 2 N

�

, w e denote b y s

u

its su�x of length max (0 ; j u j � m ) and b y p

u

its

corresp onding pre�x, i.e.

u = p

u

s

u

^ j p

u

j = min ( j u j ; m ).

W e consider the restriction R :f

j u

of R :f to the v ertices of length � j u j and ha ving s

u

as

su�x. Note that R :f

j �

= R :f and R :f

j u

= R :f

j v

if j u j = j v j � m . Note that in general

R :f

j u

is not connected. W e denote b y

I

u

:= f v 2 W

R:f

j j v j = j u j ^ s

v

= s

u

g

the set of v ertices of R :f

j u

of length j u j (with I

�

= f � g ), and w e denote b y

J

u

:= f v 2 V

R:f

j 9 w 9 a; v

a

� ! w 2 R :f [ ( R :f )

� 1

^

j w j < j u j � j v j ^ 9 z ; s

v

= z s

u

g

the set of v ertices of R :f

j u

linking b y an arc of R :f with another v ertex of length < j u j .

In particular J

�

= ; .

W e de�ne an equiv alence � on the set W

R:f

b y u � v if the t w o follo wing conditions are

satis�ed:

( I

u

[ J

u

) :s

� 1

u

= ( I

v

[ J

v

) :s

� 1

v

and f ( x

a

� ! y ) :s

� 1

u

= f ( x

a

� ! y ) :s

� 1

v

8 x

a

� ! y 2 R .

If u � v then R :f

j u

is isomorphic to R :f

j v

: ( R :f

j u

) :s

� 1

u

= ( R :f

j v

) :s

� 1

v

.

By righ t quotien ts of an y rational language, w e obtain only a �nite n um b er of (rational)

languages. So � is of �nite index and a set U of represen tativ es is constructible from

( R ; f ).

F or an y u 2 U , w e asso ciate the graph H

u

of arcs of R :f

j u

with a v ertex in I

u

, i.e.

H

u

:= f v

a

� ! w 2 R :f j j v j ; j w j � j u j ^ ( v 2 I

u

_ w 2 I

u

) g .

T o construct a grammar S generating R :f , w e only add to eac h H

u

a set K

u

of non-

terminal h yp erarcs whic h generates according to S the graph R :f

j u

.

T o this end, w e tak e a graded alphab et F disjoin t of T , and to eac h u 2 U , w e asso ciate

a h yp erarc j

u

lab elled in F suc h that

j

u

= g s

1

:::s

n

with f s

1

; : : : ; s

n

g = I

u

[ J

u

and

s

i

6= s

j

if i 6= j and

g 6= j

v

(1) if v 2 U � f u g .

F or an y u 2 U , w e de�ne

n

u

:= min( f j w j j w 2 V

R:f

j u

^ j w j > j u j g [ f1g ) and

K

u

:= f g ( t

1

s

w

) : : : ( t

n

s

w

) j w 2 V

R:f

j u

^ j w j = n

u

< 1 ^

9 v 2 U; v � w ^ j

v

= g ( t

1

s

v

) : : : ( t

n

s

v

) g .
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Finally w e tak e the follo wing deterministic graph grammar S :

S := f ( j

u

; H

u

[ K

u

) j u 2 U g .

Th us S is �nite. F or an y u 2 U , R :f

j u

b elongs to S

!

( j

u

). In particular R :f = R :f

j �

is

isomorphic to S

!

( j

�

). Hence R :f is an e�ectiv e regular graph of �nite degree.

2

Let us apply ( b ) ) ( a ) of Theorem 4.9 to the follo wing rationally con trolled con text-free

grammar ( P ; f ) :

P = f x

a

� ! xy ; x

b

� ! xz g on N = f x; y g and T = f a; b g , with

f ( x

a

� ! xy ) = y

+

z

�

and f ( x

b

� ! xz ) = z

�

y

2

z

�

.

So

W

R:f

= � + xy

+

z

�

+ xz

�

y

2

z

�

W e ha v e the follo wing classes according to � :

[ � ] = f � g ; [ xy ] = xy z

�

; [ xy

2

] = xy

2

z

�

; [ xy

3

] = xy

3

z

�

; [ xy

4

] = xy

4

y

�

z

�

;

[ xz y

2

] = xz y

2

z

�

; [ xz

2

y

2

] = xz

2

z

�

y

2

z

�

.

W e obtain the follo wing deterministic graph grammar S :

B

(xy)

A

(1)

B

(xyz)

and and

C

(xyy)

a

D

(xyyy)

F

(xzyy)

b

and

F

(xzyy) (xzyy)

b

G

(xzzyy)

G

(xzzyy) (xzzyy)

b

G

(xzzzyy)

a

D

(xyyyy)

E

(xyyy) (xyyy)

and

a

EE

(xyyyy) (xyyyy) (xyyyyy)

a

(xy) (xyy)

CB

(xy) (xyy)

This grammar S generates from A� the follo wing pre�x transition graph P :f :

b

b

ba

a

a

a

(xy)

b

b

ba

a

a

a

(xyyy)

(xyyyy)

(xyyyyy) (xzzzyy)

(xzzyy)

(xzyy)

(xyz)

(xyy)

Let us precise the e�ectiv e transformation ( b ) ) ( c ) of Theorem 4.9.
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Lemma A.19 We c an tr ansform e�e ctively any r ational ly c ontr ol le d r ewriting system

( R ; f ) into another system ( S; g ) plus an isomorphism b etwe en R :f and S:g , and such

that S is normal and � -fr e e.

Pro of.

Let R b e a rewriting system in M

�

� T � M

�

and let f b e a mapping from R in to the family

R at ( M

�

) of rational languages o v er M . W e will construct a rewriting system S on a set

N of non-terminals, and a mapping g from S in to R at ( N

�

) suc h that S is normal and

� -free, i.e.

1 � j u j ; j v j � 2 for ev ery u

a

� ! v 2 S ,

and suc h that w e ha v e an e�ectiv e isomorphism from R :f to S:g .

i) It su�ces to generalize the construction of Prop osition 4.1.

W e ma y supp ose that R is � -fr e e . Otherwise w e tak e a new sym b ol $ and w e transform

( M ; R ; f ) in to another triple ( M [ f $ g ; $ R ; f

$

) suc h that for ev ery rule u

a

� ! v of R ,

f

$

($ u

a

� ! $ v ) := f ( u

a

� ! v ). Th us w e ha v e $ R :f

$

= $( R :f ).

Let m b e the greatest length of the w ords in R , i.e.

m := max f j u j j 9 a 9 v ; u

a

� ! v 2 R [ R

� 1

g .

W e tak e an injection i from f u 2 M

+

j 1 � j u j � m g to some giv en alphab et N . W e

consider the injection j from M

�

in to N

�

de�ned b y induction as follo ws:

j ( � ) := � ,

j ( u ) := j ( v ) i ( w ) where u = v w 6= � ^ j w j = min ( m; j u j ).

So the rewriting system S on N de�ned b y

S := f j ( uw )

a

� ! j ( v w ) j ( u

a

� ! v ) 2 R ^ w 2 M

�

^ j w j < m g

is normal and � -free.

F or ev ery rule x

a

� ! y of S , w e de�ne g ( j ( x )

a

� ! j ( y )) as follo ws:

g ( j ( x )

a

� ! j ( y )) :=

S

f j ( w

� 1

:f ( u

a

� ! v )) j u

a

� ! v 2 R ^

j w j < m ^ j ( uw ) = x ^ j ( v w ) = y g .

By extending i b y in v erse morphism, i.e.

i ( u ) := f i ( u

1

) : : : i ( u

p

) j u

1

: : : u

p

= u ^ 8 1 � j � p; 1 � j u

j

j � m g ,

w e see that j preserv es the language rationalit y:

j ( L ) = i ( L ) \ ( N [ f � g ) : f A 2 N j j i

� 1

( A ) j = m g

�

.

Th us g is a mapping from S in to R at ( N

�

).

It remains to pro v e that j is an isomorphism from R :f to S:g . Note that j is a bijection

from V

R:f

to V

S:g

. So it remains to pro v e that j is a bisim ulation.

ii) Let us sho w that j is a sim ulation from R :f in to S:g .

Let u

a

� ! v b e in R :f . There exist a rule u

0

a

� ! v

0

of R and a w ord w in f ( u

0

a

� ! v

0

)

suc h that u = u

0

w and v = v

0

w . Consider the decomp osition w = xy where y is the

greatest su�x of w suc h that its length j y j is a m ultiple of m . So

j ( u ) = j ( u

0

w ) = j ( u

0

xy ) = j ( u

0

x ) j ( y )

and j ( v ) = j ( v

0

w ) = j ( v

0

xy ) = j ( v

0

x ) j ( y ) .

By de�nition of y , w e ha v e j x j < m . Hence j ( u

0

x )

a

� ! j ( v

0

x ) b elongs to S .

As xy = w w e ha v e y 2 x

� 1

: f w g � x

� 1

:f ( u

0

a

� ! v

0

).

Hence j ( y ) 2 j ( x

� 1

:f ( u

0

a

� ! v

0

)) � g ( j ( u

0

x )

a

� ! j ( v

0

x )).

Finally j ( u )

a

� ! j ( v ) is a transition of S:g .
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iii) Let us sho w that j

� 1

is a partial sim ulation from S:g in to R :f .

Let j ( u )

a

� ! w b e in S:g . There exist a rule p

a

� ! q of S and a w ord t 2 g ( p

a

� ! q ) suc h

that j ( u ) = pt and w = q t . By de�nition of g , there is a rule u

0

a

� ! v

0

of R and a w ord

w

0

of M

�

suc h that j w

0

j < m , p = j ( u

0

w

0

), q = j ( v

0

w

0

), and t 2 j ( w

� 1

0

:f ( u

0

a

� ! v

0

)).

As R is � -free, p 6= � . F urthermore pt 2 I m ( j ). So there is x 2 M

�

suc h that j ( x ) = t and

j x j = m j t j .

Th us j ( u ) = pt = j ( u

0

w

0

) j ( x ) = j ( u

0

w

0

x )

and w = q t = j ( v

0

w

0

) j ( x ) = j ( v

0

w

0

x ).

As j is injectiv e, w e ha v e u = u

0

w

0

x . W e ha v e j ( x ) = t 2 j ( w

� 1

0

:f ( u

0

a

� ! v

0

)).

As j is injectiv e, x 2 w

� 1

0

:f ( u

0

a

� ! v

0

) hence w

0

x 2 f ( u

0

a

� ! v

0

).

Finally v = v

0

w

0

x suits: u

a

� ! v is a transition of R :f and j ( v ) = w .

Note that this normalization remains correct and e�ectiv e if f is an y mapping from R

in to the family Al g ( M

�

) of algebraic languages o v er M : g can b e constructed and is a

mapping from S in to Al g ( N

�

).

2

F rom Lemma A.18, the class of rationally con trolled pre�x transition graphs is larger than

the class of rationally restricted pre�x transition graphs, and has basic closure prop erties.

Prop osition 4.10 The class of r ational ly c ontr ol le d pr e�x tr ansition gr aphs is close d

e�e ctively by union, di�er enc e, interse ction, morphism, and r ational r estriction.

Pro of.

Let ( R ; f ) and ( S; g ) b e rationally con trolled lab elled rewriting systems. W e ma y assume

that R and S ha v e the same set N of non-terminals, and the same set T of terminals :

ev ery system ( R ; f ) on ( N ; T ) de�nes the same pre�x transition graph R :f if w e extend

N and T .

i) Closure b y union. W e ha v e

R :f [ S:g = ( R [ S ) :h

where h : R [ S � ! R at ( N

�

) is de�ned b y

h ( u

a

� ! v ) :=

8

>

<

>

:

f ( u

a

� ! v ) if u

a

� ! v 2 R � S

g ( u

a

� ! v ) if u

a

� ! v 2 S � R

f ( u

a

� ! v ) [ g ( u

a

� ! v ) if u

a

� ! v 2 R \ S:

ii) Closure b y di�erence. W e ha v e

R :f � S:g = R :h

suc h that for ev ery u

a

� ! v 2 R , h ( u

a

� ! v ) is de�ned b y

h ( u

a

� ! v ) := f ( u

a

� ! v ) �

S

f w g ( uw

a

� ! v w ) j uw

a

� ! v w 2 S g

�

S

f w

� 1

g ( x

a

� ! y ) j x

a

� ! y 2 S ^ 9 w ; xw = u ^ y w = v g .

iii) Closure b y in tersection. It su�ces to apply ( ii ) to one of the follo wing equalities:

R :f \ S:g = R :f � ( R :f � S:g ) = S:g � ( S:g � R :f )

Ho w ev er let us establish the follo wing direct and symmetric equalit y:

R :f \ S:g = P :h
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where

P := f u

a

� ! v 2 R j 9 w ; uw

a

� ! v w 2 S g [ f u

a

� ! v 2 S j 9 w ; uw

a

� ! v w 2 R g

and h ( u

a

� ! v ) is equal to

8

>

<

>

:

f ( u

a

� ! v ) \

S

f w g ( uw

a

� ! v w ) j uw

a

� ! v w 2 S g if u

a

� ! v 2 R � S (1)

g ( u

a

� ! v ) \

S

f w f ( uw

a

� ! v w ) j uw

a

� ! v w 2 R g if u

a

� ! v 2 S � R (2)

(1) + (2) if u

a

� ! v 2 R \ S:

iii-a) Let us pro v e that R :f \ S:g � P :h .

Let p

a

� ! q 2 R :f \ S:g .

There are u

a

� ! v 2 R and x 2 f ( u

a

� ! v ) suc h that p = ux and q = v x .

There are s

a

� ! t 2 S and y 2 g ( s

a

� ! t ) suc h that p = sy and q = ty .

So ux = sy and v x = ty . W e distinguish the t w o complemen tary cases b elo w.

Case 1: j x j � j y j . There is w suc h that x = w y .

Hence s = uw and t = v w . This means that uw

a

� ! v w 2 S , so u

a

� ! v 2 P .

F urthermore x 2 f ( u

a

� ! v ) and x = w y 2 w :g ( s

a

� ! t ) � w :g ( uw

a

� ! v w ).

Th us x 2 h ( u

a

� ! v ).

Case 2: j x j < j y j . This case is similar to Case 1.

iii-b) Let us pro v e that P :h � R :f \ S:g .

Let p

a

� ! q 2 P :h .

There are u

a

� ! v 2 P and x 2 h ( u

a

� ! v ) suc h that p = ux and q = v x .

W e distinguish the t w o cases b elo w.

Case 1: u

a

� ! v 2 R and x 2 f ( u

a

� ! v ) \

S

f w g ( uw

a

� ! v w ) j uw

a

� ! v w 2 S g .

Then there are y ; z suc h that uy

a

� ! v y 2 S , z 2 g ( uy

a

� ! v y ) and y z = x .

Hence ( p

a

� ! q ) = ( ux

a

� ! v x ) 2 R :f and ( p

a

� ! q ) = ( uy z

a

� ! v y z ) 2 S:g .

Th us p

a

� ! q 2 R :f \ S:g .

Case 2: u

a

� ! v 2 S and x 2 g ( u

a

� ! v ) \

S

f w f ( uw

a

� ! v w ) j uw

a

� ! v w 2 R g .

This case is similar to Case 1.

iv) Closure b y morphism on v ertices.

Let h : N

�

� ! N

�

b e a morphism. W e ha v e

h ( R :f ) = h ( R ) :g

suc h that for ev ery x

a

� ! y 2 h ( R ), g ( x

a

� ! y ) is de�ned b y

g ( x

a

� ! y ) :=

S

f h ( f ( u

a

� ! v )) j u

a

� ! v 2 R ^ h ( u ) = x ^ h ( v ) = y g .

Note that if R is a con text-free grammar then h ( R ) remains a con text-free grammar.

v) Closure b y rational restriction.

Let L b e a rational language of N

�

. As Lemma A.18, w e ha v e

( R :f )

j L

= R :g

suc h that for ev ery u

a

� ! v 2 R , g ( u

a

� ! v ) is de�ned b y

g ( u

a

� ! v ) := f ( u

a

� ! v ) \ u

� 1

L \ v

� 1

L .

2
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Note that a b ounded connection mapping g of a connected graph G of �nite degree has a

lo c al ly �nite inverse , i.e. # f s 2 V

G

j g ( s ) = n g < 1 for ev ery n � 0.

Lemma A.20 If g is a b ounde d c onne ction mapping of a c onne cte d gr aph G of �nite

de gr e e, then g

� 1

is lo c al ly �nite.

Pro of.

Let us pro v e this lemma b y con trap osition.

Supp ose that g is a graduation of a connected and �nite degree graph G suc h that g

� 1

is

not lo cally �nite.

In that case, w e can consider the smallest in teger p suc h that g

� 1

( p ) is in�nite, i.e.

p := min f n j # f u 2 V

G

j g ( u ) = n g = 1 g .

As G is of �nite degree, the subgraph

( G )

g ;p

= f u

a

� ! v 2 G j g ( u ) � p ^ g ( v ) � p ^ ( g ( u ) < p _ g ( v ) < p ) g

is �nite. In particular the follo wing subset E of [ G ]

g ;p

:

E := f u 2 V

G � ( G )

g ;p

j g ( u ) = p g

is in�nite.

As G is a connected graph of �nite degree and ( G )

g ;p

is �nite, then G � ( G )

g ;p

has only a

�nite n um b er of connected comp onen ts. Hence there is an in�nite subset F of E in one

connected comp onen t of G � ( G )

g ;p

. As G is of �nite degree, for ev ery b � 0 there are u; v

in F suc h that d

G � ( G )

g ;p

( u; v ) � b . As F � [ G ]

g ;p

, this means that g is not of b ounded

connection.

2

F or instance, let ( R ; f ) b e the follo wing rationally con trolled system:

R = f �

a

� ! x g with f ( �

a

� ! x ) = x

�

.

W e de�ne the follo wing graduations g and h : for ev ery n � 0,

g ( x

n

) = 1 + max f m j m ( m + 1) � 2 n g and h ( x

n

) = n

2

.

Th us R :f is gradued b y g and h as follo ws:

a a a a a a

(xx)(1) (x)

[2] [2] [3] [3] [3] [4][1]g :

h : [0] [1] [4] [9] [16] [25] [36]

Hence g

� 1

is lo cally �nite but g is not of b ounded connection and is not v ertex indep endan t.

And h

� 1

is lo cally �nite, h is of b ounded connection but h is not v ertex indep endan t.

This graph is not regular according to these graduations. Let us giv e a necessary and

su�cien t condition to preserv e the regular structure of a graph using a v ertex indep enden t

graduation on its v ertices.

Lemma 4.12 Given a c onne cte d r ational ly c ontr ol le d r ewriting system ( R ; f ) and a

vertex indep endent gr aduation g : V

R:f

� ! I N , the fol lowing two pr op erties ar e e quiva-

lent:

a) R :f is a [r esp. is an e�e ctive] r e gular gr aph ac c or ding to g ,

b) g is of b ounde d c onne ction [r esp. g

� 1

is r e cursive].
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Pro of.

a) = ) b) : Consider a regular graph G according to a mapping g from V

G

in to I N. This

means that there is a deterministic graph grammar S and a h yp erarc X 2 D om ( S ) suc h

that for ev ery n � 0, there is H with X = )

S

n

H and [ H ] = ( G )

g ;n

and V

H � [ H ]

= [ G ]

g ;n

.

F or n = 0, f u 2 V

G

j g ( u ) = 0 g = [ G ]

g ; 0

hence is of cardinalit y # V

X

.

Let n > 0. W e tak e one deriv ation X = )

S

n � 1

K = )

S

H . W e ha v e

f u 2 V

G

j g ( u ) = n g = [ G ]

g ;n

� [ G ]

g ;n � 1

,

hence is of cardinalit y # ( V

H

� V

K

). Th us g

� 1

is lo cally �nite and g

� 1

is computable from

S; X ; g .

Let us pro v e that g is of b ounded connection. W e de�ne the follo wing in teger:

b := max f d

S

!

( Y )

( s; t ) < 1 j s; t 2 V

Y

^ Y 2 D om ( S ) g .

Let n � 0 and let u; v 2 [ G ]

g ;n

suc h that d

G � ( G )

g ;n

( u; v ) < 1 .

There is an h yp ergraph H suc h that X = )

S

n

H with [ H ] = ( G )

g ;n

and V

H � [ H ]

= [ G ]

g ;n

.

As u; v 2 V

H � [ H ]

, there exists a non-terminal h yp erarc Z 2 H with u; v 2 V

Z

: u = Z ( i )

and v = Z ( j ) for some 2 � i; j � j Z j .

Let Y 2 D om ( S ) suc h that Y (1) = Z (1). Hence

d

G � ( G )

g ;n

( u; v ) = d

S

!

( Y )

( Y ( i ) ; Y ( j )) � b .

b) = ) a) : Consider a rationally con trolled rewriting system ( R ; f ).

i) Let us v erify that the accessibilit y � !

�

in R :f is decidable.

Let u and v b e an y v ertices of R :f . T o decide whether u � !

�

v , w e add t w o new sym b ols

$ and & in the non-terminal set N , and t w o new sym b ols # and % in the terminal set T .

W e replace ( R ; f ) b y the follo wing system ( S; h ) :

S := f $ p

a

� ! $ q j p

a

� ! q 2 R g [ f &

%

� ! $ u $ ; $ v $

#

� ! & g

where h ($ p

a

� ! $ q ) = f ( p

a

� ! q ) : $ for ev ery p

a

� ! q 2 R

and h (&

%

� ! $ u $) = h ($ v $

#

� ! &) = f � g .

So u � !

R:f

�

v i� & � !

S :h

+

& i� &

%

� !

S :h

o � !

S :h

�

o

#

� !

S :h

&.

By Theorem 4.9 and b y Prop osition 4.5 ( a ), w e can construct a deterministic graph gram-

mar U and a �nite graph G generating the accessible subgraph S:h= & of S:h from v ertex

&. Finally u � !

R:f

�

v if and only if the lab el # app ears in grammar U or in graph G .

This construction is simple but it w ould b e more elegan t to generalize Prop osition 4.6.

ii) Let G b e an y graph in V � T � V .

T o c haracterize an y subgraph H of G , it su�ces to kno w its fron tier [ H ] with G � H :

[ H ] := V

H

\ V

G � H

and its subgraph < H > of transitions link ed to its fron tier:

< H > := f u

a

� ! v 2 H j u 2 V

G � H

_ v 2 V

G � H

g .

In fact

H = G ( < H >; [ H ])

where for an y K � G and an y E � V

K

,

G ( K ; E ) := K [ f u

a

� ! v 2 G j 9 w 2 V

K

� E ; w � !

�

=E

u g

with u � !

=E

v if u � ! v and u; v 62 E .
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iii) Assume that R :f is connected and g

� 1

is recursiv e.

Let m b e the greatest length of the w ords in R , i.e.

m := max f j u j j 9 a 9 v ( u

a

� ! v ) 2 R [ R

� 1

g .

T o an y w ord u 2 N

�

, w e denote b y s

u

its su�x of length max (0 ; j u j � m ). F or an y subgraph

G of R :f , note that G:s

� 1

G

:= f u

a

� ! v j us

G

a

� ! v s

G

2 G g is isomorphic to G , where

s

G

:= s

u

for an y v ertex u of G of minimal length.

Let n � 0. As g

� 1

is recursiv e and b y Lemma A.20, w e can compute the �nite graph

( R :f )

g ;n

.

By Prop osition 4.10 and b y ( i ), w e can determine the partition f D

n; 1

; : : : ; D

n;p

n

g of [ R :f ]

g ;n

in to connected v ertices in R :f � ( R :f )

g ;n

.

F or eac h 1 � i � p

n

, w e can compute the subgraph

C

n;i

:= f u

a

� ! v 2 R :f � ( R :f )

g ;n

j u 2 D

n;i

_ v 2 D

n;i

g .

Th us w e ha v e

R :f � ( R :f )

g ;n

=

S

p

n

i =1

R :f ( C

n;i

; D

n;i

).

F urthermore w e can tak e a v ertex u

n;i

of R :f ( C

n;i

; D

n;i

) of minimal length.

Finally w e can compute the maximal subgraph H

n;i

of ( R :f )

g ;n +1

� ( R :f )

g ;n

connected to

D

n;i

in R :f � ( R :f )

g ;n

, i.e.

H

n;i

:= [( R :f )

g ;n +1

� ( R :f )

g ;n

] \ R :f ( C

n;i

; D

n;i

).

W e tak e an order < on the non-terminal set N that w e extend on N

�

suc h that < is

preserv ed b y righ t concatenation (for instance, b y length then b y lexicographic order for

w ords of the same length). T o D

n;i

, w e asso ciate the h yp erarc

U

n;i

:= ( C

n;i

:s

� 1

u

n;i

; D

n;i

:s

� 1

u

n;i

) v

1

: : : v

q

with f v

1

; : : : ; v

q

g = D

n;i

and v

1

< : : : < v

q

,

lab elled b y a couple of a �nite graph and of a subset of v ertices.

The deterministic graph grammar S w e lo ok for is de�ned as the union of a sequence of

grammars ( S

n

)

n � 0

. This sequence is inductiv ely constructed as follo ws:

S

0

:= ;

S

n +1

:= S

n

[ f ( U

n;i

; H

n;i

[

S

f U

n +1 ;j

j V

U

n +1 ;j

\ V

H

n;i

6= ; g ) j 1 � i � p

n

^

U

n;i

62 N ( S

n

) g

where N ( S

n

) := f X (1) j X 2 D om ( S

n

) g is the non-terminal set of the graph grammar

S

n

.

The �nitude of S is sho wn in ( iv ). W e add to S a rule ( X ; H ) suc h that X (1) is a new

sym b ol and V

X

= [ R :f ]

g ; 0

and

S

f U

0 ;i

j 1 � i � p

0

g = ) H . As g is v ertex indep enden t,

S generates R :f from X and according to g .

iv) It remains to pro v e that S is �nite, that is to sa y the existence of i suc h that S = S

i

,

i.e. S

i +1

= S

i

.

As R :f is of �nite degree and is of b ounded connection, it su�ces to sho w the existence

of a b ound b suc h that

8 n � 0 ; 8 i; 1 � i � p

n

; 9 u 2 D

n;i

; j u j � j u

n;i

j � b .

Let p b e the minimal length of the v ertices of R :f , i.e.

p := min f j u j j u 2 V

R:f

g .

By h yp othesis R :f is connected. Th us to an y v ertex u of R :f w e asso ciate the minimal

length h ( u ) needed to access a v ertex of minimal length, i.e.

h ( u ) := min f n j 9 v 2 R :f ; j v j = p ^ u  !

�

n

v g
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where u � !

n

v if u � ! v and j u j ; j v j � n .

W e ha v e seen in pro of ( b ) ) ( a ) of Theorem 4.9 that R :f is regular according to the length

of v ertices. So the follo wing in teger:

c := max f h ( u ) j u 2 V

R:f

g

exists. Let

d := max f g ( u ) j u 2 V

R:f

^ j u j = p g

b e the maximal graduation of the v ertices of minimal length.

Let n > d and let 1 � i � p

n

. By de�nition of c , there is an undirected path v

0

; : : : ; v

q

from v

0

= u

n;i

to a v ertex v

q

of minimal length p suc h that

j v

j

j � j u

n;i

j � c for ev ery 1 � j � q .

As n > d , w e ha v e j u

n;i

j > p , hence

k := min f j j v

j

62 V

R:f ( C

n;i

;D

n;i

)

g

exists. So k > 1 and v

k � 1

2 D

n;i

with j v

k � 1

j � j u

n;i

j � c . Finally

b := max ( f c g [ f j u j � j u

n;i

j j n � d ^ 1 � i � p

n

^ u 2 D

n;i

g )

suits, hence S is �nite.

2

Let us express di�eren tly a b ounded connection graduation of a rationally con trolled pre�x

transition graph.

Lemma A.21 Given a gr aduation g of a r ational ly c ontr ol le d pr e�x tr ansition gr aph

R :f , the fol lowing pr op erties ar e e quivalent:

a) g is of b ounde d c onne ction

b) 9 b � 0 8 n � 0 8 s; t 2 [ R :f ]

g ;n

; d

R:f � ( R:f )

g ;n

( s; t ) = 1 _ d

R:f

( s; t ) � b

c) 9 b � 0 8 n � 0 8 s; t 2 [ R :f ]

g ;n

; d

R:f � ( R:f )

g ;n

( s; t ) = 1 _ j s j � j t j � b .

Pro of.

a) = ) b) : d

R:f

( s; t ) � d

R:f � ( R:f )

g ;n

( s; t ).

b) = ) c) : j s j � j t j � m:d

R:f

( s; t ) where m is the greatest length of the w ords in R .

c) = ) a) : As sho wn in ( b ) ) ( a ) of Theorem 4.9, there is a deterministic graph grammar

S generating from a h yp erarc X the graph R :f according to the length of its v ertices.

Assume that ( c ) is true. So the follo wing in teger:

c := max f d

S

!

( G ) � H

( s; t ) < 1 j 9 Y 2 D om ( S ) ^ Y = )

S

b

G ^

H � G ^ s; t 2 V

G � H

g .

exists and suits for ( a ).

2

Note that the quotien t g ( G ) of a graph G b y an application g is a regular graph when G

is a regular graph according to g .

Lemma A.22 If G is a [r esp. an e�e ctive] r e gular gr aph ac c or ding to g then g ( G ) is

a [r esp. an e�e ctive] r e gular gr aph ac c or ding to the identity.

Pro of.

Supp ose that G is a regular graph according to g .

There is a deterministic graph grammar S and a h yp erarc X suc h that for ev ery n � 0,
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there is H with X = )

S

n

H and [ H ] = ( G )

g ;n

and V

H � [ H ]

= [ G ]

g ;n

.

Let us sho w that g ( G ) is a regular graph according to the iden tit y .

It su�ces for eac h rule ( Y ; H ) of S to iden tify all v ertices in H whic h are not in Y . W e

ma y assume that the in teger 0 is not a v ertex in S . Giv en a subset E of v ertices of a graph

H , the quotien t H : E is the iden ti�cation to 0 of all v ertices not in E , i.e. H : E = h

E

( H )

where

h

E

( s ) :=

(

s if s 2 E

0 otherwise

for ev ery s 2 V

H

.

The quotien t of the righ t hand sides of S giv es the follo wing deterministic graph grammar

S := f ( Y ; H : V

Y

) j ( Y ; H ) 2 S g .

So S generates from the h yp erarc X : ; the graph g ( G ) b y v ertices of increasing v alue.

2

Let us apply Lemma A.22 to the follo wing rationally con trolled system ( R ; f ) :

R = f x

a

� ! � ; x

b

� ! xy y ; y

c

� ! � g and

f ( x

a

� ! � ) = f ( x

b

� ! xy y ) = ( y y )

�

and f ( y

c

� ! � ) = y

�

.

Its pre�x transition graph R :f is the follo wing graph:

c c cc

(s)

a a

bbb

W e tak e a graduation g on the v ertiv es of R :f as b eing the morphism de�ned b y

g ( x ) = g ( y ) = 1 .

Note that g is the v aluation of R :f : g ( u ) = min f j v j j u

v

= )

R:f

� g for ev ery v ertex u

of R :f . The graph R :f can b e generated according to g with the follo wing deterministic

graph grammar:

; ;

c

A

B B

(x)

(y)

(x)

(y)

C

c

B

c

C

b

a

b

(s)

(s)

(1)

(2)

(1)

(2)

By applying pro of of Lemma A.22, w e obtain the follo wing deterministic graph grammar

;

B

(x)

(y)

(x)

(y)

C

c

C

A

c

;

B

B

c

(s)

(s)

(1)

(2)

(1)

(2)

b

a

b

This grammar generates from the h yp erarc A 0 the quotien t g ( R :f ) of R :f b y g , and is

represen ted as follo ws:
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c

c

c

c

c

c

c

(0) (1) (2) (3) (4) (5) (6) (7)

b

a a a

b b b

By Theorem 4.10, the quotien t g ( R :f ) of a pre�x transition graph R :f b y a morphism g

remains a regular graph. F urthermore if g is � -free then R :f is a regular graph according

to g .

Prop osition 4.13 A ny r ational ly c ontr ol le d pr e�x tr ansition gr aph is an e�e ctive r e g-

ular gr aph ac c or ding to any � -fr e e morphism.

Pro of.

Let ( R ; f ) b e a rationally con trolled rewriting system on the set N of non-terminals.

Let h : N

�

� ! I N b e a morphism suc h that h ( x ) > 0 for ev ery x 2 N .

Let us sho w that R :f is an e�ectiv e regular graph according to h .

Note that h is not a v ertex indep enden t graduation. But Lemma 4.12 can b e extended to

h . In fact and giv en an y v ertex u of R :f , recall that

s

u

is the su�x of u of length max (0 ; j u j � m )

where m := max f j u j j 9 a 9 v ( u

a

� ! v ) 2 R [ R

� 1

g

is the greatest length of the w ords in R ,

and (( R :f ))

g ;u

is the connected comp onen t of ( R :f )

g ;u

con taining u .

T o ev ery v ertex v of (( R :f ))

g ;u

, w e asso ciate j ( v ) = v :s

� 1

u

. So j is an isomorphism from

(( R :f ))

g ;u

to (( R :f ))

g ;u

:s

� 1

u

satisfying

h ( v ) � h ( u ) = h ( j ( v )) � h ( j ( u )) for ev ery v ertex v of (( R :f ))

g ;u

.

Th us it remains to pro v e that h

� 1

is recursiv e and that h is of b ounded connection.

Let n � 0. W e ha v e

f u 2 V

R:f

j h ( u ) = n g � f u 2 V

R:f

j j u j � n g ,

hence h

� 1

is lo cally �nite and recursiv e.

Consider the follo wing in teger:

b := max f j h ( u ) � h ( v ) j j u

a

� ! v 2 R g .

Let x

a

� ! y b e a transition of R :f : there is a rule u

a

� ! v of R and w 2 N

�

suc h that

uw = x and v w = y . So

j h ( x ) � h ( y ) j = j h ( uw ) � h ( v w ) j = j h ( u ) � h ( v ) j � b .

W e sa y that h is of b ounde d di�er enc e (see Lemma A.25).

It remains to pro v e that h is of b ounded connection.

Let p b e the greatest length of the w ords in h ( N ), i.e.

p := max f j h ( x ) j j x 2 N g .

T o an y w ord u 2 N

�

, w e denote b y q

u

its su�x of length max (0 ; j u j � (2 m � 1) p ) and b y

p

u

its corresp onding pre�x, i.e.

u = p

u

q

u

^ j p

u

j = min ( j u j ; (2 m � 1) p ).

W e ha v e

R :f � ( R :f )

h;n

= f u

a

� ! v 2 R :f j h ( u ) > n _ h ( v ) > n _ h ( u ) = h ( v ) = n g .

Let u b e a v ertex of R :f � ( R :f )

h;n

. If h ( u ) < n then there is a transition u

a

� ! v of

R :f [ ( R :f )

� 1

suc h that h ( v ) > n . As h ( v ) � h ( u ) � b , w e obtain
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h ( u ) � h ( v ) � b � n + 1 � b .

But b � max f h ( u ) j 9 v ; 9 a; u

a

� ! v 2 R [ R

� 1

g

� max f j u j p j 9 v ; 9 a; u

a

� ! v 2 R [ R

� 1

g

= mp .

Finally

h ( u ) � n + 1 � mp for ev ery v ertex u of R :f � ( R :f )

h;n

As

[ R :f ]

h;n

= f u 2 V

R:f

j h ( u ) = n _ 9 v 9 a ( u

a

� ! v 2 R :f [ ( R :f )

� 1

^

h ( u ) < n < h ( v ) g ,

w e ha v e

h ( u ) � n for ev ery u 2 [ R :f ]

h;n

.

Let C b e a connected comp onen t of R :f � ( R :f )

h;n

. W e tak e a v ertex u of C in [ R :f ]

h;n

.

i) Let us sho w that q

u

is a common su�x of the v ertices of C .

If j u j � (2 m � 1) p then q

u

= � is a su�x of an y w ord.

If j u j > (2 m � 1) p then

h ( p

u

) � j p

u

j = (2 m � 1) p .

Let v b e a v ertex of C and supp ose that q

u

is not a su�x of C .

Hence there is a path in C from u to v passing to a v ertex xq

u

suc h that x is of length

j x j � m � 1. Th us

n + 1 � mp � h ( xq

u

) = h ( x ) + h ( q

u

) � ( m � 1) p + h ( q

u

)

� h ( p

u

) + h ( q

u

) � mp = h ( u ) � mp � n � mp ,

whic h is a con tradiction. Th us q

u

is a su�x of an y v ertex v of C .

ii) Let us sho w that if q

u

6= � and v 2 V

C

then j v :q

� 1

u

j � m .

Supp ose that q

u

6= � i.e. j u j > (2 m � 1) p and let v 2 V

C

.

By ( i ), there is w suc h that v = w q

u

. W e w an t to sho w that j w j � m .

Recall that

h ( v ) � n + 1 � mp .

As h ( u ) � n , w e obtain

h ( v ) � h ( u ) � mp + 1 .

Hence

p j w j � h ( w ) = h ( v ) � h ( q

u

) � h ( u ) � h ( q

u

) � mp + 1 = h ( p

u

) � mp + 1

� j p

u

j � mp + 1 = (2 m � 1) p � mp + 1 = ( m � 1) p + 1.

So j w j � m � 1 +

1

p

> m � 1 i.e. j w j � m .

iii) Finally for ev ery x; y 2 V

C

\ [ R :f ]

h;n

, w e ha v e b y ( i ) :

d

C

( x; y ) = d

C :q

� 1

u

( x:q

� 1

u

; y q

� 1

u

) .

By ( ii ), C :q

� 1

u

is the connected comp onen t of R : ( f q

� 1

u

) � ( R : ( f q

� 1

u

))

h;n �j h ( q

u

) j

con taining

x:q

� 1

u

(or y q

� 1

u

), where f q

� 1

u

is de�ned for ev ery s

a

� ! t 2 R , b y

f q

� 1

u

( s

a

� ! t ) := f ( s

a

� ! t ) :q

� 1

u

.

As the set of righ t quotien ts of a rational language is a �nite family of rational languages,

there is only a �nite n um b er of f z

� 1

for z 2 N

�

.

Note that

n � j h ( q

u

) j � j h ( u ) j � j h ( q

u

) j + mp � 1 = j h ( p

u

) j + mp � 1

� j p

u

j p + mp � 1 � (2 m � 1) p

2

+ mp � 1 .
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Then d

C

( x; y ) � b where b is the follo wing in teger:

b := max f d

G

( x; y ) < 1 j 9 z 2 N

�

; 9 n � (2 m � 1) p

2

+ mp � 1 ;

x; y 2 [ R :f z

� 1

]

h;n

^ G = R : ( f z

� 1

) � ( R : ( f z

� 1

))

h;n

g .

2

Let us generalize and in an e�ectiv e w a y the follo wing result of [MS 85 ] : an y accessible

pushdo wn transition graph is a regular graph according to the distance from an y v ertex.

Prop osition 4.14 A ny c onne cte d r ational ly c ontr ol le d pr e�x tr ansition gr aph is an

e�e ctive r e gular gr aph ac c or ding to the distanc e fr om any nonempty �nite set of vertic es.

Pro of.

Let R :f b e a rationally con trolled pre�x transition graph and let E b e a �nite subset of

v ertices.

By Lemma A.19, w e ma y assume that R is normal and � -free : ev ery w ord in R is a letter

or t w o letters, i.e.

8 u

a

� ! v 2 R ; 1 � j u j ; j v j � 2.

By Prop osition 4.13, w e can construct a deterministic graph grammar S generating from

a non-terminal h yp erarc X the graph R :f b y v ertices of increasing length.

So the follo wing in teger:

b := max f d

S

!

( Y )

( s; t ) < 1 j s; t 2 V

Y

^ Y 2 D om ( S ) g

exists. Let us sho w that R :f is an e�ectiv e regular graph according to the distance d from

E , i.e.

d ( u ) := d ( u; E ) = min f d ( u; v ) j v 2 E g

Note that d

� 1

is recursiv e.

By Lemma 4.12, it su�ces to sho w that d is of b ounded connection. Note that

( R :f )

d;n

:= f u

a

� ! v 2 R :f j d ( u ) � n ^ d ( v ) � n ^ ( d ( u ) < n _ d ( v ) < n ) g

= f u

a

� ! v 2 R :f j d ( u ) < n _ d ( v ) < n g .

Hence

R :f � ( R :f )

d;n

= f u

a

� ! v 2 R :f j d ( u ) � n ^ d ( v ) � n g

and

[ R :f ]

d;n

:= f u 2 V

R:f

j d ( u ) = n _ ( u 2 V

R:f � ( R:f )

d;n

^ d ( u ) < n ) g

= f u 2 V

R:f

j d ( u ) = n g .

Let n

E

:= max f j u j j u 2 E g b e the maximal length of the w ords in E .

let n � n

E

and let u; v 2 [ R :f ]

d;n

suc h that d

R:f � ( R:f )

d;n

( u; v ) < 1 , i.e. u and v are in a

same connected comp onen t (( R :f ))

d;u

= (( R :f ))

d;v

in R :f � ( R :f )

d;n

.

Let p := min f j w j j w 2 V

(( R:f ))

d;u

g b e the minimal length of the v ertices of this

connected comp onen t.

Let w b e a v ertex of (( R :f ))

d;u

of minimal length p . In particular d ( w ) � d ( u ) = n .

Consider an undirected path of minimal length from u [resp. v ] to E . As R is normal and

� -free, this path go es through a �rst v ertex x [resp. y ] of length p .

So x; y ; w are connected in f u

a

� ! v 2 R :f j j u j � n ^ j v j � n g hence

d ( x; y ) � b and d ( x; w ) � b .

Th us

d ( u; x ) + d ( x ) = d ( u ) � d ( w ) � d ( w ; x ) + d ( x )
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hence

d ( u; x ) � d ( w ; x ) � b .

Similarly w e ha v e d ( v ; y ) � b . Finally

d ( u; v ) � d ( u; x ) + d ( x; y ) + d ( y ; v ) � 3 b .

By Lemma A.21, d is of b ounded connection.

2

A con v enien t prop ert y is that the generation of an y rationally con trolled pre�x transition

graph according to an y graduation can b e made e�ectiv ely with another rationally con-

trolled rewriting system but b y increasing length of its v ertices.

Lemma A.23 Given any r ational ly c ontr ol le d r ewriting system ( R ; f ) and any map-

ping g : V

R:f

� ! I N such that R :f is an e�e ctive r e gular gr aph ac c or ding to g , we c an

c onstruct a r ational ly c ontr ol le d r ewriting system ( S; h ) plus an isomorphism i fr om

R :f into S:h satisfying the fol lowing pr op erty:

i ( f u 2 V

R:f

j g ( u ) = n g ) = f u 2 V

S:h

j j u j = n + 1 g for every n � 0 .

Pro of.

It su�ces to tak e the construction (i) of Theorem 4.7 and the construction of Lemma A.18.

2

Let us v erify that bisimilar v ertices of a graph with a terminal coro ot, ha v e the same

v aluation.

Lemma A.24 Given any gr aph G with a terminal c or o ot,

if s �

G

t then k s k = k t k for every s; t 2 V

G

.

Pro of.

Let c b e the terminal coro ot of G . Let us pro v e this lemma b y induction on k s k � 0.

k s k = 0 : s = c . As s �

G

t and s is terminal then t is terminal.

But c is the unique terminal v ertex, hence t = c = s . In particular k s k = k t k .

k s k > 0 : there is an arc s

a

� ! s

0

of G suc h that k s

0

k = k s k � 1.

As s �

G

t , there is an arc t

a

� ! t

0

of G suc h that t

0

�

G

s

0

.

By induction h yp othesis k s

0

k = k t

0

k .

Hence k t k � k t

0

k + 1 = k s k .

By symetry of s and t , it follo ws that k s k = k t k .

2

Let us simplify Lemma 4.12 when the graduation is the v aluation. W e sa y that a gradua-

tion g of a graph G is of b ounde d di�er enc e if

9 b � 0 8 s

a

� ! t 2 G; j g ( s ) � g ( t ) j � b .

Let us giv e another form ulation.

Lemma A.25 Given a gr aph G and a mapping g : V

G

� ! I N , we have:

a) g is of b ounde d di�er enc e i� 9 b � 0 ; 8 n � 0 ; 8 u 2 [ G ]

g ;n

; n � g ( u ) � b ,

b) if G is a r e gular gr aph ac c or ding to g and G is of �nite de gr e e

then g is of b ounde d di�er enc e.
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Pro of.

i) Let us pro v e the necessary condition of ( a ).

Supp ose that g is of b ounded di�erence : there is b � 0 suc h that for ev ery transition

u

a

� ! v of G , w e ha v e j g ( u ) � g ( v ) j � b .

Let n � 0 and let u 2 [ G ]

g ;n

. W e w an t to sho w that n � g ( u ) � b .

Either g ( u ) = n hence n � g ( u ) = 0 � b .

Or g ( u ) < n hence there is u

a

� ! v in G [ ( G )

� 1

suc h that g ( v ) > n .

As g is of b ounded di�erence, g ( v ) � g ( u ) � b .

Hence n � g ( u ) � n + b � g ( v ) < n + b � n = b .

ii) Let us pro v e the su�cien t condition of ( a ).

Supp ose there is b � 0 suc h that for ev ery n � 0 and for ev ery u 2 [ G ]

g ;n

, w e ha v e

n � g ( u ) � b . Let us sho w that g is of b ounded di�erence.

Consider an y transition u

a

� ! v of G . W e distinguish the three b elo w complemen tary

cases.

Case 1: g ( u ) = g ( v ). Hence j g ( u ) � g ( v ) j = 0.

Case 2: g ( u ) > g ( v ).

So v 2 [ G ]

g ;g ( u ) � 1

. By h yp othesis ( g ( u ) � 1) � g ( v ) � b .

Hence j g ( u ) � g ( v ) j = g ( u ) � g ( v ) � b + 1.

Case 3: g ( u ) < g ( v ). This case is similar to Case 2.

iii) Let us pro v e ( b ).

Supp ose that G is a �nite degree regular graph according to a mapping g . This means

that there is a deterministic graph grammar S and a h yp erarc X 2 D om ( S ) suc h that for

ev ery n � 0, there is H with X = )

S

n

H and [ H ] = ( G )

g ;n

and V

H � [ H ]

= [ G ]

g ;n

.

Let us sho w that g is of b ounded di�erence.

As G is of �nite degree, the follo wing in teger b exists:

b := min f n j 8 Y 2 D om ( S ) ; 8 H ( Y = )

S

n

H ) V

H � [ H ]

\ V

Y

= ; ) g .

Hence w e ha v e j g ( u ) � g ( v ) j � b for ev ery transition u

a

� ! v of G .

2

The prop erties of b ounded di�erence and of b ounded connection coincide for the v aluation

of an y �nite degree regular graph with a terminal coro ot.

Lemma A.26 A r ational ly c ontr ol le d pr e�x tr ansition gr aph with a terminal c or o ot is

r e gular ac c or ding to its valuation i� its valuation is of b ounde d di�er enc e.

Pro of.

Consider a rationally con trolled pre�x transition graph R :f with a terminal coro ot c .

By Lemma 4.12 and b y Lemma A.25 ( b ), it su�ces to pro v e that if the v aluation of R :f

is of b ounded di�erence then it is of b ounded connection.

Supp ose that the v aluation k k of R :f is of b ounded di�erence. So the follo wing in teger

b := max f k u k � k v k j 9 a; u

a

� ! v 2 R :f [ ( R :f )

� 1

g
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exists. Then for an y v ertices s and t of an y subgraph G � R :f , w e ha v e

k s k � k t k � b:d

G

( s; t ) (1)

If d

G

( s; t ) = 1 then inequalit y (1) holds else w e pro v e (1) b y induction on d

G

( s; t ) � 0.

Let us sho w that k k is of b ounded connection.

By Prop osition 4.14, w e ha v e a deterministic graph grammar S generating from a h yp erarc

of D om ( S ) the graph R :f b y v ertices of increasing distance from c .

Let n � 0 and let C b e a connected comp onen t of

R :f � ( R :f )

k k ;n

= f u

a

� ! v 2 R :f j k u k > n _ k v k > n _ k u k = k v k = n g .

In particular n � b � k s k for ev ery v ertex s of C .

Recall that the fron tier [ R :f ]

k k ;n

of the n -th decomp osition of R :f b y k k is the follo wing

subset of v ertices:

[ R :f ]

k k ;n

= f u 2 V

R:f

j k u k = n _ 9 v 9 a ( u

a

� ! v 2 R :f [ ( R :f )

� 1

^

k u k < n < k v k g .

In particular n � b � k s k � n for ev ery s in [ R :f ]

k k ;n

.

Let u; v 2 V

C

\ [ R :f ]

k k ;n

and let w 2 V

C

of minimal distance from c (in R :f ). W e ha v e

k u k � k w k � n � ( n � b ) = b .

Consider a path from u to c of minimal length k u k . This path go es through a v ertex x

of distance d ( w ; c ) from c . By de�nition of x , w e ha v e

k u k � k x k � d ( u; c ) � d ( x; c ) = d ( u; x ).

Consider the follo wing in teger:

c := f d

S

!

( Y )

( s; t ) < 1 j Y 2 D om ( S ) ^ s; t 2 V

Y

g .

As d ( w ; c ) = d ( x; c ) and b y Prop ert y (1) applied to the restriction H of R :f to the v ertices

of distance greater or equal to d ( w ; c ), w e ha v e

k w k � k x k � b:d

H

( w ; x ) � b:c .

Th us

d ( u; x ) � k u k � k x k = ( k u k � k w k ) + ( k w k � k x k ) � b + bc = b (1 + c )

hence

d ( u; v ) � d ( u; x ) + d ( v ; x ) � 2 b (1 + c ).

By Lemma A.21, k k is of b ounded connection.

2

Note that an y regular graph according to the v aluation is of �nite in-degree but it can b e

of in�nite out-degree. F or instance, the follo wing graph:

is regular according to the v aluation and it do es not satisfy Lemma A.26 : its v aluation is

not of b ounded di�erence but it is of in�nite out-degree.

Let us generalize the follo wing result of [BBK 87] : the bisim ulation on the pre�x transition

graph of an y reduced con text-free grammar, is decidable.

Theorem 4.16 The bisimulation on any r e gular gr aph ac c or ding to its valuation is

de cidable.
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Pro of.

Consider a deterministic graph grammar S and a non-terminal h yp erarc X suc h that S

generates from X a graph G b y v ertices of increasing v aluation. This means that G is a

regular graph with a terminal coro ot, and that w e ha v e an in�nite deriv ation

X = H

0

= )

S

H

1

= )

S

: : : H

n

= )

S

: : :

suc h that for ev ery n � 0,

[ H

n

] = ( G )

k k ;n

and V

H

n

� [ H

n

]

= [ G ]

k k ;n

.

By renaming lab els and b y adding new rules, w e ma y assume that ev ery righ t hand side

H of S ha v e distinct non-terminals, i.e.

8 Y ; Z 2 H � [ H ] ; Y 6= Z = ) Y (1) 6= Z (1).

F urthermore and b y pro of of Lemma A.25 ( b ), w e ma y assume that for ev ery m; n � 0

and for ev ery non-terminal h yp erarcs Y 2 H

m

� [ H

m

] and Z 2 H

n

� [ H

n

] with the same

lab el Y (1) = Z (1), w e ha v e

k Y ( i ) k = m ( ) k Z ( i ) k = n for ev ery 2 � i � j Y j .

F or ev ery n � 0 and for ev ery Y 2 H

n

� [ H

n

], there is a h yp ergraph H

Y

suc h that

Y = )

S

H

Y

and

S

f H

Y

j Y 2 H

n

� [ H

n

] g = H

n +1

� H

n

.

W e denote b y

p := max f j Y j � 1 j Y 2 D om ( S ) g

the maximal arit y of S , and b y

q := # S = # f Y j Y 2 D om ( S ) g

the cardinalit y of S , i.e. the n um b er of its non-terminal h yp erarcs.

W e tak e t w o v ertices s and t of G and w e w an t to decide whether s �

G

t .

By Lemma A.24, if k s k 6= k t k then s is not bisimilar to t .

Supp ose that k s k = k t k .

W e tak e the follo wing b ound:

b := k s k + q

2

: 2

p

2

,

where 2

p

2

is a b ound of the n um b er of binary relations on v ertices b et w een t w o non-

terminal h yp erarcs.

T o decide whether s and t are bisimilar, it su�ces to sho w the follo wing prop ert y:

s �

G

t i� s �

( G )

k k ;b

t . (1)

i) Let R b e a bisim ulation on G and let n � 0. Let us sho w that

R

� n

:= f ( u; v ) 2 R j k u k � n ^ k v k � n g

is a bisim ulation on ( G )

k k ;n

.

Recall that ( G )

k k ;n

= f u

a

� ! v 2 G j k u k � n ^ k v k � n ^ k u k : k v k < n

2

g .

Consider a transition u

a

� ! u

0

of ( G )

k k ;n

and u R

� n

v . In particular u

a

� ! u

0

2 G and

u R v . As R is a bisim ulation, there is v

0

suc h that v

a

� ! v

0

2 G and u

0

R v

0

. By

Lemma A.24, k v k = k u k and k v

0

k = k u

0

k . Th us v

a

� ! v

0

2 ( G )

k k ;n

and u

0

R

� n

v

0

. So

R

� n

is a sim ulation. Similarly R

� 1

� n

is a sim ulation, hence R

� n

is a bisim ulation.

ii) Assume that s �

( G )

k k ;b

t : there is a bisim ulation S on ( G )

k k ;b

suc h that s S t .

F rom S , w e will construct a bisim ulation R on G suc h that s R t .

Let R b e an y binary relation on the v ertices of G . F or an y n � 0 and for an y non-terminal

h yp erarcs Y ; Z 2 H

n

� [ H

n

] of H

n

, w e denote b y

R ( Y ; Z ; n ) := f (( Y (1) ; i ) ; ( Z (1) ; j )) j Y ( i ) R Z ( j ) ^ k Y ( i ) k = k Z ( j ) k = n g
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the binary relation on the plac es of the v ertices of Y and Z normed b y n and link ed b y R .

F urthermore for ev ery m � 0 and for ev ery h yp erarcs P ; Q 2 H

m

� [ H

m

] lab elled resp ec-

tiv ely b y P (1) = Y (1) and Q (1) = Z (1), w e de�ne the follo wing relation from the v ertices

of P to the v ertices of Q :

R ( Y ; Z ; n ) < P ; Q > := f ( P ( i ) ; Q ( j )) j ( Y (1) ; i ) R ( Y ; Z ; n ) ( Z (1) ; j ) g

ha ving the same places b y R that Y with Z :

( R ( Y ; Z ; n ) < P ; Q > )( P ; Q; m ) = R ( Y ; Z ; n )

and

k P ( i ) k = k Q ( j ) k = m for ev ery ( P ( i ) ; Q ( j )) 2 R ( Y ; Z ; n ) < P ; Q > .

By de�nition of b , there is k s k � n

0

� b suc h that for ev ery Y ; Z 2 H

n

0

� [ H

n

0

],

R ( Y ; Z ; n ) =

S

f R ( P ; Q; m ) j m < n ^ P ; Q 2 H

m

� [ H

m

] ^ R ( P ; Q; m ) � R ( Y ; Z ; n ) g .

W e complete the restriction

R

0

:= S

� n

0

of S on ( G )

k , k n

0

to a bisim ulation R :=

S

f R

n

j n � 0 g on G suc h that for ev ery n � 0,

R

n +1

:= R

n

[

S

f R

n

( P

0

; Q

0

; m + 1) < Y

0

; Z

0

> j

m < n

0

+ n ^ 9 Y ; Z 2 H

n

0

+ n

� [ H

n

0

+ n

] ^ 9 P ; Q 2 H

m

� [ H

m

] ;

Y

0

2 H

Y

^ Z

0

2 H

Z

^ P

0

2 H

P

^ Q

0

2 H

Q

^ Y (1) = P (1) ^ Z (1) = Q (1) ^ Y

0

(1) = P

0

(1) ^ Z

0

(1) = Q

0

(1)

^ R

n

( P ; Q; m ) � R

n

( Y ; Z ; n

0

+ n ) g .

Note that for ev ery n � 0, w e ha v e

k u k = k v k = n

0

+ n + 1 for ev ery ( u; v ) 2 R

n +1

� R

n

,

hence for ev ery 0 � m � n and for ev ery Y ; Z 2 H

m

� [ H

m

],

R

n

( Y ; Z ; m ) = R

m

( Y ; Z ; m ) = R

max (0 ;m � n

0

)

( Y ; Z ; m ).

By induction on n � 0, R

n

is a bisim ulation on ( G )

k k ;n

0

+ n

.

So R is a bisim ulation on G .

As n

0

� k s k , w e ha v e s R t , hence s �

G

t .

2

Recall that the graph follo wing Lemma A.22 is regular according to the v aluation. But

the follo wing regular graph with a terminal coro ot:

is not regular according to the v aluation. F urthermore the follo wing graph:
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a

a

b

bb

a

a

b

b

a

a

a

b

b

a

b

a

b

is regular according to the v aluation, but its follo wing quotien t b y the greatest bisim ula-

tion:

a

a

b

bb

b

b

a

b

a

a

a

a

a

a

is not a regular graph.

Nev ertheless b y Lemma A.24 and b y Lemma A.26, for an y �nite degree graph whic h is

regular according to the v aluation, if its quotien t b y a bisim ulation is regular then this

quotien t is also regular b y v aluation.

Corollary A.27 L et G b e a �nite de gr e e gr aph, r e gular ac c or ding to the valuation.

L et R b e a bisimulation on G .

If G=R is a r e gular gr aph then G=R is a r e gular gr aph ac c or ding to the valuation.

The extension of Corollary A.27 to an y regular graph of in�nite (out-)degree, remains

op en.
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A.c T erm con text-free grammars and regular graphs

W e giv e some corresp ondences b et w een pre�x transition graphs of con text-free grammars

on terms, and regular graphs.

In app endix B, w e study the en tire rewriting systems, and sho w that their accessible

pre�x transition graphs are e�ectiv ely ro oted regular graphs of �nite out-degree (cf The-

orem B.10). The con v erse is true.

Theorem 5.3 The fol lowing families of gr aphs c oincide e�e ctively:

a) The r o ote d r e gular gr aphs of �nite out-de gr e e ;

b) The ac c essible pr e�x tr ansition gr aphs of entir e r ewriting systems ;

c) The ac c essible pr e�x tr ansition gr aphs of standar d and entir e cf-gr ammars.

Pro of.

a) = ) c) : Let R b e a deterministic graph grammar and let v b e a v ertex of a �nite

h yp ergraph G suc h that R

!

( G ) is of �nite out-degree and v is a ro ot.

W e will construct an en tire and standard term cf-grammar P on a set F , and an axiom r in

F

0

suc h that the graph P :T ( F )

�

=r of its accessible pre�x transitions from r , is isomorphic

to G .

Adding a new rule, w e can assume that G is restricted to a non-terminal h yp erarc of R :

G 2 D om ( R ). F urthermore b y Lemma A.11, w e ma y assume that R is reduced from G .

W e will construct a term con text-free grammar P and an axiom suc h that the pre�x

transition graph of P accessible from its axiom b elongs to R

!

( G ).

Recall that V

H

is the set of v ertices of an y h yp ergraph H , and that j X j is the length of

an y w ord X .

After a p ossible renaming of v ertices, w e can assume that the rules of R ha v e distinct

v ertices: ( V

X

[ V

H

) \ ( V

Y

[ V

K

) = ; for ev ery distinct rules ( X ; H ) ; ( Y ; K ) of R . W e

gradue the set

F :=

S

f V

H

� V

X

j ( X ; H ) 2 R g

of v ertices in I m ( R ) whic h are not in D om ( R ) as follo ws: f is of arit y j X j � 1 for ev ery

f 2 V

H

� V

X

with ( X ; H ) 2 R . A t the momen t F

0

is empt y .

W e denote b y T the set of terminals of R . W e tak e a new den umerable set f x

1

; x

2

; : : : g

for v ariables. T o ev ery v ertex p of R , i.e. p 2 V

X

[ V

H

for an y rule X � ! H of R , w e

asso ciate a term h ( p ) on F [ f x

1

; x

2

; : : : g de�ned b y

h ( p ) := x

i � 1

if p = X ( i )

h ( p ) := px

1

: : : x

j X j� 1

if p 2 V

H

� V

X

and w e asso ciate a lab elled graph P ( p ) suc h that the sets P ( p ) are the least �xp oin ts of

the follo wing system:

P ( p ) = f h ( p )

a

� ! h ( q ) j p

a

� ! q 2 H ^ a 2 T g [

S

f P ( Z ( i ))[ h ( Y (2)) ; : : : ; h ( Y ( j Y j ))] j

Y 2 H ^ Y ( i ) = p ^ Z 2 D om ( R ) ^ Y (1) = Z (1) g .

As R

!

( G ) is a regular graph of �nite out-degree, its out-degree is b ounded hence the sets

P ( p ) exist. T o F w e add the set F

0

= V

G

. Finally w e tak e the follo wing term con text-free

grammar:

P :=

S

f R ( p )[ G (2) ; : : : ; G ( j G j )] j p 2 F

0

g [

S

f R ( p ) j p 2 F � F

0

g .
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Th us P is en tire and standard, and r := v is in F

0

.

By construction the pre�x transition graph P :T ( F )

�

=r of P and accessible from r is gen-

erated b y R from G .

c) = ) b) : an y term cf-grammar is a term rewriting system.

b) = ) a) : b y Theorem B.10.

2

Let us apply Theorem 5.3 ( a ) = ) ( c ) to the follo wing deterministic graph grammar R :

(i)

(k)

(j) A

A

(i)

(k)

(j) B

(f )

(g)

d

B(y) (y)

(z) (z)

c

(x)

B

(h)

(x)

a

b

and

with axiom G reduced to Aij k .

As de�ned in the pro of of Theorem 5.3, w e ha v e the follo wing system:

P ( i ) = P ( x )[ x

1

; x

2

; x

3

]

P ( j ) = f x

2

d

� ! f x

1

x

2

x

3

g [ P ( y )[ x

1

; x

2

; x

3

]

P ( k ) = P ( z )[ x

1

; x

2

; x

3

] [ P ( i )[ x

3

; f x

1

x

2

x

3

; g x

1

x

2

x

3

]

P ( f ) = P ( j )[ x

3

; f x

1

x

2

x

3

; g x

1

x

2

x

3

]

P ( g ) = P ( k )[ x

3

; f x

1

x

2

x

3

; g x

1

x

2

x

3

]

P ( x ) = P ( x )[ x

1

; hx

1

x

2

x

3

; x

3

]

P ( y ) = f x

2

a

� ! hx

1

x

2

x

3

; x

2

b

� ! x

1

; x

2

c

� ! x

3

g

P ( z ) = P ( z )[ x

1

; hx

1

x

2

x

3

; x

3

]

P ( h ) = P ( y )[ x

1

; hx

1

x

2

x

3

; x

3

]

This system has the follo wing least �xp oin ts:

P ( i ) = P ( k ) = P ( g ) = P ( x ) = P ( z ) = ;

P ( j ) = f x

2

a

� ! hx

1

x

2

x

3

; x

2

b

� ! x

1

; x

2

c

� ! x

3

; x

2

d

� ! f x

1

x

2

x

3

g

P ( f ) = f f x

1

x

2

x

3

a

� ! hx

3

f x

1

x

2

x

3

g x

1

x

2

x

3

; f x

1

x

2

x

3

b

� ! x

3

;

f x

1

x

2

x

3

c

� ! g x

1

x

2

x

3

; f x

1

x

2

x

3

d

� ! f x

3

f x

1

x

2

x

3

g x

1

x

2

x

3

g

P ( y ) = f x

2

a

� ! hx

1

x

2

x

3

; x

2

b

� ! x

1

; x

2

c

� ! x

3

g

P ( h ) = f hx

1

x

2

x

3

a

� ! hx

1

hx

1

x

2

x

3

x

3

; hx

1

x

2

x

3

b

� ! x

1

; hx

1

x

2

x

3

c

� ! x

3

g

W e obtain the follo wing term con text-free grammar P :
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j

a

� ! hij k f x

1

x

2

x

3

a

� ! hx

3

f x

1

x

2

x

3

g x

1

x

2

x

3

hx

1

x

2

x

3

a

� ! hx

1

hx

1

x

2

x

3

x

3

j

b

� ! i f x

1

x

2

x

3

b

� ! x

3

hx

1

x

2

x

3

b

� ! x

1

j

c

� ! k f x

1

x

2

x

3

c

� ! g x

1

x

2

x

3

hx

1

x

2

x

3

c

� ! x

3

j

d

� ! f ij k f x

1

x

2

x

3

d

� ! f x

3

f x

1

x

2

x

3

g x

1

x

2

x

3

Then the pre�x transition graph P : ( T f f ; g ; h; i; j; k g )

�

=j of P and accessible from j is the

follo wing graph generated b y G from Aij k :

aaa

b b b b

b b b b

aaa

b b b b

b b b b

aaa

b b b b

b b b b

(i)

(j)

d

(gijk)

(gk�jkgijk)d

d

(hijk)

(hihihijkkk)

(k)

(�jk)

(fk�jkgijk)

T o restrict Theorem 5.3 to regular graphs of �nite degree, w e consider p erfect and constan t-

separated rewriting systems. Note that the pre�x deriv ation of a p erfect term is a p erfect

term if the system is p erfect and constan t-separated.

Lemma A.28 L et P b e a p erfe ct and c onstant-sep ar ate d r ewriting system on a set F .

L et r b e a p erfe ct term on F .

Then its pr e�x tr ansition gr aph P :T ( F )

�

=r ac c essible fr om r , has only p erfe ct vertic es,

and is of �nite de gr e e.

Pro of.

i) Let s

a

� ! t b e a pre�x transition of P suc h that s is p erfect. Let us v erify that t is

p erfect.

There is a rule s

0

a

� ! t

0

in P and a substitution � suc h that s = � ( s

0

) and t = � ( t

0

).

As s and s

0

are p erfect, for ev ery v ariable x 2 V ( s

0

), � ( x ) is p erfect and of heigh t

h ( � ( x )) = h ( s ) � h ( s

0

).

F urthermore t

0

is p erfect and if V ( t

0

) 6= ; then F

0

( t

0

) = ; .

Case 1 : V ( t

0

) = ; .

l



Then t = � ( t

0

) = t

0

is p erfect.

Case 2 : V ( t

0

) 6= ; .

So F

0

( t

0

) = ; .

F or ev ery p erfect term r and for ev ery substitution �

r

suc h that F

0

( r ) = ; and

t

0

= �

r

( r ),

w e ha v e :

8 x 2 V ( r ) ; � ( �

r

( x )) is p erfect and of heigh t h ( � ( �

r

( x ))) = ( h ( s ) � h ( s

0

)) + ( h ( t

0

) �

h ( r )).

This prop ert y is pro v ed b y induction on h ( t

0

) � h ( r ) � 0.

So for r 2 V , w e ha v e t = � ( t

0

) = � ( �

r

( r )) is p erfect.

ii) By ( i ) and b y induction on the length of pre�x deriv ations from r , an y v ertex of

P :T ( F )

�

=r is p erfect.

F or an y system P , its pre�x transition graph P :T ( F )

�

is of �nite out-degree.

Let s

a

� ! t b e an y transition of P :T ( F )

�

=r .

As s and t are p erfect, h ( s ) � h ( t ) + max f h ( s

0

) j 9 t

0

; s

0

a

� ! t

0

2 P g .

Hence P :T ( F )

�

=r is of �nite in-degree.

2

Let us restrict Theorem 5.3 to p erfect and constan t-separated systems.

Theorem 5.4 The fol lowing families of gr aphs c oincide e�e ctively:

a) The r o ote d r e gular gr aphs of �nite de gr e e ;

b) The ac c essible pr e�x tr ansition gr aphs of p erfe ct, c onstant-sep ar ate d and entir e

r ewriting systems ;

c) The ac c essible pr e�x tr ansition gr aphs of p erfe ct, standar d and entir e cf-gr ammars.

Pro of.

a) = ) c) : It su�ces to apply pro of ( i ) of Theorem 5.3 with Prop osition 4.14.

Let us giv e another pro of using pushdo wn automata.

By Theorem 4.7 (a), w e can tak e a pushdo wn automaton P on a set N of non-terminals

and on a set Q of states, plus an axiom r 2 QN

�

. And w e will construct an en tire, p erfect

and standard term cf-grammar P

0

on a set F , and an axiom r

0

in F

0

suc h that the graph

P

0

:T ( F )

�

=r

0

of its accessible pre�x transitions from r

0

, is isomorphic to the graph P :N

�

=r

of the accessible pre�x transitions of P from r .

By the pro of of Prop osition 4.1, w e ma y assume that an y righ t hand side of P has length

at most 3 (i.e. b elongs to Q [ QN [ QN N ) and that r 2 QN .

W e denote b y f q

1

; : : : ; q

n

g := Q the set of n states of P .

T o eac h couple ( q ; A ) of a state q and of a non-terminal A , w e asso ciate a new sym b ol

< q A > of arit y n . Let

F := f < q A > j q 2 Q ^ A 2 N g .

F or ev ery q 2 Q and U 2 N

�

, w e de�ne a term f ( q U ) as follo ws :

f ( q U ) :=

(

x

i

if U = � ^ q = q

i

< q A > f ( q

1

V ) : : : f ( q

n

V ) if U = AV ^ A 2 N .

So the follo wing term rewriting system :

f ( P ) := f f ( s )

a

� ! f ( t ) j s

a

� ! t 2 P g

li



is a standard, p erfect and en tire cf-grammar without constan t.

F urthermore f ( P ) :T ( F )

�

=f ( r ) = f ( P N

�

=r ) hence is isomorphic to P N

�

=r .

As f ( r ) is not a constan t, w e tak e

F := F [ Q [ f r

0

g

where eac h state q

i

is a constan t, and r

0

is a new sym b ol. And w e tak e

P

0

:= f ( P ) [ f r

0

a

� ! f ( t )[ q

1

; : : : ; q

n

] j r

a

� ! t 2 P g .

Then ( P

0

; r

0

) suits : r

0

is a constan t, P

0

is a standard, p erfect and en tire cf-grammar suc h

that P

0

:T ( F )

�

=r

0

is isomorphic to f ( P :T ( F )

�

=r ) whic h is isomorphic to P N

�

=r .

c) = ) b) : an y standard term cf-grammar is a constan t-separated term rewriting system.

b) = ) a) : b y Theorem B.10 and b y Lemma A.28.

2

An easy consequence of Theorem 5.3 is that the bisim ulation decidabilit y of pre�x tran-

sition graphs of cf-grammars is in ter-reducible to the bisim ulation decidabilit y of regular

graphs of �nite out-degree.

Prop osition 5.6 The c ontext-fr e e tr e es c oincide e�e ctively with the unfolde d tr e es of

�nite out-de gr e e r e gular gr aphs.

Pro of.

By Theorem 5.3, it su�ces to sho w that an y con text-free tree is isomorphic e�ectiv ely to

a con text-free tree of an en tire cf-grammar.

Let P b e a cf-grammar on F [ V , and let r 2 T ( F [ V ).

W e will construct a graded alphab et F , an en tire cf-grammar P on F [ V , and a term

r 2 T ( F [ V ) suc h that the unfolded tree of P :T ( F )

�

from r is isomorphic to the unfolded

tree of P :T ( F )

�

from r .

Let m b e the maximal arit y of the functions de�ned b y P :

m := max f n j 9 f ; f x

1

: : : x

n

2 D om ( P ) g .

T o eac h function f of F of arit y n , w e asso ciate a new sym b ol f of arit y n + 1. F urthermore,

ev ery in teger n ma y b e seen as a function of arit y n .

W e consider the follo wing graded set :

F := f f j f 2 F g [ f 0 ; : : : ; m + 1 g .

W e complete eac h rule of P to obtain the follo wing en tire cf-grammar P :

P := f f x

1

: : : x

n +1

a

� ! t � ( n + 1) j f x

1

: : : x

n

a

� ! t 2 P g

where for ev ery n � 0, w e ha v e

x � n := x for ev ery v ariable x

f t

1

: : : t

m

� n := f ( t

1

� n ) : : : ( t

m

� n ) n ( x

1

; : : : ; x

n

) .

By construction, P and r := r � 0 suit.

2

F or instance, let us apply the construction of Prop osition 5.6 to the follo wing cf-grammar

P = f f xy

a

� ! f xg y ; f xy

b

� ! x g with the term r = f xy , where f is of arit y 2 and g is of

arit y 1.

W e obtain the follo wing en tire cf-grammar P = f f xy z

a

� ! f x g y 3 xy z 3 xy z ; f xy z

b

� ! x g

lii



and the term r = f xy 0. F or this example, P :T ( F )

�

=r is isomorphic to P :T ( F )

�

= r , hence

they ha v e the same unfolded tree.

W e consider no w the equiv alence problem for dp da. The acceptance condition is either b y

empt y stac k, or b y �nal states, or b y all the states.

Lemma A.29 The e quivalenc e pr oblem for dp da is the same with ac c eptanc e

a) on empty stack,

b) by �nal states,

c) by al l the states.

Pro of.

b) ( ) c) : By Corollary A.17.

a) = ) b) : Let P b e a dp da and let u; v 2 Q:N

�

b e con�gurations of P .

W e will construct a dp da P , t w o con�gurations u; v 2 Q: N

�

, and a subset F of Q suc h

that

L ( P :N

�

; u; Q ) = L ( P :N

�

; v ; Q ) i� L ( P : N

�

; u; F : N

�

) = L ( P : N

�

; v ; F : N

�

) ,

meaning that P accepts on empt y stac k the same language from u and v if and only if P

accepts on F the same language from u and v . W e tak e

one new non-terminal & : N := N [ f & g

no new terminal : T := T

one new state # : Q := Q [ f # g

and w e construct the follo wing pushdo wn automaton P :

P := P [ f p &

�

� ! # j p 2 Q g .

Th us for ev ery non-terminal w ord u 2 N

�

, w e ha v e

L ( P :N

�

; u; Q )$ = L ( P : N

�

; u & ; f # g ) = L ( P : N

�

; u & ; # : N

�

) .

It remains to tak e F := f # g , u := u & and v := v & :

L ( P :N

�

; u; Q ) = L ( P :N

�

; v ; Q )

i� L ( P : N

�

; u; F : N

�

) = L ( P : N

�

; v ; F : N

�

).

b) = ) a) : Let P b e a dp da, let F � Q b e a subset of states, and let u; v 2 Q:N

�

b e

con�gurations of P .

W e will construct a dp da P and t w o con�gurations u; v 2 Q: N

�

suc h that

L ( P :N

�

; u; F :N

�

) = L ( P :N

�

; v ; F :N

�

) i� L ( P : N

�

; u ; Q ) = L ( P : N

�

; v ; Q ) ,

meaning that P accepts on F the same language from u and v if and only if P accepts on

empt y stac k the same language from u and v . W e tak e

one new non-terminal & : N := N [ f & g

one new terminal $ : T := T [ f $ g

one new state # plus j Q j new states : Q := Q [ f # g [ f p j p 2 Q g

and w e construct the follo wing pushdo wn automaton P :

P := f pA

a

� ! q U 2 P j p 62 F _ a 6= � g [ f pA

�

� ! q U j pA

�

� ! q U 2 P ^ p 2 F g

[ f p A

�

� ! q U j pA

�

� ! q U 2 P g [ f p A

a

� ! q U j pA

a

� ! q U 2 P ^ a 6= � g

[ f pA

$

� ! # j A 2 N ^ : ( pA

�

� ! ) g [ f p &

$

� ! # j p 2 F g

[ f # A

�

� ! # j A 2 N g .

Th us for ev ery non-terminal w ord u 2 N

�

, w e ha v e

L ( P :N

�

; u; F :N

�

)$ = L ( P : N

�

; u & ; f # g ) = L ( P : N

�

; u & ; Q ) .

liii



It remains to tak e u := u & and v := v & :

L ( P :N

�

; u; F :N

�

) = L ( P :N

�

; v ; F :N

�

)

i� L ( P :N

�

; u; F :N

�

) : $ = L ( P :N

�

; v ; F :N

�

) : $

i� L ( P : N

�

; u; Q ) = L ( P : N

�

; v ; Q ).

2

Let us translate this equiv alence problem for dp da to the decidabilit y of bisim ulation on

regular graphs of �nite out-degree.

Prop osition 5.9 The fol lowing pr oblems ar e inter-r e ducible :

a) The e quivalenc e for dp da

b) The bisimulation on deterministic r e gular gr aphs

c) The e quality of deterministic c ontext-fr e e tr e es.

Pro of.

b) ( ) c) : By Prop osition 5.6.

a) = ) b) : Let P b e a dp da and u; v 2 Q:N

�

b e con�gurations.

W e will construct a deterministic regular graph H of �nite out-degree, with v ertices s; t

suc h that

L ( P :N

�

; u; Q:N

�

) = Label ( P ath ( H ; s )) and L ( P :N

�

; v ; Q:N

�

) = Label ( P ath ( H ; t )).

By Lemma A.6, it follo ws the follo wing prop ert y (1) :

L ( P :N

�

; u; Q:N

�

) = L ( P :N

�

; v ; Q:N

�

) i� s �

H

t , (1)

meaning that P accepts on all states the same language from u and v if and only if s and

t are bisimilar on H . W e tak e

one new non-terminal & : N := N [ f & g

t w o new terminals a; b : T := T [ f a; b g

one new state # : Q := Q [ f # g

and w e construct the follo wing dp da P :

P := P [ f #&

a

� ! u ; #&

b

� ! v g .

By Theorem 4.7 ( a ), w e construct a deterministic graph grammar R generating from a

h yp erarc Y 2 D om ( R ), the accessible subgraph P : N

�

= #& of P from #&.

Giv en a graph G , w e denote b y

�

 !

G

*

:= (

�

� ! [

�

� !

-1

)

�

the smallest equiv alence on its

v ertices whic h con tains the relation

�

� ! := f ( s; t ) j s

�

� ! t 2 G g of � -transitions.

W e quotien t R b y iden tifying v ertices link ed b y an � -transition :

R := f ([ X ]

�

 !

H

*

; [ H ]

�

 !

H

*

) j ( X ; H ) 2 R g .

Let H b e a graph generated b y R from [ Y ]

�

 !

K

*

where ( Y ; K ) 2 R .

Th us H is isomorphic to [ G ]

�

 !

G

*

where G := P : N

�

= #&.

So H is deterministic and of �nite out-degree.

F urthermore there are unique v ertices r ; s; t suc h that r

a

� ! s and r

b

� ! t .

Finally H ; s; t satisfy prop ert y (1).

Another pro of is b y using Theorem 4.7 ( a ) and Theorem 5.4 to pro duce a p erfect, standard

and en tire cf-grammar P

0

whic h is deterministic and for ev ery � -rule f x

1

: : : x

n

�

� ! t then

liv



f x

1

: : : x

n

a

� ! is not p ossible for ev ery terminal a .

After remo ving these � -rule f x

1

: : : x

n

�

� ! t and b y substituing its left hand sides f b y its

righ t hand sides t in the remaining righ t hand sides of P

0

, w e obtain a standard and en tire

cf-grammar without � -rule. Then w e apply Theorem 5.3.

b) = ) a) : Let R b e a deterministic graph grammar and let s

0

; t

0

b e v ertices of a h yp erarc

X

0

2 D om ( R ) suc h that R

!

( X

0

) is deterministic and of �nite out-degree.

W e will construct a dp da P and t w o con�gurations u; v 2 Q: N

�

suc h that

s

0

�

R

!

( X

0

)

t

0

i� L ( P : N

�

; u; Q: N

�

) = L ( P : N

�

; v ; Q: N

�

) .

By Theorem 5.3, w e can construct a deterministic, standard and en tire cf-grammar P on

a set F of functions, and t w o constan ts i; j 2 F

0

suc h that

P :T ( F )

�

=i is isomorphic to R

!

( X

0

) =s

0

with i corresp onding to s

0

and P :T ( F )

�

=j is isomorphic to R

!

( X

0

) =t

0

with j corresp onding to t

0

.

Th us s

0

�

R

!

( X

0

)

t

0

i� i �

P :T ( F )

�

j

i� Label ( P ath ( P :T ( F )

�

; i )) = Label ( P ath ( P :T ( F )

�

; j )),

b y using Lemma A.6. Let m b e the maximal arit y of the functions de�ned b y P :

m := max f n j 9 f ; f x

1

: : : x

n

2 D om ( P ) g .

Let F

0

:= F [ f �

n;i

j 1 � n � m ^ 1 � i � n g

where eac h �

n;i

is of arit y n .

Eac h rule of P is completed to obtain the follo wing p erfect, standard and en tire cf-grammar

P

0

on F

0

:

P

0

:= f �

n;i

x

1

: : : x

n

�

� ! x

i

j 1 � n � m ^ 1 � i � n g

[ f f x

1

: : : x

n

a

� ! [ t ]

n;h ( t )

j f x

1

: : : x

n

a

� ! t 2 P g

where for ev ery 1 � i � n � m and ev ery p � 0,

[ x

i

]

n;p

:=

(

x

i

if p = 0

�

n;i

[ x

1

]

n;p � 1

: : : [ x

n

]

n;p � 1

if p > 0 .

and for ev ery f 2 F

0

,

[ f ]

n;p

:=

(

f if p = 0

�

1 ; 1

[ f ]

n;p � 1

if p > 0 .

and for ev ery f 2 F � F

0

with p > 0,

[ f t

1

: : : t

q

]

n;p

:= f [ t

1

]

n;p � 1

: : : [ t

q

]

n;p � 1

.

So Label ( P ath ( P

0

:T ( F

0

)

�

; t )) = Label ( P ath ( P :T ( F )

�

; t )) for ev ery term t on F [ V .

It su�ces to apply Theorem 5.4 to obtain a suitable dp da P with suitable con�gurations

u; v .

Let us giv e another pro of b y rev ersing the transformation in ( a ) = ) ( b ) : w e add � -

transitions to the graph grammar R .

After a p ossible renaming of v ertices, w e can assume that the rules of R ha v e distinct

v ertices: ( V

X

[ V

H

) \ ( V

Y

[ V

K

) = ; for ev ery distinct rules ( X ; H ) ; ( Y ; K ) of R .

W e denote b y V :=

S

f V

X

j X 2 D om ( R ) g the v ertex set of the left hand sides of R .

W e compute the subset V � V of v ertices x whic h are source of an arc in R

!

( X ) for

x 2 V

X

and X 2 D om ( R ). More exactly V is the least �xp oin t of the follo wing equation :

V = f p 2 V

X

j 9 H ; ( X ; H ) 2 R ^ 9 a 2 T 9 q ; p

a

� ! q 2 H g

lv



[ f Y ( i ) 2 V

X

j 9 H ; ( X ; H ) 2 R ^ Y 2 H ^ 9 Z 2 D om ( R ) ;

Y (1) = Z (1) ^ Z ( i ) 2 V g .

T o eac h v ertex x 2 V � V , w e asso ciate a new sym b ol � ( x ), and w e extend � b y the

iden tit y for the remaining v ertices of R . By applying � to the righ t hand sides of R and

b y adding the rules � ( x )

�

� ! x for x 2 V � V , w e obtain the follo wing deterministic graph

grammar R :

R := f ( X ; � ( H ) [ f � ( x )

�

� ! x j x 2 ( V � V ) \ V

H

g ) j ( X ; H ) 2 R g .

Th us for ev ery X 2 D om ( R ) and x 2 V

X

, w e ha v e

Label ( P ath ( R

!

( X ) ; x ) = Label ( P ath ( R

!

( X ) ; x ).

So s

0

�

R

!

( X

0

)

t

0

i� Label ( P ath ( R

!

( X

0

) ; s

0

) = Label ( P ath ( R

!

( X

0

) ; t

0

) .

Note that R

!

( X

0

) is of �nite degree. By Theorem 4.7 ( a ), w e can construct a pushdo wn

automaton P

1

and a con�guration u suc h that P

1

:N

�

1

= u is isomorphic to R

!

( X

0

) =s

0

with

u corresp onding to s

0

. So P

1

is a dp da.

Similarly w e can construct a dp da P

2

and a con�guration v suc h that P

2

:N

�

2

= v is isomorphic

to R

!

( X

0

) =t

0

with v corresp onding to t

0

.

So s

0

�

R

!

( X

0

)

t

0

i� L ( P

1

:N

�

1

; u; Q

1

:N

�

1

) = L ( P

2

:N

�

2

; u ; Q

2

:N

�

2

) .

After a p ossible renaming, w e assume that N

1

\ N

2

= ; .

Finally P := P

1

[ P

2

is a suitable dp da.

2

Finally , the deterministic con text-free trees corresp onds to the algebraic terms, i.e. the

�nite and in�nite terms obtained b y pre�x unfolding of recursiv e program sc hemes.

Lemma 5.10 The e quality pr oblem of deterministic c ontext-fr e e tr e es is inter-r e ducible

to the e quality pr oblem of algebr aic terms.

Pro of.

= ) : Let P b e a deterministic term cf-grammar on F [ V , and let s; t b e terms on F [ V .

W e will construct a sc heme P on F [ V , and t w o terms s; t on F suc h that T r ee ( P :T ( F )

�

; s )

is isomorphic to T r ee ( P :T ( F )

�

; t ) if and only if P

!

( s ) is isomorphic to P

!

( t ).

Let N

P

b e the set of non-terminals of P :

N

P

:= f f 2 F

n

j f x

1

: : : x

n

2 D om ( P ) g .

W e assume that there is a constan t c 2 F

0

� N

P

, otherwise w e add a new constan t c .

Let s := s [ c; : : : ; c ] and t := t [ c; : : : ; c ].

W e c ho ose a strict order < on the set T of terminals (lab els of P ).

T o eac h function f 2 F

n

, w e consider its follo wing lab el set :

T ( f ) := f a j 9 t; f x

1

: : : x

n

a

� ! t 2 P g .

In particular T ( f ) = ; for ev ery f 2 F � N

P

. T o eac h subset T ( f ), w e asso ciate a new

function T ( f ) of arit y j T ( f ) j . W e tak e the follo wing function set F :

F := F [ f T ( f ) j f 2 F g .

And w e de�ne the follo wing sc heme :

P := f f x

1

: : : x

n

� ! T ( f ) t

1

: : : t

m

j 9 a

1

; : : : ; a

m

; f x

1

: : : x

n

a

i

� ! t

i

^ f a

1

; : : : ; a

m

g = T ( f ) ^ a

1

< : : : < a

m

g :

lvi



In particular for ev ery f 2 F

n

� N

P

, f x

1

: : : x

n

� ! ; is a rule of P .

Giv en a deterministic tree S and a no de u , w e asso ciate a (�nite or not) term T er m ( S; u )

on F as follo ws :

T er m ( S; u ) := f a

1

; : : : ; a

m

g T er m ( S; v

1

) : : : T er m ( S; v

m

)

where u

a

i

� ! v

i

are the arcs of S of source u , and a

1

< : : : < a

m

.

Then T er m ( T r ee ( P :T ( F )

�

; r )) = P

!

( r [ c; : : : ; c ]) for ev ery term r 2 T ( F [ V ) .

Th us T r ee ( P :T ( F )

�

; s ) is isomorphic to T r ee ( P :T ( F )

�

; t )

i� T er m ( T r ee ( P :T ( F )

�

; s )) = T er m ( T r ee ( P :T ( F )

�

; t ))

i� P

!

( s ) = P

!

( t ) .

( = : Let P b e a sc heme on F [ V , and let s; t b e terms on F .

W e will construct a term cf-grammar P on F [ V suc h that P

!

( s ) is isomorphic to P

!

( t )

if and only if T r ee ( P :T ( F )

�

; s ) is isomorphic to T r ee ( P :T ( F )

�

; t ).

W e consider the follo wing set T of terminals (lab els of P to b e constructed) :

T := ( F

0

� N

P

) [ f g

i

j 9 m; g 2 F

m

� N

P

^ 1 � i � m g .

W e tak e a new constan t ? (not in F

0

), and w e construct the follo wing term cf-grammar :

P := f f x

1

: : : x

n

g

i

� ! t

i

j f x

1

: : : x

n

� ! g t

1

: : : t

m

2 P ^ 1 � i � m g

[ f f x

1

: : : x

n

g

� ! ? j f x

1

: : : x

n

� ! g 2 P g

[ f g x

1

: : : x

m

g

i

� ! x

i

j g 2 F

m

� N

P

^ 1 � i � m g

[ f g

g

� ! ? j g 2 F

0

� N

P

g .

By taking f g

1

; : : : ; g

m

g = g for ev ery g 2 F

m

with m � 1, w e de�ne the T er m op erator as

ab o v e but with

T er m ( S; u ) := a where u is source of a unique arc, and its lab el a 2 F

0

.

Then T er m ( T r ee ( P :T ( F )

�

; r )) = P

!

( r ) for ev ery term r 2 T ( F ) .

Th us P

!

( s ) = P

!

( t )

i� T er m ( T r ee ( P :T ( F )

�

; s )) = T er m ( T r ee ( P :T ( F )

�

; t ))

i� T r ee ( P :T ( F )

�

; s ) is isomorphic to T r ee ( P :T ( F )

�

; t ) .

2

Let us apply the construction of Lemma 5.10 to the follo wing term cf-grammar :

P = f f x

a

� ! x ; f x

b

� ! g x ; f x

c

� ! f hx ; hx

a

� ! i ; i

a

� ! j g

where F = f f ; g ; h; i; j g .

W e tak e the term t = f x , and w e c ho ose a < b < c and f a; b; c g = p , f a g = q , ; = r .

F rom P ; t , w e obtain the term t = f j and the follo wing sc heme :

P = f f x � ! pxg xf hx ; hx � ! q i ; i � ! q j ; g x � ! r ; j � ! r g .

T r ee ( P :T ( F )

�

; t ) and T er m ( T r ee ( P :T ( F )

�

; t )) = P

!

( t ) are represen ted as follo ws :

p

r r p

rq

q

r

p

a c

a cb

b

a

a
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Let us apply the construction of Lemma 5.10 to the follo wing sc heme :

P = f f x � ! dxg f f b ; g � ! ch ; h � ! b g

where F = f a; b; c; d; f ; g ; h g of resp ectiv e arities 0 ; 0 ; 1 ; 3 ; 1 ; 0 ; 0.

W e tak e the term t = f ca . F rom P , w e obtain the follo wing term cf-grammar :

P = f f x

d

1

� ! x ; f x

d

2

� ! g ; f x

d

3

� ! f f b ; g

c

1

� ! h ; h

b

� ! ? g

[ f dxy z

d

1

� ! x ; dxy z

d

2

� ! y ; dxy z

d

3

� ! z ; cx

c

1

� ! x ; b

b

� ! ? ; a

a

� ! ? g .

P

!

( t ) = T er m ( T r ee ( P :T ( F )

�

; t )) and T r ee ( P :T ( F )

�

; t ) are represen ted as follo ws :

a c

d1 d2 d3

bc1

a

c1

b

d2

d1 d3

b

c1

b

c1

b

d

c c d

a b d c d

cb d

b

b
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B App endix

W e study here the en tire lab elled rewriting systems. And w e sho w that their accessible

pre�x transition graphs are regular graphs (cf Theorem B.10).

B.a Normalization

Let us b egin b y normalizing ev ery en tire system with an axiom without mo difying its

accessible pre�x rewriting (up to isomorphism). First, w e in tro duce some de�nitions and

notations. Recall that a term t is gr ound if it has no constan t, i.e. F

0

( t ) = ; .

De�nition B.1 A term t is norme d if ev ery ground and prop er subterm of t is of n ull

heigh t.

In particular, ev ery term of heigh t � 1 is normed. Lik ewise, ev ery normed term of heigh t

> 1 is not ground. By extension, a norme d system is a system whose rule terms are

normed. W e sa y that a system R is a pr op er system if the left hand sides of its rules are

not v ariables, i.e. for ev ery rule s � ! t of R , s 62 V . Let

h ( R ) = max f h ( s ) j 9 t; ( s � ! t ) 2 R _ ( t � ! s ) 2 R g

the height of a system R , i.e. the maximal heigh t of its terms. Lik ewise, w e denote b y

h ( � ) = f h ( � ( x )) j x 2 V g the height of a substitution � . Let us recall that a c onstant is

a sym b ol of F

0

. Let E ( R ) b e the set of sym b ols in E � F [ V of the terms of a system R ,

i.e.

E ( R ) =

[

f E ( s ) j 9 t; ( s � ! t ) 2 R _ ( t � ! s ) 2 R g :

W e denote b y

a

7� !

R

the relation of pre�x transitions lab elled b y a , according to an y system

R : s

a

7� !

R

t if s

a

� ! t 2 R :T ( F )

�

, i.e.

s

a

� ! t if s = � ( s

0

) and t = � ( t

0

) for some s

0

a

� ! t

0

2 R and some substitution

� .

F urthermore 7� !

R

:=

S

a

a

7� !

R

is the pr e�x r ewriting according to R , and its re
exiv e and

transitiv e closure 7� !

R

*

is the pr e�x derivation of R .

Let j A j b e the cardinalit y of a set A . Giv en a binary relation R , w e denote b y D om ( R ) =

f s j 9 t; s R t g the domain of R and b y I m ( R ) = f t j 9 s; s R t g the image of R . Let

f ( R ) = f ( f ( s ) ; f ( t )) j s R t g the tr ansformation of a binary relation R on a set A b y a

mapping f from A in to A . It is no w p ossible to giv e a normalization of the en tire systems.

Prop osition B.2 A ny p air ( R ; r ) c onsisting of a lab el le d entir e system R and a term

r may b e e�e ctively tr ansforme d into another p air ( S; s ) of a pr op er, norme d and entir e

lab el le d system S of height h ( S ) � 2 and a c onstant s 2 F

0

such that S:T ( F )

�

=s is

e�e ctively isomorphic to R :T ( F )

�

=r .

Pro of.

The metho d giv en here is a generalization of Lemma 2.4 of [MS 85 ].
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T o a v oid iden tical rules up to v ariables renaming, w e order the set V = f x

1

; x

2

; : : : g of

v ariables. W e ma y supp ose R prop er and V ( R ) = ; . Otherwise, w e tak e an injection �

from V ( r ) in to F

0

� F ( R ) and w e replace ( R ; r ) b y ( S; � ( r )) where

S = f ( s

a

� ! t ) 2 R j s 62 V g [ f ( f x

1

: : : x

p

a

� ! t [ x 7! f x

1

: : : x

p

]) j

( x

a

� ! t ) 2 R ^ x 2 V ^ f 2 ( F ( R ) [ I m ( � )) \ F

p

g :

So S is prop er, V ( � ( r )) = ; and R

0

:T ( F )

�

=� ( r ) = � ( R :T ( F )

�

=r ) .

W e denote b y

m = max ( f h ( s ) j 9 a; t; ( s

a

� ! t ) 2 R _ ( t

a

� ! s ) 2 R g [ f h ( r ) g )

the maximal heigh t of r and of the terms of R . W e ma y supp ose m 6= 0 otherwise ( R ; r )

is suitable. W e consider the smallest set T of (linear) terms suc h that

F

0

[ f x

1

g � T

and f t

1

�

1

( t

2

) : : : �

p � 1

( t

p

) 2 T for ev ery f 2 F

p

and t

1

; : : : ; t

p

2 T ,

where for ev ery 1 � i � p; �

i

is the substitution de�ned b y

�

i

( x

j

) = x

k

for k = j + j V ( t

1

) j + : : : + j V ( t

i

) j :

T o ev ery substitution � , w e asso ciate the set D

�

= f x 2 V j � ( x ) 6= x g of non �xed

v ariables of � , and the sequence h ( ~ � ) = h ( � ( x

1

)) h ( � ( x

2

)) : : : 2 I N

1

of the heigh ts of the

terms substituted to the v ariables.

T ak e an injection I from f t 2 T � f x

1

g j h ( t ) � m g in to F suc h that I ( t ) 2 F

j V ( t ) j

and I ( f x

1

: : : x

p

) = f . The image of I is denoted b y [ F ]. W e de�ne a mapping [ ] from

T ( F ( R ) [ V ) in to T ([ F ] [ V ) b y

[ t ] = t if h ( t ) = 0

and [ t ] = I ( s )[ � ( x

1

)] : : : [ � ( x

j V ( s ) j

)] if h ( t ) 6= 0 where

s 2 T � f x

1

g ; h ( s ) � m ; � ( s ) = t and h ( ~ � ) 2 ( m I N)

1

:

The mapping [ ] is w ell de�ned: giv en a term t , there exist a unique term s of T � f x

1

g

and a unique substitution � with D

�

� f x

1

; : : : ; x

j V ( s ) j

g suc h that h ( s ) � m ; � ( s ) = t and

h

�

2 ( m I N)

1

.

F urthermore [ ] is injectiv e, and for ev ery term t , V ([ t ]) = V ( t ).

W e denote b y x ( u ) = min f f1g [ f i j u ( i ) = x g g the smallest o ccurrence of a letter

x in a w ord u . Let

P = f t 2 T ( F [ V ) j x

i

( t ) � x

i +1

( t ) for ev ery i � 1 g

b e the set of terms where no v ariable app ears (b y pre�x) b efore the preceding v ariables

ha v e already app eared.

W e de�ne the follo wing system S :

S = f [ � ( s )]

a

� ! [ � ( t )] j ( s

a

� ! t ) 2 R ^ � 2 S ubst ^ � ( s ) 2 P ^ h ( � ) < m g :
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By de�nition of P , S has only a �nite n um b er of rules. Moreo v er, ev ery constan t of a

term t of S is at heigh t 0 or 1 of t , so S is normed. F urthermore h ( S ) � 2. First, w e sho w

(p oin t i) that S is en tire. Then w e pro v e (p oin t iii) and (p oin t iv) that

S:T ( F )

�

= [ r ] = [ R :T ( F )

�

=r ] , hence ( S; [ r ]) is suitable.

i) Let us sho w that S is en tire. It su�ces to establish the follo wing prop ert y:

if t is en tire and h ( � ) < m then [ � ( t )] is en tire :

By induction on h ( t ) � 0.

If h ( t ) = 0 then h ( � ( t )) < m so h [ � ( t )] � 1 hence [ � ( t )] is en tire.

If h ( t ) > 0 so h ( � ( t )) 6= 0 hence

[ � ( t )] = I ( s )[ � ( x

1

)] : : : [ � ( x

j V ( s ) j

)] with

s 2 T � f x

1

g ; h ( s ) � m ; � ( s ) = � ( t ) and h ( ~ � ) 2 ( m I N )

1

:

Let 1 � i � j V ( s ) j suc h that h [ � ( x

i

)] 6= 0. So h ( � ( x

i

)) � m . As h ( � ) < m , there exists an

o ccurrence u of t suc h that t ( u ) 62 V and � ( x

i

) = � ( t n u ).

If V ( t n u ) = ; then V [ � ( x

i

)] = V [ � ( t n u )] = ; .

If V ( t n u ) 6= ; then V ( t n u ) = V ( t ) b ecause t is en tire. So V ( � ( t n u )) = V ( � ( t )) hence

V [ � ( x

i

)] = V ( � ( x

i

)) = V ( � ( t n u )) = V ( � ( t )) = V [ � ( t )] :

F urthermore t n u is en tire, hence b y induction h yp othesis [ � ( x

i

)] = [ � ( t n u )] is en tire.

Finally [ � ( t )] is en tire and this terminates the induction.

ii) Let us sho w that ev ery term t and ev ery substitution � satisfy the follo wing prop ert y:

[ � ( t )] = [ � ]([ t ]) if h ( ~ � ) 2 ( m I N)

1

(1)

where [ � ] is the substitution de�ned b y [ � ]( x ) = [ � ( x )] for ev ery x 2 V .

Let us pro v e (1) b y induction on h ( t ) � 0.

h ( t ) = 0 : t 2 F

0

[ V so [ � ( t )] = [ � ]( t ) = [ � ]([ t ]).

Let us sho w (1) for h ( t ) > 0 supp osing that (1) is true for ev ery term of heigh t < h ( t ).

Let us tak e the term s of T � f x

1

g and the substitution � suc h that � ( s ) = t ; h ( s ) �

m ; D

�

� V ( s ) and h ( ~ � ) 2 ( m I N)

1

. W e de�ne the comp osition � o � b y ( � o � )( x ) =

� ( � ( x )) for ev ery x 2 V . So

[ � ( t )] = [ � ( � ( s ))] = [( � o � )( s )]

= I ( s )[( � o � )( x

1

)] : : : [( � o � )( x

j V ( s ) j

)] b ecause h ( ~� o � ) 2 ( m I N )

1

= I ( s )[ � ( � ( x

1

))] : : : [ � ( � ( x

j V ( s ) j

))]

= I ( s )[ � ]([ � ( x

1

)]) : : : [ � ]([ � ( x

j V ( s ) j

)]) b y ind. h yp. on h ( � ( x

i

)) < h ( t )

= [ � ]( I ( s )[ � ( x

1

)] : : : [ � ( x

j V ( s ) j

)]) b ecause [ � ] is a substitution

= [ � ]([ � ( s )]) b y de�nition of [ ]

= [ � ]([ t ]).

This ends the induction, so prop ert y (1) is pro v ed.

iii) Let us sho w that [ R :T ( F )

�

=r ] � S:T ( F )

�

= [ r ] . It su�ces to pro v e that

s

a

7� !

R

t = ) [ s ]

a

7� !

S

[ t ] for ev ery term s and t on F [ V :
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Let s and t b e terms suc h that s

a

7� !

R

t . So, there exist a rule s

0

a

� ! t

0

of R and a

substitution �

0

suc h that s = �

0

( s

0

) and t = �

0

( t

0

).

W e decomp ose �

0

in to �

0

= � o � suc h that h ( � ) < m and h ( ~ � ) 2 ( m I N)

1

. Up to a v ariables

renaming, w e supp ose that � ( s

0

) 2 P . So [ � ( s

0

)]

a

� ! [ � ( t

0

)] is a rule of S , hence from (ii)

[ s ] = [ � ( � ( s

0

))] = [ � ]([ � ( s

0

)])

a

7� !

S

[ � ]([ � ( t

0

)]) = [ � ( � ( t

0

))] = [ t ];

this ends the pro of of (iii).

iv) Let us sho w that S:T ( F )

�

= [ r ] � [ R :T ( F )

�

=r ]. It su�ces to sho w that

[ s ]

a

7� !

S

t

0

= ) 9 t; s

a

7� !

R

t ^ [ t ] = t

0

for ev ery s 2 T ( F [ V ) and t

0

2 T ([ F ] [ V ) :

Let s 2 T ( F [ V ) and consider a transition [ s ]

a

7� !

S

t

0

. So, there exist a rule s

0

a

� ! t

0

of

R , a substitution � satisfying � ( s

0

) 2 P and h ( � ) < m , and a substitution � suc h that

[ s ] = � ([ � ( s

0

)]) and t

0

= � [ � ( t

0

)].

W e can supp ose that the resp ectiv e sets D

�

and D

�

of non �xe v ariables of � and � are

restricted as follo ws:

D

�

= V [ � ( s

0

)] [ V [ � ( t

0

)] = V [ � ( s

0

)] = V ( � ( s

0

)) = D

�

:

Let us sho w that there exists a substitution � suc h that h ( ~� ) 2 ( m I N )

1

and [ � ] = � .

Either h ( s

0

) = 0. As R is prop er, s

0

2 F

0

so [ � ( s

0

)] = [ s

0

] = s

0

.

hence D

�

= ; and the iden tit y for � suits, i.e. D

�

= ; .

Or h ( s

0

) > 0. Then h ( � ( s

0

)) � h ( s

0

) > 0. So, the existence of � is deducible

from [ s ] = � ([ � ( s

0

)]).

F rom (ii) [ s ] = [ � ]([ � ( s

0

)]) = [ � ( � ( s

0

))] and as [ ] is injectiv e, w e ha v e s = � ( � ( s

0

)).

Similarly t

0

= [ � ]([ � ( t

0

)]) = [ � ( � ( t

0

))]. Hence t = � ( � ( t

0

)) suits and (iv) is pro v ed.

2

Con trary to Theorem B.10, let us remark that this normalization of an en tire system do es

not giv e an en tire cf-grammar.

B.b Pre�x deriv ation

First, let us giv e three basic prop erties concerning ground and normed terms.

Ev ery subterm of an en tire term is en tire. More generally , the class of en tire terms is

closed b y pre�x deriv ation according to an y en tire system.

Lemma B.3 Given an entir e system R , if s 7� !

R

*

t and s is entir e then t is entir e.

Pro of.

By induction on the length of the pre�x deriv ation, it su�ces to establish it for s 7� !

R

t

with s en tire. There exist a rule s

0

� ! t

0

of R and a substitution � suc h that s = � ( s

0

)

and t = � ( t

0

). Let t

0

b e a subterm of t suc h that t

0

62 V and V ( t

0

) 6= ; . T o sho w that t is

en tire, it su�ces to sho w that V ( t

0

) = V ( t ). W e distinguish the t w o cases b elo w.

Case 1: there is a v ariable x of t

0

suc h that t

0

is a subterm of � ( x ).
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So t

0

and � ( x ) are subterms of s , with at least one v ariable, but not reduced to this

v ariable. As s is en tire, w e ha v e V ( t

0

) = V ( � ( x )) = V ( s ). So

V ( t ) � V ( s ) = V ( t

0

) � V ( t ) hence V ( t

0

) = V ( t ).

Case 2: there is a subterm t

0

0

62 V of t

0

suc h that t

0

= � ( t

0

0

).

As V ( t

0

) 6= ; , w e ha v e V ( t

0

0

) 6= ; . So V ( t

0

0

) = V ( t

0

) b ecause R is en tire and

therefore t

0

is en tire.

In consequence V ( t

0

) = V ( � ( t

0

0

)) = V ( � ( t

0

)) = V ( t ).

In all cases V ( t

0

) = V ( t ). Finally t is en tire.

2

Similarly , the pre�x deriv ation according to an y en tire and normed system preserv es the

normalit y of non ground terms.

Lemma B.4 Given an entir e and norme d system R , if s 7� !

R

�

t wher e s is norme d

and t is not gr ound, then t is norme d.

Pro of.

By induction on the length of the pre�x deriv ation, it su�ces to sho w it for s 7� !

R

t with

s normed and V ( t ) 6= ; . There exist a rule s

0

� ! t

0

of R and a substitution � suc h that

s = � ( s

0

) and t = � ( t

0

). Let t

0

b e a prop er and ground subterm of t . T o sho w that t is

normed, it su�ces to pro v e that h ( t

0

) = 0. W e distinguish the t w o cases b elo w:

Case 1: there is a v ariable x of t

0

suc h that t

0

is a subterm of � ( x ).

Th us t

0

is a subterm of s . As V ( t ) 6= ; , w e ha v e V ( s ) 6= ; hence t

0

6= s . Th us

h ( t

0

) = 0 b ecause s is normed.

Case 2: there is a subterm t

0

0

62 V of t

0

suc h that t

0

= � ( t

0

0

).

Case 2.1: V ( t

0

0

) = ; .

Th us t

0

= t

0

0

. As t

0

6= t , w e ha v e t

0

6= t

0

. So h ( t

0

) = 0 b ecause t

0

is normed.

Case 2.2: V ( t

0

0

) 6= ; .

As t

0

is en tire, w e ha v e V ( t

0

0

) = V ( t

0

). Consequen tly ; = V ( t

0

) = V ( � ( t

0

0

)) =

V ( � ( t

0

)) = V ( t ); whic h is excluded b y h yp othesis.

In an y case h ( t

0

) = 0. Finally , t is normed.

2

Let �

t

b e the r estriction of a substitution � to the v ariables of a term t , i.e. for ev ery

v ariable x of t , �

t

( x ) = � ( x ) else �

t

is the iden tit y . This notation allo ws to express a basic

prop ert y concerning the substitution of an en tire and normed term.

Lemma B.5 Given a substitution � and an entir e and norme d term t , we have

h ( � ( t )) = h ( t ) + h ( �

t

) :

Pro of.

By induction on h ( t ) � 0.
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h ( t ) = 0 : let t 2 F

0

so � ( t ) = t and h ( �

t

) = 0; hence the equalit y .

let t 2 V so h ( t ) = 0 and h ( � ( t )) = h ( �

t

); hence the equalit y .

h ( t ) = 1 : h ( � ( t )) = 1 + h ( �

t

) = h ( t ) + h ( �

t

).

h ( t ) > 1 : w e can decomp ose t in to t = f t

1

: : : t

p

where f 2 F .

Therefore � ( t ) = f � ( t

1

) : : : � ( t

p

).

Th us h ( � ( t )) = 1 + max f h ( � ( t

1

)) ; : : : ; h ( � ( t

p

)) g

= 1 + max f h ( t

1

) + h ( �

t

1

) ; : : : ; h ( t

p

) + h ( �

t

p

) g b y induction h yp :

T ak e a q suc h that h ( t

q

) is maximal.

So h ( t

q

) � 1 and as t is en tire and normed, w e ha v e V ( t

q

) = V ( t ).

Th us h ( �

t

q

) = h ( �

t

) is maximal, hence

h ( � ( t )) = 1 + h ( t

q

) + h ( �

t

q

) = h ( t ) + h ( �

t

) :

This ends the induction and the pro of of this lemma.

2

W e are no w able to decide if a giv en term deriv es b y pre�x from another one according to

an en tire system.

Prop osition B.6 The pr e�x derivation of an entir e system is de cidable.

i) As the lab els do not matter in this prop osition, w e will not tak e them in to accoun t.

Let R b e an en tire system and let us consider the terms s and t . Let us sho w that w e can

decide if s 7� !

R

*

t .

Add the rules s � ! s and t � ! t in R . F rom Prop osition B.2, w e can supp ose R prop er,

normed, of heigh t h ( R ) � 2 and s; t 2 F

0

\ D om ( R ). Without mo difying the decision

of the pre�x deriv ation of s in t , w e can supp ose that R is completed in to the follo wing

system:

R [ f � ( u ) � ! � ( v ) j ( u � ! v ) 2 R ^ � 2 S ubst ^ h ( � ) = 0 ^ � ( u ) 2 P ^ V ( � ( v )) 6= ;g

(1)

where the set V = f x

1

; x

2

; : : : g of v ariables is ordered and P is the set, de�ned in the

pro of of Prop osition B.2, of the terms in whic h no v ariable x

i

o ccurs (b y pre�x) without

previous o ccurrence of eac h of the v ariables x

1

; : : : ; x

i � 1

. So completed, R has only a �nite

n um b er of rules, and remains normed and en tire. Let us p oin t out that

s 7� !

R

*

t i� ( s � ! t ) 2 S

where S = f s � ! t j s R o 7� !

R

*

t ^ h ( t ) � 1 g .

Th us s 7� !

R

*

t is decidable i� S is constructible.

ii) Let us sho w that S is constructible. F or ev ery system U , w e de�ne

U = f ( s � ! t ) 2 U j h ( t ) � h ( s ) g

and = )

U

= 7� !

U

�

[ ( 7� !

U

�

o 7� !

U

)
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the op eration deriving b y pre�x according to U follo w ed or not b y the pre�x rewriting

according to U . Th us = )

U

is decidable. T o construct S , w e de�ne the follo wing sequence

( S

n

)

n � 0

of systems:

S

0

= ;

S

n +1

= f s � ! t j s R o = )

S

n

t ^ h ( t ) � 1 g

By induction on n � 0, S

n

� S

n +1

� R o 7� !

R

�

; hence S

n

� S for ev ery n � 0. So the in teger

q = min f n j S

n

= S

n +1

g exists. Moreo v er and b y induction on n � 0, S

q + n

= S

q

. Let us

sho w that S

q

= S . It remains to pro v e that S � S

q

. F or this and b y induction on n � 0, it

su�ces to establish the follo wing prop ert y:

s 7� !

R

n

t ^ h ( t ) � 1 = ) s = )

S

n

t : (2)

By induction on n � 0.

n = 0 :

s = t so s = )

;

t b ecause = )

;

= 7� !

;

0

= f ( s; s ) j s 2 T ( F [ V ) g .

( � n ) = ) n + 1 :

Let s 7� !

R

n +1

t suc h that h ( t ) � 1. Consider the follo wing in teger

m = max f i j 9 s

0

; u; � ; s

0

R o 7� !

R

i

u ^ � ( s

0

) = s ^ � ( u ) 7� !

R

n-i

t g

W e distinguish the t w o follo wing complemen tary cases:

Case 1: m = n

By de�nition of m , there exists s

0

; t

0

; v ; � suc h that

s

0

R v 7� !

R

n

t

0

; � ( s

0

) = s ; � ( t

0

) = t .

As h ( t

0

) � h ( t ) � 1, w e ha v e v = )

S

n

t

0

b y induction h yp othesis.

Th us s

0

S

n +1

t

0

therefore s = � ( s

0

) = )

S

n +1

� ( t

0

) = t .

Case 2: m < n

There exist s

0

; u; � suc h that s

0

R o 7� !

R

m

u ; � ( s

0

) = s ; � ( u ) 7� !

R

n-m

t .

As m < n , w e ha v e V ( u ) 6= ; . F rom the completion (1), w e can supp ose that

s

0

and � satisfy the follo wing prop ert y:

� ( x ) 62 F

0

and � ( x ) 6= � ( y ) for ev ery x; y 2 V ( s

0

) with x 6= y : (3)

Let us sho w that h ( u ) � 1. As n � m > 0, there exists v suc h that

� ( u ) 7� !

R

v 7� !

R

n-m-1

t

Th us there exist a rule s

1

� ! t

1

of R and a substitution � suc h that � ( s

1

) =

� ( u ) and � ( t

1

) = v . Assume that h ( u ) � 2.

As V ( u ) 6= ; and from Lemma B.3 and Lemma B.4, u is an en tire and normed

term. F rom Lemma B.5, w e ha v e

2 + h ( �

u

) � h ( u ) + h ( �

u

) = h ( � ( u )) = h ( � ( s

1

)) = h ( s

1

) + h ( �

s

1

) � 2 + h ( �

s

1

)

hence h ( �

u

) � h ( �

s

1

). As h ( � ( s

1

)) = h ( � ( u )) � 2, w e ha v e s

1

62 F

0

so h ( s

1

) > 0

b ecause R is prop er. W e can write s

1

= f w

1

: : : w

p

. As h ( u ) � 2 and � ( u ) =

� ( s

1

) = f � ( w

1

) : : : � ( w

p

), w e can write u = f u

1

: : : u

p

.

Let us sho w that there exists a substitution � suc h that � ( s

1

) = u .
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F rom prop ert y (3), it su�ces to pro v e that w

j

2 V when u

j

2 V . Assume

that there exists a 1 � j � p suc h that u

j

2 V . Then

h ( � ( w

j

)) = h ( � ( u

j

)) � h ( �

u

) � h ( �

s

1

).

As w

j

is a subterm of s

1

en tire and normed, w e ha v e h ( w

j

) = 0. F rom

prop ert y (3), h ( � ( w

j

)) = h ( � ( u

i

)) > 0 hence w

j

2 V .

Therefore u = � ( s

1

) 7� !

R

� ( t

1

). As � ( s

1

) = � ( u ) = � ( � ( s

1

)), w e ha v e � o �

s

1

=

�

s

1

. So � ( � ( t

1

)) = � ( t

1

) = v b ecause V ( t

1

) � V ( s

1

).

Finally s

0

R o 7� !

R

m+1

� ( t

1

) and � ( � ( t

1

)) 7� !

R

n-m-1

t ; whic h is in con tradiction

with the maximalit y of m .

Finally h ( u ) � 1. By induction h yp othesis, w e ha v e

s

0

R o = )

S

m

u so s

0

S

m +1

u . Consequen tly s

0

S

n

u . As V ( u ) 6= ; , w e ha v e

V ( s

0

) 6= ; so h ( s

0

) � 1 � h ( u ) hence s

0

S

n

u . Moreo v er and b y induction

h yp othesis, � ( u ) = )

S

n � m

t so � ( u ) = )

S

n

t .

Finally s = � ( s

0

) 7� !

S

n

o = )

S

n

t .

As 7� !

S

n

o = )

S

n

� = )

S

n

, w e ha v e s = )

S

n

t hence s = )

S

n +1

t .

This ends the induction and pro v es prop ert y (2). Th us S is constructible, so s 7� !

R

*

t is

decidable.

2

Let us indicate that w e can sho w that the pre�x deriv ation of an y con text-free grammar

is decidable.

B.c T ransformation

W e need some basic prop erties on the terms obtained b y pre�x deriv ation according to an

en tire and normed system.

The loss of v ariables b y pre�x rewriting brings a fall of heigh t.

Lemma B.7 Given an entir e and norme d system R , if s 7� !

R

t with s entir e and

norme d and V ( s ) 6= V ( t ) then h ( t ) � h ( R ) .

Pro of.

There exists a rule s

0

� ! t

0

of R and a substitution � suc h that � ( s

0

) = s and � ( t

0

) = t .

As R is en tire and normed, and from Lemma B.5, w e ha v e

h ( t ) = h ( t

0

) + h ( �

t

0

) � h ( R ) + h ( �

t

0

) :

If there is a v ariable x of t

0

then x is a v ariable of s

0

and satis�es one of the three conditions

b elo w.

Case 1: � ( x ) 2 V . Th us h ( � ( x )) = 0

Case 2: V ( � ( x )) = ; .

As V ( s ) 6= V ( t ), w e ha v e V ( s ) 6= ; . Therefore s 6= x . Hence � ( x ) is a prop er

and ground subterm of s . As s is normed, h ( � ( x )) = 0.

Case 3: � ( x ) 62 V and V ( � ( x )) 6= ; .
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As s is en tire, V ( � ( x )) = V ( s ). F rom Lemma B.3, t is en tire. As � ( x ) is a

subterm of t , w e ha v e V ( � ( x )) = V ( t ). Finally V ( s ) = V ( t ) whic h is forbidden

b y h yp othesis.

In an y case, h ( � ( x )) = 0 for ev ery x 2 V ( t

0

), i.e. h ( �

t

0

) = 0 hence h ( t ) � h ( R ).

2

Let us giv e a su�cien t condition for a subterm of a substitution of an en tire and normed

term to b e a subterm of one of the substituted terms.

Lemma B.8 Given a substitution � and a term s entir e and norme d, if t is a subterm

of � ( s ) of height 0 < h ( t ) � h ( �

s

) then ther e is a variable x of s such that t is a subterm

of � ( x ) .

Pro of.

By con trap osition. Let s b e an en tire and normed term, and � a substitution. Let t b e a

subterm of � ( s ) of heigh t h ( t ) 6= 0, and not a subterm of an � ( x ) for x 2 V ( s ). Th us there

exists a subterm s

0

62 V of s suc h that t = � ( s

0

). As s is normed and h ( t ) 6= 0, w e ha v e

V ( s

0

) 6= ; . Th us V ( s

0

) = V ( s ) b ecause s is en tire. Hence V ( t ) = V ( � ( s

0

)) = V ( � ( s )).

As h ( t ) 6= 0, h ( t ) � 1 + h ( �

s

).

2

W e sa y that a system R is a normalize d system if R is en tire, normed and prop er, and

of heigh t h ( R ) � 2. Recall that Prop osition B.2 transforms ev ery en tire system and

ev ery term in to a normalized system R and a constan t r with an isomorphic accessible

pre�x rewriting graph. F or ev ery term s accessible b y pre�x deriv ation according to R

from r , w e will sho w that the subterms of s of the same heigh t ha v e the same set of

immediate subterms, except for the constan ts. More exactly , w e denote b y T ( f t

1

: : : t

p

) =

f t

1

; : : : ; t

p

g � F

0

the set of immediate subterms of f t

1

: : : t

p

(where f 2 F [ V ) whic h are not

constan ts. In a more general w a y and for ev ery subterm t of s , w e sho w that ev ery subterm

of s not in F

0

and of maximal heigh t < h ( t ) is an immediate subterm of t . F ormally , w e

denote b y

E ( s; n ) = f t 62 F

0

j 9 m; t 2 T ( s n m ) ^ h ( t ) < n � h ( s n m ) g for n � h ( s )

the set of the subterms of s of maximal heigh t less than n whic h are not constan ts.

Lemma B.9 Given a normalize d system R and a c onstant r , if r 7� !

R

*

s

then E ( s; h ( t )) = T ( t ) for every subterm t of s .

Pro of.

By de�nitions of T and E , w e ha v e T ( t ) � E ( s; h ( t )). F urthermore,

(a) E ( s; h ( s )) = T ( s )

(b) E ( s; 0) = ; = T ( t ) for ev ery subterm t of s of n ull heigh t.

Let us sho w the in v erse inclusion E ( s; h ( t )) � T ( t ) b y induction on the deriv ation length

from r to s .

As r 2 F

0

and from (b), r satis�es the inclusion.
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Supp ose that r 7� !

R

*

s 7� !

R

t and that s satis�es the inclusion. Let t

0

b e a subterm of t and

let us sho w that E ( t; h ( t

0

)) � T ( t

0

). F rom (a) and (b), w e can supp ose that 0 < h ( t

0

) �

h ( t ) � 1. Let v 2 E ( t; h ( t

0

)). In particular v 62 F

0

, and there exists a subterm u of t suc h

that v 2 T ( u ) and h ( v ) < h ( t

0

) � h ( u ). T o establish this lemma, it su�ces to sho w that

v 2 T ( t

0

). As s 7� !

R

t , there exist a rule s

0

� ! t

0

of R and a substitution � suc h that

� ( s

0

) = s and � ( t

0

) = t . As R is en tire and normed, s

0

and t

0

are en tire and normed. As

R is prop er, normed and of heigh t h ( R ) � 2, w e ha v e h ( t

0

) � h ( s

0

) + 1. Th us and from

Lemma B.5, w e ha v e

h ( t

0

) � h ( t ) � 1 = h ( t

0

) + h ( �

t

0

) � 1 � h ( s

0

) + h ( �

t

0

) � h ( s

0

) + h ( �

s

0

) = h ( s ) :

Hence E ( s; h ( t

0

)) exists. Note that

h ( v ) � h ( t

0

) � 1 � h ( t ) � 2 � h ( t ) � h ( t

0

) = h ( �

t

0

) :

W e distinguish the t w o cases b elo w.

Case 1: h ( u ) � h ( �

t

0

).

F rom Lemma B.8, there exists a v ariable x of t

0

suc h that u is a subterm of

� ( x ). As V ( t

0

) � V ( s

0

), u is a subterm of � ( s

0

) = s . Th us v 2 E ( s; h ( t

0

)).

As h ( t ) � h ( u ) � h ( �

t

0

) and similarly , t

0

is a subterm of s . By induction

h yp othesis E ( s; h ( t

0

)) � T ( t

0

) hence v 2 T ( t

0

).

Case 2: h ( u ) > h ( �

t

0

).

So, there exists a subterm t

0

0

62 V of t

0

suc h that u = � ( t

0

0

). As v 2 T ( u ) � F

0

and t

0

is normed, w e ha v e V ( t

0

0

) 6= ; . Therefore V ( t

0

0

) = V ( t

0

) b ecause t

0

is

en tire. As h ( v ) � h ( �

t

0

), there exists a v ariable x of t

0

suc h that v = � ( x ). As

R is prop er, there exists a subterm w of s

0

suc h that x 2 T ( w ) and V ( w ) =

V ( s

0

). Then v 2 T ( � ( w )) and

h ( � ( w )) � 1 + h ( �

s

0

) � 1 + h ( �

t

0

) � h ( t

0

) � 1 + h ( �

t

0

) = h ( t ) � 1 � h ( t

0

) :

Hence v 2 E ( s; h ( t

0

)). W e consider the t w o follo wing sub cases.

Case 2.1: h ( t

0

) � h ( �

t

0

).

F rom Lemma B.8, t

0

is a subterm of s . By induction h yp othesis, w e ha v e

E ( s; h ( t

0

)) � T ( t

0

) so v 2 T ( t

0

).

Case 2.2: h ( t

0

) > h ( �

t

0

).

So 1 + h ( �

t

0

) � h ( t

0

) � h ( t ) � 1 = h ( t

0

) + h ( �

t

0

) � 1.

Hence h ( t

0

) = 2 and h ( t

0

) = h ( t ) � 1.

Consequen tly , there exists t

0

0

2 T ( t

0

) suc h that t

0

= � ( t

0

0

) and h ( t

0

0

) = 1.

As t

0

is en tire and normed, x 2 V ( t

0

) = V ( t

0

0

). Hence v = � ( x ) 2 T ( t

0

).

In all cases v 2 T ( t

0

).

2

W e are no w in a p osition to sho w that ev ery accessible pre�x rewriting graph of an en tire

system is e�ectiv ely a regular graph.

Theorem B.10 A ny ac c essible pr e�x tr ansition gr aph of any entir e term r ewriting

system is a r e gular gr aph.
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Let R b e a lab elled en tire system and r b e a term.

W e will construct a deterministic graph grammar G and a h yp erarc H suc h that R :T ( F )

�

=r

is isomorphic to the regular graph generated b y G from H .

F rom Prop osition B.2, w e can supp ose that R is en tire, normed, prop er, of heigh t h ( R )

at most 2, and that r is a constan t. W e denote b y P ( R ; r ) = R :T ( F )

�

=r the pre�x

transition graph of R and accessible from r . As V ( r ) = ; , ev ery v ertex s of P ( R ; r ) is

ground, i.e. V ( s ) = ; for r 7� !

R

*

s . The deterministic graph grammar G w e are going to

construct, generates b y parallel rewriting the graph

P ( R ; r ) = P ( R ; r )

0

[ P ( R ; r )

1

[ : : :

b y slices

P ( R ; r )

n

= f ( s

a

� ! t ) 2 P ( R ; r ) j h ( s ) = n g

of arcs whose sources are of gro wing heigh t. In n + 1 parallel rewritings, the grammar

G will generate the graph P ( R ; r )

0

[ : : : [ P ( R ; r )

n

plus a set of non-terminal h yp erarcs,

whose v ertices of P ( R ; r ) of heigh t n + 1 of a non-terminal h yp erarc are joined b y the

relation

P = f ( s; t ) j r 7� !

R

*

s ^ r 7� !

R

*

t ^ h ( s ) = h ( t ) ^ E ( s; h ( s ) � 2) = E ( t; h ( s ) � 2) g

where b y extension E ( s; n ) = ; for n < 0.

Note that P is an equiv alence and from Prop osition B.6, P is decidable. Denote b y 7� !

R

n

the pre�x rewriting b y v ertices of heigh t at least n � 0, i.e.

s 7� !

R

n

t if s 7� !

R

t ^ h ( s ) � n ^ h ( t ) � n:

F rom a non-terminal h yp erarc K ( s ) asso ciated to a v ertex s , the grammar G will generate

the graph Q ( R ; P ( s )) where for ev ery set T of terms on F [ V ,

Q ( R ; T ) = f u

a

� ! v j 9 t 2 T ; t ( 7� !

R

h(t)

)

*

u ^ u

a

7� !

R

v g :

The non-terminal h yp erarc K ( s ) will join the set Q ( P ( s )) of the v ertices of Q ( R ; P ( s )) of

heigh t � h ( s ), i.e. for ev ery v ertex t ,

Q ( t ) = f u j t ( 7� !

R

h(t)

)

*

o 7� !

R

u ^ h ( u ) � h ( t ) g [ f t g :

i) W e w an t to de�ne an equiv alence relation � on the set of the v ertices of P ( R ; r ), whic h is

decidable, of �nite index and �ner than the equiv alence of pairs ( s; t ) suc h that Q ( R ; P ( s ))

is isomorphic to Q ( R ; P ( t )). F or this and to ev ery v ertex s of P ( R ; r ), w e asso ciate an

injection

I

s

: E ( s; h ( s ) � 2) , ! V :

The in v erse relation �

s

= I

� 1

s

is a substitution. Let us complete I

s

in to the relation

J

s

= f ( t; x ) j x 2 I m ( I

s

) ^ V ( t ) � I m ( I

s

) ^ x 6= t ^ �

s

( x ) = �

s

( t ) g

in suc h a w a y that the su�x rewriting according to J

s

is c anonic al ( i.e. of �nite termination

and con
uen t. Let t # J

s

b e the normal form of a term t according to J

s

, i.e. t # J

s

is the
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minimal term for the instan tiation suc h that �

s

( t # J

s

) = t . Consider the equiv alence

relation � on the v ertices of P ( R ; r ), de�ned b y

s � t if there exists a substitution j from V in to V s : t : Q ( P ( s )) # J

s

= j ( Q ( P ( t )) # J

t

) :

The n um b er of v ariables in Q ( P ( s )) # J

s

is equal to the cardinalit y of E ( s; h ( s ) � 2) whic h is

from Lemma B.9, at most equal to the maximal arit y of the functions in R . F urthermore,

if h ( s ) � 3 then J

s

= ; else h ( t # J

s

) = 3. Th us � is of �nite index. W e will establish

(p oin t iv) that Q ( R ; P ( s )) is isomorphic to Q ( R ; P ( t )) for s � t , and w e will sho w (p oin t

v) that � is decidable. First, w e need to sho w (p oin t ii and p oin t iii) some in termediate

results.

ii) Let s P t b e suc h that h ( s ) � 4 and let us sho w that t # J

s

is normed and en tire.

a) Let us pro v e that t # J

s

is normed.

Let u b e a (prop er and) ground subterm of t # J

s

. As h ( s ) � 4 and u is irreducible

for the su�x rewriting according to I

s

, w e ha v e h ( u ) < h ( s ) � 2. F urthermore

�

s

( t # J

s

) = t and h ( t ) = h ( s ). Th us u is a subterm of a subterm v of t # J

s

of

maximal heigh t suc h that h ( �

s

( v )) < h ( s ) � 2. As v is irreducible according to J

s

,

w e ha v e �

s

( v ) 62 E ( t; h ( s ) � 2). Therefore �

s

( v ) 2 F

0

so h ( v ) = 0 hence h ( u ) = 0.

Finally t # J

s

is normed.

b) Let us pro v e that t # J

s

is en tire.

Let u b e a subterm of t # J

s

of heigh t h ( u ) 6= 0. Similarly to (a), w e ha v e h ( �

s

( u )) �

h ( s ) � 2. So �

s

( u ) has a subterm v of heigh t h ( s ) � 2. So v is a subterm of

�

s

( t # J

s

) = t and v # J

s

is a subterm of u . By de�nition of P and from Lemma B.9,

w e ha v e E ( s; h ( s ) � 2) = E ( t; h ( s ) � 2) = T ( v ). So, ev ery v ariable of t # J

s

is a

v ariable of v # J

s

, hence of u . Th us V ( u ) = V ( t # J

s

) hence t # J

s

is en tire.

iii) Let us sho w that Q ( R ; P ( s )) = �

s

( Q ( R ; P ( s ) # J

s

)).

If h ( s ) � 3 then J

s

= ; hence the equalit y .

a) Let us pro v e that �

s

( Q ( R ; P ( s ) # J

s

)) � Q ( R ; P ( s )) for h ( s ) � 4.

Let u

a

� ! v an arc of Q ( R ; P ( s ) # J

s

). There exists a sequence t

0

; : : : ; t

n

suc h that

t

0

2 P ( s ) # J

s

; t

n

= u ; t

i

7� !

R

h(t

0

)

t

i +1

for ev ery 0 � i < n .

As h ( s ) � 4 ; h ( t

0

) = 3 ; V ( t

0

) 6= ; and from (ii), t

0

is en tire and normed. F rom

Lemma B.7, Lemma B.4 , Lemma B.3, and b y induction on 0 � i � n , w e ha v e

V ( t

i

) = V ( t

0

), t

i

is normed and en tire.

F urthermore h ( t

i

) � h ( t

0

) and from Lemma B.5, w e obtain

h ( �

s

( t

i

)) � h ( �

s

( t

0

)) = h ( s ).

In consequence �

s

( t

i

) 7� !

R

h(s)

�

s

( t

i +1

) for ev ery 0 � i < n .

F urthermore �

s

( u )

a

7� !

R

�

s

( v ) hence �

s

( u )

a

� ! �

s

( v ) 2 Q ( R ; P ( s )).

b) Let us pro v e that Q ( R ; P ( s )) � �

s

( Q ( R ; P ( s ) # J

s

)) for h ( s ) � 4.

Let u

a

� ! v 2 Q ( R ; P ( s )). There exists a sequence t

0

; : : : ; t

n

suc h that t

0

2

P ( s ) ; t

n

= u ; t

i

7� !

R

h(s)

t

i +1

for ev ery 0 � i < n .

Let us set s

0

= t

0

# J

s

. F rom (ii), s

0

is en tire and normed. F urthermore �

s

( s

0

) =

t

0

; V ( s

0

) 6= ; and h ( s

0

) = 3. By induction on 1 � i � n , w e construct an en tire

and normed term s

i

suc h that
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s

i � 1

7� !

R

s

i

; �

s

( s

i

) = t

i

and h ( s

i

) � 3.

In fact, supp ose that s

i � 1

is en tire and normed, V ( s

i � 1

) 6= ; ; �

s

( s

i � 1

) = t

i � 1

and

h ( s

i � 1

) � 3. Then, there exists a term s

i

suc h that s

i � 1

7� !

R

s

i

and �

s

( s

i

) = t

i

.

F rom Lemma B.7, Lemma B.4 and Lemma B.3, V ( s

i

) 6= ; ; s

i

is en tire and normed.

A t last and from Lemma B.5, w e ha v e

h ( s ) � h ( t

i

) = h ( �

s

( s

i

)) = h ( s

i

) + h (( �

s

)

s

i

)

and h (( �

s

)

s

i

) � h (( �

s

)

s

0

) = h ( �

s

)( s

0

)) � h ( s

0

) = h ( s ) � 3,

hence h ( s ) � h ( s

i

) + h ( s ) � 3 i.e. h ( s

i

) � 3.

Th us s

0

( 7� !

R

h(s

0

)

)

*

s

n

. As h ( s

n

) 6= 0, there exists s

n +1

suc h that s

n

a

7� !

R

s

n +1

and �

s

( s

n +1

) = v . Finally ( s

n

a

� ! s

n +1

) 2 Q ( R ; P ( s ) # J

s

) with �

s

( s

n

) = u and

�

s

( s

n +1

) = v .

iv) Let us sho w that s � t implies that Q ( R ; P ( s )) is isomorphic to Q ( R ; P ( t )).

F or ev ery term t , �

s

( t # J

s

) = �

s

( t ). Therefore and from (iii), w e ha v e

Q ( R ; P ( s )) = �

s

( Q ( R ; P ( s ) # J

s

)) = �

s

( Q ( R ; P ( s ) # J

s

) # J

s

),

i.e. Q ( R ; P ( s )) = f �

s

( u # J

s

)

a

� ! �

s

( v # J

s

) j u

a

� ! v 2 Q ( R ; P ( s ) # J

s

) g .

a) Let us pro v e that �

s

is injectiv e on Q ( R ; P ( s ) # J

s

) # J

s

.

Let u and v b e v ertices of Q ( R ; P ( s ) # J

s

) # J

s

suc h that �

s

( u ) = �

s

( v ). Supp ose

that u 6= v . By symmetry of u and v , w e can supp ose there exist a v ariable x of

u and a subterm v

0

of v suc h that �

s

( x ) = �

s

( v

0

) and x 6= v

0

. Th us ( v

0

; x ) 2 J

s

so

v is reducible for the su�x rewriting according to J

s

, whic h is imp ossible. Th us

Q ( R ; P ( s )) is isomorphic to Q ( R ; P ( s ) # J

s

) # J

s

.

b) Let us pro v e that if t 2 P ( s ) # J

s

and t ( 7� !

R

h(t)

)

*

u then u # J

s

= u and V ( u ) = ; = V ( t ).

If h ( s ) � 3 then J

s

= ; hence u # J

s

= u and V ( u ) = V ( t ).

If h ( s ) � 4 then w e ha v e seen in p oin t (iii) (a) that V ( u ) = V ( t ) and, u is en tire

and normed. Let v b e a subterm of u of heigh t h ( v ) � 1. As u is normed, V ( v ) 6= ; ,

and as u is en tire, V ( v ) = V ( u ) = V ( t ). Th us and for ev ery v ariable x suc h that

�

s

( x ) 6= x , x 2 V ( v ) hence h ( �

s

( v )) � 1 + h ( �

s

( x )), therefore �

s

( v ) 6= �

s

( x ) i.e.

( v ; x ) 62 J

s

. Th us u # J

s

= u .

c) Let us pro v e that the set of terms in Q ( P ( s )) of heigh t h ( s ) is equal to P ( s ).

By de�nition of Q , P ( s ) � Q ( P ( s )). Con v ersely , let t 2 Q ( P ( s )) of heigh t h ( t ) =

h ( s ) and pro v e that t 2 P ( s ).

If h ( s ) � 3 then Q ( P ( s )) [resp. P ( s )] is the set of v ertices of P ( R ; r ) of heigh t

� h ( s ) [resp. = h ( s )], hence t 2 P ( s ).

Supp ose that h ( s ) > 3. F or ev ery v ertex u of Q ( R ; P ( s ) # J

s

), let us pro v e that

h ( �

s

( u )) = h ( u ) + h ( s ) � 3 if h ( u ) � 3

and h ( �

s

( u )) < h ( s ) if h ( u ) < 3.

In fact, if h ( u ) � 3, w e ha v e seen that u is en tire and normed, V ( u ) = V ( t ) and

from Lemma B.5, w e ha v e h ( �

s

( u )) = h ( u ) + h ( �

s

) = h ( u ) + h ( s ) � 3.

If h ( u ) < 3 then h ( �

s

( u )) � h ( u ) + h ( �

s

) < 3 + h ( s ) � 3 = h ( s ).

F rom (iii), there exists a v ertex u of Q ( R ; P ( s ) # J

s

) suc h that t = �

s

( u ). Th us

h ( u ) = 3 and from (iii) (a), u is en tire and normed, and V ( u ) = �

s

( E ( s; h ( s ) � 2)).

There is a subterm v of u of heigh t h ( v ) = 1. As u is normed and en tire, V ( v ) =

V ( u ) = �

s

( E ( s; h ( s ) � 2)). Th us T ( �

s

( v )) = E ( s; h ( s ) � 2). F rom Lemma B.9,
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T ( �

s

( v )) = E ( t; h ( �

s

( v ))) = E ( t; h ( s ) � 2). Finally s P t , i.e. t 2 P ( s ). Th us

P ( s ) = f t 2 Q ( P ( s )) j h ( t ) = h ( s ) g :

In particular, for ev ery t 2 Q ( P ( s )), h ( t ) = h ( s ) i� h ( t # J

s

) = min f h ( s ) ; 3 g .

Therefore

P ( s ) # J

s

= f t # J

s

j t 2 Q ( P ( s )) ^ h ( t # J

s

) = min f h ( s ) ; 3 g g : (1)

d) Supp ose that s � t and sho w that Q ( R ; P ( s )) is isomorphic to Q ( R ; P ( t )).

There exists a bijection j from V to V suc h that Q ( P ( s )) # J

s

= j ( Q ( P ( t )) # J

t

).

Therefore j ( Q ( R ; P ( t ) # J

t

) # J

t

) = Q ( R ; j ( P ( t ) # J

t

)) # j ( J

t

)

= Q ( R ; P ( s ) # J

s

) # j ( J

t

) from (1)

= Q ( R ; P ( s ) # J

s

) # J

s

from (b).

Th us Q ( R ; P ( s ) # J

s

) # J

s

is isomorphic to Q ( R ; P ( t ) # J

t

) # J

t

and from (a),

Q ( R ; P ( s )) is isomorphic to Q ( R ; P ( t )).

v) Let us sho w that � is decidable, i.e. Q ( P ( s )) # J

s

is constructible.

If h ( s ) � 3 then J

s

= ; and Q ( P ( s )) is the set of v ertices of P ( R ; r ) of heigh t � h ( s ).

Supp ose that h ( s ) > 3. F rom (iv) (c), Q ( P ( s )) = �

s

( Q ( P ( s ) # J

s

)) hence

Q ( P ( s )) # J

s

= Q ( P ( s ) # J

s

) # J

s

Let us pro v e that Q ( P ( s ) # J

s

) is constructible. As P ( s ) # J

s

is constructible and from

(iv)(c), it remains to determine the set Q ( P ( s ) # J

s

) restricted to the terms of heigh t � 2,

i.e. the set

A ( s ) = f u j 9 t 2 P ( s ) # J

s

; t ( 7� !

R

3

)

*

o 7� !

R

u ^ h ( u ) � 2 g :

Let t 2 P ( s ) # J

s

. T ak e a constan t $ 2 F

0

� F ( R ) not in R , and denote b y u

$

the term

obtained from a term u b y replacing b y $ ev ery immediate subterm of u whose heigh t � 3.

If t ( 7� !

R

3

)

*

u then u

$

b elongs to the follo wing set:

T = f u 2 T ( F ( R ) [ V ( t ) [f $ g ) j u is en tire and normed ^

8 v 2 T ( u ) � f $ g ; h ( v ) � 2 ^ $ 62 F ( v ) g :

Let b b e the cardinalit y of T and b y induction on n � 0, let us pro v e the follo wing prop ert y:

t 2 P ( s ) # J

s

^ t ( 7� !

R

3

)

n

o 7� !

R

u ^ h ( u ) � 2 = )

9 t

0

2 P ( s ) # J

s

; 9 q � b ; t

0

( 7� !

R

3

)

q

o 7� !

R

u : (2)

If n � b then t

0

= t and q = n satisfy prop ert y (2).

Supp ose that n > b .

there exists a sequence t

0

; : : : ; t

n

suc h that t

0

= t ; t

n

7� !

R

u ; t

i

7� !

R

3

t

i +1

for ev ery

0 � i < n . Let m = max f i j h ( t

i

) = 3 g . F rom (iv)(c), t

m

2 P ( s ) # J

s

. If m > 0 then

(1) is true b y induction h yp othesis.

Supp ose that m = 0. As n > b , there exists 0 < i < j � n suc h that ( t

i

)

$

= ( t

j

)

$

.

Th us t

i

( 7� !

R

3

)

n-j

o 7� !

R

u b ecause h ( u ) � 2 hence the immediate subterms of t

j

of heigh t
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� 3 are irrelev an t for getting u .

Th us t ( 7� !

R

3

)

n-j+i

o 7� !

R

u hence w e obtain (2) b y induction h yp othesis.

This ends the induction, and prop ert y (2) is established. Consequen tly

A ( s ) = f u j 9 t 2 P ( s ) # J

s

; 9 n � b; t ( 7� !

R

3

)

n

o 7� !

R

u ^ h ( u ) � 2 g

is constructible, hence Q ( P ( s ) # J

s

) = P ( s ) # J

s

[ A ( s ) is constructible. Therefore

Q ( P ( s )) # J

s

= Q ( P ( s ) # J

s

) # J

s

is constructible, hence � is decidable.

vi) W e can no w giv e a (non deterministic) pro cedure for the construction of a deterministic

graph grammar G generating P ( R ; r ).

Giv en a v ertex s , w e denote b y K ( s ) the set of h yp erarcs lab elled b y s whose v ertices are

the terms of Q ( P ( s )), and whic h are distincts, i.e.

K ( s ) = f ss

1

: : : s

p

j f s

1

; : : : ; s

p

g = Q ( P ( s )) ^ 1 � i < j � p ) s

i

6= s

j

g :

Initially G has only one rule

G = f ( H

0

; ; ) g where H

0

2 K ( r ) :

The construction of G stops when ev ery rule in G has a non empt y righ t hand side. Else,

giv en a rule ( H ; ; ) of G , w e are going to c hange (p oin t d) the righ t hand side of this rule,

and adding (p oin t c) in G the non-terminal h yp erarcs whose rules w e w an t to construct.

W e denote b y s the lab el of H , i.e. s = H (1) that is H 2 K ( s ).

a) The new righ t hand side will ha v e as terminal arcs, the set T ( s ) of the arcs in P ( R ; r )

whose sources are in P ( s ), i.e.

T ( s ) = f u

a

� ! v j u

a

7� !

R

v ^ u 2 P ( s ) g :

b) W e will extract one v ertex b y non-terminal h yp erarc to b e constructed.

Let M b e the set of v ertices of T ( s ), of heigh t h ( s ) + 1 and sources of arcs in P ( R ; r ),

i.e.

M = f v j 9 u 2 P ( s ) ; u 7� !

R

v ^ h ( v ) = h ( s ) + 1 ^ 9 t; v 7� !

R

t g :

Let us tak e a set A of represen tativ es of the quotien t of M b y P , i.e. A is a minimal

subset of M suc h that

[

f P ( t ) j t 2 A g =

[

f P ( t ) j t 2 M g :

F rom (iv)(c), remark that for s ( 7� !

R

h(s)

)

*

t and h ( s ) = h ( t ), w e ha v e s P t .

c) T o ev ery t 2 A , w e will asso ciate a non-terminal h yp erarc N ( t ).

If t is equiv alen t to a non-terminal of G , i.e. 9 ut

1

: : : t

q

2 D om ( G ) ; u � t , then

there is a bijection j from V to V suc h that j ( Q ( P ( u )) # J

u

) = Q ( P ( t )) # J

t

, and

w e de�ne

N ( t ) = u�

t

( j ( t

1

# J

u

)) : : : �

t

( j ( t

q

# J

u

)) :

Otherwise, w e c ho ose N ( t ) in K ( t ) that w e add as a non-terminal h yp erarc of G ,

i.e.

G = G [ f ( N ( t ) ; ; ) g :
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d) G = ( G � ( H ; ; )) [ f ( H ; T ( s ) [ f N ( t ) j t 2 A g ) g .

By construction and for ev ery H 2 D om ( G ) \ K ( s ) ; G

!

( H ) is isomorphic to Q ( R ; P ( s )).

In particular when s = r ; G

!

( H

0

) is isomorphic to P ( R ; r ).

2
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