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Preface

Welcome to the 14th International Conference on Formal Power Series and Algebraic Com-
binatorics FPSAC 2002, Séries Formelles et Combinatoire Algébrique, SFCA 2002, held in
Melbourne, Australia, in the week 8 – 12 July 2002. We are particularly pleased because
this is the first time that FPSAC/SFCA has been held in the southern hemisphere, and also
the first time that it has been held in the Asia–Pacific region. We hope that all overseas
participants (especially first-time visitors) enjoy their stay in Australia.

The FPSAC 2002 program consists of invited and contributed talks and posters in-
volving algebraic and enumerative combinatorics, applied to problems drawn from pure
mathematics, applied mathematics, theoretical computer science and physics. It is hoped
that the cross-disciplinary nature of the contributions will benefit researchers in all areas.

This proceedings contains the extended abstracts of all papers presented at the confer-
ence. There are ten invited lectures, presented by Hélène Barcelo, Jan de Gier, Philippe Di
Francesco, Peter Forrester, Christian Krattenthaler, Brendan McKay, Thomas Prellberg,
Alan Sokal, Ole Warnaar and David Wilson. This year the extended abstracts will be dis-
tributed to participants in the form of a PDF file on a CD-ROM. Please inform members
of the permanent committee of your response to this innovation.

Thanks are due to all members of the Program Committee who worked speedily and
judiciously, and also to the additional referees called upon to review the papers. Following
the FPSAC custom, all abstracts are given in English and French. Many thanks to all those
who helped with the translations.

We are also grateful to the following institutions for their financial support: The Depart-
ment of Mathematics of The University of Melbourne, Microsoft Corporation, the National
Science Foundation (USA) and the Department of Innovation Industry and Regional De-
velopment, (The Victorian Government, Australia).

Richard Brak, Omar Foda, Catherine Greenhill, Tony Guttmann, Aleks Owczarek

Melbourne, May 2002
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A LOWER BOUND FOR THE ORDER OF TELESCOPERS FOR A
HYPERGEOMETRIC TERM

S. A. ABRAMOV∗ AND H. Q. LE†

Abstract. We present an algorithm to compute a lower bound for the order of the mini-
mal telescoper for a given hypergeometric term. We also describe a Maple implementation
of the algorithm and show the efficiency improvement it provides to Zeilberger’s algorithm
in the construction of the telescopers.

Résumé. Cet article présente un algorithme de calcul d’une borne inférieure pour le
téléscopeur minimal associé à un terme hypergéométrique. Une implantation en Maple
est également décrite, qui permet d’observer le gain de notre méthode par rapport à
l’algorithme de Zeilberger lors de la construction des téléscopeurs.

1. Preliminaries

Let K be an algebraically closed field of characteristic 0, the variables n, k be integer-
valued, and En, Ek be the corresponding shift operators, acting on functions of n and
k, by Enf(n, k) = f(n + 1, k), Ekf(n, k) = f(n, k + 1). A K-valued function t(k) is a
hypergeometric term of k over K if the consecutive term ratio R = Ekt/t is a rational
function of k over K. This rational function is the certificate of t(k). A K-valued function
T (n, k) is a hypergeometric term of two variables n and k if the two consecutive term
ratios R1 = EnT/T, and R2 = EkT/T are rational functions of n and k over K. They
are called the n-certificate and the k-certificate of T, respectively. Given a hypergeometric
term T (n, k) as input, Zeilberger’s algorithm [13, 15, 16] (which we name hereafter as Z)
constructs for T (n, k) a Z-pair (L,G), provided that such a pair exists. The computed
Z-pair consists of L, a linear recurrence operator with coefficients which are polynomials of
n over K

(1) L = aρ(n)Eρ
n + · · ·+ a1(n)E1

n + a0(n)E0
n,

and a hypergeometric term G(n, k) such that

(2) LT (n, k) = (Ek − 1)G(n, k).
The k-free operator L is called a telescoper. It is noteworthy that the problem of establishing
a necessary and sufficient condition for the applicability of Z to T (n, k) is solved and
presented in [1] (the well-known fundamental theorem [15, 16] only provides a sufficient
condition). It is proven in [16] that if there exists a Z-pair for T (n, k), then Z terminates
with one of the Z-pairs and the telescoper L in the returned Z-pair is of minimal order.
The computed telescoper L is unique up to a left-hand factor P (n) ∈ K[n], and we name
it the minimal telescoper.

Z has a wide range of applications which include finding closed forms of definite sums
of hypergeometric terms, verification of combinatorial identities, and asymptotic estima-
tion [13, 16, 12].

∗Partially supported by the French-Russian Lyapunov Institute under grant 98-03.
†Partially supported by Natural Sciences and Engineering Research Council of Canada Grant No.

CRD215442-98.
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#1.2 S. A. ABRAMOV AND H. Q. LE

The algorithm uses an item-by-item examination on the order ρ of the operator L in (1).
It starts with the value of 0 for ρ and increases ρ until it is successful in finding a Z-pair
(L,G) for T. As a consequence, we waste resources trying to compute without success a
telescoper of ordL < ρ where ρ is the order of the minimal telescoper.
In this paper, we present an algorithm that computes a lower bound for the order of the

telescopers. The general approach of the algorithm can be described as follow. If the given
hypergeometric term T (n, k) is not k-summable, i.e., there does not exist a hypergeometric
term T1 such that T = (Ek − 1)T1, then we represent T as (Ek − 1)T1 + T2 where the
hypergeometric term T2 has some specific features each of which ensures that T2 is not k-
summable. It is then easy to show that a telescoper for T exists iff a telescoper for T2 exists,
and the sets of telescopers for T and T2 are equal. We consider recurrence operators, called
crushing operators, with the distinguishing property that if M ∈ K[n,En] is a crushing
operator for T2, then MT2 does not have at least one of the specific features that T2 does
(this does not guarantee that MT2 is k-summable, though). It follows that the order of the
minimal telescoper for T2 is always greater than or equal to that of the minimal crushing
operator for T2. We then describe an algorithm to compute a lower bound µ for the order
of the crushing operators for T2. This value is automatically also a lower bound for the
order of the telescopers for T .
When the algorithm is used in conjunction with the algorithm to determine the applica-

bility of Z to T (n, k) [1], it allows one to use Z to compute a Z-pair only if the existence of
such a pair is guaranteed; and in this case, one can use µ as the starting value for the order
of L, instead of 0. Additionally, the computation of a lower bound is much less expensive
than the construction of a telescoper using Z, especially when the order of the minimal
telescoper is high.
Note that for the case where T (n, k) is also a rational function, there exists a direct

algorithm to compute the minimal telescoper for T efficiently without using item-by-item
examination [8].
The paper is organized in the following manner. In Sections 2 we discuss some known

results which are needed in subsequent sections. They include a description of the additive
decomposition problem of hypergeometric terms [2, 3], and a criterion for the applicability
of Z [1]. The main result of Section 3 is a theorem to compute a lower bound for the
order of the minimal crushing operator M. An algorithm which realizes this theorem is
presented in Section 4. We conclude the paper with a description of an implementation
of the algorithm in Section 5. Various examples are used to show the advantages of this
implementation over other implementations of the original Z.
Throughout the paper, K is an algebraically closed field of characteristic 0, and N de-

notes the set of nonnegative integers. Following [13], we write T1(n, k) ∼ T2(n, k) if two
hypergeometric terms T1(n, k) and T2(n, k) are similar, i.e., their ratio is a rational function
of n and k.

2. The Additive Decomposition Problem and the Existence of a Telescoper

We begin this section with the notion of Rational Normal Forms (RNF) of rational
functions [4]. This concept plays an important role in the follow-up algorithms.

Definition 1. Let Λ be a field of characteristic 0. Let R ∈ Λ(x) be a nonzero rational
function. If there exist nonzero polynomials f1, f2, v1, v2 ∈ Λ[x] such that

(i) R = F · EV
V where F = f1

f2
, V = v1

v2
, and gcd(v1, v2) = 1,

(ii) gcd(f1, Ehf2) = 1 for all h ∈ Z,

then F · EV
V is an RNF of R.
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Note that every rational function has an RNF [3, Thm. 1] which in general is not unique,
and the rational function F in (i) with property (ii) is called the kernel of the RNF.

2.1. The Additive Decomposition Problem. For a hypergeometric term T (k) of k
over K(n), the algorithm to solve the additive decomposition problem [2, 3] constructs two
hypergeometric terms T1(k), T2(k) similar to T (k) such that

(3) T (k) = (Ek − 1)T1(k) + T2(k),

and either T2 = 0 or the k-certificate of T2 has an RNF

(4)
f1
f2

Ek(v1/v2)
(v1/v2)

with v2 of minimal possible degree. Note that any RNF of the k-certificate of T2 has
v2 ∈ K(n)[k] of the same (minimal possible) degree.
Lemma 1. [2, 3] Let T (k) be a hypergeometric term over K(n). If (3) is an additive
decomposition of T (k), then for any RNF of the form (4) of the k-certificate of T2(k), and
for each irreducible p from K(n)[k] such that p | v2, the following three properties hold:
(5) Pa : Eh

kp | v2 ⇒ h = 0, Pb : Eh
kp | f1 ⇒ h < 0, Pc : Eh

kp | f2 ⇒ h > 0.

If the hypergeometric term T2(k) in (3) vanishes, then T (k) is said to be k-summable.
Otherwise, each irreducible factor p of v2 has properties Pa, Pb, Pc, and T is k-non-
summable.

Proposition 1. [2, 3] Let an RNF of the k-certificate of a given hypergeometric term
T (n, k) be of the form (4). If there exists at least one irreducible factor p of v2 such that
all three properties Pa, Pb, Pc hold, then T (n, k) is k-non-summable.

Proposition 2. Let the similar hypergeometric terms T (n, k), T1(n, k), and T2(n, k) be as
defined in (3). (The algorithm to solve the additive decomposition problem is applied to
T (n, k) w.r.t. k over K(n).) Then

(i) A Z-pair for T (n, k) exists iff a Z-pair for T2(n, k) exists;
(ii) The minimal telescopers for T and T2 are the same.

Proof:
(i): Let (L,G) be a Z-pair for T2. It follows from (3) that LT = (Ek − 1) (LT1 +G). Since
T1 ∼ T2, T2 ∼ G, and ∼ is an equivalence relation, LT1 +G is a hypergeometric term [13,
Prop. 5.6.2]. Consequently, (L,LT1+G) is a Z-pair for T. On the other hand, let (L,G) be
a Z-pair for T. By following the same argument, one can easily show that (L,G − LT1) is
a Z-pair for T2.
(ii): Let L be the minimal telescoper for T2. It follows from (i) that L is a telescoper for T.
Suppose there exists a telescoper L̃ for T and ord L̃ < ordL. Then it follows from (i) then
L̃ is a telescoper for T2 and ord L̃ < ordL. Contradiction.

Definition 2. A polynomial p(n, k) ∈ K[n, k] is integer-linear if it has the form
(6) αn+ βk + γ where α, β ∈ Z and γ ∈ K.
Theorem 1. [5, Thm. 8] For a hypergeometric term T (n, k), let F, V ∈ K(n, k) be such
that

F
Ek V

V
is an RNF over K(n) of the k-certificate of T. Then there exists D ∈ K(n, k) so that the
n-certificate of T can be written as

(7) D
En V

V
, D =

d1

d2
, gcd(d1, d2) = 1,
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and F,D both factor into constants and integer-linear polynomials.

2.2. The Existence of a Telescoper. Recall that the fundamental theorem [15, 16] pro-
vides only a sufficient condition for the termination of Z. It states that if T (n, k) is a proper
hypergeometric term (see the definition from [15, 16]), then a telescoper for T (n, k) exists.
However, it is well-known that the set S of hypergeometric terms on which Z terminates
is a proper subset of the set of all hypergeometric terms, but a super-set of the set of
proper hypergeometric terms. The following theorem [1] gives a complete description of S.
It provides a necessary and sufficient condition for the termination of Z.
Theorem 2. (Criterion for the existence of a telescoper). Let T (n, k) be a hypergeometric
term of n and k, and (3) be an additive decomposition of T (n, k). Let (4) be an RNF w.r.t.
k over K(n) of the k-certificate of T2(n, k) with v2 ∈ K[n, k]. Then a telescoper for T (n, k)
exists iff each factor of v2(n, k) irreducible in K[n, k] is an integer-linear polynomial, i.e.,
iff T2(n, k) is proper.

3. A Lower Bound for the Order of Telescopers for a Minimal

k-Non-summable Term

Definition 3. A minimal k-non-summable hypergeometric term T (n, k) is a hypergeometric
term where the k-certificate of T has an RNF of the form (4), and for each irreducible p
such that p | v2, all three properties Pa, Pb, Pc hold.

For the remainder of this section, we assume T (n, k) to be a minimal k-non-summable
hypergeometric term. Let us now introduce the notion of crushing operators.

Definition 4. Let M ∈ K[n,En] be such that MT 	= 0, and there exists an RNF

(8) F ′EkV
′

V ′ , V
′ =

v′1
v′2

of the k-certificate of the hypergeometric term MT such that each of the irreducible factors
of v′2 does not have at least one of the three properties Pa, Pb, Pc. Then M is a crushing
operator for T . The minimal crushing operator is a crushing operator of minimal possible
order.

Proposition 3. If L is a telescoper for T, then L is a crushing operator for T.

Proof: The claim follows from Proposition 1.

Corollary 1. If there does not exist any crushing operator for T of order less than µ, µ ≥ 1,
then there does not exist any telescoper for T of order less than µ.

Hence, the problem of computing a lower bound for the order of the telescopers for T is
reduced to the problem of computing a lower bound for the order of the minimal crushing
operator for T.

Theorem 3. Let the k-certificate of T has an RNF F (EkV )/V of the form (4). Let the
n-certificate A of T (EnT )/T = D(EnV )/V be as defined in Theorem 1. Suppose that
the polynomial v2 ∈ K[n, k] factors into a constant and integer-linear polynomials. Let
M ∈ K[n,En] be a crushing operator for T (n, k), ordM = ρ. Let p be an integer-linear
factor of v2, degk p = 1. Then

(i) There exists an integer h such that

(9) Eh
k p |Env2 ·E2

nv2 · · ·Eρ
nv2 · d2 · End2 · · ·Eρ−1

n d2;

(ii) Let ρp be the minimal value of ρ in (i) such that (9) is satisfied. Then the order of
the minimal crushing operator for T is not less than µ = maxp | v2

ρp.
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Proof:
(i): Let

M = aρ(n)Eρ
n + · · ·+ a1(n)En + a0(n), ai(n) ∈ K[n].

Then

MT =

(
ρ∑

m=0

am(n)A ·EnA · · ·Em−1
n A

)
T.

Therefore, the k-certificate of MT is

(10) F
EkR

R
,

where

R = V
ρ∑

m=0

am(n)A · EnA · · ·Em−1
n A

= V

ρ∑
m=0

am(n)
Em

n V

V
D ·EnD · · ·Em−1

n D

=
ρ∑

m=0

am(n)
Em

n v1 · d1 ·End1 · · ·Em−1
n d1

Em
n v2 · d2 ·End2 · · ·Em−1

n d2

.

Rewrite R as

R =
r1
r2
, r1, r2 ∈ K[n, k],

r2 = v2 · Env2 · · ·Eρ
nv2 · d2 ·End2 · · ·Eρ−1

n d2, r1 = s1 + v2 s2,

where s2 is a polynomial from K[n, k], and s1 = a0(n) ·Env2 · · ·Eρ
nv2 · d2 ·End2 · · ·Eρ−1

n d2.
If p is not a factor of the denominator r2 of R, then since v2 is a factor of r2, p must

divide the numerator r1 of R, i.e.,

p | (s1 + v2 s2).
Since p is a factor of v2, this implies p | s1. Additionally, p does not divide a0(n) since
degk p = 1. Therefore,

(11) p |Env2 ·E2
nv2 · · ·Eρ

nv2 · d2 · End2 · · ·Eρ−1
n d2.

If p is a factor of the denominator r2, then since M is a crushing operator for T, at least
one of the three properties Pa, Pb, Pc does not hold for p. Notice that the k-certificates
of T in (4) and MT in (10) have the same kernel F. It follows from Lemma 1 that for the
integer-linear factor p of v2, properties Pb and Pc always hold. Consequently, property
Pa does not hold, i.e., there exists an h ∈ Z \ {0} such that Eh

k p divides r2. Additionally,
since T is a minimal k-non-summable hypergeometric term, it follows from property Pa
that there does not exist an h ∈ Z \ {0} such that Eh

k p|v2. This gives
(12) Eh

k p |Env2 ·E2
nv2 · · ·Eρ

nv2 · d2 · End2 · · ·Eρ−1
n d2.

It follows from (11) and (12) that (i) is satisfied.
(ii): The claim follows from the fact that for each factor p of v2, there does not exist any
crushing operator for T of order less than ρp.
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4. A General Algorithm

For a given hypergeometric term T (n, k) of n and k, an algorithm to compute a lower
bound µ for the order of the telescopers for T consists of two steps. A check to determine
the existence of a telescoper for T is performed in the first step. This is attained by first
applying to T (n, k) the algorithm to solve the additive decomposition problem w.r.t. k to
construct two hypergeometric terms T1(n, k), T2(n, k) such that

(13) T (n, k) = (Ek − 1)T1(n, k) + T2(n, k),

and the k-certificate of T2 has an RNF of the form (4). If v2 does not factor into integer-
linear polynomials, then it follows from Theorem 2 that Z is not applicable to T, and there
is no need to compute a lower bound µ. Otherwise, rewrite v2 as a product of integer-linear
polynomials each of which is of the form (6). An algorithm, based on gcd and resultant
computation, to check if v2 ∈ K[n, k] factors into integer-linear polynomials, and if this
is the case, rewrite v2 in the desired factored form is described in [6, 7]. Without loss of
generality, we can assume that gcd(α, β) = 1, and β ≥ 0.
In the second step, since T2 is a minimal k-non-summable hypergeometric term, if fol-

lows from Proposition 3 that the existence of the crushing operators for T2 is guaranteed.
Additionally, all the hypotheses required for the computation of a lower bound µ for the
order of the telescopers for T2 exist. Hence, apply Theorem 3 to T2(n, k) to compute a
lower bound µ. It follows from Proposition 2 that one can use µ as a lower bound for the
order of the telescopers for T.
For each integer-linear factor p of v2, degk p = 1, the second step requires the computation

of the minimal value of ρ in the pair (ρ, h), h ∈ Z, ρ ∈ N \ {0} such that
(i) Eh

kp |Env2 · E2
nv2 · · ·Eρ

nv2, or
(ii) Eh

kp | d2 ·End2 · · ·Eρ−1
n d2.

Consider the following simple algorithm C(i):

algorithm C(i);
input: p = αn + βk + γ, α, β ∈ Z, gcd(α, β) = 1, β > 0, γ ∈ K,

v2 =
∏m

i=1(αin+ βik + γi), αi, βi ∈ Z, gcd(αi, βi) = 1, βi ≥ 0, γi ∈ K;
output:the minimal value of ρ ∈ N \ {0} such that (i) is satisfied;

ρmin :=∞;
for i = 1, 2, . . . ,m do

if α = αi and β = βi and γ − γi ∈ Z then
find the minimal ρ ∈ N \ {0} and h ∈ Z such that

αρ− βh = γ − γi;
ρmin := min{ρmin, ρ};

fi;
od;
return ρmin.

For a given integer-linear factor p of v2, degk p = 1, the algorithm C(i) simply iterates
through each integer-linear polynomial q of v2. If p− q = σ ∈ Z, then the algorithm solves
the diophantine equation αρ− βh = σ, and chooses the minimal positive value of ρ. (Note
that since gcd(α, β) = 1, the solution is guaranteed to exist.)
An algorithm C(ii) which finds the minimal value of ρ such that (ii) is satisfied can be

described in a very similar manner. Note that it follows from Theorem 1 that the polynomial
d2 ∈ K[n, k] in (7) factors into integer-linear polynomials.
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By iterating through each factor p of v2, we obtain the requested lower bound µ. This
leads to the following algorithm which computes a lower bound for the order of the tele-
scopers for a given hypergeometric term T (n, k).

algorithm LowerBound;
input: a hypergeometric term T (n, k) ∈ K[n, k];
output:a lower bound µ for the order of the telescopers for T ;

apply the algorithm to solve the additive decomposition problem
w.r.t. k to obtain T1(n, k), T2(n, k) in (13);

if T2 = 0 then return 0; fi;
at this point, T2 has an RNF of the form (4);
if the polynomial v2(n, k) in (4) is written as

v2 =
∏s

i=1 pi where pi = (αin+ βik + γi),
αi, βi ∈ Z, gcd(αi, βi) = 1, βi ≥ 0, γi ∈ K then
if s = 0 then return 1; fi;
µ := −∞;
Rewrite d2 as

d2 =
∏t

j=1 qj where qj = (αjn+ βjk + γj),
αj , βj ∈ Z, gcd(αj , βj) = 1, βj ≥ 0, γj ∈ K;

for i = 1, 2, . . . , s do
if degk pi = 1 then

µmin := C(i)(pi, v2);
µmin := min{µmin, C(ii)(pi, d2)};
µ := max {µ, µmin};

fi;
od;
return µ;

else
return “Zeilberger’s algorithm is not applicable”;

fi;

Note that instead of rewriting d2 as a product of integer-linear polynomials, and using
it in the call C(ii)(pi, d2) in LowerBound, it is possible to use a simpler polynomial which is
a divisor of d2. For a given f ∈ K[n, k] and c ∈ Q, there exists an algorithm [7] (called wc)
to extract the maximal factor w ∈ K[n, k] from f where w can be written in the form∏

i

(k + c n+ γi), γi ∈ K.

Hence, for each factor p = (αn+ βk + γ) of v2, we call wc with d2 and α/β as input. This
also helps reduce the number of integer-linear factors of d2 to be compared with p.
Example 1 Consider the hypergeometric term

T =
1

(5n + 2 k + 1) (−3n + 5 k + 5) .

(T is also a rational function of n and k.) Applying the algorithm to solve the additive
decomposition problem yields two hypergeometric terms T1(n, k) = 0 and T2(n, k) = T (n, k)
in (13). Since T is a rational function, the polynomial v2 in (4), and subsequently d2 in (7)
can be readily rewritten as

v2 = (5n+ 2 k + 1)(−3n + 5 k + 5), d2 = 1.
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Since v2 can be written as a product of integer-linear polynomials, it follows from algorithm
LowerBound that Z is applicable to T, and the two possible values for the integer-linear
factor p are

p1 = 5n+ 2k + 1, p2 = −3n+ 5k + 5.
When p = p1 = 5n+ 2 k + 1, the diophantine equation to be solved is 5ρ− 2h = 0, which
yields (ρ1, h1) = (2, 5) as the solution. When p = p2 = −3n + 5 k + 5, the diophantine
equation to be solved is −3 ρ − 5h = 0, which yields (ρ2, h2) = (5,−3) as the solution.
Therefore, a lower bound µ for the order of the telescopers for T is µ = max {2, 5} = 5.
Note that invoking Z on T results in the minimal telescoper L of order 6 where

L = (31n+ 181)En
6 + (31n + 150)En

5 − (31n + 26)En − (31n − 5).

Example 2 Consider the class of hypergeometric terms of the form

(14) T =
1

(a1n+ b1k + c1) (a2n+ b2k + c2)!
,

where a1, b1, a2, b2 ∈ Z, gcd(a1, b1) = 1, b1 	= 0, a1 	= a2 or b1 	= b2. Without loss of
generality, we can assume that b1 > 0. Applying the algorithm to solve the additive de-
composition problem yields two hypergeometric terms T1(n, k) = 0 and T2(n, k) = T (n, k)
in (13), and the polynomial v2 in (4) is

a1n+ b1k + c1,

which is also the only possible value of p. Subsequently, the value of d2 in (7) is

d2 = (a2n+ b2k + c2 + 1) · · · (a2n+ b2k + a2 + c2) if a2 > 0,
d2 = 1 if a2 = 0,
d2 = (a2n+ b2k + c2 + a2 + 1) · · · (a2n+ b2k + c2) if a2 < 0.

Since a1 	= a2 or b1 	= b2, there does not exist any integer h such that Eh
kp | d2 ·

End2 · · ·Eρ−1
n d2. When p = a1n + b1k + c1, the diophantine equation to be solved is

a1ρ− b1h = 0, which yields (ρ1, h1) = (b1, a1) as the solution. Therefore, a lower bound µ
for the order of the telescopers for T is µ = b1.
In summary, for the class of hypergeometric terms of the form (14), the polynomial factor

(a1n+ b1k+ c1) is the dominant factor. It determines the lower bound (which is b1) for the
order of the minimal telescoper for T. As an example, the computed lower bound for the
minimal telescoper for

T =
1

(n− 9 k − 2) (2n + k + 3)!
is 9, while the order of the minimal telescoper for T is 10. By first computing this lower
bound, we can safely avoid the computation of a telescoper of order less than 9 (in addition
to the assurance that the telescopers for T do exist). On the other hand, if b1 = 1, then
the computed lower bound µ equals 1, i.e., the lowest possible value for µ. As an example,
the computed lower bound for the minimal telescoper for

T =
1

(n+ k + 1)(n + 5 k + 2)!

is 1, while the order of the minimal telescoper for T is 6.
Notice that when the factorial term (a2n + b2k + c2)! in (14) equals 1, we have b1 as a

lower bound for the order of the minimal telescoper for T. This lower bound also equals the
order of the minimal telescoper for T (see [8]).
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5. Implementation

The algorithm to compute a lower bound for the order of the telescopers and related
functionalities are implemented in Maple 7 [11]. These functions are merged into the
module HypergeometricSum [9]. They include:
(1) AdditiveDecomposition solves the additive decomposition problem;
(2) IsZApplicable determines the applicability of Zeilberger’s algorithm;
(3) LowerBound computes a lower bound for the order of the telescopers.
The function LowerBound has the calling sequence

LowerBound(T, n, k,En, Zpair);

where T is a hypergeometric term of n and k, and En denotes the shift operator w.r.t. n.
(En and Zpair are optional arguments.) If the non-existence of a Z-pair (L,G) for T is
guaranteed, then LowerBound returns the conclusive error message “Zeilberger’s algorithm
is not applicable.” Otherwise, the output is a non-negative integer µ denoting the value
of the computed lower bound for the order of L. In this case, if the optional arguments
En and Zpair (each of which can be any unassigned name) are given, then the function
Zeilberger [9] is invoked starting with µ as a lower bound for the order of L, and Zpair
will be assigned to the computed Z-pair (L,G).
Note that there exist different Maple implementations of Z such as zeil in the EKHAD

package [13], and sumrecursion in the sumtools package. A Mathematica implementation
is presented in [12]. Since the terminating condition that allows a hypergeometric term to
have a Z-pair is unknown at the time these functions were implemented, an upper bound
for the order of the recurrence operator L in the Z-pair (L,G) needs to be specified in
advance (for instance, the default values are 6 for the parameter MAXORDER in zeil, and
5 for the global parameter ‘sum/zborder‘ in sumrecursion). As a consequence, when
given a hypergeometric term T (n, k) as input, (1) these programs might fail even if a Z-pair
exists, i.e., the maximum order of L is not set “high enough”, or (2) they simply “waste”
CPU time trying to find a Z-pair when no such Z-pair exists. The function LowerBound,
on the other hand, first determines the applicability of Z to T (n, k). If the existence of a
Z-pair is guaranteed, then it computes a lower bound µ for the order of L, and if requested,
calls Z using µ as the starting value for the order of L, instead of 0. Since the existence of
a Z-pair is guaranteed, there is no need to set an upper bound for the order of L.
Example 3 Consider the hypergeometric term

T (n, k) =
1

(2 k − 1)(n − 8 k + 1)
(
2n − 2 k
n− k

)(
2 k
k

)
.

We first apply LowerBound to T. The optional arguments are provided so that the minimal
Z-pair can be computed. The time and space required are recorded 1.
> T := binomial(2*n-2*k,n-k)*binomial(2*k,k)/
> ((2*k-1)*(n-8*k+1)):
> t1 := time(): b1 := kernelopts(bytesused):
> LowerBound(T,n,k,En,’Zpair’);

8
> printf(‘time taken: %a seconds, memory used: %a bytes\n‘,

time()-t1, kernelopts(bytesused)-b1);
time taken: 30.740 seconds, memory used: 124111132 bytes

1All the reported timings were obtained on a 400Mhz SUN SPARC SOLARIS with 1Gb RAM.
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In this example the computed lower bound equals the order of the minimal telescoper L
for T, and the function Zeilberger is called using this lower bound as the starting value
for the order of L. We now apply Zeilberger directly to T.
> Zeilberger(T,n,k,En):

Error, (in Zeilberger) No recurrence of order 6 was found
The function Zeilberger tries to compute the minimal Z-pair (L,G) for T starting with

the value of 0 for the order ρ of L. It reaches the default value for the upper bound for ρ,
and returns the above inconclusive error message. If one sets the upper bound to a “high
enough” value, then Zeilberger will succeed in computing the minimal Z-pair.
> t1 := time(): b1 := kernelopts(bytesused):
> _MAXORDER := 8:
> Zeilberger(T,n,k,En):
> printf(‘time taken: %a seconds, memory used: %a bytes\n‘,

time()-t1, kernelopts(bytesused)-b1);
time taken: 45.260 seconds, memory used: 174678848 bytes

Example 4 Consider the hypergeometric term

T (n, k) =
1

nk + 1

(
2n
2 k

)
.

It takes LowerBound 0.62 seconds and 3,045 kilobytes to return the error message “Error,
(in LowerBound) Zeilberger’s algorithm is not applicable”. The function recognizes that
the polynomial v2(n, k) in (4) is (nk + 1) which does not factor into a product of integer-
linear polynomials, and returns the conclusive answer quickly. On the other hand, it takes
Zeilberger 33.95 seconds and 166,396 kilobytes to return the error message “Error, (in
Zeilberger) No recurrence of order 6 was found”. The function does not know if a Z-pair
(L,G) for T exists. It tries to compute one and returns an inconclusive answer. Since there
does not exist a Z-pair for T, the higher the value of the upper bound for the order of L is
set, the more time and memory are wasted.
In this example T is not a proper term, and Z is not applicable to T.

Example 5 Consider the hypergeometric term

T (n, k) =
(n + k + 2)!

(n2 + k + 2)(k + 3)!
− (n+ k + 1)!
(n2 + k + 1)(2 + k)!

+
(n+ k)!

(n+ 7 k − 2) k! .

> T := 1/(n^2+2+k)*(n+2+k)!/(3+k)!-1/(n^2+k+1)*(n+1+k)!/(2+k)!+
> 1/(n+7*k-2)*(n+k)!/k!:
We first compute an RNF of the k-certificate of T :
> IsHypergeometricTerm(T,k,’Rk’):
> (z,f1,f2,v1,v2) := RationalCanonicalForm[1](Rk,k):
> v2; (

1
7
n+ k − 2

7

)(
n2 + k + 2

) (
n2 + k + 1

)
Note that the polynomial v2 has irreducible factors that are not integer-linear. We now
apply LowerBound to T. The optional arguments are provided so that the computation of
the minimal Z-pair is carried out. infolevel is used to show the main steps of the function.
> t1 := time(): b1 := kernelopts(bytesused):
> LowerBound(T,n,k,En,’Zpair’);
LowerBound: “check for the applicability of Zeilberger’s algorithm”
LowerBound: “Zeilberger’s algorithm is applicable”
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LowerBound: “apply Theorem 3 to compute a lower bound”
LowerBound: “v2 = (n+7*k-2)”
LowerBound: “the candidate set for p is {n+7*k-2}”
LowerBound: “p = n+7*k-2”
LowerBound: “find the minimal positive integer r and integer h such that

E_k^h p divides E_n v_2 . E_n^2 v_2 ... E_n^r v_2”
LowerBound: “find the minimal positive integer r and integer h such that

E_k^h p divides d_2. E_n d_2 ...E_n^{r-1} d_2”

7

> printf(‘time taken: %a seconds, memory used: %a bytes\n‘,
time()-t1, kernelopts(bytesused)-b1);

time taken: 18.070 seconds, memory used: 69908612 bytes
It is shown above that the additive decomposition of T yields T2 in (13) where the polyno-
mial v2 in (4) is integer-linear (n + 7 k − 2). Finally, we apply Zeilberger directly to T.
Note the difference in the time and space required to complete each function.
> t1 := time(): b1 := kernelopts(bytesused):
> _MAXORDER := 7:
> Zeilberger(T,n,k,En):
> printf(‘time taken: %a seconds, memory used: %a bytes\n‘,

time()-t1, kernelopts(bytesused)-b1);
time taken: 3294.680 seconds, memory used: 5936292572 bytes
In this example T is not a proper term. However, Z is applicable to T.

Example 6 For a given hypergeometric term T (n, k), instead of applying Z to T, we
suggest that Z be applied to the minimal k-non-summable hypergeometric term T2(n, k) in
the decomposition (13). Following Proposition 2, the required Z-pair for T (n, k) can then
be easily obtained from the computed Z-pair for T2(n, k). This in general helps reduce the
size of the problem to be solved. As an example, for b ∈ N \ {0}, j ∈ {1, 3}, let

T1(n, k) =
1

(nk − 1)(n − bk − 2)j(2n+ k + 3)! ,

T2(n, k) =
1

(n− bk − 2)(2n + k + 3)! .

Consider the hypergeometric term

T (n, k) = (Ek − 1)T1(n, k) + T2(n, k).

Since T1 ∼ T2, T is a hypergeometric term. We apply the functions Zeilberger (Z)
and LowerBound (LB) to T. LowerBound is called with the optional arguments so that the
minimal Z-pair for T can be computed (it follows from Example 2 that the computed lower
bound is |b|.) Table 1 shows the time and space requirement. As one can easily notice, as
b and/or j increase, the relative performance of Zeilberger (compared to LowerBound)
quickly worsens.

Acknowledgements

The authors wish to express their thanks to K.O. Geddes of the University of Waterloo
for his support.



#1.12 S. A. ABRAMOV AND H. Q. LE

Table 1. Time and space requirements for LowerBound and Zeilberger.

Timing (seconds) Memory (kilobytes)
j b LB Z LB Z
1 6.49 5.35 27,838 24,702
2 8.34 34.64 33,066 142,889

1 3 11.13 124.53 44,233 535,736
4 14.46 570.02 56,410 1,882,730
5 25.79 2999.22 97,506 6,536,309
1 14.64 16.40 62,566 73,830
2 17.24 228.59 68,304 770,529

3 3 20.15 1,286.51 78,701 3,074,051
4 24.08 8,771.08 91,844 10,766,646
5 38.60 77,663.68 139,823 33,423,168
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DESCENT REPRESENTATIONS AND MULTIVARIATE STATISTICS
(EXTENDED ABSTRACT)

RON M. ADIN, FRANCESCO BRENTI, AND YUVAL ROICHMAN

Abstract. Combinatorial identities on Weyl groups of types A and B are derived from
special bases of the corresponding coinvariant algebras. Using the Garsia-Stanton descent
basis of the coinvariant algebra of type A we give a new construction of the Solomon
descent representations. An extension of the descent basis to type B, using new multi-
variate statistics on the group, yields a refinement of the descent representations. These
constructions are then applied to refine well-known decomposition rules of the coinvariant
algebra and to generalize various identities.

Résumé. Nous démontrons certaines identités combinatoires sur les groupes de Weyl de
type A et B à partir de bases spéciales des algèbres coinvariantes associées. En utilisant
la base de Garsia-Stanton de l’algèbre coinvariante de type A, nous donnons une nouvelle
construction des représentations de descentes de Solomon. Une extension de la base des
descentes de type B, utilisant de nouvelles statistiques multivariées sur le groupe, mène à
un raffinement des représentations des descentes. Nous appliquons ensuite ces construc-
tions pour raffiner des règles de décomposition bien connues de l’algèbre coinvariante, et
pour généraliser diverses identités.

1. Introduction

This paper studies the interplay between representations of classical Weyl groups of types
A and B and combinatorial identities on these groups. New combinatorial statistics on these
groups are introduced, which lead to a new construction of representations. The Hilbert
series which emerge give rise to multivariate identities generalizing known ones.

The set of elements in a Coxeter group having a fixed descent set carries a natural
representation of the group, called a descent representation. Descent representations of
Weyl groups were first introduced by Solomon [23] as alternating sums of permutation
representations. This concept was extended to arbitrary Coxeter groups, using a different
construction, by Kazhdan and Lusztig [20] [19, §7.15].

For Weyl groups of type A, these representations also appear in the top homology of
certain (Cohen-Macaulay) rank-selected posets [25]. Another description (for type A) is by
means of zig-zag diagrams [17]. In [2] we give a new construction of descent representations
for Weyl groups of type A, using the coinvariant algebra as a representation space. This
viewpoint gives rise to a new extension for type B, which refines the one by Solomon.

The construction of a basis for the coinvariant algebra is important for many applications,
and has been approached from different viewpoints. A geometric approach identifies the
coinvariant algebra with the cohomology ring H∗(G/B) of the flag variety. This leads
to the Schubert basis, and applies to any Weyl group. This identification also appears
in Springer’s construction of irreducible representations. Barcelo [7] found bases for the
resulting quotients. An algebraic approach, applying Young symmetrizers, was used by

Research of all authors was supported in part by the Israel Science Foundation, founded by the Israel
Academy of Sciences and Humanities, and by internal research grants from Bar-Ilan University.
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Ariki, Terasoma and Yamada [6] to produce a basis compatible with the decomposition
into irreducible representations.

A combinatorial approach, which produces a basis of monomials, was presented by Garsia
and Stanton in [15] [13]. They actually presented a basis for a finite dimensional quotient of
the Stanley-Reisner ring arising from a finite Weyl group. For type A, unlike other types,
this quotient is isomorphic to the coinvariant algebra. The Garsia-Stanton descent basis
for type A may be constructed from the coinvariant algebra via a straightening algorithm
[5]. Using a reformulation of this algorithm we give a natural construction of Solomon’s
descent representations as factors of the coinvariant algebra of type A.

An analogue of the descent basis for type B is now given. This analogue (again consisting
of monomials) involves extended descent sets and new combinatorial statistics. An extension
of the construction of descent representations, using the new basis for type B, gives rise to
a family of descent representations, refining Solomon’s. A decomposition of these descent
representations into irreducibles, refining theorems of Kraskiewicz-Weyman (for type A)
[22, Theorem 8.8] and Stembridge (for type B) [30], is carried out using a multivariate
version of Stanley’s formula for the principal specialization of Schur functions.

This algebraic setting is then applied to obtain new multivariate combinatorial identities.
Suitable Hilbert series are computed and compared to each other and to generating functions
of multivariate statistics. The resulting identities present a far reaching generalization of
bivariate identities from [16], [14], and [1].

2. Preliminaries

2.1. Notations. Let P := {1, 2, 3, . . .}, N := P ∪ {0}, Z be the ring of integers, and Q
be the field of rational numbers; for a ∈ N let [a] := {1, 2, . . . , a} (where [0] := ∅). Given
n,m ∈ Z, n ≤ m, let [n,m] := {n, n+1, . . . ,m}. The cardinality of a set A will be denoted
by |A|.

Given a variable q and a commutative ring R, denote by R[q] (respectively, R[[q]]) the
ring of polynomials (respectively, formal power series) in q with coefficients in R. For i ∈ N
let, as customary, [i]q := 1 + q + q2 + . . .+ qi−1 (so [0]q = 0).

2.2. Sequences and Permutations. Let Σ be a linearly ordered alphabet. Given a
sequence σ = (σ1, . . . , σn) ∈ Σn we say that a pair (i, j) ∈ [n] × [n] is an inversion of σ if
i < j and σi > σj. We say that i ∈ [n− 1] is a descent of σ if σi > σi+1 ;

Des(σ) := {1 ≤ i ≤ n− 1 | σi > σi+1}
is the descent set of σ. Denote by inv(σ) (respectively, des(σ)) the number of inversions
(respectively, descents) of σ. We also let

maj(σ) :=
∑

i∈Des(σ)

i

and call it the major index of σ.
Given a set T let S(T ) be the set of all bijections π : T → T , and Sn := S([n]). For

π ∈ Sn write π = π1 . . . πn to mean that π(i) = πi, for i = 1, . . . , n. Any π ∈ Sn may also
be written in disjoint cycle form (see, e.g., [26, p.17]), usually omitting the 1-cycles of π.
For example, π = 365492187 may also be written as π = (9, 7, 1, 3, 5)(2, 6). Given π, τ ∈ Sn

let πτ := π ◦ τ (composition of functions) so that, for example, (1, 2)(2, 3) = (1, 2, 3).
Denote by Bn the group of all bijections σ of the set [−n, n] \ {0} onto itself such that

σ(−a) = −σ(a)
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for all a ∈ [−n, n] \ {0}, with composition as the group operation. This group is usually
known as the group of “signed permutations” on [n], or as the hyperoctahedral group of rank
n. We identify Sn as a subgroup of Bn, and Bn as a subgroup of S2n, in the natural ways.

For σ ∈ Bn write σ = [a1, . . . , an] to mean that σ(i) = ai for i = 1, . . . , n, and (using the
natural linear order on [−n, n] \ {0}) let

inv(σ) := inv(a1, . . . , an), des(σ) := des(a1, . . . , an),

maj (σ) := maj (a1, . . . , an), Neg(σ) := {i ∈ [n] : ai < 0},
neg(σ) := |Neg(σ)|, fmaj (σ) := 2 · maj (σ) + neg(σ).

The statistic fmaj was introduced in [3] [4] and further studied in [1].

2.3. Partitions and Tableaux. Let n be a nonnegative integer. A partition of n is an
infinite sequence of nonnegative integers with finitely many nonzero terms λ = (λ1, λ2, . . .),

where λ1 ≥ λ2 ≥ . . . and
∞∑
i=1

λi = n. The sum
∑

λi = n is called the size of λ, denoted |λ|;
write also λ � n. The number of parts of λ, �(λ), is the maximal j for which λj > 0.

The dominance partial order on partitions is defined as follows : For any two partitions µ
and λ of the same integer, µ dominates λ (denoted µ � λ) if and only if

∑i
j=1 µj ≥

∑i
j=1 λj

for all i (and, by assumption,
∑∞

j=1 µj =
∑∞

j=1 λj).

The subset {(i, j) | i, j ∈ P, j ≤ λi} of P2 is called the Young diagram of shape λ. (i, j)
is the cell in row i and column j. A Young tableau of shape λ is obtained by inserting the
integers 1, 2, . . . , n (where n = |λ|) as entries in the cells of the Young diagram of shape
λ, allowing no repetitions. A standard Young tableau of shape λ is a Young tableau whose
entries increase along rows and columns.

A descent in a standard Young tableau T is an entry i such that i + 1 is strictly south
(and hence weakly west) of i. Denote the set of all descents in T by Des(T ). The descent
number and the major index (for tableaux) are defined as follows :

des(T ) :=
∑

i∈Des(T )

1 ; maj (T ) :=
∑

i∈Des(T )

i.

A bipartition of n is a pair (λ1, λ2) of partitions of total size |λ1| + |λ2| = n. A skew
diagram of shape (λ1, λ2) is a disjoint union of a diagram of shape λ1 and a diagram of
shape λ2, where the second diagram lies southwest of the first. A standard Young tableau
T = (T 1, T 2) of shape (λ1, λ2) is obtained by inserting the integers 1, 2, . . . , n as entries in
the cells, such that the entries increase along rows and columns. The descent set Des(T ),
the descent number des(T ), and the major index maj (T ) of T are defined as above. The
negative set, Neg(T ), of such a tableau T is the set of entries in the cells of λ2. Define
neg(T ) := |Neg(T )| and

fmaj (T ) := 2 · maj (T ) + neg(T ).

Example 1. Let T be

2 5 6
3

1 7
4 9
8
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T is a standard Young tableau of shape ((3, 1), (2, 2, 1)), Des(T ) = {2, 3, 6, 7}, des(T ) = 4,
maj (T ) = 18, Neg(T ) = {1, 4, 7, 8, 9}, neg(T ) = 5 and fmaj (T ) = 41.

Denote by SY T (λ) the set of all standard Young tableaux of shape λ, and by SY T (λ1, λ2)
the set of all standard Young tableaux of shape (λ1, λ2).

2.4. The Coinvariant Algebra. The groups Sn and Bn have natural actions on the ring
of polynomials Pn (cf. [19, §3.1]). Sn acts by permuting the variables, and Bn acts by
permuting the variables and multiplying by ±1. The ring of Sn-invariant polynomials
is Λn, the ring of symmetric functions in x1, . . . , xn. Similarly, the ring of Bn-invariant
polynomials is ΛB

n , the ring of symmetric functions in x2
1, . . . , x

2
n. Let In, IB

n be the ideals
of Pn generated by the elements of Λn, ΛB

n (respectively) without constant term. The
quotient Pn/In (Pn/I

B
n ) is called the coinvariant algebra of Sn (Bn). Each group acts

naturally on its coinvariant algebra. The resulting representation is isomorphic to the
regular representation. See, e.g., [19, §3.6] and [18, §II.3].

Let Rk (0 ≤ k ≤ (n
2

)
) be the k-th homogeneous component of the coinvariant algebra

of Sn: Pn/In = ⊕kRk. Each Rk is an Sn-module. The following theorem is attributed by
Reutenauer to Kraskiewicz and Weyman [22, p. 215].

Kraskiewicz-Weyman Theorem. [22, Theorem 8.8] For any 0 ≤ k ≤ (
n
2

)
and µ � n, the

multiplicity in Rk of the irreducible Sn-representation corresponding to µ is

mk,µ = | { T ∈ SY T (µ) | maj (T ) = k } |.

The following B-analogue (in different terminology) was proved in [30]. Here RB
k is the

k-th homogeneous component of the coinvariant algebra of Bn.

Stembridge’s Theorem. For any 0 ≤ k ≤ n2 and bipartition (µ1, µ2) of n, the multiplicity
in RB

k of the irreducible Bn-representation corresponding to (µ1, µ2) is

mk,µ1,µ2 = | { T ∈ SY T (µ1, µ2) | fmaj (T ) = k } |.

3. Main Results

For any partition λ with (at most) n parts, let P
�
λ be the subspace of the polynomial

ring Pn = Q[x1, . . . , xn] spanned by all monomials whose exponent partition is dominated
by λ, and let Rλ be a distinguished quotient of the image of P

�
λ under the projection of

Pn onto the coinvariant algebra. We will show that the homogeneous components of the
coinvariant algebra decompose as direct sums of certain Rλ-s. This will be done using an
explicit construction of a basis for Rλ. The construction of this basis involves combinatorial
statistics.

3.1. New Statistics. Let Σ be a linearly ordered alphabet. For any finite sequence σ =
σ1, σ2, . . . , σn of letters in Σ define

Des(σ) := {i | σi > σi+1},
the descent set of σ, and

di(σ) := |{j ∈ Des(σ) : j ≥ i}|,
the number of descents in σ from position i on.

If Σ consists of integers, let
Neg(σ) := {i | σi < 0};

ni(σ) := |{j ∈ Neg(σ) : j ≥ i}|; εi(σ) :=
{

1, if σi < 0,
0, otherwise;



DESCENT REPRESENTATIONS AND MULTIVARIATE STATISTICS #2.5

and
fi(σ) := 2di(σ) + εi(σ).

The statistics fi(σ) refine the flag-major index fmaj (σ), which was introduced and studied
in [3] [4] [1].

3.2. The Garsia-Stanton Descent Basis and its Extension. To any π ∈ Sn Garsia
and Stanton [15] associated the monomial

aπ :=
∏

i∈Des(π)

(xπ(1) · · · xπ(i)).

It should be noted that in our notation aπ =
n∏

i=1
x

di(π)
π(i) . Using Stanley-Reisner rings Garsia

and Stanton showed that the set {aπ+In | π ∈ Sn} forms a basis for the coinvariant algebra
of type A [15]. This basis will be called the descent basis. The Garsia-Stanton approach
is not applicable to the coinvariant algebras of other Weyl groups. In [2] we extend the
descent basis to the Weyl groups of type B.

To any σ ∈ Bn we associate the monomial

bσ :=
n∏

i=1

x
fi(σ)
|σ(i)|.

Theorem 3.1. The set
{bσ + IB

n | σ ∈ Bn}
forms a basis for the coinvariant algebra of type B.

3.3. Descent Representations. For a monomialm in the polynomial ring Pn = Q[x1, . . . , xn],
let the exponent partition λ(m) be the partition obtained by rearranging the exponents in
a weakly decreasing order. For any partition λ with at most n parts, let P �

λ be the subspace
of Pn spanned by all monomials whose exponent partition is dominated by λ :

P
�
λ := spanQ{m | λ(m) & λ}.

Similarly, define P �
λ by strict dominance :

P �
λ := spanQ{m | λ(m) & λ}.

Consider now the canonical projection of Pn onto the coinvariant algebra

ψ : Pn −→ Pn/In.

Define Rλ to be a quotient of images under this map :

Rλ := ψ(P �
λ )/ψ(P

�
λ ).

Then Rλ is an Sn-module.

Lemma 3.2. Rλ �= 0 if and only if λ = λ(aπ) for some π ∈ Sn.

For any subset S ⊆ {1, . . . , n} define a partition

λS := (λ1, . . . , λn)

by
λi := |S ∩ {i, . . . , n} |.

Using a straightening algorithm for the descent basis it is shown that Rλ �= 0 if and only if
λ = λS for some S ⊆ [n− 1], and that a basis for RλS

may be indexed by the permutations
with descent set equal to S. Let Rk be the k-th homogeneous component of the coinvariant
algebra Pn/In.
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Theorem 3.3. For every 0 ≤ k ≤ (
n
2

)
,

Rk
∼=

⊕
S

RλS

as Sn-modules, where the sum is over all subsets S ⊆ [n− 1] such that
∑
i∈S

i = k.

Let
RB

λ := ψB(P �
λ ) / ψB(P �

λ ),
where ψB : Pn −→ Pn/I

B
n is the canonical map from Pn onto the coinvariant algebra of

type B.

Lemma 3.4. RB
λ �= 0 if and only if λ = λ(bσ) for some σ ∈ Bn.

For subsets S1 ⊆ [n− 1] and S2 ⊆ [n], let λS1,S2 be the vector

λS1,S2 := 2λS1 + 1S2 ,

where λS1 is as above and 1S2 ∈ {0, 1}n is the characteristic vector of S2. This is not
always a partition. Indeed, for a partition λ, RB

λ �= 0 if and only if λ = λS1,S2 for some
S1 ⊆ [n − 1], S2 ⊆ [n]. In this case, a basis for RλS1,S2

may be indexed by the signed
permutations σ ∈ Bn with Des(σ) = S1 and Neg(σ) = S2.

Let RB
k for the k-th homogeneous component of the coinvariant algebra of type B. The

following theorem is a B-analogue of Theorem 3.3.

Theorem 3.5. For every 0 ≤ k ≤ n2,

RB
k
∼=

⊕
S1,S2

RλS1,S2

as Bn-modules, where the sum is over all subsets S1 ⊆ [n− 1] and S2 ⊆ [n] such that λS1,S2

is a partition and
2 ·

∑
i∈S1

i+ |S2| = k.

3.4. Decomposition into Irreducibles.

Theorem 3.6. For any subset S ⊆ [n − 1] and partition µ � n, the multiplicity in RλS
of

the irreducible Sn-representation corresponding to µ is

mS,µ := | {T ∈ SY T (µ) | Des(T ) = S } |,
the number of standard Young tableaux of shape µ and descent set S.

This theorem implies the well known Kraskiewicz-Weyman theorem for decomposing the
homogeneous components of the coinvariant algebra into irreducibles. See Subsection 2.4.

For type B we have

Theorem 3.7. For any pair of subsets S1 ⊆ [n− 1], S2 ⊆ [n], and a bipartition (µ1, µ2) of
n, the multiplicity of the irreducible Bn-representation corresponding to (µ1, µ2) in RλS1,S2

is
mS1,S2,µ1,µ2 := | {T ∈ SY T (µ1, µ2) | Des(T ) = S1 and Neg(T ) = S2 } |,

the number of pairs of standard Young tableaux of shapes µ1 and µ2 with descent set S1 and
sets of entries [n] \ S2 and S2, respectively.

The proofs apply multivariate extensions of Stanley’s formula for the principal special-
ization of a Schur function [27, Prop. 7.19.11] to obtain the graded character.



DESCENT REPRESENTATIONS AND MULTIVARIATE STATISTICS #2.7

3.5. Combinatorial Identities. For any partition λ = (λ1, . . . , λn) with at most n parts
define

mj(λ) := | {1 ≤ i ≤ n | λi = j} | (∀j ≥ 0).

By considering Hilbert series of the polynomial ring with respect to rearranged multi-
degree and applying the Straightening Lemma for the coinvariant algebra of type A we
obtain

Theorem 3.8. For any positive integer n

∑
�(λ)≤n

(
n

m0(λ),m1(λ), . . .

) n∏
i=1

qλi
i =

∑
π∈Sn

n∏
i=1

q
di(π)
i

n∏
i=1

(1− q1 · · · qi)

in Z[[q1, . . . , qn]], where the sum on the left-hand side is taken over all partitions with at
most n parts.

Note that the multinomial coefficient in the theorem is the number of monomials with
exponent partition λ. Taking q1 = qt and q2 = . . . = qn = q yields the following well known
result (attributed by Garsia [14] to Gessel [16]; see also [10]).

Corollary 3.9. Let n ∈ P . Then∑
π∈Sn

tdes(π)qmaj (π)

n∏
i=0

(1− tqi)

=
∑
r≥0

[r + 1]nq t
r.

in Z[q][[t]].

The Hilbert series of Pn rearranged by multi-degree may be computed in a different way,
by considering the signed descent basis for the coinvariant algebra of type B and applying
the Straightening Lemma for this type.

Theorem 3.10. With notations as in Theorem 3.8

∑
�(λ)≤n

(
n

m0(λ),m1(λ), . . .

) n∏
i=1

qλi
i =

∑
σ∈Bn

n∏
i=1

q
fi(σ)
i

n∏
i=1

(1− q2
1 · · · q2

i )

in Z[[q1, . . . , qn]], where the sum on the left-hand side runs through all partitions with at
most n parts.

The main combinatorial result for type B is a far reaching generalization of [1, Corollary
4.5].

Theorem 3.11. For any positive integer n

∑
σ∈Bn

n∏
i=1

q
di(σ)+ni(σ−1)
i =

∑
σ∈Bn

n∏
i=1

q
2di(σ)+εi(σ)
i .



#2.8 RON M. ADIN, FRANCESCO BRENTI, AND YUVAL ROICHMAN

For further identities see [2, Section 6].
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LITTLEWOOD-RICHARDSON COEFFICIENTS
AND HOOK INTERPOLATIONS

(EXTENDED ABSTRACT)

RON M. ADIN, AVITAL FRUMKIN, AND YUVAL ROICHMAN

Abstract. The hook components of V ⊗n interpolate between the symmetric power
Symn(V ) and the exterior power ∧n(V ). When V is the vector space of k × m matri-
ces, a decomposition of the hook components into irreducibles involving convolutions of
Littlewood-Richardson coefficients is presented. Classical theorems of Ehresmann, Thrall,
Helgason, James, Shimura and others are proved as boundary cases.

Résumé. Les composants d’équerres de V ⊗den interpolent entre la puissance symétrique
Symn(v) et la puissance extérieure ∧n(v). Quand V est l’espace vectoriel des matri-
ces k × m, une décomposition des composantes d’équerres en composantes irréductibles
comprenant des convolutions de coefficients de Littlewood-Richardson est présentée. Des
théorèmes classiques d’Ehresmann, de Thrall, de Helgason, de James, de Shimura et de
d’autres sont prouvés comme des cas limites.

1. Introduction

The vector space Mk,m of k × m matrices over C carries a (left) GLk(C)-action and a
(right) GLm(C)-action. A classical Theorem of Ehresmann [3] describes the decomposition
of an exterior power of Mk,m into irreducible bimodules. The symmetric analogue was given
later (cf. [7]). See Section 4 below.
In this paper we present a natural interpolation between these theorems, in terms of hook

components of the n-th tensor power of Mk,m. This interpolation involves convolutions of
the Littlewood-Richardson coefficients. Duality and asymptotics of the decomposition of
hook components follow.
Similar concepts are applied to the diagonal two-sided GLk(C)-action on the vector space

of k×k matrices. Classical theorems of Thrall [19] and James [8] (for the symmetric powers
of symmetric matrices), and of Helgason [5], Shimura [15] and Howe [6] (for the symmetric
powers of anti-symmetric matrices) are extended, and a bivariate interpolation is presented.
This interpolation involves natural extensions of the Littlewood-Richardson coefficients.
Proofs are obtained using the representation theory of the symmetric and hyperoctahe-

dral groups, together with plethysm of symmetric functions and Schur-Weyl duality. The
techniques are different in spirit from those used in the classical works cited above, except
for [8].
The interpolations presented have surprising combinatorial implications, which will be

studied elsewhere.

2. Definitions and Notations

Let n be a positive integer. A partition of n is a vector of positive integers λ =
(λ1, λ2, . . . , λk), where λ1 ≥ λ2 ≥ . . . ≥ λk and λ1 + . . . + λk = n. We denote this by

Research was supported in part by the Israel Science Foundation, founded by the Israel Academy of
Sciences and Humanities, and by internal research grants from Bar-Ilan University.
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λ � n. The size of a partition λ � n, denoted |λ|, is n, and its length, 
(λ), is the number
of parts. The empty partition ∅ has size and length zero: |∅| = 
(∅) = 0. The set of all
partitions of n with at most k parts is denoted by Park(n).
For a partition λ = (λ1, . . . , λk) define the conjugate partition λ′ = (λ′

1, . . . , λ
′
t) by letting

λ′
i be the number of parts of λ that have size at least i.
A partition λ = (λ1, . . . , λk) may be viewed as the subset

{(i, j) | 1 ≤ i ≤ k, 1 ≤ j ≤ λi} ⊆ Z
2,

the corresponding Young diagram. Using this interpretation, we may speak of inclusion
µ ⊆ λ, intersection λ ∩ µ and the set difference λ \ µ of any two partitions. The set
difference is called a skew shape; when µ ⊆ λ it is usually denoted λ/µ.
A semistandard Young tableau of shape λ/µ is obtained by inserting positive integers as

entries in the cells of the Young diagram of shape λ, so that the entries weakly increase
along rows and strictly increase down columns. The content vector of a semistandard Young
tableau T cont(T ) = (m1,m2, . . . ) is defined by mi := |{cells in T with entry i}| for all
i ≥ 0.

We shall also use the Frobenius notation for partitions, defined as follows: Let λ be a
partition of n and set d := max{i | λi − i ≥ 0} (i.e., the length of the main diagonal in
the Young diagram of λ). Then the Frobenius notation for λ is (λ1 − 1, . . . , λd − d | λ′

1 −
1, . . . , λ′

d − d).
For any partition λ = (λ1, . . . , λk) of n define the following doubling operation

2 · λ := (2λ1, . . . , 2λk) � 2n.

If all the parts of λ are distinct, define also

2 ∗ λ := (λ1, . . . λk | λ1 − 1, . . . λk − 1) � 2n

in the Frobenius notation.

3. The Littlewood-Richardson Coefficients

Let ā = (a1, a2, . . . , an) be a sequence of positive integers. ā is called a reverse ballot
sequence if for every 1 ≤ i < n and 1 ≤ j ≤ n the number of occurences of i in the prefix
(a1, . . . , aj) is not less than the number of occurences of i+ 1 in (a1, . . . , aj).
A semistandard Young tableau of shape λ/µ is proper if, when reading its entries from

right to left, starting in the topmost row and going down, we obtain a reverse ballot se-
quence.
The Littlewood-Richardson coefficient cλ

µν is the number of proper semistandard Young
tableaux of shape λ/µ and content vector ν.

The irreducible Sn-modules (Specht modules) will be denoted by Sλ, and the irreducible
GLk(C)-modules (Weyl modules) by V λ

k . The Littlewood-Richardson coefficients describe
the decomposition of tensor products of Weyl modules. Let µ � t and ν � n − t. Then

V µ
k ⊗ V ν

k
∼=

⊕

λ�n

cλ
µνV λ

k ,

for k ≥ max{
(λ), 
(µ), 
(ν)} (and the coefficients cλ
µν are then independent of k).

By Schur-Weyl duality they are also the coefficients of the outer product of Specht
modules. Namely,

(Sµ ⊗ Sν) ↑Sn
St×Sn−t

∼=
⊕

λ�n

cλ
µνSλ.
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Let λ and µ be two partitions of the same integer n, and let 0 ≤ i ≤ n. Define

cλµ(i) :=
∑

α�n−i, β�i

cλ
αβcµ

αβ′ .

Thus cλµ(i) is the number of pairs of proper semistandard Young tableaux of shapes λ/α,
µ/α respectively (where α is some partition of n − i) with conjugate content vectors.
Example.

(3.1) cλµ(0) = δλµ , cλµ(n) = δλµ′ .

We shall use also the following notation for extended Littlewood-Richardson coefficients:

cλ
αβγδ :=

∑

µ,ν

cλ
αµcµ

βνc
ν
γδ ;

so that
V α

k ⊗ V β
k ⊗ V γ

k ⊗ V δ
k =

⊕

λ

cλ
αβγδV

λ
k .

4. Symmetric and Exterior Powers of Matrix Spaces

In this section we cite well-known classical theorems, concerning the decomposition into
irreducibles of symmetric and exterior powers of matrix spaces, which are to be generalized
in this paper.

Let Mk,m be the vector space of k×m matrices over C. ThenMk,m carries a (left) GLk(C)-
action and a (right) GLm(C)-action. A classical Theorem of Ehresmann [3] (see also [11]) de-
scribes the decomposition of an exterior power of Mk,m into irreducible GLk(C)×GLm(C)-
modules.

Theorem 4.1. The n-th exterior power of Mk,m is isomorphic, as a GLk(C) × GLm(C)-
module, to

∧n(Mk,m) ∼=
⊕

λ�n and λ⊆(mk)

V λ
k ⊗ V λ′

m ,

where λ′ is the partition conjugate to λ.

The following three results on symmetric powers were proved several times independently;
these results may be found in [7] and [4].
The symmetric analogue of Theorem 4.1 was studied, for example, in [7, (11.1.1)] and

[4, Theorem 5.2.7].

Theorem 4.2. The n-th symmetric power of Mk,m is isomorphic, as a GLk(C)×GLm(C)-
module, to

Symn(Mk,m) ∼=
⊕

λ�n and �(λ)≤min(k,m)

V λ
k ⊗ V λ

m.

Let M+
k,k be the vector space of symmetric k × k matrices over C. This space carries a

natural two sided GLk(C)-action. The following theorem describes the decomposition of
its symmetric powers into irreducible GLk(C)-modules.

Theorem 4.3. The n-th symmetric power of M+
k,k is isomorphic, as a GLk(C)-module, to

Symn(M+
k,k) ∼=

⊕

λ∈Park(n)

V 2·λ
k .
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This theorem was proved by A.T. James [8], but had already appeared in an early work
of Thrall [19]. See also [6], [15], [7, (11.2.2)] and [4, Theorem 5.2.9] for further proofs and
references.

Let M−
k,k be the vector space of skew symmetric k × k matrices over C. Then

Theorem 4.4. The n-th symmetric power of M−
k,k is isomorphic, as a GLk(C)-module, to

Symn(M−
k,k) ∼=

⊕

(2·λ)′∈Park(2n)

V
(2·λ)′
k .

This theorem was proved in [5], [6], [15]. See also [7, (11.3.2)] and [4, Theorem 5.2.11].

5. Main Results

Let Mk,m be the vector space of k×m matrices over C. The tensor power M⊗n
k,m carries a

natural Sn-action by permuting the factors. This action decomposes the tensor power into
irreducible Sn-modules. Let M⊗n

k,m(i) be the isotypic component of M⊗n
k,m corresponding to

the irreducible Sn-representation indexed by the hook (n− i, 1i), where 0 ≤ i ≤ n−1. This
component still carries a GLk(C) × GLm(C)-action. Its decomposition into irreducibles is
given by a convolution of the Littlewood-Richardson coefficients.

Theorem 5.1. Let λ and µ be partitions of n, of lengths at most k and m, respectively.
For every 0 ≤ i ≤ n the multiplicity of the irreducible GLk(C)× GLm(C)-module V λ

k ⊗ V µ
m

in M⊗n
k,m(i− 1)⊕M⊗n

k,m(i) is the restricted convolution cλµ(i), as defined in Section 3 above.
By convention, M⊗n

k,m(−1) = M⊗n
k,m(n) = 0.

Theorem 5.1 interpolates between two well-known classical theorems, Theorems 4.1 and
4.2. Indeed, M⊗n

k,m(0) ∼= Symn(Mk,m) and M⊗n
k,m(−1) = 0. Substituting i = 0 and applying

(3.1) shows that the relevant multiplicity is δλµ, thus proving Theorem 4.2. Similarly, the
substitution i = n gives Theorem 4.1.

The following corollary generalizes the duality between Theorem 4.1 and Theorem 4.2.

Corollary 5.2. Let µ ⊆ (mm) and λ be partitions of n. For every 0 ≤ i ≤ n − 1 the
multiplicity of V λ

k ⊗V µ
m in M⊗n

k,m(i) is equal to the multiplicity of V λ
k ⊗V µ′

m in M⊗n
k,m(n−1−i).

Let λ and µ be partitions of n. Define the distance

d(λ, µ) :=
1
2

∑

i

|λi − µi|.

Theorem 5.1 together with results of Regev [14, Theorem 12] and Dvir [2, Theorem 1.6]
imply

Theorem 5.3. If V λ
k ⊗ V µ

m appears as a factor in M⊗n
k,m(t) (for some 0 ≤ t ≤ n − 1) then

d(λ, µ) < km.

This shows that, for V λ
k ⊗ V µ

m to appear in a hook component, λ and µ must be very
“close” to each other (for k and m fixed, n tending to infinity).

Consider now the vector space Mk,k of k × k square matrices over C. Let M⊗n
k,k (i, j) be

the component of M⊗n
k,k (i) consisting of tensors with j skew symmetric and n− j symmetric

factors. M⊗n
k,k (i, j) carries a GLk(C) two-sided diagonal action. The following theorem

describes its decomposition as a GLk(C)-module.
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Theorem 5.4. Let λ be a partition of 2n of length at most k. For every 0 ≤ i ≤ n and
0 ≤ j ≤ n the multiplicity of V λ

k in M⊗n
k,k (i, j) ⊕ M⊗n

k,k (i − 1, j) is
∑

|α|+|β|+|γ|+|δ|=n, |β|+|δ|=j , |γ|+|δ|=i

cλ
2·α,(2·β)′,2∗γ,(2∗δ)′ ,

where the sum runs over all partitions α, β, γ, δ with total size n such that γ and δ have
distinct parts, β and δ have total size j, and γ and δ have total size i. The operations ∗
and · are as defined in Section 2, and the extended Littlewood-Richardson coefficients cλ

αβγδ

are as defined in Section 3.

The proof of Theorem 5.4 involves results on plethysm of elementary and homogeneous
symmetric functions [13, Ch. I §8 Ex 5-6].
Theorem 5.4, for i = 0, interpolates between classical results, regarding symmetric powers

of the spaces of symmetric and skew symmetric matrices (Theorems 4.3 and 4.4). Another
boundary case, i = n, gives an interpolation between exterior powers of the same matrix
spaces.

Corollary 5.5. Let λ ⊆ (kk) be a partition of 2n. For every 0 ≤ i ≤ n − 1 and 0 ≤ j ≤ n,
the multiplicity of V λ

k in M⊗n
k,k (i, j) is equal to the multiplicity of V λ′

k in M⊗n
k,k (i, n − j).

For proofs and more details see [1].

Acknowledgments. The authors thank R. Howe and N. Wallach for their useful com-
ments.
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STRUCTURE OF THE MALVENUTO-REUTENAUER
HOPF ALGEBRA OF PERMUTATIONS

(EXTENDED ABSTRACT)

MARCELO AGUIAR

Abstract. We analyze the structure of the Malvenuto-Reutenauer Hopf algebra of per-
mutations in detail. We give explicit formulas for its antipode, prove that it is a cofree
coalgebra, determine its primitive elements and its coradical filtration and show that it
decomposes as a crossed product over the Hopf algebra of quasi-symmetric functions. We
also describe the structure constants of the multiplication as a certain number of facets of
the permutahedron. Our results reveal a close relationship between the structure of this
Hopf algebra and the weak order on the symmetric groups.

Résumé. On analyse la structure de l’algèbre de Hopf de Malvenuto et Reutenauer en
détail. On donne des formules explicites pour son antipode, on prouve que c’est une
coalgèbre colibre, on détermine ses éléments primitifs et sa filtration coradicale et on
montre qu’elle se décompose comme un produit croisé sur l’algèbre de Hopf de fonctions
quasi-symétriques. On décrit aussi les constantes de structure de la multiplication comme
un certain nombre de facettes du permutoèdre. Nos résultats mettent en évidence une
forte relation entre la structure de cette algèbre de Hopf et l’ordre faible dans les groupes
symétriques.

Introduction

Malvenuto [15] introduced the Hopf algebra SSym of permutations, which has a linear
basis {Fu | u ∈ Sn, n ≥ 0} indexed by permutations in all symmetric groups Sn. The Hopf
algebra SSym is non-commutative, non-cocommutative, self-dual, and graded. Among its
sub- and quotient- Hopf algebras are many algebras central to algebraic combinatorics.
These include the algebra of symmetric functions [14, 22], Gessel’s algebra QSym of quasi-
symmetric functions [11], the algebra of non-commutative symmetric functions [10], the
Loday-Ronco algebra of planar binary trees [12], Stembridge’s algebra of peaks [23], the
Billera-Liu algebra of Eulerian enumeration [4], and others. The structure of these combi-
natorial Hopf algebras with respect to certain distinguished bases has been an important
theme in algebraic combinatorics, with applications to the combinatorial problems these
algebras were created to study. We give a detailed understanding of the structure of SSym ,
both in algebraic and in combinatorial terms.
Our main tool is a new basis {Mu | u ∈ Sn, n ≥ 0} for SSym related to its original basis

by Möbius inversion on the weak order of the symmetric groups. These bases {Mu} and
{Fu} are analogous to the monomial and fundamental basis of QSym , which are related
via Möbius inversion on their index sets, the Boolean posets Qn.
We give enumerative-combinatorial descriptions of the product, coproduct, and antipode

of SSym with respect to the basis {Mu}. For example, the coproduct is obtained by

1991 Mathematics Subject Classification. Primary 05E05, 06A11, 16W30.
Key words and phrases. Hopf algebras, symmetric group, weak order, quasi-symmetric functions.
Extended abstract for FPSAC‘02 in Melbourne. Abridged version of [2].
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splitting a permutation at certain special positions that we call global descents. Descents
and global descents are left adjoint and right adjoint to a natural map Qn → Sn.
The structure constants for the product with respect to the basis {Mu} are non-negative

integers with the following geometric-combinatorial description. The 1-skeleton of the per-
mutahedron Πn−1 is the Hasse diagram of the weak order on Sn. The facets of the permu-
tahedron are canonically isomorphic to products of lower dimensional permutahedra. Say
that a facet isomorphic to Πp−1 × Πq−1 has type (p, q). Given u ∈ Sp and v ∈ Sq, such a
facet has a distinguished vertex corresponding to (u, v) under the canonical isomorphism.
Then, for w ∈ Sp+q, the coefficient ofMw in the productMu ·Mv is the number of facets
of the permutahedron Πp+q−1 of type (p, q) with the property that the distinguished vertex
is below w and closer to w than to any other vertex in the facet.
We also give explicit formulas for the antipode with respect to both bases. The structure

constants with respect to the basis {Mu} have constant sign, as in the case of QSym. The
situation is more complicated for the basis {Fu}, which may explain why no such explicit
formulas were previously known.

Elucidating the elementary structure of SSym with respect to the basis reveals further
algebraic structures. For example, SSym is a cofree graded coalgebra. A consequence
is that the coradical filtration of SSym (which encapsulates the complexity of iterated
coproducts) is the algebraic counterpart of a filtration of the symmetric groups by certain
lower order ideals. In particular, the space of primitive elements is spanned by the set
{Mu | u has no global descents}. Cofreenes was shown by Poirier and Reutenauer [20], in
dual form, through the introduction of a different basis. The study of primitive elements
was pursued from this point of view by Duchamp, Hivert, and Thibon [7].
There is a well-known morphism of Hopf algebras SSym → QSym that maps one funda-

mental basis onto the other, by associating to a permutation u its descent set Des(u). We
describe this map in terms of the bases {Mu} and {Mα}.
Lastly, SSym decomposes as a crossed product over QSym . This construction from the

theory of Hopf algebras is a generalization of the notion of group extensions. We provide a
combinatorial description for the Hopf kernel of the map SSym → QSym.
These results are expanded on and proven in the manuscript [2] of the same name.

For a background on quasi-symmetric functions, see [22, §7.19], for Hopf Algebras, we
recommend the book of Montgomery [18]. We also recommend the papers [20] of Poirier
and Reutenauer and [7] of Duchamp, Thibon, and Hivert, who studied this same Hopf
algebra of permutations from a different perspective, the latter under the name ‘free quasi-
symmetric functions’.
We thank Swapneel Mahajan, Nantel Bergeron, and the referees for helpful comments.

1. Essential definitions

1.1. Quasi-symmetric functions. Gessel [11] introduced the algebra QSym of quasi-
symmetric functions as the natural target for Stanley’s P -partition generating function.
Subsequent work has shown its centrality, even universality, for generating functions in
algebraic combinatorics [9, 3, 1].
A sequence α = (α1, α2, . . . , αk) of positive integers is a composition of n if

∑
i αi = n.

Compositions of n correspond to subsets of [n−1] as follows
α = (α1, α2, . . . , αk) ←→ I(α) = {α1, α1 + α2, . . . , α1 + · · ·+ αk−1} .

These subsets of [n−1] (and thus compositions of n) form the Boolean poset Qn, and the
induced order relation on compositions is called refinement.
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For S ⊆ [n−1], the fundamental quasi-symmetric function FS,n is

FS,n :=
∑

j1≤···≤jn
i∈S⇒ji<ji+1

xj1xj2 . . . xjn .

These form a basis for QSym. Another basis is provided by the monomial quasi-symmetric
functions Mα, which are indexed by compositions α = (α1, . . . , αk)

Mα :=
∑

i1<i2<···<ik

xα1
i1
xα2

i2
· · · xαk

ik
.

These two bases are related via Möbius inversion on the Boolean poset Qn.

Fα =
∑
α≤β

Mβ and Mα =
∑
α≤β

(−1)c(β)−c(α)Fβ ,

where c((α1, . . . , αk)) = k and (−1)c(β)−c(α) is the Möbius function of Qn.
The product of these Mα is given by quasi-shuffles of their indices [9, Lemma 3.3]. A

quasi-shuffle of compositions α and β is a shuffle of the components of α and β, where
in addition we may replace any number of pairs of consecutive components (αi, βj) in the
shuffle by αi + βj . Then we have

(1.1) Mα ·Mβ =
∑

γ

Mγ ,

where the sum is over all quasi-shuffles γ of the compositions α and β. For instance,

(1.2) M(2) ·M(1,1) = M(1,1,2) +M(1,2,1) +M(2,1,1) +M(1,3) +M(3,1) .

The unit element 1 =M( ) is indexed by the empty composition.
Let X and Y be ordered alphabets with X < Y their disjoint union ordered as indicated.

Substitution f(X) �→ f(X < Y ) induces a coproduct ∆: QSym → QSym⊗QSym whose
action on a monomial function is as follows.

(1.3) ∆
(
M(α1,...,αk)

)
=

k∑
p=0

M(α1,...,αp)⊗M(αp+1,...,αk) .

For instance, ∆(M(2,1)) = 1⊗M(2,1) +M(2)⊗M(1) +M(2,1)⊗1.
These definitions give QSym the structure of a graded, connected Hopf algebra. The

degree n component is spanned by thoseMα where α is a composition of n. It is connected,
as its degree 0 component is 1-dimensional, and it is a Hopf algebra. An explicit formula
for the antipode was given by Malvenuto [15, corollaire 4.20] and Ehrenborg [9, Proposition
3.4]

(1.4) S(Mα) = (−1)c(α)
∑
β≤α

M
β̃
.

Here, if β = (β1, β2, . . . , βt) then β̃ is β written in reverse order (βt, . . . , β2, β1).

1.2. The Hopf algebra of permutations. Let SSym be the graded Q-vector space
with fundamental basis {Fu | u ∈ Sn, n ≥ 0}, graded by n. SSym has a graded Hopf
algebra structure first considered in Malvenuto’s thesis [15, §5.2] and in her work with
Reutenauer [16]. Write 1 for the basis element of degree 0.
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The product of two basis elements is obtained by shuffling the corresponding permuta-
tions, as in the following example.

F12 · F312 = F12534 + F15234 + F15324 + F15342 + F51234

+F51324 + F51342 + F53124 + F53142 + F53412 .

More precisely, for p, q > 0, set

S(p,q) := {ζ ∈ Sp+q | ζ has at most one descent, at position p} .
This is the collection of minimal (in length) representatives of left cosets of the Young
or parabolic subgroup Sp × Sq in Sp+q, called Grassmannian permutations. With these
definitions, we describe the product. For u ∈ Sp and v ∈ Sq, set

(1.5) Fu · Fv =
∑

ζ∈S(p,q)

F(u×v)·ζ−1 .

This endows SSym with the structure of a graded algebra with unit 1.
The algebraSSym is also a graded coalgebra with coproduct given by all ways of splitting

a permutation. For a sequence (a1, . . . , ap) of distinct integers, let its standard permutation†
st(a1, . . . , ap) ∈ Sp be the permutation u defined by

(1.6) ui < uj ⇐⇒ ai < aj .

For instance, st(625) = 312. The coproduct ∆: SSym → SSym ⊗SSym is defined by

(1.7) ∆(Fu) =
n∑

p=0

Fst(u1, ..., up)⊗Fst(up+1, ..., un) ,

when u ∈ Sn. For instance, ∆(F42531) is

1⊗F42531 + F1⊗F2431 + F21⊗F321 + F213⊗F21 + F3142⊗F1 + F42531⊗1 .

SSym is a graded connected Hopf algebra [15, théorème 5.4].
This Hopf algebra SSym has been an object of recent interest [21, 16, 20, 19, 8, 7, 12, 13].

We remark that sometimes it is the dual Hopf algebra that is considered. To compare
results, one may use that SSym is self-dual under the map Fu �→ F∗

u−1 , where F∗
u−1 is the

element of the dual basis that is dual to Fu−1 .
To define the monomial basis {Mu} for SSym (in analogy to the basis {Mα} of QSym),

we use the weak order on the symmetric groups Sn. Let �(n) count the inversions {i < j |
ui > uj} of a permutation u. The weak order on Sn is defined by

u ≤ v ⇐⇒ ∃w ∈ Sn such that v = wu and �(v) = �(w) + �(u) .

The cover relation u� v occurs precisely when v is obtained from u by transposing a pair
of consecutive values of u; a pair (ui, uj) such that i < j and uj = ui + 1. The maximum
element of Sn is ωn = (n, . . . , 2, 1). Figure 1 shows the weak order on S4.
For each n ≥ 0 and u ∈ Sn, define

(1.8) Mu :=
∑
u≤v

µSn(u, v) · Fv ,

where µSn(·, ·) is the Möbius function of the weak order in Sn. By Möbius inversion,

(1.9) Fu :=
∑
u≤v

Mv ,

†Some authors call this flattening.
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3214 3142 2413 23414123 1432

3124 2143 1423 13422314

1324 1243

4213 4132 3412 24313241

4312 3421

1234

2134

4321

4231

Figure 1. The weak order on S4

so these elementsMu indeed form a basis of SSym . For instance,

M4123 = F4123 −F4132 −F4213 + F4321 .

1.3. The descent map D : SSym → QSym. The descent set Des(u) of a permutation
u ∈ Sn is the subset of [n−1] recording the descents of u
(1.10) Des(u) := {p ∈ [n−1] | up > up+1} .
Thus Des(46512837) = {2, 3, 6}. Malvenuto [15, théorèmes 5.12, 5.13, and 5.18] shows that
there is a morphism of Hopf algebras

(1.11)
D : SSym −→ QSym

Fu �−→ FDes(u)

1.4. Galois connections Sn � Qn. Underlying our results are combinatorial facts con-
cerning the lattices Sn and Qn. We describe two important conceptual facts. For a subset
S ⊆ [n−1], let SS ⊆ Sn be the parabolic subgroup

Sα1 ×Sα2 × · · · ×Sαk
,

where α = (α1, . . . , αk) is the composition of n such that I(α) = S. For a subset S ⊆ [n−1],
let Z(S) ∈ Sn be the maximal permutation with descent set S.
A Galois connection between posets P and Q is a pair (f, g) of order preserving maps

f : P → Q and g : Q→ P such that for any x ∈ P and y ∈ Q,
(1.12) f(x) ≤ y ⇐⇒ x ≤ g(y) .

Equivalently, the map f is left adjoint to the map g.

Proposition 1.1. The pair of maps (Des, Z) : Sn � Qn is a Galois connection.

This Galois connection is why the monomial basis of SSym is analogous to that of QSym ,
and is why we consider the weak order on Sn. The connection between the monomial bases
of these two algebras will be elucidated in Theorem 3.4.
A permutation u ∈ Sn has a global descent at a position p ∈ [n−1] if

i ≤ p < j =⇒ ui > uj .
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Figure 2. The Galois connection S3 � Q3

Equivalently, if {u1, . . . , up} = {n, n−1, . . . , n−p+1}. Let GDes(u) ⊆ [n−1] be the set of
global descents of u. Note that GDes(u) ⊆ Des(u), but these are not equal in general.
The notion of global descents is a very natural companion of that of (ordinary) descents,

in that the map GDes : Sn → Qn is right adjoint to Z : Qn → Sn.

Proposition 1.2. The pair of maps (Z,GDes) : Qn � Sn is a Galois connection.

2. Elementary Algebraic Structure of SSym

2.1. The coproduct of SSym. The coproduct of SSym (1.7) takes a simple form on the
monomial basis. For a permutation u ∈ Sn, define GDes(u) to be GDes(u) ∪ {0, n}.
Theorem 2.1. Let u ∈ Sn. Then

(2.1) ∆(Mu) =
∑

p∈GDes(u)

Mst(u1,...,up)⊗Mst(up+1,...,un) .

2.2. The product of SSym. The product of SSym in terms of its monomial basis has
non-negative structure constants, which we describe. For instance,

(2.2) M12 · M21 = M4312 +M4231 +M3421 +M4123 +M2341

+M1243 +M1423 +M1342 + 3M1432 + 2M2431 + 2M4132 .

First, for a Grassmannian permutation ζ ∈ S(p,q) (a left coset representative of Sp×Sq in
Sp+q), consider the map corresponding to the right coset of ζ−1.

ρζ : Sp ×Sq → Sp+q , ρζ(u, v) := (u× v) · ζ−1 .

This order-preserving map is injective and its image is an interval in Sp+q. For u ∈ Sp,
v ∈ Sq and w ∈ Sp+q, define Aw

u,v ⊆ S(p,q) to be

(2.3) Aw
u,v =

{
ζ ∈ S(p,q) | (u, v) = max ρ−1

ζ [1, w]
}
,

where [w,w′] := {w′′ | w ≤ w′′ ≤ w′} denotes the interval between w and w′. This set has
another description as the set of those ζ ∈ S(p,q) satisfying

(2.4)
(i) (u× v) · ζ−1 ≤ w, and
(ii) if u ≤ u′ and v ≤ v′ satisfy (u′ × v′) · ζ−1 ≤ w,

then u = u′ and v = v′.
Set αw

u,v := #A
w
u,v.

Theorem 2.2. For any u ∈ Sp and v ∈ Sq, we have

(2.5) Mu · Mv =
∑

w∈Sp+q

αw
u,vMw .
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For instance, in (2.2) the coefficient ofM2431 inM12 · M21 is 2 because among the six
permutations in S(2,2),

1234, 1324, 1423, 2314, 2413, 3412 ,

only the first two satisfy conditions (i) and (ii) of (2.4).
The structure constants αw

u,v admit a geometric-combinatorial description in terms of the
permutahedron. The vertices of the (n−1)-dimensional permutahedron are indexed by the
elements of Sn so that the 1-skeleton is the Hasse diagram of the weak order (see Figure 1).
Facets of the permutahedron are products of two lower dimensional permutahedra, and the
image of ρζ is the set of vertices in a facet. Moreover, every facet arises in this way for a
unique triple (p, q, ζ) with p + q = n and ζ ∈ S(p,q) (see [5, Exer. 2.9]). Such such a facet
has type (p, q). Figure 3 shows the image of ρ1324, a facet of the 3-permutahedron of type
(2, 2), and the permutation 2431.

2431

2413

2314 1423

1324ρ1324

Figure 3. The facet ρ1324 of type (2, 2) and w = 2431.

The description (2.3) of Aw
u,v (and hence of αw

u,v) can be interpreted as follows: Given
u ∈ Sp, v ∈ Sq, and w ∈ Sp+q, the structure constant αw

u,v counts the number of facets of
type (p, q) of the (p+q−1)-permutahedron such that the vertex ρζ(u, v) is below w and it
is the maximum vertex in that facet below w.
For instance, the facet ρ1324 contributes to the structure constant α2431

12,21 because the
vertex ρ1324(12, 21) = 1423 satisfies the required properties in relation to the vertex w =
2431, as shown in Figure 3.

2.3. The antipode of SSym. Malvenuto left open the problem of an explicit formula for
the antipode of SSym [15, pp. 59-60]. We identify the coefficients of the antipode in terms
of both bases in explicit combinatorial terms. These are based upon a general formula for
the antipode of a connected Hopf algebra due to Milnor and Moore [17].
For any subset S = {p1 < p2 < · · · < pk} ⊆ [n−1] and v ∈ Sn set

vS := st(v1, . . . , vp1)× st(vp1+1, . . . , vp2)× · · · × st(vpk+1, . . . , vn) ∈ SS .

Theorem 2.3. For v,w ∈ Sn set

λ(v,w) := #{S ⊆ [n−1] | Des(w−1vS) ⊆ S and #S is odd}
−#{S ⊆ [n−1] | Des(w−1vS) ⊆ S and #S is even}.
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Then

(2.6) S(Fv) =
∑

w∈Sn

λ(v,w)Fw .

These coefficients of the antipode may indeed be positive or negative. For instance,

S(F231) = F132 −F213 − 2F231 + F312 .

The coefficient of F312 is 1 because {1}, {2}, and {1, 2} are the subsets S of {1, 2} which
satisfy Des

(
(312)−1(231)S

) ⊆ S.
Our description of these coefficients is semi-combinatorial, in the sense that it involves

a difference of cardinalities of sets. On the monomial basis the situation is different. The
sign of the coefficients of S(Mv) only depends on the number of global descents of v. We
provide a fully combinatorial description of these coefficients. Let v,w ∈ Sn and suppose
S ⊆ GDes(v). Define CS(v,w) ⊆ SS to be those ζ ∈ SS satisfying

(2.7)
(i) vSζ

−1 ≤ w,
(ii) if v ≤ v′ and v′Sζ−1 ≤ w then v = v′, and
(iii) if Des(ζ) ⊆ R ⊆ S and vRζ−1 ≤ w then R = S.

Set κ(v,w) := #CGDes(v)(v,w).

Theorem 2.4. For v,w ∈ Sn, we have

(2.8) S(Mv) = (−1)#GDes(v)+1
∑

w∈Sn

κ(v,w)Mw .

For instance,

S(M3412) = M1234 + 2M1324 +M1342 +M1423

+M2314 +M2413 +M3124 +M3142 +M3412 .

Consider the coefficient ofM3412. In this case, S = GDes(3412) = {2}, so
SS = {1234, 1324, 1423, 2314, 2413, 3412} .

We invite the reader to verify that 3412 is the only element of S{2} that satisfies all three
conditions of (2.7). Therefore CS(3412, 3412) = {3412} and the coefficient is κ(3412, 3412) =
1.

Remark 2.5. The antipode of SSym has infinite order. A computation gives that

S2m(M231) = M231 + 2m(M213 −M132) ∀ m ∈ Z .

3. Hopf-algebraic structure of SSym

3.1. Cofreeness of SSym and the coradical filtration. The basis {Mu} reveals the
existence of a second coalgebra grading on SSym , given by the number of global descents.
With respect to this grading, SSym is a cofree graded coalgebra. We deduce an elegant
description of the coradical filtration: it corresponds to a filtration of the symmetric groups
by certain lower order ideals determined by the number of global descents. In particular,
the space of primitive elements is spanned by thoseMu where u has no global descents.
Let V be a vector space and consider the graded vector space

Q(V ) :=
⊕
k≥0

V
⊗k .
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The space Q(V ) is a graded connected coalgebra under the deconcatenation coproduct

∆(v1⊗ · · ·⊗vk) =
k∑

i=0

(v1⊗ · · ·⊗vi)⊗ (vi+1⊗ · · ·⊗vk) ,

and counit ε(v1⊗ · · ·⊗vk) = 0 if k ≥ 1.
The following universal property is satisfied for the canonical projection π : Q(V )→ V .

Given a graded coalgebra C = ⊕k≥0C
k and a linear map ϕ : C → V such that ϕ(Ck) = 0

for k �= 1, there is a unique morphism of graded coalgebras ϕ̂ : C → Q(V ) such that the
following diagram commutes

C
ϕ̂ ���������

ϕ
���

��
��

��
� Q(V )

π
����������

V

Explicitly, ϕ̂ is defined by

(3.1) ϕ̂|
Ck
= ϕ

⊗k∆(k−1) .

In particular, ϕ̂|C0
= ε, ϕ̂|C1

= ϕ and ϕ̂|C2
= (ϕ⊗ϕ)∆.

To establish the cofreeness of SSym , we first define a second coalgebra grading. Let
S0 := S0, and for k ≥ 1, let

Sk
n := {u ∈ Sn | u has exactly k−1 global descents}, and

Sk :=
∐
n≥0

Sk
n .

For instance,

S1 = {1} ∪ {12} ∪ {123, 213, 132} ∪ {1234, 2134, 1324, 1243, 3124,
2314, 2143, 1423, 1342, 3214, 3142, 2413, 1432} ∪ · · ·

Let (SSym)k be the vector subspace of SSym spanned by {Mu | u ∈ Sk}.
Theorem 3.1. The decomposition SSym = ⊕k≥0(SSym)k is a coalgebra grading. More-
over, endowed with this grading, SSym is a cofree graded coalgebra.

The coradical C(0) of a graded connected coalgebra C is the 1-dimensional component
in degree 0 (identified with the base field via the counit). The primitive elements are

Prim(C) := {x ∈ C | ∆(x) = x⊗1 + 1⊗x} .
Set C(1) := C(0) ⊕ Prim(C), the first level of the coradical filtration. More generally, the
k-th level of the coradical filtration is

C(k) :=
(
∆(k)

)−1
( ∑

i+j=k

C
⊗i⊗C(0)⊗C⊗j

)
.

We have C(0) ⊆ C(1) ⊆ C(2) ⊆ · · · ⊆ C = ⋃
k≥0C

(k), and

∆(C(k)) ⊆
∑

i+j=k

C(i)⊗C(j) .

Thus, the coradical filtration measures the complexity of iterated coproducts.
For a cofree graded coalgebra Q(V ), the coradical filtration is easy to describe. The space

of primitive elements is just V , and the k-th level of the coradical filtration is ⊕k
i=0V

⊗i.
These are immediate from the definition of the deconcatenation coproduct.
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Define

S(k)
n :=

k∐
i=0

Sk
n and S(k) :=

k∐
i=0

Sk .

In other words, S(0) = S0 and for k ≥ 1,
S(k)

n = {u ∈ Sn | u has at most k−1 global descents} .
Proposition 1.2 asserts that GDes : Sn → Qn is order-preserving. Since Qn is ranked by

the cardinality of a subset, it follows that S
(k)
n is a lower order ideal of Sn, with S

(k)
n ⊆

S
(k+1)
n . The coradical filtration corresponds precisely to this filtration of the symmetric

groups by lower ideals.

Corollary 3.2. A linear basis for the k-th level of the coradical filtration of SSym is

{Mu | u ∈ S(k)} .
In particular, a linear basis for the space of primitive elements is

{Mu | u has no global descents} .
3.2. The descent map to quasi-symmetric functions. We study the effect of the
morphism of Hopf algebras (1.11)

D : SSym → QSym , defined by Fu �→ FDes(u)

on the monomial basis. Here, we use subsets S of [n−1] to index monomial quasi-symmetric
functions of degree n.

Definition 3.3. A permutation u ∈ Sn is closed if we have u = Z(T) for some T ∈ Qn.
Equivalently, u is closed if and only if Des(u) = GDes(u).

Theorem 3.4. Let u ∈ Sn. Then

D(Mu) =

{
MGDes(u) if u is closed,
0 if not.

3.3. SSym as a crossed product over QSym. We describe the algebra structure of
SSym as a crossed product over the Hopf algebra QSym . See [18, §7] for a review of this
construction in the general Hopf algebraic setting. Let us only say that the crossed product
of a Hopf algebra K with an algebra A with respect to a Hopf cocycle σ : K⊗K → A is a
certain algebra structure on the space A⊗K, denoted by A#σK.

Proposition 3.5. The map MS �→ MZ(S) induces a morphism of coalgebras Z : QSym →
SSym that is a right inverse to the morphism of Hopf algebras D : SSym → QSym.

In this situation, an important theorem of Blattner, Cohen and Montgomery [6] applies.
Namely, suppose π : H → K is a morphism of Hopf algebras that admits a coalgebra
splitting γ : K → H. Then there is a crossed product decomposition

H ∼= A#σK

where A is the left Hopf kernel of π:

A = {h ∈ H |
∑

h1⊗π(h2) = h⊗1}
and the Hopf cocycle σ : K⊗K → A is

σ(k, k′) =
∑

γ(k1)γ(k′1)Sγ(k2k
′
2) .

Note that if π and γ preserve gradings, then so does the rest of the structure.
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Let A be the left Hopf kernel of D : SSym → QSym and An its n-th homogeneous
component. Once again the monomial basis of SSym proves useful in describing A.

Proposition 3.6. A basis for An is the set {Mu} where u runs over all permutations of
n that are not of the form

∗ . . . ∗ 12 . . . n−k
for any k = 0, . . . , n− 1. In particular,

dimAn = n!−
n−1∑
k=0

k! .
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THE TUTTE POLYNOMIAL OF A HYPERPLANE ARRANGEMENT
(EXTENDED ABSTRACT)

FEDERICO ARDILA

Abstract. We define the Tutte polynomial of a hyperplane arrangement and study its
properties. We show that it is the universal Tutte-Grothendieck invariant for the class
of hyperplane arrangements. We also show that its coefficients are nonnegative. We in-
troduce a new finite field method for computing Tutte polynomials, which generalizes
several known results. We apply our method to several specific arrangements, thus re-
lating the computation of Tutte polynomials to some problems in classical enumerative
combinatorics. As a consequence, we obtain new formulas for the generating functions
enumerating alternating trees, labeled trees, semiorders and Dyck paths.

Résumé. Nous définissons le polynôme de Tutte d’un arrangement d’hyperplans et étudions
ses propriétés. Nous montrons que ce polynôme est l’invariant universel de Tutte-Grothendieck
pour la classe des arrangements d’hyperplans, et aussi que ses coefficients sont non-négatifs.
Une nouvelle méthode utilisant des corps finis est introduite, qui étend plusieurs résultats
connus. Nous l’appliquons à plusieurs arrangements classiques, ce qui relie le calcul des
polynômes de Tutte à divers problèmes classiques de combinatoire énumérative. Nous
obtenons ainsi de nouvelles formules pour les séries génératrices dénombrant les arbres
alternants, les arbres étiquetés, les semi-ordres et les chemins de Dyck.

1. Introduction

The aim of this paper is to define the Tutte polynomial of a hyperplane arrangement,
and find out what we can say about it. Central arrangements inherit Tutte polynomial
properties from their associated matroids; we want to know whether such properties hold
for affine arrangements as well.

In Section 2 we introduce the basic notions that we will need in the paper. In Section
3 we define the Tutte polynomial of a hyperplane arrangement, and show that it is the
universal Tutte-Grothendieck invariant on the class of hyperplane arrangements. Our first
main result is that the coefficients of the Tutte polynomial of a hyperplane arrangement
are nonnegative. In Section 4 we obtain our second main result, a finite field method for
computing Tutte polynomials of hyperplane arrangements. This is done in terms of the
coboundary polynomial, a simple transformation of the Tutte polynomial. We derive some
consequences of this method. Finally, in Section 5, we compute the Tutte polynomials of
several families of arrangements. In particular, for deformations of the braid arrangement,
we relate the computation of Tutte polynomials to some enumeration problems in classical
combinatorics. As a consequence, we obtain new formulas for the generating functions
enumerating alternating trees, labeled trees, semiorders and Dyck paths.

2. Hyperplane arrangements

Given a field k and a positive integer n, an affine hyperplane in k
n is an (n−1)-dimensional

affine subspace of k
n. If we put a system of coordinates x1, . . . , xn on k

n, a hyperplane can
be seen as the set of points that satisfy a certain equation c1x1 + · · · + cnxn = c, where
c1, . . . , cn, c are constants in k with not all ci’s equal to 0. A hyperplane arrangement
A in k

n is a finite collection of affine hyperplanes of k
n. We will refer to hyperplane

#5.1
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arrangements simply as arrangements. We will always assume that k = R unless explicitly
stated, although most of our results extend immediately to any field of characteristic zero.

We will say that an arrangement A is central if the hyperplanes in A have a nonempty
intersection.1 Similarly, we will say that a subset (or subarrangement) B ⊆ A of hyperplanes
is central if the hyperplanes in B have a nonempty intersection. The rank function rA is
defined for each central subset B by the equation rA(B) = n − dim∩B. The rank of a
noncentral subset B is defined to be the largest rank of a central subset of B. The rank of
A is rA(A), and it is denoted rA. We will usually omit the subscripts when the underlying
arrangement is clear, and simply write r(B) and r respectively.

To each hyperplane arrangement A we assign a partially ordered set called the intersec-
tion poset of A, and denoted LA. It consists of the nonempty intersections Hi1 ∩ · · · ∩Hik ,
ordered by reverse inclusion. This poset is graded, with rank function r(Hi1 ∩ · · · ∩Hik) =
rA({Hi1 , . . . ,Hik}), and a unique minimal element 0̂ = R

n. We say that two hyperplane
arrangements are isomorphic if their intersection posets are isomorphic.

We define the characteristic polynomial of A to be

χA(q) =
∑

x∈LA

µ(0̂, x)qn−r(x).

where µ denotes the Möbius function [17, Section 3.7] of LA. The following theorem will
be important for us in Section 5.

Theorem 2.1. (Zaslavsky, [25]) Let A be a hyperplane arrangement in R
n. The number

of regions into which A dissects R
n is equal to (−1)nχA(−1).

Even though it is not (n−1)-dimensional, we need to allow R
n as a possible “hyperplane”

in A. We will also allow A to contain repeated hyperplanes. We will say that a central
subset B is independent if r(B) = |B|, and dependent otherwise. It is a base of A if
r(B) = |B| = r(A). A hyperplane H ∈ A is called a loop if it is R

n, and an isthmus if
r(A − H) = r(A) − 1. Here we are slightly abusing notation, writing A − H instead of
A− {H}. We will often do this for simplicity.

3. The Tutte polynomial

The Tutte polynomial of a hyperplane arrangement A is defined by

(3.1) TA(q, t) =
∑
B⊆A

central

(q − 1)r−r(B)(t− 1)|B|−r(B),

where the sum is over all central subsets B ⊆ A.
The characteristic polynomial is essentially an evaluation of the Tutte polynomial: we

have χA(q) = (−1)rqn−rTA(1− q, 0). This is a consequence of the following result.

Theorem 3.1. (Whitney [24], Postnikov and Stanley [13]) For any hyperplane arrangement
A,

χA(q) =
∑
B⊆A

central

(−1)|B|qn−r(B).

It is worth remarking that the same procedure can be used to define the Tutte polynomial
of an arbitrary subspace arrangement, where the subspaces do not have to be hyperplanes.
We can still define the rank function of A by rA(B) = n − dim(∩B) for each subarrange-
ment B ⊆ A, and then use equation (3.1) to define TA(q, t). In this paper we shall focus
on hyperplane arrangements. However, we briefly mention that our second main result,

1Sometimes we will call an arrangement affine to emphasize that it does not need to be central.
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Theorem 4.1 also holds for subspace arrangements; our proof extends to this case without
difficulty. The other main result of this paper, Theorem 3.5, does not hold. The Tutte
polynomial of a subspace arrangement does not necessarily have nonnegative coefficients.

3.1. Deletion-contraction. Let A be an arrangement and let H be a hyperplane in A.
The arrangement A − H is called the deletion of H in A. It is an arrangement in R

n.
The arrangement AH = {H0 ∩H |H0 ∈ A −H,H0 ∩H �= ∅} is called the contraction (or
restriction) of A to H. It is an arrangement in H.

A function f on the class of arrangements is called an invariant if f(A1) = f(A2)
whenever A1 and A2 are isomorphic arrangements. There is a very important type of
invariant, known as a Tutte-Grothendieck invariant. The Tutte polynomial is the universal
Tutte-Grothendieck invariant on the class of arrangements. The following theorem shows
that any other generalized Tutte-Grothendieck invariant, that is, an invariant satisfying the
conditions of Theorem 3.2, is an evaluation of the Tutte polynomial. Analogous results
are essentially known for matroids [4], [12], and for framed configurations [23]. Framed
configurations include hyperplane arrangements as particular cases, but their generality
does not allow for a statement as explicit as this one.

Theorem 3.2. Let A be the set of isomorphism classes of arrangements in real vector
spaces. Let k be a field and let a, b ∈ k. Let R be a commutative ring containing k, and let
f : A → R be a function satisfying the following conditions.

(i) If a hyperplane H in an arrangement A is neither an isthmus nor a loop, then
f(A) = af(A−H) + bf(AH).

(ii) If H is an isthmus in A, then f(A) = f(I)f(A−H).
(iii) If H is a loop in A, then f(A) = f(L)f(A−H).

Then the function f is given by f(A) = a|A|−r(A)br(A)TA(f(I)/b, f(L)/a). Here I denotes
the arrangement consisting of a single isthmus, and L denotes the arrangement consisting
of a single loop.

3.2. Base activity. We now show that the Tutte polynomial of a hyperplane arrangement
has nonnegative coefficients, by giving a combinatorial interpretation of them. Crapo inter-
preted the coefficients of the Tutte polynomial of a matroid as enumerators of bases with a
given internal and external activity [6]. Our interpretation for hyperplane arrangements is
analogous.

Define a circuit of an arrangement to be a minimal set of hyperplanes which is central
and dependent. Define a bond to be a minimal set of hyperplanes, the removal of which
makes the rank of the arrangement decrease.

Lemma 3.3. Let B be a base of A, and let e be a hyperplane not in B such that B ∪ e is
central. Then B ∪ e contains a unique circuit.

Lemma 3.4. Let B be a base of A, and let i be a hyperplane in B. Then A−B∪ i contains
a unique bond.

From now on, we will fix a linear order on A. Now each k-subset of A corresponds to a
strictly increasing sequence of k integers between 1 and |A|. For each 0 ≤ k ≤ |A|, order
the k-subsets of A using the lexicographic order on these sequences.

Given a base B, we will say that a hyperplane e not in B is an external activity hyperplane
for B if B ∪ e is central, and e is the smallest hyperplane2 of the unique circuit in B ∪ e.
Let E(B) be the set of external activity hyperplanes for B, and let e(B) = |E(B)|. We call
e(B) the external activity of B.

2according to the fixed linear order
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We will say that a hyperplane i in B is an internal activity hyperplane for B if i is the
smallest hyperplane of the unique bond in A−B∪i. Let I(B) be the set of internal activity
hyperplanes for B, and let i(B) = |I(B)|. We call i(B) the internal activity of B.

Now we are in a position to state the main theorem of this section.

Theorem 3.5. For any arrangement A,

TA(q, t) =
∑

B base
of A

qi(B)te(B).

Theorem 3.5 shows that the coefficients of the Tutte polynomial are nonnegative integers.
The coefficient of qite is equal to the number of bases of A with internal activity equal to i
and external activity equal to e.

A useful ingredient in the proof of Theorem 3.5 is the following characterization of internal
and external activity hyperplanes. Given a subarrangement B ⊆ A and a hyperplane H,
let B>H = {H0 ∈ B |H0 > H}. Define B<H analogously.

Lemma 3.6. Let B be a base and e be a hyperplane not in B such that B ∪ e is central.
Then e is an external activity hyperplane for B if and only if r(B>e ∪ e) = r(B>e).

Lemma 3.7. Let B be a base and i be a hyperplane in B. Then i is an internal activity
hyperplane for B if and only if r(B − i ∪ A<i) < r.3

Now we wish to present a different description of the central subarrangements of A. To
do it, we need two definitions. For each subarrangement B, let dB be the lexicographically
largest base of B. For each independent central subarrangement B, let uB be the lexico-
graphically smallest base of A which contains B. Notice that, for any subarrangement B,
udB is a base of A.

Let S1 be the set of triples (B, I,E) such that B is a base of A, I ⊆ I(B) is a set of
internal activity hyperplanes for B, and E ⊆ E(B) is a set of external activity hyperplanes
for B. Let S2 be the set of central subarrangements of A. We want to establish a bijection
between S1 and S2. Define two maps φ1 and φ2 as follows. Given (B, I,E) ∈ S1, let
φ1(B, I,E) = B − I ∪ E. Given C ∈ S2, let φ2(C) = (udC, udC − dC, C − dC). The maps
φ1 and φ2 give the desired bijection: every central subarrangement B of A can be written
uniquely in the form B = B − I ∪ E where B is a base of A, I ⊆ I(B) and E ⊆ E(B).

Lemma 3.8. The map φ1 maps S1 to S2.

Lemma 3.9. The map φ2 maps S2 to S1.

Proposition 3.10. The map φ1 is a bijection from S1 to S2, and the map φ2 is its inverse.

Proposition 3.10 is the key ingredient of our proof of Theorem 3.5. It is a consequence
of the following lemmas.

Lemma 3.11. For all (B, I,E) ∈ S1, we have r(B − I ∪ E) = r − |I|.

Lemma 3.12. For all (B, I,E) ∈ S1, we have d(B − I ∪ E) = B − I.

Lemma 3.13. For all (B, I,E) ∈ S1, we have ud(B − I ∪ E) = B.

Proving these lemmas requires some work; once we have done that, Theorem 3.5 follows
easily from Proposition 3.10 and Lemma 3.11.

3In fact, this is true if and only if r(B − i ∪A<i) = r − 1.
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4. A finite field method

In [14], Reiner asked whether it is possible to define the Tutte polynomial of a subspace
arrangement. We have shown how to do this in the introduction to Section 3. Reiner
also asked whether it is possible to use [14, Corollary 3] to compute explicitly the Tutte
polynomials of some nontrivial families of arrangements. Compared to all the work that has
been done on computing characteristic polynomials explicitly, very little is known about
computing Tutte polynomials.

In this section, we introduce a new method for computing Tutte polynomials of hyper-
plane arrangements. This method also works for arbitrary subspace arrangements. Our
approach does not use Reiner’s result; it is closer to Athanasiadis’s finite field method for
computing characteristic polynomials. In fact, Athanasiadis’s result [1, Theorem 2.2] can
be obtained as a special case of the main result of this section, Theorem 4.1, by setting
t = 0.

Using Crapo’s terminology [6], define the coboundary polynomial χA(q, t) of an arrange-
ment A by

(4.1) χA(q, t) =
∑
B⊆A

central

qr−r(B)(t− 1)|B|.

It is easy to see that the coboundary and Tutte polynomials are simple transformations
of each other, and computing the coboundary polynomial of an arrangement is essentially
equivalent to computing its Tutte polynomial. Our results can be presented more elegantly
in terms of the coboundary polynomial.

Let A be a Z-arrangement in R
n; that is, an arrangement where the defining equations

have integer coefficients. Let q be a prime power. The arrangement A induces an arrange-
ment Aq in the vector space F

n
q . If we consider the equations defining the hyperplanes of

A and regard them as equations over Fq, they define the hyperplanes of Aq.

Theorem 4.1. Let A be a Z−arrangement in R
n. Let q be a power of a large enough

prime, and let Aq be the induced arrangement in F
n
q . Then

(4.2) qn−r χ(q, t) =
∑

p∈F n
q

th(p),

where h(p) denotes the number of hyperplanes of Aq that p lies on.

We remark that Theorem 4.1 was also discovered independently by Welsh and Whittle
[23, Theorem 7.4].

Theorem 4.1 generalizes two classical enumerative results. The first result concerns vertex
colorings of graphs. Given a graph G on [n], we can associate to it an arrangement AG in
R

n. It consists of the hyperplanes xi = xj , for all 1 ≤ i < j ≤ n such that ij is an edge
in the graph G. When we apply Theorem 4.1 to this arrangement, we obtain the following
result.

Theorem 4.2. ([5, Proposition 6.3.26]) Let G be a graph with n vertices and c connected
components. Then

qc χAG
(q, t) =

∑
q−colorings

κ of G

tmono(κ),

where mono(κ) is the number of monochromatic edges in κ.

The second result concerns linear codes. An [n, r] linear code C over Fq is an r-
dimensional subspace of F

n
q . A generator matrix for C is an r × n matrix U over Fq,
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the rows of which form a basis for C. It is not difficult to see that the isomorphism class of
the matroid on the columns of U depends only on C. We shall denote the corresponding
matroid MC .

The elements of C are called codewords. The weight w(v) of a codeword is the cardinality
of its support; that is, the number of nonzero coordinates of v.

The translation of Theorem 4.1 to this setting is the following.

Theorem 4.3. (Greene, [7]) For any linear code C over Fq,

∑
v∈C

tw(v) = tn χMC

(
q,

1
t

)
.

We conclude this section by presenting two new results, which are also relatively simple
consequences of Theorem 4.1.

Theorem 4.4. Let A be an arrangement and let 0 ≤ t ≤ 1 be a real number. Let B be a
random subarrangement of A, obtained by independently removing each hyperplane from A
with probability t. Then the expected characteristic polynomial χB(q) of B is qn−rχA(q, t).

Theorem 4.5. For an arrangement A and an affine subspace x in the intersection poset
LA, let h(x) be the number of hyperplanes of A containing x. Then

χA(q, t) =
∑
x≤y

inLA

µ(x, y) qr−r(y)th(x).

5. Computation of Tutte polynomials

In this section we use Theorem 4.1 to compute the coboundary polynomials of several
families of arrangements. As remarked in Section 4, this is essentially the same as computing
their Tutte polynomials.

5.1. Coxeter arrangements. Let Φ be an irreducible crystallographic root system in R
n,

with the standard inner product, and let W be its associated Weyl group. The Coxeter
arrangement of type W consists of the hyperplanes (α, x) = 0 for each α ∈ Φ+. See [8] for
an introduction to root systems and Weyl groups, and [11, Chapter 6] or [3, Section 2.3]
for more information on Coxeter arrangements.

In this section we present the coboundary polynomials of the Coxeter arrangements of
type An, Bn and Dn. (The arrangement of type Cn is the same as the arrangement of type
Bn.) The best way to state our results is to compute the exponential generating function
for the coboundary polynomials of each family.

Theorem 5.1. Let An be the Coxeter arrangement of type An−1 in R
n, consisting of the

hyperplanes xi = xj for 1 ≤ i < j ≤ n.4 We have

1 + q
∑
n≥1

χAn
(q, t)

xn

n!
=


∑

n≥0

t(
n
2)x

n

n!




q

.

Theorem 5.2. Let Bn be the Coxeter arrangement of type Bn in R
n, consisting of the

hyperplanes xi = xj and xi + xj = 0 for 1 ≤ i < j ≤ n, and the hyperplanes xi = 0 for

4This arrangement is also known as the braid arrangement.
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1 ≤ i ≤ n. We have

∑
n≥0

χBn
(q, t)

xn

n!
=


∑

n≥0

2nt(
n
2)x

n

n!




q−1
2


∑

n≥0

tn2 xn

n!


 .

Theorem 5.3. Let Dn be the Coxeter arrangement of type Dn in R
n, consisting of the

hyperplanes xi = xj and xi + xj = 0 for 1 ≤ i < j ≤ n. We have

∑
n≥0

χDn
(q, t)

xn

n!
=


∑

n≥0

2nt(
n
2)x

n

n!




q−1
2


∑

n≥0

tn(n−1) x
n

n!


 .

These results follow fairly easily from Theorem 4.1. Theorem 5.1 is equivalent to a result
of Tutte [20], who computed the coboundary polynomial of the complete graph. It is also
an immediate consequence of a more general result of Stanley [19, equation (15)]. Theorems
5.2 and 5.3 have never been stated explicitly in the literature, but they are implicit in the
work of Zaslavsky [26].

Setting t = 0 in Theorems 5.1, 5.2 and 5.3, it is easy to recover the well-known formulas
for the characteristic polynomials of the above arrangements:

χAn(q) = q(q − 1)(q − 2) · · · (q − n+ 1),
χBn(q) = (q − 1)(q − 3) · · · (q − 2n+ 1),
χDn(q) = (q − 1)(q − 3) · · · (q − 2n+ 3)(q − n+ 1).

5.2. Two more examples.

Theorem 5.4. Let A#
n be a generic deformation of the arrangement An, consisting of the

hyperplanes xi − xj = aij (1 ≤ i < j ≤ n), where the aij are generic real numbers 5. For
n ≥ 1,

q χA#
n
(q, t) =

∑
F

qn−e(F )(t− 1)e(F )

where the sum is over all forests F on [n], and e(F ) denotes the number of edges of F .
Also,

1 + q
∑
n≥1

χA#
n
(q, t)

xn

n!
=


∑

n≥0

f(n)
xn(t− 1)n

n!




q
t−1

,

where f(n) is the number of forests on [n].

Theorem 5.5. The threshold arrangement Tn in R
n consists of the hyperplanes xi+xj = 0,

for 1 ≤ i < j ≤ n. For all n ≥ 0 we have

χTn
(q, t) =

∑
G

qbc(G)(t− 1)e(G),

where the sum is over all graphs G on [n]. Here bc(G) is the number of connected compo-
nents of G which are bipartite, and e(G) is the number of edges of G. Also,

∑
n≥0

χTn
(q, t)

xn

n!
=


∑

n≥0

n∑
k=0

(
n

k

)
tk(n−k)x

n

n!




q−1
2


∑

n≥0

t(
n
2)x

n

n!


 .

5The aij are “generic” if no n of the hyperplanes have a nonempty intersection, and any nonempty
intersection of k hyperplanes has rank k. This can be achieved, for example, by requiring that the aij ’s are
linearly independent over the rational numbers. Almost all choices of aij ’s are generic.
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5.3. Deformations of the braid arrangement. A deformation of the braid arrangement
is an arrangement in R

n consisting of the hyperplanes xi − xj = a
(1)
ij , . . . , a

(kij)
ij for 1 ≤

i < j ≤ n, where the kij are nonnegative integers, and the a
(r)
ij are real numbers. Such

arrangements have been studied extensively by Athanasiadis [2] and Postnikov and Stanley
[13]. In this section we study their coboundary polynomials.

The most natural deformations of the braid arrangement are the following. Fix a set A
of k distinct integers a1 < . . . < ak. Let En be the arrangement in R

n consisting of the
hyperplanes

(5.1) xi − xj = a1, . . . , ak, 1 ≤ i < j ≤ n.

A graded graph is a triple G = (V,E, h), where V is a linearly ordered set of vertices
(usually V = [n]), E is a set of (nonoriented) edges, and hG is a function hG : V → N,
called a grading. We will drop the subscript when the underlying graded graph is clear,
and we will refer to h(v) as the height of v. The height of G, denoted h(G), is the largest
height of a vertex of G. The vertices v such that h(v) = r form the r-th level of G, for each
r ≥ 0. If u < v are connected by edge e, the slope of e is s(e) = h(u) − h(v). A graded
graph is an A-graph if the slopes of all edges of G are in A. A graded graph is planted if
each connected component has a vertex on the 0-th level.

Recall that, for a graph G, we let e(G) be the number of edges and c(G) be the number
of connected components of G. We also let v(G) be the number of vertices of G.

Proposition 5.6. Let En be the arrangement (5.1). Then, for n ≥ 1,

q χEn
(q, t) =

∑
G

qc(G)(t− 1)e(G),

where the sum is over all planted graded A-graphs on [n].

Proof. We associate to each planted graded A-graph G = (V,E, h) on [n] an arrangement
AG in R

n. It consists of the hyperplanes xi − xj = h(i) − h(j), for each i < j such that ij
is an edge in G. This is a subarrangement of En because h(i)−h(j), the slope of edge ij, is
in A. It is central because the point (h(1), . . . , h(n)) ∈ R

n belongs to all these hyperplanes.
This is in fact a bijection between planted graded A-graphs on [n] and central subar-

rangements of En. To see this, take a central subarrangement A. We will recover the
planted graded A-graph G that it came from. For each pair (i, j) with 1 ≤ i < j ≤ n, A
can have at most one hyperplane of the form xi − xj = at. If this hyperplane is in A, we
must put edge ij in G, and demand that the heights h(i) and h(j) satisfy h(i)− h(j) = at.
When we do this for all the hyperplanes in A, the height requirements that we introduce
are consistent, because A is central. However, these requirements do not fully determine
the heights of the vertices; they only determine the relative heights within each connected
component of G. Since we want G to be planted, we demand that the vertices with the
lowest height in each connected component of G should have height 0. This does determine
G completely, and clearly A = AG.

With this bijection in hand, and keeping equation (4.1) in mind, we just need that
r(AG) = n− c(G) and |AG| = e(G). Both of these claims are easy. �

Theorem 5.7. Let En be the arrangement (5.1), and let

(5.2) Ar(t, x) =
∑
n≥0


 ∑

f :[n]→[r]

ta(f)


 xn

n!
,
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where a(f) denotes the number of pairs (i, j) with 1 ≤ i < j ≤ n such that f(i)− f(j) ∈ A.
Then

(5.3) 1 + q
∑
n≥1

χEn
(q, t)

xn

n!
=

(
lim

r→∞
Ar(t, x)
Ar−1(t, x)

)q

.

Remark. The limit in (5.3) is a limit in the sense of convergence of formal power series. For
more information on this notion of convergence, see [17, Section 1.1] or [9].

Proof of Theorem 5.7. First we prove that

(5.4) Ar(t, x) =
∑
G

(t− 1)e(G) x
v(G)

v(G)!

where the sum is over all graded A-graphs G of height less than r. The coefficient of xn

n! in
the right-hand side of (5.4) is

∑
G(t − 1)e(G), summing over all graded A-graphs G on [n]

with height less than r. We have∑
G

(t− 1)e(G) =
∑

h:[n]→[0,r−1]

∑
G such that

hG=h

(t− 1)e(G)

=
∑

h:[n]→[0,r−1]

(1 + (t− 1))a(h)

=
∑

f :[n]→[r]

ta(f)

The only tricky step here is the second: if we want all graded A-graphs G on [n] with a
specified grading h, we need to consider the possible choices of edges of the graph. Any
edge ij can belong to the graph, as long as h(i)−h(j) ∈ A, so there are a(h) possible edges.

Equation (5.4) suggests the following definitions. Let

Br(t, x) =
∑
G

te(G) x
v(G)

v(G)!

where the sum is over all planted graded A-graphs G of height less than r, and let

B(t, x) =
∑
G

te(G) x
v(G)

v(G)!

where the sum is over all planted graded A-graphs G.
The equation

(5.5) 1 + q
∑
n≥1

χEn
(q, t)

xn

n!
= B(t− 1, x)q,

follows from Proposition 5.6, using the compositional formula for exponential generating
functions.

It is not difficult to see that B(t− 1, x) = limr→∞Br(t− 1, x), so it suffices to show that

(5.6) Br(t− 1, x) = Ar(t, x)/Ar−1(t, x)

or, equivalently, that Ar(t, x) = Br(t − 1, x)Ar−1(t, x). We need to show that the ways
of putting the structure of a graded A-graph G with h(G) < r on [n] can be put in
correspondence with the ways of doing the following: first splitting [n] into two disjoint sets
S1 and S2, then putting the structure of a planted graded A-graph G1 with h(G1) < r on
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S1, and then putting the structure of a graded A-graph G2 with h(G2) < r − 1 on S2. We
also need that, in that correspondence, (t− 1)e(G) = (t− 1)e(G1)(t− 1)e(G2).

We do this as follows. Let G be a graded A-graph G with h(G) < r. Let G1 be the union
of the connected components of G which contain a vertex on the 0-th level. Put a grading
on G1 by defining hG1(v) = hG(v) for v ∈ G1. Let G2 = G − G1. Since hG(v) ≥ 1 for all
v ∈ G2, we can put a grading on G2 by defining hG2(v) = hG(v) − 1 for v ∈ G2. G1 is a
planted graded A-graph with h(G1) < r, and G2 is a graded A-graph with h(G2) < r − 1.

It is clear that our map from G to a pair (G1, G2) is a one-to-one correspondence and
that (t− 1)e(G) = (t− 1)e(G1)(t− 1)e(G2). This completes the proof of (5.6), and Theorem
5.7 follows. �

The Catalan arrangement Cn in R
n consists of the hyperplanes

(5.7) xi − xj = −1, 0, 1, 1 ≤ i < j ≤ n.

When the arrangement in Theorem 5.7 is a subarrangement of the Catalan arrangement,
we can say more about the power series Ar of equation (5.2). Let

(5.8) A(t, x, y) =
∑

r

Ar(t, x)yr =
∑
n≥0

∑
r≥0


 ∑

f :[n]→[r]

ta(f)


 xn

n!
yr

be the generating function for the power series in Theorem 5.7, and let

(5.9) S(t, x, y) =
∑
n≥0

∑
r≥0


 ∑

f :[n]→[r]

ta(f)


 xn

n!
yr

where the inner sum is over all surjective functions f : [n] → [r]. The following proposition
reduces the computation of A(t, x, y) to the computation of S(t, x, y), which is easier in
practice.

Proposition 5.8. If A ⊆ {−1, 0, 1} in the notation of Theorem 5.7, we have

A(t, x, y) =
S(t, x, y)

1− yS(t, x, y)
.

Considering the different subsets of {−1, 0, 1}, we get six nonisomorphic subarrangements
of the Catalan arrangement. They come from the subsets ∅, {0}, {1}, {0, 1}, {−1, 1} and
{−1, 0, 1}. The corresponding subarrangements are the empty arrangement, the braid
arrangement, the Linial arrangement, the Shi arrangement, the interval arrangement and
the Catalan arrangement, respectively. The empty arrangement is trivial, and the braid
arrangement was already treated in detail in Section 5.1. We now have a technique that
lets us talk about the remaining four arrangements under the same framework. We will do
this in the remainder of this section.

5.3.1. The Linial arrangement. The Linial arrangement Ln consists of the hyperplanes
xi − xj = 1 for 1 ≤ i < j ≤ n. This arrangement was first considered by Linial and Ravid.
It was later studied by Athanasiadis [1] and Postnikov and Stanley [13], who independently
computed its characteristic polynomial:

χLn(q) =
q

2n

n∑
k=0

(
n

k

)
(q − k)n−1.

They also put the regions of Ln in bijection with several different sets of combinatorial
objects. Perhaps the simplest such set is the set of alternating trees on [n + 1]: the set of
trees such that every vertex is either larger or smaller than all its neighbors.
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Now we present the consequences of Proposition 5.6, Theorem 5.7 and Proposition 5.8
for the Linial arrangement. Recall that a poset P on [n] is naturally labeled if i < j in P
implies i < j in Z

+.

Proposition 5.9. For all n ≥ 1 we have

q χLn
(q, t) =

∑
P

qc(P )(t− 1)e(P )

where the sum is over all naturally labeled, graded posets P on [n]. Here c(P ) and e(P )
denote the number of components and edges of the Hasse diagram of P , respectively.

Theorem 5.10. Let

(5.10)
1 + yex(1+y)

1− y2ex(1+y)
=

∑
r≥0

Ar(x)yr.

Then we have ∑
n≥0

χLn(q)
xn

n!
=

(
lim

r→∞
Ar(x)
Ar−1(x)

)q

.

In particular, if fn is the number of alternating trees on [n + 1],

∑
n≥0

(−1)nfn
xn

n!
= lim

r→∞
Ar−1(x)
Ar(x)

.

Proof. In view of Theorem 5.7 and Proposition 5.8, the exponential generating functions
that we are after are determined by S(0, x, y). From equation (5.9), the coefficient of xn

n! y
r

in S(0, x, y) is equal to the number of surjective functions f : [n] → [r] which never have
f(i)−f(j) = 1 for i < j. These are just the nondecreasing surjective functions f : [n] → [r].
For n ≥ 1 there are

(n−1
r−1

)
such functions. For n = 0 and r ≥ 1 there are no such functions,

and for n = r = 0 there is one such function. Therefore

S(0, x, y) = 1 +
∑
n≥1

∑
r≥1

(
n− 1
r − 1

)
xn

n!
yr

= 1 +
∑
n≥1

xn

n!
y(1 + y)n−1

=
1 + yex(1+y)

1 + y
.

Proposition 5.8 then implies that

A(0, x, y) =
1 + yex(1+y)

1− y2ex(1+y)
,

in agreement with equation (5.10). The theorem then follows since χLn(q) = qχLn
(q, 0),

and the number of regions of Ln is fn = (−1)nχLn(−1) by Theorem 2.1. �

Now we apply our machinery to the Shi arrangement, the interval arrangement and the
Catalan arrangement.

The Shi arrangement Sn consists of the hyperplanes xi − xj = 0, 1 for 1 ≤ i < j ≤ n.
Its number of regions is (n + 1)n−1, the number of labeled trees on n + 1 vertices; its
characteristic polynomial is χSn(q) = q(q − n)n−1 [15], [16].
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Theorem 5.11. Let

Ar(x) =
r∑

n=0

(r − n)n
xn

n!
.

Then we have ∑
n≥0

χSn(q)
xn

n!
=

(
lim

r→∞
Ar(x)
Ar−1(x)

)q

.

In particular,
∑
n≥0

(−1)n(n + 1)n−1x
n

n!
= lim

r→∞
Ar−1(x)
Ar(x)

.

A semiorder on [n] is a poset P on [n] for which there exist n unit intervals I1, . . . , In of
R, such that i < j in P if and only if Ii is disjoint from Ij and to the left of it. Let in be
the number of semiorders on [n].

The interval arrangement In consists of the hyperplanes xi−xj = −1, 1 for 1 ≤ i < j ≤ n.
Its number of regions is in [18],[13].

Theorem 5.12. Let
1− y + yex

1− y + y2 − y2ex
=

∑
r≥0

Ar(x)yr.

Then we have ∑
n≥0

χIn(q)
xn

n!
=

(
lim

r→∞
Ar(x)
Ar−1(x)

)q

.

In particular,
∑
n≥0

(−1)nin
xn

n!
= lim

r→∞
Ar−1(x)
Ar(x)

.

The Catalan arrangement Cn consists of the hyperplanes xi − xj = −1, 0, 1 for 1 ≤ i <

j ≤ n. Its number of regions is n!Cn, where Cn = 1
n+1

(2n
n

)
is the n-th Catalan number [18].

Theorem 5.13. Let

Ar(x) =
� r+1

2
�∑

n=0

(
r − n+ 1

n

)
xn.

Then we have ∑
n≥0

χCn(q)
xn

n!
=

(
lim

r→∞
Ar(x)
Ar−1(x)

)q

.

In particular,

(5.11)
√
1 + 4x− 1

2x
=

∑
n≥0

(−1)nCnx
n = lim

r→∞
Ar−1(x)
Ar(x)

.
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GENERALIZED DYCK EQUATIONS AND MULTICOLOR TREES

DIDIER ARQUÈS AND AND ANNE MICHELI

Abstract. New topological operations are introduced in order to recover in another way
the generalized Dyck equation presented by D. Arquès and J.F. Béraud, for the generating
function of maps, by decomposing maps topologically and bijectively. Applying repeatedly
the operations which allowed to reveal the generalized Dyck equation to the successive
transformed maps, a one-to-one correspondence is obtained between maps on any surface
and trees whose vertices can be colored with several colors, following rules. This bijection
provides us with a coding of these maps.

Résumé. De nouvelles opérations topologiques sont introduites afin de nous permettre
de retrouver l’équation de Dyck généralisée aux cartes de genre quelconque donnée par
D. Arquès et J.F. Béraud, par des méthodes topologiques et bijectives de décomposition
des cartes. En appliquant plusieurs fois les opérations qui nous ont permis de retrouver
l’équation de Dyck généralisée aux cartes successives obtenues, on obtient une bijection
entre cartes de genre quelconque et des arborescences où les sommets peuvent être coloriés
de plusieurs couleurs suivant des règles que nous définirons. Cette bijection nous fournit
un codage de ces cartes.

1. Introduction

The enumerative study of maps starts in 1962 with W. Tutte [17, 18], who enumerates
rooted planar maps with n edges. Maps can also be described as combinatorics objects [13].
In 1975, R. Cori [8] studies planar maps in this perspective and extends these results with
A. Machi [9] to orientable maps. In 1987, D. Arquès [1] determines functional relations
satisfied by generating functions of rooted maps on the torus and obtains closed formulas
to enumerate these maps by vertices and faces. Several studies follow on maps of greater
genus, orientable or not, as for example the papers of E. Bender and E. Canfield [7] and
also D. Arquès and A. Giorgetti [4].
The study of rooted maps independently of their genus begins with T.R.S. Walsh and

A. Lehman [19]. They give a recursive relation on the number of rooted maps with respect
to the number of edges, which does not lead to an explicit enumeration formula of these
maps. In 1990, D.M. Jackson and I.T. Visentin [12] use an algebraic approach and obtain
a closed formula for the generating functions of orientable rooted maps with respect to the
number of edges and vertices.
More recently, D. Arquès and J.F. Béraud [2, 3] determine a functional equation satisfied by
the generating functions of rooted maps with respect to the number of edges and vertices,
that generalizes the Dyck equation on trees, and expresse the solution in a continued fraction
form. This continued fraction reveals an interesting bijection, since it also enumerates
connected fixed-point free involutions. P. Ossona de Mendez and P. Rosenstiehl [16] describe
this bijection. From the combinatorial structure they give for rooted maps, they deduce a
code for each map with a connected fixed-point free involution.
Topological operations applied to a map such as the removal or the addition of an edge,

the fusion of two vertices, modify sometimes the genus of the map. These operations can
not therefore be carried out in a systematic way when one works with fixed genus. However

#6.1
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these elementary operations make it possible to find new functional equations on maps
studied independently of genus and to establish bijections between families of maps.
In Section 2, we recall general definitions on maps. New topological operations are

introduced in Section 3, in order to establish in Section 4, a bijection between maps of
indifferent genus, and maps of indifferent genus with a root bridge edge, in which a subset
of their vertices has been selected. This bijection provides us with a new proof of the
generalized Dyck equation on orientable rooted maps given by D. Arquès and J.F. Béraud.
They obtain this equation by an analytic resolution of a differential equation satisfied by
the generating function of rooted maps. We here present a new proof of this equation,
without any transformation on the generating function, but only by transcription of the
given bijection. P. Flajolet [11] moreover showed that many continued fractions having
integer coefficients can be explained in a purely combinatorial way, and here is another
instance of this assertion.
We then give in Section 5, a bijection between orientable rooted maps and a family of
trees whose vertices can be colored by several colors according to certain rules, which is
deduced from the one presented in Section 4 by successive applications of this bijection. A
generalization of the bijection between planar maps and well labelled trees [10], to maps
of genus g and well labelled g-trees [14], allowed M. Marcus and B. Vauquelin to obtain a
code for maps of genus g by words product of a shuffle of Dyck words with constraints and
of a sequence of integers. The bijection enables us to determine a new language coding the
maps of indifferent genus.

2. Definitions

Let us recall some definitions used in the sequel (for further details, see for example
[8, 9]).
A topological map C in an orientable surface Σ of R3 is a partition of Σ in three finite

sets of cells:

(1) The set of vertices of C, which is a finite set of dots ;
(2) The set of edges of C, which is a finite set of open Jordan arcs, pairwise disjoint,
whose extremities are vertices ;

(3) The set of faces of C. Each face is simply connected and its border is the union of
vertices and edges.

The genus of the map C is the genus of Σ. A cell is incident to another cell if one is
contained in the boundary of the other. A bridge is an edge incident on both sides to the
same face. We call half-edge an oriented edge of the map.
Let B be the set of half-edges of the map. With each half-edge, one can associate its

initial vertex, its final vertex and its underlying edge. α (resp. σ) is the permutation in
B associating to each half-edge b its opposite half-edge (resp. the first half-edge met when
turning round the initial vertex of b in the positive way of the surface). The cycles of α
(resp. σ) represent the edges (resp. the vertices) of the map. The cycles of σ̄ = σ ◦ α are
the oriented borders of the faces of the map. (B,σ, α) is the combinatorial definition of the
topological orientable map associated C.
A map C = (B,σ, α) is rooted if a half-edge b̃ is distinguished. The half-edge b̃ is called

the root half-edge of C, and its initial vertex is the root vertex. C is then defined as the
triplet (σ, α, b̃). Face σ̄∗(b̃) is called the exterior face of C. By convention, the one vertex
map (one vertex, no edge) is said to be rooted.
Two orientable maps of the same genus are isomorphic if there is a homeomorphism of

the surfaces, preserving its orientation, mapping vertices, edges and faces of one map onto



GENERALIZED DYCK EQUATIONS AND MULTICOLOR TREES #6.3

vertices, edges and faces respectively of the other map. An isomorphic class of orientable
rooted maps of genus g will simply be called an orientable rooted map.
Let us denote by {p} the one vertex map, M the set of orientable rooted maps, I the

subset of M of maps with a bridge root edge, and for any map I ∈ I, Right(I) (resp.
Left(I)) the maximal submap of I incident to the root vertex (resp. the final vertex of b̃)
such that the root half-edge b̃ (resp. α(b̃)) of I does not belong to Right(I) (resp. Left(I))
(see Figure 3).

3. Preliminaries

In Section 3.1, we describe two algorithms of half-edges and vertices numbering of a
map. Numbering induces an order relation on half-edges and vertices that allows us to
define in Section 3.2, new topological operations on maps. These operations will be useful
to prove Theorem 1. These two operations are reciprocal, and they are interesting since the
derivation allows to gather in one vertex a subset of vertices of a map, and the integration
allows to get back to this subset of vertices.

3.1. Order relations in a rooted map. Order relations on half-edges and vertices of a
map are introduced in this Section. We show an algorithm that explains how to traverse a
map along its half-edges: they are numbered beginning with the root half-edge and in their
order of appearance in the oriented circuit given by the algorithm (see map C in Figure 1.
Each number appears near the initial vertex of the half-edge). Half-edges are then naturally
ordered by their number.
The root half-edge b̃ gets number 0, then the other half-edges of its face, σ̄∗(b̃), are

numbered. Afterwards while there still are numberless half-edges:
• Among numbered half-edges, the smallest half-edge b is chosen with a numberless
opposite half-edge.
• Along the face σ̄∗(α(b)), beginning with α(b), half-edges are numbered.

Definition 1. Order relation on vertices. Let C be a rooted map and s1, s2 two vertices
of C. The vertex s1 is smaller than s2 if the smallest half-edge of s1 is smaller than the
smallest half-edge of s2.
Vertices are numbered by this order relation. Number 1 is affected to the root vertex

and other vertices are numbered in an ascending order such that if vertex v1 is encountered
in the traversal of the map earlier than vertex v2, its number must be smaller than the
number of v2 (see numbers in bold on map C of Figure 1).
A map is ordered when its half-edges and vertices are numbered by the algorithms given

above.
Definition 2. Path and subpath of a map. The path of an ordered map C corresponds
to the increasing ordered sequence of the half-edges of C, starting from its root half-edge.
A subpath of C is defined as an increasing subsequence of ordered and successive half-edges
of C.
Property 1. On the smallest half-edges of a face and of a vertex of an ordered
map. The smallest half-edge bs of a vertex s different from the root vertex, of an ordered
map C = (σ, α, b̃), is not the smallest half-edge of its face σ̄∗(bs).
The smallest half-edge bf of a face f different from the exterior face, of an ordered map
C = (σ, α, b̃), is not the smallest half-edge of its initial vertex.
Proof of property 1. If bs belongs to the exterior face of C, as s is different from the
root vertex, we have b̃ < bs and bs cannot be the smallest half-edge of its face.
If bs does not belong to the exterior face of C, half-edges of face σ̄∗(α(bs)) have been
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numbered before bs (see the algorithm above). Thus α(bs) is smaller than bs. Then
σ̄(α(bs)) = σ(bs), which belongs to vertex s, is smaller than bs.
Since bf is the smallest half-edge of face f , the half-edge α(bf ) is smaller than bf and

σ̄(α(bf )) = σ(bf ), which belongs to the initial vertex of bf , is smaller than bf �

3.2. Topological and bijective operations on maps. In Section 3.2.1, we define the
derivation operation, that gathers a subset of vertices of a map and the root vertex of
a second map, in one vertex. These vertices can be recovered by applying the inverse
operation, called integration operation and defined in Section 3.2.2, which uses the order
properties on a map to get back all the gathered vertices. These operations are the main
tools used in the proof of Theorem 1.
Let us denote byM2 the subset of maps ofM that have at least two distinct vertices.

3.2.1. Derivation of maps. In this Section, we define a derived map of a pair of maps (C,R)
of M2 ×M with respect to certain vertices of C. To derive a pair of maps with respect
to vertices s1, . . . , sm of C means to collect these vertices in one vertex while respecting an
order and afterwards to glue this vertex to the root vertex of R, as described in definition
below.
Definition 3. Derived map. Let C = (σ, α, b̃) be a map ofM2, with root vertex s̃C and
R = (σR, α) be a map ofM, with root vertex s̃R and if R 
= {p}, let (bs̃R,1, bs̃R,2, . . . , bs̃R,ls̃R

)
be the half-edges of s̃R and bs̃R,1 be the root half-edge of R. Let S = {s1, . . . , sm} be a
set of distinct vertices of C such that s̃C < s1 < s2 < . . . < sm. Forall i in [1,m],
let (bsi,1, . . . , bsi,lsi

) = σ∗(bsi,1), be the half-edges of initial vertex si, in which bsi,1 is the
smallest half-edge of si.
The derived map C ′

S ,R = (σ
′, α, b̃) of (C,S , R) is then the map obtained from C and R

after the gathering in a unique vertex s, of the vertices of S
⋃
{s̃R} in the following way

(see Figure 1):

s = (bs1,1, . . . , bs1,ls1︸ ︷︷ ︸
s1

, bs2,1, . . . , bs2,ls2︸ ︷︷ ︸
s2

, . . . , bsm,1, . . . , bsm,lsm︸ ︷︷ ︸
sm

, bs̃R,1, . . . , bs̃R,ls̃R︸ ︷︷ ︸
s̃R

) = σ′∗(bs1,1).

In terms of permutation, it means: σ′ = τ1Rτ1m . . . τ12σ = γσ with τ1i = (bs1,1bsi,1),
τ1R = (bs1,1bs̃R,1) and γ = (bs1,1 . . . bsm,1bs̃R,1).

Property 2. Orders of C ′
S ,R, of C and of R

(1) In C ′
S ,R, if R 
= {p}, bs̃R,1 is the smallest half-edge among the half-edges of R (see

Figure 1 in which bs̃R,1 = 15).
(2) The half-edges smaller than or equal to α(bs1,ls1

) have the same numbering in the
ordered maps C ′

S ,R and C.

Proof of property 2. (1) By construction, R is recovered if in C ′
S ,R, the subset of

half-edges belonging also to R, i.e. {bs̃R,1, . . . , bs̃R,ls̃R
}, is unglued from vertex s.

Thus in the traversal of C ′
S ,R, starting from its root half-edge, b̃, to reach any half-

edge of R, one has to cross s. It implies that there exists i, 1 ≤ i ≤ ls̃R
such that

bs̃R,i is the smallest half-edge of the half-edges of R in C ′
S ,R. If ls̃R

> 1, let us prove
that bs̃R,1 is the smallest half-edge of the half-edges of R in C ′

S ,R.
bs̃R,i cannot be the smallest half-edge of its face, σ′∗(bs̃R,i), otherwise α(bs̃R,i), which
belongs to R and has been previously numbered to the face σ′∗(bs̃R,i), is smaller
than bs̃R,i.
If i > 1, bs̃R,i = σ′(bs̃R,i−1) = σ′(α(bs̃R,i−1)), so that α(bs̃R,i−1), which belongs to
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Figure 1. Derived map with respect to vertices 3 and 5 of a pair of maps.

R, is smaller than bs̃R,i (as bs̃R,i is not the smallest half-edge of its face), which
contradicts definition of bs̃R,i. Thus i = 1.

(2) In C, s1 < s2 < . . . < sm implies that bs1,1 < bs2,1 < . . . < bsm,1.
Furthermore, forall i in [1,m], σ̄(α(bsi,lsi

)) = bsi,1 and bsi,1 is not the smallest half-
edge of its face (see Property 1), so that α(bsi,lsi

) precedes bsi,1 in the ordered map
C.
One then has in C, b̃ < α(bs1,ls1

) < bs1,1 < α(bs2,ls2
) < bs2,1 < . . . < α(bsm,lsm

) <
bsm,1.
Thus in C, the subpath from b̃ to α(bs1,ls1

) does not cross any half-edge α(bsi,lsi
).

If one proves that in C ′
S ,R, the subpath from b̃ to α(bs1,ls1

) does not cross α(bs̃R,ls̃R
),

then one will conclude from what precedes that in C ′
S ,R , the subpath from b̃ to

α(bs1,ls1
) does not cross any of the half-edges α(bsi,lsi

). As

σ′(a) =


bsi+1,1 if a = α(bsi,lsi

) ∀1 ≤ i < m

bs̃R,1 if a = α(bsm,lsm
)

bs1,1 if a = α(bs̃R,ls̃R
)

σ̄(a) if a ∈ C, a 
= bsi,lsi
∀1 ≤ i ≤ m

σR(a) if a ∈ R, a 
= bs̃R,ls̃R

,

it means that the subpath from b̃ to α(bs1,ls1
) in C ′

S ,R is unchanged.
Let us then prove that the subpath of C ′

S ,R from b̃ to α(bs1,ls1
) does not cross the

half-edge α(bs̃R,ls̃R
).
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Since σ′(α(bsm,lsm
)) = bs̃R,1 and bs̃R,1 is not the smallest half-edge of its face (see

item 1 of this proof), α(bsm,lsm
) precedes bs̃R,1 in the path of C ′

S ,R.
Furthermore, from Property 2.1, bs̃R,1 < α(bs̃R,ls̃R

) as α(bs̃R,ls̃R
) ∈ R and bs̃R,1 is

the smallest half-edge of R in C ′
S ,R. Thus in C ′

S ,R, α(bs1,ls1
) < α(bs̃R,ls̃R

) �
The following technical lemma gives us the way to recover vertices s1, . . . , sm, s̃R, which

compose vertex s, as will be showed in Lemma 2.
Notations of Definition 3 are used here.

Lemma 1. In C ′
S ,R, σ

′(bs1,ls1
) =

 bs2,1 if m > 1
bs̃R,1 if R 
= {p} and m = 1
bs1,1 if R = {p} and m = 1

is the smallest half-edge

among half-edges of vertex s.
Proof of lemma 1. (1) If R = {p} and m = 1 then C = C ′

S ,R, s = s1 and thus,
σ′(bs1,ls1

) = bs1,1 is the smallest half-edge among the half-edges of s.
(2) Let us assume that R 
= {p} or m 
= 1. One has

σ′(a) =


bsi+1,1 if a = α(bsi,lsi

) ∀1 ≤ i < m

bs̃R,1 if a = α(bsm,lsm
)

bs1,1 if a = α(bs̃R,ls̃R
)

σ̄(a) if a ∈ C, a 
= α(bsi,lsi
) ∀1 ≤ i ≤ m

σR(a) if a ∈ R, a 
= α(bs̃R,ls̃R
)

.

Let b̂ be the smallest half-edge of face σ∗(bs1,1) in C.
(a) In C, bs1,1 is the smallest half-edge of vertex s1. From Property 1, as s1 
= s̃C ,

bs1,1 is not the smallest half-edge of its face. It implies that there exists j > 0
such that σ̄j(b̂) = bs1,1.

(b) Let us prove at last Lemma 1, that is: σ′(bs1,ls1
) is the smallest half-edge of s

in C ′
S ,R.

From Property 2.2, one knows that the subpath from b̃ to α(bs1,ls1
) in C ′

S ,R is

identical to the one in C. Thus α(bs1,ls1
) = σ̄j−1(b̂) = σ′j−1(b̂).

Furthermore, in C, the subpath from b̃ to α(bs1,ls1
) does not cross s as bs1,1 is

the smallest half-edge of the half-edges of s in C and α(bs1,ls1
) is smaller than

bs1,1 in C (see the proof of Property 2.2). It is the same in C ′
S ,R.

Thus σ′(bs1,ls1
) = σ′(α(bs1,ls1

)) is the smallest half-edge of s in C ′
S ,R �

bs1,1 is the smallest half-edge of S in C. Its predecessor in the path of C, is the half-edge
α(bs1,ls1

) as bs1,1 is not the smallest half-edge of its face (see Property 1). In map C ′
S ,R,

built from C and R by gluing together vertices of C and the root vertex of R in one vertex
s, the successor of α(bs1,ls1

) becomes bs2,1, which then is the smallest half-edge of s in C ′
S ,R

reordered. If bs1,1 has been marked, one gets back thus vertex s1 which is detached from s,
then recursively vertices s2, . . . , sm. Thus the pair of initial maps can be recovered from its
derived map. A formal definition of this inverse operation, which will be called integration,
is given in the next Section.

3.2.2. Integration of a map. A topological operation of opening of a vertex into two vertices
is introduced in order to define the integration of a map, which consists in the splitting of
a vertex into several vertices. It will then be seen that to recover a pair of maps (C,R) and
the subset of vertices of C if its derived map is known, one has to integrate this last map.
Definition 4. Topological operation of opening of a map with respect to a half-
edge. Let C = (σ, α, b̃) be a map and b a half-edge of C. Let bs be the smallest half-edge
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of a vertex s = σ∗(b). The opening of C with respect to b consists in the splitting of the
vertex s into two vertices s1 and s2 in the following way:

s = (b, . . . , σ−1(bs), bs, . . . , σ
−1(b)) → s1 = (b, . . . , σ−1(bs)) and s2 = (bs, . . . , σ

−1(b)).

It means that the following permutation σ̂b is applied to the half-edges of C: σ̂b = τσ with
τ = (bbs).
The result of the opening of C with respect to b is a map or a pair of maps:
(i) If bs 
= b and if the group generated by (σ̂b, α, b̃) acts transitively on the set of
half-edges of C (i.e. (σ̂b, α, b̃) generates a map and not two disconnected maps),
then a new map Ĉb = (σ̂b, α, b̃) is defined.

(ii) Otherwise, a pair of maps (Ĉb,D), Ĉb = (σ̂b, α, b̃), D = (σ̂b, α, bs), is obtained, D
being the map {p} if bs = b.

Remark 1. If s 
= s̃, Ĉb ∈M2.
The next definition explains that in order to integrate a map C with respect to a given

half-edge b, one has to recursively apply this topological operation of opening of C until
getting a pair of maps.
Definition 5. Integration of a map. Let C = (σ, α, b̃) be a map ofM2, of root vertex
s̃. Let s 
= s̃ be a vertex of C and b ∈ s. Let S = ∅.
It will be said that a map C is integrated with respect to an half-edge b, when the

operation of the opening of C is recursively applied until case (ii) of Definition 4 is reached,
that is:

• Let us denote by bs the smallest half-edge of σ∗(b), then C is opened with respect
to b (see Definition 4).
• If this operation gives a map Ĉb (see Figure 2, drawing 2 ), the vertex obtained
after the opening, incident to b (the other obtained vertex is incident to bs), is added
to S and the opening operation starts again with C ← Ĉb and b← bs.
• Otherwise, a pair of maps of M2 ×M, (Ĉb,D) is obtained (see Figure 2, drawing
3 ), and also a set of vertices of Ĉb, S with the added vertex of Ĉb which was split
from the root vertex of D (vertex of Ĉb to which b belongs).
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Figure 2. Integration of map C with respect to the half-edge b: a pair of
maps (Ĉb,D) ofM2 ×M is obtained.
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Lemma 2. Let C ′
S ,R, be the derived map of a pair of maps (C,R) ofM2×M with respect

to a set of vertices S of C. Let us denote by b (= bs1,1 of Definition 3) the smallest
half-edge of S in C. Integration of C ′

S ,R with respect to b gives (C,S , R).

Proof of lemma 2. With notations of Definitions 3 and 5, the map C ′
S ,R = (σ

′, α, b̃)
is integrated with respect to the half-edge bs1,1: b = bs1,1 and bs = bs2,1 (from Lemma
1). The opening operation of vertex s unglues vertex s1 from s, and one gets the map
̂(C ′

S ,R)b = (σ̂
′
b, α, b̃):

s = ( bs1,1 , . . . , bs1,ls1
, bs2,1 , . . . , bs2,ls2

, . . . , bsm,1, . . . , bsm,lsm
, bs̃R,1, . . . , bs̃R,ls̃R

)
↑ ↑
b bs

Two vertices are obtained, a vertex s1 = (bs1,1, . . . , bs1,ls1
) and a vertex s = (bs2,1, . . . , bs2,ls2

, . . . ,

bsm,1, . . . , bsm,lsm
, bs̃R,1, . . . , bs̃R,ls̃R

). One has: σ̂′
b = τ12σ

′.
Thus, (σ2 = σ̂′

b, α, b̃) = C ′
{s2,...,sm},R and S = {s1}. One successively obtains maps

C ′
{si,...,sm},R = (σi = τi−1iσi−1, α, b̃) for τi−1i = (bsi−1,1bsi,1), and S = {s1, . . . , si−1},
with 3 ≤ i ≤ m. Applying for the last time to C ′

{sm},R the topological operation of opening
of s = (bsm,1, . . . , bsm,lsm

, bs̃R,1, . . . , bs̃R,ls̃R
), two disconnected maps, C = (σ, α, b̃) and R =

(σ, α, bs̃R ,1), are recovered and also S = {s1, . . . , sm}. One has: σ = τRmτmm−1 . . . τ12σ
′ =

δσ′ with δ = γ−1 (see Definition 3) �

4. Generalized Dyck equation on maps of indifferent genus

The well-known Dyck equation on trees, is based on a one-to-one correspondence between
rooted planar trees A deprived of the one vertex tree, and A2. In Section 4.1, an equation
generalizing the Dyck equation to rooted maps studied independently of genus, is given.
This equation is equivalent to an equation on sets which is determined. A proof of the
equation on sets is given in Section 4.2. Topological operations introduced in Section 3.2
will be used for this demonstration.

4.1. Generalized Dyck equations. The equation on sets is given as a bijection between
the set of rooted maps of indifferent genus,M, and the set of pairs of maps of M, where
in one of these maps a subset (possibly empty) of its vertices is selected. Equation (2) is
then a translation with generating functions of this bijection.
For any map ofM, let us denote by VM the set of vertices of M and P(VM ) the set of

all subsets of VM .

Theorem 1. Equation on sets

M↔ {p}
⋃[ ⋃

M∈M
M × P(VM )

]
×M(1)

The proof of this theorem is given in Section 4.2.
The translation of this bijection with generating functions provides a generalized Dyck

equation generalizing the Dyck equation on trees.
Let us denote by y the variable which exponent enumerates the vertices of a map ofM,

and by z the variable which exponent enumerates the edges of a map of M and M(y, z)
the generating function of rooted maps of indifferent genus.
One gets the following corollary:



GENERALIZED DYCK EQUATIONS AND MULTICOLOR TREES #6.9

Corollary 1. Generalized Dyck equation

M(y, z) = y + zM(y, z)M(y + 1, z)(2)

4.2. Proof of Theorem 1. A bijection between maps ofM, different from the one vertex

map and

( ⋃
M∈M

M × P(VM )

)
×M is described, which means between maps of M and

maps of I in which for each map I of I, a set S of vertices of the submap incident to
the final vertex of the root half-edge, Left(I), has been selected. As a matter of fact, I
is in one-to-one correspondence with M2, as to each map I of I, a pair of maps of M2,
(Left(I), Right(I)), can be associated. Furthermore the set of pairs (Left(I),S ) is the
set

⋃
M∈M

M × P(VM ).

Lemma 3. Bijection of theorem 1. There is a one-to-one correspondence between M
and the set of pairs (I,S ), in which I is a map of I and S a set of vertices of Left(I),
possibly empty.
Proof of lemma 3. Integration of a map with respect to an half-edge b allows to recover
a pair of maps as well as a set of vertices of one of the obtained maps. Thus when a
derived map I ′ is obtained, to have the possibility of going back, one has to memorize the
half-edge b. To do this, if the root vertex of I ′ is only incident to the root half-edge, then
it is sufficient to glue the root half-edge just before b in order to obtain a map M ofM.
Starting with a map I of I in which a set S of vertices of Left(I) has been selected, we

will first see how to obtain a map M ofM, and then how to recover map I and its set of
vertices S from M .
Let I = (σ, α, b̃) be a map of I of root vertex s̃I (see Figure 3). Let us denote by IL,

the map I deprived of Right(I), with the same root half-edge than I and s̃R = s̃I \ {b̃} the
root vertex of Right(I).
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Figure 3. Map of I

Stage 1: Derivation of (IL,S , Right(I)). Let S be a subset of vertices of Left(IL) =
Left(I).
If S is not empty, let {s1, . . . , sm} be m distinct vertices of S such that s1 < . . . < sm.
Forall i in [1,m], let (bsi,1, . . . , bsi,lsi

) = σ∗(bsi,1), be the half-edges of initial vertex si, in
which bsi,1 is the smallest half-edge of si. Let (bs̃R,1, . . . , bs̃R,ls̃R

) = s̃R, with bs̃R,1 = σ(b̃).
Let I ′ = (IL)

′
S ,Right(I) = (σ

′, α, b̃) be the derived map of (IL, Right(I)) with respect to S .
Let us recall that the vertices of S

⋃
{s̃R} are joined into one vertex sd in the following

way (see Figure 4):
sd = (bs1,1, . . . , bs1,ls1︸ ︷︷ ︸

s1

, bs2,1, . . . , bs2,ls2︸ ︷︷ ︸
s2

, . . . , bsm,1, . . . , bsm,lsm︸ ︷︷ ︸
sm

, bs̃R,1, . . . , bs̃R,ls̃R︸ ︷︷ ︸
s̃R

) = σ′∗(bs1,1).
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If S is empty, i.e. m = 0, then I ′ = I.

Stage 2 : Labelization of bs1,1, getting of a map of M.
• If S = ∅, I ′ = I ((IL, Right(I)) has been derived with respect to no vertex) and
M = I ′ = I.
• Otherwise a map M = (σM , α, b̃) is built (see Figure 4), gluing the root vertex of b̃
to the vertex sd in the following way:
(bs1,1, . . . , bs1,ls1︸ ︷︷ ︸

s1

, bs2,1, . . . , bs2,ls2︸ ︷︷ ︸
s2

, . . . , bsm,1, . . . , bsm,lsm︸ ︷︷ ︸
sm

, bs̃R,1, . . . , bs̃R,ls̃R︸ ︷︷ ︸
s̃R

, b̃)

= σM
∗(b̃)

The following permutation is then applied to the half-edges of I ′: σM = (b̃bs1,1)σ′.
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Figure 4. Getting of map I ′ = (IL)
′
{4,6},Right(I) and of a map M of M

from map I ′ and its half-edge bs1,1 (I ′ and M have not been reordered)

Remark 2. If S = ∅, M = I and if I is a tree, then M is a tree.
Recovering of (I,S ) from M . If the map M obtained belongs to I, it means that S
was empty and then M = I. Thus to get back I from M , nothing has to be done. Let
us remark that, thanks to Remark 2, when we restrict ourselves to the case of trees, one
recovers the decomposition induced by the Dyck equation on trees.
Let us assume that M does not belong to I. Then σM (b̃) = bs1,1. In map I, bs1,1 is

the smallest half-edge among the half-edges incident to the vertices of S . Conditions of
Lemma 2 are satisfied, and one can apply this lemma. Thus, to recover (I,S ) from M ,
one has to:

• unglue b̃ from the root vertex,
• integrate this new map M1 with respect to bs1,1 = σM (b̃). From Lemma 2, one gets
back IL and Right(I), respectively rooted in b̃ and bs̃R,1, and S .
• Then Right(I) is glued to the root vertex of IL, such that σ(b̃) = bs̃R,1 �

5. Bijection between maps of indifferent genus and multicolor trees

The operation that allowed to prove Theorem 1 transforms a map ofM into a map with
a bridge root edge in which a subset of its vertices has been selected. If this operation is
iterated on the successive submaps incident to the two vertices incident to the bridge half-
edge, and if the subset of vertices associated with each map is colored (one distinct color for
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each subset), the initial map is transformed into a tree whose vertices can be colored with
several colors, following repartition rules. One then obtains what we will call a multicolor
tree.
In Section 5.1, we give the definition of a multicolor tree and in Section 5.2, we prove the
one-to-one correspondence between maps of M and multicolor trees. This bijection leads
to a coding of maps by words of language, as shown in Section 5.3.

5.1. Multicolor trees. We give the definition of a multicolor tree, called hereafter simply
multicolor tree. We then define a one-to-one correspondence in Section 5.2 between multi-
color trees and maps of indifferent genus. These multicolor trees are trees whose vertices
can be colored with several colors, following repartition rules that will be defined. Order
relations given in Section 3.1 are applied to multicolor trees. An order on half-edges and
vertices is thus established in a classical in-depth descent of the tree. Let us notice that
the smallest half-edge of a vertex is also its left son in the tree structure, since a tree has
only one face.
Definition 6. Multicolor tree. Let T = (σ, α, b̃) be a rooted tree. LetW = {w1, . . . , wn}
be a set of n distinct colors, eventually empty (n ≥ 0). Each vertex of T can be colored by
0 to n colors. forall i in [1, n], let us denote by si the smallest vertex of T of color wi.

T is a multicolor tree (see T in Figure 5) if T complies with the following rules:
(1) each color of W is assigned to at least two distinct vertices from T ;
(2) let (bsi,1, . . . , bsi,lsi

) = σ∗(bsi,1) be the half-edges of initial vertex si, where bsi,1 is the
smallest half-edge of σ∗(bsi,1), i.e. the left son of si. The half-edges bsi,j, 1 ≤ j < lsi

are the half-edges, sons of si, and bsi,lsi
is the half-edge which goes up towards the

father of si. Let Tsi,j , be the subtree of T incident to the final vertex of bsi,j, rooted
in σ̄(bsi,j) and T si,j, the tree composed of Tsi,j and of the half-edge bsi,j which is
its root half-edge. Then:
(a) there is a single ji such that in T , wi colors si and exclusively vertices of Tsi,ji .
Let us denote this subtree by Tsi,wi = Tsi,ji , b̃si = bsi,ji its root half-edge and
T si,wi = T si,ji;

(b) forall k in [1, n], k 
= i, if si = sk then T si,wi ∩ T sk,wk
= ∅.

(3) For all distinct colors wi and wj , if there is a vertex s of colors wi and wj where si

is smaller than sj, then s = sj and s is the only vertex of color wj which is also of
color wi.

We will say that two multicolor trees are isomorphic if one can be obtained from the other
by a permutation on its colors. A class of isomorphism of multicolor trees will simply be
called multicolor tree.
Let T be the set of multicolor trees.

Remark 3. If T is a multicolor tree with m vertices and n distinct colors, then n < m.

5.2. Bijection between M and T .
Theorem 2. The set of rooted maps of indifferent genus with n edges is in bijection with
the family of multicolor trees with n edges.
Proof of theorem 2. In order to simplify our notations, a map whose vertices can be
colored (by several colors) will also be called a map.
LetM be a map ofM not reduced to the one vertex map and w1 be a color. Let w = w1.

A map T of T is obtained from map M (see Figure 5), while proceeding in the following
way:
(1) (a) If M deprived of its colors does not belong to I, one applies to M the decom-

position induced by Lemma 3, which transforms bijectively a map of M into



#6.12 DIDIER ARQUÈS AND AND ANNE MICHELI

a pair (I,S ), where I ∈ I and S is a set of vertices of Left(I). Then one
assigns color w to the vertices resulting from the partition of the root vertex,
s̃M , of M , i.e. to the vertices of S

⋃
{s̃I}, where s̃I is the root vertex of the

obtained map I. If colors are not taken into account, I ∈ I. Let Ws̃M
be the

set of colors which color the root vertex s̃M of M . Then in I, the set Ws̃I
of

colors assigned to s̃I is equal to Ws̃M

⋃
{w}. Colors of Ws̃M

are not deferred
to the other vertices resulting from s̃M .

(b) Otherwise M is renamed I.
(2) If I 
∈ T , let wleft and wright two distinct colors, also distinct from all the colors
already coloring I. One begins again at stage 1a with M = Left(I), w = wleft and
M = Right(I), w = wright.

From Lemma 3, one gets that each stage of the transformation of a map of M into a
multicolor tree is bijective.
By construction, T follows all the rules of Definition 6, and T ∈ T , as:
• 1 is checked since a color w is assigned to the vertices resulting from the same vertex
s.
• 2a is checked since if M deprived of its colors does not belong to I, the root half-
edge of M is unglued from the root vertex and a map M1 is obtained. Thus all the
vertices to be colored belong to Left(M1), the root vertex excluded.
• 2b is checked since after application of the transformation induced by Lemma 3 to
a map ofM, its root half-edge becomes a bridge.
• 3 is checked according to item 1a above �
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Figure 5. The multicolor tree associated with the map M of Figure 4



GENERALIZED DYCK EQUATIONS AND MULTICOLOR TREES #6.13

5.3. Application: a language coding maps of indifferent genus. In this Section we
present a language coding rooted maps. The equation defining this language is a general-
ization of the well-known equation on Dyck words. In fact this language codes multicolor
trees and thus by bijection rooted maps.
In order to clarify the signification of each letter of the alphabet of the language that we

present, we need to give a definition.

Definition 7. Twin colors. Two colors w and w′ of a tree of T are twin if there is
a vertex of T colored by these two colors or if there is a subsequence of colors of T ,
w1 = w,w2, . . . , wn = w′ such that forall i in [1, n], wi and wi+1 color the same vertex. One
thus defines classes of equivalence of colors, where two colors are in the same class if they
are twin.

Let us denote by c the variable coding a half-edge, whose opposite half-edge is not coded,
c̄ the variable coding an half-edge, whose opposite half-edge is coded, y the variable coding
a vertex in case of a map or in case of a multicolor tree, a vertex not colored or the smallest
vertex among the vertices having the same or a twin color, and yi, i ≥ 1, the variable coding
a vertex of color wi (with wi 
= wj if i 
= j) of a multicolor tree. In a rooted map, yi, codes
the half-edges belonging to a subset of the set of half-edges of initial vertex si, for a given
vertex si of arity strictly superior to 1 (si can be equal to sj if i 
= j).

Theorem 3. The set of rooted maps is coded by the language L∞ = lim
n→∞Ln, where Ln

represents the language coding rooted maps with at most n edges and is defined in the
following way:

Ln(y, y1, . . . , yn, c, c̄) = y + c Ln−1(y + yn, y1, . . . , yn−1, c, c̄)(3)
c̄ Ln−1(y, y1, . . . , yn−1, c, c̄) (1− εn + ynεn)δc,n

L0(y, c, c̄) = y(4)

where for every word m1 of Ln−1(y + yn, y1, . . . , yn−1, c, c̄):

• εn =
{
1 if yn ∈ m1

0 otherwise
• for every word m2 of Ln−1(y, y1, . . . , yn−1, c, c̄):

δc,n =

 1 if the number of occurrences of c in c m1 c̄ m2 ≤ n
and �1 ≤ k ≤ n/yk ∈ m1 and yk ∈ m2

0 otherwise

Conclusion

The bijection determined in Section 4 which leads to a generalized Dyck equation on
maps can easily be extended to n-colored orientable rooted maps [15] and gives us a direct
bijective proof of the generalized Dyck equation on n-colored maps precedently determined
in an analytic way [5, 6].
The one-to-one correspondence between maps and multicolor trees raises many questions.

Can new equations on generating functions of families of maps be determined? Could it
lead to new enumeration formulas of these families? This bijection can be specialized to
planar maps [15] and it would be interesting to see if it can also be done to maps of genus
g, g > 0. It would also be interesting to see what kind of informations we can get from the
obtained coding of maps. It is straightforward to deduce the number of vertices and edges
of a map from its associated word but we have not yet searched for other information.
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EXACT KAZHDAN CONSTANTS OF SOME COXETER GROUPS AND
WREATH PRODUCTS

(EXTENDED ABSTRACT)

ELI BAGNO

Abstract. We compute exact Kazhdan constants for the Coxeter groups of types B and
D, and for certain wreath products. The computations rely on the combinatorics of Young
tableaux and on suitable decomposition of representation spaces.

Résumé. Nous calculons les constantes exactes de Kazhdan des groupes de Coxeter de
type B ainsi que de certains autres produits qui leur sont etrangers. Les calculs s’appuient
sur la theorie combinatoire des tableaux de Young et sur une decomposition adequate des
espaces de representation.

1. Introduction

The parameters now known as Kazhdan constants were introduced by Kazhdan [KA] in
the study of semi-simple Lie groups to serve as a corner stone in the representation theory
of discrete groups. This notion was applied to algebraic graph theory and computer science
and, playing a key role in the construction of expanding graphs [MA] [LU] . Much research
had been devoted to the calculation of exact values of Kazhdan constants for various groups.
For the group SL(3,Z), explicit Kazhdan constants for a certain family of representations
have been computed by Burger in [BU]. More recently, new remarkable examples of groups
with Kazhdan property (T) were discovered by Zuk. Explicit Kazhdan constants for them
were computed in [ZU1].The problem of calculating Kazhdan constants for semi-simple
groups and their lattices was solved by Shalom [SH]. Kazhdan constants of the symmetric
groups with respect to their Coxeter generators were computed by Bacher and de la Harpe
[BD].

In this paper we generalize the work of Bacher and de la Harpe on the symmetric groups
and compute the Kazhdan constant of three infinite families of groups, namely the Coxeter
groups of types B and D as well as Cr �Sn, the wreath product of the cyclic group Cr by the
symmetric group Sn. The proof makes an extensive use of the combinatorial representation
theory of the above groups, explicitly the analysis of Young tableaux.

2. Background

2.1. The Kazhdan constant.

Definition 2.1. Let G be a discrete group, generated by a finite set S. We say that G
has the property (T ) of Kazhdan if there exists an ε > 0 such that for every nontrivial
irreducible unitary representation ρ of G on a Hilbert space H, and for every vector v ∈ H
with ‖v‖ = 1, there exists s ∈ S such that ||ρ(s)(v) − v|| > ε.

(Equivalent definitions may be found in [LU],Chapter 4).
Intuitively, this amounts to saying that for every nontrivial representation and every

vector there is some generator which moves the vector by at least ε. Kazhdan property

Key words and phrases. Kazhdan constant, representation theory, Young tableaux.
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(T) can also be expressed topologically, using the Fell Topology on the space of all unitary
representations of G. In this setting, property (T ) amounts to saying that the trivial rep-
resentation is an isolated point of this space.

Definition 2.2. Let G be a group with a finite generating set S and let π be an irreducible
representation of G with representation space Vπ. Define the Kazhdan constant

KG(S, π) := infξ∈S(Vπ)maxs∈S‖π(s)ξ − ξ‖
where S(Vπ) = {ξ ∈ Vπ : ‖ξ‖ = 1}.

We define also:

KG(S) := inf{KG(S, π) : π is irreducible and non trivial}
We cite here the main result of Bacher and de la Harpe [BD] concerning Kazhdan con-

stants for the symmetric groups:

Theorem 2.3. For the symmetric group Sn with the Coxeter system

S = {(1, 2), (2, 3), ..., (n − 1, n)}
we have:

KSn(S) =

√
24

n3 − n
.

2.2. Coxeter groups of type B.

Definition 2.4. The Coxeter group Bn is the group of signed permutations of {1, ..., n}.
Namely, Bn consists of all permutations π of {−n, ...,−1, 1, ..., n} such that π(−k) = −π(k)
for all 1 ≤ k ≤ n.

We represent elements of Bn in cycle notation as permutations of {−n, ...,−1, 1, ..., n}.
The elements

s0 = (1,−1)
and

si = (i− 1, i)(−(i − 1),−i) (1 ≤ i ≤ n− 1)

generate Bn and satisfy the relations:

s2
i = 1 (∀i)

sisj = sjsi (|i− j| > 1),

(sisi+1)
3 = 1 (1 ≤ i ≤ n− 1),

(s0s1)
4 = 1.

They are called Coxeter generators. Denote SBn = {s0, s1, ..., sn−1}.
The Coxeter graph of Bn is:

s ss ss
0 1 n-3 n-2 n-12

s
4
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2.2.1. Representations of the groups of type B. We start with some definitions:

Definition 2.5. Let n be an integer. A partition of n of length l is a sequence α =
(a1, ..., al) of nonnegative integers such that a1 ≥ a1 ≥ ... ≥ al and a1 + ... + al = n.
The size of α is defined by: |α| = a1 + ...+ al(= n).

A partition α = (a1, ..., al) of n can be represented by an array of n boxes in l rows with
row i containing ai boxes, (1 ≤ i ≤ l). This is called the Young diagram of the partition α.

Definition 2.6. A double partition, λ = (λ1, λ2) of size n is an ordered pair of partitions
λ1 and λ2 such that |λ1|+ |λ2| = n.

Every double partition λ = (λ1, λ2) of size n is equipped with a double Young diagram
which is a pair of Young tableaux, one for each λi. We also use the term shape for a double
Young diagram.

The irreducible representations of the groups Bn are indexed by the shapes λ = (λ1, λ2)
such that |λ| = |λ1|+ |λ2| = n.

A standard Young tableau L = (Lλ1
, Lλ2

) is a filling of the Young diagram of λ with the
numbers 1, ..., n such that in each of Lλ1

and Lλ2
separately, numbers are increasing along

rows and along columns. For example,

1 3

2

4

5

6

7

8

9

is a standard tableau of the shape ((4, 2), (3))

2.3. The groups of type D. The Coxeter group Dn is the group of signed permutations
of {1, 2, ..., n} with an even number of negative signs. More precisely, Dn consists of all
permutations π of {−n, ...,−1, 1, ..., n} such that π(−k) = −π(k) for all 1 ≤ k ≤ n and an
even number of the numbers of π(1), π(2), ..., π(n) are negative. We represent elements of
Dn in cycle notation as permutations of {−n, ...,−1, 1, ..., n}. The element

s0 = (1,−2)(2,−1)
together with si = (i − 1, i)(−(i − 1),−i), ( 1 ≤ i ≤ n − 1) generate Dn and satisfy the
relations:

sisj = sjsi, (|i− j| > 1, i, j > 0),

s0sj = sjs0 (j �= 2)

s0s2
3 = 1,

sisi+1
3 = 1, (1 ≤ i ≤ n− 1),

si
2 = 1 (1 ≤ i ≤ n− 1).

The Coxeter group Dn can be realized as a normal subgroup of the Coxeter group Bn of
index 2.

The Coxeter graph of The groups of type D is:
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s ss
n-3 n-2 n-12

s

s
1

s
0

2.3.1. Representations of Dn. Being a normal subgroup of Bn of index 2, Dn essentialy
inherits its irreducible representations from Bn. By Clifford theory, the restriction to Dn

of an irreducible representation corresponding to a shape λ = (λ1, λ2) with (λ1 �= λ2) is
an irreducible representation of Dn. On the other hand, if λ = (λ1, λ2) with λ1 = λ2

then the restriction to Dn of the corresponding Bn-representation splits into a sum of two
non-isomorphic irreducible representations of Dn. All irreducible representations of Dn are
obtained in this fasion.

2.4. The groups of type G(r,n). Let G(r, n) = Cr �Sn be the wreath product of Cr and
Sn . G(r, n) is a unitary reflection group consisting of all monomial matrices (i.e., products
of diagonal and permutation matrices) of order n × n whose non-zero entries are complex
r-th roots of unity.

Abstractly, the groupG(r, n) can be presented by a set of generators SW = {s0, s1, ..., sn−1}
with the following set of relations:

sr
0 = 1

s2
i = 1 (i = 1, ..., n − 1)

s0s1s0s1 = s1s0s1s0

sisj = sjsi, (|i− j| ≥ 2)

sisi+1si = si+1sisi+1 (i = 1, ..., n − 1)
Note that for r = 2, G(r, n) = Bn.

2.4.1. Representations of G(r,n). The representation theory of the groups G(r, n) is a
generelization of the representation theory of Bn. The only difference is that one works
with n− tuples of partitions and Young tableaux instead of double partitions and double
Young tableaux. For more details see e.g. [HR].

3. Exact Kazhdan constants

Our first main result is an exact computation of the Kazhdan constant for the Coxeter
groups of type B.

Theorem 3.1. The Kazhdan constant of the group Bn with respect to the set of Coxeter
generators SBn is:

KBn(SBn) =
√

4∑n
j=1 (1 +

√
2(j − 1))

2

Sketch of the proof: The Kazhdan constant is achieved by the following procedure. We
begin by computing an upper bound for the Kazhdan constant of a specific representation
of the group Bn, namely the natural representation which reflects the action of the Coxeter
generators on the Euclidean space R

n. The vector of R
n on which the upper bound is

attained is moved the same amount by all of the Coxeter generators and thus taken from
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the central chamber of the natural action of Bn on R
n. This vector can be computed by

solving some linear equations.
The next step is to prove that that the value for the natural representation serves also

as a lower bound for every nontrivial irreducibe representation of Bn. Since the natural
representation of Bn is irreducible, we conclude that this value is the Kazhdan constant for
the whole set of representations of Bn.

The proof that the upper bound is also a lower bound is combinatorial in nature. The idea
is to divide the representation space of every irreducible representation which is composed
of standard Young tableaux of some given shape into n subspaces chosen according to the
digit located in top left box of the second tableau. The subspaces are chosen in such a way
that almost all of the Coxeter generators act invariantly on every single subspace.

We note that that a similar idea appears first in [BD], but their choice of the box which
splits the representation space into subspaces was inadequate to our case. Moreover, due
to the structure of the representation theory of Bn, our choice yields a more elegant proof.

We deal next with the family of Coxeter groups of type D. Here, since some of the
irreducible representations of Dn split into two irreducible representations the computation
is much more complicated. The case of non-splitting representations is very similar to the
case of the groups of type B while the case of splitting representations requires a new
parameterization of the basis by tableaux. The Kazhdan constant for the Coxeter groups
of type D is given in the following:

Theorem 3.2. The Kazhdan constant of the Coxeter groups of type D with respect to the
set SDn of Coxeter generators is:

KDn(SDn) =

√
2∑n

j=2 (j − 1)2
= 2

√
3

√
1

n(2n2 − 3n + 1)

The following result generalizes theorem 3.1

Theorem 3.3. The Kazhdan constants for the groups G(r, n) with respect to the set SW

of generators is:

KG(r,n)(SW ) =

√√√√ |ρr − 1|2∑n
j=1 (1 +

|ρr−1|√
2

(j − 1))
2 .

where ρr = e
2πi
r .

Naturally, the next family of groups whose Kazhdan constant is interesting is the complex
reflection groups G(r, n, p). Work in this direction is in progress.
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LATTICE PATHS WITH AN INFINITE SET OF JUMPS

CYRIL BANDERIER AND DONATELLA MERLINI

Abstract. Whereas walks on N with a finite set of jumps were the subject of numerous studies,
walks with an infinite number of jumps remain quite rarely studied. Even for relatively well struc-
tured models, the classical approach with context-free grammars fails as we deal with rewriting
rules over an infinite alphabet. However, several classes of such walks offer a surprising structure:
we make here explicit the associated bivariate functions, and give several theorems on their nature
(rational, algebraic) via the kernel method or Riordan arrays theory. We give some examples of
recent problems in combinatorics or theoretical computer science which lead to such rules.

Résumé. Tandis que les propriétés énumératives et asymptotiques des marches sur N avec un nom-

bre fini de sauts ont fait l’objet de nombreuses études, les marches avec un nombre infini de sauts
demeurent assez peu étudiées. Même pour des modèles relativement structurés, on ne peut utiliser
les approches classiques par grammaires algébriques, puisqu’il s’agit de règles de récriture sur un
alphabet infini. Toutefois, diverses classes de telles marches offrent une surprenante structure :
nous explicitons ici la nature (algébrique, rationnelle) de la série génératrice bivariée associée (via
la méthode du noyau ou la théorie des tableaux de Riordan). Nous illustrons l’intêret de telles
marches en combinatoire et informatique théorique par quelques exemples.

Introduction

A considerable number of problems from computer science deals with a sum of independent
identical distributed random variables Σn = X1 + X2 + · · · + Xn (where each of the Xi’s assumes
integer values). We will consider here the following model of random walks: the walk starts (at time
0) from a point Σ0 of Z and at time n, one makes a jump Xn ∈ Z; so the new position is given by
the recurrence Σn = Σn−1 + Xn where, when Σn−1 = k, the Xn’s are constrained to belong to a
fixed set Pk (that is, the possible jumps depend on the position of the walk).

These “walks on Z” are homogeneous in time (that is to say, the set of jumps when one is at
position k is independent from the time). When the positions Σn’s are constrained to be nonnegative,
we talk about “walks on N”. The probabilistic model under consideration here is the uniform
distribution on all paths of length n.

When the sets Pk’s are equal to a fixed set P (the simplest interesting case being P = {−1,+1}),
the corresponding walks have been deeply studied both in combinatorics and in probability theory.
We refer to [3] for asymptotic properties of such “walks on N with a finite set of jumps”. When
the sets Pk’s are unbounded, both enumeration and asymptotics become cumbersome: contrary to
the previous case, the walks are not space-homogeneous (the set of available jumps depends on the
position) and it is not possible to generate them by context-free grammars. However, if the sets Pk’s
have a “combinatorial” shape, it is reasonable to hope that the generating function associated to the
corresponding walk would have some nice properties. We show here that this hope is legitimate and
we present several classes of such walks, for which we are able to give the nature of their generating
function.

Our results have potential impacts on the theory of generating trees (generation of combinatorial
objects), the enumeration of general classes of lattice paths, and on the study of rewriting rules on
an infinite alphabet.

A definition of the generating function associated to the walk is given in Section 1. In this first
section, we also present the generating tree and Riordan array viewpoints. In Section 2, we give
several theorems related to the nature of the generating functions associated to some walks and then
we give some asymptotic results. In Section 3, we give some examples of problems in which some
of the new classes of walks that we study in this article appeared.
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2 4

Figure 1. The generating tree of the walk on N with jumps P = {+1,−1} starting
in 0 (and up to length n = 4). Each branch corresponds to a path. The branch
(0, 1, 2, 1, 2) corresponds to the path drawn on the lattice.

1. Lattice paths and generating trees

In combinatorics, it is classical to represent a particular walk as a path in a two dimensional lattice.
Thus the drawing corresponds to the walk of length n linking the points

(
(0,Σ0), (1,Σ1), . . . , (n,Σn)

)
.

It is also convenient to represent all the walks of length ≤ n as a tree of height n, where the root
(at level 0 by convention) is labeled with the starting point of the walks and where the label of each
node at level n encodes a possible position of the walk (see Figure 1).

We note wn,k the number of walks on N of length n going from the starting point to k (or,
equivalently, the number of nodes with label k at level n in the tree) and we want to find the
bivariate generating function

W (z, u) =
∑
n≥0

wn(u)zn =
∑
k∈Z

Wk(z)uk =
∑

k∈Z,n≥0

wn,ku
kzn ,

where u encodes the final altitude of the walk (the label in the tree), z the length of the walk (the
level in the tree), and where wn(u) is a Laurent polynomial (that is, a polynomial with finitely many
monomials of negative and positive degree). When the walk is constrained to remain nonnegative
(or equivalently when negative labels in the tree are not allowed), we consider similarly the bivariate
generating function

(1) F (z, u) =
∑
n≥0

fn(u)zn =
∑
k∈N

Fk(z)uk =
∑

k∈N,n≥0

fn,ku
kzn .

Generating trees and rewriting rules. The concept of generating trees has been used from
various points of view and was introduced in the literature by Chung, Graham, Hoggatt and
Kleiman [6] to examine the reduced Baxter permutations. This technique has been successively
applied to other classes of permutations. A generating tree is a rooted labeled tree with the prop-
erty that if v1 and v2 are any two nodes with the same label then, for each label , v1 and v2 have
exactly the same number of children with label . To specify a generating tree it therefore suffices to
specify: 1) the label of the root; 2) a set of rules explaining how to derive from the label of a parent
the labels of all of its children. Points 1) and 2) define what we call a rewriting rule. For example,
Figure 1 illustrates the upper part of the generating tree which corresponds to the rewriting rule
[(0), {(k)� (k − 1)(k + 1)}].

Riordan arrays We introduce now the concept of matrix associated to a generating tree: this is
an infinite matrix {dn,k}n,k∈N where dn,k is the number of nodes at level n with label k+ r, r being
the label of the root. For example, the matrix associated to the generating tree of the Figure 1 is
the following:

n/k 0 1 2 3 4
0 1
1 0 1
2 1 0 1
3 0 2 0 1
4 2 0 3 0 1
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Many such matrices can be studied from a Riordan array viewpoint. In fact, the concept of a
Riordan array provides a remarkable characterization of many lower triangular arrays that arise in
combinatorics and algorithm analysis. The theory has been introduced in the literature in 1991 by
Shapiro, Getu, Woan and Woodson [11]. Riordan arrays are a powerful tool in the study of many
counting problems [7].

A Riordan array is an infinite lower triangular array {dn,k}n,k∈N, defined by a pair of formal
power series D = (d(z), h(z)), such that the k-th column is given by d(z)(zh(z))k, i.e.:

dn,k = [zn]d(z)(zh(z))k, n, k ≥ 0.

From this definition we have dn,k = 0 for k > n. The bivariate generating function for D is:∑
n,k≥0

dn,ku
kzn =

d(z)
1− uzh(z)

.

In what follows, we always assume that d(0) 	= 0; if we also have h(0) 	= 0 then the Riordan array
is said to be proper; in the proper-case the diagonal elements dn,n are different from zero for all
n ∈ N. The most simple example is the Pascal triangle for which we have(

n

k

)
= [zn]

1
1− z

(
z

1− z

)k

,

where we recognize the proper Riordan array with d(z) = h(z) = 1/(1− z). Proper Riordan arrays
are characterized by the existence of a sequence A = {ai}i∈N with a0 	= 0, called the A-sequence,
such that every element dn+1,k+1 can be expressed as a linear combination, with coefficients in A,
of the elements in the preceding row, starting from the preceding column:

dn+1,k+1 = a0dn,k + a1dn,k+1 + a2dn,k+2 + · · ·
It can be proved that h(z) = A(zh(z)), A(z) being the generating function for A. For example,

for the Pascal triangle we have: A(z) = 1 + z and the previous relation reduces to the well-
known recurrence relation for binomial coefficients. The A-sequence doesn’t characterize completely
(d(z), h(z)) because d(z) is independent of A(z). But it can be proved that there exists a unique
sequence Z = {z0, z1, z2, . . .}, such that every element in column 0 can be expressed as a linear
combination of all the elements of the preceding row:

dn+1,0 = z0dn,0 + z1dn,1 + z2dn,2 + · · ·
This property has been recently studied in [7], where it is proved that d(z) = d(0)/(1− zZ(zh(z))),
Z(z) being the generating function for Z. Thus the triple (d(0), Z(z), A(z)) characterizes every
proper Riordan array.

2. Walks on Z with an infinite set of negative jumps

2.1. Lattice paths and generating trees. Consider a sequence (ei(k))i≥−a (for a given integer
a > 0) of polynomials assuming nonnegative integers values then the walk with an infinite set of
jumps under consideration here are of the following kind:

(2) [(r), {(k)� (0)ek(k)(1)ek−1(k)(2)ek−2(k) . . . (k − 1)e1(k)(k)e0(k) . . . (k + a)e−a(k)}] ,
where the exponent ei(k) is the multiplicity of the jumps −i when one is at position k and where r
is the starting position of the walk (or equivalently, the root of the associated generating tree).

If the sequence of polynomials (ei(k))i≥−a is ultimately ei(k) = 0, then the situation covers the
case of walks with a finite set of jumps. If the sequence is ultimately ei(k) = 1, then this covers the
case of “factorial rules” which are of great interests for the generation of combinatorial objects [4]
and for which it was proven in [2] that the associated generating functions are algebraic.

We still note fn,k the number of walks on N of length n going from the starting point to k and
we want to find the bivariate generating function F (z, u) =

∑
n,k≥0 fn,ku

kzn. These random walks
on N can equivalently be seen as lattice paths, generating trees and also as Riordan arrays (when
a = 1).
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Rule EIS approximate description Generating Function F (z, u)
Rational OGF OGF

(0), {(k) � (0)k(k + 1)} F0, F (z,1): powers of 2
1 − 2z − z2

1 − (u + 2)z − 2uz2

(0), {(k) � (0)2k(k + 1)}
F (z, 1):A001333 continued

fraction convergents to
√

2
F0: A052542 (ECS)

1 − 2z + z2

1 − (u + 2)z + (2u − 1)z2 + uz3

(0), {(k) � (0)3k(k + 1)} F (z, 1): A026150 (ECS)
1 − 2z + z2

1 − (u + 2)z + (2u − 2)z2 + 2uz3

(0), {(k) � (0)4k(k + 1)} F (z, 1): A046717 half of 3n 1 − 2z + z2

1 − (u + 2)z + (2u − 3)z2 + 3uz3

(0), {(k) � (0)k(k + 1)(k + 2)} F (z, 1): A001075 and
F0: A005320 Pell’s equation

1 − 4z + 4z2

1 − (4 + u + u2)z + (4u2 + u − 1)z2 − . . .

(1), {(k) � (0)(1)2(k)(k + 2)2(k + 3)5} 6n and A003464 (6n − 1)/5
(4u − 1)z − u

(1 − 6z)((2u2 + 1)z − 1)

(0), {(k) � (0)k2
(2)3k−1(3)(k)(k + 1)2(k + 3)5} see Theorem 1

Algebraic OGF OGF
(1), {(k) � (1) . . . (k + s − 2)(k + s − 1)} F (z, 1): s-ary trees

(1), {(k) � (1)2 . . . (k)2(k + 1)} F (z, 1): A001003 Schröder’s
second problem

u

2

1 − (2u + 1)z −
√

1 − 6z − z2

(1 − u)z + (u2 + u)z2

(0), {(k) � (0)k2
(2)3k−1(3)(k)(k + 1)2(k + 3)5}

(0), {(k) � (0)k(1)k−1 . . . (k − 1)1(k)0(k + 1)} A036765 F (z, 1): rooted trees
with a degree constraint

equation of degree 3

(0), {(k) � (0)k+2(1)k+1 . . . (k − 1)3(k)2(k + 1)}
F0: A006013 A046648
noncrossing trees on a circle
F (z, 1): A001764 ternary trees

equation of degree 3

(0), {(k) � (0)k+3 . . . (k − 1)4(k)3(k + 1)2(k + 2)} F (z, 1): A066357 planar trees
with root parity constraint

equation of degree 4

(0), {(k) � (0)Ck . . . (k − 1)C1 (k)C0 (k + 1)}
(where Ck is the k-th Catalan number)

F0: A006318
large Schröder numbers

1

2

3 − (4u + 1)z −
√

1 − 6z − z2

1 − 3uz + (2u2 + u)z2

(0), {(k) � (0)Ck . . . (k − 1)C1 (k + 1)} F0: A052705 (ECS)
1

2

3 − (4u + 2)z −
√

1 − 4z − 4z2

1 − (3u + 2)z + (2u2 − 2u + 1)z2

(0), {(k) � (0)Tk . . . (k − 1)T1 (k)T0 (k + 1)}
(where Tk is the k-th tri-Catalan number)

F0: A054727 noncrossing
forests of rooted trees

equation of degree 3

Table 1. Some rewriting rules with simple combinatorial patterns. The ordinary
generating functions F (z, 1) and F0(z) are defined as in Equation 1.

In Table 1, we give a list of rewriting rules with simple combinatorial patterns, the reference
to famous numbers or combinatorial problems they refer to, the generating function F (z, 1), and
the numbers identifying the corresponding sequences in the On-Line Encyclopedia of Integer Se-
quences http://www.research.att.com/∼njas/sequences/; ECS stands for the Encyclopedia of
Combinatorial Structures http://algo.inria.fr/encyclopedia/.

2.2. Rationality and algebraicity of classes of rewriting rules.

Theorem 1. For a constant B ≥ 0, the rule

[(r), {(k)� (0)ek(k) . . . (B)ek−B (k) (k)e0 . . . (k + a)e−a}]
(where ek(k), . . . , ek−B(k) are polynomial in k, ei(k) = 0 for 0 < i < k − B and ei(k) = ei, some
fixed constants, for i ≤ 0) has a rational generating function F (z, u).

Proof. First, we illustrate the general case by the following example:

[(0), {(k)� (0)k
2
(2)3k−1(3)(k)(k + 1)2(k + 3)5}] ,

for which B = 3, the polynomials in k are ek(k) = k2, ek−1 = 0, ek−2 = 3k − 1, ek−3 = 1, and the
fixed constants are e0 = 1, e−1 = 2, e−2 = 0, e−3 = 5.

The part (k) � (0)k
2
implies a transformation uk � k2u0. The part (k) � (2)3k−1 implies

a transformation uk � (3k − 1)u2. The part (k) � (3) implies a transformation uk � u3. It
is possible to perform all these transformations using the derivation, evaluation in u = 1 and
multiplication by a monomial: in the first case, the multiplicity k2 is obtained by ∂(u∂(uk)) and
then evaluating in u = 1; for the second case, the multiplicity 3k−1 is obtained by taking ∂u(u3k)/u
and then evaluating in u = 1; for the third case simply evaluate in u = 1 and multiply by u3.
The part (k) � (k)(k + 1)2(k + 3)5 gives uk � P (u)uk where P (u) = 1 + 2u + 5u3. All these
transformations are in fact linear, so to act on uk or a polynomial in u (like fn(u)) is the same.
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Finally, evaluating ∂(u∂fn(u)) in u = 1 gives f ′′
n (1) + f ′

n(1) and evaluating u2∂ufn(u3)/u in u = 1
gives u2(3f ′

n(1)− fn(1)), so these trivial simplifications gives the following recurrence:

fn+1(u) = P (u)fn(u) + u0(f ′′
n (1) + f ′

n(1)) + u2(3f ′
n(1)− fn(1)) + u3fn(1) .

Multiplying by zn+1 and summing for n ≥ 0 leads to the functional equation

(1− zP (u))F (z, u) = 1 + z(u3 − 1)F (z, 1) + z(3u2 + 1)F ′(z, 1) + zF ′′(z, 1) .

Taking the first 2 derivatives and instantiating in u = 1 gives a rational system of full rank, hence
F (z, u) is rational:

F (z, u) =
u3(22z2 − 112z3 − z) + u2(480z3 − 60z2) + 528z3 − 250z2 + 31z − 1

(1 − zP (u))(872z3 − 212z2 + 30z − 1)
.

For the general case, one has the following functional equation

(1 − zP (u))F (z, u) = ur + z

d∑
i=0

ti(u)∂i
uF (z, 1)

(d is the largest degree of the polymonials ei(k), and the ti’s are some Laurent polynomials which
can be made explicit). Taking the first d derivatives and instantiating in u = 1 gives a system (for
m = 0, . . . , d):

∂m
u ur +

(
m−1∑
i=0

(
z∂m

u ti(1) + z

(
m

i

)
∂m−i

u P (1)
)

∂i
uF (z, 1)

)

+ (z∂m
u ti(1)− (1− zP (1))) ∂m

u F (z, 1) + z

d∑
i=m+1

∂m
u ti(1)∂i

uF (z, 1) = 0 .

This gives a matricial equation M.
−→
F = −→v where

−→
F = (∂0

uF (z, 1), . . . , ∂d
uF (z, 1))T and −→v =

(ur, 0, . . . , 0)T . The coefficients of the main diagonal of M are −1+z . . . (as they are the coefficients
of the ∂m

u F (z, 1) summand) and all the other coefficient of M are monomials in z of degree 1. Thus,
one has [z0] detM = ±1 and then detM 	= 0. Consequently, this system is of full rank. Solving it
gives rational expressions for the ∂i

uF (z, 1) and for F (z, u). �

We now give a generalization of a result of [2] which was giving the algebraicity of “factorial
rules”: we allow here initial multiplicities which are not space-homogeneous.

Theorem 2. For a constant B ≥ 0, the rule

[(r), {(k)� (0)ek(k) . . . (B)ek−B (k)(B + 1) . . . (k − b − 1)(k − b)eb . . . (k + a)e−a}]
(where ek(k), . . . , ek−B(k) are polynomial in k, ei(k) = 1 for b < i < k − B and ei(k) = ei, some
fixed constants, for i ≤ b) has an algebraic generating function F (z, u).

Proof. We illustrate the general case by the following example:

[(0), {(k)� (0)k
2
(2)3k5−2(6)(7) . . . (k − 5)(k − 4)2(k − 2)3(k)(k + 3)2(k + 23)}]

for which B = 5, b = 4, a = 23, the polynomials in k are ek(k) = k2, ek−2(k) = 3k5 − 2, ek−1(k) =
ek−3(k) = ek−4(k) = ek−5(k) = 0 and the fixed constants are e4 = 2, e2 = 3, e0 = 1, e−3 = 2,
e−23 = 1. One sets P (u) = 2u−4 + 3u−2 + 1 + 2u3 + u23, the recurrence is

fn+1(u) = P (u)fn(u)− {u<0}P (u)fn(u) +
5∑

i=0

ti(u)∂i
ufn(1) ,

where {u<0} stands for the sum of the monomials in u with a negative degree. Multiplying by zn+1

and summing for n ≥ 0 leads to the functional equation

(3) (1− zP (u))F (z, u) = 1− z

4−1∑
k=0

rk(u)Fk(z) + z

5∑
i=0

ti(u)∂i
uF (z, 1) ,
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where rk(u) := {u<0}P (u)uk and ti(u) are (Laurent) polynomials which can be made explicit.
One can use the kernel method (we refer to [3, 5] for recent applications of this method) to solve

this equation. We call 1 − zP (u) the kernel of the equation. Solving 1 − zP (u) = 0 with respect
to u gives 4 roots u1(z), u2(z), u3(z) and u4(z) which are Puiseux series in z1/4 and which tend to
zero in 0. There are also 23 others roots which behave like z−1/23 around 0, so we call u1, . . . , u4 the
small roots of the kernel. Plugging the 4 small roots of the kernel in Equation 3 and considering the
6 other equations obtained by taking the first 5 derivatives of Equation 3 (and then setting u = 1)
gives a system of full rank with 10 equations with 10 unknown univariate generating functions, which
are thus all algebraic, and then one has a formula for F (z, u), involving the ui, which implies its
algebraicity. For the general case, simply replace 4 by b and 5 by d in Equation 3 and then one can
argue as in Theorem 1 above, with a new matricial equation M.

−→
F = −→v ; looking at the valuation

in z of each entries in M (some of them involves the small roots ui’s, but at most a product of b
of them) gives detM 	= 0 and thus a system of full rank, so F (z, u) can be expressed as a rational
function in z, u and the small roots ui’s. As these roots are algebraic, F (z, u) is algebraic. �

Consider now the case where, for each i, the exponent ei(k) of the rule (2) is a constant (that is,
the polynomial in ei(k) does not depend on k, so one simply writes ei). How far can we relate the
behavior of the walk

(4) [(0), {(k)� (0)ek(1)ek−1 . . . (k − 2)e2(k − 1)e1(k)e0 (k + 1)e−1 . . . (k + a)e−a}]
to the generating function of the exponents E(u) =

∑
i≥−a eiu

i ? We give here a first element of
answer:

Theorem 3. Consider the rule

(5) [(0), {(k)� (0)ek(1)ek−1 . . . (k − 1)e1(k)e0 . . . (k + a)e−a}] .
If the generating function of the exponents E(u) is algebraic then the bivariate generating function
of the walk F (z, u) is algebraic. For a = 1, one has

F (z, u) =
F0(z)

1− u e−1z F0(z)
with F0(z) =

1
e−1z

E<−1>(
1
z
)

where E<−1> is the compositional inverse of E(u) and where e−1 is the multiplicity of the +1 jump.
More generally, for a ≥ 1, the generating function F (z, u) is expressed in terms of the a solutions
u1(z), . . . , ua(z) of 1− zE(u) = 0 which satisfy ui(z) ∼ 0 for z ∼ 0:

F (z, u) =
∑
k≥0

F0(z)

( ∑
i1+···+ia=k

ui1
1 . . . uia

a

)
uk with F0(z) =

(−1)a+1

ze−a

a∏
i=1

ui(z) .

Writing σi for the homogeneous symmetrical polynomial of total degree i and of degree 1 in each
variable and where each coefficient equals 1, one has

F (z, 1) =
(−1)a+1

ze−a

∏a
i=1 ui(z)

1 +
∑a

i=1(−1)iσi(u1, . . . , ua)
.

Proof. For a = 1, the first identity reflects the combinatorial decomposition (one to one correspon-
dence, in fact) “a walk from 0 to k + 1” is “a walk from 0 to k” then followed by a jump +1 then
followed by “a walk from k + 1 to k + 1 never going below k +1”. The generating function of these
last walks is clearly F0(z), thus one has Fk+1(z) = Fk(z)e−1zF0(z) = F0(z)(ze−1F0(z))k+1.

For the walks corresponding to the rule (5), the set of jumps is given by E(1/u); if one reverses
the time direction, one gets a new walk where the set of available jumps is given by E(u). Define
F̃ (z, u) as the corresponding generating function (one starts at altitude 0), one has:

f̃n+1(u) = {u≥0}E(u)f̃n(u), f̃0(u) = 1

where {u≥0} stands for the sum of all monomials in u with a nonnegative degree. Multiplying by
zn+1 and summing for n ≥ 0 gives

F̃ (z, u) = f̃0(u) + zE(u)F̃ (z, u)− z{u−1}e−1

u
F̃ (z, u) ,
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that one rewrites as the following functional equation

(1− zE(u))F̃ (z, u) = 1− z
e−1

u
F̃0(z) .

Then solving the “kernel” 1 − zE(u) = 0 with respect to u gives a series u1(z) = E<−1>(1/z),
which is algebraic as the compositional inverse of an invertible algebraic function is algebraic (simply
plug the inverse in the polynomial equation Φ(E(u), u) = 0 satisfied by E(u) to check this fact).

If one then evaluates the above functional equation at u = u1(z), one gets 0 = 1 − z e−1
u1

F̃0(z)
and thus F̃0(z) = u1

e−1z . As one has F̃0(z) = F0(z) (a walk from 0 to 0 from left to right is still a
walk from 0 to 0 from right to left), one gets the result from the theorem. Note that if one sets
f̃0(u) = 1

1−u , F̃0 enumerates walks from anywhere to 0, so F̃0(z) = u1/(ze−1)
1−u1

= F (z, 1), which is
coherent with the theorem (case a = 1).

For a ≥ 1, one sets P (u) :=
∑−1

i=−a eiu
i; one has

(1− zE(u))F̃ (z, u) = f̃0(u)− z{u<0}P (u)F̃ (z, u) .

This is rewritten as

(6) (1− zE(u))F̃ (z, u) = f̃0(u)− z

a−1∑
k=0

rk(u)F̃k(z) .

where rk(u) := {u<0}P (u)uk is a Laurent polynomial with monomials of degree going from −1
down to k − a.

The kernel equation 1− zE(u) = 0 has a roots u1(z), . . . , ua(z) which are Puiseux series in z1/a

and which tend to 0 when z tends to 0. When f̃0(u) = 1, plugging these roots in the functional
equation shows that they correspond to the a roots of the polynomial ua − zua

∑a−1
k=0 rk(u)Fk(z),

whose leading term is za and whose constant term is so −ze−aF̃0(z). This gives F̃0(z) =
−∏a

i=1 ui

−ze−a
.

When f̃0(u) = 1
1−u this gives a system of a equations for a unknowns (the F̃k’s). Solving it for F̃0

gives F (z, 1). Solving the F̃0 for f̃0(u) = uk gives the Fk(z). The last identity for F (z, 1) follows

from
(∑

k≥0

∑
i1+···+ia=k

ui1
1 . . . uia

a

)(
1 +

a∑
i=1

(−1)iσi(u1, . . . , ua)
)
= 1.

For a = 1, the Riordan arrays approach that we presented in Section 1 also gives the algebraicity
of F (z, u). In fact, a theorem from [10] gives F (z, u) = d(z)

1−uzh(z) where h(z) = A(zh(z)) and
d(z) = 1/(1− zZ(zh(z))) for the rule [(0), {(k)� (0)zk(1)ak(2)ak−1 . . . (k)a1(k + 1)a0}]. For a > 1,
the matrix associated (see Section 1) to the rule (4) is called a horizontally stretched Riordan
array. With this concept, it can be shown, like with the kernel method, that the algebraicity of
the corresponding generating function F (z, u) depends on the algebraicity of A(z) =

∑
k≥0 akz

k

and F0(z), . . . , Fa−1(z) (the generating functions of the first a columns of the matrix). While the
theory of Riordan arrays has been intensively studied, the theory of stretched Riordan arrays, from
a generating function point of view, is still in progress. �

Remark: as D-finite functions are not necessarily closed under compositional inverse, it is not
true that if E(u) is D-finite, then F (z, 1) or F0(z) (and a fortiori F (z, u)) are D-finite, even in the
case a = 1.

We end with a last application of the kernel method.

Theorem 4. Consider the rewriting rule (4) when the ei’s are ultimately constants (say, equal to
a constant C): [(0), {(k) � (0)C . . . (k − b − 1)C(k − b)eb . . . (k)e0 . . . (k + a)e−a}]. Then F (z, u) is
algebraic and satisfies

F (z, u) =
∏b

i=0 u − ui(z)
K(z, u)

,

where the ui’s and K are defined as below.
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Proof. One has the recurrence fn+1(u) = C fn(u)−fn(1)
u−1 + P (u)fn(u) this leads to the functional

equation

(7)
(
1− zP (u)− z

C

u− 1

)
F (z, u) = 1 +

C

u − 1
F (z, 1)− z

b−1∑
k=0

{u<0}P (u)ukFk(z)

where P (u) =
∑b

i=1(ei − C) 1
ui +

∑a
i=0 e−iu

i. Define the kernel K as K(u, z) = ub(1−u)(1−zP (u)−
zC

u−1 ). It has b roots u1(z), . . . , ub(z) which are Puiseux series in z1/b and which tend to 0 in 0 and
one root u0(z) which tends to 1 in 0. These are exactly the b+1 roots of the right hand part of (7)

(once multiplied by (1 − u)ub). So F (z, u) =
∏ b

i=0 u−ui(z)

K(z,u) , where the ui’s are the b + 1 small roots
of the kernel. �
2.3. Asymptotics. Given a peculiar rule for Theorem 1, 2, 3 or 4, it is possible to find an asymptotic
expansion for the number of walks. It is not really possible to merge all these results in a single one,
as the rules are too unconstrained. However, for the algebraic case, a kind of universality holds for
the behavior of the roots of the kernel. This leads to following theorem, which has to be adapted
case by case for rules of Theorems 2 and 3 (and is easily applied to rules of Theorem 4).

Theorem 5. The number of walks of length n for the “factorial” rule

[(0), {(k)� (0)(1) . . . (k − b − 1)(k − b)eb . . . (k)e0 . . . (k + a)e−a}]
(where ei(k) = 1 for b < i ≤ k and ei(k) = ei, some fixed constants, for i ≤ b) has the following
asymptotics A ρ−n

√
2πn3 , where A and ρ are algebraic constants depending on the finite set of jumps P.

Proof. See [1] for a proof and applications to the limit laws of final altitude and number of factors.
The approach is similar to the one used for walks with a finite number of jumps but there are
some complications due to the fact that the kernel is now of the kind 1 − zφ(u) where φ(u) is
not unimodal. One can however establish that the real positive root u0 now dominates and has a
square-root behavior. �

3. Examples

We now give a series of examples from combinatorics or computer science in which rewriting rules
studied in Section 2 appear.

Example 1. Two families of rules leading to an algebraic generating function.
For the rule [(0), {(k)� (0)ek(1)ek−1 . . . (k − 1)e1(k)e0 (k + 1)}], where ek for i ≥ 0 is the number of
t-ary trees with k nodes, F (z, u) satisfies a algebraic equation of degree t. E.g., for t = 3, one has:
1− (3+ (4− 3u)z

)
F (z, u)− (− 3+ (6u− 7)z+(−3u2+8u− 3)z2

)
F (z, u)2 − (1+ (3− 3u)z+(3u2−

7u + 3)z2 + (−u3 + 4u2 − 3u+ 1)z3
)
F (z, u)3 = 0.

For the rule [(0), {(k)� (0)c+k(1)c+k−1 . . . (k − 2)c+2(k − 1)c+1(k)c(k + 1)}], F (z, u) satisfies an
algebraic equation of degree 3:(
(1− 2u)z2 +(c− (c+1)+ 2u2)

)
F 3 +

(
(u− 2)z+(−c− 2+ 4u− 2u2)z2

)
F 2 +

(
1+ (2− 2u)z

)
F = 1.

�

Example 2. Tennis ball problem. Let s ≥ 2 be an integer and consider the following problem
known as the s-tennis ball problem. At the first turn one is given balls numbered one through s.
One throws one of them out of the window onto the lawn. At the second turn balls numbered s+1
through 2s are brought in and now one throws out on the lawn any of the 2s − 1 remained. Then
balls 2s+1 through 3s are brought in and one throws out one of the 3s−2 available balls. The game
continues for n turns. At this point, one picks up the n balls in the lawn and consider the ordered
sequence B = (b1, b2, . . . , bn) with b1 < b2 < · · · < bn. This sequence will be called a tennis ball
s-sequence and the first question is: how many tennis ball s-sequences of length n exist? The second
question is: what is the sum of all the balls in all the possible s-sequences of length n ? Obviously,
if we answer to both these questions, we also know the average sum of the balls in an s-sequence
of length n. The general case s ≥ 1 has been studied in [8] from a generating function viewpoint.
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In fact, the authors consider an infinite tree with root 0 and with s children. Each (n + 1)-length
path in this tree corresponds to an s-sequence of length n. This infinite tree is isomorphic to the
generating tree with specification [(1), {(k)� (1) . . . (k + s − 2)(k + s − 1)}].

By using this result the authors find that the number of tennis ball s-sequences of length n
are counted by Tn+1, where Tn = 1

1+(s−1)n

(
sn
n

)
(the number of s-ary trees with n-nodes) and the

cumulative sum of all the balls thrown onto the lawn in n turn is

Σn =
1
2
(sn2 + (3s − 1)n + 2s)Tn+1 − 1

2

n+1∑
k=0

(
sk

k

)(
s(n + 1− k)
n + 1− k

)
.

�

Example 3. A new rewriting rule for (4, 2)-tennis ball problem.
The problem of balls on the lawn admits many other variants. For example, one could be supplied

with s balls at each turn but now throw out t balls at a time with t < s. The general (s, t) case is
an open problem while the (4, 2) case has been treated in [8], where the authors study the problem
by introducing a bilabeled generating tree technique. Anyway, recently Merlini and Sprugnoli found
that the problem can be expressed by the rule (4) with ei = i + 3 and a = 2, namely:

(8) [(0), {(k)� (0)k+3(1)k+2(2)k+1 . . . (k + 2)}]

0

0 0 0 1

0 0 0 0 1 1 1 2 2 3

1 2

0 0 0 0 0 1 1 1 1 2 2 2 3 3 4

Figure 2. The partial generating tree for the specification (8)

In fact, if we don’t care of the order of the balls thrown away, so that the configuration (1, 4),
(5, 8), (2, 10) is considered to be the same as (1, 2), (4, 5), (8, 10), it can be proved that the number
of (4, 2)-sequences of length 2n in which the last-but-one element is 2n + k − 1 corresponds to the
number of nodes with label k at level n in the generating tree of Figure 2 (for example, the possible
sequences of length 2 are (1, 2), (1, 3), (1, 4), (2, 3), (2, 4) and (3, 4)). �

Example 4. Printers.
In [9] the authors present a combinatorial model for studying the characteristics of job scheduling

in a slow device, for example a printer in a local network. The policy usually adopted by spooling
systems is called First Come First Served (FCFS) and can be realized by queuing the processes
according to their arrival time and by using a FIFO algorithm. A job (printing a file) consists
in a finite number of actions (printing-out a single page). Each action takes constant time to be
performed (a time slot). If we fix n time slots, and suppose that at the end of the period the queue
becomes empty, while it was never empty before, the successive states of the jobs queue can be
described by a combinatorial structure called labeled 1-histograms. A 1-histogram of length n is a
histogram whose last column only contains 1 cell and, whenever a column is composed by k cells,
then the next column contains at least k−1 cells. It is at all obvious that a 1-histogram corresponds
to a path in the generating tree produced by the specification [(1), (k) � (1) . . . (k + 1)]. A labeled
1-histograms of length n is a 1-histogram in which we label each cell according to some rules (see [9]
for the details). Figure 3 illustrates the possible schedules for two particular 1-histograms of length
3: the first one, for example, corresponds to i) a first job which consists in printing two pages and
a second job, which starts at time slot 2, and corresponds to printing a page at time slot 3, and
ii) three different jobs which consists in printing a single page, the first at time slot 1, the second
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1 1

1

1

1

2

2 2

2

2 2

2

3

3

32

Figure 3. The schedules corresponding to two particular 1-histograms.

at time slot 2 and the third at time slot 3, after queuing at time slot 2. It can be proved that the
number of schedules of length n with k jobs request at the first time slot corresponds to the number
of nodes at level n having label k + 1 in the generating tree with specification:

[(1), {(k)� (1)2 . . . (k)2(k + 1)}] .
This gives that the number Sn of possible schedules corresponds to the nth small Schröder number,

that is, the generating function for Sn is (1 − 3z −√
1− 6z + z2)/(4z).

�
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DIRECTED-CONVEX POLYOMINOES: ECO METHOD AND
BIJECTIVE RESULTS

ELENA BARCUCCI, ANDREA FROSINI, AND SIMONE RINALDI

Abstract. In this paper we provide bijective proofs for the number of directed-convex
polyominoes having a fixed number of rows and columns, both by means of the ECO
method, and of a direct mapping into the set of 2-colored Grand Motzkin paths.

Résumé. Dans cet article, nous donnons des preuves bijectives pour le nombre de poly-
ominos dirigés convexes ayant un nombre fixé de lignes et de colonnes, en utilisant la
méthodo;ogie ECO ainsi qu’une application bijective dans l’ensemble des grands chemins
de Motzkin bi-colorés.

1. ECO method and directed-convex polyominoes

A polyomino is a finite union of elementary cells of the lattice Z × Z, whose interior
is connected. A polyomino is said to be vertically convex [horizontally convex] when its
intersection with any vertical [horizontal] line is convex. A polyomino is convex if it is both
vertically and horizontally convex. A polyomino is said to be directed when each of its cells
can be reached from a distinguished cell, called the root, by a path which is contained in
the polyomino and uses only north and east unitary steps. A polyomino is directed-convex
if it is both directed and convex (see Fig. 1 (a)).

(a) (b)

p

q

p

q

Figure 1. (a) A directed convex polyomino; (b) a parallelogram polyomino.

A parallelogram polyomino is a polyomino whose boundary consists of two lattice paths
that intersect only initially and finally. The boundary paths, which we call upper and lower
path, use the positively directed unit steps, (1, 0) and (0, 1) (see Fig. 1, (b)). Chang and
Lin [3] used analytic methods to prove that the number of directed-convex polyominoes
and the number of parallelogram polyominoes having q rows and p columns are equal to

(1)
(

p+ q − 2
p − 1

)(
p+ q − 2

q − 1

)
,

and

(2)
1

p+ q − 1

(
p+ q − 1

p − 1

)(
p+ q − 1

q − 1

)
,
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respectively (the second formula is originally due to Narayana, [7]). For polyominoes having
n+ 1 rows and n+ 1 columns, these formulas reduce to

(3)
(
2n
n

)2

,

and

(4)
1

2n+ 1

(
2n + 1

n

)2

,

respectively. Furthermore, from (1) and (2) it arises that the number of directed-convex
polyominoes having semiperimeter p+ q = n+ 2 is equal to

(5)
∑

p, q ≥ 1
p + q = n + 2

(
p+ q − 2

p − 1

)2

=
n∑

k=0

(
n

k

)2

=
(
2n
n

)
,

that is, the well known central binomial coefficient (sequence M1645 in [11]), and, anal-
ogously, the number of parallelogram polyominoes having semiperimeter n + 2 is equal
to

(6)
1

n+ 1

(
2n
n

)
,

the nth Catalan number (sequence M1459 in [11]).
In this paper we consider the classes:

(1) Dn the class of directed-convex polyominoes having semi-perimeter n;
(2) Pn the class of parallelogram polyominoes having semi-perimeter n;
(3) Dp,q the class of directed-convex polyominoes having p columns and q rows;
(4) Pp,q the class of parallelogram polyominoes having p columns and q rows.

In this section we use ECO method to provide a new bijective proof that the num-
bers of directed-convex polyominoes and the number of parallelogram polyominoes having
semiperimeter n+2 are equal to (5) and (6), respectively, and then we obtain some statistics
on directed-convex polyominoes.

1.1. An ECO operator to construct directed-convex polyominoes. ECO (Enu-
merating Combinatorial Objects) [1] is a method for the enumeration and the recursive
construction of a class of combinatorial objects, O, by means of an operator ϑ which per-
forms “local expansions” on the objects of O. More precisely, let p be a parameter on O,
such that |On| = |{O ∈ O : p(O) = n}| is finite. An operator ϑ on the class O is a function
from On to 2On+1 , where 2On+1 is the power set of On+1.

Proposition 1. Let ϑ be an operator on O. If ϑ satisfies the following conditions:

1.: for each O′ ∈ On+1, there exists O ∈ On such that O′ ∈ ϑ(O),
2.: for each O,O′ ∈ On such that O 
= O′, then ϑ(O) ∩ ϑ(O′) = ∅,

then the family of sets Fn+1 = {ϑ(O) : O ∈ On} is a partition of On+1.
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We refer to [1] for further details, proofs and definitions. The recursive construction
determined by ϑ can be described by a generating tree [4], whose vertices are objects of
O. The objects having the same value of the parameter p lie at the same level, and the
sons of an object are the objects it produces through ϑ. Thus a generating tree defines a
non-decreasing sequence (fn)n≥0 of positive integers, fn being the number of nodes at level
n in the tree.
Let us now consider the operator:

ϑ : Dn → 2Dn+1 ,

working as follows on any given P ∈ Dn, such that the length of its rightmost column is
equal to k (see Fig. 2):

i): ϑ glues a unitary cell to the right of each cell constituting the rightmost column
of P ;

ii): ϑ glues a column of length h, 2 ≤ h ≤ k to the rightmost column of P ;
iii): ϑ glues a cell onto the top of the rightmost cell of the topmost row of P , one cell
onto the top of the rightmost column of P , and two cells onto the top of each column
between the two inserted ones (if there is any). If P is a parallelogram polyomino,
then the operation iii) reduces to adding a cell on the top of the rightmost column
of P .

The reader can check that ϑ satisfies conditions 1. and 2. of Proposition 1, meaning that
ϑ constructs each polyomino P ′ ∈ Dn+1 from the polyominoes in DCn, and each polyomino
P ′ ∈ DCn+1 is obtained from one and only one P ∈ Dn.
It should be clear that |ϑ(P )| = 2k, then the generating tree of ϑ can be described by

means of a succession rule of the form:

(7)




(2)

(2)� (2)(4)

(2k)� (2)k(4)(6) . . . (2k)(2k + 2),

where the power notation stands for repetitions. The expression in (7) means that the root
object has 2 sons, and the 2k objects O′

1, . . . , O
′
2k, produced by an object O are such that

|ϑ(O′
i)| = 2, 1 ≤ i ≤ k, and

∣∣∣ϑ(O′
k+j)

∣∣∣ = 2(j + 1), 1 ≤ j ≤ k.

In the next paragraph we prove (5) and (6) in a bijective way, instead of determining the
generating function of the rule in (7).

1.2. A construction for Grand Dyck paths. In the discrete plane, a Grand Dyck path
is a sequence of rise (1, 1), and fall (1,−1) steps running from (0, 0) to (2n, 0). In a Grand
Dyck path, we call peak (valley, resp.) each pair of consecutive rise and fall steps (fall and
rise steps, resp.). If the path ends with a fall step, we call last descent the last sequence of
fall steps of the path. The number of Grand Dyck paths having semi-length n is well-known
to be equal to

(2n
n

)
. We define an operator ϑ′ which constructs the class of Grand Dyck

paths according to the succession rule (7). Let G be a Grand Dyck path of semi-length n:
: - if the last step of G is a rise step, then ϑ′(G) is obtained by inserting a peak or a
valley into the last point of G (Figure 3, (a)); in this case |ϑ′(G)| = 2;

: - otherwise, ϑ′(G) is obtained by (Figure 3, (b)):
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(4)

(2) (2)

(6) (8)

(6) (2)

Figure 2. The ECO operator on directed-convex polyominoes.

A: inserting a peak into any point of the last descent of G,
B: reflecting all the paths obtained trough A (excepted the one obtained adding
a peak at the end of G),

C: inserting a valley into the last point of G.
In this case, if k is the number of points in the last descent of G, then |ϑ′(G)| =
k + (k − 1) + 1 = 2k.

(a)

(b)

(2) (2) (2)

(2)

(2) (2)

(6) (8) (6)

(4)

Figure 3. The application of the operator ϑ′ to a Grand Dyck path.

It is not difficult to verify that ϑ′ satisfies the conditions of Proposition 1. This fact gives
a proof of (5) and establishes a bijection between the class of directed-convex polyominoes
having semi-perimeter n+ 2 and the class of Grand Dyck paths having semi-length n.

1.3. Further results. Let an,k, n ≥ 0, k ≥ 1, be the number of labels (2k) at level n of the
generating tree of the succession rule (7) and consider the infinite lower triangular matrix
(an,k)n,k≥0; in particular, for n ≥ 1:
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(8)
an+1,1 = an,1 + 2an,2 + . . .+ (n+ 1)an,n+1,

an+1,k = an,k−1 + an,k + . . . + an,n+1, k > 1

n
(2n

n

)
2 4 6 8 10 12

0 1 1 0 0 0 0 0
1 2 1 1 0 0 0 0
2 6 3 2 1 0 0 0
3 20 10 6 3 1 0 0
4 70 35 20 10 4 1 0
5 252 126 70 35 15 5 1

TABLE 1. The matrix filled by the numbers an,k, and the row sums.

Moreover, the numbers an,k have a nice closed form:

an,k =
(
2n − k

n − 1

)
.

As a neat consequence of the constructions in Sections 1.1 and 1.2, we have that:
: i) There is a bijection between directed-convex polyominoes having semiperimeter

n + 2 where the right-most column is made of a single cell and Grand Dyck paths
having semi-length n and ending with a rise step. The cardinality of these sets
(sequence M2848 in [11]) is:

an,1 =
1
2

(
2n
n

)
, n ≥ 1.

: ii) There is a bijection between directed-convex polyominoes having semiperimeter
n + 2 where the right-most column is made of k cells, k ≥ 2, and Grand Dyck
paths having semi-length n where the last descent is made of k − 1 fall steps. The
cardinality of these sets is:

an,k =
(
2n − k

n − 1

)
, n ≥ 1.

Remark 1. Let ϑP be the restriction of ϑ to the set of parallelogram polyominoes. Then

ϑP : Pn → 2Pn+1 ,

(3)(2) (4) (5)(4)

Figure 4. The operator ϑP for parallelogram polyominoes.
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works as follows on a parallelogram polyomino P whose rightmost column is made of k cells
(see Fig. 4):

i): it glues a column of length h, 1 ≤ h ≤ k, to the rightmost column of P ;
ii): it glues a cell onto the top of the rightmost column of P .

The operator ϑP coincides with the classical ECO operator for parallelogram polyominoes
[1], and gives rise to the well-known succession rule:

(9)




(2)

(k)� (2)(3)(4) . . . (k)(k + 1),

defining Catalan numbers.
Remark 2. As it is known [8], also the following rule defines central binomial coefficients,

(10)




(2)

(2)� (3)(3)

(k)� (3)(3)(4) . . . (k)(k + 1)

and an ECO operator exists which describes the recursive growth of Grand Dyck paths
according to (10). The authors wish to point out that to find an ECO operator describing
the growth of directed-convex polyominoes according to (10) is still an open problem.

2. A bijection between 2-colored Grand Motzkin paths and directed convex
polyominoes

In this section we prove that:
- the class DCp,q is enumerated by (1),
- the class PPp,q is enumerated by (2),
by establishing a direct bijection between the class Dp,q (with p, q ≥ 1), and a special
subclass of 2-colored Grand Motzkin paths. Then we naturally extend our bijection to the
class of directed-convex polyominoes with semiperimeter p+ q.
The 2-colored Grand Motzkin paths are paths in the Z × Z plane which use four different
steps: the rise step (1, 1), the fall step (1,−1), the α-colored horizontal step (1, 0) and
β-colored horizontal step (1, 0). They start from (0, 0) and end in (n, 0) (see Fig. 5). Let us
define the class of 2-colored Motzkin paths as the class of 2-colored Grand Motzkin paths
which remain weakly above the x-axis.
For any p, q ≥ 1, let Mp,q denote the class of 2-colored Grand Motzkin paths of length
p+ q− 2 where the difference between the number of α-colored and β-colored steps is p− q
and Hp,q the class prefixes of 2-colored Motzkin paths of length p+q−2 where the difference
between the number of α-colored and β-colored steps is p−q and whose final point ordinate
is a positive even number.

2.1. The bijection between Dp,q and Mp,q. We first easily prove that the classes Dp,q

and Mp,q have the same cardinality.
The cardinality of Mp,q. Let us take into consideration a generic path P ∈ Mp,q and code
each step with a 2× 1 matrix as follows:
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α

β

-horizontal step

-horizontal step

rise step

fall step

Figure 5. A 2-colored Grand Motzkin path.

(11)

(
1
0

)
for a rise step,

(
0
1

)
for a fall step,

(1
1

)
for a α-horizontal step,

(0
0

)
for a β-horizontal step.

P can be univocally represented by the 2 × (p + q − 2) matrix M obtained concatenating
the coding of its steps as shown in Fig. 6. Let u and l be the upper and the lower row of
M .

0
0

0
0

0
1

0
1

0
1

0
1 0

1
0
1

0
1

0
1

1
1

1
1

Figure 6. Encoding of a 2-colored Grand Motzkin path with a binary matrix.

Let j be a binary sequence, we indicate with |j|0 and |j|1 the number of 0 and 1 in j.
We observe that:

: - |u|0 = |l|0 = q − 1;
: - |u|1 = |l|1 = p − 1.

From the previous two equations naturally follows:

|Mp,q| =
(

p+ q − 2
p − 1

)(
p+ q − 2

q − 1

)
.

The bijection between Dp,q and Hp,q. Let Q be a polyomino in Dp,q and p ≥ q (we can
assume that with no loss of generality). Let (p − h, q − h) be the last intersection point
between Q and the line running from (p−q, 0) to (p, q). Figure 7 shows in a simple graphical
fashion that the polyomino is uniquely determined by two internal paths, both running from
the initial cell to the cell identified by the points (p − h, q − h), and (p − h − 1, q − h − 1).
These two paths are made up of p + q − 2 steps: the upper, say u, is made of (0, 1), (1, 0)
and (0,−1) steps, and the lower, say l, is made of (1, 0), (0,−1) and (−1, 0) steps.
Both u and l can be coded by a p + q − 2 length binary vector, where 1 represents both
the steps (0, 1) and (0,−1) and 0 represents both the steps (1, 0) and (−1, 0). Then a
2 × (p + q − 2) binary matrix M is associated to the Q, where the first row is the coding
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u

l 

p

q

Figure 7. The upper and lower paths for a directed convex polyomino.

of u and the second row is the coding of l. For example, the following matrix encodes the
polyomino in Fig. 7:

M =
(
1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 1
1 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1

)
.

Let us point out three properties of u and l:
(1) for every prefix s of u and every prefix v of l, having the same length, we have

|s|1 ≥ |v|1;
(2) the difference between the number of columns

(0
0

)
and

(1
1

)
of M is p − q;

(3) |u|1 − |l|1 = 2h.
Besides, the matrix M can be viewed as an array of p + q − 2 vectors 2 × 1 where each
column represents a unitary step, using the code in (11). The properties 1., 2., and 3.
guarantee that the obtained path is an element of Hp,q. In Figure 8 the 2-colored Motzkin
prefix corresponding to the polyomino in Fig. 7 is depicted.

h

Figure 8. The 2-colored Motzkin prefix associated with the polyomino in
Fig. 7.

To complete our bijection let us consider a generic P ′ ∈ Hp,q and evaluate the parameters
p and q. Using again the coding (11) we obtain a binary 2× (p + q − 2) matrix where the
first row represents the upper paths u and the second row the lower path l of an element
Q ∈ Dp,q.
In the particular case that Q is a parallelogram polyomino we have |u|1 − |l|1 = 0 and
the corresponding P ∈ Hp,q is a 2-colored Motzkin path. We wish to point out that the
classical bijection between parallelogram polyominoes and 2-colored Motzkin paths [5] arises
naturally as a special case of our bijection.
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The bijection between Hp,q and Mp,q. Let P ′ be a path in Hp,q and let (p+ q− 2, 2h) be its
final point coordinates. If h = 0, then P ′ is already a 2-colored Motzkin path. Otherwise,
for every i = 0, . . . , h − 1 we consider the vertical side of unitary length from the point
(p+ q − 2, i) to the point (p+ q − 2, i+ 1). We then draw a horizontal ray to the left from
the center of this side. There are h such rays. Each ray hits for the first time a rise step in
P ′.

h

Figure 9. The mapping of a prefix of Hp,q into a path of Mp,q.

We modify P ′ by changing the steps that are hit to fall steps. In this modified path the
number of rise step is equal to the number of fall steps, while the difference between the
numbers of α-horizontal and β-horizontal steps is the same as in P ′. The obtained path is
that corresponding to P ′ (see Fig. 9).
This mapping is inverted as follows (see Fig. 10). Let Q be a generic path in Mp,q, and

let −h, h > 0 be the ordinate of the lowest point of Q. From each of the points (0,−1
2 ),

(0,−1− 1
2 ), . . ., (0,−h+ 1− 1

2), we draw a ray to the right until it hits Q, necessarily at a
fall step. Let Q′ be the path obtained from Q in which each hit step is changed to a rise
step. The path Q′ ∈ Hp,q, and its final point ordinate is equal to 2h.

Figure 10. The inverse mapping of a Mp,q path into the prefix of Fig. 8.

Remark 3. As a consequence of the previously defined bijection we have that:
-: the height of a directed convex polyomino P is equal to the sum of the numbers of
rise and α-colored horizontal steps plus one, in the path corresponding to P ;
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-: the width of a directed convex polyomino P is equal to the sum of the numbers of
rise and β-colored horizontal steps plus one, in the path corresponding to P .

Remark 4. The reader should be convinced that the previously defined bijection defines also
a bijection between the set of directed-convex polyominoes having n + 1 rows and n + 1
columns and the set of Grand Motzkin paths of length 2n and having the same number of
α and β-colored horizontal steps. The latter class is trivially enumerated by the numbers

(
2n
n

)2

,

and this proves (3). The result (4) is then a neat application of the cycle lemma.
Acknowledgements. The authors wish to thank Emeric Deutsch for carefully reading the
paper and for his enthusiastic help in the study of succession rules.
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DESCENT NUMBER AND MAJOR INDICES FOR THE EVEN-SIGNED
PERMUTATION GROUP

RICCARDO BIAGIOLI

Abstract. We introduce and study three new statistics on the even-signed permutation
group Dn. We show that two of these are Mahonian, i.e. are equidistributed with length,
and that a pair of them gives a generalization of Carlitz’s identity on the Euler-Mahonian
distribution of the descent number and major index over Sn.

Résumé. Nous presentons et étudions trois nouvelles statistiques sur le groupe de Cox-
eter de type Dn. Nous demontrons que parmi ces trois, deux sont “Mahonian”, c’est-à-
dire equidistribuées avec la longueur, et que deux autres portent à une généralisation de
l’identité de Carlitz sur la distribution de Euler-Mahonian du nombre de descentes et du
major index sur Sn.

1. Introduction

A well known classical result due to MacMahon (see [15]) asserts that the inversion
number and the major index are equidistributed on the symmetric group. The joint distri-
bution of major index and descent number was studied by Carlitz [7] and others. Several
results of this nature have been generalized to the hyperoctahedral group Bn (see, e.g.,
[6],[13]) and many candidates for a major index for Bn have been suggested (see, e.g.,
[8],[9],[10],[12],[18]), but no generalizations of MacMahon’s result have been found until
the discovery of the flag major index in the recent paper [1]. After that, Foata posed the
problem of finding a “descent statistic” that, together with the flag major index, allows the
generalization to Bn of the well known Carlitz’s identity on the Euler-Mahonian distribu-
tion of descent number and major index over Sn. In [2] Adin, Brenti and Roichman give
two answers to Foata’s question. Now it’s natural to wonder if some of these statistics and
results can be generalized to the even-signed permutation group Dn.

The goal of this paper is to show that this is the case. More precisely, we introduce and
study three new statistics on Dn; the D-negative descent number (ddes), the D-negative
major index (dmaj) and the D-flag major index (fmajD). When restricted to Sn, ddes
reduces to descent number and dmaj to the major index. The two major indices on Dn are
equidistributed with length, and the pair (ddes, dmaj) gives a generalization of Carlitz’s
identity to Dn.

The organization of this extended abstract is as follows. In the next section we collect
some definitions, notation and results that are needed in the rest of the work. In §3 we
introduce a new “descent set” and hence in a very natural way new definitions of “descent
number” and “major index” on Dn. It’s shown that dmaj is equidistributed with length
and that (ddes, dmaj) gives a generalization of Carlitz’s identity. In §4 we define, in terms
of Coxeter elements, the D-flag major index for Dn and we show that it’s equidistributed
with length. Furthermore, we describe a combinatorial algorithm to compute it.

#10.1
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2. Notation, Definitions and Preliminaries

In this section we give some definitions, notation and results that will be used in the
rest of this work. We let P := {1,2,3, . . . } , N := P ∪{0}, and Z be the set of integers;
for a ∈ N we let [a] := {1, 2, . . . , a} (where [0] := ∅). Given n,m ∈ Z , n ≤ m, we let
[n,m] := {n, n + 1, . . . ,m}. The cardinality of a set A will be denoted by |A| and we let([n]

2

)
:= {S ⊆ [n] : |S| = 2}. More generally, given a multiset M = {1a1 , 2a2 , . . . , rar} we

denote by |M | its cardinality, so |M | = ∑r
i=1 ai. Given a variable q and a commutative ring

R we denote by R[q] (respectively, R[[q]]) the ring of polynomials (respectively, formal power
series) in q with coefficient in R. For i ∈ N we let, as customary, [i]q := 1+q+q2+ . . .+qi−1

(so [0]q = 0).
Given a sequence σ = (a1, . . . , an) ∈ Zn we say that (i, j) ∈ [n] × [n] is an inversion of σ
if i < j and ai > aj. We say that i ∈ [n − 1] is a descent of σ if ai > ai+1. We denote by
Inv(σ) and Des(σ) the set of inversions and the set of descents of σ and with inv(σ) and
des(σ) their cardinality, respectively. We also let

(1) maj(σ) :=
∑

i∈Des(σ)

i

and call it the major index of σ.
Let Sn be the set of all bijections σ : [n] → [n]. If σ ∈ Sn then we write σ = σ1 . . . σn

to mean that σ(i) = σi, for i = 1, . . . , n. If σ ∈ Sn then we may also write σ in disjoint
cycle form (see, e.g., [16, p.17]) and we will usually omit to write the 1-cycles of σ. For
example, if σ = 64175823 then we also write σ = (2, 4, 7)(1, 6, 8, 3). Given σ, τ ∈ Sn we let
στ := σ ◦ τ (composition of functions) so that, for example, (1, 2)(2, 3) = (1, 2, 3).

We denote by Bn the group of all bijections π of the set [−n, n]\{0} onto itself such that

π(−a) = −π(a)
for all a ∈ [−n, n] \ {0}, with composition as the group operation. This group is usually
known as the group of signed permutations on [n], or as the hyperoctahedral group of rank
n. We identify Sn as a subgroup of Bn, and Bn as a subgroup of S2n, in the natural ways.

If π ∈ Bn then we write π = [a1, . . . , an] to mean that π(i) = ai for i = 1, . . . , n, we call
this the window notation of w, and we let

inv(π) := inv(a1, . . . , an),
des(π) := des(a1, . . . , an),
maj(π) := maj(a1, . . . , an),(2)
Neg(π) := {i ∈ [n] : ai < 0},
N1(π) := |Neg(π)|,

and

(3) N2(π) := |{{i, j} ∈
(
[n]
2

)
: ai + aj < 0}|.

We denote by Dn the subgroup of Bn consisting of all the signed permutations having
an even number of negative entries in their window notation, more precisely

Dn := {π ∈ Bn : N1(π) ≡ 0 ( mod 2 )}.
Obviously, the definitions in (2) and (3) are still valid for π ∈ Dn.
It is well known (see, e.g., [5, §8.2]) thatDn is a Coxeter group with respect to the generating
set S := {s0, s1, . . . , sn−1} where

s0 := [−2,−1, 3, . . . , n]
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and
si := [1, 2, . . . , i− 1, i+ 1, i, i + 2, . . . , n]

for i = 1, . . . , n− 1. This gives rise to another natural statistic on Dn the length (similarly
definable for any Coxeter group), namely

l(π) := min{r ∈ N : π = si1 . . . sir for some i1, . . . , ir ∈ [0, n − 1]}.
There is a well known direct combinatorial way to compute this statistic for π ∈ Dn (see,
e.g., [5, §8.2]), namely

(4) l(π) = inv(π)−
∑

i∈Neg(π)

π(i)−N1(π).

It’s not hard to prove that for all π ∈ Bn (and so also for π ∈ Dn),

(5) N1(π) +N2(π) = −
∑

i∈Neg(π)

π(i),

so equivalently (4) becomes

(6) l(π) = inv(π) +N2(π).

For example, if π := [−4, 1, 3,−5,−2,−6] ∈ D6 then inv(π) = 10, des(π) = 2, maj(π) =
8, N1(π) = 4, N2(π) = 13 and l(π) = 23.

We follow [5] for general Coxeter group notation and terminology. In particular, let
(W,S) be a Coxeter system, for J ⊆ S we let WJ be the subgroup of W generated by J ,
and

W J := {w ∈W : l(ws) > l(w) for all s ∈ J}.
We call WJ the parabolic subgroup generated by J and W J the set of minimal left coset
representatives of WJ or the quotient. The quotient W J is a poset according to the Bruhat
order (see, e.g., [5] or [14]).
The following is well known, (see, e.g., [5] or [14]).

Proposition 1. Let J ⊆ S. Then:
i) Every w ∈ W has a unique factorization w = wJwJ such that wJ ∈ W J and
wJ ∈WJ .

ii) For this factorization l(w) = l(wJ ) + l(wJ).

Now we let

(7) T := {π ∈ Dn : des(π) = 0}.
It is well known, and easy to see, that

(8) Dn =
⊎

u∈Sn

{πu : π ∈ T},

where
⊎

denotes disjoint union. We will often use this decomposition in this paper. Note
that (8) is one case of the multiplicative decomposition of a Coxeter group into a parabolic
subgroup and its minimal coset representatives (see Proposition 1), more precisely T is the
quotient corresponding to the maximal parabolic subgroup generated by J := S \ {s0}. In
the next section we will analyze this issue in more detail.
For n ∈ P we let

An(t, q) :=
∑
σ∈Sn

tdes(σ)qmaj(σ),



#10.4 RICCARDO BIAGIOLI

and A0(t, q) := 1. For example, A3(t, q) = 1+ 2tq2 +2tq+ t2q3. The following result is due
to Carlitz, and we refer the reader to [7] for its proof.

Theorem 2. Let n ∈ P. Then

(9)
∑
r≥0

[r + 1]nq t
r =

An(t, q)∏n
i=0(1− tqi)

in Z[q][[t]].

3. The “Negative” Statistics

In this section we define a new “descent set” for elements of Dn. This gives rise, in a
very natural way, to the definitions of “major index” and “descent number” for Dn. We
then show that these two statistics give a generalization of Carlitz’s identity to Dn, and
that the former is equidistributed with length.

3.1. The D-Negative Descent Multiset. For π ∈ Dn let

Des(π) := {i ∈ [n− 1] : π(i) > π(i+ 1)},
we define the D-negative descent multiset

(10) DDes(π) := Des(π)
⊎

{−π(i)− 1 : i ∈ Neg(π)} \ {0}.
For example, if π = [−4, 1, 3,−5,−2,−6] ∈ D6 then Des(π) = {3, 5} and DDes(π) =
{1, 32, 4, 52}.

Note that if π ∈ Sn then DDes(π) is a set and coincides with the usual descent set of
π. Also, note that DDes(π) can be defined rather naturally also in purely Coxeter group
theoretic terms. In fact, for i ∈ [n− 1] let ξi ∈ Dn be defined by

ξi := [−1, 2, . . . , i,−i − 1, i+ 2, . . . , n].

Then ξ1, . . . , ξn−1 are reflections (in the Coxeter group sense, see e.g., [5] or [14]) of Dn and
it is clear from (4) that

DDes(π) := {i ∈ [n− 1] : l(πsi) < l(π)}
⊎

{i ∈ [n− 1] : l(π−1ξi) < l(π−1)}.
These considerations explain why it is natural to think of DDes(π) as a “descent set”, so
the following definitions are natural.
For π ∈ Dn we let

ddes(π) := |DDes(π)|
and

dmaj(π) :=
∑

i∈DDes(π)

i.

For example if π = [−4, 1, 3,−5,−2,−6] ∈ D6 then ddes(π) = 6, and dmaj(π) = 21.
Note that from (10) there follows that

(11) dmaj(π) = maj(π) −
∑

i∈Neg(π)

π(i) −N1(π) = maj(π) +N2(π).

This formula is also one the motivations behind our definition of dmaj(π), because of the
corresponding formulas (4) and (6), (see also [2]) .
Also note that

(12) ddes(π) = des(π) +N1(π) + ε(π),

where
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ε(π) :=
{ −1 if 1 �∈ π([n])

0 if 1 ∈ π([n]).
3.2. Equidistribution. Our first result shows that dmaj and l are equidistribuited in Dn.

Proposition 3. [4, Proposition 3.1] Let n ∈ P. Then∑
π∈Dn

qdmaj(π) =
∑

π∈Dn

ql(π).

3.3. Generalization of Carlitz’s Identity. We start with some notation and terminology
concerning partitions (see [17, §7.2]). By an (integer) strict partition we mean a sequence of
positive integers λ = (λ1, . . . , λk) such that λ1 > λ2 > . . . > λk. We denote by |λ| := ∑

i λi.
We denote by P̃S the set of all (integer) strict partitions. Given n ∈ P we let

P̃S(n) := {λ ∈ P̃S : λ ⊆ (n, n− 1, . . . , 2, 1)}.
As before, let T = {π ∈ Dn : des(π) = 0} so

T = {π ∈ Dn : π(1) < π(2) < . . . < π(n)}.
Therefore, given π ∈ T, π �= e, there is a unique k ∈ [n] such that

π(k) < 0 < π(k + 1).

Given π ∈ T we associate to π the strict partition

(13) Λ(π) := (−π(1) − 1,−π(2) − 1, . . . ,−π(k) − 1).

The following is known, (see, e.g., [3]).

Proposition 4. The map Λ defined by (13) is a bijection between T and P̃S(n− 1). Fur-
thermore π ≤ σ in T if and only if Λ(π) ⊆ Λ(σ) and l(π) = |Λ(π)| for all π, σ ∈ T .

We begin with the following lemma.

Lemma 1. [4, Lemma 3.3] Let n ∈ P. Then

∑
σ∈T

tN1(σ)+ε(σ)qN2(σ) =
∑

S⊆[n−1]

t|S|q
∑

i∈S i =
n−1∏
i=1

(1 + tqi).

We are now ready to state the main result of this work, namely that the pair of statistics
(ddes, dmaj) solves Foata’s problem for the group of even-signed permutations Dn.

Theorem 5. [4, Theorem 3.5] Let n ∈ P. Then

(14)
∑
r≥0

[r + 1]nq t
r =

∑
π∈Dn

tddes(π)qdmaj(π)

(1− t)(1− tqn)∏n−1
i=1 (1− t2q2i)

in Z[q][[t]].

Note that, as in (9) for Sn and in ([2, Theorem 3.2]) for Bn, the powers of q in the
denominator of formula (14) are the Coxeter degrees of Dn (see [14, p.59]).

4. The Flag Major Index for Dn

In this section we introduce another new “major index” statistic for Dn. This is an ana-
logue of the flag major index introduced in [1]. We show that this statistic is equidistributed
with length and we give a combinatorial algorithm to compute it.
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4.1. The D-Flag Major Index. For i = 0, . . . , n − 1 we define

(15) ti := sisi−1 · · · s0,
explicitly for all i ∈ [n− 1]

(16) ti = [−1,−i− 1, 2, 3, . . . , i, i + 2, . . . , n],

and for i = 0

(17) t0 = [−2,−1, 3, . . . , n] = s0.

These are Coxeter elements (see e.g., [14, §3.16]), in a distinguished flag of parabolic sub-
groups

1 < G1 < G2 < . . . < Gn = Dn

where Gi � Di (i ≥ 2) is the parabolic subgroup of Dn generated by s0, s1, . . . , si−1. The
family {ti}i is a new set of generators for Dn, and we have the following proposition.

Proposition 6. [4, Proposition 4.1] For every π ∈ Dn there exists a unique representation

(18) π = thn−1

0 t
kn−1

n−1 t
hn−2

0 t
kn−2

n−2 · · · th1
0 t

k1
1

with 0 ≤ hr ≤ 1, 0 ≤ kr ≤ 2r − 1 and

(19) kr ∈ {2r − 1, r − 1} if hr = 1

for all r = 1, . . . , n− 1.

Note that the representation (18) is not unique if we drop the condition (19). For exam-
ple consider π = [3,−2, 1,−4] ∈ D4, then π has two different representations of type (18),
namely, π = t33t0t

3
2t0 and π = t0t33t2t0t1. The representation of Proposition 6 is the first one.

Let π ∈ Dn, then we define the D-flag major index of π by

(20) fmajD :=
n−1∑
i=1

ki +
n−1∑
i=1

hi.

4.2. Equidistribution. For 0 ≤ m ≤ 2n − 1, n ≥ 2, we define rn,m ∈ Dn as follows: for
n = 2,

r2,m :=




e if m = 0
s1 if m = 1
s1s0 if m = 2
s0 if m = 3,

and for n > 2,

rn,m :=




e if m = 0
sn−msn−m+1 · · · sn−1 if 0 < m < n
sm−n+1sm−n · · · s0s2s3 · · · sn−1 if n ≤ m < 2n− 1
s0s2s3 · · · sn−1 if m = 2n− 1.

The set {rn,m : 0 ≤ m < 2n} forms a complete set of representatives of minimal length
for the left cosets of Dn−1 in Dn. Moreover this is still valid for every i ∈ [2, n], namely,
ri,m ∈ DJi

i for all m ∈ [0, 2i − 1], where Ji := S \ {sn−1, . . . , si−1}. Hence we have the
following decomposition

Dn = DJn
n D

Jn−1

n−1 · · ·D2.

Note that the length of ri,m is m̄, where
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m̄ :=
{
m if 0 ≤ m ≤ 2i− 2
i− 1 if m = 2i− 1.

From i) of Proposition 1 we know that each element π ∈ Dn has a unique representation
as a product

(21) π =
n−1∏
k=1

rn+1−k,mn+1−k

where 0 ≤ mj < 2j for all j. From ii) of Proposition 1 there follows that

(22) l(π) =
n∑

j=2

m̄j.

Thanks to the unique representation (21) we define a map φ : Dn → Dn in the following
way:

φ(
n−1∏
k=1

rn+1−k,mn+1−k
) :=

n−1∏
k=1

φ(rn+1−k,mn+1−k
),

where for i �= 2,

φ(ri,m) :=
{
tmi−1 if m < 2i− 2
t0t

m̄−1
i−1 if 2i− 2 ≤ m ≤ 2i− 1,

and for i = 2,

φ(r2,m) :=




e if m = 0
t1 if m = 1
t0t1 if m = 2
t0 if m = 3.

The definition of φ, together with Proposition 6 and (21), imply the following result.

Proposition 7. [4, Proposition 4.2] The map φ : Dn → Dn is a bijection.

This implies the main result of this section, namely that the D-flag major index is
equidistributed with the length in Dn.

Theorem 8. [4, Theorem 4.3] Let n ∈ P. Then∑
π∈Dn

qfmajD(π) =
∑

π∈Dn

ql(π).

Note that the B-flag major index (fmaj) defined on Bn (see [1]) does not work on Dn.
Namely if we consider π ∈ Dn as an element of Bn, then fmaj(π) is not equidistributed
with length on Dn. For example let π = [−2,−1] then fmajD(π) = 1 while fmaj(π) = 4,
and in D2 there is no element of length 4.
Note also that fmajD restricted to Sn is not the major index and it’s not equidistributed
with length. It seems to be a new statistic on Sn. It’s easy to see that for each π ∈ Sn,
fmajD(π) is always even and that fmajD(π) ≥ maj(π). If we let En(q) :=

∑
π∈Sn

qfmajD(π),
for n ≤ 4 we have E1(q) = 1, E2(q) = 1 + q2, E3(q) = 1 + 3q2 + q4 + q6 and E4(q) =
1 + 5q2 + 6q4 + 7q6 + 3q8 + q10 + q12.
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4.3. A combinatorial algorithm. Let σ = (a1, . . . , an) ∈ Zn, we use this split-notation

σ = [a1][a2, . . . , ai+1][ai+2, . . . , an].

Sometimes it will be useful to denote the first part with A and the second with Ci where i
represents the number of its elements.
We define the following operations on σ ∈ Zn:

→0
i
σ := [−a2][−a1, a3, . . . , ai+1][ai+2, . . . , an],

and
→1

i
σ := [−a1][−ai+1, a2, . . . , ai][ai+2, . . . , an].

In these cases we will write
→0

i
σ = (A0, C0

i , [ai+2, . . . , an]) and
→1

i
σ = (

→1

A ,
→1

Ci , [ai+2, . . . , an]).
Moreover for all n ∈ P we define

(23) →n
i :=→1

i ◦ · · · ◦ →1
i n-times.

Note that for every σ ∈ Zn,
→2i

i
σ = σ.

For example let π ∈ D4, π = [−2][1, 3,−4, 5] = (A,C4), then

→0
4
π = [−1][2, 3,−4, 5] = (A0, C0

4 ),

→5
4
π = [2][5,−1,−3, 4] = (

→5

A ,
→5

C4),
and

→2
3
π = [−2][−3, 4, 1][5] = (

→2

A ,
→2

C3, [5]).
These are the two technical properties that we will use in the algorithm. Fix i ∈ [n − 1],
let ti be as in (16),

ti = [−1][−i − 1, 2, 3, . . . , i][i + 2, . . . n].
It’s easy to see that for all i ∈ [n− 1] we have

(24) t2i = titi =
→1

i

ti ,

and by (23) that for k ∈ P

(25) tki =
→k−1

i

ti .

Now consider ti−1 = [−1][−i, 2, . . . , i− 1][i + 1, . . . , n]. As before it is not hard to see that

(26) titi−1 =
→1

i−1

ti .

Now we are able to state the algorithm to compute the unique representation of π as in
Proposition 6, namely

π = fn−1 · · · f1
where for all r ∈ [n− 1], fr = thr

0 t
kr
r with hr ∈ [0, 1] and kr ∈ [0, 2r − 1].

We construct a sequence e0, . . . , en−1 of elements of Dn such that

i) e0 = e , en−1 = π ;
ii) ei = fn−1 · · · fn−i, for all i ∈ [1, n − 1] ;
iii) π(j) = ei(j), for all j > n− i.
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From iii) there immediately follows that en−1 = π.

We need to do n − 1 steps. From now to avoid confusion we put on A an index cor-
responding to the number of steps. We begin with e0 = [1][2, . . . , n]. We describe the
(n − i+ 1)-th step. Assume that en−i has been constructed. Then by iii),

en−i = (An−i, Ci−1, [π(i + 1), . . . π(n)]).

For simplicity, we define p(i) and p(−i) to be the positions of π(i) and −π(i) in Ci−1 or
C0

i−1respectively. There are four cases to consider.
1) π(i) ∈ Ci−1

Then we let ki−1 = i− 1− p(i) and hi−1 = 0. Hence fi−1 = ti−1−p(i)
i−1 .

2) −π(i) ∈ Ci−1

Then we let ki−1 = 2i− 2− p(−i) and hi−1 = 0. Hence fi−1 = t2i−2−p(−i)
i−1 .

3) π(i) ∈ An−i

Then −π(i) ∈ C0
i−1 and in particular p(−i) = 1. We let ki−1 = 2i− 3 and hi−1 = 1. Hence

fi−1 = t0t2i−3
i−1 .

4) −π(i) ∈ An−i

Then π(i) ∈ C0
i−1 and p(i) = 1. We let ki−1 = i− 2 and hi−1 = 1. Hence fi−1 = t0ti−2

i−1.

We have determined the factor fi−1. From (23) and (25) there follows that en−i+1(i) = π(i)
and by (26) iii) again holds.
Therefore

en−i+1 = (An−i+1, Ci−2, [π(i), . . . , π(n)]),
where in cases 1) and 2),

An−i+1 :=
→ki−1

An−i , Ci−2 :=
→ki−1

Ci−1 \[π(i)],
while in cases 3) and 4),

An−i+1 :=
→ki−1

A0
n−i , Ci−2 :=

→ki−1

C0
i−1 \[π(i)].

Observe that in the first step p(n) = π(n)− 1 and p(−n) = −π(n) + 1. These can be used
for the computation of e1.
We finish this section by illustrating the procedure with an example.
Let π = [5, 3,−4, 1,−2] ∈ D5. We start from

e = e0 = [1][2, 3, 4, 5] = (A0, C4).

1st − step) −π(5) = −2 ∈ C4

We are in case 2) and p(−5) = 1, so k4 = 7, h4 = 0 and f4 = t74.

It follows that A1 =
→7

A0= [−1] and C3 =
→7

C4 \[−2] = [3, 4, 5]. Hence,

e1 = [−1][3, 4, 5][−2].

2nd − step) −π(4) = −1 ∈ A1

We are in case 4) so k3 = 2, h3 = 1 and f3 = t0t23.

It follows that A2 =
→2

A0
1= [−3] and C2 =

→2

C0
3 \[1] = [−4,−5]. Hence,

e2 = [−3][−4,−5][1,−2].

3rd − step) π(3) = −4 ∈ C2
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We are in case 1) and p(3) = 1, so k2 = 1, h2 = 0 and f2 = t2.

It follows that A3 =
→1

A2= [3] and C1 =
→1

C2 \[−4] = [5]. Hence,

e3 = [5][−4, 1,−2].

4th − step) π(2) = 3 ∈ A3

We are in case 3) so k1 = 1, h1 = 1 and f1 = t0t1.

It follows that A4 =
→1

A0
3= [5] and C0 = ∅. Hence,

e4 = [5][3,−4, 1,−2] = π,

and we are done. Finally π = t74t0t
2
3t2t0t1 and fmajD(π) = 12.
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Z-TILINGS OF POLYOMINOES AND STANDARD BASIS

OLIVIER BODINI

Abstract. In this paper, we prove that for every set F of polyominoes (for us, a poly-
omino is a finite union of unit squares of a square lattice), we can find a Z-tiling (signed
tile) of polyominoes by copies of elements of F in polynomial time. We use for this the
theory of generalized standard basis. So, we can algorithmically extend results of Conway
and Lagarias on Z-tiling problems.

Résumé. Nous montrons que, pour toute famille F de polyominos généraux (union finie de
cases d’une grille), le problème du Z-pavage (pavage signé) des polyominos par des copies
d’éléments de F peut être résolu en temps polynomial par l’usage de la théorie des bases
de Grobner. De plus, nous pouvons ainsi retrouver et étendre de manière algorithmique
des résultats obtenus par Conway et Lagarias sur les Z-pavages.

1. Introduction

A cell c(i, j) in the square lattice denotes the set :

c(i, j) := {(x, y) ; i ≤ x < i + 1, j ≤ y < j + 1} .
So, cells are labelled by their lower left corner. For us, a polyomino is a finite -not necessary
connected- union of cells. In this paper, we are interested in the study of a variant of the
problem of tiling, called the Z-tiling problem. Precisely, let P a polyomino and F a set of
polyominoes (the tiles), a Z-tiling of P by F consists of a finite number of translated tiles
placed in the lattice (possibly with overlaps), with each tile assigned a sign of +1 or -1,
such that for each cell c(i, j) in Z

2 the sum of the signs of the tiles covering c(i, j) is +1
if c(i, j) ∈ P and 0 if c(i, j) /∈ P (fig.1). Obviously, a polyomino which is tilable by a set
of tiles is also Z-tilable by this set. So, the study of Z-tiling creates important necessary
conditions of tilability. J.H. Conway and J.C. Lagarias [3] have previously studied this
notion. They particularly obtained the following necessary and sufficient condition for a
simply connected polyomino P :
P has a Z-tiling of P by F if and only if the combinatorial boundary [∂P ] is included in the
tile boundary group B (F ). For these definitions, we can refer to the paper of J.H. Conway
and J.C. Lagarias [3].
Nevertheless, this group theoretic theorem presents some drawbacks : Firstly, it only applies
to simply connected polyominoes. Secondly, the new criterion seems in general no easier
to verify than to solve the original problem. Thirdly, it seems to be impossible to extend
theoretic group arguments in higher dimension. In this paper, we propose another way of
solving the problem. We associate for each polyomino P a polynomial in Z[X1,X2, Y1, Y2],
called P -polynomial. We denote it by QP . We prove that, given a set F of polyominoes, a
polyomino P is Z-tilable by F if and only if QP ∈ 〈QP ′ with P ′ ∈ E,X1Y1 − 1,X2Y2 − 1〉

Z

(i.e. the ideal of Z [X1, ...,Xn] generated by the polynomials QP ′ where P ′ ∈ E and by
X1Y1−1,X2Y2−1). This new formulation allows us to use commutative algebraic tools like

1991 Mathematics Subject Classification. Primary: 05A30; Secondary: 05A99.
Key words and phrases. Polyominoes, Tiling.
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the standard basis algorithm to solve the problem. The reader can find a good introduction
to standard basis (for ideals in K [X1, ...,Xn] where K is a field) in [2] [4].

This leads us to reconsider coloring arguments. These tools are frequently found in
the literature [5],[6],[7]). This notion gives in general important necessary conditions of
tilability. We define in this paper the generalized coloring associated to a set of tiles F .
This coloring groups all the generalized coloring arguments defined by Conway-Lagarias [3].
Moreover, the generalized coloring of a polyomino P is null if and only if P is Z-tilable by
the set F . Finally, we prove that it is possible to determine the generalized coloring of a
classical polyomino when we only know the colors of the squares which are adjacent to the
boundary of P .
So, if a polyomino P is in a sense ”big” then we have a better algorithm to determine the
tilability of P . Now, we are going to introduce the abstract notions that constitute the
general framework of this paper. Given a subdivision S of R

d in cells and A a unitary ring,
a A-weighted polycell or simply a A-polycell is a map P of S in A with a finite support. For
each cell c, we call weight of P in c the number P (c). The space PA of A-weighted polycells
has a natural structure of free A-module. Clearly, the cells of weight 1 constitute a base
of PA. We can canonically embed the set of polycells in the A-module of the A-weighted
polycells (in assigning 1 to cells covered by the polycell and 0 to the other cells). We say
that a A-weighted polycell P is A-tilable by a set of A-weighted tiles if and only if P is a
A-linear combination of translated elements of this set.

Fig.1. A (classical) polyomino P which is Z-tilable by bars of length 3. In bold, a negative
copy of a bar. The segments indicate positive copies of bars. These positive and negative

bars constitute a Z-tiling of P .

2. P-polynomials and Z-tilings

In this section, in order to simplify, we only deal with Z-polyominoes and Z-polyhexes
(sum of weighted hexagons of the regular hexagonal lattice). But all the theorems can be
made in a more general framework. For instance, we have similar results for Z-polycubes
(in this case, the cells are the unit cubes of the regular cubical lattice of R

d) or for Z-
polyamands (the cells are the triangles of the regular triangular lattice). The reader can
find in [1] a more general presentation.
Firstly, for a ∈ Z

2, we put by convention that

Xa = X
a1+|a1|

2
1 X

a2+|a2|
2

2 Y
|a1|−a1

2
1 Y

|a2|−a2
2

2 .

We encode the plan with 4 parameters to avoid to work with Laurent polynomials. Let us
recall that we denote by 〈P1, ..., Pk〉Z the ideal of Z [X1, ...,Xn] generated by the polynomials
P1, ..., Pk . For each Z-polyomino P , we can define its P-polynomial

QP =
∑

(a1,a2)∈Z2

P (c(a1, a2))X(a1,a2)

Lemma 2.1. The space PZ is isomorphic to Z [X1,X2, Y1, Y2] / 〈(X1Y1 − 1) , (X2Y2 − 1)〉
Z
.
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Proof. There exists a unique linear map f from Z [X1,X2, Y1, Y2] to PZ such that :
f
(
Xa1

1 Y b1
1 Xa2

2 Y b2
2

)
is the cell (a1 − b1, a2 − b2) with weight 1. Now, we must prove that

ker (f) = 〈(X1Y1 − 1) , (X2Y2 − 1)〉
Z
. We proceed by successive divisions by (X1Y1 − 1) and

(X2Y2 − 1) in the successive rings

Z [X2, Y1, Y2] [X1] and Z [X1, Y1, Y2] [X2] .

So, we can write all polynomial Q as follows Q = R +
2∑

i=1
Qi (XiYi − 1) with R containing

only monomials of the form Xa where a ∈ Z
2 (i.e. without simultaneously Xi and Yi).

We have the following equivalence : f (Q) is the empty polyomino, denoted by 0 (i.e.
the polyomino P with 0 weight on all the squares), if and only if f (R) = 0 (because of
f (Qi (XiYi − 1)) = 0). Moreover, it is clear that f (R) = 0 ⇔ R = 0 and that R = 0 ⇔
Q ∈ 〈(X1Y1 − 1) , (X2Y2 − 1)〉

Z
. So, ker (f) = 〈(X1Y1 − 1) , (X2Y2 − 1)〉

Z
. �

Theorem 2.2. Let E be a set of Z-polyominoes. A Z-polyomino P is Z-tilable by E if and
only if

QP ∈ 〈QP ′ with P ′ ∈ E,X1Y1 − 1,X2Y2 − 1
〉

Z
.

Proof. By definition, a Z-polyomino P is Z-tilable by E if and only if there exists an integer

t and for all i, 1 ≤ i ≤ t, λi ∈ Z, P i ∈ E and ai =
(
ai

1, a
i
2

) ∈ Z2 such that P =
t∑

i=1
λiP

i
(ai

1,ai
2)

where P i
(ai

1,ai
2)

denotes the translation of P i by the vector
(
ai

1, a
i
2

)
. So, in

Z [X1,X2, Y1, Y2]/〈(X1Y1 − 1) , (X2Y2 − 1)〉
Z

we have QP i
ai

= Xai
QP i and consequently, QP =

t∑
i=1

λiX
aiQP i . Finally, P is Z-tilable by

E if and only if
QP ∈ 〈QP ′ with P ′ ∈ E,X1Y1 − 1,X2Y2 − 1

〉
Z
.

�

In fact, when we have a periodic tiling, we can always define the notion of polycell (finite
union of cells of this tiling) and so, it is possible to translate, as we have done it, the problem
of the Z-tiling of a polycell by a set of polycells to algebraic problem of membership in an
ideal of a polynomial ring on Z. For instance, for the hexagonal lattice built in gluing copies
of the hexagonal convex hull of the points (0, 0) , (0, 1) ,

(
−1
2 ,

√
3

2

)
,
(

3
2 ,

√
3

2

)
,
(
0,
√

3
)
,
(
1,
√

3
)
,

a polycell is generally called a polyhexe. We denote by [a1, a2] the hexagonal cell which the
lower left corner is the point

(
3
2(a1 + a2),

√
3

2 (−a1 + a2

)
where (a1, a2) ∈ Z

2 (fig.2). For

each Z-polyhexe P , we can define the P-polynomial

QP =
∑

(a1,a2)∈Z2

P ([a1, a2])X(a1,a2)

Then, we have the following theorem :

Theorem 2.3. Let E be a set of Z-polyhexes. A Z-polyhexe P is Z-tilable by E if and only
if

QP ∈ 〈QP ′ avec P ′ ∈ E,X1Y1 − 1,X2Y2 − 1
〉

Z
.



#11.4 OLIVIER BODINI

Fig.2. The hexagonal lattice with its coordinates.

3. standard basis on Z [X1, ...,Xn].

In this section, we indicate briefly how to solve the problem of membership in an ideal
of Z [X1, ...,Xn]. In fact, we use a non trivial extended version to Z [X1, ...,Xn] of the
Buchberger algorithm [1]. The original one only works for an ideal of K [X1, ...,Xn] where
K is a field and can be found in [4], [2]. First of all, we have to define a total order on
the monomials of Z [X1, ...,Xn]. Let ≤∗ be the lexicographic order on the n-tuples and let
α = (α1, ..., αn) be in N

n, we denote by Xα the monomial Xα1
1 ...Xαn

n . Then, we put by
definition that Xα ≤∗ Xβ if and only if α ≤∗ β. It is easy to verify that ≤∗ is a total order
on the monomials of Z [X1, ...,Xn] and that we have the following property :
For all γ ∈ N

n, if Xα ≤∗ Xβ , then Xα+γ ≤∗ Xβ+γ . This is the lexicographic order induced
by X1 > ... > Xn. Now, we recall useful terminologies for multivariable polynomials. Let
P =

∑
α∈Nn

aαX
α be a non empty polynomial of Z [X1, ...,Xn] :

The support of P is S (P ) = {α ∈ N
n such that aα 
= 0}. In particular S(P ) is always fi-

nite.
The multidegree of P is m(P ) = max∗(α ∈ S(P )).
The leading coefficient of P is LC(P ) = am(P ).

The leading monomial of P is LM(P ) = Xm(P ).
The leading term of P is LT (P ) = LC(P )LM(P ).

Theorem 3.1. Let F = (P1, ..., Ps) be a s-tuple of polynomials of Z [X1, ...,Xn]. Then
every polynomial P of Z [X1, ...,Xn] can be written in the following non unique form P =

R +
s∑

k=1

QkPk where :

i) Q1, ..., Qs, R ∈ Z [X1, ...,Xn] .
ii) R =

∑
α∈Nn

cαX
α and ∀α ∈ S(R), cαXα is not divisible by any of LT (P1), ..., LT (Ps).

Proof. This proof is an easy consequence of the following generalized division algorithm. �
Algorithm 3.2. Generalized Division Algorithm.
We denote by trunc(s) the integer part of s.
Input : (P1, ..., Ps), P
Output : (a1, ..., as), R
a1 := 0, ..., as := 0, R := 0
Q := P
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While Q 
= 0 Do
i := 1
division := false
While (i ≤ s and division=false) Do

If LM(Pi) divides LM(Q) and |LC (Pi)| ≤ |LC (Q)| Then
ai := ai + trunc(LC(Q)/LC(Pi))LM(Q)/LM(Pi)
Q := Q− (trunc(LC(Q)/LC(Pi))LM(Q)/LM(Pi))Pi

division := true
Else
i := i + 1
EndIf

EndWhile
If division = false Then

R := R + LT (Q)
Q := Q− LT (Q)

EndIf
EndWhile
Return (a1, ..., as), R

R is the remainder of P by (P1, ..., Ps). We denote it by P̄ (P1,...,Ps).

Example 3.3. If we have P = X1X
2
2 + X1X2 + X2

2 and (P1 = X2
2 − 1, P2 = X1X2 − 1),

then we obtain P = P1 × (X1 + 1) + P2 + X1 + 2. The remainder is X1 + 2.

Example 3.4. The remainder of the division of P = X1X
2
2 −X2

2 by (P1 = X2
2 − 1, P2 =

X1X2 − 1) is null. Nevertheless, the division of P = X1X
2
2 −X2

2 by (P1 = X1X2 − 1, P2 =
X2

2 −1) gives P̄ (P1,P2) = −X2
2 +1. So, we point out that the division depends on the ordering

in the s-tuple of the polynomials. Actually, the division does not allow us to determine if a
polynomial belongs or not to an ideal I of Z [X1, ...,Xn] .

We recall that in R [X] a polynomial P ∈ I if and only if Q divides P where Q is the
minimal polynomial of I. We have the following analogous version in Z [X1, ...,Xn] :

Theorem 3.5. For every ideal I of Z [X1, ...,Xn] other than {0}, there exists a s-tuple
of polynomials (P1, ..., Ps) such that P belongs to I if and only if the remainder of P by
(P1, ..., Ps) is null.

Such a s-tuple is called a standard basis of I. We do not proof here this important
theorem. The reader who wants to take this theorem further can find a constructive proof
of this in the following report [1]. We continue this section by an application to a classical
problem solved by Conway and Lagarias [3] by using group theoretic arguments. Let TN

denote the triangular array of cells in the hexagonal lattice having N(N +1)/2 cells (fig.3).

Theorem 3.6. (Conway-Lagarias, Theo 1.3 and 1.4)
a) The triangular region TN in the hexagonal lattice has a Z-tiling by congruent copies of
T2 polyhexes if and only if N = 0 or 2 mod 3.
b) The triangular region TN in the hexagonal lattice has a Z-tiling by congruent copies of
three-in-line polyhexes if and only if N = 0 or 8 mod 9.

Proof.
a) Firstly, we put Y1 > Y2 > X1 > X2 and we compute a standard basis of

〈X1 + X2 + 1,X1X2 + X1 + X2, Y1X1 − 1, Y2X2 − 1〉Z.
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Fig.3. T2 and T3

We obtain (X1+X2+1,X2
2+X2+1, Y2+X2+1, Y1−X2). Now, as QTN

=
N∑

i=0
Xi

2

(
N−i−1∑

j=0
Xj

1

)
,

we can easily compute that the remainder of QTN
by (X1 +X2 + 1,X2

2 +X2 + 1, Y2 +X2 +

1, Y1 −X2) is equal to

{
0 if N = 0 or 2 mod 3.
1 if N = 1 mod 3.

b) we compute a standard basis of

〈X2
1 + X1 + 1,X2

2 +X2 + 1,X2
1Y

2
2 + X1Y2 + 1, Y1X1 − 1, Y2X2 − 1〉Z.

with Y1 > Y2 > X1 > X2. We obtain B = (X2
1 + X1 + 1,X2

2 + X2 + 1,X1 + Y1 + 1,X2 +
Y2 + 1, 3X2 + 3X1 + 3,X2X1 −X1 −X2 − 2).

The remainder of QTN
by B is equal to




0 if N = 0 or 8 mod 9.
1 if N = 1 mod 9.
X1 + X2 + 1 if N = 2 or 3 mod 9.
−2X1 − 2X2 − 1 if N = 4 mod 9.
2X1 + 2X2 + 2 if N = 5 or 6 mod 9.
−X1 −X2 if N = 7 mod 9.

�

4. General Coloring

Definition 4.1. Let E be a set of Z-polyominoes, the ideal

I(E) = 〈QP ;P ∈ E and X1Y1 − 1,X2Y2 − 1〉Z
is the ideal associated to E. If B is a standard basis of I then B is said to be associated
to E.

Definition 4.2. A general coloring χE is the map from Z [X1,X2, Y1, Y2] into Z [X1,X2, Y1, Y2]
such that χE(Q) = Q̄B.

Theorem 4.3. A Z-polyomino P is Z-tilable by a set of Z-polyominoes E = {P1, ..., Ps} if
and only if χE(P ) = 0.

Proof. By theorem 2.2, P is Z-tilable by E = {P1, ..., Ps} if and only if QP belongs to I(E),
and by definition, QP belongs I(E) if and only if χE(QP ) = 0. �

Remark 4.4. This definition seems to be tautological. Indeed, this is very useful to have a
geometric visualization. Let us observe the following explicit example.
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Fig.4. The T-tetraminoes

Example 4.5. Consider that we want to have a chromatic characterization of the Z-
tilability by the set E of classical polyominoes described below (fig.4) called T-tetraminoes.

We have

I(E) = 〈X2
1 + X1X2 + X1 + 1,X2

1X2 + X1X2 + X1 + X2,X1X2 +X2
2 +X2 + 1,

X1X
2
2 + X1X2 + X1 + X2,X1Y1 − 1,X2Y2 − 1〉.

We compute a standard basis for the order Y1 > Y2 > X1 > X2 : (X1 + 3,X2 + 3, 8, Y1 +

3, Y2 + 3). So, we have χE(Qc(i,j)) = χE(X(i,j)) =

{
1 if i + j = 0 mod 2
5 if i + j = 1 mod 2

. Moreover,

we always have the following classical remainder property χE(QP ) = χE(
∑

c(i,j)∈P

Qc(i,j)) =

χE

( ∑
c(i,j)∈P

χE

(
Qc(i,j)

))
. Now, as A = χE

( ∑
c(i,j)∈P

Qc(i,j)

)
is an integer, χE (A) = A

mod 8. So, suppose that the squares of the plan have a chessboard-like coloration (fig.5), a
polyomino P is Z-tilable by E if and only if when assigning 5 on the white squares and 1
on the black ones in P , the sum of values on the squares is a multiple of 8.

Fig.5. A general coloring for the T-tetraminoes. The lower left corner square is the square
(0,0).

5. Z-tilability and boundary conditions

In this section, we only deal with classical polyominoes and not with Z-polyominoes.
In the paper of Conway and Lagarias, it is possible to know if a polyomino P has a Z-
tiling in travelling the boundary of P . We prove that we have a similar situation with our
characterization. We do not need to compute the remainder of QP , but only the remainder
of a shorter polynomial associated to the boundary of P .

Theorem 5.1. Let P be a polyomino and χE a general coloring associated to E. We
suppose that

χE

(
2∑

i=1

(Xi + Yi)

)
− 4
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is not a zero divisor of Z [X1,X2, Y1, Y2] /I (E). In this case,
χE (QP ) = 0 if and only if

∑
(c1,c2)∈S

(χE (Qc1) − χE (Qc2)) = 0

where (c1, c2) belongs to S if c1 is a square in P , c2 does not belong to P and c2 has a
common side with c1.

Proof. Let χE the general coloring, we denote by

vχE
(Xa) =

2∑
i=1

(χE (Xa) − χE (XaXi)) +
2∑

i=1

(χE (Xa) − χE (XaYi)).

We have
∑

(c1,c2)∈S

(χE (Qc1) − χE (Qc2)) =
∑
c∈P

vχE
(Qc) because, if the squares c and c′

belong to P , the contributions of the couples (c, c′) et (c′, c) vanish themselves. We denote
by T the set of (c, c′) where c is a square in P , and c′ has a common side with c1. Moreover,
we have

∑
(c1,c2)∈S

(χE (Qc1) − χE (Qc2)) =
∑
c∈P

vχE
(Qc) =

∑
c∈P

∑
(c,c′)∈T

(χE (Qc) − χE (Qc′)).

Now, if we consider that the image of χE is in Z [X1,X2, Y1, Y2] /I (E), it is obvious that
χE is a morphism of algebra. So,∑
c∈P

∑
(c,c′)∈T

(χE (Qc) − χE (Qc′)) = χE (QP )
(

4 − χE

(
2∑

i=1
(Xi + Yi)

)) ∑
c∈P

χE (Qc)

in Z [X1,X2, Y1, Y2] /I (E) . As χE

(
2∑

i=1
(Xi + Yi)

)
− 4 is not a zero divisor, χE (QP ) = 0 if

and only if
∑

(c1,c2)∈S

(χE (Qc1) − χE (Qc2)) = 0. �

To conclude this section, we give an example related to the paper of Thurston [8]. Let us
consider that we want to Z-tile a polyomino with dominoes (union of two adjacent squares).
The associated ideal is I(E) = 〈X1 + 1,X2 + 1,X1Y1 − 1,X2Y2 − 1〉. We obtain that
(1+X1, 1+X2, Y1 +1, Y2 +1) is a standard basis of I(E) for the order Y1 > Y2 > X1 > X2.

So, χE(X(i,j)) =

{
1 if i + j = 0 mod 2
−1 if i + j = 1 mod 2

. Hence, a polyomino is Z-tilable by dominoes

if and only if it has the same number of black (when i + j = 1 mod 2) and white (when
i+ j = 0 mod 2) squares c(i,j). In this case, the polyomino is said balanced. Independently,

we have χE(
2∑

i=1
(Xi + Yi)) − 4 = −8 which is not a zero divisor. So, we can apply the

theorem 5.1. The values of χE(Qc1)−χE(Qc2) =

{
2 if c1 = c(i,j) and i + j = 0 mod 2
−2 if c1 = c(i,j) and i + j = 1 mod 2

where (c1, c2) ∈ S. Thus, P is balanced if and only if we have the same number of black
and white edges on its boundary (a black (resp. white) edge is an edge which borders a
black (resp. white) square of P ).
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A BIJECTION BETWEEN REALIZERS OF MAXIMAL PLANE
GRAPHS AND PAIRS OF NON-CROSSING DYCK PATHS

NICOLAS BONICHON

Abstract. Schnyder trees, or realizers, of maximal plane graphs, are widely used in
the graph drawing domain. In this paper, a bijection between realizers and pairs of
non-crossing Dyck paths is proposed. The transformation of a realizer into a pair of non-
crossing Dyck paths and the opposite operation can be done in linear time. Applying this
bijection, we enumerate the number of realizers of size n and we can efficiently generate
all of them.

Résumé. Les arbres de Schnyder, ou réaliseurs, d’un graphe maximal planaire, sont large-
ment répandus dans le domaine du dessin de graphe. Nous proposons ici, une bijection
entre les réaliseurs et les paires de chemins de Dyck qui ne se coupent pas. La transforma-
tion d’un réaliseur en une paire de chemin de Dyck et son inverse se font en temps linéaire.
Utilisant cette bijection, nous pouvons énumérer les réaliseurs de taille n et nous pouvons
les générer exhaustivement de manière efficace.

1. Introduction

Schnyder showed that every maximal plane graph admits a special decomposition of its
interior edges into three trees (see Fig. 2), called a realizer [16, 17]. Such decomposition
can be constructed in linear time [17]. Using realizers, it has been proved in [17] that every
plane graph with n ≥ 3 vertices has a planar straight-line drawing in a rectangular grid
area (n− 2)× (n− 2).

Realizers are useful for many graph algorithms, of course for graph drawing [17, 4, 1, 13]
but also for graph encoding [5]. They are linked to canonical orderings (or shelling orders)
[9, 14], with 3-orientations [6], and with orderly spanning trees [4]. They can also be used
to characterize planar graphs in terms of the order of their incidence, i.e., a graph G is
planar iff the dimension of the incidence order of vertices and edges is at most 3 [16].

Realizers of the same graph have already been investigated [6, 3]. Suitable operations
transforming a realizer of a graph to another realizer of the same graph have been introduced
[3]. A particular normal form is also characterized. Moreover, the structure of the set
of realizers of a given graph turns out to be a distributive lattice [6, 3]. Operations on
realizers of same size have also been investigated. In [18] diagonal flip operations have been
introduced. For all the maximal planar graphs in [2], colored diagonal flip operations on
realizers have been proposed.

Here, we deal with realizers of size n, i.e. realizers of maximal plane graphs of size n.
The main motivations are the following: how many realizers of size n are there and how
can they be generated. To answer these two questions, a bijection between realizers of size
n and pairs of non-crossing Dyck paths of size 2n − 6 is proposed.

A Dyck path of size 2n is a path in the discrete plane that starts from the point (0, 0)
and ends at the point (2n, 0). It is composed of length sqrt(2) elementary steps North-East
and South-East such that it stays in the positive quarter of the plane. (f, g) is a pair of
non-crossing Dyck paths if g never goes below f . Such paths have been studied by D.
Gouyou-Beauchamps [10, 11]. Pairs of non-crossing Dyck paths are a particular case of

#12.1
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vicious walkers [8, 7, 12, 15]. In [10], the number of pairs of non-crossing Dyck paths of
length 2n is calculated: |Vn| = Cn+2Cn −C2

n+1, where Cn is the Catalan number (2n)!
n!(n+1)! .

The principle of the bijection is the following. To each realizer R we can associate a
particular realizer Rc, called star realizer. A star realizer is a realizer in which the third
tree is a star i.e. all the inner vertices are children of the root. A realizer R is totally
defined by its associated star realizer Rc and a particular sequence of flips, called a prefix
flip sequence, which transforms Rc into R. The star realizer and the prefix flip sequence
can be encoded by two non-crossing Dyck paths of size 2n − 6, where n is the size of the
realizer. The star realizer is totally defined by its first tree T0. T0 is encoded by a Dyck
path. The prefix flip sequence is encoded by a second Dyck path obtained from the first
one by local transformations.

The rest of this paper is organized as follows. In Section 2, realizers are presented and
some of their properties are given. Star realizers and the prefix flip sequence are introduced
in the section 3. The bijection between realizers and non-crossing Dyck paths is explained
in section 4.

2. Realizers

2.1. Definitions. We assume that the reader is familiar with graph theory. In this paper
we deal with simple and undirected graphs. A drawing of a graph is a mapping of each
vertex to a point of the plane and of each edge to the continuous curve joining the two ends
of this edge. A planar drawing, or plane graph is a drawing without crossing edges except,
eventually, on a common extremity. A graph that has a planar drawing is a planar graph.
A plane graph splits the plane into topologically connected regions, called face regions. A
face is the counter-clockwise walk of the boundary of a face region. One of the regions
is unbounded and its associated face is named the external face of the plane graph. The
vertices and edges of this face are called external vertices and external edges. The other
vertices are called inner ones. The adjacency list of a vertex u is the list of neighbors of u.
In plane graphs, the neighbors of u are ordered in the clockwise order in the adjacency list
of u.

A planar graph G is maximal (or triangulated) if all the other graphs with a same number
of vertices that contain it are not planar. The faces of a maximal plane graph are triangular.
In this case, we denote v0, v1, v2 the three vertices of the external face of this plane graph.

Definition 1. (Schnyder [16])
A realizer of a maximal plane graph G is a partition of the interior edges of G in three

sets T0, T1, T2 of directed edges such that for each interior vertex u there holds:
(1) u has out-degree exactly one in each of T0, T1, T2.
(2) The counter-clockwise order of the edges incident on u is: leaving in T0, entering

in T2, leaving in T1, entering in T0, leaving in T2 and entering in T1.

u

0

0

2

2

1

1

Figure 1. Edge coloration and orientation around a vertex
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Schnyder show that, T0, T1 and T2 were three ordered rooted trees where their edges are
oriented toward their roots, which are the external vertices v0, v1, v2. Each tree contains
n− 2 vertices.

An example of a graph, and a realizer of this graph are given in Figure 2.

v2

v0

v1 v2

v0

v1

Figure 2. An example of a realizer (a graph on the left side, and one of its
realizers on the right side).

In the sequel, the edges of the tree Ti are colored with color i, where i ∈ {0, 1, 2} such
that the external edges (vi, vi+1) are of the color i+ 1.
u1 i−→u2 denotes the path colored i from u1 to u2. We write u1 >

i
ccw u2 (resp. u1 >

i
cw u2)

if u1 is after u2 in the counter-clockwise preordering (resp. clockwise preordering) of the tree
Ti. The parent of u in the tree Ti is denoted by Pi(u). Let Chi(u) be the list of children of
u in clockwise order. Chi(u, k) denotes the kth child of the vertex u in Ti. We denote by
degi(u) the number of ingoing edges (number of children), of u in Ti. If u is not the element
of Chi(Pi(u)), its predecessor u′ in Chi(Pi(u)) is the left brother u. The right branch of a
vertex u in a tree T , is the path in T that joins the right most leaf of the subtree of u to u.
The length of a right branch is the number of edges of the right branch.

2.2. Diagonal Flips on Realizers. Let Rn be the set of realizers of graphs of size n.
In [18], R. Wagner proved that it is possible to obtain all maximal planar graphs of size

n using a rewriting rule, called a diagonal flip. In this section, we extend this result to
realizers using colored flips.

Definition 2. Let G be an embedded graph. Let u2, u1, u4 and u3, u4, u1 be two adjacent
faces where u0 is not neighbor of u3. A diagonal flip consists of removing the edge (u1, u4)
and inserting the edge (u2, u3).

u4u1

u3

u2

u4u1

u3

u2

f

Figure 3. Diagonal flip operation

Theorem 1. (Wagner [18])
Let G1 and G2 be two maximal planar graphs with n vertices. There exists a sequence of

diagonal flips that transforms G1 into G2.
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2.3. Generalization to realizers. As shown in Figure 4, we propose colored diagonal
flips for realizers using two kinds of flips: f i

1 and f i
2. It is easy to see that the application

of a diagonal flip f i
1 or f i

2 on a realizer gives another realizer.
The choice between f i

1 and f i
2 depends on the quadrilateral configuration. Note that if,

the edge (u2, u1) is colored i− 1 and oriented towards u1, and if the edge (u3, u1) is colored
i+ 1 and oriented towards u1, then f i

1(u1) or f i
2(u1) can be applied.

u4u1

u3

u2

u4u1

u3

u2

)( 11 uf i

u4u1

u3

u2

u4u1

u3

u2

)( 12 uf i

i i

i

ii-1

i-1 i+1

i+1

Figure 4. Flips on realizer

Unfortunately, these two operations are not always possible to apply. This occurs for the
configuration of the quadrilateral of Figure 5.

u4u1

u3

u2

i

i-1

i+1

Figure 5. Configuration for which colored flip cannot be directly applied.

Theorem 2. [2] There exists a sequence of colored flips that transforms any realizer R with
n vertices into any other realizer R′ with n vertices.

3. Star realizers and prefix flip sequence

In this section, we present a particular class of realizers, called star realizers. Using these
particular realizers, we construct in a unique way all realizers with a prefix flip sequence.

3.1. Star realizers.

Definition 3. A star realizer Rc = (T0, T
′
1, Cn−2) is a realizer where Cn−2 is a star of size

n − 2 where all the edges are oriented toward the center of the star, i.e. Cn−2 is a rooted
tree of depth 1.

In the first realizer of Figure 7, the vertex v2 is a neighbor of all inner vertices of the
graph. So this realizer is a star realizer.

Property 1. Let T0 be an ordered rooted tree of size n− 2. There is a unique tree T ′
1 such

that Rc = (T0, T
′
1, Cn−2) is a star realizer.

Proof. First, one can remark that there is only one way to connect T0 and Cn−2: the
clockwise prefix order in T0 is the counter-clockwise order around v2. Once T0 and Cn−2

are connected, we obtain a planar map. Let Fk = (v2, uk, uk1 , uk2 , . . . , ukp , uk+1) be a face
of this planar map (see Figure 6). The parent in T ′

1 of the vertices uk, uk1 , uk2, . . . , ukp−1

must be a vertex of this face. This is the only way to satisfy the second item of the
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definition 1 (see Figure 1). For the same reason the only vertex which can be the parent
of uk, uk1 , uk2 , . . . , ukp−1 is the vertex uk+. For each vertex uk, only one vertex can be the
parent of uk in T ′

1. Hence, there is only one tree T ′
1 such that Rc = (T0, T

′
1, Cn−2) is a

realizer. �

v2

uk

uk+1

uk1 uk2

ukp

v2

uk

uk+1

uk1 uk2

ukp

a. b.

Figure 6. a. Face of the planar map obtained from the connection of T0

and Cn−2. b. The same face, with the edges of T ′
1 inside

From the construction of the tree T ′
1 in the proof of property 1, the following property

comes directly

Property 2. Let Rc = (T0, T
′
1, T2) be a star realizer. Let Gc the maximal plane graph of

Rc. Let (u1, ..., un−3) be the inner vertices of Gc in the clockwise prefix order of T0. The
number of children of uk in T ′

1 is the length of the right branch of its left brother.

3.2. Prefix Flip sequence. In this section, we will denote by deg1(u) the number of
children of u in the tree T1. Similarly, we will also denote by deg′1(u) the number of
children of u in the tree T ′

1.

Definition 4. Let Rc = (T0, T
′
1, Cn−2) be a star realizer. The inner vertices uk of G are

numbered respecting the prefix order of T0. A Prefix Flip Sequence, or PFS, is a sequence
of flips (f2

1 (uk1), f
2
1 (uk2), . . . , f

2
1 (ukp)) that can be applied to Rc such that i < j ⇒ ki ≤ kj.

In the sequel, a PFS will be represented by a list of n−2 numbers, specifying the number
of flips to apply on each inner vertex. For example, the PFS (f2

1 (u3), f2
1 (u4), f2

1 (u4)) is
represented by (0, 0, 1, 2). #f(uk) denotes the number of flips on uk in the PFS. In the
previous sequence, #f(u4) = 2. Figure 7 shows this PFS applied to a star realizer.

Rc R

v2

v0

v1
v2

v0

v1
v2

v0

v1
v2

v0

v1

Figure 7. Example of prefix flip sequence (0, 0, 1, 2)

Remark 1. A prefix flip sequence does not change the tree T0 of the star realizer.

Property 3. Let Rc = (T0, T
′
1, Cn−2) be a star realizer. Let S be a prefix flip sequence and

R = (T0, T1, T2) be the realizer obtained from Rc by S. For each inner vertex uk, we have:
deg1(uk) = deg′1(uk) +#f(uk−1)−#f(uk)

Proof. The property can be reformulated in the following way: when a flip is applied on
uk in S, deg1(uk) is decremented and deg1(uk+1) is incremented. Obviously, when a flip
f2
1 (uk) is applied, deg1(uk) is decremented. Let us show, that when a flip f2

1 (uk) is applied,
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deg1(uk+1) is incremented. For this purpose, let us prove by induction on k that when a
flip can be applied on uk, uk+1 is just after P2(uk) in the adjacency list of uk.

First we can remark, that in a the star realizer Rc, for each k, uk+1 is just after P2(uk)
in the adjacency list of uk.

Assume that after applying the flips of S on the k − 1 first vertices, ui+1 is just after
P2(ui) in the adjacency list of ui for all i ≥ k. After applying f2

1 (uk), uk+1 is still just after
P2(uk) in the adjacency list of uk (see Fig. 4). So for the #f(uk) flips on uk, uk+1 is just
after P2(uk) in the adjacency list of uk.

Moreover, the modifications made by the flips f2
1 (uk) are enclosed in the region (v2, uk+1, uk+1 0−→v0).

Hence, P2(uk+1) in the adjacency list of uk+1 and for each i > k + 1, the adjacency list of
ui is unchanged.

Hence, in a prefix flip sequence, each time we operate a flip f2
1 (uk), the number of children

of uk in T1 is decremented and the number of children of uk+1 is incremented. �
Remark 2. The property 3 can be also expressed: #f(uk) = deg′1(uk) + #f(uk−1) −
deg1(uk).

Lemma 1. Let R = (T0, T1, T2) be a realizer and Rc = (T0, T
′
1, Cn−2) be its star realizer.

There exists a unique prefix flip sequence Scw that transforms Rc into R.

Proof. Existence: LetR be a realizer. Let us consider the following algorithm:
for each vertex uk in counter prefix order of T0 do

while uk is not a neighbor of v2 do
Make the flip f1

2 (P2(uk))
end while

end for
We cannot operate an infinite number of times the flip f1

2 (P2(uk)). Hence the algorithm
terminates. When this algorithm ends, a star realizer is obtained, since all the inner vertices
are neighbors of v2. The reverse of the flip f1

2 (P2(uk)) is the flip f2
1 (uk) (see Figure 4). The

reverse of the sequence of flips built by the previous algorithm is a prefix flip sequence.
Hence, for every realizer R, there exists a flip sequence that transforms the star realizer Rc

of R into R.
Unicity: Two realizers with two different star realizers cannot be identical since, they

will have different trees T0. Let Rc be a star realizer. Let Scw1 and Scw2 be two prefix flip
sequences. Let R1 (resp. R2) be the realizer obtained from Rc by the flip sequence Scw1

(resp. Scw1). Let k be the first index where the two sequences are different. The deg1(uk)
in R1 is different from deg1(uk) in R2 (see property 3). Hence, a star realizer with two
different sequences cannot produce the same realizer. �
Remark 3. If the flips can be operated in any order, there are several ways to transform
Rc into R. For example, the sequence (f2

1 (u4), f2
1 (u3)) transforms the star realizer Rc into

the realizer R of Figure 7.

4. Encoding and Decoding Realizers

In this section the bijection between realizers and pairs of non-crossing Dyck words is
presented. This bijection is described as an encoding scheme. A first Dyck word is used to
encode a star realizer. Precisely, this word encodes the tree T0 of the star realizer. Then,
a second Dyck word, which is used to encode the prefix flip sequence, is obtained from the
first one by applying some permutations. In the decoding process, the first word is used to
reconstruct the tree T0 and the star realizer. The difference between the two words encodes
the PFS.
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4.1. Non-crossing Dyck paths. We use a finite set called alphabet where the elements
are called letters. Here, we will use the alphabet A = {′(′,′ )′}. A word is a finite sequence
of letters denoted by f = f1f2 . . . fn. The set A∗ of all words on the alphabet A is equipped
with the concatenation. The length of a word, denoted by |f |, is the number of letters of f .
For a letter x, |f |x denotes the number of letters x in the word f . A word f ′ is a left factor
of f if there exists a word f ′′ such that f = f ′f ′′. A morphism δ from A∗ to N is defined
by: δ(′(′) = 1, δ(′)′) = −1 and δ(f ′f ′′) = δ(f ′)+ δ(f ′′). The Dyck language is the following:
D = {f ∈ A∗|δ(f) = 0 and ∀f ′ left factor of f, δ(f ′) ≥ 0}. We denote by Dn = D ∩ A2n.
We denote by open(k, f) the position of the kth opening parenthesis in f .

Dyck paths are paths coded by Dyck words. A step North-East is coded by ′(′ and a step
South-East is coded by ′)′. These paths start from the point (0, 0), never go bellow the
x-axis and end on the x-axis. Dyck words of 2n − 2 length are classically used to encode
ordered rooted trees of size n. Figure 8 a. shows an ordered rooted tree and its coding with
a Dyck word.

The pair (g, h) of Dn ×Dn are non-crossing Dyck words if for all g′ (resp. h′) left factor
of g (resp. h) such that |g′| = |h′|, δ(h′) ≥ δ(g′). Vn denotes the set of pairs of non-
crossing words of Dn×Dn. Obviously, a pair of non-crossing Dyck words encodes a pair of
non-crossing Dyck paths. Figure 8 b. shows an example of non-crossing Dyck paths.

g=(()())(), h=((()()))(()())()
a. b.

Figure 8. a. Encoding an ordered rooted tree with a Dyck word. b.
Example of non-crossing Dyck paths

Theorem 3. (Gouyou-Beauchamps [10])
|Vn| = Cn+2Cn − C2

n+1, where Cn is the Catalan number (2n)!
n!(n+1)! .

The first values of |Vn| are 1, 1, 3, 14, 84, 594, 4719, . . .

Algorithm 1 Encoding algorithm
Build the corresponding star realizer Rc of R
Code the tree T0 by a Dyck word g.
h← g
for each vertex uk in the prefix order of T0 do

#f(uk)← deg′1(uk)− deg1(uk) + #f(uk−1)
Move open(k, h) of #f(uk) ranks to the left in h.

end for

4.2. Encoding.

Property 4. In the algorithm 1, the number of flips on uk is less than or equal to the
number of consecutive closing brackets just before open(k, h) in h.

Proof. When no flips are previously made, h = g. The number of consecutive closing
brackets just before open(k, h) in h is exactly the length of the right branch of its left
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brother. deg′1(uk) is equal to the length of the right branch of its left brother (see property
2). As #flips(uk) ≤ deg′1(uk), the property is satisfied in this case.

Suppose that the property is verified for i ≤ k − 1. The number of consecutive closing
brackets just before open(k, h) is deg′1(uk) + #flips(uk−1). As #flips(uk) ≤ deg′1(uk) +
#flips(uk−1) (see Remark 2) the property is still satisfied for i = k. �

Lemma 2. The previous algorithm encodes a realizer R of size n with a pair of non-crossing
Dyck words of lengths 2n− 6. This algorithm is linear time.

Proof. First we can notice that g and h are non-crossing Dyck words.
Injectivity: Let R = (T0, T1, T2) and R′ = (T ′

0, T
′
1, T

′
2) be two different realizers. Let (g, h)

(resp. (g′, h′) ) the pair of non-crossing Dyck words obtained by the previous algorithm
from R (resp. R′). If T0 �= T ′

0, then g �= g′. Let Sf (resp. S′
f ) be the PFS associated to R

(resp. R′). Let k be the first index such that #f(uk) �= #f ′(uk). After the kth step in the
loop, open(k, h) �= open(k, h′). During the rest of the algorithm open(k, h) and open(k, h′)
are unchanged, so h �= h′. Hence two different realizers are encoded with two different pairs
of non-crossing words.

Complexity: To construct the star realizer, all vertices of T0 are connected with an out-
going edge, colored 2, to v2 and in-going edges, colored 1, to all the vertices of the right
branch of its left brother. This construction can be done in linear time. The encoding of
T0 with the traditional algorithm is also done in linear time. The treatment of each vertex
uk is done in constant time. Hence the encoding algorithm computes in linear time. �

Example: to encode the realizer R of Figure 7, we can encode its star realizer Rc and the
PFS (0, 0, 1, 2). The tree T0 of R is the one of Figure 8 a. It can be encoded by g = (()())().
To encode the flip sequence, we need to move the third opening bracket of one step to the
left and the fourth one to two steps to the left. So h = ((()())). Hence, the realizer R of
Figure 7 is encoded by the pair of non-crossing Dyck words (g, h).

4.3. Decoding. Let (g, h) be a pair of non-crossing words.
The function Concat(L1, L2) append the list L2 at the end of the list L1 and returns

this new list. The function Split(L, i) removes the last i elements of L and returns a list
which contains these i elements. The procedure AddFirst(L, E) added the element E at
the begining of the list L. Naturally, Del(E, i) removes the ith element of the list L.

Algorithm 2 Decoding algorithm
Build the tree T0 from g
Build the star realizer Rc = (T0, T

′
1, Cn−2)

R = (T0, T1, T2)← Rc

for each vertex uk in the prefix order of T0 do
#f(uk)← open(g, k) − open(h, k)
L← Split(Ch1(uk),#f(uk))
Ch1(uk+1)← Concat(Ch1(uk+1), L)
Del(Ch2(P2(uk)), uk)
AddFirst(Ch2(Ch1(uk+1, 0)), uk)

end for

Lemma 3. The algorithm 2 computes in linear time a realizer R of size n from a pair of
non-crossing Dyck words of lengths 2n− 6.
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Proof. Validity: as h ≥ g, 0 ≤ #f(uk) ≤ deg′1(uk) + #flips(uk−1) encodes a star Realizer
and a valid PFS. Moreover the algorithm 2 constructs the realizer encoded by the algorithm
1.

Complexity: as in the encoding algorithm, the construction of the star realizer can be
operated in linear time. The algorithm uses chained lists to store the list of children
of vertices in each tree. The split operation in the loop takes O(deg1(uk)) operations.
Globally, it takes O(m) = O(n) operations. The other operations in the loop take O(1)
operations. So globally it takes O(n) operations. �

The following theorem comes directly from lemma 2 and lemma 3:

Theorem 4. There is a bijection between realizers of size n and pairs of non-crossing Dyck
paths of lengths 2n− 6.

Corollary 5. The number of realizer of size n is |Rn| = |Vn−3| = Cn−3Cn−1 − C2
n−2.
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ENUMERATION OF SOLID 2-TREES

MICHEL BOUSQUET AND CEDRIC LAMATHE

Abstract. The goal of this paper is to enumerate solid 2-trees according to the number of
edges (or triangles) and also according to the edge degree distribution. We first enumerate
oriented solid 2-trees using the general methods of the theory of species. In order to
obtain non oriented enumeration formulas we use quotient species which consists in a
specialization of Pólya theory.

Résumé. Le but de cet article est d’obtenir l’énumération des 2-arbres solides selon le
nombre d’arêtes (ou de triangles) ainsi que selon la distribution des degrés des arêtes. Nous
obtenons d’abord le dénombrement des 2-arbres solides orientés en utilisant les méthodes
de la théorie des espèces. Pour obtenir le dénombrement des 2-arbres solides non orientés,
nous utilisons la notion d’espèce quotient qui provient d’une spécialisation de la théorie
de Pólya.

1. Introduction

Definition 1. Let E be a non-empty finite set of n elements called edges. A 2-tree is
either a single edge (if n = 1) or a non-empty subset T ⊆ P3(E) whose elements are called
triangles, satisfying the following conditions:

(1) For every pair {a, b} = {{a1, a2, a3}, {b1, b2, b3}} of distinct elements of T , we have
|a ∩ b| ≤ 1, which means that two distinct triangles share at most one edge.

(2) For every ordered pair (a, b) = ({a1, a2, a3}, {b1, b2, b3}) of distinct elements of T ,
there is a unique sequence (t0 = a, t1, t2, . . . , tk = b) such that for i = 0, 1, . . . , k−1,
we have ti ∈ T and |ti ∩ ti+1| = 1, which means that each pair of consecutive
triangles in this sequence share exactly one edge.

An edge e and a triangle t are incident to each other if e ∈ t. The degree of an edge is
the number of triangles which are incident to that edge. The edge degree distribution of a
2-tree is described by a vector 
n = (n1, n2, . . .), where ni is the number of edges of degree
i. We denote by Supp(
n), the support of 
n which is the set of indices i such that ni �= 0.
Figure 1 shows a 2-tree having 11 edges, 5 triangles and edge degree distribution given by

n = (8, 2, 1).

a

b

c

d e

f

g

h

i

k

j

Figure 1. A 2-tree on E = {a, b, c, d, e, f, g, h, i, j, k}.
#13.1
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Several classes of 2-trees have been studied before. Beineke and Pippert enumerate some
k-dimensional trees in [1] labelled at vertices. In [7], Harary and Palmer count unlabelled
2-trees. For the enumeration of plane 2-trees see [10], and for a classification of plane and
planar 2-trees see [8]. In [5, 6], Fowler et al. worked on general 2-trees and give asymptotical
results. Here, we consider a new class of 2-trees, that is, solid 2-trees, i.e. 2-trees in which
there is a cycle structure on the triangles around each edge.

Lemma 1. Let m,n be two nonnegative integers, and 
n = (n1, n2, . . .), an infinite vector
of nonnegative integers. Then

(1) There exists a 2-tree having m triangles and n edges if and only if n = 2m+ 1.
(2) There exists a 2-tree having 
n as edge degree distribution if and only if

(1)
∑

i

ni = n and
∑

i

ini = 3m.

1 231 2 34 4

Figure 2. Two distinct solid 2-trees but the same 2-tree.

Figure 3. A well oriented 2-tree.

A solid 2-tree can be viewed topologically as a 2-tree in which the faces of the triangles
cannot interpenetrate themselves. As a consequence, there is a cyclic configuration of
triangles around each edge. Figure 2 shows an example of two different solid 2-trees which
are in fact the same 2-tree. As we can see, in the case of a solid 2-tree, one has to take into
account the cyclic order of the triangles around each edge. A well oriented solid 2-tree is
obtained from a solid 2-tree in the following way: first, pick any triangle and give a cyclic
orientation on its edges. Then each triangle adjacent to the first triangle inherits a cyclic
orientation (see Figure 3). This process is repeated until all edges receive an orientation.
By the arborescent nature of the structure, there will be no conflict (the orientation of each
edge will always be well defined). Figure 3 shows an example of a well oriented 2-tree. The
species of non-oriented and well oriented solid 2-trees will be denoted respectively by A and
Ao. In order to analyze these two species, the following auxiliary species will be used:

• The species of triangles X: a single triangle will be denoted by X.
• The species of edges Y : a single edge will be denoted by Y .
• The species L of lists or linear orders.
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• The species C and C3, respectively denoting the species of oriented cycles and of
oriented cycles of length 3.

• The species A− and A−
o , respectively denoting the species of non oriented and well

oriented solid 2-trees rooted at an edge.
• The species A� and A�

o , respectively denoting the species of non oriented and well
oriented solid 2-trees rooted at a triangle.

• The species A� and A�
o , respectively denoting the species of non oriented and well

oriented solid 2-trees rooted at a triangle having itself one of its edges distinguished.
• Finally, the species B of planted oriented solid 2-trees which consists of an oriented
root edge Y incident to a linear order (L-structure) of triangles X each of which
having its two remaining sides being themselves B-structures. Therefore, the species
B satisfies the following combinatorial equation

(2) B(X,Y ) = Y L(XB2(X,Y )),

as illustrated by Figure 4.

... ...

L

BB BBB B
X X X

Y

Figure 4. A B-structure.

Note that B has been defined as a two-sort species where the sorts are X and Y . Since
the numbers of edges n and of triangles m are linked by the relation n = 2m+ 1, equation
(2) above can either be expressed as a one sort species in X alone by setting Y := 1, or in
Y alone, by setting X := 1 respectively, giving the two following equations:

B(X, 1) = L(XB2(X, 1)),(3)

B(1, Y ) = Y L(B2(1, Y )).(4)

Recall that setting X := 1 in a two sort species F (X,Y ) essentially means unlabelling the
elements of sort X. The second form in equation (4) is more suitable for the use of Lagrange
inversion formula. Therefore the species Y of edges will be used as the base singleton species
to make our computations and we will use the shorter form B(Y ) = Y L(B2(Y )) for (4).
Hence, the structures are labelled at edges. However, the results will be more elegant when
expressed as a function of the number m of triangles.

• Lagrange Inversion Formula

In this paper we make an extensive use of Lagrange inversion formula (see [2]). Let A
and R be formal series satisfying A(Y ) = Y R(A) and R(0) = 0. If F is another series, then

(5) [yn]F (A(y)) =
1
n
[yn−1]F ′(t)Rn(t),
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where [yn]F (A(y)) denotes the coefficient of yn in F (A(y)). Another main tool used in this
paper is the following dissymmetry theorem which has been proved in [5, 6]. Note that in
their paper, the authors made a proof for general 2-trees but obviously, the proof is also
valid for both well oriented and non oriented solid 2-trees.

Theorem 1. The species Ao and A, respectively of well oriented and (non oriented) solid
2-trees, satisfy the following relations:

(6) A−
o +A�

o = Ao +A�
o ,

and

(7) A− +A� = A+A�.

2. Well oriented solid 2-trees

We begin this section by expressing the species appearing in the dissymmetry theorem
(oriented case) in terms of the species B.

Theorem 2. The species A−
o , A�

o and A�
o satisfy the following isomorphisms of species :

A−
o (Y ) = Y + Y C(B2(Y )),(8)

A�
o (Y ) = C3(B(Y )),(9)

A�
o (Y ) = B(Y )3,(10)

where C and C3 are the species of oriented cycles and of oriented cycles of length 3.

2.1. Enumeration according to the number of edges.

• Labelled case

Let Ao[n] be the set of edge labelled solid 2-trees over n edges. We similarly define A−
o [n],

A�
o [n] and A�

o [n]. Our first task is to determine |A−
o [n]|, the cardinality of the set A−

o [n].
By applying Lagrange inversion with F (t) = C(t2) = − log(1 − t2) and R(t) = L(t2) =
(1− t2)−1, we find

[yn]A−
o (y) = [yn−1]C(B2(y)),

=
2

n− 1
[tn−3]

∑
j≥0

n(n+ 1) · · · (n+ j − 1)
j!

t2j

=
2

3(n− 1)

(
3(n− 1)/2
n− 1

)
.

Hence, we have

(11) |A−
o [n]| = n![yn]A−

o (y) =
2
3
n(n− 2)!

(3(n−1)
2

n− 1

)
.

Note that when a solid 2-tree over n edges is labelled, we have n different choices for the
root edge. Therefore

n|Ao[n]| = |A−
o [n]|,

and the next proposition follows.

Proposition 1. The number |Ao[n]| of well oriented edge-labelled solid 2-trees over n edges
is given by

(12) |Ao[n]| =
2
3
(n− 2)!

( 3(n−1)
2

n− 1

)
, n > 1.
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Note that if we express equation (12) as a function of m, the number of triangles, we
obtain

(13) |Ao,t[m]| =
m!
3

1
2m+ 3

(
3m+ 3
m+ 1

)
, m ≥ 1,

where the index t in |Ao,t[m]| means that the strucures are labelled at triangles instead of
edges.

• Unlabelled case

We first need to compute the generating series Ã−
o (y) of unlabelled A−

o -structures. In
order to accomplish this, we use the following property: let F and G be two species, then
we have

(14) (F (G))∼(x) = ZF (G̃(x), G̃(x2), G̃(x3), . . .),

where the cycle index series ZF of a species is defined by

(15) ZF (x1, x2, . . .) =
∑
k≥0

1
k!

∑
σ∈Sk

fixF [σ]xσ1
1 xσ2

2 xσ3
3 · · · ,

where Sk is the symmetric group of order k, σi, the number of cycles of length i in σ
and fixF [σ], the number of F -structures left fixed under the relabelling induced by σ. For
example, if F = C, the species of oriented cycles, we have

(16) ZC(x1, x2, . . .) =
∑
k≥1

φ(k)
k

ln
(

1
1− xk

)
,

where φ is the Euler function. Now, applying this to the species A−
o −Y = Y C(B2), we get

Ã−
o (y) = yZC(B̃2(y), B̃2(y2), B̃2(y3), . . .),

= y
∑
k≥1

φ(k)
k

ln

(
1

1− B̃2(yk)

)
.

We note that since B is asymmetric (there are exactly n! labelled structures for each unla-
belled structures), we have B̃(y) = B(y), hence

|Ã−
o [n]| = [yn]Ã−

o (y),

= [yn−1]
∑
k≥1

φ(k)
k

ln
(

1
1− B2(yk)

)
.

But

[yn−1] ln
(

1
1− B2(yk)

)
=

2k
n− 1

[t
n−1

k
−2](1− t2)−

n−1
k

−1,

=
2k

3(n− 1)

(
3(n − 1)/2k
(n− 1)/k

)
.

Obviously, k must divide n − 1 and (n − 1)/k must be even. Letting d = (n − 1)/k, we
finally get

(17) |Ã−
o [n]| =

2
3(n − 1)

∑
d

φ((n − 1)/d)
(
3d/2
d

)
,
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the sum being taken over all even divisors d of n− 1. To compute |Ã�
o [n]|, we use equation

(9) and the fact that

ZC3(y1, y2, . . .) =
1
3
(y3

1 + 2y3).

We have

[yn]B3(y) =
1
n

(
3(n− 1)/2
n− 1

)
,

and

[yn]B(y3) = [yn/3]B(y) = 3
n

(
(n − 3)/2
n/3− 1

)
,

so that

(18) |Ã�
o [n]| =

1
3n

(3(n−1)
2

n− 1

)
+
2
n
χ(3|n)

( (n−3)
2

n
3 − 1

)
,

where χ(3|n) = 1 if 3 divides n and 0 otherwise. It can be easily shown, by a very similar
way that

(19) |Ã�
o [n]| =

1
n

(3(n−1)
2

n− 1

)
.

And we get the following result:

Proposition 2. The number of unlabelled well oriented solid 2-trees over n edges is given
by

(20) |Ão[n]| =
2

3(n − 1)

∑
d

φ

(
n− 1
d

)(
3d/2
d

)
+ χ(3|n) 2

n

( n−3
2

n
3 − 1

)
− 2
3n

(3(n−1)
2

n− 1

)
,

the first sum being taken over all even divisors d of n− 1.

We can also write |Ão,t[m]|, in function of the number m of triangles, as follows

|Ão,t[m]| =
1
3m

∑
d|m

φ
(m
d

)(3d
d

)
+ χ(3|2m+ 1)

2
2m+ 1

(
m− 1
2m−2

3

)
− 2
3(2m+ 1)

(
3m
m

)
.

Note that this expression is also the number of unlabelled 3-gonal cacti on m triangles (see
[3]). There is an obvious bijection between these objects and solid 2-trees. The sequence
of these numbers is known as sequence A054423 in the on-line encyclopedia of integers
sequences ([11]).

2.2. Enumeration according to edge degree distribution.

Let r = (r0, r1, r2, . . .) be an infinite set of formal variables. Recall that A[n] is the set
of solid 2-trees over n edges. In order to keep track of the edge degree distribution, we
introduce, for a given number n, the following weight function:

(21) w : A[n] −→ Q[r1, r2, . . .]
s �−→ w(s)

where Q[r1, r2, . . .] is the ring of polynomials over the field of rational numbers Q in the
variables r1, r2, . . . and where the weight of a given A-structure s is defined by w(s) =
rn1
1 rn2

2 · · · , where ni is the number of edges of degree i in s. Equations (2), (8), (9) and
(10) have the following weighted versions:

(22) Br = Y Lr′(B2
r),
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and

A−
o,w(Y ) = r1Y + Y Cr(B2

r),(23)

A�
o,w(Y ) = C3(Br),(24)

A�
o,w(Y ) = B3

r ,(25)

where Cr is the weighted species of cycles such that a cycle of length i has the weight ri,
and its derivative Lr′ which is the species of lists where a list of length i has the weight
ri+1. These species have the following generating series:

Cr(y) = r1y +
r2
2
y2 +

r3
3
y3 + · · · ,

and
Lr′(y) = (Cr(y))′ = r1 + r2y + r3y

2 + · · · .
Let 
n = (n1, n2, n3, . . .) be a vector of nonnegative integers. Recall that there exists a 2-tree
having a total of n edges and ni edges of degree i if and only if the following relations are
satisfied:

(26)
∑

i

ni = n and
∑

i

ini = 3
(
n− 1
2

)
.

• Labelled case

Let 
n be a vector satisfying (26). Then the number |A−
o [
n]| of well oriented edge labelled

solid 2-trees pointed at an edge, and having 
n as edge degree distribution, is given by

(27) |A−
o [
n]| = n![rn1

1 rn2
2 · · · ][yn]A−

o,w(y).

We have

[yn]A−
o,w(y) =

1
n− 1

[tn−2]
d

dt
(Cr(t2)) · Ln−1

r′ (t2),

=
2

n− 1
[tn−3](r1 + r2t

2 + r3t
4 + · · · )n,

=
2

n− 1
[tn−3]

∑
�1+�2+···=n

(
n

%1, %2, . . .

)
r�1
1 r

�2
2 · · · t2�2+4�3+6�4+···.

Finally, we obtain

[yn]A−
o (r, y) =

∑
�1,�2,...

(
n

%1, %2, . . .

)
r�1
1 r

�2
2 · · · ,

the sum being taken over all vectors (%1, %2, . . .) satisfying∑
i

%i = n and
∑

i

2(i− 1)%i = n− 3.

We note that this condition is the same as in (26). Hence using (27) we have

(28) |A−
o [
n]| = 2n(n− 2)!

(
n

n1, n2, . . .

)
.

As in the unweighted case, we have

|A−
o [
n]| = n|Ao[
n]|,

and therefore,

(29) |Ao[
n]| = 2(n − 2)!
(

n

n1, n2, . . .

)
.
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• Unlabelled case

Let 
n = (n1, n2, . . .) be a coherent edge degree distribution. In order to compute the
number |Ã−

o [
n]| of unlabelled A−
o -structures having 
n as edge degree distribution, we use

the fact that given two weighted species Fw and Gv, the generating series H̃(y) of unlabelled
H-structures, where H = Fw(Gv), is given by

(30) H̃(y) = ZFw(G̃v(y), G̃v2(y2), G̃v3(y3), . . .).

In the present case, we have A−
o,w = r1Y +Y Cr(B2

r ), and since the species B is asymmetric,
B̃r(y) = Br(y), hence

(31) |Ã−
o [
n]| = [rn1

1 rn2
2 · · · ][yn−1]ZCr (B2

r(y),B2
r2(y2),B2

r3(y3), . . .).

But ZCr(y1, y2, . . .) can be expressed as the following sum:

(32) ZCr(y1, y2, . . .) =
∑
k≥1

rk
k

∑
d|k

φ(d)yk/d
d .

Combinatorially speaking, the integer k represents the degree of the root edge. Hence, k
may only belong to Supp(
n), the support of 
n which is the set of integers i such that ni �= 0.
So, we have

(33) |Ã−
o [
n]| = [rn1

1 rn2
2 · · · ][yn−1]

∑
k∈Supp(�n)

rk
k

∑
d|k

φ(d)B2k/d

rd (yd).

First, we compute
[yn−1]B2k/d

rd (yd) = [y(n−1)/d]B2k/d

rd (y).

From Lagrange inversion, we have

[ym]B�
rd(y) =

1
m
[tm−1]

d

dt

(
t�
)
Lm

r′d(t
2),

=
%

m

∑
�1,�2,...

(
m

%1, %2, . . .

)
rd�1
1 rd�2

2 · · · ,(34)

where the %i’s satisfy
∑

i %i = m and
∑

i 2(i − 1)%i = m − %. Now, letting m = (n − 1)/d
and % = 2k/d, we find
(35)

|Ã−
o [
n]| = [rn1

1 rn2
2 · · · ] 2

n− 1

∑
k∈Supp(�n)

∑
d|k

φ(d)
∑

�1,�2,...

(
(n− 1)/d
%1, %2, . . .

)
rd�1
1 rd�2

2 · · · rd�k+1
k · · · .

Finally, we have

Proposition 3. Let 
n be a coherent edge degree distribution, then the number |Ã−
o [
n]| of

unlabelled oriented solid 2-trees pointed at an edge and having 
n as edge degree distribution
is given by

(36) |Ã−
o [
n]| =

2
n− 1

∑
k∈Supp(�n)

∑
d|{k,�n−δk}

φ(d)
( n−1

d
�n−δk

d

)
,

where �n−δk
d = (n1

d ,
n2
d , . . . ,

nk−1
d , . . .), for d ≥ 1 and( n−1

d
�n−δk

d

)
=
( n−1

d

n1/d, n2/d, . . . , (nk − 1)/d, . . .

)
.
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Let |Ã�
o [
n]| and |Ã�

o [
n]| be the numbers of unlabelled oriented solid 2-trees pointed re-
spectively at a triangle and at a triangle pointed itself at one of its edge and having 
n as
edge degree distribution. We have

Proposition 4. Let 
n be a coherent edge degree distribution, then the numbers |Ã�
o [
n]|

and |Ã�
o [
n]| are given by

|Ã�
o [
n]| =

1
n

(
n

n1, n2, . . .

)
+
χ(3|
n)
n

(
n/3

n1/3, n2/3, . . .

)
,(37)

|Ã �
o [
n]| =

3
n

(
n

n1, n2, . . .

)
,(38)

where

χ(3|
n) =
{
1, if all components of 
n are multiples of 3,
0, otherwise.

Proof. Let us start with |Ã�
o [
n]|. We have

|Ã�
o [
n]| = [rn1

1 rn2
2 · · · ][yn]Ã�

o,w(y),

= [rn1
1 rn2

2 · · · ][yn]ZC3(B̃r(y), B̃r2(y2), . . .),

= [rn1
1 rn2

2 · · · ][yn]ZC3(Br(y),Br2(y2), . . .).

Since ZC3(y1, y2, . . .) = (y3
1 + 2y3)/3,

(39) |Ã�
o [
n]| =

1
3
[rn1

1 rn2
2 · · · ][yn]

(
B3

r(y) + 2Br3(y3)
)
.

From equation (34) letting m = n, % = 3 and d = 1, we get

(40) [yn]B3
r(y) =

3
n

∑
�1,�2,...

(
n

%1, %2, . . .

)
r�1
1 r

�2
2 · · · ,

where the %i’s satisfy
∑

i %i = n and
∑

i 2(i− 1)%i = n− 3. Now letting m = n/3, % = 1 and
d = 3, we get

(41) [yn]Br3(y3) = [yn/3]Br3(y) =
3
n

∑
�1,�2,...

(
n/3

%1, %2, . . .

)
r3�1
1 r3�2

2 · · · ,

where the %i’s satisfy
∑

i %i = n and
∑

i 2(i− 1)%i = n− 1. Now letting %i = ni in (40) and
%i = ni/3 in (41), we get equation (37). We obtain (38) in a very similar way. �
Finally, using the dissymmetry theorem, we obtain the final result of this section:

Proposition 5. Let 
n be a coherent edge degree distribution, then the number |Ão[
n]| of
unlabelled oriented solid 2-trees having 
n as edge degree distribution is given by
(42)

|Ão[
n]| =
2

n− 1

∑
k∈Supp(�n)

∑
d|{k,�n−δk}

φ(d)
( n−1

d
�n−δk

d

)
+
χ(3|
n)
n

( n
3

n1
3 ,

n2
3 , . . .

)
− 2
3n

(
n

n1, n2, . . .

)
,

where

χ(3|
n) =
{
1, if all components of 
n are multiples of 3,
0, otherwise,


n− δk
d

=
(
n1

d
,
n2

d
, . . . ,

nk − 1
d

, . . .

)
for d ≥ 1,
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and ( n−1
d

�n−δk
d

)
=
( n−1

d

n1/d, n2/d, . . . , (nk − 1)/d, . . .

)
.

3. Non-oriented solid 2-trees

In order to compute the numbers of labelled and unlabelled solid 2-trees, we use Burn-
side’s Lemma with the group Z2 = {Id, τ}, where the action of τ is to reverse the orientation
of the structures.

3.1. Enumeration according to the number of edges.

• Labelled case

The labelled case is particularly simple since every labelled oriented 2-tree has exactly
two possible orientations except the structure consisting of a single oriented edge. Hence,
we have

Proposition 6. The number |A[n]| of edge labelled solid 2-trees over n edges is given by

(43) |A[n]| =
{

1
2 |Ao[n]| if n > 1;
1 if n = 1.

Of course, the same argument will remain valid for all other pointed structures discussed
in the previous section.

• Unlabelled case

In the unlabelled case, the action of τ is not so trivial. Figure 5 shows a structure which
is left fixed under the action of τ . Let A− be the species of (unoriented) solid 2-trees rooted
at an edge. This species can be expressed as the following quotient species (see [4, 5, 6]):

(44) A− =
A−

o

Z2
=
Y + Y C(B2(Y ))

Z2
,

where Z2 = {Id, τ} is the two element group consisting of the identity and τ , whose action
is to reverse the orientation of the edges. Hence, an unlabelled A−-structure is an orbit
{a, τ · a} under the action of Z2, where a is any (oriented) unlabelled A−

o -structure.

τ

Figure 5. An unlabelled 2-tree invariant under the action of τ .

Let us introduce the auxiliary species BSym of τ -symmetric B-structures, i.e the species of
B-structures left fixed under the edge orientation inversion. Denote by B̃Sym(y) its ordinary
generating series. Recall the functional equation verified by the species B:

B = Y L(B2).
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In order to compute B̃Sym(y), we have to distinguish two cases according to the parity
of k, the length of the list of B2-structures attached to the rooted edge. First consider the
case where k is odd (Figure 6 shows an example where k = 5). A τ -symmetric B-structure
must have a reflective symmetry plane. This plane contains the middle triangle of the list.
When an inversion of the orientation of the rooted edge is applied, the two B-structures
glued on the two (non root) sides of the middle triangle (structures B5 and B5′ in Figure 6)
are isomorphically exchange. The k−1 remaining triangles are exchanged pairwise carrying
with them each of their attached B-structures as shown in Figure 6. This gives a factor of
Bk(y2). We then have to sum the previous expression over all odd values of k. The case
where k is even, is very similar except that the symmetry plane must passes between two
triangles as shown in Figure 7 and we get the same expression summed over all even values
of k. Therefore, we have

(45) B̃Sym(y) = y
∑
k≥0

Bk(y2) =
y

1−B(y2)
.

B2B1 B3 B4 B5 B5’ B B B B4’ 3’ 2’ 1’

Figure 6. A BSym-structure, k odd.

B2B1 B3 B4 B B B B4’ 3’ 2’ 1’

Figure 7. A BSym-structure, k even.

From expression (45) and another use of Lagrange inversion, we easily obtain the following
result.
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Proposition 7. The number |B̃sym[m]| of τ -symmetric unlabelled oriented B-structures is
given by

(46) |B̃sym[m]| =


1

m+ 1

(
3m/2
m

)
if m is even,

1
m

(
(3m− 1)/2
m+ 1

)
+

1
3m

(
3(m+ 1)/2
m+ 1

)
if m is odd,

where m = (n− 1)/2 is the number of triangles and n, the number of edges.

We now give an expression for the generating function of unlabelled quotient structures,
which will allow us to enumerate various kind of unlabelled solid 2-trees (see [4], proposition
2.2.4).

Proposition 8. Let F be any (weighted) species and G, a group acting on F . Then the
ordinary generating series of the quotient species F/G is given by

(47) (F/G)∼(y) =
1
|G|

∑
g∈G

∑
n≥0

|Fix
F̃n
(g)|wyn,

where FixF̃n
(g) denotes the set of unlabelled F -structures left fixed under the action of

g ∈ G and |FixF̃n
(g)|w represents the total weight of this set.

Using an unweighted version of Proposition 8 with F = A−
o and G = Z2, we obtain

Ã−(y) =
1
2

∑
n≥0

|FixÃ−
o,n
(Id)|yn +

1
2

∑
n≥0

|FixÃ−
o,n
(τ)|yn,(48)

=
1
2
Ã−

o (y) +
1
2
B̃sym(y),(49)

since the oriented A−-structures left fixed under the action of τ have the same generating
series as the BSym-structures. Then, it becomes easy to extract the coefficient of yn in
relation (49), and we get the number |A−[n]| of edge pointed solid 2-trees over n edges

(50) |A−[n]| = 1
2
|Ã−

o [n]|+
1
2
|B̃Sym[n]|.

We now consider the species A� of triangle rooted solid 2-trees. Since A� = A�
o /Z2, by

virtue of Proposition 8, we have

(51) Ã�(y) =
1
2

∑
n≥0

|FixÃ�
o,n
(Id)|yn +

1
2

∑
n≥0

|FixÃ�
o,n
(τ)|yn,

where |FixÃ�
o,n
(τ)|, the number of τ -symmetric A�-structures over n edges has to be de-

termined. As shown in Figure 8, such a structure must have an axis of symmetry which
coincides with one of the root triangle’s medians. Since the structure is already considered
up to rotation around the root triangle, the choice among the three possible axes is arbi-
trary. The base side of the triangle must be a BSym-structure while the two other sides
must be isomorphic copies of the same B-structure. Therefore,

(52) Ã�(y) =
1
2
Ã�

o (y) +
1
2
B̃Sym(y)B(y2).

In a very similar way, since A�= A�
o/Z2, we obtain

(53) Ã�(y) =
1
2
Ã�

o (y) +
1
2
B̃Sym(y)B(y2).
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B B’

B sym

Figure 8. A τ -symmetric A�
o -structure.

Finally, using equations (49), (52), (53) and the dissymmetry theorem, we get

Proposition 9. The ordinary generating function of unlabelled solid 2-trees is given by

(54) Ã(y) = 1
2
(Ão(y) + B̃Sym(y)),

where B̃Sym(y) is the ordinary generating series of τ -symmetric oriented B-structures. Con-
sequently, the number |Ãt[m]| of unoriented solid 2-trees over m triangles is given by

(55) |Ãt[m]| =
1
2
(|Ão,t[m]|+ |B̃sym[m]|),

where

|Ão,t[m]| =
1
3m

∑
d|m

φ
(m
d

)(3d
d

)
+ χ(3|2m+ 1)

2
2m+ 1

(
m− 1
2m−2

3

)
− 2
3(2m+ 1)

(
3m
m

)
.

and

(56) |B̃sym[m]| =


1

m+ 1

(
3m/2
m

)
if m is even,

1
m

(
(3m− 1)/2
m+ 1

)
+

1
3m

(
3(m+ 1)/2
m+ 1

)
if m is odd.

To express |Ãt[m]| in terms of n the number of edges, we only have to set n := 2m+ 1.

3.2. Enumeration of solid 2-trees according to the edge degree distribution.

We consider again the weight function defined by

(57) w : A[n] −→ Q[r1, r2, . . .]
s �→ w(s),

where r = (r0, r1, r2, . . .) is an infinite set of formal variables and n is any positive integer.

• Labelled case

Using the same argument as in the unweighted case, we have

(58) |A[
n]| =
{

1
2 |Ao[
n]| if n > 1;
1 if n = 1,

where 
n is a valid edge degree distribution, n is the number of edges and |A[
n]| = [rn1
1 rn2

2 · · · ][yn]Aw(y).

• Unlabelled case
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Using the weighted versions of equations (49), (52) and (53), we get

Ã−
w(y) =

1
2
Ã−

o,w(y) +
1
2
B̃sym,w(y),(59)

Ã�
w(y) =

1
2
Ã�

o,w(y) +
1
2
B̃sym,w(y)Bw(y2),(60)

Ã�
w(y) =

1
2
Ã�

o,w(y) +
1
2
B̃sym,w(y)Bw(y2).(61)

where B̃sym,w(y) is the ordinary generating series of unlabelled weighted τ -symmetric B-
structures. Now applying the dissymmetry theorem leads to

(62) Ã(y) = 1
2
Ão,w(y) +

1
2
B̃sym,w(y).

The only unknown term in the above equation is B̃sym,w(y). We first establish an addi-
tional condition on the vertex degree distribution for an edge rooted oriented solid 2-tree to
be τ -symmetric. Since the root edge must remain fixed and all other edges are exchanged
pairwise, the edge degree distribution vector 
n must have all its components even except
one odd corresponding to the rooted edge.
For an edge degree distribution 
n = (n1, n2, . . .) satisfying the previous condition, and

using the fact that B̃sym,w(y) = yrkBk(y2), we have

(63) |B̃sym,w[
n]| =
2k

n− 1

( n−1
2

�n−δk
2

)
,

where k is the root edge degree. We now present the final result of this paper.

Proposition 10. Let 
n be a vector satisfying∑
i

ni = n and
∑

i

ini = 3m.

Then, the number |Ã[
n]| of (non oriented) unlabelled solid 2-trees having 
n as edge degree
distribution is given by

(64) |Ã[
n]| = 1
2
|Ão[
n]|+

1
2
|B̃sym[
n]|,

where

|B̃sym[
n]| =


2k

n− 1

( n−1
2

�n−δk
2

)
, if 
n has a unique odd component,

0, otherwise,

δk being the vector having 1 at the kth component and 0 everywhere else, and

|Ão[
n]| =
2

n− 1

∑
k∈Supp(�n)

∑
d|{k,�n−δk}

φ(d)
( n−1

d
�n−δk

d

)
+
χ(3|
n)
n

(
n/3

n1/3, n2/3, . . .

)
− 2
3n

(
n

n1, n2, . . .

)
.

Appendix.
To conclude this paper, we give here two tables showing the numbers of unlabelled solid 2-
trees oriented and unoriented as well as the number of unlabelled τ -symmetric B-structures.
The first table gives these numbers according to the number n of edges, and the second,
according to edge degree distribution. We use the notation 1n12n2 · · · , where ini means ni

edges of degree i.
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n |Ão[n]| |B̃sym[n]| |Ã[n]|
1 1 1 1
3 1 1 1
5 1 1 1
7 2 2 2
9 7 3 5
11 19 7 13
13 86 12 49
15 372 30 201
17 1825 55 940
19 9143 143 4643
21 47801 273 24037


n |Ão,w[
n]| |B̃sym,w[
n]| |Ãw[
n]|
172131 2 0 1
182231 9 3 6

112213141 46 0 23
11051 3 1 2
1154151 2 0 1
1163251 17 5 11
1152271 34 0 17
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WALKS IN THE QUARTER PLANE
A FUNCTIONAL EQUATION APPROACH

MIREILLE BOUSQUET-MÉLOU

Abstract. We study planar walks that start from a given point (i0, j0), take their steps
in a finite set S, and are confined in the first quadrant x ≥ 0, y ≥ 0. Their enumeration
can be attacked in a systematic way: the generating function Q(x, y; t) that counts them
by their length (variable t) and the coordinates of their endpoint (variables x, y) satisfies
a linear functional equation encoding the step-by-step description of walks. For instance,
for the square lattice walks starting from the origin, this equation reads(

xy − t(x + y + x2y + xy2)
)
Q(x, y; t) = xy − xtQ(x,0; t)− ytQ(0, y; t).

The central question addressed in this paper is the nature of the series Q(x, y; t). When
is it algebraic? When is it D-finite (or holonomic)? Can these properties be derived from
the functional equation itself?

Our first result is a new proof of an old theorem due to Kreweras, according to which
one of these walk models has, for mysterious reasons, an algebraic generating function.
Then, we provide a new proof of a holonomy criterion recently proved by M. Petkovšek
and the author. In both cases, we work directly from the functional equation.

Résumé. Considérons les chemins du plan qui partent d’un point (i0, j0) donné, choisissent
leurs pas dans un ensemble fini S, et restent confinés dans le premier quadrant x ≥ 0, y ≥ 0.
On peut attaquer leur énumération de façon systématique : la série génératrice Q(x, y; t)
qui les énumère selon la longueur (variable t) et le point d’arrivée (variables x, y) est
toujours solution d’une équation fonctionnelle linéaire qui code la construction pas à pas
de ces chemins. Par exemple, l’équation régissant les chemins de la grille carrée qui, issus
de l’origine, restent dans le premier quadrant, est donnée ci-dessus.

La question centrale qui motive cet article porte sur le nature de la série Q(x, y; t).
Quand est-elle algébrique ? holonome ? Comment déduire ces propriétés de l’équation
fonctionnelle qu’elle satisfait ?

Notre premier résultat est une nouvelle preuve d’un vieux théorème dû à Kreweras,
qui affirme qu’un de ces modèles de chemins a, pour des raisons mystérieuses, une série
génératrice algébrique. Ensuite, nous donnons une nouvelle preuve d’un critère d’holonomie
récemment démontré par M. Petkovšek et l’auteur. Dans les deux cas, le point de départ
est l’équation fonctionnelle qui rgit la srie Q(x, y; t).

1. Walks in the quarter plane

The enumeration of lattice walks is one of the most venerable topics in enumerative
combinatorics, which has numerous applications in probabilities [15, 27, 36]. These walks
take their steps in a finite subset S of Zd, and might be constrained in various ways. One
can only cite a small percentage of the relevant litterature, which dates back at least to the
next-to-last century [1, 18, 24, 30, 31]. Many recent publications show that the topic is still
active [4, 6, 11, 20, 22, 32, 33].
After the solution of many explicit problems, certain patterns have emerged, and a more

recent trend consists in developping methods that are valid for generic sets of steps. A
special attention is being paid to the nature of the generating function of the walks under
consideration. For instance, the generating function for unconstrained walks on the line Z

is rational, while the generating function for walks constrained to stay in the half-line N

is always algebraic [3]. This result has often been described in terms of partially directed
#14.1
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2-dimensional walks confined in a quadrant (or generalized Dyck walks [13, 19, 25, 26]), but
is, essentially, of a 1-dimensional nature.
Similar questions can be addressed for real 2-dimensional walks. Again, the generating

function for unconstrained walks starting from a given point is clearly rational. Moreover,
the argument used for 1-dimensional walks confined in N can be recycled to prove that the
generating function for the walks that stay in the half-plane x ≥ 0 is always algebraic. What
about doubly-restricted walks, that is, walks that are confined in the quadrant x ≥ 0, y ≥ 0?

y

x

Figure 1. A walk on the diagonal square lattice confined in the first quadrant.

A rapid inspection of the most standard cases suggests that these walks might have always
a D-finite generating function1. The simplest example is probably that of the diagonal
square lattice, where the steps are North-East, South-East, North-West and South-West
(Figure 1): by projecting the walks on the x- and y-axes, we obtain two decoupled prefixes
of Dyck paths, so that the length generating function for walks that start from the origin
and stay in the first quadrant is

∑
n≥0

(
n

�n/2�
)2

tn,

a D-finite series. For the ordinary square lattice (with North, East, South and West steps),
the generating function is

∑
m,n≥0

(
m+ n

m

)(
m

�m/2�
)(

n

�n/2�
)
tm+n =

∑
n≥0

(
n

�n/2�
)(

n+ 1
�n/2�

)
tn,

another D-finite series. The first expression comes from the fact that these walks are shuffles
of two prefixes of Dyck walks, and the Chu-Vandermonde identity transforms it into the
second simpler expression.
In both cases, the number of n-step walks grows asymptotically like 4n/n, which prevents

the generating function from being algebraic (see [16] for the possible asymptotic behaviours
of coefficients of algebraic series).
The two above results can be refined by taking into account the coordinates of the

endpoint: if ai,j(n) denotes the number of n-step walks of length n ending at (i, j), then

1A series F (t) is D-finite (or holonomic) if it satisfies a linear differential equation with polynomial
coefficients in t. Any algebraic series is D-finite.



WALKS IN THE QUARTER PLANE #14.3

we have, for the diagonal square lattice:
∑

i,j,n≥0

ai,j(n)xiyjtn =
∑

i,j,n≥0

(i+ 1)(j + 1)
(n+ 1)2

(
n+ 1

n−i
2

)(
n+ 1
n−j
2

)
xiyjtn,

where the binomial coefficient
( n
(n−i)/2

)
is zero unless 0 ≤ i ≤ n and i ≡ n mod 2. Similarly,

for the ordinary square lattice,

(1)
∑

i,j,n≥0

ai,j(n)xiyjtn =
∑

i,j,n≥0

(i+ 1)(j + 1)
(n+ 1)(n + 2)

(
n+ 2

n+i−j+2
2

)(
n+ 2
n−i−j

2

)
xiyjtn.

These two series can be seen to be D-finite in their three variables.

This holonomy, however, is not the rule: as proved in [10], walks that start from (1, 1),
take their steps in S = {(2,−1), (−1, 2)} and always stay in the first quadrant have a
non-D-finite length generating function. The same holds for the subclass of walks ending
on the x-axis.

y

x

Figure 2. Kreweras’ walks in a quadrant.

At the other end of the hierarchy, another walk model displays a mysteriously simple
algebraic generating function: when the starting point is (0, 0), and the allowed steps
South, West and North-East (Figure 2), the number of walks of length 3n + 2i ending at
the point (i, 0) is

(2)
4n(2i+ 1)

(n+ i+ 1)(2n + 2i+ 1)

(
2i
i

)(
3n+ 2i

n

)
.

This result was first proved by Kreweras in 1965 [24, Chap. 3], and then rederived by
Niederhausen [32] and Gessel [18]. It is, however, not well-understood, for two reasons:
– no direct proof of (2) is known, even when i = 0. The number of walks ending at

the origin is closely related to the number of non-separable planar maps, to the number of
cubic non-separable maps [34, 35, 38, 39], and to the number of two-stack sortable permu-
tations [5, 40, 41]. All available proofs of (2) are rather long and complicated. Moreover,
in all of them, the result is checked rather than derived .
– most importantly, the three-variate generating function for these walks can be shown

to be algebraic [18], but none of the proofs explain combinatorially this algebraicity.

All problems of walks confined in a quadrant can be attacked by writing a functional
equation for their three-variate generating function, and it is this uniform approach that
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we discuss here. This functional equation simply encodes the step-by-step construction of
the walks. For instance, for square lattice walks, we can write

Q(x, y; t) :=
∑

i,j,n≥0

ai,j(n)xiyjtn

= 1 + t(x+ y)Q(x, y; t) + t
Q(x, y; t)−Q(0, y; t)

x
+ t

Q(x, y; t)−Q(x, 0; t)
y

,

that is,

(3)
(
xy − t(x+ y + x2y + xy2)

)
Q(x, y; t) = xy − xtQ(x, 0; t)− ytQ(0, y; t),

and the solution of this equation, given by (1), is D-finite (but transcendental). Similarly,
for the diagonal square lattice, we have(
xy − t(1 + x2)(1 + y2)

)
Q(x, y; t) = xy− t(1+x2)Q(x, 0; t)− t(1+y2)Q(0, y; t)+ tQ(0, 0; t),

with again a D-finite transcendental solution, while for Kreweras’ algebraic model, we obtain

(4)
(
xy − t(x+ y + x2y2)

)
Q(x, y; t) = xy − xtQ(x, 0; t) − ytQ(0, y; t).

Finally, the equation that rules the non-holonomic model of [10] is(
xy − t(x3 + y3)

)
Q(x, y; t) = x2y2 − tx3Q(x, 0; t) − ty3Q(0, y; t).

The general theme of this paper is the following: the above equations completely solve, in
some sense, the problem of enumerating the walks. But they are not the kind of solution one
likes, especially if the numbers are simple, or if the generating function is actually algebraic!
How can one derive these simple solutions from the functional equations? And what is the
essential difference between, say, Eqs. (3) and (4), that makes one series transcendental,
and the other algebraic?
We shall answer some of these questions. Our main result is a new proof of (2), which

we believe to be simpler that the three previous ones. It has, at least, one nice feature: we
derive the algebraicity from the equation without having to guess the formula first. Then, we
give a new proof of a (refinement of) a holonomy criterion that was proved combinatorially
in [10]: if the set of steps S is symmetric with respect to the y-axis and satisfies a small
horizontal variations condition, then the generating function for walks with steps in S,
starting from any given point (i0, j0), is D-finite. This result covers the two above D-finite
transcendental cases, but not Kreweras’ model... We finally survey some perspectives of
this work.

Let us conclude this section with a few more formal definitions on walks and power series.
Let S be a finite subset of Z2. A walk with steps in S is a finite sequence w =

(w0, w1, . . . , wn) of vertices of Z2 such that wi − wi−1 ∈ S for 1 ≤ i ≤ n. The number
of steps, n, is the length of w. The starting point of w is w0, and its endpoint is wn. The
complete generating function for a set A of walks starting from a given point w0 = (i0, j0)
is the series

A(x, y; t) =
∑
n≥0

tn
∑
i,j∈Z

ai,j(n)xiyj ,

where ai,j(n) is the number of walks of A that have length n and end at (i, j). This series
is a formal power series in t whose coefficients are polynomials in x, y, 1/x, 1/y. We shall
often denote x̄ = 1/x and ȳ = 1/y.
Given a ring L and k indeterminates x1, . . . , xk, we denote by L[x1, . . . , xk] the ring of

polynomials in x1, . . . , xk with coefficients in L, and by L[[x1, . . . , xk]] the ring of formal
power series in x1, . . . , xk with coefficients in L. If L is a field, we denote by L(x1, . . . , xk)
the field of rational functions in x1, . . . , xk with coefficients in L.
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Assume L is a field. A series F in L[[x1, . . . , xk]] is rational if there exist polynomials
P and Q in L[x1, . . . , xk], with Q �= 0, such that QF = P . It is algebraic (over the field
L(x1, . . . , xk)) if there exists a non-trivial polynomial P with coefficients in L such that
P (F, x1, . . . , xk) = 0. The sum and product of algebraic series is algebraic.
The series F is D-finite (or holonomic) if the partial derivatives of F span a finite

dimensional vector space over the field L(x1, . . . , xk) (this vector space is a subspace of the
fraction field of L[[x1, . . . , xk]]); see [37] for the one-variable case, and [28, 29] otherwise. In
other words, for 1 ≤ i ≤ k, the series F satisfies a non-trivial partial differential equation
of the form

di∑
	=0

P	,i
∂	F

∂x	
i

= 0,

where P	,i is a polynomial in the xj. Any algebraic series is holonomic. The sum and
product of two holonomic series is still holonomic. The specializations of an holonomic
series (obtained by giving values from L to some of the variables) are holonomic, if well-
defined. Moreover, if F is an algebraic series and G(t) is a holonomic series of one variable,
then the substitution G(F ) (if well-defined) is holonomic [29, Prop. 2.3].

2. A new proof of Kreweras’ result

Consider walks that start from (0, 0), are made of South, West and North-East steps,
and always stay in the first quadrant (Figure 2). Let ai,j(n) be the number of n-step walks
of this type ending at (i, j). We denote by Q(x, y; t) the complete generating function of
these walks:

Q(x, y; t) :=
∑

i,j,n≥0

ai,j(n)xiyjtn.

Constructing the walks step by step yields the following equation:

(5)
(
xy − t(x+ y + x2y2)

)
Q(x, y; t) = xy − xtQ(x, 0; t) − ytQ(0, y; t).

We shall often denote, for short, Q(x, y; t) by Q(x, y). Let us also denote the series
xtQ(x, 0; t) by R(x; t) or even R(x). Using the symmetry of the problem in x and y,
the above equation becomes:

(6)
(
xy − t(x+ y + x2y2)

)
Q(x, y) = xy −R(x)−R(y).

This equation is equivalent to a recurrence relation defining the numbers ai,j(n) by induction
on n. Hence, it defines completely the series Q(x, y; t). Still, the characterization of this
series we have in mind is of a different nature:

Theorem 1. Let X ≡ X(t) be the power series in t defined by

X = t(2 +X3).

Then the generating function for Kreweras’ walks ending on the x-axis is

Q(x, 0; t) =
1
tx

(
1
2t

− 1
x
−

(
1
X

− 1
x

) √
1− xX2

)
.

Consequently, the length generating function for walks ending at (i, 0) is

[xi]Q(x, 0; t) =
X2i+1

2.4i t

(
Ci − Ci+1X

3

4

)
,
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where Ci =
(
2i
i

)
/(i + 1) is the i-th Catalan number. The Lagrange inversion formula gives

the number of such walks of lenth 3n+ 2i as

ai,0(3n+ 2i) =
4n(2i+ 1)

(n+ i+ 1)(2n + 2i+ 1)

(
2i
i

)(
3n+ 2i

n

)
.

The aim of this section is to derive Theorem 1 from the functional equation (5).

2.1. The obstinate kernel method. The kernel method is basically the only tool we
have to attack Equation (6). This method had been around since, at least, the 70’s, and
is currently the subject of a certain rebirth (see the references in [2, 3, 9]). It consists in
coupling the variables x and y so as to cancel the kernel K(x, y) = xy − t(x + y + x2y2).
This should give the “missing” information about the series R(x).
As a polynomial in y, this kernel has two roots

Y0(x) =
1− tx̄−

√
(1− tx̄)2 − 4t2x
2tx

= t+ x̄t2 +O(t3),

Y1(x) =
1− tx̄+

√
(1− tx̄)2 − 4t2x
2tx

=
x̄

t
− x̄2 − t− x̄t2 +O(t3).

The elementary symmetric functions of the Yi are

(7) Y0 + Y1 =
x̄

t
− x̄2 and Y0Y1 = x̄.

The fact that they are polynomials in x̄ = 1/x will play a very important role below.
Only the first root can be substituted for y in (6) (the term Q(x, Y1; t) is not a well-defined

power series in t). We thus obtain a functional equation for R(x):

(8) R(x) +R(Y0) = xY0.

It can be shown that this equation – once restated in terms of Q(x, 0) – defines uniquely
Q(x, 0; t) as a formal power series in t with polynomial coefficients in x. Equation (8) is
the standard result of the kernel method.
Still, we want to apply here the obstinate kernel method. That is, we shall not content

ourselves with Eq. (8), but we shall go on producing pairs (X,Y ) that cancel the kernel
and use the information they provide on the series R(x).
Let (X,Y ) �= (0, 0) be a pair of Laurent series in t with coefficients in a field K such that

K(X,Y ) = 0. We define Φ(X,Y ) = (X ′, Y ), where X ′ = (XY )−1 is the other solution of
K(x, Y ) = 0, seen as a polynomial in x. Similarly, we define Ψ(X,Y ) = (X,Y ′), where
Y ′ = (XY )−1 is the other solution of K(X, y) = 0. Note that Φ and Ψ are involutions. Let
us examine their action on the pair (x, Y0). We obtain the following diagram2

All these pairs of power series cancel the kernel, and we have framed the ones that can
be legally substituted3 in the main functional equation (6). We thus obtain two equations
for the unknown series R(x):

R(x) +R(Y0) = xY0,(9)
R(Y0) +R(Y1) = Y0Y1 = x̄.(10)

This obstinate kernel method is the first original ingredient of this proof.

Remark. Let p, q, r be three nonnegative numbers such that p + q + r = 1. Take x =
(pr)1/3q−2/3, y = (qr)1/3p−2/3, and t = (pqr)1/3. ThenK(x, y; t) = 0, so that R(x)+R(y) =

2The transformations Φ and Ψ are related to, but distinct from, the transformations ξ and η of [14,
Sect. 2.4]. The underlying idea – finding “all” pairs of roots of the kernel – is the same.

3For this choice of steps, the series Q(Y0, Y1; t) and Q(0, Y1; t) are well-defined!
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(x, Y0)
Φ

(Y1, Y0) (x, Y1)

Φ

(Y0, Y1)

(Y0, x)

(Y1, x)

Ψ

Ψ

Φ Ψ

xy. This equation can be given a probabilistic interpretation by considering random walks
that make a North-East step with (small) probability r and a South (resp. West) step with
probability p (resp. q). This probabilistic argument, and the equation it implies, is the
starting point of Gessel’s solution of Kreweras problem [18, Eq. (21)].

2.2. Symmetric functions of Y0 and Y1. After the kernel method, the next tool of our
approach is the extraction of the positive part of power series. More precisely, let S(x; t)
be a power series in t whose coefficients are Laurent polynomials in x:

S(x; t) =
∑
n≥0

tn
∑
i∈Z

si(n)xitn,

where for each n ≥ 0, only finitely many coefficients si(n) are non-zero. We define the
positive part of this series by

S+(x; t) :=
∑
n≥0

tn
∑
i∈N

si(n)xitn.

This is where the values of the symmetric functions of Y0 and Y1 become crucial: the fact
that they only involve negative powers of x (see (7)) will simplify the extraction of the
positive part of certain equations. This observation is the second original ingredient of this
proof.
Lemma 2. Let F (u, v; t) be a power series in t with coefficients in C[u, v], such that
F (u, v; t) = F (v, u; t). Then the series F (Y0, Y1; t), if well-defined, is a power series in
t with polynomial coefficients in x̄. Moreover, the constant term of this series, taken with
respect to x̄, is F (0, 0; t).
Proof. All symmetric polynomials of u and v are polynomials in u+v and uv with complex
coefficients.

We now want to form a symmetric function of Y0 and Y1, starting from the equations (9–
10). The first one reads

R(Y0)− xY0 = −R(x).
By combining both equations, we then obtain the companion expression:

R(Y1)− xY1 = R(x) + 2x̄− 1/t.

Taking the product4 of these two equations gives

(R(Y0)− xY0)(R(Y1)− xY1) = −R(x)(R(x) + 2x̄− 1/t).

4An alternative derivation of Kreweras’ result, obtained by considering the divided difference (R(Y0) −
xY0 − R(Y1) + xY1)/(Y0 − Y1), will be discussed on the complete version of this paper.
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The extraction of the positive part of this identity is made possible by Lemma 2. Given
that R(x; t) = xtQ(x, 0; t), one obtains:

x = −t2x2Q(x, 0)2 + (x− 2t)Q(x, 0) + 2tQ(0, 0),

that is,

(11) t2x2Q(x, 0)2 + (2t− x)Q(x, 0) − 2tQ(0, 0) + x = 0.

2.3. The quadratic method. Equation (11) – which begs for a combinatorial explanation
– is typical of the equations obtained when enumerating planar maps, and the rest of the
proof will be routine to all maps lovers. This equation can be solved using the so-called
quadratic method , which was first invented by Brown [12]. The formulation we use here
is different both from Brown’s original presentation and from the one in Goulden and
Jackson’s book [21]. This new formulation is convenient for generalizing the method to
equations of higher degree with more unknowns [8].
Equation (11) can be written as

(12) P (Q(x), Q(0), t, x) = 0,

where P (u, v, t, x) = t2x2u2+(2t−x)u−2tv+x, and Q(x, 0) has been abbreviated in Q(x).
Differentiating this equation with respect to x, we find

∂P

∂u
(Q(x), Q(0), t, x)

∂Q

∂x
(x) +

∂P

∂x
(Q(x), Q(0), t, x) = 0.

Hence, if there exists a power series in t, denoted X(t) ≡ X, such that

(13)
∂P

∂u
(Q(X), Q(0), t,X) = 0,

then one also has

(14)
∂P

∂x
(Q(X), Q(0), t,X) = 0,

and we thus obtain a system of three polynomial equations, namely Eq. (12) written for
x = X, Eqs. (13) and (14), that relate the three unknown series Q(X), Q(0) and X. This
puts us in a good position to write an algebraic equation defining Q(0) = Q(0, 0; t).
Let us now work out the details of this program: Eq. (13) reads X = 2t2X2Q(X) + 2t,

and since the right-hand side is a multiple of t, it should be clear that this equation defines
a unique power series X(t). The system of three equations reads


t2X2Q(X)2 + (2t−X)Q(X) − 2tQ(0) +X = 0,
2t2X2Q(X) + 2t−X = 0,
2t2XQ(X)2 −Q(X) + 1 = 0.

Eliminating Q(X) between the last two equations yields X = t(2 +X3), so that the series
X is the parameter introduced in Theorem 1. Going on with the elimination, we finally
obtain

Q(0, 0; t) =
X

2t

(
1− X3

4

)
,

and the expression of Q(x, 0; t) follows from (11).
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3. A holonomy criterion

Using functional equations, we can recover, and actually refine, a holonomy criterion that
was recently proved combinatorially [10]. Let S be a finite subset of Z2. We say that S is
symmetric with respect to the y-axis if

(i, j) ∈ S ⇒ (−i, j) ∈ S.

We say that S has small horizontal variations if

(i, j) ∈ S ⇒ |i| ≤ 1.

The usual square lattice steps satisfy these two conditions. So do the steps of the diagonal
square lattice (Figure 1).
Theorem 3. Let S be a finite subset of Z2 that is symmetric with respect to the y-axis and
has small horizontal variations. Let (i0, j0) ∈ N2. Then the complete generating function
Q(x, y; t) for walks that start from (i0, j0), take their steps in S and stay in the first quadrant
is D-finite.
A combinatorial argument proving the holonomy of Q(1, 1; t) is presented in [10].

3.1. Example. Before we embark on the proof of this theorem, let us see the principle of
the proof at work on a simple example: square lattice walks confined in a quadrant. The
functional equation satisfied by their complete generating function is

(15)
(
xy − t(x+ y + x2y + xy2)

)
Q(x, y) = xy−xtQ(x, 0)−ytQ(0, y) = xy−R(x)−R(y),

where, as in Kreweras’ example, we denote by R(x) the series txQ(x, 0). The kernel
K(x, y) = xy − t(x+ y + x2y + xy2), considered as a polynomial in y, has two roots:

Y0(x) =
1− t(x+ x̄)−

√
(1− t(x+ x̄))2 − 4t2

2t
= t+ (x+ x̄)t2 +O(t3),

Y1(x) =
1− t(x+ x̄) +

√
(1− t(x+ x̄))2 − 4t2

2t
=

1
t
− x− x̄ − t− (x+ x̄)t2 +O(t3).

The elementary symmetric functions of the Yi are

Y0 + Y1 =
1
t
− x− x̄ and Y0Y1 = 1.

Observe that they are no longer polynomials in x̄ = 1/x.
If, as above, we apply to the pair (x, Y0) the transformations Φ and Ψ, we obtain a very

simple diagram:

Φ

(x, Y1)

Ψ

(x̄, Y1)

(x, Y0)

(x̄, Y0)

Ψ Φ

From the two pairs that can be substituted for (x, y) in Equation (15), we derive the
following system:

R(x) +R(Y0) = xY0,

R(x̄) +R(Y0) = x̄Y0.
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From here, the method has to diverge from what we did in Kreweras’ case. Eliminating
R(Y0) between the two equations gives

(16) R(x)−R(x̄) = (x− x̄)Y0.

Since R(0) = 0, extracting the positive part of this identity gives R(x) as the positive part
of an algebraic series. It is known that the positive part of a D-finite series is always
D-finite [28]. In particular, the series R(x) is D-finite. The same holds for Q(x, 0), and,
by (15), for Q(x, y).
This argument is enough for proving the holonomy of the series, but, given the simplicity

of this model, we can proceed with explicit calculations. Given the polynomial equation
defining Y0,

Y0 = t(1 + x̄Y0 + xY0 + Y 2
0 ) = t(1 + x̄Y0)(1 + xY0),

the Lagrange inversion formula yields the following expression for Y0:

Y0 =
∑
m≥0

∑
i∈Z

xi t2m+|i|+1

2m+ |i|+ 1

(
2m+ |i|+ 1

m+ |i|
)(

2m+ |i|+ 1
m

)
.

Since R(0) = 0, extracting the positive part in the identity (16) now gives, after some
reductions,

R(x) = txQ(x, 0) =
∑
m≥0

∑
i≥0

xi+1t2m+i+1(i+ 1)
(2m+ i+ 1)(2m + i+ 2)

(
2m+ i+ 2
m+ i+ 1

)(
2m+ i+ 2

m

)
.

This naturally fits with the general expression (1).

3.2. Proof of Theorem 3. We define two Laurent polynomials in y by

P0(y) :=
∑

(0,j)∈S

yj and P1(y) :=
∑

(1,j)∈S

yj .

Let −p be the largest down move; more precisely,

p = max(0, {−j : (i, j) ∈ S for some i}).
The functional equation obtained by constructing walks step-by-step reads:
(17)

K(x, y)Q(x, y) = x1+i0yp+j0−typP1(y)Q(0, y)−t
∑

(i,−j)∈S

j−1∑
m=0

(Qm(x)− δi,1Qm(0)) x1−iyp+m−j

where
K(x, y) = xyp (1− tP0(y)− t(x+ x̄)P1(y))

is the kernel of the equation, and Qm(x) stand for the coefficient of ym in Q(x, y). All the
series involved in this equation also depend on the variable t, but it is omitted for the sake
of briefness. For instance, K(x, y) stands for K(x, y; t).
As above, we shall use the kernel method – plus another argument – to solve the above

functional equation. The polynomial K(x, y), seen as a polynomial in y, admits a number
of roots, which are Puiseux series in t with coefficients in an algebraic closure of Q(x).
Moreover, all these roots are distinct. As K(x, y; 0) = xyp, exactly p of these roots, say
Y1, . . . , Yp, vanish at t = 0. This property guarantees that these p series can be substituted
for y in (17), which yields

x1+i0Y p+j0 = tY pP1(Y )Q(0, Y ) + t
∑

(i,−j)∈S

j−1∑
m=0

(Qm(x)− δi,1Qm(0)) x1−i Y p+m−j(18)
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for any Y = Y1, . . . , Yp.
Given the symmetry of K in x and x̄, each of the Yi is invariant by the transformation

x → 1/x. Replacing x by x̄ in the above equation gives, for any Y = Y1, . . . , Yp,

x̄1+i0Y p+j0 = tY pP1(Y )Q(0, Y ) + t
∑

(i,−j)∈S

j−1∑
m=0

(Qm(x̄)− δi,1Qm(0)) xi−1Y p+m−j .(19)

We now combine (18) and (19) to eliminate Q(0, Y ):

(x1+i0 − x̄1+i0)Y p+j0 = t
∑

(i,−j)∈S

j−1∑
m=0

(
x1−iQm(x)− xi−1Qm(x̄)

)
Y p+m−j

for any Y = Y1, . . . , Yp. This is the generalization of Eq. (16). The right-hand side of the
above equation is a polynomial P in Y , of degree at most p − 1. We know its value at p
points, namely Y1, . . . , Yp. The Lagrange interpolation formula implies that these p values
completely determine the polynomial. As the left-hand side of the equation is algebraic,
then each of the coefficients of P is also algebraic. That is,

t
∑

(i,−j)∈S

j−1∑
m=0

(
x1−iQm(x)− xi−1Qm(x̄)

)
yp+m−j =

p−1∑
m=0

Am(x)ym,

where each of the Am is an algebraic series. Let us extract the positive part of this identity.
Given that i can only be 0, 1 or −1, we obtain

t
∑

(i,−j)∈S

j−1∑
m=0

(
x1−iQm(x)− δi,1Qm(0)

)
yp+m−j =

p−1∑
m=0

Hm(x)ym

where Hm(x) := A+
m(x) is the positive part of Am(x). Again, this series can be shown to

be D-finite. Going back to the original functional equation (17), this gives

K(x, y)Q(x, y) = x1+i0yp+j0 − typP1(y)Q(0, y) −
p−1∑
m=0

Hm(x)ym.

Let us finally5 consider the kernel K(x, y) as a polynomial in x. One of its roots, denoted
below X, is a formal power series in t that vanishes at t = 0. Replacing x by this root
allows us to express Q(0, y) as a D-finite series:

typP1(y)Q(0, y) = X1+i0yp+j0 −
p−1∑
m=0

Hm(X)ym.

The functional equation finally reads

K(x, y)Q(x, y) = (x1+i0 −X1+i0)yp+j0 −
p−1∑
m=0

(Hm(x)−Hm(X))ym.

Since the substitution of an algebraic series into a D-finite one gives another D-finite series,
this equation shows that Q(x, y) is D-finite.

5In the square lattice case, the symmetry of the model in x and y makes this step unnecessary: once the
holonomy of Q(x, 0) is proved, the holonomy of Q(x, y) follows.
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4. Perspectives

This paper was written in a rush, right after the material of Section 2 was found. This
new proof of Kreweras’ formula suggests numerous questions and research directions, which
I would like to explore in the coming weeks (or months...). Here are some of these questions.

4.1. Other starting points. It was observed by Gessel in [18] that the method he used to
prove Kreweras’ result was hard to implement for a starting point different from the origin.
The reason of this difficulty is that, unlike the method presented here, Gessel’s approach
checks the known expression of the generating function, but does not construct it. I am
confident that the new approach of Section 2 can be used to solve such questions. If the
starting point does not lie on the main diagonal, the x− y symmetry is lost; the diagram
of Section 2.1 also loses its symmetry, and gives four different equations between the two
unknown functions Q(x, 0) and Q(0, y).

4.2. Other algebraic walk models. A close examination of the ingredients that make the
proof of Section 2 work might help to construct other walk models which, for non-obvious
reasons, would have an algebraic generating function. Note that for some degenerate sets of
steps, like those of Figure 3, the quadrant condition is equivalent to a half-plane condition
and thus yields an algebraic series.

x

y

Figure 3. A degenerate set of steps.

I have started a systematic exploration of walks with few steps and only one up step:
the non-trivial algebraic cases do not seem to be legion! However, I met in this exploration
one model that seems to yield nice numbers (with a D-finite generating function) and for
which the method of Section 2 “almost” works. I then realized that the same problem had
been communicated to me, under a slightly different form, by Ira Gessel, a few months ago.
I plan to explore this model further.

4.3. Other equations. Any combinatorial problem that seems to have an algebraic gen-
erating function and for which a linear functional equation with two “catalytic” variables
(in the terminology of Zeilberger [42]) is available is now likely to be attacked via the
method of Section 2. These conditions might seem very restrictive, but there is at least one
such problem! The vexillary involutions, which were conjectured in 1995 to be counted by
Motzkin numbers, satisfy the following equation:(
1 +

t2x2y

1− x
+

t2y

1− y

)
F (x, y; t) =

t2x2y2

(1− ty)(1− txy)
+t

(
1 +

ty

1− y

)
F (xy, 1; t)+

t2x2y

1 − x
F (1, y; t).

The conjecture was recently proved via a difficult combinatorial construction [23]. I have
been able to apply successfully the method of Section 2 to this equation [7].
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4.4. Random walks in the quarter plane. Random walks in the quarter plane are
naturally studied in probabilities. Given a Markov chain on the first quadrant, a central
question is the determination of an/the invariant measure (pi,j)i,j≥0. The invariance is
equivalent to a linear equation satisfied by the series P (x, y) =

∑
pi,jx

iyj, in which the
variables x and y are “catalytic”. A whole recent book is devoted to the solution of this
equation in the case where the walk has small horizontal and vertical variations [14]. This
book contains one example for which the series P (x, y) is algebraic: no suprise, the steps of
the corresponding walk are exactly Kreweras’ steps... This result is actually due to Flatto
and Hahn [17]. The equation satisfied by the series P (x, y) does not work exactly like
the equations for complete generating functions like Q(x, y; t): roughly speaking, the third
variable t is replaced by the additional constraint P (x, y) = 1. However, I hope that either
a refinement of the enumeration problem that would contain the invariant distribution as
a limit distribution, or a direct adaptation of the method of Section 2 to the context of
P (x, y), will give a new, simpler proof of Flatto and Hahn’s result. Their proof is based on
non-trivial complex analysis, and uses a parametrisation of the roots of the kernel by elliptic
functions, which are not algebraic. It seems that a large detour is done to end up with an
algebraic series. I hope my new approach will offer a significant shortcut, by staying in the
field of algebraic series.

Acknowledegments. To my shame, I must recall that, in the lecture that I gave at
FPSAC’01 in Phoenix, I mentioned (part of) Kreweras’ result as a conjecture. I am very
grateful to Ira Gessel who enlighted my ignorance by giving me the right references.
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[25] J. Labelle, Langages de Dyck généralisés, Ann. Sci. Math. Québec 17 (1993) 53–64.
[26] J. Labelle and Y.-N. Yeh, Generalized Dyck paths, Discrete Math. 82 (1990) 1–6.
[27] G. F. Lawler, Intersections of random walks, Probabilities and its applications, Birkhäuser Boston,

1991.
[28] L. Lipshitz, The diagonal of a D-finite power series is D-finite, J. Algebra 113 (1988) 373–378.
[29] L. Lipshitz, D-finite power series, J. Algebra 122 (1989) 353–373.
[30] S. G. Mohanty, Lattice path counting and applications, Academic Press, 1979.
[31] T. V. Narayana, A partial order and its applications to probability theory, Sankhya 21 (1959) 91–98.
[32] H. Niederhausen, The ballot problem with three candidates, Europ. J. of Combinatorics 4 (1983) 161-

167.



WALKS IN THE QUARTER PLANE #14.15

[33] H. Niederhausen, Lattice paths between diagonal boundaries, Electronic J. Combinatorics 5 (1998)
R30.

[34] D. Poulalhon and G. Schaeffer, A bijection for loopless triangulations of a polygon with interior points,
FPSAC 2002.

[35] G. Schaeffer, Random sampling of large planar maps and convex polyhedra, in Proceedings of the 31th
annual ACM Symposium on the Theory of Computing (STOC’99), Atlanta, ACM press, 1999.

[36] F. Spitzer, Principles of random walk , The University Series in Higher Mathematics, Van Nostrand
Company, Princeton, 1964.

[37] R. P. Stanley, Differentiably finite power series, European J. Combin. 1 (1980) 175–188.
[38] W. T. Tutte, A census of planar triangulations, Canad. J. Math. 14 (1962) 21–38.
[39] W. T. Tutte, A census of planar maps, Canad. J. Math. 15 (1963) 249–271.
[40] J. West, Sorting twice through a stack, Theoret. Comput. Sci. 117 (1993) 303–313.
[41] D. Zeilberger, A proof of Julian West’s conjecture that the number of two-stack-sortable permutations

of length n is 2(3n)!/((n + 1)!(2n + 1)!), Discrete Math. 102 (1992) 85–93.
[42] D. Zeilberger, The umbral transfer-matrix method: I. Foundations. J. Comb. Theory, Ser. A, 91 (2000)

451–463.

E-mail address: bousquet@labri.fr
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ON THE EQUIVALENCE PROBLEM FOR SUCCESSION RULES

SREČKO BRLEK∗, ENRICA DUCHI, ELISA PERGOLA, AND SIMONE RINALDI

Abstract. The notion of succession rule (system for short) provides a powerful tool for
the enumeration of many classes of combinatorial objects. Often, different systems exist
for a given class of combinatorial objects, and a number of problems arise naturally. An
important one is the equivalence problem between two different systems. In this paper,
we show how to solve this problem in the case of systems having a particular form. More
precisely, using a bijective proof, we show that the classical system defining the sequence
of Catalan numbers is equivalent to a system obtained by linear combinations of labels of
the first one.

Résumé Les systèmes de réécriture constituent des outils puissants pour l’énumération
de nombreuses classes d’objets combinatoires. Souvent, il existe plusieurs systèmes pour
une classe donnée et cela soulève le problème de l’équivalence des systèmes. Dans cet
article, nous donnons une solution pour des systèmes ayant une forme particulière. Plus
précisément, nous montrons que le système classique définissant les nombres de Catalan
est équivalent à une infinité de systèmes obtenus par combinaisons linéaires des étiquettes
de celui-ci.

1. Introduction

The notion of succession rule was introduced by Chung (et all.) in [6] as a compact
notation for generating trees, and flourished later as a powerful tool for the enumeration of
combinatorial objects (see for instance [1, 3, 8, 16]). More precisely, a succession rule Ω is a
system ((b),R), consisting of an axiom and a set of productions or rewriting rules denoted

(1) Ω =
{

(b) b ∈ N
+,

(k)� (e1(k))(e2(k)) . . . (ek(k)), ei : N
+ → N

+, k ∈M ⊆ N
+.

A system Ω is suitably represented by means of a generating tree, a rooted labelled where
the root is labelled by the axiom (b), and a node labelled (k) produces k sons labelled
by e1(k), . . . , ek(k) respectively. Ω defines a non-decreasing sequence of positive integers
{fn}n≥0, the number of nodes at level n (by convention, the root is at level 0), and the
generating function of Ω is

fΩ(x) =
∑
n≥0

fnx
n .

The structure of the rewriting rules in a system is closely related to the sequence {fn}n,
and this relationship has been studied in [1], for rational, algebraic and transcendental
generating functions.

A well-known system is the one defining Schröder numbers [4], (1, 2, 6, 22, 90, 394, . . .),
(sequence M2898 in [15]):

(2) ΩS =
{

(2) ❀ (3)(3)
(k) ❀ (3)(4) . . . (k)(k + 1)2, k ≥ 3,

∗ On leave from LaCIM, Montréal, with the support of NSERC (Canada) and G.N.C.S., Istituto Nazionale
dell’Alta Matematica, Italy.
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where the power (k+ 1)2 stands for the repetition (k+ 1)(k + 1). Often, the production of
the axiom is omitted, when no confusion arises. In Fig.1 the first levels of the generating
tree of (2) are shown. We refer to [3] for more details and examples. A system Ω is finite if

(3)(4) (5)(5)(3)(4) (5)(5) (3)(4) (5)(5)(3)(4) (5)(5)

(3)

(3)

(4)(4)(3)

(4) (4) (3)

(4)(4)(3)

(4)

(3)

(4)

(2) 1

2

6

22

(3)

Figure 1. The first levels of the generating tree of (2), and its numerical sequence.

the number of labels in the productions is finite, that is, when |M | <∞. In this particular
case, the generating function is rational [1], and sometimes has an interpretation as a regular
language or other combinatorial structure [8, 12].

A classical example of finite system is the one defining Fibonacci numbers, (M0692 in
[15]):

(3) ΩF =
{

(1); (1) ❀ (2)
(2) ❀ (1)(2).

A succession rule has a factorial form, if a finite modification of the set {1, 2, . . . , k} is
reachable from k. More formally, a factorial succession rule has the form:
(4)

Ω =
{

(b)
(k)� (r0)(r0 + 1) . . . (k − c− 1)(k + d1)(k + d2) . . . (k + dm), k ≥ r0 ≥ 1,

with c ≥ 0, −c < d1 ≤ d2 ≤ . . . ≤ dm > 0, where the consistency principle of succession
rules is satisfied imposing that r0 + c = m; the rule in (2) is factorial.

Determining the generating function of a given system is not always an easy task [1].
Therefore, some recent papers focused on the development of some algebraic tools in order
to study enumerative properties of succession rules, without computing the corresponding
generating functions, by using a linear operator approach [8], or production matrices [7].

The study of these systems has been systematized by the italian school [3] in the so
called ECO-method, from which we briefly recall some of the basics. Given a class O
of combinatorial objects, we consider a fixed parameter p : O → N, such that for all
n ∈ N,On = p−1(n) is finite. If it is possible to define an operator

ϑ : On −→ 2On+1 ,

performing ”local expansions” on objects of size n (i.e. On = {O ∈ O : p(O) = n}), such
that

(i) for each O′ ∈ On+1, there exists O ∈ On such that O′ ∈ ϑ(O),
(ii) for each O,O′ ∈ On such that O = O′, then ϑ(O) ∩ ϑ(O′) = ∅,

then the family of sets {ϑ(O) : O ∈ On} is a partition of On+1.
We refer to [3] for further details, proofs, definitions and examples. The parameter p being
fixed, the recursive construction determined by ϑ is described by a generating tree [6], whose
vertices are objects of O; the objects having the same parameter value lie on the same level,
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and the siblings of an object are the objects produced by ϑ: if |ϑ(P )| = k then the object
P blossoms often according to a system (of the form (1)).

2. The equivalence problem

Two rules Ω1 and Ω2 are said to be equivalent, if they define the same number sequence,

Ω1
∼= Ω2 ⇐⇒ fΩ1(x) = fΩ2(x) .

For instance, the reader can easily verify that the following rules are equivalent to (2), and
define the Schröder numbers [4, 5]:

Ω′
S =

{
(2)
(2k)� (2)(4)2 . . . (2k)2(2k + 2),

Ω′′
S =

{
(2)� (3)(3)
(2k − 1)� (3)2(5)2 . . . (2k − 1)2(2k + 1),

Ω′′′
S =

{
(2)
(2k) ❀ (2)2

k−1
(4)2

k−2
(8)2

k−3
. . . (2k−1)2(2k)(2k+1).

The equivalence problem consists in determining if two different systems are equivalent. In
general, as mentioned recently by M. Robson [11], this problem is not decidable. However,
there are classes of systems for which the answer is positive. The easy case of finite systems
stems out from formal language theory. Indeed, A PD0L system is a triple [14]:

G = (Σ, h, w0),

where Σ = {a1, . . . , ak} is a k-letter alphabet, h is an endomorphism defined on the set
Σ+ of non-empty words, and w0 ∈ Σ+ is called the axiom. The length of a word w ∈ Σ is
denoted |w|. The language of G is defined by:

L(G) = {hi(w0) : i ≥ 0}.
The function fG(n) = |hn(w0)|, n ≥ 0 is the growth function of G, and the sequence
|hn(w0)|, n ≥ 0 is its growth sequence. A growth matrix M associated to G is defined by,

MG[i, j] = |h(aj)|ai ,

where |h(aj)|ai is the number of occurrences of the letter ai in h(aj). The growth sequence
is then obtained by the generating function

(5) fG(x) =
[10k−1] · χ(M) · (I −Mx)−1 · [1k]t

xk · χ(M)

where χ(M) is the characteristic polynomial ofM , [1k] is the k-length vector with all entries
1, and [10k−1] has all entries 0 except the first which is 1. (see [13] for details).

Remark that any finite system Ω can be viewed as a particular PD0L system where the
alphabet Σ is the set of labels of Ω, and h is defined by the productions of Ω, and w0 ∈ Σ.

For instance, the rule (3) defines a PD0L system F , where Σ = {1, 2}, w0 = 1, and

h(1) = 2
h(2) = 12 ; M =

[
0 1

1 1

]
.

The words in the language of F are 1, 2, 12, 212, 12212, 21212212, 1221221212212, . . . , and its
growth sequence is obtained from the matrix associated to G by computing the generating
function (5)

fG(x) = (1 + x+ 2x2 + 3x3 + 5x4 + 8x5 + 13x6 + 21x7 + 34x8 + 55x9 +O
(
x10

)
).
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1 2 3 4 5 6 7 . . .
1 1 . . .
2 1 1 . . .
3 2 2 1 . . .
4 5 5 3 1 . . .
5 14 14 9 4 1 . . .
6 42 42 28 14 5 1 . . .
7 132 132 90 48 20 6 1 . . .

...
...

...
...

...
...

...
. . .

Table 1. The Catalan triangle.

Now, two D0L systems are growth equivalent if they have the same generating function,
which amounts to check if two polynomials are equal, and, consequently, the equivalence
problem is decidable for the class of finite systems. However, the computation of the
generating functions can be avoided, by checking the equality of the first few terms of the
two sequences as stated below.

Theorem 1. The equivalence problem is decidable for the class of finite systems.

Proof. Let Ω1 and Ω2 be two finite succession rules having k1 and k2 labels respectively. In
view of Theorem 3.3 [14] it is necessary and sufficient to check if the first k1 + k2 terms of
the two sequences defined by Ω1 and Ω2 coincide. �

For example, the finite rules:

(6) Ω1 =




(2)
(2) ❀ (2)(3)
(3) ❀ (2)(3)(3),

Ω2 =




(2)
(1) ❀ (2)
(2) ❀ (1)(4)
(4) ❀ (1)(2)(4)(4),

both define odd index Fibonacci numbers, 1, 2, 5, 13, 34, 89, . . . (sequence M1439 in [15]).
Their equivalence can be verified by comparing the first 5 terms of the defined sequences.

In [1] the authors formalize and then apply a method, called the kernel method, in order
to find a solution to the functional equation arising from a factorial system(4). The main
result states that a factorial system has an algebraic generating function.

Theorem 2. The equivalence problem is decidable for the rules having a factorial form.

Proof. A classical result on the equality of algebraic generating functions in several com-
mutative variables, shows that the equality is decidable (see [14] Theorem IV. 5.1 ) �

3. An infinite set of rules for the Ballot numbers

For k, n ∈ N, let an,k, be the set of Ballot numbers, defined by the recurrence,

a1,1 = 1,
an+1,1 =

∑
j≥1 an,j,

an+1,k =
∑

j≥k−1 an,j, k ≥ 2.

They can conveniently be displayed in tabular form, as below, in a triangular array, some-
times known as the Catalan triangle shown in Table 1. For any positive integer h, a rule
defining the sequence in the h-th column is known in literature:
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(7) Ωh =
{

(h)
(k) ❀ (2)(3) . . . (k)(k + 1).

Remark that for h = 1, we have the rules defining the Catalan numbers.
Let h, α ∈ N

+, and β ∈ N. We first define the following rule:
(8)

Ωh
α,β =




(h)
(1) ❀ (2)
(2) ❀ (2)(3)
. . . . . .
(α+ β − 1) ❀ (2)(3) . . . (α+ β)
(αk + β) ❀ (1)k . . . (α− 1)k(α+ 1) . . . (α+ β)(2α + β) . . . ((k + 1)α + β), k ≥ 1.

In the sequel we prove that, for h ≤ α+ β, the system (8) is equivalent to the system (7),
so the first can be viewed as a generalization of the second, where the labels have been
linearly combined according to the positive coefficients α and β. Moreover, the first α+ β
levels of the two generating trees coincide. As a consequence, we obtain that (8) defines
the numbers {an,h : n ≥ 0}, for any α and β such that h ≤ α+ β. In particular, for h = 1
we have an infinite set of succession rules defining Catalan numbers:
(9)

Ω1
α,β =




(1)
(1) ❀ (2)
(2) ❀ (2)(3)
. . . . . .
(α+ β − 1) ❀ (2)(3) . . . (α+ β)
(αk + β) ❀ (1)k . . . (α− 1)k(α+ 1) . . . (α+ β)(2α + β) . . . ((k + 1)α + β), k ≥ 1.

Instead of using generating functions as in [1], we provide a bijective proof by the applica-
tion of the ECO method.

3.1. Dyck paths. We consider lattice paths in the plane Z × Z, starting from the origin
(0, 0), and using rise steps x = (1, 1) and fall steps x = (1,−1). The set D of Dyck paths
is the subset of Σ∗ = {x,x}∗ generated by the grammar

(10) D := ε+ xDxD,

and we refer to paths as words, in which the notions of prefix, suffix have the usual meaning.
A Dyck path of length 2n is a sequence remaining weakly above the x-axis. The height

of a point P = (Px, Py) is defined by h(P ) = Py. A Dyck path is said elevated or primitive
if it can be written as D = xD′x with D′ ∈ D, and we denote the stripping operation by

D′ = Top(D).

Given two points P ′, P of a Dyck path D, the factor starting at P ′ and ending at P of
the corresponding Dyck word is denoted D[P ′

x, Px]. By convention, D[i, j] = ε if i ≥ j. The
insertion of a word w in D at position i is defined by

insert(D,w, i) = D[0, i] · w ·D[i+ 1, 2n] .

The last sequence of fall steps "d(D), or last descent, of D satisfies "d(D) = xk for some
k ≥ 1, and P(D) is the set of its points. Finally, |D| denotes the length of the word (number
of steps). From the grammar (10), one can easily deduce the properties summarized in the
next statement.
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Proposition 1. Every non empty Dyck D = uxxk, k ≥ 1, satisfies the conditions
(a) D = D1D2 . . . Dm where ∀i,Di is primitive;
(b) ∃D′′ = uxk−1 ∈ D such that D = insert(D′′,xx, |D′′| − (k − 1));
(c) ∀ suffix v of D, ∃D′′ ∈ D,∃u′ ∈ Σ∗, such that u′v ∈ D and D = insert(u′v,D′′, |u′|) =

u′D′′v.

We provide now a valuation on the set of Dyck paths,

Val : D −→ {0, 1, 2} × N,

where the first term yields a partition

D = D0 ∪ D1 ∪ D2, with Di ∩ Dj = ∅, ∀i = j .
A valuation for Dyck paths. For l, i, n ∈ N, a Dyck path at level i is the image of an ordinary
Dyck path (at level 0) under the translation (0, 0) �→ (l, i), running from (l, i) to (l+ 2n, i)
and above the line y = i.

Let D(i) be the set of Dyck paths at level i, and D = {⋃D(i) : i ∈ N}. By Proposition
1 (a), each path D(i) ∈ D(i) admits a unique decomposition in terms of primitive paths at
level i,

D(i) = D(i, 1)D(i, 2) . . . D(i,m),

where D(i, j) is the j-th component, and #(D(i)) = m is the number of components. In

α + β −  1

B

D(i,1)

 A

D’’(i) = D(i,2)D(i,3)

C

levels  

D(i) D’(i) = D(i,4) D(i,5)

i  + 1
i

Top(D(i , 4 ))

D

Figure 2. Decomposition of a Dyck path at level i and notations.

this decomposition, D′′(i) denotes the rightmost factor having height less than α+β− i−1,
while D′(i) is the factor on the right of D′′(i).

The valuation is defined by Val(D) = Val(D, 0), where Val(D, i) is defined by the follow-
ing algorithm, where the variables are defined by the notations above.

Algorithm Val(D, i): ;
D−D′′ is the path obtained by removing D′′ from D; Val(D, i)[1] refers to the first
component of the valuation.

if D = ε then: return (0, i)
elseif #(D′) = 0 then : there are three cases

if #(D′′) > 1 then: return (0, i)
elseif: Val(D −D′′, i)[1] = 1 then return (2, i)
else: return (0, i)

else: let D′ =
∏m

j=1D
′(j); we have four cases:

if: Val(
∏m−1

j=1 D
′(j), i)[1] = 1 then return (2, i)

elseif i < α− 2 then: return Val(Top(D′
m), i + 1))

elseif |P(D′
m)| < α+ β − i then: return (0, i)

else : return (1, i).
end Val(D, i).:
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3.2. An ECO-system for D. We define now an ECO-system for the generation of Dyck
paths, according to the rule Ω1

α,β, that classifies the paths according to the valuation Val.
The ECO operator ϑ : Dn → 2Dn+1 , is defined inductively by setting ε ∈ D0, and each

path produced is classified in some Di, with an extra labelling of those in D2. So, in case
of

[D ∈ D0]: /*See Figure 3 for an example with α = 3, β = 2, and |P(D)| = 4.*/
• for each point P ∈ P(D) do
Dh(P ) ← insert(D,xx, Px);
if h(P ) < α+ β − 2 then Dh(P ) ∈ D0 else Dh(P ) ∈ D1. /* classifying */

ϑ

(5)

(4)

(3)

(2)

(4)

 (0,0)

 (0,1)

 (1,1)

 (0,1)

 (0,1)

Figure 3. The operator ϑ applied to a path in D0.

Remark. For each path in the class D0 we have D ∈ D0 =⇒ h("d(D)) < α+β−1.
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[D ∈ D1]: /* See Figure 4 for an example with α = 3, β = 2.*/
• for each point P ∈ P(D) such that h(P ) ≥ α+ β − 1 do
Dh(P ) ← insert(D,xx, Px); Dh(P ) ∈ D1;
let P ′ be the leftmost point of D such that P ′P ∈ D;

/* then D = uD[P ′
x, Px]v with uv ∈ D; this decomposition exists by Proposition

1(c) */
for each point Q ∈ P(D) such that 0 ≤ h(Q) ≤ α− 2 do
Dh(P ),h(Q) ← insert(uv,xD[P ′

x, Px]x, Qx); Dh(P ),h(Q) ∈ D2;
label(Dh(P ),h(Q))← h(Q); /* labelling*/

• for each point P ∈ P(D) such that α− 1 ≤ h(P ) ≤ α+ β − 2 do
Dh(P ) ← insert(D,xx, Px);
if h(P ) = α+ β − 2 then Dh(P ) ∈ D1 else Dh(P ) ∈ D0.

(1,1)

(1,1)

(0,1)

α − 2

  (8)

(2)

(1,1)

(8)

ϑ

0

α + β − 2

(1)

(11)

(2)

(1)

(5)

(2,0)

(2,0)

(4)

(1,1)

(2,1)

(2,1)

Figure 4. The operator ϑ applied to a path in D1.

Remark. For algorithmic efficiency, the statements of the form Dh(P ) ∈ Di should
be viewed as an assignment of a label, which avoids a call of the valuation function.
Moreover, observe that only the paths in D2 receive a label which is equal to the
height of the insertion point.
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D ∈ D2

]
: See Figure 5 for an example with α = 3, β = 0. These paths are labelled.

• for each point P ∈ P(D) such that h(P ) ≤ label(D) do
Dh(P ) ← insert(D,xx, Px);
if label(D) < α+ β − 2 then Dh(P ) ∈ D0 else Dh(P ) ∈ D1.

(2)

ϑ

(2,1)

h

 (3)

 (2)
(0,0)

(1,1)

Figure 5. The operator ϑ applied to a path in D2.

It remains now to prove that the described construction generates all the Dyck paths (i)
and that we have a partition (ii). This is achieved for both conditions by induction, that
follows the inductive definition of ϑ.

(i) Let D′ ∈ Dn+1; then there exists D ∈ Dn, such that D′ ∈ ϑ(D):
- if D′ ∈ D0 ∪D1, then D′ = uxxk and Proposition 1(b) identifies the last peak

of D
′

to be removed, i.e.

D = uxk−1 ∈ Dn ,

such that D′ = insert(D,xx, |D| − (k − 1)).
- if D′ ∈ D2, from the valuation 3.1, we have

Val(D′) = (2, |v|), and D′ = uD′′v ,

where D′′ = ε, and #(D′′) ≥ 2. Then, Proposition 1(a) provides the factoriza-
tion

D′′ = D′′
1 . . . D

′′
m−1D

′′
m ,

where D′′
m = xTop(D′′

m)x. Let Px be the position of the last peak of D′′
m−1.

Then,
D = insert(uD′′

1 . . . D
′′
m−1v,Top(D′′

m), Px) .

(ii) Let D and D
′ ∈ Dn, then ϑ(D) ∩ ϑ(D

′
) = ∅; when D and D′ are such that ϑ

performs the insertion of xx in their last descent, the result follows from the fact
that, for each P ∈ P(D) and for each P ′ ∈ P(D′), we have

insert(D,xx, Px) = insert(D′,xx, P ′
x) =⇒ D = D′.

When ϑ(D), ϑ(D′) ∈ D2, we have two cases.
- Val(ϑ(D))[2] = Val(ϑ(D′))[2] =⇒ ϑ(D) = ϑ(D′).
- Val(ϑ(D))[2] = Val(ϑ(D′))[2]; if ϑ(D) = ϑ(D′) then the construction (i) above

shows that D = D′.
We are now in a position to state our main result.

Proposition 2. Let α ∈ N
+ and β ∈ N, then Ω1

α,β
∼= Ω1.

Corollary 1. Let h, α ∈ N
+, β ∈ N and h ≤ α+ β. We have Ωh

α,β
∼= Ωh.
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Proof. It is a direct consequence of Proposition 2. Indeed, the rules Ωh
α,β and Ωh both

enumerate the class of Dyck paths beginning with h rise steps. �

Remark 1. We then have an infinite set of systems defining Ballot numbers. In particular,
the following define the Catalan numbers:

(11) Ω2,0 =




(1)
(1) ❀ (2)
(2k) ❀ (1)k(4)(6) . . . (2k)(2k + 2);

(12) Ω3,1 =




(1)
(1) ❀ (2)
(2) ❀ (2)(3)
(3) ❀ (2)(3)(4)
(3k + 1) ❀ (1)k(2)k(4)(7) . . . (3k + 1)(3k + 4).

3.3. Computation of the valuation for Dyck paths. For sake of completenes we pro-
vide a computation of the valuation described in section 3.1 applied to the path in Figure
6.

α = 3   β = 2

Figure 6. A Dyck D path with V al(D) = (2, 0).

The path D factors as D = D1D2D3, and it can be easily checked that

Val(D1) = Val(D1, 0) = (2, 1),

Val(D1D2) = Val(D1D2, 0) = (1, 1),

Val(D1D2D3) = Val(D1D2D3, 0) = (2, 0).

4. Concluding remarks and open questions.

The equivalence relation ∼= partitions a set R ⊂ S of systems into equivalence classes,
identified by the corresponding number sequence. For instance, if R is the class of rational
systems, those having a rational generating function, we already know that finite systems
are in it. On the other hand, there exists rational generating functions that are not the
growth sequence of a D0L system ([13] Theorem III.4.11). Therefore, many problems arise
naturally concerning

- finiteness of the equivalence classes: is |[Ω]∼=| <∞ when Ω is finite? More generally,
for a given rational generating function, is its class finite?

- the characterization of the rules in a given equivalence class;
- the extension of the decidability of equivalence for finite systems to a larger class,

by using the same decision procedure;
- operations on rules (or trees) that provide equivalent systems.
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By Theorem 1, the class of finite systems in included in the class of rational systems. On
the other hand, Theorem III.4.11 of [13] characterizes the rational functions with integers
coefficients that are the generating functions of D0L systems. Therefore, the following
problem seems natural.

Conjecture 1: Each rational system is equivalent to a finite one.

Actually, a weaker statement is the following.

Conjecture 2: A system counting a regular language is equivalent to a finite system.

In some recent discussions with Cyril Banderier, of INRIA, we were led to speculate
about algebraic systems.

Conjecture 3: A system with algebraic generating function is equivalent to a factorial
system.
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247–262.
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WORDS RESTRICTED BY PATTERNS WITH AT MOST 2 DISTINCT
LETTERS

ALEXANDER BURSTEIN AND TOUFIK MANSOUR

Abstract. We find generating functions for the number of words avoiding certain pat-
terns or sets of patterns with at most 2 distinct letters and determine which of them are
equally avoided. We also find exact number of words avoiding certain patterns and provide
bijective proofs for the resulting formulas.

Résumé. On obtient les séries génératrices pour les mots qui évitent certains motifs et cer-
tains ensembles de motifs, tous contenant au plus deux lettres différentes. On détermine
ainsi des motifs équitablement évités. On donne enfin des formules d’énumération ex-
plicites dans certains cas particuliers, cas pour lesquels on donne aussi des preuves bijec-
tives.

The main goal of this note to give analogies of enumerative results on certain classes of
permutations characterized by pattern-avoidance in the symmetric group (see [SS]), and in
the words on k letters (see [B]).

Pattern avoidance in the symmetric group. Let α ∈ Sn and τ ∈ Sk be two permu-
tations. We say that α contains τ if there exists a subsequence 1 ≤ i1 < i2 < · · · < ik ≤ n
such that (αi1 , . . . , αik) is order-isomorphic to τ ; in such a context τ is usually called a pat-
tern. We say that α avoids τ , or is τ -avoiding , if such a subsequence does not exist. The
first paper devoted entirely to study of permutations avoiding certain patterns appeared in
1985 (see [SS]) and currently there exist more than 70 papers on this subject. These pa-
pers containing more than 5 analogies, for example: words (see [B] and references therein),
generalized patterns (see [BS]), signed permutations (see [S]), and coloured permutations
[M] and references therein). In the present paper we give another analogue for this problem.

Pattern avoidance in the words on k letters. Let [k] = {1, 2, . . . , k} be a (totally
ordered) alphabet on k letters. We call the elements of [k]n words. Consider two words,
σ ∈ [k]n and τ ∈ [�]m. In other words, σ is an n-long k-ary word and τ is an m-long �-ary
word. Assume additionally that τ contains all letters 1 through �. We say that σ contains
an occurrence of τ , or simply that σ contains τ , if σ has a subsequence order-isomorphic
to τ , i.e. if there exist 1 ≤ i1 < . . . < im ≤ n such that, for any relation φ ∈ {<,=, >} and
indices 1 ≤ a, b ≤ m, σ(ia)φσ(ib) if and only if τ(a)φτ(b). In this situation, the word τ is
called a pattern. If σ contains no occurrences of τ , we say that σ avoids τ .
Up to now, most research on forbidden patterns dealt with cases where both σ and τ

are permutations, i.e. have no repeated letters. Some papers (see Atkinson et al. [AH],
Burstein [B], Regev [R] and references therein) also dealt with cases where only τ is a
permutation. The natural analogue of avoiding permutations in [k]n is avoiding words.

In this paper, we consider some cases where forbidden patterns τ contain repeated letters.
Just like [B], this paper is structured in the manner of Simion and Schmidt [SS], which was
the first to systematically investigate forbidden patterns and sets of patterns.

#16.1
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1. Preliminaries

Let [k]n(τ) denote the set of n-long k-ary words which avoid pattern τ . If T is a set of
patterns, let [k]n(T ) denote the set of n-long k-ary words which simultaneously avoid all
patterns in T, that is [k]n(T ) = ∩τ∈T [k]n(τ).
For a given set of patterns T, let fT (n, k) be the number of T -avoiding words in [k]n,

i.e. fT (n, k) = |[k]n(T )|. We denote the corresponding exponential generating function
by FT (x; k); that is, FT (x; k) =

∑
n≥0 fT (n, k)xn/n!. Further, we denote the ordinary

generating function of FT (x; k) by FT (x, y); that is, FT (x, y) =
∑

k≥0 FT (x; k)yk. The
reason for our choices of generating functions is that kn ≥ |[k]n(T )| ≥ n!

(k
n

)
for any set

of patterns with repeated letters (since permutations without repeated letters avoid all
such patterns). We also let GT (n; y) =

∑∞
k=0 fT (n, k)yk, then FT (x, y) is the exponential

generating function of GT (n; y).
We say that two sets of patterns T1 and T2 belong to the same cardinality class, or Wilf

class, or are Wilf-equivalent, if for all values of k and n, we have fT1(n, k) = fT2(n, k).
It is easy to see that, for each τ , two maps give us patterns Wilf-equivalent to τ . One

map, r : τ(i) 	→ τ(m+1− i), where τ is read right-to-left, is called reversal ; the other map,
where τ is read upside down, c : τ(i) 	→ �+1−τ(i), is called complementation. For example,
if � = 3, m = 4, then r(1231) = 1321, c(1231) = 3213, r(c(1231)) = c(r(1231)) = 3123.
Clearly, c ◦ r = r ◦ c and r2 = c2 = (c ◦ r)2 = id, so 〈r, c〉 is a group of symmetries of a
rectangle. Therefore, we call {τ, r(τ), c(τ), r(c(τ))} the symmetry class of τ .
Hence, to determine cardinality classes of patterns it is enough to consider only repre-

sentatives of each symmetry class.

2. Two-letter patterns

There are two symmetry classes here with representatives 11 and 12. Avoiding 11 simply
means having no repeated letters, so

f11(n, k) =
(
k

n

)
n! = (k)n, F11(x; k) = (1 + x)k .

A word avoiding 12 is just a non-increasing string, so

f12(n, k) =
(
n+ k − 1

n

)
, F12(x; k) =

1
(1− x)k

.

3. Single 3-letter patterns

The symmetry class representatives are 123, 132, 112, 121, 111. It is well-known [Kn]
that

|Sn(123)| = |Sn(132)| = Cn =
1

n+ 1

(
2n
n

)
,

the nth Catalan number. It was also shown earlier by the first author [B] that

f123(n, k) = f132(n, k) = 2n−2(k−2)
k−2∑
j=0

ak−2,j

(
n+ 2j

n

)
,

where

ak,j =
k∑

m=j

CmDk−m, Dt =
(
2t
t

)
,
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and

F123(x, y) = F132(x, y) = 1 +
y

1− x
+

2y2

(1− 2x)(1− y) +
√
((1− 2x)2 − y)(1− y)

.

Avoiding pattern 111 means having no more than 2 copies of each letter. There are
0 ≤ i ≤ k distinct letters in each word σ ∈ [k]n avoiding 111, 0 ≤ j ≤ i of which occur
twice. Hence, 2j + (i− j) = n, so j = n− i. Therefore,

f111(n, k) =
k∑

i=0

(
k

i

)(
i

n− i

)
n!
2n−i

=
k∑

i=0

n!
2n−i(n− i)!(2i − n)!

(k)i =
k∑

i=0

B(i, n− i)(k)i,

where (k)i is the falling factorial, and B(r, s) =
(r + s)!

2s(r − s)!s!
is the Bessel number of the

first kind. In particular, we note that f111(n, k) = 0 when n > 2k.

Theorem 1. F111(x; k) =
(
1 + x+

x2

2

)k

.

Proof. This can be derived from the exact formula above. Alternatively, let α be any word
in [k]n(111). Since α avoids 111, the number of occurrences of the letter k in α is 0, 1 or 2.
Hence, there are f111(n, k − 1), nf111(n − 1, k − 1) and

(
n
2

)
f111(n − 2, k − 1) words α with

0, 1 and 2 copies of k, respectively. Hence

f111(n, k) = f111(n, k − 1) + nf111(n − 1, k − 1) +
(
n

2

)
f111(n − 2, k − 1),

for all n, k ≥ 2. Also, f111(n, 1) = 1 for n = 0, 1, 2, f111(n, 1) = 0 for all n ≥ 3, f111(0, k) = 1
and f111(1, k) = k for all k, hence the theorem holds. �
Finally, we consider patterns 112 and 121. We start with pattern 121.
If a word σ ∈ [k]n avoids pattern 121, then it contains no letters other than 1 between

any two 1’s, which means that all 1’s in σ, if any, are consecutive. Deletion of all 1’s from
σ leaves another word σ1 which avoids 121 and contains no 1’s, so all 2’s in σ1, if any, are
consecutive. In general, deletion of all letters 1 through j leaves a (possibly empty) word
σj on letters j + 1 through k in which all letters j + 1, if any, occur consecutively.
If a word σ ∈ [k]n avoids pattern 112, then only the leftmost 1 of σ may occur before a

greater letter. The rest of the 1’s must occur at the end of σ. In fact, just as in the previous
case, deletion of all letters 1 through j leaves a (possibly empty) word σj on letters j + 1
through k in which all occurrences of j+1, except possibly the leftmost one, are at the end
of σj. We will call all occurrences of a letter j, except the leftmost j, excess j’s.
The preceding analysis suggests a natural bijection ρ : [k]n(121) → [k]n(112). Given a

word σ ∈ [k]n(121), we apply the following algorithm of k steps. Say it yields a word σ(j)

after Step j, with σ(0) = σ. Then Step j (1 ≤ j ≤ k) is:
Step j. Cut the block of excess j’s, then insert it immediately before the final block of all

smaller excess letters of σ(j−1), or at the end of σ(j−1) if there are no smaller excess letters.
It is easy to see that, at the end of the algorithm, we get a word σ(k) ∈ [k]n(112).
The inverse map, ρ−1 : [k]n(112) → [k]n(121) is given by a similar algorithm of k steps.

Given a word σ ∈ [k]n(112) and keeping the same notation as above, Step j is as follows:
Step j. Cut the block of excess j’s (which are at the end of σ(j−1)), then insert it

immediately after the leftmost j in σ(j−1).
Clearly, we get σ(k) ∈ [k]n(121) at the end of the algorithm.
Thus, we have the following
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Theorem 2. Patterns 121 and 112 are Wilf-equivalent.

We will now find f112(n, k) and provide a bijective proof of the resulting formula.
Consider all words σ ∈ [k]n(112) which contain a letter 1. Their number is

(1) g112(n, k) = f112(n, k)− |{σ ∈ [k]n(112) : σ has no 1’s}| = f112(n, k)− f112(n, k − 1).

On the other hand, each such σ either ends on 1 or not.
If σ ends on 1, then deletion of this 1 may produce any word in σ̄ ∈ [k]n−1(112), since ad-

dition of the rightmost 1 to any word in σ̄ ∈ [k]n−1(112) does not produce extra occurrences
of pattern 112.
If σ does not end on 1, then it has no excess 1’s, so its only 1 is the leftmost 1 which does

not occur at end of σ. Deletion of this 1 produces a word in σ̄ ∈ {2, . . . , k}n−1(112). Since
insertion of a single 1 into each such σ̄ does not produce extra occurrences of pattern 112,
for each word σ̄ ∈ {2, . . . , k}n−1(112) we may insert a single 1 in n− 1 positions (all except
the rightmost one) to get a word σ ∈ [k]n(112) which contains a single 1 not at the end.
Thus, we have

(2) g112(n, k) = f112(n− 1, k) + (n− 1)|{σ ∈ [k]n−1(112) : σ has no 1’s}| =
= f112(n− 1, k) + (n− 1)f112(n− 1, k − 1).

Combining (1) and (2), we get

(3) f112(n, k)− f112(n, k − 1) = f112(n− 1, k) + (n− 1)f112(n− 1, k − 1), n ≥ 1, k ≥ 1.

The initial values are f112(n, 0) = δn0 for all n ≥ 0 and f112(0, k) = 1, f112(1, k) = k for
all k ≥ 0.
Therefore, multiplying (6) by yk and summing over k, we get

G112(n; y)− δn0 − yG112(n; y) = G112(n− 1; y)− δn−1,0 + (n− 1)yG112(n − 1; y), n ≥ 1,

hence,
(1− y)G112(n; y) = (1 + (n− 1)y)G112(n− 1; y), n ≥ 2.

Therefore,

(4) G112(n; y) =
1 + (n− 1)y

1− y
G112(n− 1; y), n ≥ 2.

Also, G112(0; y) =
1

1− y
and G112(1; y) =

y

(1− y)2
, so applying the previous equation

repeatedly yields

(5) G112(n; y) =
y(1 + y)(1 + 2y) · · · (1 + (n− 1)y)

(1− y)n+1
.

We have

1
y
Numer(G112(n; y)) = (1 + y)(1 + 2y) · · · (1 + (n− 1)y) = yn

n−1∏
j=0

(
1
y
+ j

)
=

= yn
n∑

k=0

c(n, k)
(
1
y

)k

=
n∑

k=0

c(n, k)yn−k =
n∑

k=0

c(n, n − k)yk,

where c(n, j) is the signless Stirling number of the first kind, and

yDenom(G112(n; y)) =
y

(1− y)n+1
=

∞∑
k=0

(
n+ k − 1

n

)
yk,
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so f(n, k) is the convolution of the two coefficients:

f112(n, k) =
(
c(n, n− k) ∗

(
n+ k − 1

n

))
=

k∑
j=0

(
n+ k − j − 1

n

)
c(n, n − j).

Thus, we have a new and improved version of Theorem 2.

Theorem 3. Patterns 112 and 121 are Wilf-equivalent, and

f121(n, k) = f112(n, k) =
k∑

j=0

(
n+ k − j − 1

n

)
c(n, n − j),

F121(x, y) = F112(x, y) =
1

1− y
·
(

1− y

1− y − xy

)1/y

.

(6)

We note that this is the first time that Stirling numbers appear in enumeration of words
(or permutations) with forbidden patterns.

Proof. The first formula is proved above. The second formula can be obtained as the
exponential generating function of G112(n; y) from the recursive equation (4). Alternatively,
multiplying the recursive formula (3) by xn/n! and summing over n yields

d

dx
F112(x; k) = F112(x; k) + (1 + x)

d

dx
F112(x; k − 1).

Multiplying this by yk and summing over k ≥ 1, we obtain

d

dx
F112(x, y) =

1
1− y − yx

F112(x, y).

Solving this equation together with the initial condition F112(0, y) =
1

1− y
yields the desired

formula. �

We will now prove the exact formula (6) bijectively. As it turns out, a little more
natural bijective proof of the same formula obtains for f221(n, k), an equivalent result since
221 = c(112). This bijective proof is suggested by equation (3) and by the fact that
c(n, n − j) enumerates permutations of n letters with n − j right-to-left minima (i.e. with
j right-to-left nonminima), and

(
n+k−j−1

n

)
enumerates nondecreasing strings of length n on

letters in {0, 1, . . . , k − j − 1}.
Given a permutation π ∈ Sn which has n − j right-to-left minima, we will construct

a word σ ∈ [j + 1]n(221) with certain additional properties to be discussed later. The
algorithm for this construction is as follows.

Algorithm 1. (1) Let d = (d1, . . . , dn), where

dr =

{
0, if r is a right-to-left minimum in π,
1, otherwise.

(2) Let s = (s1, s2, . . . , sn), where sr = 1 +
∑r

i=1 dr, r = 1, . . . , n.
(3) Let σ = π ◦ s (i.e. σr = sπ(r), r = 1, . . . , n). This is the desired word σ.

Example 1. Let π = 621/93/574/8/10 ∈ S10. Then n−j = 5, so j+1 = 6, d = 0100111010,
s = 1222345566, so the corresponding word σ = 4216235256 ∈ [6]10(221).
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Note that each letter sr in σ is in the same position as that of r in π, i.e. π−1(r).
Let us show that our algorithm does indeed produce a word σ ∈ [j + 1]n(221).
Since π has n − j right-to-left minima, only j of the dr’s are 1s, the rest are 0s. The

sequence {sr} is clearly nondecreasing and its maximum, sn = 1 + 1 · j = j + 1. Thus,
σ ∈ [j + 1]n and σ contains all letters from 1 to j + 1.
Suppose now σ contains an occurrence of the pattern 221. This means π contains a

subsequence bca or cba, a < b < c. On the other hand, sb = sc, so 0 = sc − sb =
∑c

r=b+1 dr,
hence dc = 0 and c must be a right-to-left minimum. But a < c is to the right of c, so c is
not a right-to-left minimum. Contradiction. Therefore, σ avoids pattern 221.
Thus, σ ∈ [j + 1]n(221) and contains all letters 1 through j + 1. Moreover, the leftmost

(and only the leftmost) occurrence of each letter (except 1) is to the left of some smaller
letter. This is because sb = sb−1 means db = 0, that is b is a right-to-left minimum, i.e.
occurs to the right of all smaller letters. Hence, sb is also to the right of all smaller letters,
i.e. is a right-to-left minimum of σ. On the other hand, sb > sb−1 means db = 1, that is b
is not a right-to-left minimum of π, so sb is not a right-to-left minimum of σ.
It is easy to construct an inverse of Algorithm 1. Assume we are given a word σ as above.

We will construct a permutation π ∈ Sn which has n− j right-to-left minima.

Algorithm 2.

(1) Reorder the elements of σ in nondecreasing order; call the resulting string s.
(2) Let π ∈ Sn be the permutation such that σr = sπ(r), r = 1, . . . , n, given that σa = σb

(i.e. sπ(a) = sπ(b)) implies π(a) < π(b) ⇔ a < b). In other words, π is monotone
increasing on positions of equal letters. Then π is the desired permutation.

Example 2. Let σ = 4216235256 ∈ [6]10(221) from our earlier example (so j + 1 = 6).
Then s = 1222345566, so looking at positions of 1s, 2s, etc., 6s, we get

π(1) = 6
π({2, 5, 8}) = {2, 3, 4} =⇒ π(2) = 2, π(5) = 3, π(8) = 4

π(3) = 1
π({4, 10}) = {9, 10} =⇒ π(9) = 4, π(10) = 10

π(6) = 5
π({7, 9}) = {7, 8} =⇒ π(7) = 7, π(9) = 8.

Hence, π = (6, 2, 1, 9, 3, 5, 7, 4, 8, 10) (in the one-line notation, not the cycle notation) and
π has n− j right-to-left minima: 10, 8, 4, 3, 1.

Note that the position of each sr in σ is π−1(r), i.e. again the same as r has in π.
Therefore, we conclude as above that π has j + 1 − 1 = j right-to-left nonminima, hence,
n− j right-to-left minima. Furthermore, the same property implies that Algorithm 2 is the
inverse of Algorithm 1.
Note, however, that more than one word in [k]n(221) may map to a given permutation

π ∈ Sn with exactly n − j right-to-left minima. We only need require that just the letters
corresponding to the right-to-left nonminima of π be to the left of a smaller letter (i.e. not
at the end) in σ. Values of 0 and 1 of dr in Step 1 of Algorithm 1 are minimal increases
required to recover back the permutation π with Algorithm 2. We must have dr ≥ 1 when
we have to increase sr, that is when sr is not a right-to-left minimum of σ, i.e. when r is
not a right-to-left minimum of π. Otherwise, we don’t have to increase sr, so dr ≥ 0.
Let σ ∈ [k]n(221), π = Alg2(σ), σ̃ = Alg1(π) = Alg1(Alg2(σ)) ∈ [j + 1]n(221), and

η = σ − σ̃ (vector subtraction). Note that er = sr(σ)− sr(σ̃) ≥ 0 does not decrease (since
sr(σ) cannot stay the same if sr(σ̃) is increased by 1) and 0 ≤ e1 ≤ . . . ≤ en ≤ k − j − 1.
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Since position of each er in η is the same as position of sr in σ (i.e. ηa = eπ(a), e =
e1e2 . . . en), the number of such sequences η is the number of nondecreasing sequences e of
length n on letters in {0, . . . , k − j − 1}, which is (n+k−j−1

n

)
.

Thus, σ ∈ [k]n(221) uniquely determines the pair (π, e), and vice versa. This proves the
formula (6) of Theorem 3.
All of the above lets us state the following

Theorem 4. There are 3 Wilf classes of multipermutations of length 3, with representatives
123, 112 and 111.

4. Pairs of 3-letter patterns

There are 8 symmetric classes of pairs of 3-letters words, which are

{111, 112}, {111, 121}, {112, 121}, {112, 122}, {112, 211}, {112, 212}, {112, 221}, {121, 212}.
Theorem 5. The pairs {111, 112} and {111, 121} are Wilf equivalent, and

F111,121(x, y) = F111,112(x, y) =
e−x

1− y
·
(

1− y

1− y − xy

)1/y

,

f111,112(n, k) =
n∑

i=0

k∑
j=0

(−1)n−i

(
n

i

)(
k + i− j − 1

i

)
c(i, i − j).

Proof. To prove equivalence, notice that the bijection ρ : [k]n(121) → [k]n(112) preserves
the number of excess copies of each letter and that avoiding pattern 111 is the same as
having at most 1 excess letter j for each j = 1, . . . , k. Thus, restriction of ρ to words with
≤ 1 excess letter of each kind yields a bijection ρ⇀111: [k]n(111, 121) → [k]n(111, 112).
Let α ∈ [k]n(111, 112) contain i copies of letter 1. Since α avoids 111, we see that i ∈

{0, 1, 2}. Corresponding to these three cases, the number of such words α is f111,112(n, k−1),
nf111,112(n− 1, k − 1) or (n− 1)f111,112(n − 2, k − 1), respectively. Therefore,

f111,112(n, k) = f111,112(n, k − 1) + nf111,112(n− 1, k − 1) + (n− 1)f111,112(n− 2, k − 1),

for n, k ≥ 1. Also, f111,112(n, 0) = δn0 and f111,112(0, k) = 1, hence

F111,112(x; k) = (1 + x)F111,112(x; k − 1) +
∫
xF111,112(x; k − 1)dx,

where f111,112(0, k) = 1. Multiply the above equation by yk and sum over all k ≥ 1 to get

F111,112(x, y) = c(y)e−x ·
(

1− y

1− y − xy

)1/y

,

which, together with F111,112(0, y) =
1

1− y
, yields the generating function.

Notice that F111,112(x, y) = e−xF112(x, y), hence, F111,112(x; k) = e−xF112(x; k), so f111,112(n, k)
is the exponential convolution of (−1)n and f112(n, k). This yields the second formula. �

Theorem 6. Let H112,121(x; k) =
∑

n≥0 f112,121(n, k)xn. Then for any k ≥ 1,

Hk(x) =
1

1− x
H112,121(x; k − 1) + x2 d

dx
H112,121(x; k − 1),

and H112,121(x; 0) = 1.
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Proof. Let α ∈ [k]n(112, 121) such that contains j letters 1. Since α avoids 112 and 121,
we have that for j > 1, all j copies of letter 1 appear in α in positions n− j +1 through n.
When j = 1, the single 1 may appear in any position. Therefore,

f112,121(n; k) = f112,121(n; k − 1) + nf112,121(n− 1, k − 1) +
n∑

j=2

f112,121(n− j; k − 1),

which means that

f112,121(n; k) = f112,121(n − 1; k) + f112,121(n; k − 1)

+ (n− 1)f112,121(n− 1, k − 1)− (n− 2)f112,121(n− 2, k − 1).

We also have f112,121(n; 0) = 1, hence it is easy to see the theorem holds. �
Theorem 7. Let H112,211(x; k) =

∑
n≥0 f112,211(n, k)xn. Then for any k ≥ 1,

H112,211(x; k) = (1 + x+ x2)H112,211(x; k − 1) +
x3

1− x
+

d

dx
H112,211(x; k − 1),

and H112,211(x; 0) = 1.

Proof. Let α ∈ [k]n(112, 211) such that contains j letters 1. Since α avoids 112 and 211 we
have that j = 0, 1, 2, n. When j = 2, the two 1’s must at the beginning and at the end.
Hence, it is easy to see that for j = 0, 1, 2, n there are f112,211(n; k−1), nf112,211(n−1; k−1),
f112,211(n − 2; k − 1) and 1 such α, respectively. Therefore,

f112,211(n; k) = f112,211(n; k − 1) + nf112,211(n− 1, k − 1) + f112,211(n− 2, k − 1) + δn≥3.

We also have f112,121(n; 0) = 1, hence it is easy to see the theorem holds. �
Theorem 8. Let an,k = f112,212(n, k), then

an,k = an,k−1 +
n∑

d=1

k−1∑
r=0

n−d∑
j=0

aj,ran−d−j,k−1−r

and a0,k = 1, an,1 = 1.

Proof. Let α ∈ [k]n(112, 212) have exactly d letters 1. If d = 0, there are an,k−1 such
α. Let d ≥ 1, and assume that αid = 1 where d = 1, 2, . . . j. Since α avoids 112, we have
i2 = n+2−d (if d = 1, we define i2 = n+1), and since α avoids 212 we have that αa, αb are
different for all a < i1 < b < i2. Therefore, α avoids {112, 212} if and only if (α1, . . . , αi1−1),
and (αi1+1, . . . , αi2−1) are {112, 212}-avoiding. The rest is easy to obtain. �
Theorem 9.

f112,221(n, k) =
k∑

j=1

j · j!
(
k

j

)

for all n ≥ k + 1,

f112,221(n, k) = n!
(
k

n

)
+

n−1∑
j=1

j · j!
(
k

j

)

for all k ≥ n ≥ 2, and f112,221(0, k) = 1, f112,221(1, k) = k.

Proof. Let α ∈ [k]n(112, 221) and j ≤ n be such that α1, . . . , αj are all distinct and j is
maximal. Clearly, j ≤ k. Since α avoids {112, 221} and j is maximal, we get that the
letters αj+1, . . . , αn, if any, must all be the same and equal to one of the letters α1, . . . , αj .
Hence, there are j · j!(kj) such α if , for j < n or j = n > k. For j = n ≤ k, there are n!

(k
n

)
such α. Hence, summing over all possible j = 1, . . . , k, we obtain the theorem. �
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Theorem 10.

f121,212(n, k) =
k∑

j=0

j!
(
k

j

)(
n− 1
j − 1

)

for k ≥ 0, n ≥ 1, and f121,212(0, k) = 1 for k ≥ 0.

Proof. Let α ∈ [k]n(121, 212) contain exactly j distinct letters. Then all copies of each letter
1 through j must be consecutive, or α would contain an occurrence of either 121 or 212.
Hence, α is a concatenation of j constant strings. Suppose the i-th string has length ni > 0,
then n =

∑j
i=1 ni. Therefore, to obtain any α ∈ [k]n(121, 212), we can choose j letters out

of k in
(
k
j

)
ways, then choose any ordered partition of n into j parts in

(
n−1
j−1

)
ways, then

label each part ni with a distinct number li ∈ {1, . . . , j} in j! ways, then substitute ni

copies of letter li for the part ni (i = 1, . . . , j). This yields the desired formula. �
Unfortunately, the case of the pair (112, 122) still remains unsolved.

5. Some triples of 3-letter patterns

Theorem 11.

F112,121,211(x; k) = 1 +
(ex − 1)((1 + x)k − 1)

x
,

f112,121,211(n, k) =




n∑
j=1

1
j!

(
n+ 1
j

)(
k

n+ 1− j

)
, n ≥ 1,

1, n = 0.

Proof. Let α ∈ [k]n(112, 121, 211) contain j letters 1. For j ≥ 2, there are no letters between
the 1’s, to the left of the first 1 or to the right of the last 1, hence j = n. For j = 1, j = 0 it
is easy to see from definition that there are nf112,121,211(n−1, k−1) and f112,121,211(n, k−1)
such α, respectively. Hence,

f112,121,211(n, k) = f112,121,211(n, k − 1) + nf112,121,211(n− 1, k − 1) + 1,

for n, k ≥ 2. Also, a(n, 1) = a(n, 0) = 1, a(0, k) = 1, and a(1, k) = k. If we let b(n, k) =
f112,121,211(n, k)/n!, then

b(n, k) = b(n, k − 1) + b(n− 1, k − 1) +
1
n!

.

Let bk(x) =
∑

n≥0 b(n, k)x
n, then it is easy to see that bk(x) = (1 + x)bk−1(x) + ex − 1.

Since we also have b0(x) = ex, the theorem follows by induction. �

6. Some patterns of arbitrary length

6.1. Pattern 11 . . . 1. Let us denote by 〈a〉l the word consisting of l copies of letter a.

Theorem 12. For any l, k ≥ 0,

F〈1〉l(x; k) =


 l−1∑

j=0

xj

j!




k

.

Proof. Let α ∈ [k]n(〈1〉l) contain j letters 1. Since α avoids 〈1〉l, we have j ≤ l − 1. If α
contains exactly j letters of 1, then there are

(
n
j

)
f〈1〉l(n− j, k − 1) such α, therefore

f〈1〉l(n, k) =
l−1∑
j=0

(
n

j

)
f〈1〉l(n − j, k − 1).
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We also have f〈1〉l(n, k) = kn for n ≤ l − 1, hence it is easy to see the theorem holds. �

In fact, [CS] shows that we have

f〈1〉l(n, k) =
n∑

i=1

M l−1
2 (n, i)(k)i,

where M l−1
2 (n, i) is the number of partitions of an n-set into i parts of size ≤ l − 1.

6.2. Pattern 11 . . . 121 . . . 11. Let us denote vm,l = 11 . . . 121 . . . 11, where m (respectively,
l) is the number of 1’s on the left (respectively, right) side of 2 in vm,l. In this section we
prove the number of words in [k]n(vm,l) is the same as the number of words in [k]n(vm+l,0)
for all m, l ≥ 0.

Theorem 13. Let m, l ≥ 0, k ≥ 1. Then for n ≥ 1,

fvm,l
(n+ 1, k) − fvm,l

(n, k) =
m+l−1∑

j=0

(
n

j

)
fvm,l

(n+ 1− j, k − 1).

Proof. Let α ∈ [k]n(vm,l) contain exactly j letters 1. Since the 1’s cannot be part of an
occurrence of vm,l in α when j ≤ m+ l− 1, these 1’s can be in any j positions, so there are(
n
j

)
fvm,l

(n, k−1) such α. If j ≥ m+l, then them-th through (j−l+1)-st (l-th from the right)
1’s must be consecutive letters in α (with the convention that the 0-th 1 is the beginning
of α and (j + 1)-st 1 is the end of α). Hence, there are

(n−j+m+l−1
m+l−1

)
fvm,l

(n− j, k − 1) such
α, and hence

fvm,l
(n; k) =

m+l−1∑
j=0

(
n

j

)
fvm,l

(n− j, k − 1) +
n∑

j=m+l

(
n− j +m+ l − 1

m+ l − 1

)
fvm,l

(n− j, k − 1).

Hence for all n ≥ 1,

fvm,l
(n+ 1, k) − fvm,l

(n, k) =
m+l−1∑

j=0

(
n

j

)
fvm,l

(n+ 1− j, k − 1).

�

An immediate corollary of Theorem 13 is the following.

Corollary 14. Let m, l ≥ 0, k ≥ 0. Then for n ≥ 0

fvm,l
(n, k) = fvm+l,0

(n, k).

In other words, all patterns vm,l with the same m+ l are Wilf-equivalent.

Proof. We will give an alternative, bijective proof of this by generalizing our earlier bijection
ρ : [k]n(121) → [k]n(112). Let α ∈ [k]n(vm,l). Recall that αj is a word obtained by deleting
all letters 1 through j from α (with α0 := α).
Suppose that α contains i letters j+1. Then all occurrences of j+1 from m-th through

(i − l + 1)-st, if any (i.e. if j ≥ m+ l), must be consecutive letters in αj . We will denote
as excess j’s the (m+1)-st through (i− l+1)-st copies of j when l > 0, and m-th through
i-th copies of j when l = 0.
Suppose that m+ l = m′ + l′. Then the bijection ρm,l;m′,l′ : [k]n(vm,l)→ [k]n(vm′,l′) is an

algorithm of k steps. Given a word α ∈ [k]n(vm,l), say it yields a word α(j) after Step j,
with α(0) := α. Then Step j (1 ≤ j ≤ k) is as follows:
Step j.
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(1) Cut the block of excess j’s from α(j−1)
j−1 (which is immediately after the m-th

occurrence of j), then insert it immediately after the m′-th occurrence of j if l′ > 0,
or at the end of α(j−1)

j−1 if l′ = 0.
(2) Insert letters 1 through j − 1 into the resulting string in the same positions they

are in α(j−1) and call the combined string α(j).
Clearly,

α(j)
j = α(j−1)

j = . . . = α(0)
jαj

and at Step j, the j’s are rearranged so that no j can be part of an occurrence of vm′,l′ .
Also, positions of letters 1 through j − 1 are the same in α(j) and α(j−1), hence, no letter
from 1 to j can be part of vm′,l′ in α(j) by induction. Therefore, α(k) ∈ [k]n(vm′,l′) as desired.
Clearly, this map is invertible, and ρm′,l′;m,l = (ρm,l;m′,l′)−1. This ends the proof. �

Theorem 15. Let p ≥ 1 and dp(f(x)) =
∫
. . .
∫
f(x)dx . . . dx (and we define d0(f(x)) =

f(x))). Then for any k ≥ 1,

Fvp,0(x; k) −
∫

Fvp,0(x; k)dx =
p−1∑
j=0

(
(−1)jdp(Fvp,0(x; k − 1))

p−1−j∑
i=0

xi

i!

)
,

and Fvp,0(x; 1) = ex, Fvp,0(0; k) = 1.

Proof. By definition, we have fvp,0(n, 1) = 1 for all n ≥ 0 so Fvp,0(x; 1) = ex. On the other
hand, Theorem 13 yields immediately the rest of this theorem. �
Example 3. For p = 1, Theorem 15 yields

∑
n≥0

|[k]n(12)|x
n

n!
= ex

k−1∑
j=0

(
k − 1
j

)
xj

j!
,

which means that, for any n ≥ 0

|[k]n(12)| =
(
n+ k − 1
k − 1

)
.

(cf. Section 2.)

Example 4. For p = 2, Theorem 15 yields

F112(x; k) = ex ·
∫
(1 + x)e−xF112(x; k − 1)dx,

and F112(x; 0) = 1.

Corollary 16. For any p ≥ 0

Fvp,0(x; 2) = ex
p∑

j=0

xj

j!
.

Proof. From Theorem 15, we immediately get that

Fvp,0(x; 2) −
∫

Fvp,0(x; 2)dx = ex
p−1∑
j=0

(−1)j
p−1−j∑

i=0

xi

i!
,

which means that

ex d

dx

(
e−xFvp,0(x; 2)

)
= ex

p−1∑
j=0

xj

j!
,

hence the corollary holds. �
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EXPLICIT FORMULAE FOR SOME KAZHDAN-LUSZTIG
POLYNOMIALS FOR Sn

FABRIZIO CASELLI

Abstract. We consider Kazhdan-Lusztig polynomials Pu,v(q) indexed by permutations
u, v having particular forms with regard to their monotonicity patterns. First we present a
solution to the problem of computing Pu,v(q) when u, v ∈ Sn satisfy u−1(n)− v−1(n) ≤ 3
by reducing it to a problem for Kazhdan-Lusztig polynomials for Sn−1. As a corollary
we obtain an “almost” explicit expression for Pe,4...n123. We also show explicit formulae
for Pe,v(q) when v is obtained by inserting n in a permutation of Sn−1 that is allowed to
rise only in the first and in the last position generalizing a theorem due to B. Shapiro, M.
Shapiro and A. Vainshtein. As an application of this result we write down explicit formulae
for Pe,σ(n−2)σ(n−1)σ(n) n−3...4 τ(1)τ(2)τ(3) for (σ, τ ) ∈ S3 × S3 \ (e, e), where σ act on the
set {n − 2, n − 1, n} in the natural way, establishing, in particular, two conjectures due to
F. Brenti and R. Simion. Our proofs are based on the fact that the polynomials under
consideration (together with some others) satisfy some nice recurrence relations. Moreover
they are purely combinatorial and make no use of the geometry of the corresponding
Schubert varieties.

Résumé. Nous considérons polynômes de Kazhdan-Lusztig Pu,v(q) indexés par permuta-
tions u, v avec des formes particulières par rapport à leurs andaments de monotonicité.
D’abord nous proposons une solution au problème du calcul de Pu,v(q) quand u, v ∈ Sn

vérifient u−1(n) − v−1(n) ≤ 3 en le réduisant à un problème pour les polynômes de
Kazhdan-Lusztig pour Sn−1. Comme première application de ce résultat nous obtiendrons
une expression “presque” explicite pour Pe,4...n123. Nous montrerons aussi des formules
explicites pour Pe,v(q) quand v est obtenu en insérant n dans une permutation de Sn−1

qui a au plus 2 montées dans la première et la dernière position. Ce résultat généralise un
théorème de B. Shapiro, M. Shapiro et A. Vainshtein. Comme application de ce résultat
nous montrerons des formules explicites pour Pe,σ(n−2)σ(n−1)σ(n) n−3...4 τ(1)τ(2)τ(3) avec
(σ, τ ) ∈ S3 × S3 \ (e, e), oùσ agit sur l’ensemble {n − 2, n − 1, n} de la façon naturelle, en
prouvant deux conjectures de F. Brenti et R. Simion. Nos démonstrations sont fondeès sur
le fait que les polynômes que nous considérons vérifient de bonnes relations de recurrence.
De plus, elles sont purement combinatoires et n’utilisent pas la geometrie des variétés de
Schubert correspondentes.

1. Introduction

In [KL1] Kazhdan and Lusztig defined, for every Coxeter system W , a family of polyno-
mials, parametrized by pairs of elements of W , which have become known as the Kazhdan-
Lusztig polynomials of W . These polynomials are intimately related to the Bruhat order
of W and have proven to be of fundamental importance in representation theory and in the
geometry of the Schubert varieties. We focus our attention to the case of the symmetric
group, where these polynomials can be computed with some particular purely combinato-
rial rules (see, for example, [Br2, Corollary 4.6]. Despite the rather elementary recursion
relations they satisfy, these polynomials are in general quite difficult to compute explicitly.
In fact the only families of Kazhdan-Lusztig polynomials that are known correspond to
situations where the geometry of the corresponding Schubert varieties is easier (see, for
example, [LSc],[Bo], [P] and [SSV, Theorems 1 and 2]) , where the interval [u, v] has some
special shape (see, for example, [Br1, Corollaries 6.8 and 6.9] or when the shape of the
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indexing permutation lead in some natural way to the use of induction (see [BS, Corollary
3.2 and Theorem 3.3]). This work gives results in the direction of explicit formulae for the
Kazhdan-Lusztig polynomials of the symmetric group when the indexing
permutations are of particular forms.
The main results are the following. First we reduce the calculation of Pu,v(q) when u, v ∈

Sn satisfy u−1(n)−v−1(n) ≤ 3 to an (easier) problem in Sn−1. Next we will show some appli-
cations of this result. In particular we obtain a formula for P1...n−3σ(n−2) σ(n−1) σ(n) ,4...n123,
where σ is any permutation of the set {n− 2, n − 1, n} that shows how these families
of polynomials are intimately related among each other. Then we will focus our atten-
tion to permutations in Sn that are obtained from an element of Sn−1 allowed to rise
only in the first and in the last position by inserting n (or 1) anywhere in its complete
notation. We write down some recurrence relations they satisfy and we obtain explicit
formulae from these relations. Finally, as an application of this result, we find explicit
formulae for Pe,σ(n−2)σ(n−1)σ(n) n−3...4 τ(1)τ(2)τ(3) where (σ, τ) ∈ S3×S3 \ (e, e) act on the set
{n− 2, n− 1, n, 1, 2, 3} in the most natural way, establishing, in particular, two conjectures
due to F. Brenti and R. Simion (see [BS, Conjecture 4.1 and 4.2]). The proofs rely on the
special shape of the permutation under consideration that will allow us to deduce some
easy recursions satisfied by these polynomials (together with some other Kazhdan-Lusztig
polynomials) with no use of geometry.
In §2 we fix the notation and we provide the necessary preliminaries on the Bruhat order

of Sn and some known results about the Kazhdan-Lusztig polynomials which are used in
the proofs of our results.

2. Notation and preliminaries

In this section we collect some definitions and results that have been used in the proofs
of this work.
We let N := {0, 1, 2, 3, . . .} be the set of non-negative integers and for a ∈ N we let

[a] := {1, 2, . . . , a} (where [0] = ∅) and for a ∈ R, 
a� is the largest integer ≤ a. Given
n,m ∈ N, n ≤ m, we let [n,m] := {n, n+ 1, . . . ,m}. We write S = {a1, . . . , ar}< to mean
that S = {a1, . . . , ar} and a1 < · · · < ar

For i ∈ Z we denote by

[i]q :=
i−1∑
j=0

qj

so that [n]q = 0 if n ≤ 0. Given a polynomial P (q) and i ∈ N we denote by [qi](P (q)) the
coefficient of qi in P (q).
Given a set T we let S(T ) be the set of all bijections of T . In particular, Sn = S([n]) is the

symmetric group on n elements and we denote by e the identity of Sn. If u ∈ S([n, n+ k])
for some n, k ∈ N, then we write u = u1u2 . . . uk+1 to mean that u(n + i) = ui+1 for
i = 0, . . . , k, while we denote by si the transposition (i, i + 1). Given σ, τ ∈ S(T ), we let
στ := σ ◦ τ , i.e. we compose permutations as functions, from right to left. Given σ ∈ Sn,
the right descent set of σ is

DR(σ) := {i ∈ [n− 1] : σ(i) > σ(i+ 1)}
and the left descent set is

DL(σ) :=
{
i ∈ [n− 1] : σ−1(i) > σ−1(i+ 1)

}
and the length of σ is defined by the number of inversions:

�(σ) := inv(σ) := # {(a, b) ∈ [n]× [n] : a < b, σ(a) > σ(b)}
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For example, if σ = 635 2 4 1 then DR(σ) = {1, 3, 5}, DL(σ) = {1, 2, 4, 5} and �(σ) = 11.
Throughout this work we view Sn as a poset ordered by the strong Bruhat order. We are
not going to define this order in the usual way (see [H, Section 5.9] for its definition), but
we shall use the following characterization of it due to Ehresmann [E]. For σ ∈ Sn and
j ∈ [n], let {

σj,1, . . . , σj,j
}

<
:= {σ(1), . . . , σ(j)}

Theorem 2.1. Let σ, τ ∈ Sn. Then σ ≤ τ if and only if σj,i ≤ τ j,i for all 1 ≤ i ≤ j ≤ n−1.
We take the following fundamental result (see [H, Section 7.11] for a proof) as the defi-

nition of the Kazhdan-Lusztig polynomials:

Theorem 2.2. There exists a unique family of polynomials {Pu,v(q), u, v ∈ Sn} ⊂ Z[q]
such that:
(1) Pu,v(q) = 0 if u � v
(2) Pu,v(q) = 1 if u = v
(3) If u ≤ v and i ∈ DR(v) then

Pu,v(q) = q1−cPusi,vsi(q) + qcPu,vsi(q)−
∑

{z:i∈D(z)}
q


(v)−
(z)
2 µ(z, vsi)Pu,z(q)

where, for u, v ∈ Sn,

µ(u,w) :=

{ [
q

1
2
(�(w)−�(u)−1)

]
(Pu,w(q)) if u < w and �(w) − �(u) is odd

0 otherwise

and c = 1 if i ∈ D(u), and c = 0 otherwise.

The following result, whose proof can be found in [KL2], is a consequence of the role
played by the Kazhdan-Lusztig polynomials in the geometry of Schubert varieties and no
combinatorial proof of it is known so far :

Theorem 2.3. Let u, v ∈ Sn. Then Pu,v(q) ∈ N[q].

Two important consequences of Theorem 2.2 are the following:

Proposition 2.4. Let u, v ∈ Sn such that u < v. Then

deg(Pu,v(q)) ≤ 1
2
(�(v)− �(u)− 1)

and, if i ∈ DR(v)
Pu,v(q) = Pusi,v(q)

It should be remarked that Theorem 2.2 and the second part of Proposition 2.4 can be
reformulated in a similar way using left descents instead of right descents. An immediate
consequence of Proposition 2.4 is the following

Corollary 2.5. Let z,w ∈ Sn, z ≤ w, be such that µ(z,w) �= 0 and �(w)− �(z) > 1. Then
DR(z) ⊇ DR(w) and DL(z) ⊇ DL(w).

Two other properties that we often use are the following (see [H, Theorem 7.9 and
Corollary 7.14] for proofs:

Proposition 2.6. Let u, v ∈ Sn. Then

Pu,v(q) = Pu−1,v−1(q)
= Pw0uw0,w0vw0(q)

where w0 = n . . . 2 1 is the longest element of Sn.
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Let w ∈ Sn. We denote by w the permutation of Sn−1 obtained from w by suppressing
the value n from its notation. Then the following result can be obtained as a corollary of
Theorem 2.2 and will be of fundamental importance in the rest of our work.

Proposition 2.7. Let u, v ∈ Sn such that n occurs in the same position in both u and v.
Then

Pu,v(q) = Pu,v(q)

It should be mentioned that Proposition 2.7 can be stated in a “dual” version when 1
occur in the same position in both u and v.
The next result gives an explicit formula for Pu,v when v is allowed to rise only in the

first and in the last place (see [SSV]) and will be generalized in §4:
Theorem 2.8. Let u, v ∈ Sn, u ≤ v, be such that [2, n− 2] ⊆ DR(v). Then

Pu,v(q) =
{

1 if v(1) < v(n) or v(n) ≤ u(1) or v(1) ≥ u(n)
1 + qv(1)−v(n) otherwise

We conclude this section with an easy characterization of the permutations that gives rise
to Kazhdan-Lusztig polynomials equal to 1 (see [LSa] for a proof). Let τ ∈ Sm and σ ∈ Sn

with n ≥ m. We say that σ avoids τ if there is no subsequence 1 ≤ i1 < · · · < im ≤ n such
that

σ
(
iτ(1)

)
< · · · < σ

(
iτ(m)

)
Theorem 2.9. Let v ∈ Sn. Then

Pu,v(q) = 1 ∀u ≤ v ⇐⇒ v avoids both 3412 and 4231

3. A reduction theorem

Definition. Let u, v ∈ Sn . Then we set

d(u, v) := u−1(n)− v−1(n)

Note that by Theorem 2.1, if u ≤ v we have d(u, v) ≥ 0.
We are going to reduce the calculation of Pu,v(q) to a problem for Kazhdan-Lusztig

polynomials for Sn−1 when d(u, v) ≤ 3. We have already seen that if d(u, v) = 0 then
Pu,v(q) = Pu,v(q), so we may focus our attention to the case d(u, v) > 0.
The next results, for d(u, v) = 1 or 2, represent a reformulation and a generalization of

a theorem due to F. Brenti and R. Simion (see [BS, Theorem 3.1]).

Theorem 3.1. Let u, v ∈ Sn such that u ≤ v and i = v−1(n). Then
(1) If d(u, v) = 1

Pu,v(q) = Pu,v(q)
(2) If d(u, v) = 2

Pu,v(q) =
{

q1−cPusi,vsi(q) + qcPu,vsi(q) if i+ 1 /∈ DR(v)
Pu,v(q) if i+ 1 ∈ DR(v)

where c = 1 if i ∈ D(u) and c = 0 otherwise.

Note that the first part of Theorem 3.1 follows easily from Proposition 2.4 and Proposition
2.7.
Suppose now that d(u, v) = 3 and again set i = v−1(n). To fix the ideas we write

u := . . . uiui+1ui+2n . . .

and
v := . . . nvi+1vi+2vi+3 . . .
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If vi+2 > vi+3 then, by Proposition 2.4, we may swap ui+2 and n in u and hence we go
back to the case d(u, v) = 2. So, with no lack of generality, we may suppose vi+2 < vi+3,
i.e. i+2 /∈ DR(v). We would like to use Theorem 2.2 taking i as a right descent for v. The
next result will allow us to simplify the sum in that formula in this case.

Proposition 3.2. Let u, v ∈ Sn such that u ≤ v , d(u, v) = 3 , i = v−1(n) and i + 2 /∈
DR(v). Then the application F : z �→ z establishes a bijection between

z ∈ Sn such that z ≥ u
i ∈ DR(z), µ(z, vsi) �= 0
and �(vsi)− �(z) > 1

←→


z ∈ Sn−1such that z ≥ u
i, i + 1 ∈ DR(z)
and µ(z, v) �= 0


Moreover, for z in the set of the left-hand side, we have µ(z, vsi) = µ(z, v), �(v) − �(z) =
�(v)− �(z) + 3 and Pu,z(q) = Pu,z(q).

We are now ready to state the main result of this section.

Theorem 3.3. Let u, v ∈ Sn such that u ≤ v, d(u, v) = 3 , i = v−1(n) and i+ 2 /∈ DR(v).
Then

Pu,v(q) = q1−cPusi,vsi(q) + qcPu,vsi(q)−
∑

{z∈Sn−1:i,i+1∈DR(z)}
q


(v)−
(z)+3
2 µ(z, v)Pu,z(q)

− ε0qPu,v(q)− ε1qPu,vsi+1

where

εj :=
{

0 vi+1 < vi+j+2

1 otherwise
for j = 0, 1 and, as usual, c = 1 if i ∈ DR(u) and c = 0 otherwise.

Note that the polynomials in the first two summands in the right-hand side of the previous
formula are indexed by permutations x, y verifying d(x, y) = 2.
It should be mentioned that both Theorems 3.1 and 3.3 can also be stated in a “dual”

version when u, v ∈ Sn satisfy d̃(u, v) := v−1(1) − u−1(1) ≤ 3.
The next example shows us that, unfortunately, there could be many summands different

from 0 in the previous sum.

Example 3.4. Let n ≥ 5 and v := 3 . . . (n− 2)n (n− 1) 1 2 and hence v = 3 . . . (n− 2) (n−
1) 1 2 and u = e. Then it is easy to check that for every i ∈ [3, n− 2], (1, i)v gives rise to a
non-zero summand in Theorem 3.3.

Before showing the first application of Theorem 3.3, let us state the following:

Problem 3.5. Let i, n ∈ N, 1 ≤ i ≤ n. Find an explicit formula for

Pe,i...n 1...i−1(q)

Problem 3.5 is trivial for i = 1 and it is an easy consequence of Theorem 2.9 for i = 2 .
In 1992 M. Haiman conjectured a formula to solve this problem for i = 3 which has been
proved by F. Brenti and R. Simion in 2000 (see [BS], Corollary 3.2):

Theorem 3.6. Let

Fn(q) :=
�n/2�∑
i=0

(
n− i
i

)
qi

be the q-analogue of the Fibonacci number. Then ∀n ≥ 3

Pe,3...n 1 2(q) = Fn−2(q)
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If we use Theorems 2.2 and 3.1 then we can deduce

Psn−1,3...n 1 2(q) = Pe,3...n−1 1 2

Pe,3...n 1 2(q) = Pe,3...n−1 1 2(q) + qPsn−2,3...n−1 1 2(q)
This can be restated in the following way:

Proposition 3.7. Let n ≥ 3. Then(
Pe,3...n 1 2(q)

Psn−1,3...n 1 2(q)

)
=

(
1 q
1 0

)n−3 (
1
1

)
The next result is a direct consequence of Theorem 3.3 and is the starting point to the

solution of Problem 3.5 for i = 4.

Lemma 3.8. Let n ∈ N, n ≥ 4 , vn ∈ Sn, vn := 4 . . . n 1 2 3 and u ≤ v. Then

Pu,vn = q1−cPusn−3,vnsn−3(q) + qcPu,vnsn−3(q)

where c = 1 if n− 3 ∈ DR(u) and c = 0 otherwise.

Now let S3 act on the set {n− 2, n − 1, n} by identifying 1, 2 and 3 with n− 2, n− 1 and
n respectively. Then, ∀σ ∈ S3 we set

Φσ(q) := P1...(n−3)σ(n−2)σ(n−1)σ(n),vn

In 2001 Billey and Warrington (see [BW, Theorem 4]) gave a generating function de-
scription of Φ123(q).
The following theorem shows an explicit formula for all Φσ(q), σ ∈ S3 at the same time

and in particular it solves Problem 3.5 for i = 4.

Theorem 3.9. Let n ∈ N n ≥ 4.
Φ123(q)
Φ132(q)
Φ213(q)
Φ231(q)
Φ312(q)
Φ321(q)

 =


1 q q q2 0 0
1 0 q 0 0 0
1 q 0 0 q q2

0 1 0 0 q 0
1 0 0 0 0 0
0 1 0 0 0 0



n−4 
1
1
1
0
1
0


4. Explicit formulae

The main target of this section is to find an explicit formula for all polynomials Pu,v,
u, v ∈ Sn, whenDR(v) ⊇ [2, n− 2], v−1(n) �= 1 and u have some particular shape depending
on that of v. This result will turn out to be a generalization of Theorem 2.8 and will allow
us to prove two conjectures due to F. Brenti and R. Simion.
With this purpose we fix x, y, n ∈ N such that x, y ∈ [2, n− 1] and x �= y. We denote by

σ0 the unique element v of Sn−1 such that v(1) = x, v(n− 1) = y and [2, n − 2] ⊆ DR(v).
For any i ∈ [2, n] we denote by vi the unique permutation of Sn satisfying the following

two conditions:
vi = σ0

v−1
i (n) = i

We also set, ∀a, i ∈ N, 2 ≤ a ≤ i ≤ n,

ui,a := sasa+1 · · · si−1

so that, in particular, ui,i = e ∀i.
For example, for n = 6, x = 4 and y = 2 we have v4 = 453 6 1 2, v5 = 453 1 6 2 and

u4,2 =134 2 5 6.
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We denote by Ri,a(q) := Pui,a,vi(q). We also set, for the notation convenience, Rn+1,a = 0.
The fundamental result about this family of Kazhdan-Lusztig polynomials is the follow-

ing:

Theorem 4.1. Let 2 ≤ a ≤ i ≤ n − 1. Then the polynomials Ri,a(q) verify the following
relations:

If x > y

Ri,a(q) = qRi+1,a(q) +Ri+1,i+1(q)− qRi+2,i+2(q)

−δi,n−y−1q − δi,n−xq
x−y+1

and if x < y

Ri,a(q) = qRi+1,a(q) +Ri+1,i+1(q)
−qRi+2,i+2(q)− δi,n−yq

where δi,j is the usual Kronecker symbol.

Theorem 4.1 can be used to find explicit formulae for the polynomials Ri,a(q) using a
double induction on n and n− i.

Corollary 4.2. Suppose x > y. Then if we set:

Hi(q) = q [n− y − i]q + qn−y−1 [x− i]q + qx−y+1 [n− x+ 1− i]q + qn−y [y − 1− i]q

we have:

Ri,a(q) =


(1 + qx−y) [n− 1− i]q −Hi(q) if a ∈ [2, y − 1]
[n− i]q + qx−y [n− 1− i]q −Hi(q) if a ∈ [y, x]
(1 + qx−y) [n− i]q −Hi(q) if a ∈ [x+ 1, n− 1]

Corollary 4.3. Suppose x < y. Then if we set

Ki(q) := q [n− y + 1− i]q + qn−y [y − 1− i]q

we have

Ri,a(q) =
{

[n− 1− i]q −Ki(q) if a ∈ [2, y − 1]
[n− i]q −Ki(q) if a ∈ [y, n− 1]

Note that in this case the polynomials Ri,a don’t depend on x.

Remark 4.4. We could have defined Ri,1(q), in a similar way, but we have chosen not to do
it because they satisfy a slight different recursion (and the general discussion would have
been more complicated) and hence we have preferred to suppose a ≥ 2.

Note that by an easy argument on induction on n based on Theorems 2.4 and 2.9, in
order to prove Theorem 2.8 it’s enough to show it when u = e and v = σ0. Hence our
result provides also a combinatorial proof of this theorem which was originally proved by
B. Shapiro, M. Shapiro and A. Vainshtein in a geometric way.
We are now going to show further explicit formulae for some other families of Kazhdan-

Lusztig polynomials whose proofs still use Theorems 3.1 and 3.3 as well as other recursive
relations similar to that of Theorem 4.1.
With this purpose we let n ∈ N, n ≥ 6 and S3 act at the same time on {1, 2, 3} in the

usual way and on {n− 2, n− 1, n} as it did in the §3,
i.e. in the natural way identifying n− 2, n− 1 and n with 1, 2 and 3 respectively.
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Definition. ∀(σ, τ) ∈ S3 × S3 we denote by Dσ,τ (q) the following Kazhdan-Lusztig poly-
nomial:

Dσ,τ (q) := Pe,σ(n−2) σ(n−1) σ(n) n−3...4 τ(1) τ(2) τ(3)(q)

Theorem 4.5. ∀n ≥ 6 the following formulae hold:

(1) D123,321(q) = D321,123(q) = 1
(2) D132,321(q) = D321,132(q) = D321,213(q) = D213,321(q) = 1
(3) D231,321(q) = D321,312(q) = 1
(4) D321,321(q) = 1
(5) D312,321(q) = D321,231(q) = 1 + q
(6) D231,312(q) = 1 + qn−3

(7) D213,312(q) = D231,132(q) = D231,132(q) = D132,312(q) = 1 + qn−4

(8) D132,213(q) = D213,132(q) = 1 + qn−5

(9) D132,132(q) = D213,213(q) = 1 + qn−5(1 + q)
(10) D123,312(q) = D231,123(q) = 1 + 2qn−4

(11) D123,132(q) = D132,123(q) = D213,123(q) = D123,213(q) = 1 + qn−5(2 + q)
(12) D123,231(q) = D312,123(q) = (1 + 2qn−5)(1 + q)
(13) D231,231(q) = D312,312(q) = 1 + q + qn−4

(14) D132,231(q) = D312,132(q) = D312,213(q) = D213,231(q) = (1 + q)(1 + qn−5)
(15) D312,231(q) = (1 + q)2(1 + qn−5)

All the equalities among the Dσ,τ (q)’s in each row of Theorem 4.5 are due to Theorem 2.6
while equations 1,2,3 and 4 follows directly from Theorem 2.9. Equations 6,7,8,9,10 and 11
are particular cases of the explicit formulae arising from Theorem 4.1, while all the others
need a further proof. Equations 10 and 11 were conjectured by F. Brenti and R. Simion
(see [BS, Conjectures 4.1 and 4.2]) while equation 6 had been conjectured by M. Haiman
and already proved by B. Shapiro, M. Shapiro and A. Vainshtein as a particular case of
Theorem 2.8.
The only missing case from Theorem 4.5 is D123,123. This has turned out to be much

more difficult than the others and will be treated apart in a joint work of the author and
M. Marietti.
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SKEW OSCILLATING SEMI-STANDARD TABLEAUX
(EXTENDED ABSTRACT)

SEUL HEE CHOI

Abstract. We introduce an analogue of the Robinson-Schensted correspondence for skew
oscillating semi-standard tableaux which generalize the correspondence for skew oscillating
tableaux. We give the geometric construction for skew oscillating semi-standard tableaux
and examine its combinatorial properties.

Résumé. Nous introduisons une construction analogue de la correspondance de Robinson-
Schensted pour les tableaux semi-standards oscillants gauches qui généralise la correspon-
dance pour les tableaux oscillants gauches. Nous donnons la construction géométrique
pour les tableaux semi-standards oscillants gauches et exeminons ses propriétés combina-
toires.

1. Introduction

The Robinson-Schensted correspondence between permutations and pairs of standards
tableaux of the same shape is introduced by Robinson ([6]) and it is given by Schensted
([10]) a little different form. After generalization by Knuth ([5]) to generalized permuta-
tions and pairs of semi-standards tableaux, various analogues of the Robinson-Schensted
correspondence have been produced on different kinds of tableaux ([8],[13],[3],[9]).

More recently, Dulucq and Sagan ([4]) have given the Robinson-Schensted correspondence
for oscillating tableaux and skew oscillating tableaux.

In this article, we extended the properties and constructions of analogue of Robinson-
Schensted correspondence in [4] to skew oscillating semi-standard tableaux. In sections 2,
we give basic definitions of generalised biwords and skew oscillating semi-standard tableaux.
An algorithm of Robinson-Schensted for skew oscillating semi-standard tableaux is given
in section 3, which is an extension of the algorithm of Robinson-Schensted correspondence
for skew oscillating standard tableaux given in [4]. Then we give a geometric construction
of a generalized biword due to Viennot, Chauve and Dulucq ([1],[8],[13]).

2. Definition and notations

Let λ = (λ1, ..., λk), λ1 ≤ ... ≤ λk, be a partition of n such that
∑k

i=1 λi = n. The
partition λ can be displayed a Ferrers diagram with the part λi in the row i. If µ ⊆ λ
then the corresponding skew shape λ/µ is the set {c|c ∈ λ, c �∈ µ}. If |λ/µ| = n then we
write λ/µ � n and say that λ/µ is a skew partition of n. A skew semi-standard tableau
S of shape λ/µ is a labeling of the cells of λ/µ with positive integers so that the rows are
strictly increasing and the columns are weakly increasing. ∅α denotes the empty tableaux
of the shape α (or a skew tableau of the shape α/α). T (λ/µ) denotes the set of skew
semi-standard tableaux of shape λ/µ.

S(i, j) denotes the label of the cell in the ith row and jth column of a skew semi-standard
tableau S so that k ∈ S means k = S(i, j) for some i, j. T (λ/µ) denotes the set of tableaux
of shape λ/µ with rows strictly decreasing and columns weakly decreasing. For example,
when λ = (5, 4, 3, 1) µ = (2, 2), the two following tableaux belong to T (λ/µ) and T (λ/µ)
respectively.

#18.1
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2 3 5
2 5

1 3 6
1

7 3 2
6 3

5 4 3
1

Four kinds of insertions and deletions in a skew semi-stanaard tableau ([1],[4]) are defined
below. Let S be a skew semi-standard tableau of shape λ/µ.

1. The external insertion inserts an integer x in S by using the Knuth-Robinson-
Schensted algorithm([2],[5]). We denote the new tableau obtained after this insertion by
ExtI(S, x). The inverse process is called external deletion, denoted by ExtD(S, x), which
ends with the expulsion of an integer out of S.

2. The internal insertion occurs only in a cell (u, v) of S such that (u, v) �∈ µ and
it belongs to one of three cases: (i) (u − 1, v) ∈ µ and (u, v − 1) ∈ µ, (ii) v = 1 and
(u− 1, v) ∈ µ, (iii) u = 1 and (u, v − 1) ∈ µ.

The internal insertion of the cell (u, v) inserts the integer x contained in S(u, v) from
the row u + 1 using the external insertion algorithm. We denote the new tableau by
IntI(S, (u, v)). The external deletion is called internal deletion if it ends in filling a cell of
µ. IntD(S, (u, v)) denotes the internal deletion.

3. The empty insertion adds an empty cell (u, v) in S such that (u, v) �∈ λ, satisfying
(i)(u − 1, v) ∈ µ and (u, v − 1) ∈ µ, (ii)u = 1, (u, v − 1) ∈ µ or (iii)v = 1, (u − 1, v) ∈ µ.
EmpI(S, (u, v)) denotes the new tableau obtained after this insertion and the inverse process
is called empty deletion, denoted by EmpD(S, (u, v)).

4. A cell can simply be attached or erased using neither the insertion algorithms nor the
deletion algorithms.

Example 2.1.

P =

ExtI(P,6) = ExtD(P,3) =

IntI(P,(2,2)) = IntD(P,(3,2)) =

EmpI(P,(5,1)) = EmpD(P,(4,1)) =

3 7
2 4
2

3 6
2 4 7
2

4 7
2
2

3 7
4

2
2

2 3 7
2 4

3 7
2 4
2

3 7
2 4
2
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A skew oscillating semi-standard tableau of length n is a sequence of semi-standard
tableaux P = (P0, P1, ..., Pn) where Pk is obtained from Pk−1 by an insertion or a deletion
of a cell.

Θn(α/γ → β/µ) denotes the set of skew oscillating tableaux P = (P0, P1, ..., Pn) of length
n satisfying the following conditions:

(1) the shape of P0 is α/γ, and the shape of Pn is β/µ,
(2) Pk is obtained from Pk−1 by attaching a cell with a label (this is not by the insertion

algorithms) or a deletion of a cell by external deletion, internal deletion or empty deletion.
(3) if xi, xj , ..., xm are inserted respectively in Pi, Pj , ..., Pm, i < j < ... < m, then

xi ≤ xj ≤ ... ≤ xm.

For example, if α = (2, 2), γ = (2), β = (3, 1, 1) and µ = (1) then the following tableau
belongs to Θ5(α/γ → β/µ). 1 is inserted in P1, 4 in P4 and 5 in P5.

1 2 1 2
1

1
1

2
1
1

1
1

4
1
1

4 5
For a P ∈ Θn(α/γ → β/µ), we define a set of nondecreasing sequences of positive

integers I(P ) = ∪j∈NIj, where Ij = {j0, j1, j2, ..., jn}, j0 = 0 ≤ j1 ≤ ... ≤ jn and jk = x
if Pk = Pk−1 + (u, v) with Pk(u, v) = x for 1 ≤ k ≤ n. An Ij of the example above is
{0, 1, j2, j3, 4, 5}, where j2, j3 are positive integers.

A skew oscillating semi-standard tableau of Θ(∅µ → λ/µ) having only insertion steps, is
a skew semi-standard tableau of shape λ/µ, the label of a cell being given by its creation.

A generalized biword π of size 2n is a sequence of vertical pairs of positive integers

π =
(

u1 u2 ... un

v1 v2 ... vn

)
where u1 ≥ u2 ≥ ... ≥ uk, ui ≥ vi for i = 1, ..., k, and vi ≥ v2 if

ui = uj. π̂ denotes the
top row of π and π̌ its bottom row.
GB denotes the set of generalized biwords. The size of π is 2× the number of pairs of(

ui
vi

)
, or |π| = 2n. GB2n denotes the set of generalized biwords of size 2n.

3. Generalized biwords and skew oscillating semi-standard tableaux

We give a description of an algorithm to examine the relation between skew oscillating
semi-standard tableaux and the triples (S,U, π) ∈ ∪µ⊆α∩β [T (β/µ)× T (α/µ)] ×GB.

Algorithm OSCIL
(a)The input is (S,U, π) ∈ ∪µ⊆α∩β [T (β/µ)× T (α/µ)] ×GB,

(b) The output is (P, I) where P ∈ Θn(∅α → β/µ), and I = {i0 = 0, i1, i2, ..., in} ∈ I(P ),
i.e., I satisfies the following conditions :

(1) i1, ..., in being a nondecreasing sequence of positive integers,
(2) if we obtain Pk from Pk−1 by attaching a cell (u, v) with label a, that is, Pk =

Pk−1 + (u, v), with Pk(u, v) = a, then ik = a.
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We construct a sequence of nonnegative integers I = {i0, i1, i2, ..., in} as follows : let
i0 = 0 and i1, ..., in be the rearranged elements of S, U , π̂ and π̌ in nondecreasing order.
We have n = |S|+ |U |+ |π|.

Let Pn = S.
For k from n to 1 :
(a) if there is a cell Pk(u, v) = ik, then erase this cell to obtain Pk−1,
(b) else if the pair (ik, x) belongs to π, then Pk−1 = ExtI(Pk, x),
(c)else if U(u, v) = ik and Pk(u, v) exists (with label x), then Pk−1 = IntI(Pk, (u, v)),
(d) else Pk−1 = EmpI(Pk, (u, v)).
The tableaux Pk have respective shapes λk/µk. P = (P0, ..., Pn) and I = {i0, i1, ..., in}

satisfy that ik = a when Pk = Pk−1 + (u, v), with Pk(u, v) = a, so I ∈ I(P ).

Algorithm OSCIL−1.
(a) The input is (P, I) where P ∈ Θn(∅α → β/µ) with µ ⊆ α ∩ β and I ∈ I(P ).
(b) The output is a triple (S,U, π) ∈ ∪µ⊆α∩β[T (β/µ) × T (α/µ)] ×GB.

Let π = ∅, and U0 = P0.
For k from 1 to n:
(a)if Pk = Pk−1 + (u, v), then Ui = Ui−1,
(b) else (Pk = Pk−1 − (u, v)), we have three cases :
(b1) if the deletion is external (x ejected out of Pk−1), then add the pair (ik, x) to π,

Uk = Uk−1,

(b2) else if it is internal (the cell Pk−1(u, v) with label x is erased), then label the cell
Ui−1(u, v) with ik to obtain Uk,

(b3) else label the cell Uk−1(u, v) with ik to obtain Uk.
Finally, we obtain S = Pn, U = Un and π ∈ GB

Example 3.1.

k = 0 1 2 3 4 5 6 7

ik = 0 1 1 2 2 3 5 6

Pk = 1 2 2 2
5

2
5

Uk =
2 3 2 3 2 3 2

πk = ∅ ∅
(

1
1

) (
1
1

) (
1
1

) (
1
1

) (
1
1

) (
6 1
2 1

)

Theorem 1. Let α, β be fixed partitions. There is a bijection Φ from triples (S,U, π) of
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∪µ⊆α∩β [T (β/µ) × T (α/µ)] ×GB to (P, I) with a skew oscillating semi-standard tableau
P of Θn(∅α → β/µ), n = |S|+ |U |+ |π| and I = {i0, i1, i2, ..., in} ∈ I(P )

Proof: For a triple (S,U, π) ∈ ∪µ⊆α∩β[T (β/µ)T (α/µ) × GB], we obtain directly a
nondecreasing sequence I = {i0, i1, i2, ..., in} with i0 = 0 and {i1, i2, ..., in} rearranging the
elements of S, U , π̂ and π̌. A skew oscillating semi-standard tableaux P ∈ Θn results by
applying the algorithm OSCIL.

To give the inverse operation, we construct a nondecreasing sequence I = {i0, i1, i2, ...,
in} from P ∈ Θn(∅α → β/µ) as follows : (1) i0 = 0 (2) if Pk = Pk−1+(u, v), with Pk(u, v) =
x then ik = x, else ik is a positive integer satisfying ik−1 ≤ ik ≤ ik+1, so I ∈ I(P ). Next, we
construct a sequence (S0, U0, π0) = (P0, P0, ∅), (S1, U1, π1), ..., (Sn, Un, πn) = (S,U, π) from
P and I(P ) by applying the algorithm OSCIL−1. The algorithm OSCIL−1 corresponds
exactly to the inverse construction of the cell produced by the algorithm OSCIL. So
(S,U, π) is in bijection with (P, I). Example 3.2 shows the application of the algorithm
OSCIL and OSCIL−1. ♦

Remark 3.2 If the skew oscillating semi-standard tableaux P ∈ Θn(∅α → β/α) has only
insertion steps, the bijection Φ is Φ−1(P, I) = (Pn, ∅α, ∅)

Θn(β/µ → α/γ) denotes the set of skew oscillating tableaux of length n, Q = (Q0, Q1, ...,

Qn), satisfying the following conditions:
(1) the shape of Q0 is β/µ, and the shape of Qn is α/γ,
(2) Qk is obtained from Qk−1 by erasing of a labelled cell ( not by deletion algorithms)

or an insertion of a cell by external insertion, internal insertion or empty insertion.
(3) if xi, xj , ..., xm are deleted respectively from Qi, Qj , ...Qm, i < j < ... < m, then

xi ≥ xj ≥ ... ≥ xm.

We know that P = (P0, P1, ..., Pn) ∈ Θn(α/γ → β/µ) if and only if P = (Pn, Pn−1, ..., P0) ∈
Θn(β/µ → α/γ).

We define a set of nonincreasing sequences of positive integers I(Q) = ∪j∈NIj ,
Ij = {j1, j2, ..., jn} for Q ∈ Θn(β/µ → α/γ) as follows:
(1) j1 ≥ j2 ≥ ... ≥ jn

(2) if Qk+1 = Qk − (u, v) with Qk(u, v) = x, then jk = x.

Theorem 2. Let π be a generalized biword of size 2n and α be an empty partition (of
shape α). There is a bijection ΦRS from pairs (∅α, π) to {(P, I1), (Q, I2))} of ∪β[{Θn(∅α →
β/α) × I(P )},×{Θn(∅α → β/α) × I(Q)}].

Proof: According to the previous theorem, we obtain (P0 = ∅α, ..., Pn..., P2n = ∅α)
with I = {i0, i1, ...in, .., i2n}, and the result (P, I1) = (P0, P1, ..., Pn(of shapeβ/α), {i0, i1, ..., in})

with I1 ∈ I(P ), and (Q, I2) = (P2n, P2n−1, ..., Pn(of shapeβ/α), {i2n, i2(n−1), ..., in}). There-
fore Q ∈ Θn(∅α → β/α) and I2 ∈ I(Q) ♦

Taking an empty initial and final semi-standard tableaux in the theorem 1 and 2, we have
an analog of Robinson-Schensted correspondence for oscillating semi-standard tableaux, as
stated in the following results.
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Corollaire 1. Let β be fixed partitions and n a fixed integer. There is a bijection Φ∅ from
pairs (S, π) of T (β)×GB such that n = |S|+ |π| to pairs (P, I) with P of Θn(∅ → β) and
I ∈ I(P ).

Corollaire 2. Let n be a fixed integer. There is a bijection ΦRS∅ from generalized biwords
π of GB2n to pairs {(P, I1), (Q, I2)} of ∪β[(Θn(∅ → β)× I(P ))× (Θn(∅ → β)]× I(Q)].

4. Geometric description of a generalized biword

In this section, we represent a geometric description of a generalized biword in the the
first quadrant of the Cartesian plane by applying the geometric construction of Viennot in
[1] and [13] for standard tableaux. We obtain an oscillating semi-standard tableau from the
geometric description of

a generalized biword.

First, we present a method to standardize a generalized biword. Let N be a set of

positive integers. For a given generalized biword π =
(

u1 u2 ... un

v1 v2 ... vn

)
, we propose a

new alphabet N ∪ {j(h) : j, h ∈ N} such that

... < j < j(1) < j(2) < ... < j + 1 < j + 1(1) < j + 1(2) < ...

If uj = uj+1 = ... = uj+m = vi1 = vi2 = ... = vik , i1 < i2 < ... < ik, in π then we translate
vik → uj , vik−1

→ u
(1)
j , ..., uj → u

(m+k−1)
j .

For example,

π =
(

5 5 4 3 3 3
4 2 1 2 2 1

)
↔ τ =

(
5(1) 5 4(1) 3(2) 3(1) 3
4 2(2) 1(1) 2(1) 2 1

)
The translation from π to τ is bijective and is called standardization of π. It is denoted
by τ = ϕ(π). We know that τ has the properties of the generalized biword on the new
alphabet N ∪ {j(h) : j, h ∈ N}.

Then, we represent τ = ϕ(π) in the place of π in the part {0, 1, 2, ..., n} × {0, 1, ..., n} of
the Cartesian plane as follows:

• Define a map Ψ : abscissas x (x = 0, 1, 2, ..., n) → { the greatest element of π̂+1}∪ τ̂
with

Ψ(x) =

{
the greatest element of π̂ + 1 if x = 0
xth greatest element of τ̂ else

• Define a map Γ : abscissas y (y = 0, 1, 2, ..., n) → {0} ∪ τ̌ with

Γ(x) =

{
0 if y = 0
yth lowest element of τ̌ else

• We define valid domain as the set of points (x, y) such that Ψ(x) ≥ Γ(y).
• For each pair (uk, vk) of τ , we set up the point (Ψ−1(uk),Γ−1(vk)) which is in the
valid domain.
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Example 4.1. For a generalized biword π of GB14 we obtain τ = ϕ(π) by the standard-
ization of π :

π =
(

10 9 9 8 7 5 3
5 6 3 6 4 2 1

)
→ τ =

(
10 9(1) 9 8 7 5(1) 3(1)

5 6(1) 3 6 4 2 1

)
.

Here we give the representation of τ . The dashed line describes the limit of valid domain,
which is slightly extended on the figure for readability.

Description of τ = ϕ(π)

Figure 4.1

0 1 2 3 4 5 6 7 x

11 10 9(1) 9 8 7 5(1) 3(1) Ψ(x)

0

1

2

3

4

5

6

7

y

0

1

2

3

4

5

6

6(1)

Γ(y)

❣

❣

❣

❣

❣

❣

❣

From the Figure 4.1, we construct an oscillating semi-standard tableaux
T = {T0 = ∅, T1, T2, ..., T2n = ∅} as follows:
(a) let A = {Ψ(xi)}i=1..n and B = {Γ(yi)}i=0..n. I = {i0, ...., i2n} describes A and B

lined up in nondecreasing order.

(b) For k from 2n to 1:
if ik ∈ A and (Ψ−1(ik), y) is SW-corner of a Shadow line, then Tk−1 = ExtI(Tk,Γ(y)).
else if ik ∈ B and (x,Γ−1(ik)) is SW-corner of a Shadow line, then Tk−1 = Tk − (u, v)

with Tk(u, v) = ik.

Figure 4.2 is the skew oscillating semi-standard tableaux corresponding to τ in Example
4.1. If Φ(∅, ∅, π) = (P, J) in theorem 1, then we know that (P, J) is exactly equal to (T, I)
if the exponents of contents of T and I are removed, resulting in the following theorem.

Theorem 3. Let π be a generalized biword and τ = ϕ(τ) and D(τ) be a description of τ with
shadow lines in a Cartesian plane. Then there is a bijection from (T,I) of Θ2n(∅ → ∅)×I(T )
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to D(τ) of {D(τ)|τ = ϕ(π), π ∈ GB2n}. If Φ(∅, ∅, π) = (P, J), then (P, J) is equal to (T, I)
in removing the exponents of contents of T and I.

Definition 1. The shadow S(τ) of a generalized biword τ is the set of points (x, y) such
that there is a point (x′, y′) of the representation of τ with x′ ≤ x, y′ ≤ y.

Shadow lines of τ are defined recursively. The first shadow line L1 of τ is the boundary
of S(τ). To construct the shadow line Li+1 of τ remove the points of the representation of
τ lying on Li and construct the shadrow line of the remaining points. This procedure ends
when there is no remaining point on the plane. The SW -coners of a shadow line are the
points of the representation of τ located on this line ([8],[13]). The NE-coners of a shadow
line are the points (x, y) of the shadow line such that (x+1, y) and (x, y+1) are not a part
of this shadow line.

Figure 4.2

step i= 0 1 2 3 3(1) 4 5 5(1) 6

step i= 6(1) 7 8 9 9(1) 10

T0 T1 T2 T3 T4 T5 T6 T7 T8

T9 T10 T11 T12 T13 T14

∅

∅

1 1

2

1

2

3

2

3

2

3

4 2

3

5

4 3

5

4 3

5

4

6

3

5

6(1)

4

6

3

5

6

6(1)

3

5

6(1) 5 6(1) 5

Definition 2. The kth skeleton of a generalized biword defined recursively by
1. τ (1) = τ

2. τ (k+1) =
(

Ψ(a1) Ψ(a2) ... Ψ(am)
Γ(b1) Γ(b2) ... Γ(bn)

)
where (a1, b1), ..., (am, bm) are the NE-corners

of τ (k). The shadow diagram of τ is the set of shadow lines of all the skeletons τ (k) of τ .
The shadow lines of τ (k) are denoted by W

(k)
j .

Example 4.2. Let π be the generalized biword of size 2n defined in example 4.1. Here
we have the description of shadow lines W

(1)
j , j = 1, 2, of τ = ϕ(π).
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Description of generalized biword τ = ϕ(π) with shadow lines

Figure 4.3

0 1 2 3 4 5 6 7 x

15 10 9(1) 9 8 7 5(1) 3(1) Ψ(x)

0

1

2

3

4

5

6

7

y

0

1

2

3

4

5

6

6(1)

Γ(y)

❣

❣

❣

❣

❣

❣

❣ W 1
1

W 1
2

We can see that the shadow line W 1
1 in Figure 4.3 describes the behaviour of the first

cell of the first row during the construction of T14, T13, ..., T0. The shadow line W 1
1 has four

SW-corners at (1,5), (3,3), (6,2) and (7,1). For the SW-corner (1,5), with Ψ(1) = 10 and
Γ(5) = 5, followed by (3,3) with Ψ(3) = 9 and Γ(3) = 3. During the construction of the
tableaux T14 to T0, the first cell of first row is created during step 10 with label 5, this label
is replaced during step 9 by the label 3. The label 3 is replaced during step 5(1) by the
label 2 and during step 3(1) by the label 1, because Ψ(6) = 5(1) and Γ(2) = 2, Ψ(7) = 3(1)

and Γ(1) = 1. The cell is deleted during step 1.
In the same way the shadow line W i

j describes the behaviour of the jth cell of the ith

row. So the theorem 4.1 in [1] is satisfied for a generalized biword and an oscillating
semi-standard tableau as follows.

Theorem 4. Let π be a generalized biword of size 2n and τ the standardization of π, i.e.
τ = ϕ(π). If Φ(∅, ∅, τ) = (T, I) then the shadow line W

(i)
j of τ describes the behavior of the

jth cell of the ith row of the tableaux T2n, ..., T0 in the following way :
1. a SW-corner (x, y) indicates that during step Ψ(x), the label Γ(y) fills in this cell,
2. when the line leaves the valid domain at (x, y), this cell is deleted during step Γ(y),
3. otherwise, the cell remains unchanged.
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Description of a biword π

Figure 4.4
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From Figure 4.2 the generalized biword π in Example 4.1 is in bijection with the following
pairs ((P, I1), (Q, I2)), where (P, I1) ∈ (Θn(∅ → β), I(P )) and (Q, I2) ∈ (Θn(∅ → β), I(Q)):

I1 = 0 1 2 3 3 4 5 5

P = ∅ 1 1

2

1

2

3

2

3

2

3

4 2

3

5

4 3

5

4

I2 = 10 9 9 8 7 6 6 5

Q = ∅ 5 5 6 3
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6 3

5

6

6

3

5

6

4

6

3

5

4

6

3

5

4
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Bordeaux I, 1999.



SKEW OSCILLATING SEMI-STANDARD TABLEAUX #18.11

[2] S. H. CHOI and D. GOUYOU-BEAUCHAMPS, Enumeration of generalized Young
tableaux with bounded height, Theoretical Computer Science, 117 (1993) 137-151.

[3] M. DELEST, S. Dulucq and L. FAVREAU, An analogue to the Robinson-Schensted
correspondence for oscillating tableaux In Séminaire Lotharingien de Combinatoire
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EFFECTIVE D-FINITE SYMMETRIC FUNCTIONS (EXTENDED
ABSTRACT)

FRÉDÉRIC CHYZAK, MARNI MISHNA, AND BRUNO SALVY

Abstract. Many combinatorial generating functions can be extracted from symmetric
functions. Gessel has outlined a large class of symmetric functions for which the resulting
generating functions are D-finite. We extend Gessel’s work by providing algorithms that
compute differential equations these generating functions satisfy. Examples of applications
to k-regular graphs and Young tableaux with repeated entries are given.

Résumé. De nombreuses fonctions génératrices combinatoires s’expriment en termes de
fonctions symétriques. Gessel a décrit une grande classe de fonctions symétriques pour
lesquelles les fonctions génératrices extraites sont D-finies. Nous étendons ce travail de
Gessel en donnant des algorithmes qui calculent des équations différentielles satisfaites
par ces fonctions génératrices. Nous donnons des exemples d’application aux graphes
k-réguliers et aux tableaux de Young avec entrées répétées.

Introduction

A power series in one variable is called differentiably finite, or simply D-finite, when it
is solution of a linear differential equation with polynomial coefficients. This differential
equation turns out to be a convenient data structure for expressing information related to
the series and many algorithms operate directly on this differential equation. In particular,
univariate D-finite power series are closed under sum, product, Hadamard product, Borel
transform,. . . and algorithms computing the corresponding differential equations are known
(see for instance [13]). Moreover, the coefficient sequence of a univariate D-finite power
series satisfies a linear recurrence, which makes it possible to compute many terms of
the sequence efficiently. These closure properties are implemented in computer algebra
systems [10, 12]. Also, the mere knowledge that a series is D-finite gives information
concerning its asymptotic behaviour. Thus, whether it be for algorithmic or theoretical
reasons, it is often important to know whether a given series is D-finite or not, and it is
useful to compute the corresponding differential equation when possible.

D-finiteness extends to power series in several variables: a power series is called D-finite
when the vector space spanned by the series and its derivatives is finite-dimensional. Again,
this class enjoys many closure properties and algorithms are available for computing the
systems of linear differential equations generating the corresponding operator ideals [1, 2].
Algorithmically, the key tool is provided by Gröbner bases in rings of linear differential
operators and an implementation is available in Chyzak’s Mgfun package1. An additional,
very important closure operation on multivariate D-finite power series is definite integra-
tion. It can be computed by an algorithm called creative telescoping, due to Zeilberger [15].
Again, this method takes as input (linear) differential operators and outputs differential
operators (in fewer variables) satisfied by the definite integral. It turns out that the algo-
rithmic realisation of creative telescoping has several common features with the algorithms
we introduce here.

1This package is part of the algolib library available at http://algo.inria.fr/packages.
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Beyond the multivariate case, Gessel considered the case of infinitely many variables and
laid the foundations of a theory of D-finiteness for symmetric functions [3]. He defines a
notion of D-finite symmetric series and obtains several closure properties. The motivation
for studying D-finite symmetric series is that new closure properties occur and can be ex-
ploited to derive the D-finiteness of usual multivariate or univariate power series. Thus,
the main application of [3] is a proof of the D-finiteness for several combinatorial count-
ing functions. This is achieved by describing the counting functions as combinations of
coefficients of D-finite symmetric series, which can then be computed by way of a scalar
product of symmetric functions. Under certain conditions, the scalar product is D-finite,
where D-finiteness is that of (usual) multivariate power series. Most of Gessel’s proofs are
not constructive. In this article, we give algorithms that compute the resulting systems
of differential equations. Besides Gessel’s work, these algorithms are inspired by methods
used by Goulden, Jackson and Reilly in [5]. Finally, Gröbner bases are used to help make
these methods into algorithms. An outcome is a simplification of the original methods.

This article is organized as follows. After recalling the necessary part of Gessel’s work
in Section 1, we present the algorithm for computing the differential equations satisfied by
the scalar product in Section 2. The example of k-regular graphs is detailed in Section 3.
We treat a variant of Young tableaux where each element is repeated k times in Section 4.
(These are in bijection with a generalisation of involutions [7].) Then special cases where
the algorithm can be further tuned are described in Section 5. This extended abstract does
not contain the (technical) proofs of termination of the algorithms.

1. Symmetric D-finite Functions

In this section we recall the facts we need about symmetric functions, D-finite functions
and symmetric D-finite functions.

1.1. Symmetric functions. We refer the reader to [9] for all definitions and notation
related to symmetric functions.

Denote by λ = (λ1, . . . , λk) a partition of the integer n (this means that n = λ1+ · · ·+λk

and λ1 ≥ · · · ≥ λk > 0). Partitions serve as indices for the four principal symmetric
function families that we use: homogeneous (hλ), power (pλ), monomial (mλ), elementary
(eλ), and Schur (sλ). These are functions in the infinite set of variables, x1, x2, . . . over
a field K of characteristic 0. When the set of indices is restricted to the partitions of n,
any of these families forms a basis for the vector space of symmetric polynomials of degree
n in x1, . . . , xn. Moreover, the set of pi’s, indexed by i ∈ N, forms a basis of the ring of
symmetric functions Λ = K[p1, p2, . . . ].

Generating series of symmetric functions live in the larger ring of symmetric series
K[t][[p1, p2, . . . ]]. There, we have the generating series of homogeneous and elementary
functions:

H(t) =
∑

n

hnt
n = exp

(∑
i

pi
ti

i

)
,

E(t) =
∑

n

ent
n = exp

(∑
i

(−1)ipi
ti

i

)
.

1.2. Scalar product and coefficient extraction. The ring of symmetric series is en-
dowed with a scalar product defined as a bilinear symmetric form such that the bases (hλ)
and (mλ) are dual to each other:

(1) 〈mλ, hµ〉 = δλµ,
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where δλµ = 1 if λ = µ and 0 otherwise.
An alternative notation for partitions is λ = 1n1 · · · knk , which means that i occurs ni

times in λ, for i = 1, 2, . . . , k. Then the normalization constant

zλ := 1n1n1! · · · knknk!

plays the role of the square of a norm of pλ in the following important formula:

(2) 〈pλ, pµ〉 = δλµzλ.

The scalar product is thus a basic tool for coefficient extraction. Indeed, if we write
F (x1, x2, . . . ) in the form

∑
λ fλmλ, then the coefficient of xλ1

1 · · · xλk
k in F is fλ = 〈F, hλ〉,

by (1). Moreover, when λ = 1n, the identity mλ = pλ yields a simple way to compute this
coefficient when F is written in the pλ basis:

Theorem 1 (Gessel, Goulden & Jackson). Let θ be the homomorphism from the ring of
symmetric functions to the ring of formal power series in t defined by θ(p1) = t, θ(pn) = 0
for n > 1. Then if F is a symmetric function,

θ(F ) =
∞∑

n=0

an
tn

n!
,

where an is the coefficient of x1 · · · xn in F .

Gessel also provides an analog for this theorem when λ = 1n2m.

1.3. Plethysm. Plethysm is a way to compose symmetric functions. It can be defined by
its action on the pi’s: pn ◦ (apm) = anpnm, for any a ∈ K and then extended to all of Λ by
f ◦ (gh) = (f ◦ g)(f ◦ h), f ◦ (g + h) = (f ◦ g) + (f ◦ h) and pn ◦ g = g ◦ pn.

1.4. D-finiteness of multivariate series. Recall that a series F ∈ K[[x1, . . . , xn]] is D-
finite in x1, . . . , xn when the set of all partial derivatives ∂i1+i1+···+inF/∂xi1

1 · · · ∂xin
n spans

a finite-dimensional vector space over the field K(x1, . . . , xn).
The properties we need here are summarized in the following theorem.

Theorem 2. (1) The set of D-finite power series forms a K-subalgebra ofK[[x1, . . . , xn]]
for the usual product of series;

(2) If F is D-finite in x1, . . . , xn then for any subset of variables xi1 , . . . , xik the spe-
cialized function F |xi1

=···=xik
=0 is D-finite in the remaining variables;

(3) If P (x) is a polynomial in x1, . . . , xn, then exp(P (x)) is D-finite in x1, . . . , xn;
(4) If F and G are D-finite in the variables x1, . . . , xm+n, then the Hadamard product

F ×G with respect to the variables x1, . . . , xn is D-finite in x1, . . . , xm+n.

(Recall that the Hadamard product of two series is
∑

α∈Nk aαuα×∑β∈Nk bβuβ =
∑

α∈Nk aαbαuα,
where uα = uα1

1 · · · uαk
k .)

These properties are classical. The first three are elementary, the last one relies on more
delicate questions of dimension and is due to Lipshitz [8].

1.5. D-finite symmetric functions. The definition of D-finiteness of series in an in-
finite number of variables is achieved by generalizing the property Theorem 2.2: F ∈
K[[x1, x2, . . . ]] is called D-finite in the xi if the specialization of all but a finite choice S of
variables to 0 is D-finite for any choice of S.

In this case, all the properties in Theorem 2 hold in the infinite multivariate case.
The definition is then specialized to symmetric series by considering the ring of symmetric

series K[[p1, p2, . . . ]]. Thus a symmetric series is called D-finite when it is D-finite in the
pi’s.

Theorem 2.4 has the following very important consequence:
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Theorem 3 (Gessel). Let f and g in
(
K[[t1, . . . , tk]]

)
[[p1, p2, . . . ]] be D-finite in the pi’s and

tj ’s, and suppose that g involves only finitely many of the pi’s. Then 〈f, g〉 is D-finite in
the tj ’s as long as it is well defined as a power series.

1.6. Effective D-finite symmetric closures. Our work consists in making this theorem
effective by giving an algorithm (in Section 2) producing linear differential equations an-
nihilating 〈f, g〉 from an input consisting in generators of ideals of differential operators
annihilating g and the specialization of f in the finite number of pi’s required by g.

Providing algorithms that manipulate linear differential equations amounts to making
effective the closure properties of univariate D-finite series; similarly, algorithms operating
on systems of linear differential operators make effective the closure properties of multi-
variate D-finite series. Our title is thus motivated by the fact that our algorithm makes it
possible to compute all the information that can be predicted from D-finiteness.

In our examples, we make use of symmetric series that are built by plethysm. Closure
properties are given by Gessel, but in our example we only need a simple consequence of
Theorem 2.3, namely that if g is a polynomial in the pi’s, then H ◦ g and E ◦ g are D-finite.

2. Algorithm

We now give a new algorithm to compute scalar products of D-finite symmetric which
satisfy the hypotheses of Theorem 3. When the number of tj’s is 1, the output is a sin-
gle differential equation for which the available computer algebra algorithms might find a
closed-form solution. In most cases however, no such solution exists and we are content
with a differential equation out of which useful information can be extracted.

The basic tool we use here are noncommutative Gröbner bases in Weyl algebras. An
introduction to this topic can be found in [11]. We work in an extension A of the Weyl
algebra K〈p1, . . . , pn, t, ∂1, . . . , ∂n,dt〉 in which the coefficients of the differential operators
are still polynomials in the pi’s but now rational in t. Here, t = t1, . . . , tk, and dt =
dt1 , . . . , dtk . Suppose F and G belong to K[t][[p1, . . . , pn]] and are D-finite symmetric series
as in Theorem 3. In particular, they both satisfy systems of linear differential equations
with coefficients in K(t)[p1, . . . , pn]. We can write these equations as elements of A acting
on F and G. The sets IF (resp. IG) of all operators of A annihilating F (resp. G) is then a
left ideal of A. Given as input Gröbner bases of IF and IG, our algorithm outputs nontrivial
elements in the annihilating left ideal of 〈F,G〉 in K〈t,dt〉.

We first outline the algorithm for the special case when F ∈ K[[p1, . . . , pn]], i.e., does not
involve t. Then, if φ ∈ IF ,

0 = 〈0, G〉 = 〈φ(F ), G〉 = 〈F, φ∗(G)〉 ,
where φ∗ is the adjoint of φ with respect to the scalar product. (This can be computed
from p∗i = i∂i, ∂

∗
i = pi/i respectively with (∂ipi)∗ = ∂ipi [9]). Thus our aim is to determine

β ∈ R = I∗F+IG which is a polynomial in only the variables t and ∂t, that is β ∈ R∩K〈t,dt〉.
Note however that while IG is a left ideal, I∗F is a right ideal and the sum of their elements

does not form an ideal. This problem is very similar to the problem of creative telescoping:
given an ideal IF and a variable p, the aim in the first step of this method is to determine an
element of ∂A + IF that does not involve p. There also, ∂A is a right ideal. The algorithm
we present thus has a nonfortuitous resemblance with that of [14].

The structure of R that we can use however, is that of a vector space over K(t). (We
could also use a structure of module over K〈t,dt〉, but this will not generalize to the
case when F depends on t.) The idea is then to use linear algebra in this vector space
to eliminate the ∂i and pi in R. Roughly speaking, we incrementally generate lines in a
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matrix corresponding to elements of R, and perform Gaussian elimination to get rid of the
monomials involving ∂i’s or pi’s.

We generate elements of R iteratively by considering monomials α in increasing order
for a monomial ordering such as T = degrevlex(dt, p1, ∂1, . . . , pn, ∂n) (total degree refined
by reverse lexicographic order). Then for each α, we get two new elements of R using IF
and IG. Next, these add two “lines” in a matrix (and for sufficiently large α only one
“column”) where we perform Gaussian elimination to cancel columns corresponding to
monomials involving the pi’s or ∂i’s.

We now state the algorithm more formally. Then we give an example in the next section.
After this example, we describe the modifications necessary to handle the general case and
show how special cases can be handled more efficiently.

Algorithm 1 (Scalar Product). Input: F ∈ K[[p1, . . . , pn]] and G ∈ K[t][[p1, . . . , pn]].
Output: A differential equation satisfied by 〈F,G〉.

(1) Determine GF and GG, Gröbner bases for IF and IG in A with respect to some term
order T ;

(2) Set B := {};
(3) Iterate through each monomial α ∈ K[p1, . . . , pn, ∂1, . . . , ∂n,dt] incrementally with

respect to the order T ;
(a) Determine αF := α− α′ where α′ is the adjoint of α∗ reduced with respect to

GF . Insert this into the basis B;
(b) Determine αG, the reduction of α with respect to GG, and insert into the basis

B;
(c) If B contains an element β that has only tj’s and dtj ’s, break and return β.

The operator ∗ is the adjunction operator described earlier. The reduction with respect
to either Gröbner basis GG or GF is a multivariate analogue of the remainder in Euclidean
division. It is such that for any α, α- (the reduction of α with respect to G) belongs to the
ideal generated by G.

The insertion into the basis B performs the Gaussian reduction of α with respect to the
“lines” already in B and returns the new value of B. In practice, B can be handled (not
inefficiently) by a computation of Gröbner basis over a module with respect to a term order
that eliminates the pi’s and ∂i’s. The insertion corresponds to reducing with respect to this
basis and updating it.

3. Example: k-regular Graphs

This example is taken from [3] and [5]. After introducing its combinatorial motivation,
we describe in detail how our algorithm deals with it.

A generating function for all simple graphs labelled with integers from N \ {0}, G is:

G(x) =
∑
G∈G

∏
(i,j)∈E(G)

xixj =
∏
i<j

(1 + xixj),

as each edge (i, j) ∈ E(G) is either in the graph or not. Similarly, we can make a generating
function for graphs with multiple edges

G′(x) =
∏
i<j

1
(1− xixj)

.
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Clearly both of these are symmetric functions, and in fact, G(x) = H ◦ (e2(x)) and
G′(x) = E ◦ (e2(x)). These can be rewritten in terms of the pi’s:

G = exp

(∑
i

pi + p2i/2

)
and G′ = exp

(∑
i

(−1i)pi + p2i/2

)
.

In any given term, the degree of xi gives the valency of node i. So, for example, the
coefficient gn = [x1 · · · xn]G(x) gives the number of 1-regular graphs, or perfect matchings
on the complete graph on n vertices, and in general the coefficient g(k)

n = [xk
1 · · · xk

n]G(x)
gives the number of k-regular graphs on n vertices. Since coefficient extraction amounts to
a scalar product, the generating function of k-regular graphs is given by

(3) Gk(t) =
∑

g(k)
n tn/n! =

〈
G,
∑

n

hkntn/n!

〉
=

〈
G,
∑

n

(hkt)n/n!

〉
= 〈G, exp(hkt)〉 .

Now, as hk =
∑

λ�k pλ/zλ (where the sum is over all partitions λ of k), the exponential
generating function of these numbers H(k)(t) =

∑
t hkntn/n! = exp (t

∑
λ�n pλ/zλ) is an

exponential in a finite number of pi’s. By Theorem 2.3, this is D-finite. Further, as a result
of scalar product property (2), we can rewrite equation (3) as

(4) Gk(t) =

〈
exp


 ∑

i even,i≤k

(−1)i/2 p
2
i

2i
+
pi

i
+

∑
i odd,i≤k

p2
i

2i


 , exp

(
t
∑
λ�k

pλ

zλ

)〉

and now by Theorem 3 this generating function Gk(t) is D-finite.

3.1. Computation for k = 2. In this section we calculate G2(t), beginning with equation
(4):

G2(t) =
〈
exp((p2

1 − p2)/2 − p2
2/4), exp(t(p

2
1 + p2)/2)

〉
.

Assign f = exp((p2
1 − p2)/2− p2

2/4) and g = exp(t(p2
1 + p2)/2). The input of the algorithm

consists in the following Gröbner bases, with respect to the degrevlex(t, dt, p1, ∂1, p2, ∂2)
term ordering, which express the first order differential equations satisfied by f and g:

Gf = {2∂2 + p2 + 1, ∂1 − p1} and Gg = {2∂2 − t, p2
1 + p2 − 2dt, ∂1 − tp1}.

Note that the elements of Gf are self-adjoint.
After a few first steps which we omit here, we obtain

B = {p2 + t+ 1, p1, 2∂2 − t, ∂1, p
2
1 − 2dt − t− 1}.

We illustrate a typical insertion step by considering the monomial α = p1∂1. First we
compute αf = p1∂1 − p2

1 + 1 and αg = p1∂1 + tp2 − 2tdt. Next, αf is inserted. Its leading
monomial p1∂1 adds a new “column” and the rest of the line is reduced by rewriting p2

1

using the last element of B. This step leads to

B := B ∪ {p1∂1 − 2dt − t}.
Then the algorithm inserts αg. Its leading monomial p1∂1 is already present in B which
leads to a first reduction into tp2 − 2(1 − t)dt − t. Then the new leading term is tp2 which
can be reduced by the first element of B and thus we get

B := B ∪ {2(1 − t)∂t + t2}.
This new element involves t and dt only and thus we have found the classical differential
equation

2(1− t)G′
2(t)− t2G2(t) = 0.
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2
φ0 −t2
φ1 −2t+ 2
φ2 0

3
φ0 t3(2t2 + t4 − 2)2

φ1 −3(t10 + 6t8 + 3t6 − 6t4 − 26t2 + 8)
φ2 −9t3(2t2 + t4 − 2)

4
φ0 −t4(t5 + 2t4 + 2t2 + 8t− 4)2

φ1 −4(t13 + 4t12 − 16t10 − 10t9 − 36t8 − 220t7 − 348t6

−48t5 + 200t4 − 336t3 − 240t2 + 416t− 96)
φ2 16t2(t− 1)2(t5 + 2t4 + 2t2 + 8t− 4)(t+ 2)3

Table 1. Differential equation φ2G
′′
k +φ1G

′
k +φ0Gk = 0 satisfied by Gk(t),

k = 2, 3, 4.

Table 1 summarizes the results by the same algorithm for k = 2, 3, 4. These match with
the results in [5].

4. Hammond Series

In the example above, it turned out that apart from the monomials of degree 1, only
the monomials p2

1 and p1∂1 were necessary to reach the solution. However, depending on
the term order, the algorithm might well consider many monomials before it adds the ones
that eliminate the pi’s and di’s. The problem becomes far more serious as the number of
monomials increases. It turns out that in the frequent case when the scalar product is of
the type

〈
F,H(k)(t)

〉
it is possible to modify the approach and eliminate the pi and the ∂i

in a more efficient manner using the Hammond series (or H-series) introduced by Goulden,
Jackson and Reilly in [5]. In particular, their H-series theorem is useful.

For F ∈ K[[p1, p2, . . . ]], the Hammond series of F , is defined as

H(F ) =

〈
F,
∑

λ

hλz
−1
λ tλ

〉
,

where the sum is over all partitions λ and λ = 1m1 · · · kmk implies tλ = tm1
1 · · · tmk

k .
Observe that the generating function for k-regular graphs isGk(t) = H(G)(0, . . . , 0, t, 0, . . . )

where the t occurs in position k. This is true for any generating function which takes the
form

〈
F,H(k)(t)

〉
, for some F .

The H-series theorem states that H(∂pnF ) and H(pnF ) can be expressed in terms of
the ∂tiH(F )’s. In terms of Gröbner bases, this corresponds to introducing the additional
variables t1, . . . , tk instead of t = tk alone and work with the generating series Hk(t1, . . . , tk)
of the hλz

−1
λ over partitions whose largest part is k, instead of the univariate Hk = H(k)(t).

The H-series theorem therefore implies that for an appropriate term order, there is a
Gröbner basis of the set IHk

of all operators of A annihilating Hk, with elements of the
form

(5) pi − Pi(t,dt), ∂i −Qi(t,dt), i = 1, . . . , k.

The algorithm is modified as follows.
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Algorithm 2 (Hammond Series). Input: An integer k, and F ∈ K[[p1, . . . , pn]].
Output: A differential equation satisfied by H(F )(0, . . . , 0, t, 0, . . . ) where t is in the kth posi-
tion.

(1) Compute GF a Gröbner basis for IF the left ideal annihilating F in A;
(2) Compute GHk

a Gröbner basis of the form (5);
(3) For each α ∈ GF , compute rα ∈ K[t,dt] as the reduction of α∗ by GHk

. Let R1 be
the set of rα’s;

(4) For i from 1 to k−1 eliminate ∂i from Ri and set ti = 0 in the resulting polynomials;
call Ri+1 the new set;

(5) Return Rk.

After step (3), all the pi’s and ∂i’s have been eliminated and thus we have a set of
generators of a D-finite ideal annihilating 〈F,Hk〉. Then, in order to obtain differential
equations satisfied by the specialization at t1 = · · · = tk−1 = 0, step (4) proceeds in order
by eliminating differentiation with respect to ti and then setting ti = 0 in the remaining
operators.

Note that the Gröbner basis of step (2) can be precomputed for the required k’s (but
most of the time is actually spent in step (4)).

In order to compute the elimination in step (4), one should not compute a Gröbner basis
for an elimination order, since this would in particular perform the unnecessary computation
of a Gröbner basis of the eliminated ideal. Instead, one can modify the main loop in
the Gröbner basis computation so that it stops as soon as sufficient elimination has been
performed or revert to skew elimination by the non-commutative version of the extended
Euclidean algorithm as described in [2]. This is the method we have adopted in the example
session given in Appendix B.

This calculation is comparatively rapid since the size of the basis is greatly reduced.
Further, it reduces as it progresses, on account of setting variables to 0. We can compute
the case of 4-regular graphs in a second, in place of a couple of minutes using the general
algorithm, although the 5-regular expression requires significantly more time computation-
ally.

5. Example: k-regular Tableaux and Generalized Involutions

Another family of combinatorial objects whose generating function can be resolved with
this method is a certain class of Young tableaux.

Standard Young tableaux are in direct correspondence with many different combinatorial
objects. For example, Stanley [13] has studied the link between standard tableaux and paths
in Young’s lattice, the lattice of partitions ordered by inclusion of diagrams. This link was
generalized by Gessel [4] to tableaux with repeated entries. Gessel remarks that such paths
have arisen in the work of Sundaram and the combinatorics of representations of symplectic
groups.

Here we consider Young tableaux in which each entry appears k times. The tableaux
are column strictly increasing and row weakly increasing. A Young tableaux with these
properties is called k-regular. These correspond to paths in Young’s lattice with steps of
length k. The set of k-regular tableaux of size kn are also in bijection with symmetric n×n
matrices with non-negative entries and each row sum equal to k.

Gessel notes that for fixed k, the generating series of the number of k-regular tableaux
is D-finite [3]. Our method makes this effective.

The weight of a tableau is µ = (µ1, . . . , µk) where µ1 is the number of 1s, µ2 is the
number of 2s, etc. Thus, a k-regular tableau of size kn has weight kn. Two observations
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1
φ0 −(t− 1)
φ1 1
φ2 0

2
φ0 t2(t− 2)
φ1 −2(t− 1)2

φ2 0
3

φ0 (t11 + t10 − 6t9 − 4t8 + 11t7 − 15t6 + 8t5 − 2t3 + 12t2 − 24t− 24)
φ1 −3t(t10 − 2t8 + 2t6 − 6t5 + 8t4 + 2t3 + 8t2 + 16t− 8)
φ2 9t3(−t2 − 2 + t+ t4)

4
(See Appendix A)

Table 2. The differential equation φ2Y
(2)
k (t) + φ1Yk(t)′ + φ0Yk(t) = 0 sat-

isfied by Yk(t), k = 1, . . . , 4.

from [9] are essential. First, [xµ1
1 · · · xµk

k ]sλ is the number of (column strictly increasing,
row weakly increasing) tableaux with weight µ. Secondly,

∑
λ

sλ = H ◦ (e1 + e2) = exp

(∑
i

p2
i /2i+

∑
i odd

pi

)
,

which is D-finite.
Define now y

(k)
n to be the number of k-regular tableaux of size kn, and let Yk be the

generating series of these numbers:

Yk(t) =
∑

n

y(k)
n tk.

The previous two observations imply

Yk(t) =

〈
exp

(
k∑

i=1

p2
i /2i +

k∑
i odd

pi

)
,H(k)(t)

〉
,

where, as before, H(k)(t) =
∑

n hkntn. This problem is well suited to our methods since
again we treat an exponential of a polynomial in the pi’s.

Calculating the equations for k = 1, 2, 3, 4 is rapid with either Algorithm 1 or Algorithm
2. The resulting differential equations are listed in Table 2. For k = 1, 2 these results accord
with known results [6, 13]. The first few values of y(k)

n are summarized in the following table.

k y
(k)
0 , y

(k)
1 , y

(k)
2 , . . .

1 1, 1, 2, 4, 10, 26, 76, 232, 764, 2620, 9496, 35696, 140152, 568504
2 1, 1, 3, 11, 56, 348, 2578, 22054, 213798, 2313638, 27627434
3 1, 1, 4, 23, 214, 2698, 44288, 902962, 22262244
4 1, 1, 5, 42, 641, 14751, 478711, 20758650, 1158207312

Table 3. y
(k)
n , The number of k-regular tableaux of size kn



#19.10 FRÉDÉRIC CHYZAK, MARNI MISHNA, AND BRUNO SALVY

6. General Case

So far, we have concentrated on the special case when only one of the D-finite sym-
metric functions whose scalar product is sought involves the variables t. While this is the
more useful case in many applications, it is possible to modify our algorithm in order to
accommodate tj’s in both functions and thus make effective the full power of Theorem 3.

The new difficulty is that for each ti, ∂ti is no longer self-adjoint. Instead, the usual
product rule applies:

∂ti 〈F,G〉 = 〈∂tiF,G〉+ 〈F, ∂tiG〉 ,

and one rewrites 〈∂tiF,G〉 as −〈F, ∂tiG〉 + ∂ti 〈F,G〉. The idea is then to manipulate
operators in two sets of ∂’s, the usual one and a new one that we denote ∂gi .

A monomial tα∂β
gd

γ
t thus acts on 〈F,G〉 by

tα∂β
gd

γ
t 〈F,G〉 = tαdγ

t

〈
F,dβ

tG
〉
.

The action of polynomials is defined from this by linearity.
The algorithm consists as before in an iteration over monomials α in increasing order

(with no ∂gi involved). For each such monomial, its adjoint is computed by d∗ti = dti − ∂gi

while as before p∗i = i∂i and ∂∗i = pi/i. This amounts to expressing 0 = 〈αF,G〉 as a linear
combination of di

t 〈F, βG〉 with coefficients in K[t]. The rest of the algorithm proceeds as
before by performing Gaussian elimination over K(t). This is summarized in the following
algorithm

Algorithm 3 (General Scalar Product). Input: F,G ∈ K[t][[p1, . . . , pn]].
Output: A differential equation satisfied by 〈F,G〉.

(1) Compute GF and GG, Gröbner bases for IF and IG in A with respect to the order T ;
(2) Replace dti’s by ∂gi’s in GG;
(3) Use the rule d∗ti = dti − ∂gi in all adjoint computations;
(4) Apply Algorithm Scalar Product where the elimination inB has to eliminate the ∂gi’s

besides the pi’s and ∂i’s.

Appendix A. 4-regular Young Tableaux

The differential equation satisfied by Y4(t) is

−64t4(t− 2)2(t+1)4α(t)Y (3)
4 (t)+ 16t2(t− 2)(t+1)2β(t)Y (2)

4 (t)− 4γ(t)Y ′
4(t)+ δ(t)Y4(t) = 0



EFFECTIVE D-FINITE SYMMETRIC FUNCTIONS #19.11

where α(t), β(t), γ(t), δ(t) are irreducible polynomials given by

α(t) = t14 − t13 − 5t12 − 7t11 + 6t10 + 35t9 + 39t7 − 50t6 − 162t5 − 92t4

+ 228t3 + 424t2 + 248t+ 48

β(t) = t29 − 3t28 − 16t27 + 24t26 + 147t25 + 14t24 − 770t23 − 666t22 + 1416t21

+ 3567t20 − 916t19 − 16598t18 + 17766t17 + 40678t16 − 102556t15 − 53272t14

+ 390656t13 + 364080t12 − 707936t11 − 1406336t10 − 552544t9 + 1397664t8 + 2020864t7

+ 176256t6 − 916864t5 + 304896t4 + 1283328t3 + 877056t2 + 253440t + 27648

γ(t) = t28 − t27 − 14t26 − 20t25 + 111t24 + 278t23 − 196t22 − 1216t21 − 1384t20 + 2765t19

+ 3170t18 − 3400t17 + 12140t16 + 15588t15 − 70280t14 − 108946t13 + 121796t12

+ 349056t11 + 116992t10 − 481704t9 − 706320t8 + 3040t7 + 581184t6 + 158688t5

− 297408t4 − 173952t3 + 22272t2 + 35712t + 6912

δ(t) = 2t21 − 3t20 − 17t19 − 2t18 + 74t17 + 105t16 − 108t15 − 172t14 − 252t13 + 432t12

− 667t11 + 1500t10 + 7336t9 − 3772t8 − 23056t7 − 20584t6 + 15504t5 + 38160t4

+ 17904t3 − 4512t2 − 5568t − 1152.

Appendix B. Sample Maple Session for 3-regular Graph Computation

The following Maple session indicates the high-level routines required to program Algo-
rithm 2. It requires the library algolib, which is available at http://algo.inria.fr/packages/.

with(Ore_algebra): with(Mgfun): with (Groebner): # load the packages
# Determine the DE satisfied by the generating function for 3 regular graphs
k:=3:
Fp:= exp(1/2*p1^2-1/4*p2^2-1/2*p2):
Gp:=exp(1/6*t3*p1^3+1/2*t2*p1^2+t1*p1+1/2*t3*p2*p1+1/2*t2*p2+1/3*t3*p3):
# define the variables
vars:= seq(p.i, i=1..k): dvars:= seq(d.i, i=1..k):
tvars:= seq(t.i, i=1..k): dtvars:= seq(dt.i, i=1..k):

# define the algebra
A:= diff_algebra(seq([dvars[i], vars[i]], i=1..k),
seq([dtvars[i], tvars[i]], i=1..k), polynom={vars}):
At:= diff_algebra(seq([dtvars[i], tvars[i]], i=1..k)):

# define the term orders
T[g]:=termorder(A, lexdeg([dvars, vars],[dtvars])):
T[f]:=termorder(A,tdeg(vars, dvars, dtvars)):

#define the systems
sys[g]:=dfinite_expr_to_sys(exp_g, F(seq(p.i::diff, i=1..k),

seq(t.i::diff, i=1..k))):
newsys[g]:=subs([seq(diff(F(vars,tvars),vars[i])=dvars[i],i=1..k),

seq(diff(F(vars, tvars), tvars[i])=dtvars[i], i=1..k),
F(vars,tvars)=1],sys[g]):
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#find the Groebner basis for G
GB[g]:=gbasis(newsys[g],T[g]);

# do the same for F
sys[f]:=dfinite_expr_to_sys(exp_f, F(seq(p.i::diff, i=1..k))):
newsys[f]:=subs([seq(diff(F(vars),vars[i])=dvars[i],i=1..k),
F(vars)=1],sys[f]);
GB[f]:=gbasis(newsys[f],T[f]);

# define the adjoint and reduction procedures
star:= x->subs([seq(d.i=1/i*p.i, i=1..k),seq(p.i=d.i*i, i=1..k)],x):
rdc[f] := x->star(star(x)-map(normalf, star(x), GB[f], T[f]));
rdc[g] := x->normalf(x, GB[g], T[g]);

# reduce the Groebner basis of F
for pol in GB[f] do m[pol]:=rdc[g](pol) od:

# small optimization: we will always try to reduce with respect to a
# linear term when possible
lpol:=[seq(m[i],i=subsop(1=NULL,GB[f])),m[GB[f][1]]:

for indelim from k-1 by -1 to 1 do
# eliminate dt.indelim
for j from 2 to nops(lpol) do

newpol[j]:=skew_elim(lpol[j],lpol[1],dt.indelim,At) od;
# set t.indelim = 0
lpol:=map(primpart,subs(t.indelim=0,[seq(newpol[j],j=2..nops(lpol))]),

[dtvars])
od:

# the only term left is the correct one
ode:=op(lpol):
# convert to recurrence
diffeqtorec({applyopr(ode, F(t.k), At), F(0)=1}, F(t.k), a(n)):
# calculate some terms
rectoproc(,a(n),list)(20):[seq([i]*(i-1)!,i=1..nops())];

[1, 0, 0, 0, 1, 0, 70, 0, 19355, 0, 11180820, 0, 11555272575, 0,
19506631814670, 0, 50262958713792825, 0,
187747837889699887800, 0, 976273961160363172131825]
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PARTITIONS AND COMPOSITIONS DEFINED BY (IN)EQUALITIES
(EXTENDED ABSTRACT)

SYLVIE CORTEEL AND CARLA D. SAVAGE

Abstract. We consider sequences of integers (λ1, . . . , λk) defined by a system of linear
inequalities with integer coefficients. We show that when the constraints are strong enough
to guarantee that all λi are nonnegative, the weight generating function for the integer
solutions has a finite product form

∏
i(1− qbi)−1, where the bi are positive integers that

can be computed from the coefficients of the inequalities. The results are proved bijectively
and are used to give several examples of interesting identities for integer partitions and
compositions. The method can be adapted to accomodate equalities along with inequalities
and can be used to obtain multivariate forms of the generating function. Our initial results
were conjectured thanks to the Omega package [6].

We generalize the method to handle special cases with rational coefficients (including
lecture hall partitions) and obtain new identities involving partitions and compositions
defined by the ratio of consecutive parts. In particular, we obtain a surprising result
about “anti-lecture hall” compositions.

Résumé. Nous considérons des suites d’entiers (λ1, . . . , λk) définies par un système
d’inégalités linéaires à coefficients entiers. Nous montrons que si les solutions du système
sont toujours des suites d’entiers positifs ou nuls alors la série génératrice des solutions
selon leur poids est le produit

∏k−1
i=0 (1−qbi)−1. Les bi sont des entiers positifs que l’on cal-

cule à partir du système. Les résultats sont démontrés bijectivement et donnent des iden-
tités intéressantes pour les partitions et les compositions. La méthode peut être adaptée
aux systèmes d’(in)égalités et permet aussi d’obtenir des séries génératrices multivariées.
Les résultats initiaux ont été conjecturés grâce au package Omega [6].

Nous généralisons la méthode pour manipuler des cas avec des coefficients rationnels
(comme les lecture hall partitions) et obtenons des nouvelles identités pour les partitions et
compositions définies par le rapport entre parts successives. En particulier nous obtenons
un résultat surprenant pour les “anti-lecture hall” compositions.

1. Introduction

For a sequence λ = (λ1, λ2, . . . , λk) of integers, define the weight of λ to be λ1 + · · ·+ λk
and call each λi a part of λ. If a sequence λ of weight n has all parts nonnegative, we
call it a composition of n into k nonnegative parts and if, in addition, λ is a nonincreasing
sequence, we call it a partition of n into at most k parts. In the remainder of the paper we
will consider that λi = 0 if i < 0 or i > k.

In this paper we want to study partitions and compositions into k nonnegative parts
defined by equalities and inequalities. This work was motivated by results of the form :

• Given a positive integer r, the partitions λ = (λ1, . . . , λk) of n which satisfy λi ≥
rλi+1 for 1 ≤ i ≤ k have weight generating function

∏k−1
i=0

(
1− q1+r+···+ri

)−1
[14].

• Given a positive integer r the weight generating function of the partitions λ with

at most k parts and λi ≥
∑r

j=1(−1)j+1
(r
j

)
λj+i, 1 ≤ i < k is :

∏k−1
i=0

(
1− q(i+r

r )
)−1

.

See [2, 13, 18].
#20.1
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• The weight generating function of the partitions λ with at most k parts and λi/(k−
i + 1) ≥ λi+1/(k − i), 1 ≤ i < k is :

∏k−1
i=0

(
1− q2i+1

)−1
. See the Lecture Hall

Theorem in [10].

More generally, we consider integer sequences λ of length k satisfying λi ≥
∑k−i

j=1 aijλi+j
where the aij guarantee that all λi ≥ 0. We show in Section 2 that when the aij are all
integers, the weight generating function for these compositions is

∏k−1
i=0 (1 − qbi)−1, where

the b = (b0, . . . , bk−1) is a sequence of positive integers that may be readily derived from
the aij . Several generalizations and a linear algebra proof are included.

In Section 3, we consider rational coefficients aij . We show how to use the results of
Section 2 to give an explicit form for the generating function for any set of compositions
defined by the ratio of consecutive parts:

λ1 ≥ n1

d1
λ2; λ2 ≥ n2

d2
λ3; λ3 ≥ n3

d3
λ4; . . . ; λk−1 ≥ nk−1

dk−1
λk; λk ≥ 0,

This result has been implemented in Maple and our experiments have led to several inter-
esting results. We focus here on some related to the Lecture Hall Theorem.

In [10], Bousquet-Mélou and Eriksson considered the set Lk of partitions λ into at most
k parts satisfying λi/(k − i + 1) ≥ λi+1/(k − i), for 1 ≤ i < k, and proved the following
Lecture Hall Theorem:

(1)
∑
λ∈Lk

q|λ| =
k−1∏
i=0

1
1− q2i+1

.

This result was generalized in [11] to an (m, l)-Lecture Hall Theorem (m, l ≥ 2) for partitions
into at most k parts satisfying λi/ak−i+1 ≥ λi+1/ak−i, for 1 ≤ i < k, where {ai} is the
(m, l)-sequence defined by:

a2i = la2i−1 − a2i−2; a2i−1 = ma2i−2 − a2i−3, i ≥ 2,

with the initial conditions a1 = 1 and a2 = l, m, l ≥ 2. A different approach in [12] led to
the Refined Lecture Hall Theorem (setting u = v = 1 gives (1)) :

∑
λ∈Lk

q|λ|u|�λ�|vo(�λ�) =
k∏
i=1

1 + uvqi

1− u2qk+i
,

with �λ	 = (�λ1/(k− i+1)	, �λ2/(k− i)	, . . . , �λk/k	) and o(λ) is the number of odd parts
in λ.

In Section 4, we show a slight generalization of (1) in which the constraints on λ1 can
be modified. In a footnote in [11], Bousquet-Mélou and Erikson note that their proof of
the (m, l)-Lecture Hall Theorem can be simplified. In Section 5, we shall describe the
resulting short and elegant proof of the (m, l)-Lecture Hall Theorem and show that it can
be generalized to compositions when m = 1 and l > 3 or m > 3 and l = 1.

So, for one example, compositions satisfying,

λ1

12
≥ λ2

5
≥ λ3

8
≥ λ4

3
≥ λ5

4
≥ λ6

1

have generating function

[(1 − q)(1− q4)(1− q5)(1− q7)(1− q11)(1− q17)]−1.
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Finally, in Section 6, we prove another new result, the Anti-Lecture Hall Theorem for the
set Ak of compositions into at most k parts satisfying λi/i ≥ λi+1/(i + 1), for 1 ≤ i < k:

(2)
∑
λ∈Ak

q|λ| =
k∏
i=1

1 + qi

1− qi+1
.

In fact, we prove the following refinement of (2):

∑
λ∈Ak

q|λ|u|�λ�|vo(�λ�) =
k∏
i=1

1 + uvqi

1− u2qi+1
.

where 
λ� = (
λ1/1�, 
λ2/2�, . . . , 
λk/k�). The bijective proof we give follows the idea of
Yee’s beautiful proof [17] of the Refined Lecture Hall Theorem.

Because of space constraints we give only sketches of the proofs in this extended abstract.
Our initial results were conjectured thanks to experiments with the Omega package [6, 4],

a Mathematica implementation of the Omega operator defined by MacMahon [15] as:

Ω
≥

∞∑
s1=−∞

. . .
∞∑

sr=−∞
As1,...,srx

s1
1 . . . xsr

r =
∞∑

s1=0

. . .
∞∑

sr=0

As1,...,sr .

This operator was then not used for 85 years except by Stanley in 1973 [16]. A few years
ago Andrews revived this operator [1, 2] and used it in [1] to give a second proof of the
Lecture Hall Theorem. In conjunction with Paule and Riese, he implemented the operator
in the Omega package and together they have continued to identify the power of the Omega
operator for such combinatorial problems as magic squares [9], hypergeometric multisums
[3], constrained compositions [8], plane partitions diamonds [5], and k-gons partitions [7].

2. Integer coefficients

Let A[1...k− 1, 1..k− 1] be an upper diagonal matrix of integers and let PA be the set of
sequences λ = (λ1, λ2, . . . , λk) satisfying

λ1 =
k−1∑
j=1

A[1, j]λj+1

λi ≥
k−1∑
j=i

A[i, j]λj+1 for 2 ≤ i ≤ k − 1(3)

λk ≥ 0.

Define a sequence of matrices A(t), 1 ≤ t ≤ k − 1, as follows: A(1) = A and A(t) is a
matrix of dimension (k − t)× (k − t), whose entries are defined by the recurrence :

A(t)[1, j] = (A(t−1)[1, 1] + 1)A(t−1)[2, j + 1] +A(t−1)[1, j + 1]

A(t)[i, j] = A(t−1)[i+ 1, j + 1] if 2 ≤ i ≤ k − t .
Then each matrix A(t) is an upper diagonal matrix of integers and we can show the following.

Lemma 1. If every element of PA is a composition, then the same is true of PA(t) for
1 ≤ t ≤ k − 1.

The main result of this section is the following.



#20.4 SYLVIE CORTEEL AND CARLA D. SAVAGE

Theorem 1. Let PA(k) be the set of sequences λ = (λ1, λ2, . . . , λk) satisfying (3). Let
PA(n, k) be the set of sequences PA(k) of weight n. If every λ ∈ PA is a composition, then
the weight generating function for PA(k) is

∞∑
n=0

|PA(n, k)|qn =
k−1∏
i=1

1
1− qbi ,(4)

where bi = A(i)[1, 1] + 1 > 0.

Sketch of proof. The mapping

Θ(λ) = (b1s1, b2s2, . . . , bk−1sk−1)

where

si = λi+1 −
k−1∑
j=i+1

A[i, j]λj+1

can be shown to be a bijection from PA(n, k) to the set of sequences r1, r2, . . . , rk−1 of
weight n in which ri is a nonnegative multiple of bi. In the case that the bi are distinct
positive integers, this can be viewed alternatively as a bijection with partitions of n into
parts in {b1, . . . , bk−1}. �
Example 1. The partitions λ of n with at most k parts and with λ1 =

∑k−1
i=1 λi+1 comprise

PA(n, k) where, for 1 ≤ i ≤ j ≤ k− 1, A[i, j] = 1 if i = 1 or i = j and A[i, j] = 0 otherwise.
Then bi = 2i for 1 ≤ i ≤ k−1 so by Theorem 1, the generating function is

∏k−1
i=1 (1− q2i)−1.

Example 2. There is a one-to-one correspondence between sequences λ1, . . . , λk of weight
n satisfying

k−1∑
j=0

(−1)jλ1+j = 0

k−i∑
j=0

(−1)jλi+j ≥ 0 for 2 ≤ i ≤ k

and the set of compositions of n into k− 1 even parts. The λ satisfying the constraints are
compositions and they comprise the set PA(n, k) where A is the (k − 1) × (k − 1) upper
diagonal matrix defined by A[i, j] = (−1)i+j which has b1 = b2 = · · · = bk−1 = 2.

Corollary 1. Under the constraints of Theorem 1, if we now allow λ1 ≥
∑k−1

j=1 A[1, j]λj+1

the generating function becomes
k−1∏
i=0

1
1− qbi

where b0 = 1.

Linear algebra approach. Our method of proof makes the bijection of Theorem 1 explicit.
However, as suggested by one of the referees, a linear algebra proof can also be illuminating.
Following the argument of the referee, we embed the constraint matrix, A, into a k × k
matrix, B, where B[i, j] = 0 if i ≥ j and B[i, j] = A[i, j − 1] otherwise. Hence B is strictly
upper diagonal and thus, nilpotent : Bk = 0. Considering λ as a column vector, the matrix
inequality, λ ≥ Bλ, describes the system (3), with the first constraint changed to inequality.
Then

λ(I −B) = [s0, s1, . . . sk−1]T
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for the si defined in the proof of Theorem 1. Iterating this identity yields

λ = (1 +B +B2 + · · ·+Bk−1)[s0, s1, . . . sk−1]T

= (I −B)−1[s0, s1, . . . sk−1]T ,

since Bk = 0. So, I − B is invertible, and, in particular, it is an upper diagonal matrix of
integers whenever B, and therefore, A, is. Hence the recurrences of A(t) are equivalent to
taking the inverse of a matrix. Let C = (I − B)−1. Then, furthermore, all the elements
of PA are compositions iff all the entries in C are nonnegative. Let h = (1, 1, . . . , 1)
be the row vector of length k containing only ones. The weight of the composition λ is
|λ| = hλ = hC[s0, s1, . . . sk−1]T . Define p = hC. Then the weight generating function of
PA is

(5)
∑
λ∈PA

qλ1+···+λk =
∑

s0,...,sk−1≥0

qp1s0+···+pksk−1 =
k∏

j=1

1
1− qpj

,

where pj (corresponding to bj−1) is pj = C[1, j] +C[2, j] + · · ·+ C[j, j]. �
Example 3. The weight generating function of the partitions λ with at most k parts and
with λ1 ≥ 2λ2 +

∑k−1
i=2 λi+1 and λ2 ≥

∑k−1
i=2 λi+1 is :

1
(1− q)(1− q3)

k−2∏
i=1

1
1− q5i

.

This follows from Corollary 1: since λ is a partition, for i > 2, A[i, i] = 1 and A[i, j] = 0
for 2 < j < i. Also, A[1, 1] = 2 and A[i, j] = 1 for i = 1, 2 and j ≥ 2, so b0 = 1, b1 = 3, and
bi = 5(i− 1) for 2 ≤ i ≤ k − 1.
Example 4. The generating function of the partitions λ with at most k parts and λi ≥
i
∑k

j=i+1 λj, 1 ≤ i ≤ k, is :
∏k

i=1(1− qi!)−1.
We can generalize Theorem 1 to allow the constraints of the matrix A to be satisfied

with equality for any specified set of λi. Given a set S ⊆ {0, 1, . . . , k − 1}, let PA(k;S) be
the set of sequences λ = (λ1, λ2, . . . , λk) satisfying, for 1 ≤ i ≤ k:

λi =
k−1∑
j=i

A[i, j]λj+1 if i− 1 ∈ S

λi ≥
k−1∑
j=i

A[i, j]λj+1 if i− 1 �∈ S.

Let PA(n, k;S) be the set of sequences in PA(k;S) of weight n.

Corollary 2. If all elements of PA are compositions, the weight generating function for
PA(k;S) is

∞∑
n=0

|PA(n, k;S)|qn =
k−1∏

i=0,i�∈S

1
1− qbi ,

where b0 = 1 and for i ≥ 1, bi = A(i)[1, 1] + 1. �
As noted by the referee, the inverse problem can be solved completely in the domain

of linear algebra if b1 = 1. Given a sequence (b1, . . . , bk) of positive integers, such that
b1 = 1, you can always construct an upper triangular matrix C with ones on the diagonal
and nonnegative entries such that the sum of the entries in the jth column is bj. Then the
matrix B = 1− C−1 contains in its northeast corner a (k − 1)× (k − 1) constraint matrix
A such that PA has generating function

∏k
i=1(1− qbi)−1.
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3. Rational Coefficients

In this section we would like to generalize our results to allow some of the elements of
the constraint matrix to be rational. In particular, we will find an explicit form of the
generating function for the set of integer sequences λ1, . . . , λk satisfying the constraints:
(6)

λ1 ≥ c1�n1

d1
λ2	+

k∑
i=2

ciλi; λ2 ≥ n2

d2
λ3; λ3 ≥ n3

d3
λ4; . . . ; λk−1 ≥ nk−1

dk−1
λk; λk ≥ 0,

where for 1 ≤ i ≤ k − 1, ni and di are positive integers and the ci are any integers which
make the first constraint strong enough to guarantee that λ1 ≥ 0.

For i = 1, . . . , k, let ai =
∏i−1

j=1 dj
∏k−1

t=i nt. Then ai/ai+1 = ni/di, so the system (6) above
is equivalent to:

λ1 ≥ c1�a1

a2
λ2	+

k∑
i=2

ciλi and(7)

λ2/a2 ≥ λ3/a3 ≥ · · · ≥ λk−1/ak−1 ≥ λk/ak.

Theorem 2. Given a sequence of positive integers a1, . . . , ak and a sequence of integers
c1, . . . , ck, consider the set of sequences λ1, . . . , λk satisfying (7). As long as the ci are
integers which guarantee that λ1 ≥ 0, the weight generating function is

(8)

∑a2−1
z2=0

∑a3−1
z3=0 · · ·

∑ak−1
zk=0 q

c1�a1z2
a2

�+∑k
i=2(ci+1)zi

∏k−2
i=1 q

bi� zi+2
ai+2

− zi+1
ai+1

�
∏k−1

i=0 (1− qbi)
,

where b0 = 1, b1 = c1a1 and bi = c1a1 + (c2 +1)a2 + · · ·+ (ci+1 +1)ai+1, for 2 ≤ i ≤ k− 1.

Sketch of proof. For 2 ≤ i ≤ k, let λi = aixi+zi, where xi ≥ 0 and 0 ≤ zi < ai. Rearrange
the sequence λ1, λ2, . . . , λk by decreasing part λi by (ai − 1)xi + zi and increasing λ1 by
the same amount for 2 ≤ i ≤ k to get a new sequence x1, x2, . . . , xk, of the same weight
satisfying

x1 ≥ (c1a1 + (c2 + 1)a2 − 1)x2 +
k∑
i=3

((ci + 1)ai − 1)xi + s0

xi ≥ xi+1 + si−1 for 2 ≤ i ≤ k − 1
xk ≥ 0

where

s0 = c1�a1z2/a2	+
k∑
i=2

(ci + 1)zi,

and
si = �zi+2/ai+2 − zi+1/ai+1	

for 1 ≤ i ≤ k− 2.. By the method of Theorem 1, we can show that the generating function
for fixed s0, s1, . . . sk−2 is ∏k−2

i=0 q
bisi∏k−1

i=0 (1− qbi)
,

where b0 = 1, b1 = c1a1, and bi = c1a1 + (c2 + 1)a2 + (c3 + 1)a3 + · · · + (ci+1 + 1)ai+1,
for 2 ≤ i ≤ k − 1. Summing over all possible sequences s0, s1, . . . sk−2 as the zi vary
independently from 0 to ai − 1 gives the result. �
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Example 5. By Theorem 2, sequences (λ1, λ2, λ3, λ4) satisfying λ1 ≥ 2λ2 − λ3 + 2λ4 and
λ2/3 ≥ λ3/2 ≥ λ4/1 ≥ 0 have generating function

1 + q3 + q6 + q9 + q12 + q6

(1− q)(1− q9)(1− q9)(1 − q12)
=

(1 + q3 + q6)(1 + q6)
(1− q)(1 − q9)(1− q9)(1 − q12)

=
1

(1− q)(1− q3)(1− q6)(1− q9)
.

In some cases, the numerator of the generating function of Theorem 2 can be easily
shown to factor, giving results such as the following.

Corollary 3. Suppose the sequence a1, a2, . . . , ak has the property that for 1 ≤ i ≤ k− 1 if
ai > 1, then ai+1 = 1. Then there is a one-to-one correspondence between the compositions
λ1, . . . , λk of n satisfying

λ1/a1 ≥ λ2/a2 ≥ λ3/a3 ≥ · · · ≥ λk−1/ak−1 ≥ λk/ak

and the partitions of n into parts in

{1, b1, b1 + 1, . . . , bk−1},
where b0 = 1, b1 = a1 + a2 and bi+1 = bi + ai+2 for 1 ≤ i ≤ k − 2, such that at most one
part can appear from each of the sets

Si = {p|bi + 1 ≤ p ≤ bi+1 − 1}.
Proof. The generating function (8) becomes

∏k−2
i=0:bi+1−bi>1(1 + qbi+1 + qbi+2 + · · ·+ qbi+1−1)∏k−1

i=0 (1− qbi)
.

�
Example 6. By Corollary 4, compositions of n satisfying

λ1 ≥ λ2 ≥ λ3/2 ≥ λ4 ≥ λ5/2 ≥ · · · ≥ λ2k ≥ λ2k+1/2

are in one-to-one correspondence with the set of partitions of n into parts of size at most
3k + 1 in which parts divisible by 3 can appear at most once.

In some cases, the numerator of the generating function of Theorem 2 does factor, but
it is not as easily shown. We consider some examples of this type in Section 5 on lecture
hall compositions and in Section 6 on anti-lecture hall compositions.

4. Two Variable Generating Functions

In their study of lecture hall partitions, Bousquet-Mélou and Eriksson found it very useful
to consider the 2-variable (odd/even weighted) generating function of the set of partitions
satisfying the lecture hall constraints. We show here how our method can be adapted to
get multivariable generating functions for compositions satisfying linear constraints, using
the two-variable case as an example.

Let A[1..k − 1, 1..k − 1] be an upper diagonal matrix of integers such that PA is a set of
compositions. For λ ∈ PA, let |λ|o = λ1 + λ3 + λ5 + · · · and and |λ|e = λ2 + λ4 + λ6 + · · · .
Define two sequences of matrices O(t), and E(t), 1 ≤ t ≤ k− 1 so that O(t) +E(t) = A(t) as
follows. O(t) and E(t) are (k − t)× (k − t) matrices satisfying
O(1)[i, j] = A(1)[i, j] if i is odd, otherwise, O(1)[i, j] = 0;
E(1)[i, j] = A(1)[i, j] if i is even, otherwise, E(1)[i, j] = 0;
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For t > 1,

O(t)[1, j] = (O(t−1)[1, 1] + 1− (t mod 2))A(t−1)[2, j + 1] +O(t−1)[1, j + 1],

O(t)[i, j] = O(t−1)[i+ 1, j + 1] if i ≥ 2 ;

E(t)[1, j] = (E(t−1)[1, 1] + (t mod 2))A(t−1)[2, j + 1] + E(t−1)[1, j + 1],

E(t)[i, j] = E(t−1)[i+ 1, j + 1] if i ≥ 2 ;

We can prove the following 2-variable version of Theorem 1.

Theorem 3. The odd/even weighted generating function for the compositions in PA is:

∑
λ∈PA

x|λ|oy|λ|e =
k−1∏
i=0

1
1− xoiyei

,

where sequences o0, o1, . . . , ok−1 and e0, e1, . . . , ek−1 are defined by o0 = 1; e0 = 0 and for
t > 0,

ot = O(t)[1, 1] + 1− (t mod 2) et = E(t)[1, 1] + (t mod 2).

Note from referee. We can refine Theorem 1 via the enumeration in (5) by associating
with λ the monomial

∏
qλi
i , is possible :

∑
λ∈PA

∏
i

qλi
i =

k∏
j=1

1

1−∏
i≤j q

C[i,j]
i

.

From Theorem 3, imitating the bijective proof of Theorem 2, we can get the odd/even
generating function Gk(x, y) for the compositions satisfying the constraints:

(9)
λ1

a1
≥ λ2

a2
≥ λ3

a3
≥ · · · ≥ λk−1

ak−1
≥ λk
ak
≥ 0,

Theorem 4.

(10) Gk(x, y) =

∑a2−1
z2=0 · · ·

∑ak−1
zk=0 x

�a1z2
a2

�+z3+z5+···
yz2+z4+··· ∏k−2

i=1 (x
oiyei)

� zi+2
ai+2

− zi+1
ai+1

�
∏k−1

i=0 (1− xoiyei)
,

where o0 = 1, e0 = 0, and for 1 ≤ i ≤ k − 1 oi = a1 + a3 + a5 + · · · + a2�(i−1)/2�+1 and
ei = a2 + a4 + a6 + · · ·+ a2�i/2�.

Proof. Omitted. �
We can now add more conditions on the first part when ak ≥ ak−1 ≥ · · · ≥ a1 :

Theorem 5. If Gk(x, y) = Hk(x, y)/(1 − x) is the generating function given in (10), then
whenever a1 ≥ a2 ≥ · · · ≥ ak, for any l ≥ 1 and j ≥ 2 − l, H(ql, qj) is the generating
function for the partitions satisfying

λ1 = l�a1λ2/a2	+ (j − 1)(λ2 + λ4 + λ6 + · · · ) + (l − 1)(λ3 + λ5 + λ7 + · · · )
λ2

a2
≥ λ3

a3
≥ · · · ≥ λk−1

ak−1
≥ λk
ak
≥ 0.(11)

Proof. If j = l = 1, the system (11) is the same as (9) and the generating function is
H(x, y) = G(x, y)/(1−x). Suppose λ satisfies (9), with |λ|o = l and |λ|e = m. To transform
λ into a composition satisfying (11), we increase the first part by (l− 1)|λ|o+(j − 1)|λ|e to
get λ′. The conditions on j and l and the ai guarantee that this increase is positive. Then

|λ′| = |λ|+(l−1)|λ|o+(j−1)|λ|e = |λ|o+|λ|e+(l−1)|λ|o+(j−1)|λ|e = l|λ|o+j|λ|e. �
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We can use Theorem 5 to generalize the Lecture Hall Partition theorem of Bousquet-
Mélou and Eriksson.

Corollary 4. For l ≥ 1 and j ≥ 2− l, the generating function for the sequences λ1, . . . , λk
satisfying λ1 ≥ l�kλ2/(k − 1)	 + (j − 1)(λ2 + λ4 + λ6 + · · · ) + (l − 1)(λ3 + λ5 + λ7 + · · · )
and λ2

k−1 ≥ λ3
k−2 ≥ · · · ≥ λk−1

2 ≥ λk
1 is

1
(1− q)

k−1∏
i=0

1
(1− qil+ij+l)

Proof. Direct, as Gk(x, y) =
∏k−1

i=0
1

1−xi+1yi [10]. �
Example 7. There is a one-to-one correspondence between the compositions of n satisfying
λ1 ≥ 3�kλ2/(k − 1)	 + 2

∑k−1
j=1(−1)jλ1+j and λ2

k−1 ≥ λ3
k−2 ≥ · · · ≥

λk−1

2 ≥ λk
1 ≥ 0 and the

partitions of n into odd parts less than or equal to 2k + 1.

5. Generalized Lecture Hall Compositions

Given integers m, l, define the (m, l)-sequence a(m,l) = (a1, a2, . . .) by the recurrence

a2i = la2i−1 − a2i−2, a2i−1 = ma2i−2 − a2i−3, i ≥ 2,

with the initial conditions a1 = 1 and a2 = l. Let L(m,l)
k be the set of compositions into k

nonnegative parts satisfying, for 1 ≤ i < k,

λi ≥ ak−i+1

ak−i
λi+1.

Note that a(2,2) = (1, 2, 3, 4, . . .) and L
(2,2)
k is the set of lecture hall partitions of [10].

When m, l > 1, then a(m,l) is nondecreasing and L
(m,l)
k is a set of partitions which we call

generalized lecture hall partitions. However, if m = 1 and l > 3 or l = 1 and m > 3, the
sequence a(m,l) is an infinite, but non-monotone, sequence of positive integers and L(m,l)

k is
a set of compositions, but not partitions.

Let G(m,l)
k (x, y) be the odd/even weighted generating function for L(m,l)

k , that is

G
(m,l)
k (x, y) =

∑
λ∈L(m,l)

k

= x|λo|y|λe|.

Theorem 6 below was proved in [11] for m, l > 1. We give a short proof and extend it
to generalized lecture hall compositions (m = 1, l > 3 or l = 1,m > 3). We note that it
implies a straightforward bijective proof of the theorem.

Theorem 6. For integers m, l satisfying m, l > 1 or m = 1 and l > 3, or l = 1 and m > 3,
G

(m,l)
1 (x, y) = 1/(1 − x) and

G
(m,l)
2k+1(x, y) = G

(m,l)
2k (xmy, x−1)/(1 − x), G

(m,l)
2k (x, y) = G

(m,l)
2k−1(x

ly, x−1)/(1− x), n > 0.

Note that this gives for k > 0

G
(m,l)
2k (x, y) =

2k∏
i=1

1
1− xaiybi−1

and G
(m,l)
2k−1(x, y) =

2n−1∏
i=1

1
1− xbiyai−1

where a0 = 0, (a1, a2, . . .) = a(m,l), and (b1, b2, . . .) = a(l,m).
Proof of theorem. We follow the method of Bousquet-Mélou and Eriksson, bypassing the
detour to reduced lecture hall partitions, as suggested in a note on page 10 of [11]. We fix
m, l and drop the superscripts (m, l) to simplify notation. Let Lk+1,= denote the partitions
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λ ∈ Lk with λ1 = �akλ2/ak−1	. We do this by establishing a bijection φk between partitions
λ ∈ Lk and partitions γ ∈ Lk+1,= with |γe| = m|λe| − |λo| if k is even and |γe| = l|λe| − |λo|
if k is odd, and with |γo| = |λe|. The bijection and its reverse are presented below :

φk : λ→ γ
γe ← λo
γ1 ← �ak+1

ak
λ1	

For i from 1 to 
(k + 1)/2�
γ2i+1 ← �ak−2i+1

ak−2i
λ2i+1	+


ak+1−2i

ak+2−2i
λ2i−1� − λ2i.

φ
(−1)
k : γ → λ
λo ← γe
For i from 1 to 
k/2�

λ2i ← �ak−2i+1

ak−2i
γ2i+2	+

�ak+1−2i

ak+2−2i
γ2i	 − γ2i+1.

As in [11] we can show that for the (m, l) sequence a and for any j ≥ 0


ai−1

ai
j�+ �ai+1

ai
j	 =

{
mj if i even
lj if i odd

|γo| = m|λo| − |λe| if k even and |γo| = l|λo| − |λe| if k odd and |γe| = |λo|.
Also,

γ1 = �ak+1γ2/ak	.
It remains to show that for k ≥ i ≥ 2, γi ≥ ak+2−i

ak+1−i
γi−1. Note that consecutive parts

λ2i−1, λ2i, λ2i+1 in λ, map by φk to the consecutive parts

γ2i = λ2i−1, γ2i+1 = �ak+1−2i

ak−2i
λ2i+1	+ 
ak−2i+1

ak+2−2i
λ2i−1� − λ2i, , γ2i+2 = λ2i+1

in γ. As λ2i ≥ ak+1−2i

ak−2i
λ2i+1, we get that

�ak+1−2iλ2i+1/ak−2i	 − λ2i ≤ 0

and

γ2i+1 ≤ ak−2i+1λ2i−1/ak+2−2i = ak−2i+1γ2i/ak+2−2i.

As λ2i−1 ≥ ak+2−2iλ2i/ak+1−2i, we get that


ak−2i+1λ2i−1/ak+2−2iλ2i−1� − λ2i ≥ 0,

and

γ2i+1 ≥ ak+1−2iλ2i+1/ak−2i = ak+1−2iγ2i+2/ak−2i.

We have our conditions. �

The bijection Now we show that this gives a straighforward bijection ψk between Lecture
Hall partitions in Lk and partitions into parts in c = {c1, c2, . . . , ck} with ci = ai + bi−1 if
k is even and ci = ai−1 + bi otherwise. Let λ be a partition in Lk and µ its image by ψk.
We denote by µ(i) the multiplicity of the part ci in µ. The bijection and its reverse are
presented below :
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ψk : λ→ µ
µ← empty partition
For i from k downto 1 do

j ← λ1 − �ai/ai−1λ2	
λ1 ← λ1 − j
µ(k − i+ 1)← j
If i > 1 then

λ← φ−1
i−1(λ).

ψ−1
k : µ→ λ

λ← empty partition
For i from 1 to k do

λ1 ← λ1 + µ(k − i+ 1)
If i < k then

λ← φi(λ).

Example 8. For m = l = 2, a = (1, 2, 3, 4, . . .) and for λ = (6, 4, 2, 1) we get µ = (5, 5, 3).
Example 9. For m = 1 and l = 4, a = (1, 4, 3, 8, . . . ) and for λ = (12, 4, 5, 1) we get
µ = (5, 4, 4, 4, 4, 1).

6. Anti-Lecture Hall Compositions

In this section we study the sequences (λ1, . . . , λk) defined by

λ1

1
≥ λ2

2
≥ . . .

λk
k
≥ 0.

We call these sequences anti-lecture hall because if they represent the heights of the rows
in an amphitheater (as it was done for the Lecture Hall partitions) only the students of
the first row are guaranteed to see the professor! We want to show that these compositions
have a surprising behavior, in particular, their weight generating function is

(12)
k∏
i=1

1 + qi

1− qi+1
.

Let Ak be the set of anti-lecture hall compositions into k nonnegative parts. Given λ ∈
Ak, we can write λ as ((x1, . . . , xk), (z1, z2, . . . , zk)) where λi = ixi+ zi with 0 ≤ zi ≤ i− 1,
1 ≤ i ≤ k. Note that λ ∈ Ak if and only if x1 ≥ x2 ≥ . . . xk ≥ 0 and if xi = xi+1 then
zi ≥ zi+1. Moreover |λ| = ∑k

i=1 zi + ixi.
The main result of this section is the following theorem (setting u = v = 1 gives (12)).

Theorem 7.
∑
λ∈Ak

q|λ|u|x|vo(x) =
k∏
i=1

1 + uvqi

1− u2qi+1
.

where x = (x1, . . . , xk) and o(x) is the number of odd parts of the partition x.

Proof. Let Dk be the set of partitions into distinct parts less than or equal to k. Let
Ek be the subset of Ak where all the xi are even. To show the theorem we must give two
bijections :

• A bijection between Ak and Dk × Ek such that if (α, β) is the image of λ then
|α|+ |β| = |λ|, l(α)+ |
β�| = |x|, and l(α) = o(x), where 
β� = (
β1/1�, . . . , 
βk/k�)
and l(α) denotes the number of positive parts of α.

• A bijection between the set Ek and the set Fk of partitions into parts in the set
{2, 3, . . . , k+1} such that if µ is the image of λ then |µ| = |λ| and l(µ) = ∑k

i=1 xi/2.

The first bijection will show that : H(u, v, q) =
∏k

i=1(1+uvqi)Ek(u, q) where Ek(u, q) =∑
λ∈Ek

q|λ|u|x|. The second bijection will show that Ek(u, q) =
∏k+1

i=2 (1− u2qi)−1.
We construct the first bijection :
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Ak → Dk × Ek λ→ (α, β)
α← empty partition
β ← λ
While one of the xi is odd

d← max{i | xi odd}
i← min{j ≥ d | j = k or xd − 1 > xj+1 or zd ≥ zj+1}
xd ← xd − 1; temp← zd,
zj ← zj+1 − 1, d ≤ j ≤ i− 1
zi ← temp; α← α ∪ i

Consider the f th iteration of the loop. Let df and if be the indices chosen during that
iteration. A careful look at the algorithm shows that df > df+1 and that if > if+1. As
αf = if we get that α is a partition into distinct parts. Moreover it is clear that β is in Ek

as each iteration decreases by 1 only the odd xi. Finally we must note that |α|+ |β| = |λ|
and l(α) = o(x). The reverse bijection is easy to construct.

We now give the second bijection between the set Ek and the set Fk.
Ek → Fk λ→ µ
m(k + 1) = zk + kxk

2

m(i) = zi−1 − zi + (i−1)(xi−1−xi)
2 , 2 ≤ i ≤ k

where m(i) is the multiplicity of the part i in µ.
It is easy to see that we can reconstruct λ from µ. Note that m(i) is always nonnegative

as zi−1 < i− 1 and if zi−1 < zi then xi−1 > xi, that is, (xi−1 − xi)(i − 1)/2 ≥ i − 1. Now
we must show |µ| = |λ| and that the number of parts of µ is equal to the sum of the xi
divided by 2.
|µ| = zk(k+1)+

∑k
i=2 i(zi−1−zi)+k(k+1)xk/2+

∑k
i=2(i−1)i(xi−1−xi)/2 =

∑k
i=1(zi+ixi)

l(µ) =
∑k+1

i=2 m(i) = zk +
∑k

i=2(zi−1 − zi) + kxk/2 +
∑k

i=2 = (i − 1)(xi−1 − xi)/2 =∑k
i=1 xi/2. �

Example 10. Starting with λ = ((7, 6, 4, 3, 3, 2), (0, 1, 1, 2, 2, 3)) we apply the first bijection
and get β = ((6, 6, 4, 2, 2, 2), (0, 0, 1, 2, 2, 2)) and α = (6, 4, 2). Then we apply the second
bijection and get µ = (7, 7, 7, 7, 7, 7, 7, 7, 4, 4, 3)). We can check that |λ| = |µ| + |α| = 79,
|x| = 2l(µ) + l(α) = 25 and o(x) = l(α) = 3.
Acknowledgments. Some of this work was done while the authors were visiting UQAM
and we are grateful to LaCIM-UQAM for support. Thanks also to the referees for all of
their constructive comments and especially to the referee who supplied the linear algebra
approach in Section 2.
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THE ART OF NUMBER GUESSING: WHERE COMBINATORICS
MEETS PHYSICS

JAN DE GIER

In my talk I will discuss some surprising and interesting applications of enumeration
problems to physics. With the help of known results for enumerations, exact formulae for
certain physically interesting quantities can be guessed from small sets of data. An example
is given by the following.

Consider the algebra with generators {ei}2n−1
i=1 subject to the following relations

(1) e2i = ei eiei±1ei = ei [ei, ej ] = 0 for |i− j| > 1.

This algebra is called the Temperley-Lieb (TL) algebra. I will only be concerned with the
left ideal generated by the action of TL on I0 =

∏n
i=1 e2i−1.

From a physical point of view, an important object is formed by the following operator
which is called the Hamiltonian,

(2) H(n) =
2n−1∑

j=1

(1 − ej).

In a particular representation of the TL algebra, the Hamiltonian H models the physics of
a chain of interacting atoms with a two-valued internal degree of freedom, otherwise known
as the XXZ spin chain. In another representation, it is closely related to percolation and
also to a one-dimensional stochastic system. The Hamiltonian describes the equations of
motion for a physical system. It is important to consider its spectrum and in particular
its lowest eigenvalue λ(n) and its corresponding eigenstate ψ(n). For the Hamiltonian (2),
λ(n) = 0 and ψ(n) therefore obeys

(3) H(n)ψ(n) = 0.

Let us consider two examples. For n = 2 the left ideal contains only two words, I0
and e2I0. The action of H2 on these two words is easily calculated and one finds that
on the basis of these two words, ψ(2) = (2, 1). For n = 3 there are five words in the left
ideal: I0, e2I0, e4I0, e2e4I0 and e3e2e4I0. The eigenvector with eigenvalue zero is given by
ψ(3) = (11, 5, 5, 4, 1). One can go on like this and, normalising the smallest element to 1,
find that the largest element ψ(n)

max = 2, 11, 170 = 2 · 5 · 17, 7429 = 17 · 19 · 23, . . . and that
the sum of its elements Z(n) follows the sequence 3, 26 = 2 · 13, 646 = 2 · 17 · 19, 45885 =
3 · 5 · 7 · 19 · 23, . . .. These calculations have been done up to n = 9 and it is found that all
elements of the sequences factorize into small primes, and moreover that they are related
to the well known enumeration problem of alternating-sign matrices. It is conjectured that
the general formulae for ψ(n)

max and Z(n) are given by

(4) ψ(n)
max =

n−1∏

j=1

(3j + 1)
(2j)!(6j)!

(4j)!(4j + 1)!
Z(n) =

n−1∏

j=0

(3j + 2)
(2j + 1)!(6j + 3)!
(4j + 2)!(4j + 3)!

Department of Mathematics and Statistics, The University of Melbourne, Parkville VIC
3010, Australia
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VALIDATION TEMPORELLE D’APPLICATIONS TEMPS-RÉEL
STRICTES AU MOYEN D’AUTOMATES FINIS ET DE SÉRIES

GÉNÉRATRICES

JEAN-PHILIPPE DUBERNARD AND DOMINIQUE GENIET

Résumé. Nous avons mis en place une technique de validation temporelle d’application
temps-réel qui s’exprime en termes de langages rationnels. Nous enrichissons ici cette
technique en associant aux langages rationnels des fonctions génératrices, pour donner
au modèle une expressivité suffisante pour valider temporellement des systèmes temps
réel généraux, c’est à dire comportant des composantes périodiques et de type alarme,
et destinés à fonctionner sur des cibles multi-processeurs. La contribution principale de
cet article est de montrer que l’on peut valider un système temps-réel avec des tâches
périodiques et apériodiques à partir de sa seule composante périodique.

Abstract. We set a technique, based on regular languages, to validate hard real-time
software. Here, we upgrade this technique by associating the regular languages with gene-
rating functions, to give the model enough expressivity to validate general hard real-time
systems, i.e. systems composed of both periodic and sporadic (or alarm) tasks, and desi-
gned for multi-processor target architectures. The main contribution of this article is to
show that we can validate a real-time system, which contains periodic and aperiodic tasks,
only from its periodic component.

1. Introduction

Un système informatique est temps-réel lorsque, devant assurer le pilotage d’un procédé
physique, il se doit de fonctionner à une vitesse compatible avec l’évolution du procédé dans
son environnement physique.

1.1. Les systèmes temps-réel. Par essence même, un tel système est donc d’une part
réactif (car devant prendre en compte, à la volée, les informations entrantes qui lui in-
diquent l’évolution du procédé dans son environnement physique), et d’autre part concur-
rent (car l’ensemble des opérations relatives au pilotage –observations de l’environnement
et actes de conduite– doivent être réalisées simultanément). Il est donc naturellement com-
posé d’un ensemble de tâches élémentaires, chacune d’elles implémentant une réaction
(ou une partie de réaction) que le système devra fournir à une sollicitation extérieure (qui
s’exprime sous la forme d’un événement).

Certaines informations entrant dans le système suivent des flots réguliers : ce sont,
généralement, des données transmises par des capteurs périodiques. Les tâches de lecture et
de traitement de ces informations doivent donc être synchronisées avec les capteurs en ques-
tion. Ce sont des tâches périodiques. Si le système comporte n tâches périodiques, nous
les appelons ici (τi)i∈[1,n]. Dans le modèle classique de tâches temps-réel [1], la spécification
temporelle de τi est constituée par la donnée de quatre caractéristiques :

– La date de première activation (notée ri) est l’instant de création de τi (l’origine
des temps est min

i∈[1,n]
(ri))

– La période (notée Ti) est le délai séparant deux activations successives de τi

#22.1
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– Le délai critique (noté Di) est le délai séparant la date d’activation d’une occurrence
de τi de la date à laquelle l’exécution de cette occurrence doit être terminée (cette date
est nommée échéance de l’occurrence de τi)

– La durée d’exécution (notée Ci) est la durée pendant laquelle chaque occurrence de
τi devra disposer d’un processeur pour pouvoir terminer son exécution

Notons que date de première activation, période et délai critique sont imposés par le procédé
à piloter. À ce titre, ce sont des paramètres hérités. À l’opposé, la durée d’exécution est un
paramètre synthétisé à partir des caractéristiques du processeur cible et du corps de τi.

Les signaux d’alarmes, ou encore les interventions d’un éventuel superviseur, constituent
des flots d’informations entrantes non-périodiques. Les tâches de prise en compte de ces in-
formations, activées uniquement lorsque c’est nécessaire, sont appelées tâches sporadiques
ou apériodiques. Une tâche sporadique est caractérisée par la connaissance d’un délai mi-
nimum séparant deux de ses occurrences successives. Dans le cas où un tel délai ne peut
être garanti, la tâche est dite apériodique. Si le système comporte p tâches sporadiques 1,
nous les appelons ici (αi)i∈[1,p].

1.2. Techniques de validation. Avant sa mise en exploitation, tout système doit être
validé, de façon à garantir que son comportement correspond aux besoins affichés. Ceci
est particulièrement vrai pour les applications de contrôle-commande. Pour les applica-
tions temps-réel, la validation comporte deux aspects. D’une part la classique validation
fonctionnelle, mais également la validation temporelle 2 : il s’agit de garantir que, quelle
que soit l’évolution du procédé, le système temps-réel est apte à traiter dans les temps
(c’est à dire en respectant ses contraintes temporelles) l’ensemble des signaux susceptibles
de se présenter. Le pilotage d’un système temps-réel est classiquement abordé suivant deux
approches différentes (voir une synthèse fournie dans [2]) : l’ordonnancement en ligne et
l’ordonnancement hors-ligne.

1.2.1. Politiques en ligne. Le pilotage en ligne consiste à implanter dans la machine cible
un ordonnanceur qui s’appuie sur une politique spécifique (basée sur des priorités, où sur
les paramètres temporels des tâches, par exemple) : chaque événement (signal ou commu-
tation) voit l’ordonnanceur élire à la volée la prochaine tâche en fonction de sa politique.
Cette approche a motivé un grand nombre de travaux ([3], par exemple, pour les systèmes
périodiques, [4] propose des politiques adaptées à la gestion des ressources critiques, on
trouvera dans [5] une synthèse sur l’intégration des sporadiques dans cette approche). Si
l’approche en ligne est souple, elle est toutefois limitée par sa non-optimalité 3 dès que les
tâches sont interdépendantes (c’est à dire à peu près tout le temps, dans les cas réels !).

1.2.2. Politiques hors-ligne. En toute généralité, le problème de décision de l’ordonnançabilité
d’un système temps-réel est NP-complet [6]. Il est donc illusoire de rechercher une politique
en ligne optimale dans le cas général. Cet état de fait a motivé la mise en place de stratégies
basées sur l’énumération exhaustive des ordonnancements possibles d’une configuration
donnée : les stratégies hors ligne. Ici, l’énumération permet, dès lors que la configuration
est ordonnançable, d’exhiber une séquence valide qui, implantée dans un séquenceur, pilo-
tera l’application.

1Nous nous focalisons ici sur les systèmes constitués de tâches périodiques et sporadiques.
2Un bon résultat rendu hors délai est faux.
3Un algorithme d’ordonnancement est optimal si il n’échoue que sur les configurations de tâches qui ne

peuvent être ordonnancées (voir [2] pour une définition formelle de l’optimalité).
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Pour les systèmes périodiques 4, la production d’une telle séquence suppose la connais-
sance de la durée minimale de simulation. [7] en fournit une borne, et [2] généralise ce
résultat.

Les méthodes hors-ligne s’appuient sur des modèles de tâches à base de systèmes à
états (automates et réseaux de Petri). Certains sont à temps explicite [8] [9] [10] (on parle
de modèles temporisés), d’autres à temps implicite [11]. Les modèles à temps explicite
sont exploités via des techniques de simulation, ceux à temps implicite via des techniques
d’analyse. Dans les deux cas, un premier axe d’étude consiste à produire des techniques de
modélisation exhaustives (i.e. qui prennent en compte l’ensemble des configurations réelles
possibles). Par ailleurs, les complexités de décision étant exponentielles, un axe majeur
des travaux est la mise en œuvre de techniques d’amélioration des temps de calcul (es-
sentiellement par la détection précoce de branches correspondant à des cas d’échec). Les
systèmes périodiques interdépendants pour lesquels les tâches ont une durée d’exécution
fixée sont généralement pris en compte. Ce cas de figure est tout à fait irréaliste, puisque
dès que le corps d’exécution d’une tâche intègre un test du type If. . . Then. . . Else. . . , on
sort du modèle. Dans [12], nous montrons que notre approche permet d’étendre l’analyse
aux systèmes de tâches comportant des instructions de choix.

1.2.3. Validation. Valider une application temps-réel (i.e. un systême de tâches) consiste
à prouver que, quelle que soit l’évolution du procédé qu’elle pilote, elle ne se trouvera
jamais en situation de violation de ses contraintes temporelles. Dans le cas où l’objectif
est un pilotage en ligne, la validation s’obtient à l’aide de techniques de simulation. Dans
le cas hors-ligne, on utilise des techniques de model-checking pour produire une séquence
d’ordonnancement en accord avec les contraintes spécifiées.

1.3. Cadre du travail. Nous avons introduit dans [13] une technique de modélisation de
tâches temps-réel à base d’automates finis, et nous avons montré qu’elle prend en compte
les configurations de tâches périodiques interdépendantes à durée d’exécution fixe. Nous
étendons la validité de la méthode au cas des tâches à durées variables dans [12], et une
première approche pour les sporadiques est proposée dans [14].

Le temps y étant implicite, notre modèle présente, par rapport aux autres approches
orientées modèles (automates temporisés [15], réseaux de Petri [2]) un certain nombre
d’avantages. D’une part, il permet de disposer de processus de décision basés sur les
techniques d’analyse des automates finis, dont la puissance, l’efficacité et la modularité
sont établies depuis longtemps. Par exemple, le résultat central de [2], qui établit la cy-
clicité des ordonnancements en environnement mono processeurs de systèmes de tâches
interdépendants, se retrouve, dans notre approche, comme un corollaire de la rationna-
lité de l’ensemble des comportements valides d’une application temps-réel. La rationnalité
de cet ensemble persistant en multi-processeur, nous pouvons affirmer que la cyclicité des
ordonnancements persiste en multi-processeurs. D’autre part, l’aspect comportemental de
notre approche permet l’expression de propriétés assez fines, plus difficilement exprimables
par d’autres approches, soit parce qu’elles nécessitent des manipulations équationnelles
élaborées (approches temporisées), soit parce qu’elles imposent des définitions structurelles
assez lourdes (approches réseaux de Petri, par exemple).

Ici, après une synthèse de la modélisation et une réflexion sur les méthodes de calcul les
plus adaptées, nous finalisons l’enrichissement de notre modèle proposé dans [14], dans l’op-
tique de valider, à partir de la seule composante périodique de notre modèle, des systèmes
constitués de tâches périodiques et sporadiques. Cet enrichissement s’appuie sur des séries

4i.e. uniquement constitués de tâches périodiques.
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formelles non commutatives, auxquelles nous associons une sémantique temporelle. Nous
établissons ensuite la modularité de ce modèle étendu.

Ce modèle possède une expressivité suffisante pour l’étude de systèmes temps-réel quel-
conques et réels. Par rapport aux modèles temporisés [10][15], il présente l’intérêt d’impli-
citer le temps, et donc d’utiliser les techniques de model checking les plus performantes qui
soient : celles du modèle des automtes finis déterministes.

1.4. Plan de l’article. En section 2, nous présentons le modèle temporel utilisé pour
la validation de systèmes de tâches. En section 3, nous montrons comment prendre en
compte les phénomènes d’interdépendance, et la synchronisation. En section 4, nous mon-
trons comment, à l’aide de séries commutatives et non-commutatives, nous validons des
systèmes constitués de tâches périodiques et sporadiques à partir de la seule modélisation
de la composante périodique du système.

2. Modélisation de tâches à contraintes strictes

Nous nous intéressons ici à la validation temporelle d’applications. Notre modèle doit
donc être à même de répondre à des questions centrées sur l’aspect opérationnel (respect
des échéances, donc), et non sur l’aspect fonctionnel (ce que fait le programme).

2.1. Tâches périodiques. Dans un premier temps, nous considérons les tâches à durée
d’exécution fixes. Intéressons nous ici à la tâche τi

5, dont les paramètres temporels sont
ri, Ci, Di et Ti. À partir de sa date d’activation (un entier de ri + TiN), chaque occurrence
de τi doit impérativement se voir allouer un processeur pendant exactement Ci unités de
temps sur sa période. En représentant par le symbole ai l’attribution d’un processeur à τi

pendant une unité de temps, et par le symbole • la suspension de τi pendant une unité
de temps, tout mot 6 de aCi

i W•Di−Ci correspond, sur tout intervalle temporel du type
[ri + k.Ti,ri + k.Ti + Di[, à une configuration d’allocation d’un processeur à τi compatible
avec ses contraintes temporelles. Cet ensemble est rationnel. Prendre en compte le fait que,
sur l’intervalle [ri + k.Ti + Di,ri + (k + 1).Ti[, τi est toujours inactive, revient à suffixer
tout mot de aCi

i W•Di−Ci par •Ti−Di . La concaténation de ces deux langages est le langage
aCi

i W•Di−Ci•Ti−Di , également rationnel. Sur le plan opérationnel, τi est la suite (τij)j∈N de
ses occurrences. Donc, allouer globalement à τi un processeur de manière compatible avec
ses contraintes temporelles revient à allouer à chacune des occurrences τij un processeur de
manière compatible avec ses contraintes temporelles. Chaque mot ω de aCi

i W•Di−Ci•Ti−Di

est de longueur Ti : il décrit une configuration d’allocation valide 7 du processeur à une
occurrence de τi. Donc, si (ωj)j∈[1,n] ∈

((
aCi

i W•Di−Ci

)
•Ti−Di

)n
, le mot ω1.ω1 . . . ωn

modélise une configuration d’allocation du processeur valide pour n occurrences de τi.
D’une façon générale, tout mot ω de

((
aCi

i W•Di−Ci

)
•Ti−Di

)∗
modélise une configuration

d’allocation de processeur valide pour τi sur n’importe quel intervalle temporel du type
[ri + k.Ti, ri + k.Ti + |ω|[, et donc, notamment, sur l’intervalle [ri, ri + |ω|[. Étant donné

que τi est inactive sur l’intervalle [0, ri[, tout mot •riω, où ω ∈
((

aCi
i W•Di−Ci

)
•Ti−Di

)∗
,

5Nous ne considérons que le cas des tâches non réentrantes, c’est à dire des tâches ne pouvant avoir deux
occurences fonctionnant simultanément.

6L’opération de mélange de mots (notée W) se définit de la façon suivante{ ∀a ∈ Σ, aWε = εWa = {a}
∀ (a, b, ω1, ω2) ∈ Σ2 × (Σ∗)2 , a.ω1Wb.ω2 = a. (ω1Wb.ω2) ∪ b. (a.ω1Wω2)

7c’est à dire compatible avec les contraintes temporelles de la tâche.
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Fig. 1. Comportements de la tâche

•r i

•Ti Di-ω E •Di | ω |-
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^ un comportement temporel ω

•r i

ω

E• D
i | ω    |
-

k

k

Structure de l’automate 
associ? ^ une famille (ω   )            

de comportements temporels
k k∈I

Fig. 2. Allure de l’automate associé â une tâche à durée variable

modélise une configuration d’allocation de processeur valide pour τi sur l’intervalle [0, ri + |ω|[.
Le mot ω pouvant être de longueur arbitrairement grande (le langage est une étoile de lan-
gage rationnel), il modélise les configurations d’allocation valides pour n’importe quelle

durée de vie de la tâche. Le langage •ri

((
aCi

i W•Di−Ci

)
•Ti−Di

)∗
est rationnel, et reconnu

par l’automate présenté en Figure 1. Le problème de l’ordonnancement temps-réel consiste,
à un instant t donné de la vie de la tâche, à pouvoir prédire ses possibilités d’évolution dans
un environnement donné. Bien entendu, le passé de la tâche est connu. Pour ce qui nous
intéresse ici, ce passé est simplement l’historique des allocations CPU de τi un mot ω de
{•, ai}∗. Par construction, ω est de la forme ω1.µ, où ω1 ∈ •ri

((
aCi

i W•Di−Ci

)
•Ti−Di

)∗
et

∃ν ∈ {•, ai}∗ tel que µν ∈
(
aCi

i W•Di−Ci

)
•Ti−Di

Donc, ω est un préfixe d’un mot de •ri

((
aCi

i W•Di−Ci

)
•Ti−Di

)∗
. Par ailleurs, par construc-

tion également, quel que soit l’instant f appartenant au futur ]t,+∞[, il existe un mot ω2

dans
((

aCi
i W•Di−Ci

)
•Ti−Di

)∗
, et tel que ωµνω2 soit de longueur supérieure à f. À tout

instant t, le passé ω de τi est donc un mot du centre 8 de •ri

((
aCi

i W•Di−Ci

)
•Ti−Di

)∗
.

Réciproquement, par définition, tout mot du centre est le passé d’une configuration valide
d’allocation de processeur à la tâche.

Considérons maitenant le cas où la tâche τi comporte des instructions de choix. Soient
(ωk)k∈I les mots correspondant à des comportements possibles de τi (au sens de la trace du
programme associé). Nous notons LCi l’ensemble de ces mots. Cet ensemble est fini, car la

8Le centre de L est l’ensemble des préfixes de L indéfiniment prolongeables dans L.
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Fig. 3. Comportements temporels valides de la tâche

durée d’exécution de τi est majorée par Ci. I est donc fini également. Les comportements
des différentes occurrences de τi correspondent toutefois à des ωk non nécessairement égaux.
Un comportement temporel valide de τi est donc, globalement, élement de

Centre

(
•ri

(⋃
k∈I

(
ωkW•Di−|ωk|

)
•Ti−Di

)∗)
. I étant un ensemble fini, ce langage est ra-

tionnel : il est accepté par l’automate dont l’allure est présenté en Figure 2.Droite.

Définition 1. On appelle comportement temporel valide de la tâche τi tout mot ωk

appartenant au langage Centre

(
•ri

(⋃
k∈I

(
ωkW•Di−|ωk|

)
•Ti−Di

)∗)
.

Un comportement temporel valide de τi modélise donc une configuration d’allocation de
processeur à τi pour laquelle on est en mesure de garantir que τi dispose d’au moins une
possibilité de continuer son exécution en respectant ses contraintes temporelles. Dans la
suite, nous notons L(τi) ou, plus succinctement, Li, l’ensemble des comportements tempo-
rels valides de τi. Ce langage est rationnel, et reconnu par l’automate présenté en Figure 3.
Remarque
Dans [12], nous montrons que ce raisonnement reste valide pour les systèmes constitués de
tâches périodiques et sporadiques.

3. Modélisation de systèmes de tâches

Une application temps-réel est constituée d’un ensemble de tâches, indépendantes ou
non. Nous nous intéressons ici aux applications temps-réel à contraintes strictes, c’est à
dire uniquement constituées de tâches soumises à des contraintes temporelles strictes. Une
telle application est donc définie par la donnée de deux familles de tâches (τi)i∈[1,n] et
(αi)i∈[1,p] : les αi sont des sporadiques, et les τi des périodiques.

3.1. Fonctionnement simultané de l’ensemble des tâches. Un système temps-réel
étant réactif, l’ensemble des tâches qui le composent fonctionnent simultanément. Pour
représenter cette simultanéité, nous utilisons les produits de Hadamard de langages : si
(Σi)i∈[1,n] sont des alphabets, le produit de Hadamard est le morphisme de concaténation

(Σi)i∈[1,n] −→
n∏

i=1

Σi : (ai)i∈[1,n] 
−→




a1
a2
:
an
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Fig. 4. Des produits de Hadamard pour modéliser les systèmes de tâches

La sémantique associée au produit de Hadamard d’une famille de lettres (chaque lettre
représentant l’état d’activité d’une tâche) est la simultanéité 9. Dans la suite, nous notons
i=n
Ω

i=1
Li le langage produit de Hadamard des langages (Li)i∈[1,n]. Notons que le produit de

Hadamard d’une famille de centres de langages rationnels reste un centre de langages ra-
tionnels [17]. La notion de comportement temporel valide, définie plus haut pour les tâches,
s’étend naturellement aux systèmes de tâches.

Définition 2. On appelle comportement temporel valide d’une application temps-réel à
contraintes strictes constituée de deux familles de tâches (τi)i∈[1,n] et (αi)i∈[1,p] indépendantes

tout mot de
(

i=n
Ω

i=1
L(τi)

)
Ω
(

i=p

Ω
i=1

L(αi)
)

Dans la suite de ce travail, nous notons L((τi)i∈[1,n], (αi)i∈[1,p]) cet ensemble.

3.2. Interdépendance des tâches. Lorsque les tâches communiquent ou partagent des
ressources critiques, l’ensemble des comportements temporels valides de l’application est
un sous-ensemble de L

(
(τi)i∈[1,n], (αi)i∈[1,p]

)
: certaines périodes d’activité de certaines

tâches se trouvent retardées, du fait de l’exclusion mutuelle sur l’accès aux ressources, ou
du fait de l’attente de messages. Certains comportements temporels valides dans le cas de
l’indépendance des tâches ne sont plus valides.

Pour collecter l’ensemble des comportements valides, nous utilisons la technique proposée
par Arnold et Nivat [18]. L’idée consiste à

(1) Définir une tâche virtuelle ρR pour chaque élément critique R (communication par
message ou par rendez-vous, partage de ressource), dont l’objet est de tracer les
états de l’élément en question (trace des états de la ressource, par exemple)

(2) Calculer le produit de Hadamard H = L
(
(τi)i∈[1,n], (αi)i∈[1,p], (ρR)R élément critique

)
(3) Construire l’ensemble S des vecteurs de lettres correspondant aux configurations

instantannées valides (une seule attribution d’une ressource critique donnée à un
instant donné, par exemple) : ce sont les seuls vecteurs dont l’apparition dans tout
mot de H est autorisée

(4) Calculer H ∩ S∗, qui collecte l’ensemble des comportements du système de tâches
compatibles avec les contraintes de synchronisation

9Dans le cadre de la modélisation de systèmes concurrents, cette approche a été introduite par [16].
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3.3. Application au calcul d’ordonnançabilité. L’intersection de langages n’est pas
interne dans la classe des centres de langages rationnels. Dans notre étude, cette propriété
traduit le fait que le partage de ressources (par exemple) entre n tâches soumises à des
contraintes strictes peut amener certaines d’entre elles en situation de faute temporelle.
Ce résultat est bien connu, et a motivé dans le passé un grand nombre de travaux [4].
Notre but est ici de décider de l’ordonnançabilité du système de tâches dans ce contexte
d’interdépendance. Nous avons montré dans [13][19][14] que cette approche permet une
résolution extrêmement efficace de ce problème.

La stratégie de décision repose sur des propriétés caractéristiques du langage associé au
système de tâches. Dans le cas où les tâches sont à durées fixes [13], l’ordonnançabilité est
acquise dès lors que le langage est non vide. Dans le cas où certaines (ou toutes) tâches sont
à durées d’exécution variables [12], la décision d’ordonnançabilité est une caractéristique
du langage :

Théorème 3. [12] Un ensemble de tâches (τi)i∈[1,n] est globalement ordonnançable si et
seulement si 10

∀ (xi)i∈[1,n] ∈
n∏

i=1

(X (τi)) ,∃ω ∈ Centre
(
L
(
(τi)i∈[1,n]

))
tel que

∀i ∈ [1, n], π¬• (πi(ω)) = xi

où (X (τi)) désigne l’alphabet asocié à la tâche τi.

4. Utilisation de séries génératrices pour améliorer le calcul de

l’ordonnançabilité d’un système intégrant des sporadiques

Cette méthode de calcul d’ordonnançabilité est utilisable pour des systèmes quelconques
de tâches : présence simultanée de périodiques et de sporadiques, interdépendance de
tâches, ordonnancements toujours préemptif, toujours non-préemptif, ou bien globalement
préemptif avec des sections localement non-préemptives (sections critiques d’accès aux res-
sources critiques, par exemple), etc.

Toutefois, l’analyse d’études de cas réels fait apparâıtre des configurations qui, bien que
prises en compte par notre méthodologie, méritent une étude spécifique. C’est, par exemple,
le cas des systèmes de tâches dans lesquels les sporadiques sont indépendantes des autres
tâches 11. Modulo un enrichissement du modèle, nous montrons ci-dessous que, dans ce
cas, il est possible de décider de l’ordonnançabilité du système complet à partir de la seule
connaissance de Centre

(
L
(
(τi)i∈[1,n]

))
.

Cet enrichissement est basé sur l’utilisation de certaines fonctions génératrices afin de
prédire s’il est possible de traiter l’activation d’une tâche sporadique à un instant donné.
Dans un premier temps, nous décrivons comment calculer ces fonctions génératrices. Puis,
nous mettons en évidence une de leur propriété qui va nous permettre d’étendre la modu-
larité du modèle originel à celui enrichi par les séries génératrices.

10Pour tout i ∈ [1, n], on note πi le morphisme (xj)i∈[1,n] → xi. Pour tout alphabet Σ et tout A ⊂ Σ, on

note πA le morphisme

{
x ∈ A ⇔ πA(x) = x
x 
∈ A ⇔ πA(x) = ε

et par π¬A le morphisme

{
x ∈ A ⇔ π¬A(x) = ε
x 
∈ A ⇔ π¬A(x) = x

11Donc indépendantes entre elles, et indépendantes des périodiques.



VALIDATION TEMPORELLE D’APPLICATIONS TEMPS-RÉEL #22.9

4.1. Des séries génératrices pour prévoir l’avenir. Considérons un système de tâches
12 partitionné en n tâches périodiques (τi)i∈[1,n] et p tâches sporadiques (αi)i∈[1,p]. Pour
éviter toute confusion, notons Xp

i les caractéristiques temporelles concernant les périodiques
et Xs

i celles concernant les sporadiques. Chaque τi et chaque αj sont à durée d’exécution fixe.
Chaque αj est indépendante de l’ensemble des autres tâches du système. Nous supposons
ici que le système réduit à sa composante périodique est ordonnançable, c’est à dire que
Centre

(
L
(
(τi)i∈[1,n]

))
= ∅, et qu’il vérifie le thórème 3. Le système global (c’est à dire

composé des périodiques et des sporadiques) est ordonnançable si, pour tout j ∈ [1, p] et

tout t ∈
[

min
i∈[1,n]

(rp
i ) ,+∞

[
∩
{

Dates d’activation
possibles de αj

}
, l’activation de αj à l’instant t n’amème

pas le système en situation de faute temporelle. Désignons par A
(
(τi)i∈[1,n]

)
l’automate

déterministe minimal d’acceptation du langage Centre
(
L
(
(τi)i∈[1,n]

))
.

(1) Pour chaque état i de A
(
(τi)i∈[1,n]

)
, nous devons pouvoir déterminer à l’avance

quels sont les chemins issus de i, et permettant l’ordonnancement de chacune des αj

susceptibles d’être activées lorsque la composante périodique du système se trouve
dans l’état i. Il nous faut donc associer à chaque transition t issue de i l’information(
Ds

j ,Kt,Ds
j

)
j∈[1,p]

, où Kt,Ds
j
est le nombre maximal d’instants d’oisiveté du proces-

seur dans les Ds
j prochaines unités de temps, si la transition t est choisie (voir Figure

5).

(2) Dans le cas où l’ordonnancement s’effectue sur multi-processeurs, cette seule in-
formation n’est cependant pas suffisante : k tâches peuvent être amenées à fonc-
tionner simultanénement, il peut donc, à chaque unité de temps, y avoir jusqu’à
k processeurs oisifs de front. Comme les tâches sont non parallélisables, on doit
différencier instants simultanés d’oisiveté et instants consécutifs d’oisiveté. Dans
le premier cas, deux instants d’oisiveté ne peuvent être alloués à la même tâche,
alors qu’ils le peuvent dans le second cas. L’information à associer à t est donc(
Ds

j ,
(
Kt,j,Ds

j

)
j∈[0,k]

)
, où Kt,j,Ds

j
est le nombre d’unités de temps de l’intervalle

13
[
0,Ds

j

]
pendant lesquelles exactement j processeurs sont simultanément libres.

On remarque que, ramené au cas mono-processeur, cette information correspond
exactement à la durée d’oisiveté recherchée.

(3) Mais la seule donnée de cette information rend le modèle non modulaire, dans le
sens où lors de la construction du produit de Hadamard d’une famille (Ai)i∈[1,n]
d’automates finis, le calcul de l’information associée à une transition T du produit
i=n
Ω

i=1
Ai n’est pas réalisable à partir de la seule donnée des informations associées aux

transitions (ti)i∈[1,n] des automates Ai. Considérons, par exemple, les transitions t1
et t2, respectivement associées aux informations suivantes :

t1: On dispose, dans les trois unités de temps à venir, d’un processeur oisif pen-
dant trois unités de temps –on a deux processeurs en tout– et de deux pro-
cesseurs simultanément libres pendant deux unités de temps. La configuration

12On rappelle que les tâches constituant les systèmes étudiés ne sont pas parallélisables.
13L’origine des temps est ici, évidemment, l’instant auquel le système périodique se trouve dans l’état i.



#22.10 JEAN-PHILIPPE DUBERNARD AND DOMINIQUE GENIET

i

Transition t

1 u.t.

…

Ds
j u.t.
• ••

Kt, j, D
s
j

u.t.
d’oisivet?

Fig. 5. Informations nécessaires à la décision d’ordonnançabilité d’une sporadique

d’oisiveté dans les trois unités de temps à venir est donc élément de l’ensemble{ ( •
•
)( •

•
)(

•
)

,

( •
•
)(

•
)( •

•
)

,

(
•
)( •

•
)( •

•
) }

t2: On sait que, dans les trois unités de temps à venir, le processeur –il n’y en a
qu’un– est oisif pendant une seule unité de temps. La configuration d’oisiveté
dans les trois unités de temps à venir est donc élément de l’ensemble

{(•) ( ) ( ) , ( ) (•) ( ) , ( ) ( ) (•)}
Appelons T la transition de l’automate produit correspondant à la simultanéité
de t1 et t2. En fonction des configurations respectives d’oisiveté de t1 et de t2, la
configuration d’oisiveté de T est l’un des éléments de l’ensemble
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Or, les différents éléments de cet ensemble correspondent à des configurations d’oi-
siveté qui n’offrent pas les mêmes capacités d’ordonnançabilité pour d’éventuelles
tâches sporadiques. L’information associée à t1 et t2 n’est donc pas suffisante pour
calculer l’information à associer à T : nous enrichissons donc cette information en as-
sociant à chaque transition l’information

(
D, (Oisivi)i∈[1,D]

)
, où D = Max

α∈{(αi)i∈[1,p]}
(Dα),

et Oisivi ∈ N est le nombre de processeurs oisifs lors de la ième unité de temps à
venir. Cette information répond à ce problème : si t1 est associée à l’information(
D, (Oisiv1i)i∈[1,D]

)
, et t2 à l’information

(
D, (Oisiv2i)i∈[1,D]

)
, alors, T est associée

à l’information
(
D, (Oisiv1i + Oisiv2i)i∈[1,D]

)
(notons qu’il s’agit d’un morphisme,

que nous appelons // dans la suite).

Nous associons donc à chaque état ©s de l’automate fini une fonction Fs (y) ∈ N �
(pi)i∈[0,π] � [y], dont la sémantique est la suivante :

– π est le nombre de processeurs disponibles
– L’indéterminée y trace la longueur des mots, c’est à dire le temps : la présence de ya

dans un monôme indique que l’on s’intéresse aux mots de longueur a. Comme, dans
notre modèle, longueur=durée, cela signifie que l’on s’intéresse aux comportements de
durée a.
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Fig. 6. Transformation de l’automate fini en un système linéaire
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a

a•

••
1

2

3

4

5

Fig. 7. Un exemple

– La suite des indéterminées pi modélise le vecteur (Oisivi)i∈[1,D] : la présence de pi en

jème position dans la suite indique qu’à la jème unité de temps à venir, on dispo-
sera d’exactement i processeurs oisifs. Par exemple, le facteur p1p0p2p1 modélise la
configuration

Instant 1 2 3 4
Nombre de processeurs oisifs 1 0 2 1

L’automate est transformé en un système linéaire M × F = T , où M est une matrice
à coefficients polynomiaux, F un vecteur d’inconnues, et T un vecteur de polynômes de
degrés nuls (voir Figure 6). Le vecteur de fractions rationnelles (Fi(y))i∈[1,N ] (N est le
nombre d’états de l’automate fini) est obtenu par la résolution du système linéaire.

Considérons par exemple l’automate représenté sur la Figure 7. On obtient le système :




F1(y) = p1yF2(y) + 1
F2(y) = p0yF3(y) + p1yF4(y) + 1
F3(y) = p1yF5(y) + 1
F4(y) = p0yF5(y) + 1
F5(y) = p1yF2(y) + 1
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La résolution de ce système fournit :


F1(y) = 1 +
p1y + (p1p0 + p21)y

2

1− y3(p1p0p1 + p21p0)

F2(y) = 1 + y(p0 + p1) + y2(p0p1 + p1p1)
p1y + (p1p0 + p21)y

2

1 − y3(p1p0p1 + p21p0)

F3(y) = 1 + yp1 + yp1
p1y + (p1p0 + p21)y

2

1 − y3(p1p0p1 + p21p0)

F4(y) = 1 + yp0 + yp0
p1y + (p1p0 + p21)y

2

1 − y3(p1p0p1 + p21p0)

F5(y) = 1 +
p1y + (p1p0 + p21)y

2

1− y3(p1p0p1 + p21p0)

Une fois les fonctions génératrices déterminées, lorsque l’on veut savoir si une tâche
sporadique de caractéristiques (Cs,Ds, Ps), se déclenchant à l’instant t, peut être traitée par
le système, il suffit alors d’observer la fonction génératrice F associée à l’état de l’automate
dans lequel se trouve le système à l’instant t :

– on développe F à l’ordre Ds + 1 ;
– on recherche, dans le coefficient de yDs , s’il existe un monôme indiquant au moins Cs

unités de temps pendant lesquelles un processeur est oisif ;
– s’il en existe un, la tâche sporadique peut être prise en compte, sinon non.

4.2. Caractérisation des fractions rationnelles. En raison de leur mode de calcul,
la caractérisation des fonctions associées aux transitions repose intégralement sur une ca-
ractérisation des Fi. Ce sont donc ces fonctions que nous allons étudier. Un premier résultat
nous fournit une caractérisation de ces fonctions sur laquelle nous nous appuierons ensuite
pour établir le résultat central de notre travail, dans l’optique de valider des systèmes
temps-réel.

Théorème 4. La fonction génératrice Fi, associée à l’état ©i , et obtenue par transformation
de l’automate fini d’acceptation de L

(
(τi)i∈[1,n]

)
suivant le morphisme Ψ, est de la forme

N1(y) +
N2(y)

1− yPD
.

N1, N2 et D sont des polynômes à coefficients dans N � (pj)j∈[0,π] � et P = ppcm
i∈[1,n]

(T p
i ).

Preuve
L’automate fini vérifie les deux propriétés suivantes :

– Les chemins joignant l’état ©d à l’état ©a partagent la même longueur : [2] établit
que, en configuration mono-processeur, et lorsque les tâches sont à durées fixes, cette
longueur est inférieure à Max

i∈[1,n]
(ri) + ppcm

i∈[1,n]
(Ti).

– Les chemins joignant l’état ©a à ©e partagent également la même longueur. Par construc-
tion de l’automate (que les tâches soient ou non à durées variables), cette longueur est
ppcm
i∈[1,n]

(Ti).
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ε

M SAllure de l’automate

ε

D comptabilise 
les it?rations

Principe d’?num?ration 
des comportements

1N   comptabilise les comportements 
temporels valides de longueur 
inf?rieure ^ dur?e de la phase de 
mont?e en charge du syst?me

2N  comptabilise les it?rations non 
termin?es des comportements 
temporels valides de longueur 
sup?rieure ^ la dur?e de la phase 
de mont?e en charge

d a e

s a e

Fig. 8. Allure de l’automate

Soit ©s un état de l’automate. La structure de l’automate (voir Figure 8) entrâıne que ©
s se trouve soit sur (au moins) un chemin reliant ©d à ©a , soit sur un chemin reliant ©a à
©e . Donc, tout chemin issu de ©s est étiqueté par un mot ω, de la forme µνρ, où

– µ est la trace d’un chemin reliant ©s à ©e
– ν est la trace d’un chemin reliant ©a à ©a . À ce titre, il est donc élément d’un langage

étoilé
– ρ est la trace d’un chemin, de longueur inférieure à ppcm

i∈[1,n]
(Ti), joignant ©a à l’un (quel-

conque) des états atteignables depuis ©a
Notons P l’entier ppcm

i∈[1,n]
(Ti), l la longueur |µ|, et ms(i) le polynôme associé aux chemins de

longueur i, issus de ©s . Si (Σ, Q, d,Q, δ) est l’automate d’acceptation de Centre
(
(τi)i∈[1,n]

)
,

appelons Ls le langage accepté par l’automate (Σ, Q, s,Q, δ). On a

ms(i) =
∑

ω∈Ls∩Σi

ms,(βh(ω))h∈[1,k]

k∏
h=1

x
βh(ω)
h , où ms,(βh(ω))h∈[1,k]

est le nombre de mots ω de Ls,

de longueur i, correspondant à des ordonnancements pour lesquels on dispose, pour tout h,
de βh(ω) unités de temps pendant lesquelles h processeurs sont simultanément oisifs. L’état
©a est atteint depuis ©s en l − 1 étapes. Calculons alors Fs(y).

Fs(y) =
∑
i≥0

ms(i)yi

=
l−1∑
i=0

ms(i)yi +
∑
i≥l

ms(i)yi.

Or, tout chemin de longueur supérieure à l issu de ©s se décompose en
– Un chemin de ©s à ©a , de longueur l
– Un chemin issu de ©a

Les premiers chemins sont énumérés par ms(l)yl et les seconds par Fa(y). Donc

Fs =
l−1∑
i=0

ms(i)yi + ms(l)ylFa(y)

Calculons alors Fa(y).
Tous les chemins issus de ©a sont contenus dans une boucle de longueur P contenant ©a .
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Donc, tout chemin issu de ©a de longueur supérieure à P débute par un chemin de longueur
P de ©a à ©a . En utilisant ces remarques pour exprimer Fa(y), on obtient :

Fa(y) =
∑
i≥0

ma(i)yi

=
P−1∑
i=0

ma(i)yi +
∑
i≥P

ma(i)yi

=
P−1∑
i=0

ma(i)yi +
∑
i≥P

(
ma(P )yPma(i− P )yi−P

)

=
P−1∑
i=0

ma(i)yi + ma(P )yP


∑

i≥0

ma(i)yi




=
P−1∑
i=0

ma(i)yi + ma(P )yPFa(y)

Donc

Fa(y) =

P−1∑
i=0

ma(i)yi

1 −ma(p)yP

et

Fs(y) =
l−1∑
i=0

ms(i)yi +

ms(l)yl

p−1∑
i=0

ma(i)yi

1 −ma(P )yP

En posant N1(y) =
l−1∑
i=0

ms(i)yi, N2(y) = ms(l)yl
P−1∑
i=0

ma(i)yP , et D = ma(P ), on obtient :

Fs(y) = N1(y) +
N2(y)

1−DyP

�
Remarques

– La construction des différents polynômes entrâıne les inégalités suivantes :

deg(N1, y) < l,
deg(N2, y) < P + l − 1.

– La sémantique naturellement associée aux polynômes s’exprime, en termes de chemins,
de la façon suivante :

– N1(y) correspond à la partie acyclique des chemins issus de ©s
– N2(y) correspond à la fonction génératrice des chemins issus de ©s , passant par ©a

, mais ne décrivant pas totalement un cycle de La

– D correspond à la fonction génératrice de chemins de longueur P issus de ©a
4.3. Modularité du modèle temporel enrichi. Notre objectif est ici d’établir (voir
Figure 9) que le calcul de la fonction génératrice associée à un état donné

{
(si)i∈[1,n]

}
du

produit de Hadamard ne repose que sur la donnée des fonctions associées aux états (si)i∈[1,n]
des automates composantes.
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Fig. 9. Compatibilité des fonctions génératrices avec le produit de Hadamard

À partir de la famille (Ai)i∈[1,n] des automates associés aux tâches (τi)i∈[1,n] (chaque Ai

est un automate d’acceptation de L(τi)), on calcule l’automate d’acceptation A
(
(τi)i∈[1,n]

)
de l’ensemble des comportements temporels valides du système (τi)i∈[1,n] sur la base d’un

produit de Hadamard des (Ai)i∈[1,n] : chaque transition t de A
(
(τi)i∈[1,n]

)
est obtenue à

partir du seul n-uplet (ti)i∈[1,n] de transitions de (Ai)i∈[1,n] dont elle représente l’exécution
simultanée. Pour le modèle enrichi, nous montrons que cette propriété est conservée : la
fonction génératrice associée à t est calculable à partir de la seule donnée du n-uplet des
fonctions génératrices associées aux (ti)i∈[1,n].

Notre technique de calcul s’appuie sur la théorie des automates à multiplicités : l’idée
consiste à associer à la fonction génératrice de chaque ti un automate à multiplicité Bi puis,
à partir de manipulations algébriques sur les Bi, à produire l’automate B associé à t. À
partir de B, on est alors capable d’exprimer la fonction résultat 14.

4.3.1. Automates à multiplicités. Un K-sous-ensemble S de E est un morphisme de E dans
K (où K est un semi-anneau) [17]. On appelle automate à multiplicité dans K tout 5-uplet
B=(A,Q, I, T,E) où A est un alphabet, Q un ensemble fini (les états de B), I (les états
initiaux) et T (les états terminaux) des K-sous-ensembles de Q et E un K-sous-ensemble
de Q×A×Q (les transitions et leur multiplicité).

4.3.2. Représentation linéaire d’automates à multiplicités. L’école de Schützenberger [17]
a introduit la notion de représentation linéaire (λ, µ, γ), λ ∈ K1×n, µ ∈ Kn×n et γ ∈ Kn×1

[20]. L’équivalence se fait de la façon suivante . Pour toute lettre a ∈ A, on construit une
matrice Q × Q, notée µ(a), telle que µi,j(a) = E(i, a, j) pout tout (i, j) ∈ Q2. On définit
ensuite λ = (λ1, . . . λn) et γ = (γ1, . . . , γn) de telle sorte que :

λi =
{

0 si l’état i de l’automate n’est pas initial
multiplicité associée à l’entrée dans l’état i sinon

γi =
{

0 si l’état i de l’automate n’est pas terminal
multiplicité associée à la sortie de l’état i sinon

.

Si l’on considère I comme une matrice ligne K1×Q et T comme une matrice colonne KQ×1,
le comportement de B est donné par

C(B) =
∑

w∈A∗
IE(w)Tw,

qui est la série formelle reconnue par B. Si l’on définit un étiquetage Q = {q1, . . . , qn}, on
obtient, via cette correspondance, un triplet (λ, µ, γ) ( λ ∈ K1×n, µ : A → Kn×n, γ ∈ Kn×1)
qui est appelé représentation linéaire de C(B).

14Les auteurs remercient Gérard Duchamp pour ses conseils sur ce sujet.
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Soit K � A � l’ensemble des séries formelles non commutatives sur un alphabet fini
A et à coefficients dans K. Une série S =

∑
w∈A∗

(S,w)w est reconnaissable si et seulement

si il existe une représentation linéaire (λ, µ, γ), de telle sorte que, pour tout w ∈ A∗, on a
(S,w) = λµ(w)γ. Dans la suite, on notera cette propriété S : (λ, µ, γ) [21].
Ce travail est réalisé dans K = N � (pj)j∈[0,π] �� y �. Si l’on ne considère que les
indices des lettres p (par exemple (1, 0, 2) au lieu de p1p0p2), on se ramène au semi-anneau
K = (N ∪ {∞})N muni des lois (max,+), où + correspond au morphisme // défini dans la
section 4.1 et où max donne la structure de semi-anneau mais n’est pas utilisé dans notre
étude.

4.3.3. Automate à multiplicités associé à une fonction génératrice. Considérons la fonction
génératrice F (y) = N(y) (yQ(y))∗ = N(y)

1−yQ(y) associée à l’un des états (disons l’état ©i ) de

l’automate. N et Q sont des éléments de N � (pi)i∈[0,π] � [y]. Notons N(y) =
m∑

i=0

niy
i

et Q(y) =
P∑

i=0

qiy
i. Étant donné que N est obtenu à partir d’une réduction au même

dénominateur (fusion des polynômes N1 et N2 –voir Théorème 4–), on a P < m.
Le résultat suivant fournit la représentation linéaire pour les fonctions génératrices.

Théorème 5. Soient F (y) =
N(y)

1 − yQ(y)
∈ N � (pi)i∈[0,π] � [y], où

N(y) =
P∑

i=0

niy
i, Q(y) =

m∑
i=0

qiy
i, et r = max(deg(N, y), deg(Q, y)) + 1

Alors la représentation linéaire de F(y) est le triplet (λ, µ, γ) défini par :

λ =
(
n0, . . . , nP , 01×(r−P−1)

)
, γ =

(
1

0(r−1)×1

)
, µ ∈ N � (pi)i∈[0,π] �r×r

et

µ(y) =




q0 · · · · · · · · · qm

1 0 · · · · · · 0

0
. . . . . .

...
...

. . . . . . . . .
...

0 · · · 0 1 0

0(r−m−1)×(m+1)

0(m+1)×(m+1) 0(r−m−1)×(r−m−1)




Preuve

Dans un premier temps, construisons l’automate reconnaissant yQ(y), c’est à dire y
m∑

k=0

qky
k.

Chacun des monômes de cette expression est de la forme qky
k+1 . Considéré comme un

mot, ce monôme étiquette le chemin (unique) dont l’origine est l’état initial
(

ym−k+1

D

)
de

l’automate présenté en Figure 10, et l’arrivée le seul état terminal de cet automate. Ici, la
multiplicité qk, qui étiquette la flèche d’entrée dans l’automate, intervient au même titre
qu’une lettre. Chaque état initial permet l’acceptation d’un monôme. Le langage accepté

par cet automate est donc
m⋃

k=0

{
qky

k+1
}
. Le polynôme canoniquement associé à ce langage
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Fig. 11. Automate reconnaissant (yQ(y))∗

est donc yQ(y). Sa representation linéaire est

λ1 = (0, q0, . . . , qm), γ1 =
(

1
0(m+1)×1

)

et µ1(y) =




0 · · · · · · · · · 0

1
. . .

...

0
. . . . . .

...
...

. . . . . . . . .
...

0 · · · 0 1 0




.

Pour obtenir la représentation linéaire de (yQ(y))∗ =
1

1− yQ(y)
, on utilise la forme

linéaire de l’automate associé à un langage, présentée en section 4.3.2. Dans [22], il est
établi que, si S : (λ, µ, γ) (de dimension m) est la représentation linéaire d’un automate, la
représentation linéaire de S∗ est 15 :(

(01×m, 1) ,
(

µ(y) + γλµ(y) 0m×1

λµ(y) 0

)
,

(
γ
1

))
En appliquant cette forme au calcul de la forme linéaire de (yQ(y))∗, on obtient :

λ2 = (01×(m+2), 1), γ2 =


 1

0(m+1)×1

1


 , µ2 ∈ N � (pj)j∈[0,π] �(m+3)×(m+3)

et µ2(y) =




q0 · · · · · · · · · qm 0 0

1 0 · · · · · · 0
...

...

0
. . . . . .

...
...

...
...

. . . . . . . . .
...

...
...

0 · · · 0 1 0 0 0
q0 · · · · · · · · · qm 0 0




Cette forme correspond à un automate qui, après minimisation, se présente sous la forme
proposée en Figure 11. En termes de langages, (yQ(y))∗ = 1

1−yQ(y) .
Modifions cet automate de façon que l’état initial soit ©i , de multiplicité 16 m. Chaque

15Ce résultat n’est valide que lorsque λγ = 0, ce qui est le cas dans notre étude.
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Fig. 12. Automate reconnaissant F(y)

monôme m reconnu par l’automate d’acceptation de y(Q(y))∗ est maintenant reconnu mul-
tiplié par myi (coefficient étiquetant le seul chemin de ©i à ©1 , l’état terminal). L’automate
modifié accepte donc myi

1−yQ(y) .
Nous effectuons cette opération pour tout i ∈ [0, P ] : cela modifie l’automate reconnais-

sant (yQ(y))∗ de telle sorte que l’état i+1 soit initial et de multiplicité ni. Notons que
l’entrée dans l’état 1 est alors valuée par n0 et non plus par 1. L’automate obtenu recon-

nait alors
1

1− yQ(y)

P∑
i=0

niy
i, c’est à dire N(y)

1−yQ(y) . Remarquons que, dans certains cas, cette

opération impose de rajouter des états manquants à la structure de l’automate initial. Ces
nouveaux états sont alors liés par des transitions (j, (y, 1), j − 1)). Le nombre d’états de cet
automate est finalement r = Max (Deg(N, y),Deg(Q, y)) + 1. L’automate correspondant
est présenté en Figure 12. Sa représentation linéaire (λ, µ, γ) est :

λ =
(
n0, . . . , nP , 01×(r−P−1)

)
, γ =

(
1

0(r−1)×1

)
, µ ∈ N � (pj)j∈[0,π] �r×r

16L’état ©1 n’est donc plus initial.
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et

µ(y) =




q0 · · · · · · · · · qm

1 0 · · · · · · 0

0
. . . . . .

...
...

. . . . . . . . .
...

0 · · · 0 1 0

0(r−m−1)×(m+1)

0(m+1)×(m+1) 0(r−m−1)×(r−m−1)




�
Une fois déterminée la forme linéaire des fonctions génératrices que nous étudions, nous
pouvons réaliser le produit de Hadamard de ces fonctions à l’aide de la propriété suivante :

Proposition 6. [22] Soit R : (λr, µr, γr) (resp. S : (λs, µs, γs) ). Une représentation du
produit de Hadamard est :

R� S : (λr ⊗ λs, µr ⊗ µs, γr ⊗ γs)

où ⊗ désigne le produit tensoriel.

Nous rappelons que, dans ce résultat, le produit tensoriel est l’opération de composition
élémentaire des fonctions. Ici, il s’agit du morphisme // défini dans la section 4.1

Grâce à la proposition 6[22], lorsque nous réalisons un produit de Hadamard de langages
(ou des automates associés), il n’est plus obligatoire de recalculer totalement le système des
fonctions génératrices asociées, mais uniquement d’effectuer les produits de Hadamard de
ces fonctions nécessaires. De ce fait, la modularité du modèle à automates se trouve étendue
au modèle enrichi.

Le résultat des produits de Hadamard des fonctions génératrices étant exprimé sous forme
de représentation linéaire, il nous faut maintenant déterminer l’expression algébrique de la
série génératrice associée.

Soit S(y) une série génératrice de représentation linéaire (λ, µ, γ).
Par définition, S(y) =

∑
i≥0

(S, yi)yi. Comme (S, yi) = λµ(yi)yiγ, on obtient :

S(y) =
∑
i≥0

λµ(yi)yiγ = λ


∑

i≥0

µ(yi)yi


 γ = λ


∑

i≥0

(µ(y)y)i


 γ = λ (µ(y)y)∗ γ.

Puisque yµ(y) est une matrice carrée, on calcule (yµ(y))∗ en appliquant récursivement

le résultat suivant [20] : soit M =
(

a b
c d

)
une matrice n × n structurée en blocs carrés

a, b, c et d ; alors,

M∗ =
(

(a + bd∗c)∗ a∗b (ca∗b + d)∗

d∗c (a + bd∗c)∗ (ca∗b + d)∗
)

5. Conclusion

L’utilisation des langages rationnels pour l’analyse d’ordonnançabilité s’est donc révélée
très fructueuse. D’une part, le modèle est parfaitement adapté aux tâches à durées variables,
pour lesquels les résultats établis dans [13] restent valides, et nous obtenons un critère de
décision d’ordonnançabilité pour les systèmes de tâches à durée variables, interdépendants,
et en environnement multi-processeurs. À notre connaissance, à ce jour, un tel critère n’a
été obtenu par aucune autre approche. Par ailleurs, cette approche étend le résultat de
la cyclicité des ordonnancements d’un système temps-réel (établi par [2] pour les systèmes
périodiques en environnement mono-processeur) d’une part aux systèmes de tâches à durées



#22.20 JEAN-PHILIPPE DUBERNARD AND DOMINIQUE GENIET

variables, et d’autre part aux environnement multi-processeur, sous l’hypothèse de migra-
tion totale.

Pour les systèmes intégrant des tâches sporadiques, notre méthodologie fournit des résultats
similaires. Ces tâches pouvant se modéliser à l’aide de langages rationnels, les résultats de
décision d’ordonnançabilité et de cyclicité obtenus pour les systèmes périodiques persistent
pour les systèmes intégrant des sporadiques. Par ailleurs, lorsque les tâches sporadiques
sont indépendantes des tâches périodiques, nous utilisons un modèle enrichi (mis en place
dans [14]) qui permet, à partir de la seule composante périodique du système, de décider
des capacités du système à supporter la surcharge occasionnée par l’activation de tâches
sporadiques. Nous fournissons ici une méthode de calcul des fonctions génératrices associées
aux transitions compatible avec le produit de Hadamard de langages rationnels.

Actuellement, nous étudions les capacités d’analyse de notre modèle pour les systèmes
distribués. Par ailleurs, les études comportementales du procédé de calcul semblent montrer
qu’une explosion combinatoire reflète souvent une sous-charge du système analysé. Nous
recherchons des raffinements du modèle, dans le but de limiter cette explosion, tout en
conservant la puissance des outils d’analyse de langages rationnels. Dans le même ordre
d’idée, nous étudions des modes de calcul des fonctions génératrices permettant de limiter
la lourdeur du calcul. Le fait que les dénominateurs, par exemple, soient communs à l’en-
semble des fonctions est un premier résultat ; la modularité facilitera grandement les calculs
de produits. À moyen terme, nous désirons utiliser ces fonctions d’une part dans un but
d’analyse de résistance à la surcharge, ou de résistance aux pannes, et d’autre part dans
une optique d’analyse statistique des fautes temporelles contrôlées : l’idée sous-jacente est
la mise en place d’une mesure de validité temporelle d’un système temps-réel, qui per-
mette d’évaluer continûment sa validité, plutôt que de manière binaire, comme c’est le cas
actuellement. À plus long terme, notre objectif est de mettre en place une méthodologie
d’aide à la spécification temporelle d’applications temps-réel qui intègre l’aspect gestion des
risques : les risques correspondront à des faiblesses connues et tolérées, qui pourront faire
partie de la spécification temporelle.
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INEQUALITIES FOR POLYTOPES AND ZONOTOPES

RICHARD EHRENBORG

Abstract. We prove that the coefficients of the cd-index of a convex polytope are in-
creasing when replacing c2 with d. That is, for P an n-dimensional convex polytope
and u and v two cd-monomials such that the sum of their degrees is n − 2, we have
[uc2v]Ψ(P ) ≤ [udv]Ψ(P ). This yields (5 · n − √

5)/25 · φn linear inequalities on the flag
f -vector of an n-dimensional polytope, where φ is the golden ratio. We prove similar but
stronger results for the cd-index of zonotopes.

Résumé. Nous prouvons que les coefficients de l’index cd d’un polytope convexe sont
croissant lorsque l’on remplace c2 par d. En d’autres termes, pour un polytope convexe
de dimension n et deux monômes u et v tels que la somme de leurs degrés est n − 2,
on a [uc2v]Ψ(P ) ≤ [udv]Ψ(P ). On produit (5 · n −√

5)/25 · φn inégalités linéaires pour
le vecteur-f de drapeaux d’un polytope de dimension n, où φ est le nombre d’or. Nous
prouvons des résultats similaires mais plus forts pour les index cd de zonotopes.

1. Introduction

The flag f -vector of a convex polytope contains all the enumerative incidence information
between the faces. Thus to classify the set of all possible flag f -vectors is one of great open
problems in discrete geometry. To date only partial results to this problem have been
obtained. The case when the polytopes are simplicial (and dually, simple) the problem
reduces to classifying the f -vectors of simplicial polytopes. This major step was solved by
the combined effort of Billera and Lee [14] and Stanley [33]. Returning to the general case,
the classification of flag f -vectors of three-dimensional polytopes was done by Steinitz [38]
about one hundred years ago. Going up one dimension to four-dimensional polytopes, the
case is still open. The article by Bayer [4] contains what is known for four dimensions.
The first step toward classifying flag f -vectors was taken by Bayer and Billera [6]. They

observed that there are linear redundancies in the entries of the flag f -vector of a polytope.
The relations holding between the entries of the flag f -vector are known as the generalized
Dehn-Somerville relations. These relations imply that flag f -vectors of polytopes all lie
in a subspace of dimension Fn, where Fn is the nth Fibonacci number (F0 = F1 = 1,
Fn = Fn−1 + Fn−2).
The next natural step is to look for linear inequalities that the flag vectors of polytopes

satisfy. One such example is the toric g-vector. The entries of the toric g-vector are linear
combinations of the entries of the flag f -vector. Stanley [35] proved that the toric g-vector
of rational polytope is non-negative. Lately, there has been a lot of work of extending this
result to non-rational polytopes; see [1, 2, 3, 19, 40]. More inequalities were obtained by
Kalai by convoluting these inequalities together [27]. However, this is far from being all of
the linear inequalities that the flag f -vector satisfies; see the work of Stenson [39].
A different direction of work has involved the cd-index. The cd-index Ψ(P ) of a polytope

P is a non-commutative polynomial in two variables c and d whose coefficients are linear
combinations of the entries of the flag f -vector. Thus a linear inequality among the coef-
ficients of the cd-index implies a linear inequality among the entries of the flag f -vector.
Moreover, the cd-index encodes the flag f -vector without linear redundancies. Another

#23.1
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way to express this fact is that the set of cd-monomials offers a basis to the subspace of
Fibonacci dimension. The existence of the cd-index was conjectured by Fine and proved
by Bayer and Klapper [9].
Stanley [36] proved that the cd-index of a polytope has non-negative coefficients. This

was the first important result which showed that the cd-index will play an important
role in obtaining inequalities. The next step was taken by Billera and Ehrenborg who
proved that the cd-index over all n-dimensional polytopes is minimized coefficientwise on
the n-dimensional simplex ∆n [10]. This gives a sharpening of the inequalities obtained by
Stanley.
In this paper we will continue this vein of work. For an n-dimensional polytope P the

cd-index is homogeneous of degree n, where the variable c has degree 1 and d has degree
2. We prove that the cd-index of a polytope P satisfies the family of inequalities

(1.1) [uc2v]Ψ(P ) ≤ [udv]Ψ(P ),

where u and v are two cd-monomials such that deg(u) + deg(v) = n − 2. That is, when
replacing a c2 with d, the coefficient in Ψ(P ) increases. In total this yields

∑
i+j=n−2 Fi ·

Fj ∼ (5 ·n−√
5)/25 ·φn linear inequalities, where φ is the golden ratio. Note however, that

the n − 1 inequalities when the left-hand side is the coefficient of cn are surpassed by the
fact that the cd-index is minimized on the simplex.
There are quadratic inequalities known on the entries of the flag f -vector. Two large

classes of quadratic inequalities are given by Braden and MacPherson [18] and Billera
and Ehrenborg [10]. However, quadratic inequalities are not as fundamental as linear
inequalities. That is, the set of flag f -vectors of convex polytopes seems to have as a first
good approximation the cone determined by linear inequalities. Very little is known about
this issue and it deserves a deeper study.
A second question of interest is to study flag f -vectors of zonotopes. Yet again, the first

step is to consider linear relations. Since zonotopes are a subclass of polytopes, they sat-
isfy the generalized Dehn-Somerville relations. Billera, Ehrenborg and Readdy proved that
zonotopes satisfy no more linear relations [12]. The next step is to consider linear inequal-
ities. Billera, Ehrenborg and Readdy proved that among all n-dimensional zonotopes (and
more generally, the dual of the lattice of regions of oriented matroids), the n-dimensional
cube minimizes the cd-index coefficientwise [11].
We prove two improvements of the inequality (1.1) for zonotopes. For an n-dimensional

zonotope Z we have

(1.2) [udv]Ψ(Z)− [uc2v]Ψ(Z) ≥ [udv]Ψ(�n)− [uc2v]Ψ(�n),

for any two cd-monomials u and v such that deg(u)+deg(v) = n−2 and where �n denotes
the n-dimensional cube. That is, the increase in going from the coefficient of uc2v to udv is
greater than or equal to the corresponding increase in the cube. The second improvement
is the following class of inequalities:

[ckdv]Ψ(Z)− 2 · [ck+2v]Ψ(Z) ≥ [ckdv]Ψ(�n)− 2 · [ck+2v]Ψ(�n) ≥ 0,

where k is a non-negative integer and v a cd-monomials such that k+deg(v) = n−2. This
improves the inequality (1.2) when u is a power of c, that is, u = ck, by inserting a factor
of 2 in front of the coefficient of ck+2v.

2. Preliminaries

A partially ordered set (poset) P is ranked if there is a rank function ρ : P −→ Z such
that when x is covered by y then ρ(y) = ρ(x) + 1. Furthermore, we call P graded of rank
n if it is ranked and has a minimal element 0̂ and a maximal element 1̂ such that ρ(0̂) = 0



INEQUALITIES FOR POLYTOPES AND ZONOTOPES #23.3

and ρ(1̂) = n. Define the interval [x, y] to be the subposet {z ∈ P : x ≤ z ≤ y}. Observe
that the interval [x, y] is also a graded poset of rank ρ(x, y) = ρ(y)− ρ(x).
Let P be a graded poset of rank n + 1. For S = {s1 < s2 < · · · < sk} a subset of

{1, . . . , n}, define fS to be the number chains 0̂ = x0 < x1 < · · · < xk+1 = 1̂ where the rank
of the element xi is si for 1 ≤ i ≤ k. These 2n values constitute the flag f -vector of the poset
P . Define the flag h-vector of P by the two equivalent relations hS =

∑
T⊆S(−1)|S−T |fT

and fS =
∑

T⊆S hT . There has been a lot of recent work in understanding the flag f -vectors
of graded posets and Eulerian posets; see [5, 8, 13].
For S a subset of {1, . . . , n} define the monomial uS = u1u2 · · · un, where ui = a if i �∈ S

and ui = b if i ∈ S. Define the ab-index of a graded poset P of rank n+ 1 to be the sum

Ψ(P ) =
∑
S

hS · uS .

A poset P is Eulerian if every interval [x, y], where x �= y, has the same number of
elements of odd rank as the number of elements of even rank. This condition states that
every interval [x, y] satisfies the Euler-Poincaré relation. The condition of being Eulerian
is also equivalent to that the Möbius function µ(x, y) is given by (−1)ρ(x,y). Two examples
of Eulerian posets are the strong Bruhat order and face lattices of convex polytopes.
The following result was conjectured by Fine and proved by Bayer and Klapper [9].

Theorem 2.1. Let P be an Eulerian poset. Then the ab-index of P , Ψ(P ), can be written
in terms of c = a+ b and d = a · b+ b · a.
When Ψ(P ) is expressed in terms of c and d it is called the cd-index of poset P . There

exist several proofs of this result in the literature; see [9, 15, 21, 25, 36]. The cd-index
has been extraordinarily useful for flag vector computations; see [7, 11, 24]. Moreover, this
basis is now emerging as a key tool for obtaining linear inequalities for the entries of the
flag f -vector; see [10, 22, 36].

3. Polytopes

Let P be an n-dimensional convex polytope. The face lattice of P is an Eulerian poset of
rank n+1. We denote the cd-index of the face lattice of the polytope P by Ψ(P ). A regular
cellular ball/sphere Γ is a finite regular CW complex such that its underlying space |Γ| is
a ball/sphere. More generally, the face poset of a regular cellular sphere Γ is an Eulerian
poset and we denote its cd-index by Ψ(Γ).
One of the useful techniques for proving results about polytopes is shellings. In their

seminal paper Bruggesser and Mani [20] proved that all polytopes are shellable. They did
this by providing a special class of shellings called line shellings.
Recall that a shelling of an n-dimensional polytope P is an ordering of its facets F1, . . . , Fm

such that for 2 ≤ r ≤ m, the complex Λ = (F1 ∪ · · · ∪Fr−1)∩Fr is pure of dimension n− 2
and there exists a shelling G1, . . . , Gk of the facet Fr such that Λ = G1 ∪ · · · ∪Gs for some
s. For a line shelling of the polytope the shelling of Fr is also a line shelling. Another
important observation is that for a line shelling the set ∂(F1 ∪ · · · ∪ Fr) is combinatorially
equivalent to an (n− 1)-polytope. The set ∂(F1 ∪ · · · ∪Fr) is not itself an (n− 1)-polytope.
However, it can be projected onto a hyperplane such that the image is the boundary of a
polytope with the same combinatorial type. We refer the reader to the article by Bruggesser
and Mani for more details on line shellings.
When Stanley studied the cd-index in [36], he introduced a different notion of shelling,

called spherical shelling or S-shelling for short. However, the line shellings of Bruggesser
and Mani are also S-shellings. Hence it is enough for us to only consider line shellings.
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To a regular cellular ball Γ of dimension n there are two regular cellular spheres associated
with it. Namely, the boundary and the semi-suspension. The boundary ∂Γ is an (n − 1)-
dimensional sphere. The semi-suspension Γ′ is the n-dimensional regular cellular sphere
obtained by attaching a new cell σ to Γ such that ∂σ = ∂Γ.
The following lemma is essential to our argument. It was proved by Billera and Ehrenborg

(see [10, Lemma 4.2]) based on results of Stanley [36].

Lemma 3.1. Let P be a polytope with a line shelling F1, . . . , Fm and let 1 ≤ r ≤ m − 1.
Let Λ be given by (F1 ∪ · · · ∪ Fr−1) ∩ Fr. Then we have

Ψ((F1 ∪ · · · ∪ Fr)′)−Ψ((F1 ∪ · · · ∪ Fr−1)′) = (Ψ(Fr)−Ψ(Λ′)) · c+Ψ(∂Λ) · d.

On cd-polynomials there is a natural ordering by letting z ≤ w if and only if w− z only
has non-negative coefficients. We now define two stronger order relations � and �′.

Definition 3.2. Let z and w be two cd-polynomials.
(1) Define the relation z � w if for all cd-monomials u and v we have

[udv] z − [uc2v] z ≤ [udv] w − [uc2v] w.

(2) Define the relation z �′ w if for all cd-monomials u and v, where v is not a power
of c, we have

[udv] z − [uc2v] z ≤ [udv] w − [uc2v] w.

A few observations are in order. When z and w are homogeneous of degree n, we may
restrict u and v to be cd-monomials such that the sum of the degrees of u and v is n − 2.
Both order relations are transitive. Also, � is the stronger relation, that is, z � w implies
z �′ w. Observe that both of these order relations are preserved under addition, that is,
z1 � w1 and z2 � w2 implies z1 + z2 � w1 + w2 and the similar addition rule for �′ holds.
We call a cd-polynomial w rising if is satisfies 0 � w, that is, for all cd-monomials u and

v we have that
[uc2v] w ≤ [udv] w.

The rising homogeneous cd-polynomials of degree n thus form a cone in the linear space of
homogeneous cd-polynomials of degree n.

Lemma 3.3. If z �′ 0 and w � 0 then z · c+ w · d �′ 0.

Proof. Observe that z �′ 0 =⇒ z · c �′ 0 and w � 0 =⇒ w · d � 0 =⇒ w · d �′ 0. The
lemma follows by adding these two conclusions. �

We are now able to present the main theorem.

Theorem 3.4. Let P be an n-dimensional polytope and let F1, . . . , Fm be a line shelling of
the polytope P . Then

(a) The cd-index Ψ(P ) is rising.
(b) The following string of inequalities holds:

0 �′ Ψ(F ′
1) �′ Ψ((F1 ∪ F2)′) �′ · · · �′ Ψ((F1 ∪ · · · ∪ Fm−1)′) = Ψ(P ).

Proof. The proof is by induction on the dimension n. We will show the implications (a) =⇒
(b) =⇒ (a). However, in the step (a) =⇒ (b) we will use the result in (a) for lower
dimensional polytopes. The induction basis is n = 0, and it is enough to observe that the
cd-index of a point is rising.
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Figure 1. The eight cd-monomials of degree 5 in the partial order.

We next prove (a) =⇒ (b) by induction. By Lemma 3.1 we have that

Ψ((F1 ∪ · · · ∪ Fr)′)−Ψ((F1 ∪ · · · ∪ Fr−1)′) = (Ψ(Fr)−Ψ(Λ′)) · c+Ψ(∂Λ) · d,
where Λ = (F1 ∪ · · · ∪ Fr−1) ∩ Fr. By induction we know that Ψ(Fr) − Ψ(Λ′) �′ 0. Now
consider the set ∂Λ. We know that Λ is the union of facets of Fr that form the beginning of
a line shelling. Thus ∂Λ is combinatorially equivalent to an (n − 2)-dimensional polytope
and hence by induction Ψ(∂Λ) is rising. Now by Lemma 3.3 the result follows.
We prove (b) =⇒ (a) by three cases. The first case when v is not a power of c follows

directly by transitivity of all the order relations in (b). For the second case when v is a power
of c and u is not, the result follows by applying the first case to the dual polytope. Finally,
the third case is when both u and v are powers of c. However, the result is immediate from
the fact that the simplex has the smallest cd-index coefficientwise among all polytopes and
that the simplex has positive coefficients; see [10, 24]. �

We remark that Stanley’s proof of the non-negativity of the cd-index of polytopes follows
the same outline as the proof of Theorem 3.4. Just replace every occurrence of the two
orders � and �′ with the order ≤ and the proof of the non-negativity appears.

Corollary 3.5. Let P be a polytope. Then the cd-monomial with the largest coefficient in
Ψ(P ) has no consecutive c’s.

It is natural to consider the partial order on the set of cd-monomials of degree n, where
the cover relation is to replace an occurrence of c2 with d. See Figure 1 for the poset in the
case n = 5. This poset is simplicial, that is, it is the face lattice of a simplicial complex.
This simplicial complex has been studied earlier; see [16, Corollary 2]. Every cd-monomial
corresponds to a face having dimension equal to the number of d’s in the monomial minus
one. The cd-monomials with no consecutive c’s correspond to facets. It is easy to observe
that the dimensions of facets range between �(n + 1)/3� − 1 and �n/2� − 1. Thus the
simplicial complex is pure only when n ≤ 3 or when n = 5. Compare this with the slightly
misleading remark before Corollary 2 in [16].

4. Zonotopes

In this section we will improve the main inequality for zonotopes. Let �n denote the
n-dimensional cube.

Theorem 4.1. Let Z be an n-dimensional zonotope, or more generally, let Z be the dual of
the lattice of regions of an oriented matroid. Then the cd-index Ψ(Z) satisfies the inequality
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Ψ(Z) � Ψ(�n). That is,

[udv]Ψ(Z)− [uc2v]Ψ(Z) ≥ [udv]Ψ(�n)− [uc2v]Ψ(�n),

for any two cd-monomials u and v such that deg(u) + deg(v) = n− 2.

We will only prove this theorem for zonotopes. The proof for oriented matroids carries
through exactly the same with the geometric language replaced with oriented matroid
language.
Let ω be the linear map from Z〈a,b〉 to Z〈c,d〉 defined on an ab-monomial by replacing

each occurrence of ab with 2d and then replacing the remaining variables by c. Now we
have fundamental theorem of computing the cd-index of a zonotope [11].

Theorem 4.2. Let Z be a zonotope and H its associated central hyperplane arrangement.
Let L be the intersection lattice of the hyperplane arrangement H and Ψ(L) the ab-index
of the lattice L. Then the cd-index of the zonotope and the sum of the cd-indices of all the
vertex figures of the zonotope are given by

Ψ(Z) = ω(a ·Ψ(L)),∑
v

Ψ(Z/v) = 2 · ω(Ψ(L)),

where v ranges over all vertices of the zonotope Z.

The first identity is [11, Theorem 3.1]. The second identity follows from the first and
using the linear map h defined in Section 8 in [11].
It remains to compute the ab-index of the intersection lattice L. We do this using

R-labelings. For more details, see [11, Section 7] and [17, 32, 34]. Linearly order the
hyperplanes in the arrangement H, that is, H = {H1, . . . ,Hm}. Mark each edge x ≺ y in
the Hasse diagram of the lattice L with the smallest (in the given linear order) hyperplane
H such that intersecting x with H gives y. That is,

λ(x, y) = min{i : x ∩Hi = y}.
For a maximal chain c = {0̂ = x0 ≺ x1 ≺ · · · ≺ xn = 1̂} define its descent set D(c) by

D(c) = {i : λ(xi−1, xi) > λ(xi, xi+1)}.
Then we have the following result; see Section 7 in [11].

Theorem 4.3. The ab-index of intersection lattice L is given by

Ψ(L) =
∑

c

uD(c),

where the sum ranges over all maximal chains c in the lattice L.

Lemma 4.4. Let w and z be rising non-negative cd-polynomials. Then the cd-polynomial
w · d · z is also rising.

Proposition 4.5. Let Z be an n-dimensional zonotope and let Z ′ be the zonotope obtained
by taking the Minkowski sum of Z with a line segment in the affine span of Z. Then the
difference Ψ(Z ′)−Ψ(Z) is rising.

Proof. Let H and H′ be the associated hyperplanes arrangements and let H be the new
hyperplane. Let H′ inherit the linear order of H with the new hyperplaneH attached at the
end of the linear order. Similarly, let L and L′ be the corresponding intersection lattices.
Observe that every maximal chain in L is also a maximal chain in L′. Also observe that
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there is no maximal chain in L′ whose last label is H. Hence the difference in the ab-indices
between the two intersection lattices is

Ψ(L′)−Ψ(L) =
∑

c

uD(c)

=
∑

0̂<x≺y

Ψ([0̂, x]) · ab ·Ψ([y, 1̂]) +
∑

0̂=x≺y

b ·Ψ([y, 1̂]),

where the first sum is over all maximal chains c containing the label H and the next two
sums is over edges x ≺ y in the Hasse diagram of L′ having the label H. Applying the map
w �−→ ω(a · w) we obtain

(4.1) Ψ(Z ′)−Ψ(Z) =
∑

0̂<x≺y

ω(a ·Ψ([0̂, x])) · 2d · ω(Ψ([y, 1̂])) +
∑
0̂≺y

2d · ω(Ψ([y, 1̂])).

Observe that the term ω(a ·Ψ([0̂, x])) is the cd-index of a zonotope and hence is rising by
Theorem 3.4. Similarly, the term ω(Ψ([y, 1̂])) is one half of the sum of cd-indices of the
vertex figures of a zonotope and hence is also rising. Now by Lemma 4.4 and the property
that being rising is preserved under addition, the result follows. �

Proof of Theorem 4.1. Observe that any n-dimensional zonotope is obtained from the n-
dimensional cube �n by Minkowski adding line segments. Thus the result follows from
Proposition 4.5. �

The second improvement of the inequalities is when comparing the coefficients of ckdv
and ck+2v, that is, when u is a power of c. For ease in notation, we introduce a third order
relation.

Definition 4.6. Define the order relation z �′′ w on the cd-polynomials z and w by

[ckdv]z − 2 · [ck+2v]z ≤ [ckdv]w − 2 · [ck+2v]w.

We call w weakly 2-rising if 0 �′′ w.

Theorem 4.7. Let Z be an n-dimensional zonotope, or more generally, let Z be the dual
of the lattice of regions of an oriented matroid. Then the cd-index Ψ(Z) satisfies the
inequalities

Ψ(Z) �′′ Ψ(�n) �′′ 0.

That is, for all non-negative integers k and cd-monomials v such that k + deg(v) = n− 2,
we have

[ckdv]Ψ(Z)− 2 · [ck+2v]Ψ(Z) ≥ [ckdv]Ψ(�n)− 2 · [ck+2v]Ψ(�n) ≥ 0.

Observe that Theorem 4.7 gives
∑n−2

j=0 Fj = Fn − 1 inequalities.
The proof of Theorem 4.7 consists of the following lemma and two propositions.

Lemma 4.8. Let w be a weakly 2-rising cd-polynomial and z a cd-polynomial with non-
negative coefficients. Then the cd-polynomial w · d · z is also weakly 2-rising.

Proposition 4.9. The cd-index of the n-dimensional cube �n is weakly 2-rising.



#23.8 RICHARD EHRENBORG

Proof. Proof by induction on n. The induction basis is n = 0 which is directly true. The
induction step is based on the Purtill recursion for the cd-index of the n-dimensional cube;
see [23, 30] or [24, Proposition 4.2]:

Ψ(�n+1) = Ψ(�n) · c+
n−1∑
i=0

2n−i ·
(
n

i

)
·Ψ(�i) · d ·Ψ(∆n−i−1).

Observe that the sum is weakly 2-rising by Lemma 4.8. However, the term Ψ(�n) · c is
not weakly 2-rising. It does satisfy the inequality 2 · [ck+2v] Ψ(�n) · c ≤ [ckdv] Ψ(�n) · c
for 0 ≤ k ≤ n − 2 but not for k = n − 1. Hence Ψ(�n+1) satisfies the weakly 2-rising
inequalities for k ≤ n− 2. To complete the proof it is enough to verify the k = n − 1 case
for Ψ(�n+1). This is straightforward since this amounts to stating that the cube �n+1 has
at least four facets, which is true for cubes in dimension two and higher. �

Proposition 4.10. Let Z be an n-dimensional zonotope and let Z ′ be the zonotope obtained
by taking the Minkowski sum of Z with a line segment in the affine span of Z. Assume that
all zonotopes of dimension n− 1 and less have their cd-indices to be weakly 2-rising. Then
the order relation Ψ(Z) �′′ Ψ(Z ′) holds.

Proof. The proof follows the same outline as the proof of Proposition 4.5. Observe that
each term in equation (4.1) is weakly 2-rising by Lemma 4.8. Since the property of being
weakly 2-rising is preserved under addition, the result follows. �

We now prove Theorem 4.7.
Proof of Theorem 4.7. The proof is by induction. The induction basis is n = 0 which is
straightforward. For the induction step assume that every zonotope of dimension k less
than n satisfies the inequality Ψ(�k) �′′ Ψ(Z). Especially, we know that the cd-index
of a lower dimensional zonotope is weakly 2-rising. Thus by Proposition 4.10 we know
that Ψ(Z) �′′ Ψ(Z ′) holds for n-dimensional zonotopes. Now the theorem follows from
Propositions 4.9. �

5. Concluding remarks

Stanley conjectured that the cd-index over all Gorenstein∗ lattices of rank n + 1 is
coefficientwise minimized on the n-dimensional simplex [37]. In the light of our results for
zonotopes in Section 4, it is natural to conjecture the following strengthening of Stanley’s
conjecture.

Conjecture 5.1. Let L be a Gorenstein∗ lattice of rank n + 1. Then the cd-index Ψ(L)
satisfies the inequality Ψ(L) � Ψ(∆n). That is, for all cd-monomials u and v we have

[udv]Ψ(L)− [uc2v]Ψ(L) ≥ [udv]Ψ(∆n)− [uc2v]Ψ(∆n).

One possible method to prove this conjecture for polytopes is to use the following propo-
sition and conjecture.

Proposition 5.2. If the inequality Ψ(∆n) �′ Ψ(P ) holds for all n-dimensional polytopes
P then for all n-dimensional polytopes P we have Ψ(∆n) � Ψ(P ).

Proof. This proof follows the exact same lines as the argument given for the implication
(b) =⇒ (a) in the proof of Theorem 3.4. �



INEQUALITIES FOR POLYTOPES AND ZONOTOPES #23.9

Conjecture 5.3. Let P be an n-dimensional polytope and F a face of dimension k of P .
Let G be a k-dimensional face of the simplex ∆n. Let F1, . . . , Fr be the facets of P that
contain the face F and let G1, . . . , Gn−1−k be the facets of ∆n containing the face G. Then

Ψ((G1 ∪ · · · ∪Gn−1−k)′) �′ Ψ((F1 ∪ · · · ∪ Fr)′).

When k = 0 this conjecture states that Ψ(∆n) �′ Ψ((F1∪· · ·∪Fr)′). Thus Conjecture 5.1
follows from Theorem 3.4, Proposition 5.2 and Conjecture 5.3.
An even more daring conjecture is the following:

Conjecture 5.4. Let L be a Gorenstein∗ lattice of rank n + 1. Then the cd-index Ψ(L)
satisfies the inequality

[udv]Ψ(L)
[uc2v]Ψ(L)

≥ [udv]Ψ(∆n)
[uc2v]Ψ(∆n)

.

If this conjecture fails, it would be desirable to obtain a lower bound for [udv]Ψ(L)/[uc2v]Ψ(L).
That is, find an estimate for the value

cu,v = inf
L

[udv]Ψ(L)
[uc2v]Ψ(L)

,

where u and v are two cd-monomials such that the sum of their degrees is n − 2 and L
ranges over all Gorenstein∗ lattices of rank n+ 1.
Another question is to determine for which cd-monomials u and v is it possible to find

two polytopes P and Q such that

[u]Ψ(P ) < [v]Ψ(P ) ,
[v]Ψ(Q) < [u]Ψ(Q) ?

For instance, consider u = d2 and v = cdc. We have that [d2]Ψ(∆4) = 4 < 5 = [cdc]Ψ(∆4)
and [cdc]Ψ(�4) = 16 < 20 = [d2]Ψ(�4). However, by considering the known inequalities
among the entries of the flag f -vector for four dimensional polytopes [4], one has that
[dc2]Ψ(P ) ≤ [cdc]Ψ(P ) and by duality [c2d]Ψ(P ) ≤ [cdc]Ψ(P ). Observe that these two
inequalities do not follow from Theorem 3.4.
Meisinger, Kleinschmidt and Kalai proved that every 9-dimensional rational polytope has

a three-dimensional face with less than 78 vertices or 78 facets [29, Theorem 5]. Their proof
used the non-negativity of the toric g-vector of rational polytopes and convolutions of these
inequalities. They also prove that every 9-dimensional polytope has the three-dimensional
simplex as a quotient. It would be very interesting if one could improve their result using
convolutions of the linear inequalities in Theorem 3.4.
Let H be a homogeneous cd-polynomial H of degree k, that is, we write H =

∑
w αw ·w,

where the sum is over cd-monomials w of degree k. We call H inequality generating if the
following inequality holds true: ∑

w

αw · [uwv]Ψ(P ) ≥ 0,

for all polytopes P and cd-monomials u and v such that the sum of k and the degrees of u
and v is the dimension of P . Using this language Theorem 3.4 states that the polynomial
d − c2 is inequality generating. Stanley’s result that the cd-index of polytopes are non-
negative amounts to saying that each cd-monomial is inequality generating. Can we find
other examples of inequality generating polynomials? More generally, can we classify the
set of inequality generating polynomials?
Now returning to zonotopes, the natural conjecture is the following.
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Conjecture 5.5. Let L be the dual of the lattice of regions of an oriented matroid. Then
the cd-index Ψ(L) satisfies the inequality

[udv]Ψ(L)
[uc2v]Ψ(L)

≥ [udv]Ψ(�n)
[uc2v]Ψ(�n)

,

where �n is the n-dimensional cube.

Other linear inequalities for the flag f -vector of zonotopes have been obtained by Varchenko
and Liu; see [26, 28, 41].
It would interesting to continue the work of Readdy [31], who studied the question of

determining the largest coefficient of the ab-index of certain polytopes. Thus to continue
Corollary 3.5 it would be interesting to determine which coefficient of the cd-index is the
largest for the simplex and the cube.
It can be shown that the rising property is preserved under the two linear operators

Pyr,Prism corresponding to the geometric pyramid and prism operations; see [24]. Is the
rising property preserved under the two bilinear operators M(·, ·), N(·, ·) that occur in the
work of [22, 24]? Moreover, in [22] it is proved that three polytopes P , Q and R satisfy

Ψ(P ∨© (Q×R)) ≤ Ψ((P ∨©Q)×R),

where ∨© denotes the free join of polytopes and × the Cartesian product. Can this inequality
be sharpened by replacing ≤ with �?
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EXPECTED NUMBER OF INVERSIONS AFTER A SEQUENCE OF
RANDOM ADJACENT TRANSPOSITIONS — AN EXACT

EXPRESSION

NIKLAS ERIKSEN

Abstract. A formula for calculating the expected number of inversions after t random
adjacent transpositions has been presented by Eriksson et al. We have improved their
result by determining a formula for the unknown integer sequence dr that was used in
their formula and also made the formula valid for large t.

Résumé. Une formule pour calculer le nombre attendu d’inversions après t transpositions
adjacentes aléatoires a été présentée par Eriksson et al. Nous avons amélioré ce résultat
en déterminant une formule pour la séquence inconnue d’entiers dr, qui était utilisée dans
leur formule et qui rendait la formule valide lorsque t prend une grande valeur.

1. Introduction

In a recent article [1], the Eriksson-Sjöstrand family calculated the expected number
of inversions in a permutation, given the number of adjacent transpositions applied to it.
Problems of this type have applications in computational biology, where the genome may
be regarded as a permutation of genes. Consider two such genomes π and ρ, in which we
have named the genes such that ρ = id. The evolutionary distance between π and ρ is
assumed to be proportional to the number of evolutionary operations that have changed
the gene order since the two genomes diverged. To calculate this number of operations, we
can either calculate the least number of operations needed to transform π into ρ = id (this
corresponds to sorting π), which gives a lower bound of the true number of operations, or
we can calculate the expected number of operations, given some measure on the difference
between the two genomes. One such common measure is the number of breakpoints, that
is the number of adjacencent pairs in π that are not consecutive.

In the paper by Eriksson et al., they calculated the inverse of the second alternative:
they found the expected measure of difference given a certain number of operations. With
this information, we may determine this measure of difference between two given genomes
and then extract the number of operations that is expected to produce this difference. The
same approach has been taken by Wang [2], for breakpoints and the long range inversions
and transpostions usually considered in computational biology.

As mentioned, Eriksson et al. considered inversions and adjacent transpositions. Their
result is the following

Theorem 1.1. The expected number of inversions in a permutation in Sn+1 after t random
adjacent transpositions is, for n ≥ t,

Ent =
t∑

r=0

(−1)r
nr

[(
t

r + 1

)
2rCr + 4dr

(
t

r

)]
,

where dr is an integer sequence that begins with 0, 0, 0, 1, 9, 69, 510 and Cr are the Catalan
numbers.
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There are a couple of things that can be improved in the result of Eriksson et al. First,
their formula includes some numbers dr that they have no expression formula for. Second,
the formula is only valid for n ≥ t.

In this paper, we will present an improved formula, where both these flaws have been
eliminated. The theorem is given directly below, and the proof will appear in the following
sections.

Theorem 1.2. The expected number of inversions in a permutation in Sn+1 after t random
adjacent transpositions is

Ent =
t∑

r=1

1
nr

(
t

r

) r∑
s=1

(
r − 1
s− 1

)
(−1)r−s4r−sgs,n.

The integer sequence gs,n is given by

gs,n =
n∑

l=0

∑
k∈N

(−1)k(n− 2l)
(

2� s
2� − 1

� s
2�+ l + k(n+ 1)

)∑
j∈Z

(−1)j
(

2� s
2�

� s
2�+ j(n + 1)

)

For n ≥ t, we get

Ent =
t∑

r=0

(−1)r
nr


2rCr

(
t

r + 1

)
+ 2

(
t

r

) r∑
s=3

(
r − 1
s− 1

)
(−1)s−14r−s

(
2� s

2�
� s

2�
) � s−1

2
�∑

l=0

l

(
2� s

2� − 1
� s

2�+ l

)


where Cr are the Catalan numbers. Thus, the sequence dr is given by

dr =
1
2

r∑
s=3

(
r − 1
s− 1

)
(−1)s−14r−s

(
2� s

2�
� s

2�
) � s−1

2
�∑

l=0

l

(
2� s

2� − 1
� s

2�+ l

)
.

2. The heat flow model

To prove Theorem 1.2, we have used the heat flow model proposed by Eriksson et al.
Before we state this model, we need a few definitions.

We look at the symmetric group Sn+1. The transposition that changes the elements πi

and πi+1 is denoted si. We let

Pnt = {si1si2 . . . sit : 1 ≤ i1, i2, . . . , it ≤ n},
that is the set of sequences of exactly t adjacent transpositions.

Fix n. We define the matrix (pij)(t), where

pij(t) = Prob(πi < πj)

for a permutation π ∈ Pnt, where the adjacent transpositions sk, 1 ≤ k ≤ t have been
chosen randomly from a uniform distribution. From this, it follows that

Ent =
∑
i>j

pij(t).

We now define a discrete heat flow process as follows. On a (finite or infinite) graph,
every vertex has at time zero some heat associated to itself. In each time step, all vertices
sends a fraction x of its heat to each of its neighbours. At the same time, it will receive the
same fraction of each neighbours’ heat. The following proposition is proven in [1].

Proposition 2.1. (Eriksson et al. [1]) The sequence of (pij)-matrices for t = 0, 1, 2, . . .
describes a discrete heat flow process with conductivity x = 1/n on the grid graph depicted
in Figure 1 (left).
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��
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��
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��
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��

1-2x+4x2 1-2x2 1

1-2x+3x2 1-2x2 1 1

Figure 1. The matrices (pij)(0), (pij)(1) and (pij)(2) for n = 4.

In the same paper, they also show that we can replace the graph in Figure 1 by the
grid in Figure 2. The sequence of (pij)-matrices for t = 0, 1, 2, . . . describes a heat flow
process on this grid graph. In this process, the heat on the diagonal will never change.
Furthermore, we are only interested in the part below the diagonal. We thus get a model
with two insulated boundaries (below and to the left) and one hot boundary (the diagonal).
This is depicted in Figure 3.

0 0 0 0 1
2

0 0 0 1
2 1

0 0 1
2 1 1

0 1
2 1 1 1

1
2 1 1 1 1

Figure 2. Grid graph with initial values

By reflection, we can extend this graph to a graph with no insulated boundaries (as in
Figure 3). We will now calculate the amount of heat that flows from one of the borders
(say the northeast one) onto this grid. This will equal the amount of heat in the upper
right quarter of the grid, which is what we are trying to calculate. Remember that this
heat equals Ent.
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❜ �❜�

��

Figure 3. By reflection, the graph with one hot and two insulated bound-
aries is extended to a diamond shaped graph with no insulated boundaries.
The new set of coordinates (k1, k2) is introduced.
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The amazing thing about the heat flow model is that we can calculate the contribution
from every heat packet separately, and then add them all together. In the model proposed
by Eriksson et al., the vertices at the hot boundary send out heat packets with value 1

2n
to their neighbours at each time step. These packets are then sent back and forth between
the inner vertices. There are three possible travel steps for a packet [1]:

• It stays on the vertex unchanged.
• It travels to a neighbouring vertex, getting multiplied by 1

n .
• It travels halfway to a neighbouring vertex, gets multiplied by −1

n and returns to
the vertex it came from.

Now, in order to calculate the total heat at a vertex, we sum, over all travel routes from
the boundary, the heat packets that have traveled these routes. We define new coordinates
k1 and k2 on this grid as in Figure 3 (the origin is at the bottom of the graph). If a packet
has traveled from the northeast border to (i, j) in t days, we know the following.

• Out of the t days, there are r travel days. They can be chosen in
(

t
r

)
ways.

• From these travel days, we must choose s true travel days, in which the packet
changes vertex. This can be done in

(
r−1
s−1

)
ways, since the packet must change

vertex the first travel day.
• If the packet does not change vertex on a travel day, it has four direction to choose
from. This gives the factor 4r−s.

• The heat that reaches the destination is (−1)r−s

2
1
nr .

• For each of the true travel days, both coordinates k1 and k2 change. Only paths
that do not touch the boundary are valid. We will enumerate these walks, which
we call two-sided Catalan walks.

It should be noted that Eriksson et al. used a similar approach, but only on a semi-infinite
model, which gave a lower bound for Ent.

We are now able to prove the first part of Theorem 1.2. We will sum over all vertices in
the diamond graph, and for each vertex over all paths from the northeast border. These
paths will display two-sided Catalan walks from (0, a) to (s, b) (with a odd), where the
y-coordinate corresponds to k2, and two-sided Catalan walks from (0, 1) to (s− 1, b) where
the y-coordinate corresponds to 2n + 2 − k1. Let bs,n and cs−1,n be the number of such
two-sided Catalan walks, respectively. This yields, with x = 1/n,

Ent =
1
2

t∑
r=1

1
nr

(
t

r

) r∑
s=1

(
r − 1
s− 1

)
(−1)r−s4r−sbs,ncs−1,n.

Thus, the first part of the theorem is proven (we have, of course, gs,n = bs,ncs−1,n

2 ).

3. Two-sided Catalan walks

We start by formally defining two-sided Catalan walks and then proceed to enumerate
them.

Definition 3.1. A two-sided Catalan walk of height n is a walk on the integer grid
from (0, a) to (s, b), where a, b ∈ {1, 2, . . . n − 1} and s > 0, allowing only the steps (1, 1)
and (1,−1), such that 0 < y < n at all positions along the way.

We see that the number of two-sided Catalan walks from (0, 1) to (2k, 1) is Ck (ordinary
Catalan numbers) if the height is larger than k + 1 (we can never hit the ceiling then).
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Proposition 3.2. The number of two-sided Catalan walks of height n from (0, a) to (s, b)
is given by ∑

k∈Z

((
s

s+b−a+2kn
2

)
−

(
s

s−b−a+2kn
2

))

or 0, if s+ b− a is an odd number.

This proposition can be proven using the standard reflection argument, in combination
with the principle of inclusion-exclusion.

With this proposition, we are able to determine bs,n and cs,n. We start with the latter.

Lemma 3.3. The number of two-sided Catalan walks of height 2n+ 2 from (0, 1) to (s, b)
for all 0 < b < 2n+ 2 is given by

cs,n =
∑
k∈Z

(−1)k
(

s
s+2k(n+1)

2

)

if s is an even number, and

cs,n =
1
2
cs+1,n

if s is an odd number.

Proof. We get, for even s,

cs,n =
n∑

m=0

∑
k∈Z

((
s

s
2 +m+ 2k(n + 1)

)
−

(
s

s
2 −m− 1 + 2k(n+ 1)

))

=
∑
k∈Z

(−1)k
(

s
s+2k(n+1)

2

)
.

Most terms cancel by symmetry of the binomial coefficients. For odd s, we see that for
each two-sided Catalan walk to x = s we get two such walks to x = s+ 1. �
Lemma 3.4. The number of two-sided Catalan walks of height 2n + 2 from (0, a) to (s, b)
for all 0 < a, b < 2n+ 2, a odd, is given by

bs,n = 2
n∑

l=0

∑
k∈N

(−1)k(n− 2l)
(

s
s+1
2 + l + k(n+ 1)

)

= n2s − 2
n∑

l=0

2l
∑
k∈N

(−1)k
(

s
s+1
2 + l + k(n + 1)

)

= n2s − 4 βs,n

if s is an odd number, and

bs,n = 2bs−1,n = n2s − 8 βs−1,n

if s is an even number.

Proof. Assume s is an odd number. For all odd a but n + 1, we get a term
( s

s+1
2

)
. Hence,

there are n such terms. Similarily, we get n − 2 (n − 1 positive and 1 negative)
( s

s+1
2

+1

)
and (n − 4)

( s
s+1
2

+2

)
, etc. to (n − 2n)

( s
s+1
2

+n

)
. We then get (n − 2n)

( s
s+1
2

+n+1

)
, (n − 2(n −

1))
( s

s+1
2

+n+2

)
, etc. Continuing in this fashion gives the first equality in the lemma. The

leading 2 comes from symmetry, adding all paths going down.
For the second equality, we use that the row sums in Pascal’s triangle are 2n.
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For even s, there are bs−1 paths to x = s−1. For each of these paths, there are two valid
options (up or down) for the last step. �

We have now proved the second part of our main theorem. What remains is the sim-
plifications for n ≥ t. Assuming this, we can simplify our formula using the following
lemma.

Lemma 3.5.
r∑

s=0

(−1)s2r−s

(
r

s

)(
s

� s
2�

)
= Cr,

where Cr is the r:th Catalan number.

Proof. Consider vectors v of length 2r+1, containing r+1 zeroes and r ones. The number
T (r, s) of such vectors that contain exactly 2s+1 palindrome positions, i.e. positions i such
that vi = v2r+2−i, can be found as follows. We concentrate on the first r positions. First
choose which of these should be palindrome positions. Fill in the others arbitrarily. We
then fill in the palindrome positions using � s

2� zeroes and � s
2� ones. All other positions can

then be filled in so that the chosen palindrome positions really are palindrome positions
and the other positions are not. It is easy to check that we get a valid palindrome vector,
and that we do not miss any valid vectors. From this analysis, we find that

T (r, s) = 2r−s

(
r

s

)(
s

� s
2�

)
.

It turns out that the element at position r + 1 is 0 if s is even and 1 otherwise. If we
remove this position, we get vectors of length 2r with r zeroes and r ones, for even s, and
r + 1 zeroes and r − 1 ones for odd s. The number of such vectors are

(2r
r

)
and

( 2r
r+1

)
,

respectively. We thus get
r∑

s=0

(−1)sT (r, s) =
(
2r
r

)
−

(
2r

r + 1

)
= Cr.

�

Now, for n ≥ t ≥ r ≥ s, we get

gs,n = bs,ncs−1,n = n2s−1

(
s− 1
�s−1

2 �
)
− 2

(
2� s

2�
� s

2�
) � s−1

2
�∑

l=0

l

(
2� s

2� − 1
� s

2�+ l

)
.

This yields

Ent =
t∑

r=0

(−1)r
nr


2rCr

(
t

r + 1

)
+ 2

(
t

r

) r∑
s=3

(
r − 1
s− 1

)
(−1)s−14r−s

(
2� s

2�
� s

2�
) � s−1

2
�∑

l=0

l

(
2� s

2� − 1
� s

2�+ l

)
 .

4. An alternative formula

There is another way of writing Ent that can be obtained using a similar model. We
start with the same heat flow model, but instead of the three possible travel steps previously
described, we merge two of them, giving these options:

• The packet changes vertex. It will then get multiplied with x = 1
n .• The packet does not change vertex. If it has not changed vertex before, nothing

happens. Otherwise, it gets multiplied with (1− 4x).
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We need no longer keep track of the true travel days (there will be no other travel days).
We must, however, keep track of the first day (q) of travel. With this in mind, we easily
find this expression valid:

Ent =
1
2

t∑
q=1

t−q∑
r=0

(
t− q

r

)(
1− 4

n

)t−q−r 1
nr+1

br+1,ncr,n.

This gives the following theorem.

Theorem 4.1. The expected number of inversions in a permutation in Sn+1 after t random
permutations is given by

Ent =
t−1∑
u=0

(
n− 4
n

)u u∑
r=0

(
u

r

)
1

(n− 4)r
(2r +

2βr+1,n

n
)cr,n.

Proof. Trivial calculations give

Ent =
1
2

t∑
q=1

t−q∑
r=0

(
t− q

r

)(
1− 4

n

)t−q−r 1
nr+1

br+1,ncr,n

=
1
2

t−1∑
u=0

u∑
r=0

(
u

r

)(
1− 4

n

)u−r 1
nr+1

br+1,ncr,n

=
t−1∑
u=0

(
n− 4
n

)u u∑
r=0

(
u

r

)
1

(n− 4)r
(2r +

2βr+1,n

n
)cr,n.

�
This expression seems particularly useful for fixed n (try for instance n = 4). Also, it is

easy to find out how much Ent increases when we increase t one step. This is given by

∆tEnt = En,t+1 − Ent =
t∑

r=0

(
t

r

)(
1− 4

n

)t−r 1
nr+1

br+1,ncr,n.

It is easy to see that ∆tEnt is always positive for n ≥ 4. This means that Ent is monoton-
ically increasing for almost all n. It should be pointed out that although this may seem
trivial, for n = 1 (permutations of length 2), E1,t takes the values 0, 1, 0, 1, 0, 1 . . ., which is
not a monotone sequence.

To be able to apply this in the biological context, where we wish to estimate the number
of transpositions given the inversion number of a permutation, we need this monotonicity
property. The reason is that when we have found an expectation value Ent which is close
to our number of inversions, we must be sure that we will not find a better expectation
value for a much larger t. If the sequence if monotone, this can never happen.
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A SIMPLE BIJECTION BETWEEN LECTURE HALL PARTITIONS
AND PARTITIONS INTO ODD INTEGERS

NIKLAS ERIKSEN

Abstract. We give a simple bijection between lecture hall partitions, having at most
n parts, and integer partitions, using only odd numbers less than or equal to 2n − 1.
This reproves the lecture hall theorem of Bousquet-Mélou and Eriksson. We also use this
bijection to find a recursion for the generating functions of the number of lecture hall
partitions which use only the k back rows of a lecture hall of length n and some other
special cases.

Résumé. Nous considérons une simple bijection entre les partitions d’un amphithéatre
(lecture hall partitions), ayant au maximum n éléments, et les partitions d’entiers, utilisant
seulement les nombres impairs inférieurs ou égaux a 2n− 1. Ceci redemontre le théorème
de l’amphithéatre de Bousquet-Mélou et Eriksson. Nous utilisons également cette bijection
pour trouver une récursivité dans les fonctions génératrices du nombre de partitions de
l’amphithéatre qui utilisent seulement les k derniers rangs de l’amphithéatre de longueur
n, et d’autres cas particuliers.

1. Introduction

Lecture hall partitions were presented for the first time by Bousquet-Mélou and Eriksson
in 1997 [2]. Their definition is the following.

Definition 1.1. A lecture hall partition into n parts is a partition (λ1, λ2, . . . , λn) such
that

0 ≤ λ1

1
≤ λ2

2
≤ . . . ≤ λn

n
.

The name stems from the interpretation of the partition as a design for lecture halls (see
Figure 1). The conditions imposed on the parts are sufficient to ensure that each student
can see the teacher. We will henceforth use the name rows for the parts.

1246
❞

❞

❞

❞

❞

Figure 1. Students with teacher in a lecture hall. Thanks to the clever
design, any sleeping student will be spotted by the teacher

There is a remarkable connection between lecture hall partitions into n parts and integer
partitions with odd parts less than 2n.

Supported by a grant from the Swedish Research Council.
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Theorem 1.2 (Bousquet-Mélou and Eriksson [2]). For fixed n, the generating function for
the number of lecture hall partitions of N into n parts, LH(N,n) is given by

∞∑
N=0

LH(N,n) qN =
n∏

i=1

1
1− q2i−1

,

that is it equals the generating function of integer partitions into odd parts less than 2n.

This theorem may be seen as a finite analogue of Euler’s famous theorem stating that
the number of partitions of k with odd parts equals the number of partitions of k with
distinct parts; indeed, if we let n approach infinity, Theorem 1.2 becomes Euler’s theorem.

Some notation: We will denote the set of lecture hall partitions into n parts Ln and the
set of integer partitions into odd parts less than or equal to 2n− 1 will be denoted On. We
will prese= nt functions Φn : Ln → On and Ψn : On → Ln such that Φn ◦ Ψn = idOn and
Ψn ◦ Φn = idLn .

Over the past years, several proofs of this theorem have been presented. The first paper
[2] gave two proofs — one via Bott’s formula for the Poincaré series of the affine Coxeter
group C̃n and one direct proof. The latter proof actually proved a refined version of the
formula, keeping track of odd and even weights of the lecture hall partition as well.

In the sequel [3], Bousquet-Mélou and Eriksson introduced generalised lecture hall par-
titions as partitions λ = (λ1, λ2, . . . , λn) satisfying

0 ≤ λ1

a1
≤ λ2

a2
≤ . . . ≤ λn

an

for some non-decreasing sequence of positive integers a = (a1, a2, . . . , an). The set of such
sequences is denoted La. Some results are derived for these partitions, but quite a few
conjectures are also presented.

In a third paper [4], these authors provide another refinement of the theorem and two
more proofs. The second one is claimed to be the first truely bijective proof of the lecture
hall theorem. In fact, the proof is a bijection between lecture hall partitions with n parts
and integer partitions with distinct parts between 1 and n and arbitrarily many parts
between n+1 and 2n. This is of course easily extendible to a bijection between lecture hall
partitions and partitions with odd parts.

Apart from the original authors’, there have been two contributions. The first one is by
Andrews [1], who proves the theorem using MacMahon’s ’partition analysis’. The latest
contribution to this subject has been made by Yee [5], who also presents a combinatorial
bijection.

With all these proofs, is there any raison d’être for another one? We claim, of course,
that there is. The first reason is that the functions Φn and Ψn are, in all essentials,
independent of n. For instance, the partition µ = (5, 3, 3) will give the lecture hall partition
Ψn(µ) = (0, . . . , 0, 4, 7) for any n ≥ 3 (of course, the number of initial zeroes will differ).
This contrasts with both previous bijections, although Yee’s bijection has the property that
for each µ there exists an N such that Ψn(µ) is independent of n if n ≥ N .

Another reason to present this new proof is that the bijection gives new information
on generalised lecture hall partitions. In fact, we are able to present a recursion for the
generating function for the number = of lecture hall partitions of n with at least k empty
front rows. We also present a recursion for the generating functions in the special case
where the sequence a = (a1, a2, . . . , an) is increasing and an−2k − an−2k−1 = 1 for k ≥ 0.

We will start this paper by presenting the bijection in an intuitively clear way. We then
proceed to state some technical definitions, which are followed by a proof that the map
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is bijective. Finally, we apply the bijection to the generalised lecture hall partitions as
described above.

2. The bijection

We will describe the bijection by presenting the function Ψn that given a partition into
odd integers will produce a lecture hall partition. This is done by building a lecture hall
using components, which are determined by the odd number partition.

Here follows a short description of the steps involved.
• To each odd number n we associate a building block, Bn, consisting of n bricks.
These are the basic parts of our lecture hall.

• The building blocks will be grouped into modules, Mk, according to rules defined
below.

• Starting with the “smallest” module, we now add the modules, one at a time. Each
time we add a module, we get a lecture hall partition, LHk. When all modules have
been added, we are done.

2.1. The building blocks. To each odd number n, we associate a building block of n
bricks, Bn. First, put n+1

2 bricks at positions (i, n+1
2 − i + 1), 1 ≤ i ≤ n+1

2 , and then the
remaining n−1

2 bricks at positions (i, n−1
2 − i + 1), 1 ≤ i ≤ n−1

2 . We thus obtain building
blocks as in Figure 2.

✉

✉ ✉

✉ ✉

✉ ✉

✉

✉ ✉

✉ ✉

✉ ✉

✉ ✉

✉ ✉

✉ ✉

Figure 2. The building blocks B7 and B13. The dots are bricks and the
boxes are empty spaces

2.2. The modules. First, we need to explain which building blocks go into which module.
We will then show how to build the modules.

Let O be a partition into odd parts and let 2n− 1 be the largest part of O. We associate
with O a matrix A = (ai,j)i,j with n rows and 	n/2
 columns. The top right half of this
matrix is easy to fill: ai,j = 0 if 2j > i + 1. We shall describe below how to construct the
other half. In the resulting matrix, the sum of the entries in the ith row will be the number
of parts of O equal to 2(n− i)+1. For 1 ≤ k ≤ 	n/2
, we shall define the module Mk as the
sum of the blocks encoded by the kth column of A: more precisely, Mk =

∑
i ai,kB2(n−i)+1.

We define the sequence seq(Mk) of a module Mk as {ai+2(k−1),k}n−2(k−1)
i=1 . Order the

parts of O in decreasing order. A part 2l − 1 should go into row n − l + 1. We do this
by increasing one element in the designated row of the first part in the decreasing order.
In doing this, we should choose the rightmost column such that the sequences seq(Mk)
are always lexocographically ordered. Then we remove the first element and iterate. An
example will clarify this explanation.

Example 2.1. The partition (17, 11, 11, 9, 7, 3, 3, 1) corresponds to the building blocks {B17, B11,
B11, B9, B7, B3, B3, B1}, which we will now divide into modules. B17 should go into row
n − l + 1 = 9− 9 + 1 = 1 and column 1, since it is the leftmost column allowed. Next, we
have B11, which goes into row 9 − 6 + 1 = 4. We may add one to the element in column
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2, since we then get seq(M2) = (0, 1, 0 . . .) ≤ (1, 0, . . .) = seq(M1). Column 3, however, is
forbidden, so column 2 is chosen. The second B11 goes into the same position.
As for the next block, B9, putting it in column 3 would give seq(M3) > seq(M2), but

column 2 will do. We then continue in this fashion until we get the matrix in Figure 3.
From this we conclude that M1 = B17, M2 = B11 + B11 + B9, M3 = B7 + B3 + B1 and
M4 = B3.

0
0
0
0
0
0
0
0
1

0
0
0
0
1
2
0

1
1
0
1
0

0
1
0

0

1 2 3 4 5

1
3
5
7
9
11
13
15
17

Figure 3. Putting each building block into the right module. Observe that
the sequences are in lexicographic order.

Given the building blocks of a module, assembling the modules is easy. Just put the
building block on top of each other. The empty spaces are heavier than the bricks and will
sink to the bottom. This is shown in Figure 4. Since this operation has all the nice properties
like associativity, commutativity and such, we will use the + sign for this operation.

✉

✉ ✉

✉ ✉

✉ ✉

✉ ✉

+
�

� �

� �

� �

=⇒

�

�

✉

✉

�

�

✉

✉

�

�

✉

✉

�

✉

✉ ✉

=⇒

�

�

✉

✉

�

�

✉

✉

�

�

✉

✉

�

✉

✉ ✉

Figure 4. Adding B9 and B7

2.3. The lecture hall partitions. We assemble the modules, one by one, starting with
the module with the highest index, k. The lecture hall partitions obtained from modules
Mi to Mk, i ≤ k, will be named LHi. This will be denoted LHi = LHi+1 ⊕Mi.

Given LHi+1 and Mi, we construct LHi as follows. First insert LHi+1 into Mi from
below. If any bricks in LHi+1 collide with bricks in Mi, the bricks in Mi will slide up. Then
we push from the right, until there are no holes in the lecture hall partition.

Example 2.2. An example of such an assembly can be viewed in Figure 5. The spaces
in the module are no longer drawn. We are given the set {B11, B5, B5, B1} of building
blocks and get the modules M1 = B11,M2 = B5 + B5 and M3 = B1. We get LH3 =
{0, 0, 0, 0, 0, 0} ⊕ M3 = {0, 0, 0, 0, 0, 1} and LH=2 = LH3 ⊕ M2 = {0, 0, 0, 1, 4, 6}. These
assemblies were quite trivial, but here comes the tricky part, which can be viewed in the
figure. We start with LH2 (black) and M1 = B11 (white) (a). LH2 is pushed into M1 (b)
and then we compress from the right to obtain (c).
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❡

❡ ❡

❡ ❡

❡ ❡

❡ ❡

❡ ❡

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉ ✉

�
�

�

=⇒

❡

❡

✉

✉

✉

✉

✉

✉

❡

❡

✉

✉

✉

✉

❡

❡

✉

❡

❡ ❡

❡ ❡

=⇒

❡

❡

✉

✉

✉

✉

✉

✉

❡

❡

✉

✉

✉

✉

❡

❡

❡

✉

❡

❡

❡ ❡

(a) (b) (c)

Figure 5. Assembling M1 = B11 (white) with LH2 = (B5 +B5)⊕B1 (black).

3. Mathematical tools for lecture hall partitions

Some useful measures on the building blocks, as well as on the modules and the lecture
halls, are the height, the ceiling and the range.

Definition 3.1. The height of an object (building block, module, lecture hall) at a certain
row, is the y-coordinate of the highest brick in that row. The ceiling of an object at a certain
row is one less than the y-coordinate of the lowest brick in that row. If the row contains no
bricks, both maps are zero. These are written as h(A, k) and c(A, k), respectively, for an
object A and row k.

Observation 3.2. We observe that

h(Bn, k) =

{
n+3

2 − k, 1 ≤ k ≤ n+3
2 ;

0, otherwise

and

c(Bn, k) =

{
h(Bn, k)− 2, 1 ≤ k ≤ n−1

2 ;
0, otherwise

Definition 3.3. The range of an object A and a row k is given by

r(A, k) =
h(A, k)

h(A, k) − h(A, k + 1)
+ k,

provided that h(A, k) > 0, if A is a building block, and h(A, k+1) > 0 otherwise. For larger
k, h(A, k) = 0. The range of an object A is the maximal range over all rows.

The range of a lecture hall partition tells at which position the teacher must be placed
if the partition should be a valid lecture hall partition (the teacher must stand to the right
of the range).

Example 3.4. In Figure 5, the ranges are r(LH, 1) = 5, r(LH, 2) = 5, r(LH, 3) =
7, r(LH, 4) = 5.5 and r(LH, 5) == 0. We then get r(LH) = 7. The teacher must be
placed at x = 7 to be visible to all students.
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For modules, we can easily calculate the height and the ceiling:

h(M,k) =
s∑

j=1

ajh(Bnj , k)

and

c(M,k) =
s∑

j=1

ajc(Bnj , k)

for all rows k.
We find that the range of a row in a module is the arithmetical mean of the ranges of

the building blocks in the module, except for possibly some of the smallest ones.

Lemma 3.5. Consider a module

M = a1Bn1 + a2Bn2 + . . .+ asBns ,

where n1 > n2 < . . . ns, and let Ak = {i : ni ≥ k}. Then, for k < n1+1
2 , the range is given

by

r(M,k) =

∑
A2k−1

air(Bni , k)∑
A2k−1

ai
.

Proof. This follows from Observation 3.2 and the definition of range. We have

r(M,k) =
h(M,k)

h(M,k)− h(M,k + 1)
+ k

=

∑
A2k−3

ai

(
ni+3

2 − k
)

∑
A2k−3

ai

(
ni+3

2 − k
) − ∑

A2k−1

ai

(
ni+3

2 − k − 1
) + k

=

∑
A2k−1

ai

(
ni+3

2 − k
)

∑
A2k−1

ai
+ k

=

∑
A2k−1

ai

(
ni+3

2

)
∑

A2k−1

ai
=

∑
A2k−1

air(Bni , k)∑
A2k−1

= ai
.

�

We will call a module Mk simple if seq(Mk) contains no non-zero elements that are not
adjacent. Otherwise, the module is complex. In Example 2.1, M1,M2 and M4 are simple,
but M3 is complex.

Lemma 3.6. For each lecture hall partition LH and row k such that the height h(LH, k)
is positive, there exists a unique set of numbers a > 0, b > 0, n = 2m + 1 ≥ 1 such that
height of the module M = aBn + bBn−2 equals the height of LH at rows k and k + 1. For
a fixed n = 2m+ 1 ≥ 1, if there exists number a ≥ 0, b > 0, these are unique as well.



A SIMPLE LECTURE HALL BIJECTION #25.7

Proof. We have three unknowns but only two equations:

a

(
n+ 3
2

− k

)
+ b

(
n+ 1
2

− k

)
= h(LH, k)

and

a

(
n+ 3
2

− k − 1
)
+ b

(
n+ 1
2

− k − 1
)

= h(LH, k + 1).

This can, however, be rewritten into

a+ b = h(LH, k) − h(LH, k + 1)

and

(h(LH, k) − h(LH, k + 1))
(
n+ 3
2

− k

)
− b = h(LH, k).

We may vary b freely between 0 and h(LH, k) − h(LH, k + 1) − 1, so we see that there is
exactly one solution to the last equation. This also gives a uniquely.

For fixed n, it is still clear that if such numbers exist, they are unique. �

This paves the way for the following definition.

Definition 3.7. Given a lecture hall partition LH and a row k, we define the character-
istic triple (a, b, n), which is a set of numbers such that a > 0, b ≥ 0, n = 2m + 1 ≥ 1
and such that the height of the module M = aBn + bBn−2 equals the heights of LH at rows
k and k + 1. The relaxed characteristic triple (a, b, n) is defined similarily, except for
that we allow a = 0.

Definition 3.8. We introduce the step operator + that operates on characteristic triples.
We have (a, b, n)+ = (a + 1, b − 1, n) if b ≥ 1 and (a, 0, n)+ = (1, a − 1, n + 2). If a row
k has characteristic triple (a, b, n), applying the step operator corresponds to increasing the
height of rows k and k + 1 by one.

Definition 3.9. The top range row of a lecture hall partition LH is the rightmost row k
such that its characteristic triple (a, b, n) has n = 2	r(LH)
 − 3, maximal a, and maximal
b, given the value of a.

Example 3.10. The top range row of LH in Figure 5 is of course 3, since it has the highest
range. The characteristic triple associated with row 3 is (1, 0, 11).

Observation 3.11. Assume that we are constructing a lecture hall partition using the
procedure described above. The height of the rows in LHi is then given as follows.

• If h(LHi+1, k) > c(Mi, k), then h(LHi, k) = h(Mi, k) − c(Mi, k) + h(LHi+1, k).
• If h(LHi+1, k) ≤ c(Mi, k) and either k ∈ {1, 2} or h(LHi+1, k − j) > c(Mi, k − j)
for j ∈ {1, 2}, then h(LHi, k) = h(Mi, k).

• Otherwise, h(LHi, k) = h(LHi+1, k − 2).

Definition 3.12. If h(LHi+1, k) > c(Mi, k) for any row k, we say that the Mi is dis-
turbed.

Remark 3.13. Each time we add a module, we increase the number of rows by two, except
for the case with only B1s in the module. This fact will be used in the last section to calculate
the number of lecture hall partitions with the k front rows empty.
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4. Getting back

We have described how to generate a well-defined partition from a partition into odd
integers. What remains is to verify that we indeed obtain a lecture hall partition, and that
two different partitions of odd integers do not produce the same lecture hall partition. The
first question will be answered implicitly, since we will show that there is a limit on the
range of the partition obtained, thus implying that the partition really fulfills the conditions
imposed on a lecture hall partition. The other will be adressed by producing a way to obtain
the partition into odd numbers from any lecture hall partition. Then the LHP generator is
clearly bijective.

We will show that given any partition LH1 = Ψn(O), we can reveal the contents of M1.
We can then remove M1 and iterate, to find the contents of all modules. This will give the
odd part partition O = Φn(LH1) and also show that LH1 is indeed a lecture hall partition,
since the range is limited from above by n+ 1.

We must, at this stage, warn sensitive readers that the next page contains some ugly
mathematics. The beauty of this bijection lies in its simple construction, not in the ease
with which we show that it is bijective.

Theorem 4.1. Given a partition LH1 = Ψn(O), where O ∈ On, we are able to read off
M1 and remove it. The module M1 is read as follows. First, find the top range row k
and let (a, b, n) be its characteristic triple. Set M1 = aBn + bBn−2. We then continue
with row k − 2l, for l = 1, 2, . . ., in that order. In each step, we determine the smallest
index p of any building block in M1. Then, if there exists a relaxed characteristic triple
(al, bl, p − 2) or (al, bl, p) on row k − 2l using heights h(LH, k − 2l) − h(M1, k − 2l) and
h(LH, k − 2l + 1) − h(M1, k − 2l + 1), then we add alBp−2 + blBp−4 (or alBp + blBp−2,
respectively), to M1 and continue. Otherwise, we are done and we can remove M1. As a
special rule when we get to the leftmost rows, we should note that we will never accept the
relaxed characteristic triple (0, s, 3) at row 0 and we also note that if LH = (0, . . . , 0,m),
this corresponds to the module mB1.

Proof. This theorem will be shown by induction. We will always assume that M2 can be
read from LH2 as described, and look at how LH1 appears. It should be noted that since
seq(M1) > seq(M2), r(LH1) ≥ r(LH2) + 2.

It is easy to see that the first module added will be a lecture hall partition with only one
well-defined range. We then find the characteristic triple and are done.

Now assume that LH2 is non-empty. We will, in turn, cover the four possible cases: M1

is simple or complex, disturbed or not disturbed.
M1 is simple and undisturbed: It is trivial to see that h(LH1, k) = h(M1, k) for

k = 1, 2 and h(LH1, k) = h(LH2, k − 2) otherwise. Since M1 is simple, we will find
the top range at row 1, and the characteristic triple will tell the tale on M1.

M1 is complex and undisturbed: Again, the heights are distributed as in the sim-
ple case. However, the top range is no longer found at row 1. Rather, if the top
range of LH2 is found at row k − 2, we now find it at row k. Since we got valid
characteristic triples for LH2, we also get them for LH1. Finally, we reach k = 1
or k = 0, and we then read the same heights as in M1. These are also valid and we
get the right M1.

M1 is simple and disturbed: We assume that the first k′ rows of M1 are disturbed
(there can not be any other disturbed rows, since this would give too large range for
LH2). We then have h(LH1, k) = h(LH2, k) + h(M1, k) − c(M1, k) = h(LH2, k) +
2(a + b) for k ≤ k′, h(LH1, k) = h(M1, k) for k = k′ + 1, k′ + 2, and h(LH1, k) =
h(LH2, k − 2) otherwise. We need to show that the ranges of rows k < k′ are to
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small to affect our construction. We start by showing that the top range is given
by row k′ + 1 or k′ + 2.

It is clear that the top range row can not be found among the rows k such
that k > k′ + 2. We must show that it can not be found among the first k′ rows
either. Let the characteristic triple of row k′ + 1 be (a, b, n). We then know that
the characteristic triple of a row k < k′ in LH2 either has the form (a′, b′, n − l)
for l > 4 or (a′, b′, n − 4) with a′ < a (otherwise, the modules would not be sorted
alphabetically). We also know that a′+b′ > a+b (or row k would not be disturbed).
Now, the corresponding row in LH1 has height that is 2(a + b) larger. We apply
the step operator 2(a + b) times to the characteristic triple. Since a′ + b′ > a + b,
we never get a characteristic triple that is greater than (a, b, n).

We have shown that the top range can be found only on rows k′ + 1 and k′ + 2.
We must now show that we can not continue reading another characteristic triple.
We assume that the top range row is k′+1 and that the characteristic triple of k′−1
in LH2 is (a′, b′, n−4), with a′ < a and d = a′+b′−(a+b) > 0. If we apply the step
operator 2(a+ b) times, we get the characteristic triple (a′− 2d, b′ +2d, n) or, if d is
sufficiently high, (a′ − 2d+ a′+ b′, b′ +2d− a′ − b′, n− 2) or (a′ +2(a+ b), b′ − 2(a+
b), n− 4). From these triples, we must break loose a triple (a, b, n). If we do this to
the first, we get (a′ − 2d, b′ + 2d, n) = (a′ − 2d, b + 2d + a − a′, n) + (d, 0, n − 2) =
(a, b, n)+ (d− (a−a′), a−a′, n− 6) (in the last equality, we have increased the first
term by 2d + (a − a′) and reduced the second term by an equal amount). We see
that the characteristic triple (d− (a−a′), a−a′, n− 6) is not valid, since a−a′ > 0.
Similar calculations show that the other cases do not produce valid triples either.

Had the top range been row k′ + 2, we should have look at the characteristic
triple of k′ instead. But then we still have that the heights of rows k′ and k′ + 1 in
LH1 are given by the corresponding height in LH2 increased by 2(a + b), and the
result follows from the analysis above.

M1 is complex and disturbed: As for the undisturbed case, we are able to read off
all valid building blocks. The only case where we can go wrong is when we enter the
disturbed zone. However, since we then have removed (in thought) from the heights
all building blocks that belong to M1, we have a case similar to the simple case.
From that analysis, we find that we can not continue to read valid characteristic
triples.

�

Example 4.2. Let us exemplify this by looking at the lecture hall partition (0, 1, 3, 4, 6, 8)
found in Figure 5. According to the theorem, we should start by finding the top range
row and its characteristic triple. We lready now that this is row 3 and triple (1, 0, 11).
We thus set M1 = B11. We then look at row 3 − 2 = 1. We should use the heights
h(LH, 1) − h(M1, 1) = 8− 6 = 2 and h(LH, 2) − h(M1, 2) = 6− 5 = 1. The corresponding
characteristic triple would be (1, 0, 3) or, if we allow the relaxed version, (0, 1, 5). In neither
case, the last coordinate is 11 or 11 − 2 = 9, which we need in order to add more building
blocks to M1. Since we found something that we wished to add, but could not, M1 will not
contain any more building blocks, and we can remove M1 from LH.
We now get LH2 = (0, 0, 0, 1, 4, 6). It is easy to see that the top range row is 1 and that

the corresponding chracteristic triple is (2, 0, 5). We then set M2 = B5 + B5. Since we
are already at row 1, we can not continue to the left and are done. Removing M2 will give
LH3 = (0, 0, 0, 0, 0, 1), and it is not hard to see that this gives M3 = B1. From this we
conclude that Φn(0, 1, 3, 4, 6, 8) = (11, 5, 5, 1) for n ≥ 6.



#25.10 NIKLAS ERIKSEN

5. The distant teacher and other generalisations

We now turn to generalised lecture hall partitions. For starters, we take a closer look
at real world lecture halls. Usually, there is some distance between the teacher and the
students. The following theorem will give the generating function for this case. The function
will be defined recursively.

Theorem 5.1. Let PLH(N,n, k) be the number of ways to partition N into λ = [λ1, . . . , λk)
such that we have

0 ≤ λ1

n− k + 1
≤ λ2

n− k + 2
≤ . . . ≤ λk

n
.

Then the generating function is∑
N

PLH(N,n, k) qN = Q(n, k)

where Q(n, k) is given recursively by

Q(n, k) = Q(n− 1, k) +
q2n−1

(1− q2n−1)(1− q2n−3)
Q(n− 2, k − 2), for 2 ≤ k < n,

Q(n, 0) = 1, Q(n, 1) =
1

1− q
, Q(n, n) =

1∏n
i=1 (1− q2i−1)

.

Proof. First look a the boundary conditions. For k = n we have the lecture hall theorem
and for k = 1 and k = 0, the results are trivial.

Let us now take a closer look at the proof of the bijection above. For each module we
create, we will use two more rows in the lecture hall (unless the module contains only ones).
Thus, if we wish to partition λ, we can either use the number 2n−1, thereby creating a new
module, or not use the number 2n−1. In the first case, we add the factor q2n−1

(1−q2n−1)(1−q2n−3)

to acknowledge the fact that 2n − 1 is used at least once and that 2n − 3 may be used
freely, and to this we multiply Q(n − 2, k − 2) for the rest of the modules, which can only
use number strictly less then 2n − 3 and may only use the remaining k − 2 rows. On the
other hand, not using 2n− 1 will not reduce the available number of rows.

�
Using the same line of thinking, the following theorem follows naturally.

Theorem 5.2. Let a be an increasing sequence of n positive integers such that an−2i −
an−2i−1 = 1, 0 ≤ i < �n

2 � and PLH(N, a) be the number of ways to partition N into
λ = (λ1, . . . , λn) such that we have

0 ≤ λ1

a1
≤ . . . ≤ λn

an
.

Then the generating function is∑
N

PLH(N, a) qN = Q(an, a)

where Q(m,a) is given recursively by

Q(m,a) = Q(m− 1, a) +
q2m−1Q(m− (an − an−2), (a1, . . . , an−2))

(1− q2m−1)(1 − q2m−3)
, for n > 1, m > 1,

Q(m, ()) = 1, Q(m, (a1)) =
1

1− q
,

Q(1, a) =
1

1− q
, Q(2, a) =

1
(1− q)(1 − q3)

.
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It should be noted that the building blocks and the way the modules are put together
change somewhat in this case. An example will clarify this better than any formal definition.

❡

❡

❡

❡

❡

❡

❡

❡

❡

❡

❡

❡

❡ ❡

❡ ❡

❡ ❡

✉

✉ ✉

✉ ✉❡

❡

❡

❡

❡

❡

❡

❡

✉

✉

❡

❡

❡

❡

❡

❡

❡

✉

✉

❡

❡

✉

❡

❡ ❡

✉

✉

❡

✉

✉ ✉❡

M1M2M3

LH1LH2LH3

Figure 6. We have marked the bricks from M3 with a dot and the bricks
from M2 are marked black, to make it easier to follow what is happening.
We see that M3 = B1 and M2 = B5 have their usual appearances, although
they are shifted somewhat to the right, but M1 = B13 +B5 looks differently
from the standard appearance, since some rows are kept empty.

Example 5.3. We wish to put {13, 5, 5, 1} in an (1, 2, 3, 6, 7)-lecture hall partition. This
gives the matrix

0
0
1
0
0
0
1

0
0
1

11
3
5
7
9
11
13

1 2 3

The second module now starts 4 steps lower than the first module in the matrix. The reason
is that an −an−2 = a5−a3 = 7−3 = 4 and not 2, as we get in the standard case. However,
we still demand that the sequences are ordered lexicographically.
We get M1 = B13 + B5,M2 = B5 and M3 = B1. The modules and the lecture hall

partitions can be found in Figure 6. In essence, we may say that the we get the same
modules as before, but those bricks that occupy rows that should be empty are moved to the
closest rows to the left. By this procedure, the building blocks will not occupy any rows that
must be empty. We also build LHk at row an−2k instead of row an. It is then slided to the
left before we add the next module.
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Discussion

In [3], Bousquet-Mélou and Eriksson conjecture that all sequences a = (a1, . . . , an) that
give generating functions of the form

1
(1− qe1)(1− qe2) · · · (1− qen)

have a1|ai for all ai. The results obtained in the previous section allows for calculations
that could falsify their conjecture, but so far, no counterexample has been found. In the
same article, several other conjectures were made, and we intend to take a closer look at
them to see if we can use this new bijection to verify or falsify them.
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DENSE PACKING OF PATTERNS IN A PERMUTATION

HENRIK ERIKSSON, KIMMO ERIKSSON, SVANTE LINUSSON, AND JOHAN WÄSTLUND

Abstract. We study the problem of finding the shortest permutation containing all pat-
terns of a given length k. An upper bound of 3k2/4 is established. We also prove that as
k → ∞, there are permutations of length k2/4 + o(k2) containing almost all patterns of
length k.

Résumé. Nous étudions le problème de trouver la permutation la plus courte contenant
tous les motifs d’une longueur donnée k. Une borne supérieure de 3k2/4 est établie. Nous
montrons aussi qu’il y a des permutations de longueur k2/4 + o(k2) contenant presque
tous les motifs de longueur k.

This paper was born at FPSAC’01 in Arizona, where Richard Stanley presented the mathe-
matical work of the late Rodica Simion. Among many other things, she was a pioneer in the
field of pattern avoiding permutations. In his talk, Stanley mentioned that Rodica Simion
and Frank Schmidt [2] gave a formula for the number of permutations of length n that do
not avoid any pattern of length three. There is little hope of finding a similar formula for
arbitrary pattern length k, considering how complex the theory of pattern avoiding per-
mutations becomes for larger k. But listening to Stanley, the four present authors became
curious about a related question:

The pattern packing problem: What is the length Lk of the shortest permutation
containing all patterns of length k?

We later found that this pattern packing problem was posed already in 1999 by Arratia
[1], but only trivial bounds on Lk have been given so far. The pattern packing problem is
of course reminiscent of other dense packing problems, such as that of finding a shortest
bit sequence containing every binary k-word as a contiguous subsequence. For the latter
problem there is a well-known solution, the so called de Bruijn sequences, which contain
every k-word exactly once. We cannot hope for such an efficient solution to the pattern
packing problem. For instance, the shortest possible permutation containing all patterns
of length k = 2 is evidently of length L2 = 3 (there are four of them: 132, 213, 231, 312).
But such a permutation contains

(3
2

)
= 3 subsequences of length 2, of which at most two

can have different patterns.
In spite of our efforts, the problem is still unsolved. We offer the conjecture that Lk ∼

k2/2 asymptotically.
Our story is one of partial results, to be developed in nine sections as follows.

(1) The minimal length Lk of a permutation containing all k-patterns lies between k2/e2

and k2.
(2) We represent patterns by dot configurations on a square grid and we characterize

compact representations in terms of ascents and inverse descents.
(3) The pedestrian game is introduced to describe equivalent representations of a pat-

tern.
(4) Strong convergence of the game implies a unique terminal position.
(5) The terminal configuration is in fact the compact representation of the pattern.

#26.1
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(6) By a probabilistic argument, we show that any dot configuration can be played
onto white squares of a k by 3k/2 chessboard. This improves the upper bound to
Lk ≤ 3k2/4, our main result.

(7) A variation: If we relax our ambition to finding a permutation containing almost
all k-patterns, we show that a length of k2/4 + o(k2) suffices.

(8) A second variation: If we are satisfied with a permutation containing each k-pattern
or its inverse, then a length of k2/2 is sufficient.

(9) Final twist: Returning to the terminal positions of the pedestrian game, a simple
counting argument gives a new proof of an identity of Carlitz.

1. Elementary bounds on Lk

In this section, we shall see that Lk is asymptotically proportional to k2 and obtain the
elementary bounds

k2

e2
≤ Lk ≤ k2.

The lower bound is derived from the observation that the total number of k-subsequences
in the permutation must be at least as big as the number of all possible k-patterns. In
other words, (

Lk

k

)
≥ k!,

or equivalently,

(1) Lk(Lk − 1) · · · (Lk − k + 1) ≥ (k!)2.

The left-hand side is less than Lk
k. By Stirling’s formula, the right-hand side is approxi-

mately 2πk(k/e)2k . Hence we obtain a lower bound

k2

e2
< Lk.

This bound is mentioned in [1], where it is also conjectured to be sharp (contradicting our
own conjecture).

The simple upper bound of Lk ≤ k2 is obtained as follows. Define a k2-permutation
by arranging the numbers between 1 and k2 into k sequences of length k, each decreasing
by k in every step, the sequences taken in increasing order. For example, for k = 3 the
permutation of length 9 is 741852963. The dot matrix of such a permutation (with values
increasing upwards) will look like a slightly tilted square:

�

�

�

�

�

�

�

�

�

Clearly every k-pattern can be found in this permutation; simply take one dot in each row
and column of the tilted square. For example, the pattern 231 is found in the subsequence
483.

2. More compact packings

Since the rows in the tilted square actually correspond to increasing subsequences, while
columns correspond to decreasing subsequences, it is possible to realize a pattern by a more
compact subset of dots in the tilted square. For example, the permutation pattern 231 is
realized by all the following dot patterns in the tilted square (and a few others).
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�
�

�
� �

�
�

�

�
� �

�

There is a direct way of figuring out the most compact such dot representation of a pattern:
Start with the dot matrix of the pattern. Draw a vertical line at every ascent, and a
horizontal line at every descent in the inverse permutation (obtained by reflection in the
line y = x). Adjust the dots so that they lie straight in the rows and columns induced by
the lines. For example, the compact representation of 2614357 is obtained as follows:

�

�

�

�

�

�

�

vertical lines

�

�

�

�

�

�

�

→

horizontal lines

�

�

�

�

� �

�

compact dots
A direct description of the compact position of a given permutation can be given in

terms of descents of the permutation and its inverse. We write the permutation π as
(π1 π2 π3 . . . πk).

A pair πi, πi+1 of adjacent symbols is a descent if πi > πi+1, otherwise it is an ascent.
We let d(π) be the number of descents in π, and we let a(π) be the number of ascents. A
descent in the inverse π−1 is a pair of symbols x, x+1 such that x+1 comes before (but not
necessarily adjacent to) x in the permutation π. Such a pair is therefore called an inverse
descent.

For each symbol πi in π, we count the ascents before πi, that is, pairs πj, πj+1 with j < i
and πj < πj+1. We also count the inverse descents below πi, by which we mean pairs of
symbols x, x+1 such that x < πi and x+1 comes before x. The compact dot configuration
in the tilted square is constructed by putting, for each symbol πi in π, a dot in the site that
has as many columns east of it as there are ascents before πi, and as many rows south of it
as there are inverse descents below πi.

3. The Melbourne pedestrian game

We will now introduce a game for transforming dot patterns. The setting is k pedestrians
walking on a square grid in Melbourne. In Australian traffic, as a pedestrian you are
supposed to look for any traffic to your right before you cross a street, and also watch out
for any traffic to your left on the other side of the street. Thus, in our game a pedestrian
is allowed to take a step forward to an unoccupied site on the grid if and only if there is
nobody anywhere to her right before she takes the step, and will be nobody anywhere to
her left after she has taken the step. ”Forward” may be any direction on the grid (north,
south, east or west).

✉✻
✁✁ ✁✁ ✁✁ ✁✁ ✁✁ ✁✁ ✁✁

✁✁✁✁✁✁✁✁✁✁✁✁✁✁

Observe that moves are reversible. A position in the game is a placement of the k pedestrians
on k distinct sites on the grid. Two positions are game equivalent if one can be reached
from the other by a sequence of moves. Since moves can be reversed, this is an equivalence
relation.
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Proposition 3.1. Two positions are game equivalent if and only if they realize the same
pattern in the tilted square.

Proof. The pattern realized by a position is invariant under the game: When a dot moves
one step it changes its relative position only to dots that are to the right of the old site or
to the left of the new site, but a move can be made only when no such dots are present.
Hence, positions that are game equivalent realize the same pattern.

To prove the converse, we shall prove that any position can be played to a permutation
(one dot in each row and column of a k by k square). By the game invariance of patterns,
this permutation must be the unique permutation realizing this pattern. Hence any two
positions that realize the same pattern can be played to each other via the permutation.

For any position, we can play the eastmost dot of the top row upwards as far as we want.
Among the remaining dots we can again play the eastmost dot of the top row upwards as
far as it does not reach the row of the first dot. Continuing in this way, we obtain a position
with the dots on distinct rows. We then perform the same operation on columns, playing
one dot at a time eastwards. Since this can be done without changing the row of any dot,
we reach a position where the dots occupy sites on k distinct rows and k distinct columns.

Any empty rows or columns can be filled by playing in the dot from the row or column
next to it. Hence we obtain a permutation. �
Corollary 3.2. There are k! game equivalence classes with k pedestrians.

The following theorem establishes a connection between the pedestrian game and the pat-
tern packing problem:

Theorem 3.3. Lk is the minimal size of a union of one representative from each game
equivalence class in the pedestrian game with k pedestrians.

Proof. A set S of sites which is a union of one representative from each game-equivalence
class has the property that every position can be played so that all dots are moved into
S. Hence the permutation that is represented by S contains each pattern of length k.
Conversely, a permutation that contains each pattern of length k can be represented as a
set of sites with the property that any position with k dots can be played into it. This set
of sites therefore contains a representative of each game-equivalence class. �

4. Strong convergence of the pedestrian game

In this section we consider the pedestrian game played on a k by k board. Proposition 3.1
still holds in this setting, for a position with k dots which contains several dots in the same
rows or columns can be untangled within the board limits. The modified procedure is as
follows.

First move the top dot to the top row, if necessary. Then make sure that there are
at least two dots in the top two rows, possibly by moving a second dot to the north. In
general, for every m ≤ k, make sure that there are at least m dots in the top m rows. This
also means that the bottom k −m rows will contain at most k −m dots. In particular, the
bottom row contains at most one dot, and by moving the bottom dot to the south, we can
make sure that there is exactly one. Repeating this for each row, we get exactly one dot in
each row, and to obtain this, we have not made any horizontal moves. This means that if
the same operation is performed on columns, we reach a permutation, i.e. a position where
each row and each column contains exactly one dot.

Hence each game-equivalence class on the k by k square has a unique representative with
one dot in each row and one dot in each column. We now show that there is another natural
representation of game-equivalence classes.
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Proposition 4.1. Each game-equivalence class on the k by k board has a unique represen-
tative from which it is impossible to make a move in the south or west directions.

Proof. By the directed pedestrian game, we mean the pedestrian game played on the pos-
itive quadrant, with the restriction that only moves in the south and west directions are
permitted. A position where no such move is possible is called a terminal position. As we
will show, the directed pedestrian game is strongly convergent, which means that from any
given initial position, all move sequences lead to the same terminal position in the same
number of moves. It is clear that this also proves the proposition. �

A simple criterion for strong convergence is the polygon property [3]: In any position
where two different moves, x and y, are legal, there are two play sequences of the same
length and beginning with x and y respectively leading to the same position.

Lemma 4.2. The directed pedestrian game on the k by k board is strongly convergent.

Proof. We have to verify the polygon property. In this case, we show that two different
moves from the same position actually commute, that is xy and yx are both legal and give
the same result.

If one and the same dot can make a move in either of the directions south and west, then
it is clear that after a move south, the move to the west will still be legal, and vice versa.

If two different dots can move in any of the two legal directions, it is easy to see that
these moves cannot interfere. It follows that the directed pedestrian game is strongly
convergent. �

� � � �
�

� � �
� �

�
�

�
� �

�
�
�

Figure 1. The six terminal positions in the directed pedestrian game for
k = 3.

5. The terminal position is the compact representation

The unique terminal position of the directed pedestrian game provides a canonical dot rep-
resentation for every k-pattern. We shall now see that it is the same compact configuration
that we constructed from the ascents and inverse descents of the permutation.

Theorem 5.1. The compact dot representation of π defined in Sec. 2 is the terminal
position corresponding to π.

Proof. First, we show that this position represents the permutation π. Consider any pair
of symbols x < y that occur in order, that is

π = ( . . . x . . . y . . . ).

Then there is at least one ascent between x and y, so the dot corresponding to y is in a
column east of the dot corresponding to x. Since x < y, there are at least as many inverse
descents below y as there are below x, so either the dots are in the same row, or the one
corresponding to y is higher.

If the pair occurs in the wrong order, that is π = ( . . . y . . . x . . . ) then there are at
least as many ascents before x as there are before y, and at least one more inverse descent
below y than below x. Hence in this case the dot corresponding to x will be in a row south
of the dot corresponding to y, and in the same column or a column east of it.
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This shows that every pair of dots has the correct relative location. Hence the position
described represents π.

To show that the position we have defined is a terminal position, we first prove that no
dot can move west. The dot corresponding to the symbol π1 obviously cannot. If a pair
πi−1, πi is a descent, then the dot corresponding to πi−1 will be above the one corresponding
to πi, in the same column. Hence the dot corresponding to πi cannot move west. If on the
other hand πi−1, πi is an ascent, then the dot corresponding to πi−1 will be in the column
immediately to the west of the dot corresponding to πi, and above it or in the same row.
Hence the dot corresponding to πi still cannot move west.

To show that no dot can move south either, we note that the symbol 1 is already in the
bottom row. If a pair x−1 . . . x is an inverse ascent, the corresponding dots will be in the
same row so the x-dot cannot move south. And for an inverse descent x . . . x−1, the x-dot
will have the other dot one row below, in the same column or to the east. In either case, it
cannot move south. �

6. The main result

Our original motive for studying compact configurations was a desire to improve the upper
bound Lk ≤ k2. We computed Lk for small k and the following table points to the existence
of a tighter bound.

k 1 2 3 4 5
Lk 1 3 5 9 13

To our disappointment, the union of all compact configurations covers all of the k×k-board
except a thin slice along the border which is asymptotically insignificant. A closer study
of the optimal permutations found by the computer revealed that it may be easier to pack
sparse configuration in a chessboard full of holes!

For k = 3 there exist only two permutations of minimal length (Lk = 5) containing all
k-patterns. One of them is 41352, which can be interpreted in terms of chessboards. As
shown in the figure, 41352 is given by the white squares of the 3 by 3 chessboard in our
standard way of associating patterns with subsets of squares on the grid.

�

�

�

�

�

Figure 2. The white squares permutation 41352.

The same thing is true for k = 5; the thirteen white squares of a 5× 5 chessboard define
a permutation containing all 5-patterns. It is tempting to conjecture that the white squares
permutation of any k× k-board contains all k-patterns, at least if k is odd, and in the first
draft of this paper we gave in to that temptation. From our failed attempts to prove the
false conjecture a probabilistic argument emerged that nonconstructively demonstrates the
existence of a counterexample. Fortunately, a similar argument proves that a fifty percent
wider rectangle can accommodate all patterns on its white squares.

Theorem 6.1. The permutation given by the white squares of the k × �3k/2	 chessboard
contains all k-patterns, therefore

Lk ≤ 3
4
k2 for k > 1
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Proof. For any given pattern, we start with the standard dot configuration in the k by k
square to the west. If all dots are already on white squares, we are done; otherwise, some
horizontal moves need to be made. Going from west to east, each time we encounter a dot
on a black square, we move it together with all dots east of it one step. If the black dot
is the second dot in a descent, this mass move goes west, otherwise it goes east. If we are
lucky, the dots will stay within the stipulated rectangle, but we may as well have bad luck,
as shown in the figure.

Returning to the starting position, we note that some vertical moves are possible. At
every inverse ascent, we have the option of moving the upper dot, along with all dots above
it, one step to the south. We now use a probabilistic argument. For every inverse ascent,
we flip a coin. On heads, we do nothing; on tails, we move the upper dot and every dot
above it to the south. The dots obviously stay within the original k by k square. As before,
we then make the necessary moves in the horizontal direction to put the dots on white
squares, and we will show that there is now a nonzero probability of the dots staying inside
the stipulated rectangle.

�
�

�

�

�

�

�

⇒
�
�

�

�

�

�

�

⇓

�
�
�

�

�

�

�

⇒
�
�
�

�

�

�

�

Figure 3. Two ways to move 3462517
to white squares

We estimate the expected number of moves to the east, counting a move to the west as
−1. The first dot will cause a move to the east if it is on a black square after the southward
moves. Every other dot will cause a move if after the southward moves it is on a square of
the color opposite to that of the previous dot. Otherwise it will automatically be pushed
to a white square when the previous dot is moved to a white square. The potential move
will be to the west if the dot is the second dot in a descent, and otherwise to the east.

The key point is that the probability of a dot being on a square of color opposite to
that of the previous dot is 1/2 as soon as there is at least one potential southward move
that will change the color of the upper dot but not of the lower one. Since the southward
moves are decided by independent coin flips, the probability that the two dots end up on
squares of different colors is exactly 1/2. Now, it is easy to see that two adjacent symbols
in a permutation must have an inverse ascent in the interval between them unless it is a
descent by one, like 54. In that special case, the probability of the dots occupying squares
of different colors drops to zero.

To sum up, the first dot will cause at most one move to the east, and for the others, a
descent by one will contribute zero moves to the east, while a descent by more than one will
contribute −1/2 and an ascent 1/2 to the expected number of moves to the east. Therefore
the expected number of necessary moves to the east is at most

1 +
1
2
a(π).

Hence with one exception, the identity permutation [123 . . . k] with k − 1 ascents (which is
trivial), the expected number of moves to the east is at most k/2, so some lucky outcome
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of the coin flips will need at most �k/2	 extra columns in order to play all the dots to white
squares. �

7. Variation 1: Permutations containing almost all k-patterns

We show that a permutation need not be much longer than k2/4 in order to contain
almost all patterns of size k.

Theorem 7.1. Let f be a function such that f(k) tends to infinity as k does. Then there is
a sequence σ(k) of permutations of length less than k2/4+f(k)k3/2 that contains almost all
patterns of size k in the sense that the fraction of patterns of length k that are not contained
in σ(k) tends to zero as k tends to infinity.

Proof. Let π be a random permutation of length k. We can write d(π) = dodd +deven, where
dodd and deven are the number of descents in odd and even position, respectively, that is,
dodd is the number of descents (πi, πi+1) for which i is odd, and deven is the number of
such descents for which i is even. The both dodd and deven are binomial distributed. Their
distributions can therefore be approximated by normal distributions with mean k/4 and
standard deviation O(

√
k).

Now let g be a function such that g(k) → ∞ as k → ∞. Then the probability that
deven or dodd deviates by more than g(k)

√
k/2 from k/4 tends to zero as k tends to infinity.

Hence the probability that d(π) < k/2 − g(k)
√

k tends to zero. Similarly, the probability
that a(π−1) < k/2 − g(k)

√
k tends to zero.

It follows that with high probability, the permutation π can be played into a square of

side k/2 + g(k)
√

k. Hence there is a permutation of size
(
k/2 + g(k)

√
k
)2

that contains
almost all patterns of size k.

If we put (
k/2 + g(k)

√
k
)2

= k2/4 + f(k)k3/2,

then it is clear that g tends to infinity if and only if f does. The theorem follows. �

8. Variation 2: Permutations containing pattern or inverse

We can construct a permutation of length
(k
2

)
which in a slightly weaker sense contains

every pattern of length k. This permutation consists of the elements on and below the
diagonal in the tilted square. For example, T2 =312 and T3 =641523.

Theorem 8.1. For every pattern τ of length k, the triangular permutation Tk contains
either τ or τ−1.

Proof. A dot in the terminal position of a permutation will be outside Tk only if the sum of
the number of ascents before the symbol and the number of inverse descents below it is at
least k. An inverse descent in τ is of course a descent in τ−1, so the total number of ascents
and inverse descents is a(τ) + d(τ−1). If that total is less than k, the permutation Tk will
certainly contain τ . Analogously, if the total a(τ−1) + d(τ) is less than k, the permutation
Tk will certainly contain τ−1.

But there are k − 1 positions which are either descents or ascents, so we have

d(τ) + a(τ−1) + d(τ−1) + a(τ) = 2(k − 1).

The theorem follows from the fact that either τ or its inverse must have the property that
the total number of ascents plus the total number of inverse descents is at most k − 1. �
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9. Final twist: Enumeration of game positions

We consider the pedestrian game played on an m by n board. We wish to count the
representations of a given permutation, that is, the number of positions in a given game-
equivalence class.

If a certain permutation π can be represented at all on an m by n board (m rows and
n columns), then there is a terminal position P0 of π in the south-west directed pedestrian
game. A different representation P of the same permutation π can now be described by
labeling each dot with the two coordinates of the distance it has to move from P0 to P .
Since P0 is the terminal position, each dot has to move north and east to reach P . Moreover,
if a dot x is west of a dot y, then y has to move at least as many steps east as x, since any
move to the east by x will bump all other dots one step east.

The terminal position P0 occupies a(π) + 1 columns and d(π−1) + 1 rows. Therefore, the
number of times we can allow the eastmost dot to be bumped without being bumped off the
m by n board is n−a(π)−1. Hence the sequence of horizontal distances that the dots, taken
from west to east, have to travel to get from P0 to P forms a weakly increasing sequence of
k nonnegative integers that is bounded from above by n−a(π)−1. An elementary theorem
in enumerative combinatorics tells us that the number of such sequences is

(
n − a(π) − 1 + k

k

)
=

(
n + d(π)

k

)
.

Similarly, the number of sequences of vertical distances from P0 to P of the dots taken from
bottom to top is

(
m + a(π−1)

k

)
.

Since we get a representation of π for each pair of such integer sequences, we see that the
number of representations of a permutation π on an m by n board is

(
m + a(π−1)

k

)(
n + d(π)

k

)
.

From this we obtain, by summing over all permutations in Sk, a classical identity, prob-
ably due to Carlitz.

∑
π∈Sk

(
m + a(π−1)

k

)(
n + d(π)

k

)
=

(
mn

k

)
,

since the total number of positions of k dots on an m by n board is
(
mn
k

)
.
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NADA, KTH, SE-100 44 Stockholm, Sweden

E-mail address: henrik@nada.kth.se

IMA, Mälardalens högskola, SE-721 23 Väster̊as, Sweden
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ALGEBRAIC SUCCESSION RULES

JEAN-MARC FÉDOU AND CHRISTINE GARCIA

Abstract. In this paper, we show that succession rules

(k)� (1)αk−1 . . . (k − 1)α1(k)λ0 . . . (k + p)λp

have an algebraic generating function when the sequence (αi) is rational. We decom-
pose algebraically the paths in the corresponding generating tree and deduce an algebraic
equation satisfied by the noncommutative generating function.

Résumé. Nous montrons dans cet article que les règles de succession

(k)� (1)αk−1 . . . (k − 1)α1(k)λ0 . . . (k + p)λp

ont une série génératrice algébrique quand la suite (αi) est rationnelle. Nous décomposons
algébriquement les chemins dans l’arbre de génération correspondant et nous en déduisons
une équation algébrique satisfaite par la série génératrice non commutative.

1. Introduction

The succession rules were first introduced by Chung, Graham, Hoggatt and Kleimann
in [3] to study Baxter permutations. The method was later successfully used by West [11],
Dulucq, Gire and Guibert [5, 6, 7] for the enumeration of permutations with forbidden
sequences. The concept has more recently been exploited by Barcucci, Del Lungo, Pergola
and Pinzani [2] as the ECO method for the enumeration and recursive construction of var-
ious classes of combinatorial objects. The succession rule approach has several equivalent
interpretations, ECO rules, random paths, infinite automata or Riordan arrays, and deals
with different kinds of generating functions (rational, algebraic or exponential). The prob-
lem of classifying successions rules according to the type of their generating functions has
been proposed by R.Pinzani [2] in the area of ECO systems. A classical and easy result
is that finite succession rules have rational generating function since they correspond to a
regular language. It is shown in [1] that every finite transformation of Catalan succession
rule

(k)� (1)(2) . . . (k)(k + 1)

is algebraic. In the same paper are also described succession rules leading to exponential
generating functions which have been more extensively studied by S.Corteel in [4].

Our paper is devoted to the study of algebraic system of succession rules having algebraic
generating function. Our approach is closely related with the Schutzenberger methodology,
which consists in finding first a bijection between the objects and the words of an algebraic
language, second a non ambiguous grammar for the language and finally take the commuta-
tive image and deduce an algebraic system for the generating function. We first explore the
basic Catalan example and explain its algebraicity using a non ambiguous decomposition
of the paths in the Catalan generating tree. For that, we define its noncommutative formal
power series using the infinite alphabet of positive integers. We use a new operation ⊕
which allows us to get a non ambigous decomposition of the formal power series associated
to the generating tree. We deduce the classical Catalan algebraic equation by taking the
commutative image of the formal power series. This method is then extended to the more

#27.1
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general succession rule

(k)� (1) . . . (k − 1)(k)λ0 . . . (k + p)λp

for any finite sequence (λi).
Next we describe an algebraic decomposition for the succession rule

(k)� (1)αk−1 . . . (k − 1)α1(k)λ0 . . . (k + p)λp

for any constant sequence (αi) proving thereby that their generating function is algebraic
when the sequence (αi) is rational.

2. Definitions

A succession rule is a function (k)� (e1(k))(e2(k)) . . . (esk
(k)) which associates to each

positive integer k a finite multiset of integers, called successors of k. A generating tree is
a succession rule with a particular integer a, called axiom. We suppose in the following
that a equals 1. A generating tree can be viewed as the infinite tree constructed with a
root labelled by the axiom and where each node labelled k has sons labelled according to
the succession rule. Hence, ECO systems are those generating trees where each integer has
exactly k successors.

For a generating tree Ω,

Ω
{

(1)
(k)� (e1(k))(e2(k)) . . . (esk

(k))(1)

we define the language LΩ as the set of words over N, begining by the axiom 1 and satisfying
the succession rule, (k)� (e1(k))(e2(k)) . . . (esk

(k)). Each word w of LΩ corresponds to at
least one path of Ω. We note m(w) the number of paths w in the generating tree Ω. We
denote by SΩ the noncommutative formal power series,

SΩ =
∑

w∈LΩ

m(w)w.

By construction, the generating tree Ω and the noncommutative formal power series SΩ

have the same generating function,

FΩ(z) =
∑
n

fnzn

where
fn =

∑
w∈LΩ,|w|=n

m(w).

For simplifying the notation, we write FΩ for FΩ(z). We use standard external product and
concatenation, by an integer n, over the noncommutative formal power series SΩ. We write :

nSΩ =
∑

w∈LΩ

(nm(w))w

(n).SΩ =
∑

w∈LΩ

m(w)(n.w).

We define a new operation ⊕ as follows,

Definition 1. For i ∈ N
+, we define by i⊕ = i + 1. By extension if w = w1w2 . . . wi is a

word of LΩ then w⊕ = w⊕
1 w⊕

2 . . . w⊕
i and S⊕

Ω =
∑

w∈LΩ
m(w)w⊕
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(1)

(1) (2)

(2)

(2)(1) (3) (3) (2) (3) (3)(1) (4)

(3)(3)

(2) (3) (3)(1) (4)(3)

(1)

(1)

(1)

(2)

(2)(1) (2)(3)

(1) (2)

Figure 1. Partial generating tree of the rule Θ

Example 2. The Figure 1 give the partial generating tree of the rule Θ with axiom 1.

Θ
{

(1)
(k)� (1)(2)(3)(3)(4) . . . (k)(k + 1)

SΘ = (1) + (11) + (12) + (111) + (112) + (121) + (122) + 2(123) + . . .

FΘ = z + 2z2 + 6z3 + 22z4 + . . .

The noncommutative formal power series approach allows us to interpret finite trans-
formations and show that they do not change the algebraicity of the generating function.
We are interested only with total algebraic succession rules, that is succession rules where
algebraicity is acquired for any choice of the axiom, and for all the restrictions according to
the last letter. More precisely, we suppose that for any integer i, the generating function
Fi of the paths ending with i are algebraic.

Definition 3. The transformation T1 is the addition of a constant c for one succession
rule,

T1(Ω)




(1)
(k0)� (e1(k0))(e2(k0)) . . . (esk0

(k0))(c)
(k)� (e1(k))(e2(k)) . . . (esk

(k)), for k �= k0

Definition 4. The transformation T2 is the addition of a constant c uniformly,

T2(Ω)
{

(1)
(k)� (e1(k))(e2(k)) . . . (esk

(k))(c)

Proposition 5. All finite modifications by T1 and T2 of the succession rule Ω are algebraic.

Proof. Let Sk0 be the formal sum of the words corresponding to the paths of the generating
tree Ω ending with k0, let Fk0 the generating function of Sk0. We have ST1(Ω) = SΩ +
Sk0ST1(Ω), and deduce FT1(Ω) = FΩ+Fk0FT1(Ω), so FT1(Ω) is algebraic when FΩ and Fk0 are
algebraic.
Let now cS be the formal power series of{

(c)
(k)� (e1(k))(e2(k)) . . . (esk

(k))
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that is the succession rule Ω where the axiom 1 has been replaced by c. Let cF the generating
function of cS. We have ST2(Ω) = SΩ(cS)∗ = SΩ

1−(cS) , which concludes the proof. �

Example 6. Let Γ be the Catalan generating tree defined by,

Γ
{

(1)
(k)� (1)(2) . . . (k)(k + 1)

the Θ generating tree of Example2 is obtained applying the T2 transformation over Γ with
c = 3.

Remark Proposition 5 will be usefull in Theorem 12.

3. Algebraicity of Catalan generating tree Γ

In this section, we first describe a non ambiguous decomposition of the Catalan generating
tree, which explains its algebraicity.

Theorem 7. The formal power series SΓ satisfies the equation

SΓ = (1) + (1).SΓ + (1).S⊕
Γ .(ε + SΓ)

Proof. The proof can be easily deduced from the following non ambiguous inductive de-
scription of the set of the paths in the generating tree. Let w �= 1 be a non trivial path of
the generating tree Γ. Then w can be written w = 1u where either u begins with 1 and
therefore is a path of Γ or u begins with 2 and we have two cases,

- if each letter of u is > 1 then u = v⊕ where v is a path of Γ,
- if not, u can be writen v⊕1 v2 where v1 and v2 are paths of Γ, v2 being the longest
suffix of u beginning by 1.

We deduce that SΓ = (1) + (1).SΓ + (1).S⊕
Γ + (1).S⊕

Γ .SΓ �

Corollary 8. The generating function FΓ of the succession rule Γ satisfies :

FΓ = z + zFΓ + zFΓ(1 + FΓ)

Theorem 7 can be easily generalized to the case of more general succession rule,

Λ
{

(1)
(k)� (1) . . . (k − 1)(k)λ0 . . . (k + p)λp

A similar inductive description (see Figure 2) of the associated language leads to the fol-
lowing theorem.

Theorem 9.

SΛ = (1) +
λ0(1).SΛ +
λ1(1).S⊕

Λ .(ε + SΛ) +

λ2(1).S⊕⊕
Λ .(ε + S⊕

Λ ).(ε + SΛ) +
...
λp(1).S

p⊕
Λ .(ε + S

(p−1)⊕
Λ ). . . . .(ε + S⊕

Λ )(ε + SΛ),

where Si⊕
Λ = (S(i−1)⊕

Λ )⊕ and S1⊕
Λ = S⊕

Λ .
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1

S⊕
Λ

Sp⊕
Λ

λ0

λ1

λp

SΛ

S
(p−1)⊕
Λ

SΛ

SΛ
S⊕

Λ

Figure 2. Generalized Catalan generating tree Λ

Corollary 10. The generating function FΛ of the succession rule Λ is algebraic and satis-
fies :

FΛ = z +
λ0zFΛ +
λ1zFΛ(1 + FΛ) +
λ2zFΛ(1 + FΛ)2 +
...
λpzFΛ(1 + FΛ)p

= z(1 +
p∑

i=0

λiFΛ(1 + FΛ)i)

All the algebraic generating function given in the small catalog of ECO-systems of [1] can
be deduced from the previous theorem. For instance, Motzkin numbers correspond to the
sequence λi = (0, 1, 0, . . .), Schröder numbers correspond to the sequence λi = (1, 2, 0, . . .)
and Ternary trees correspond to the sequence λi = (1, 1, 1, 0, . . .).

4. Algebraicity and rationality

In this section, we study more general rules having the following general form,

Υ
{

(1)
(k)� (1)αk−1 . . . (k − 1)α1(k)λ0 . . . (k + p)λp

As in the previous section, the words occuring in SΥ have λi rises from (k) to (k + i). The
difficulty is to deal here with the αi kind of descents from (k) to (k − i).

Theorem 11. The rationality of the sequence (αi) implies the algebraicity of FΥ.
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Proof. We will give the proof in the particular case of p = 2 and (αi) a rational sequence
of degree 2. The general case follows the same scheme. We begin by giving the different
equations obtained from the recursive decomposition of the paths in the generating tree Υ.
We need to define Si as the formal sum of the paths in Υ ending by i :

S = (1) + λ0(1)S + λ1(1)S⊕ + λ1(1)
∑
j≥1

αjS
⊕
j S

λ2(1)S⊕⊕ + λ2(1)
∑
j≥1

αj+1S
⊕⊕
j S + λ2(1)

∑
j≥1

αjS
⊕⊕
j S⊕

+λ2(1)
∑
j≥1

∑
k≥1

αjαkS
⊕⊕
j S⊕

k S

S1 = (1) + λ0(1)S1 + λ1(1)
∑
j≥1

αjS
⊕
j S1

+λ2(1)
∑
j≥1

αj+1S
⊕⊕
j S1

+λ2(1)
∑
j≥1

∑
k≥1

αjαkS
⊕⊕
j S⊕

k S1

S2 = λ0(1)S2 + λ1(1)S⊕
1 + λ1(1)

∑
j≥1

αjS
⊕
j S2

+λ2(1)
∑
j≥1

αj+1S
⊕⊕
j S2 + λ2(1)

∑
j≥1

αjS
⊕⊕
j S⊕

1

+λ2(1)
∑
j≥1

∑
k≥1

αjαkS
⊕⊕
j S⊕

k S2

and for i ≥ 3,

Si = λ0(1)Si + λ1(1)S⊕
i−1 + λ1(1)

∑
j≥1

αjS
⊕
j Si

λ2(1)S⊕⊕
i−2 + λ2(1)

∑
j≥1

αj+1S
⊕⊕
j Si + λ2(1)

∑
j≥1

αjS
⊕⊕
j S⊕

i−1

+λ2(1)
∑
j≥1

∑
k≥1

αjαkS
⊕⊕
j S⊕

k Si

We note F = FΥ for short, the generating function of Υ, Fi the generating functions of Si,
and

F =
∑
i≥1

Fi

G =
∑
i≥1

αiFi

H =
∑
i≥1

αi+1Fi



ALGEBRAIC SUCCESSION RULES #27.7

Thus we have,

F = z + λ0zF + λ1zF + λ1zGF + λ2zF + λ2zHF + λ2zGF + λ2zG2F

F1 = z + λ0zF1 + λ1zGF1 + λ2zHF1 + λ2zG2F1

F2 = λ0zF2 + λ1zF1 + λ1zGF2 + λ2zHF2 + λ2zGF1 + λ2zG2F2

and for i ≥ 3,

Fi = λ0zFi + λ1zFi−1 + λ1zGFi + λ2zFi−2 + λ2zHFi + λ2zGFi−1 + λ2zG2Fi

The generating functions Fi satisfies a linear recurence relation of degree 2, Fi+2 = uFi+1+
vFi for i ≥ 1, where u and v are rational functions depending on λ0, λ1, λ2, G and H.

Moreover, supposing that the sequence (αi) is rational of degree 2 means that it satis-
fies a recurence relation αi+2 = aαi+1 + bαi + c, for some a, b, c coefficients. Developing∑

i≥1 αi+2M
i, we get,

∑
i≥1

αi+2M
i = a

∑
i≥1

αi+1M
i + b

∑
i≥1

αiM
i + c

∑
i≥1

M i

= aα2M + bα1M + bα2M
2 ++c

∑
i≥1

M i + (aM + bM2)
∑
i≥1

αi+2M
i

where in particular, M can be any square matrix.
Let now

M =
(

u v
1 0

)
,

where u and v are the coefficients of the linear recurrence satisfied by Fi. Classicaly, we
have (

Fi+2

Fi+1

)
= M

(
Fi+1

Fi

)
= M2

(
Fi

Fi−1

)
= . . . = M i

(
F2

F1

)
,

and we obtain

∑
i≥1

αi+2

(
Fi+2

Fi+1

)
= (aα2M + bα1M + bα2M

2)
(

F2

F1

)
+ c

∑
i≥1

M i

(
F2

F1

)

+(aM + bM2)
∑
i≥1

αi+2

(
Fi+2

Fi+1

)

As
∑

i≥1 αi+2Fi+2 = G − α1F1 − α2F2 and
∑

i≥1 αi+2Fi+1 = H − α2F1, we deduce an
algebraic system of equations satisfied by G and H,

(
G
H

)
= (aα2M + bα1M + bα2M

2)
(

F2

F1

)
+ c

(
F − F1 − F2

F − F1

)

+(aM + bM2)
(

G − α1F1 − α2F2

H − α2F1

)

�
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5. Conclusion

Theorem 11 and Proposition 5 allow us to generalize the results of Flajolet and al [1] :

Theorem 12. All finite transformations of the succession rule

(k)� (1)αk−1 . . . (k − 1)α1(k)λ0 . . . (k + p)λp

are algebraic when (αi) is rational.

A conjecture is to have a similar result when the sequence (αi) is algebraic as discussed
with Cyril Banderier during GASCOM’01.

We give some examples where such succesion rules naturally appear (see Figure 3).
Diagonally directed convex polyominoes [14] (or fully directed compact animals) are known

to be counted according to their number of diagonals by 1
2n+1

(
3n
n

)
. They naturally

satisfy the succession rule{
(1)
(k)� (1)k+1(2)k . . . (k − 1)3(k)2(k + 1)

Another example concerns a new succesion rule for Catalan numbers.{
(1)
(k)� (1)2

k−2
(2)2

k−3
. . . (k − 2)2(k − 1)(k + 1)

This succession rule generates the partition {B1, . . . Bp} of [n] such that the numbers
1, 2, . . . , n are arranged in order around a circle, then the convex hulls of the blocks
B1, . . . , Bp are pairwise disjoint [13]. Indeed, let k be the number of isolated points
around 1. The 2k−1 successors of this configuration are obtained by taking all the sub-
set of {α1 = 1, α2, . . . , αk, n + 1} containing n+ 1.
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Figure 3. Generating trees for FDC animals and Catalan blocks
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247-262.

[13] R P. Stanley, Exercises on Catalan and Related Numbers, Enumerative Combinatorics, 2 (1999),
221-247.
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ACTIVITY PRESERVING BIJECTIONS BETWEEN SPANNING TREES
AND ORIENTATIONS IN GRAPHS

EMERIC GIOAN AND MICHEL LAS VERGNAS

Abstract. The main results of the paper are two dual algorithms which map in a 1-
1 way the set of spanning trees with internal activity 1 and external activity 0 of an
ordered graph onto the set of acyclic orientations with adjacent unique source and sink.
More generally, these algorithms extend to an activity preserving correspondence between
spanning trees and orientations. For certain linear orderings of the edges, they also provide
a bijection between spanning trees with external activity 0 and acyclic orientations with
a given unique sink.

Résumé. Les principaux résultats de ce papier sont deux algorithmes duaux qui définissent
une bijection entre l’ensemble des arbres couvrants d’activité interne 1 et d’activité externe
0 d’un graphe ordonné et l’ensemble de ses orientations acycliques avec un unique puits
et une unique source adjacents. Plus généralement ces algorithmes s’étendent à une cor-
respondance préservant les activités entre arbres couvrants et orientations. Pour certains
ordres totaux de l’ensemble des arêtes, ils fournissent également une bijection entre arbres
couvrants d’activité externe 0 et orientations acycliques ayant un unique puits donné.

1. Introduction

The Tutte polynomial t(G;x, y) of a graph G is a two variable polynomial containing
as specializations several fundamental numerical invariants of G such as the numbers of
spanning trees, q-colorings, acyclic orientations, etc. We refer the reader to [1] for a com-
prehensive survey of properties and applications of Tutte polynomials of graphs, and, more
generally, matroids.

Suppose the edge-set of G is linearly ordered. W.T. Tutte has shown that

t(G;x, y) =
∑

i,j

ti,jx
iyj

where ti,j is the number of spanning trees of G such that i edges are smallest in their
fundamental cocycle and j edges are smallest in their fundamental cycle [15]. On the other
hand, M. Las Vergnas has shown that

t(G;x, y) =
∑

i,j

oi,j2−i−jxiyj

where oi,j is the number of orientations of G such that i edges are smallest in some directed
cocycle and j edges are smallest in some directed cycle [11]. This last formula generalizes
a well-known result of R. Stanley : the number of acyclic orientations of G is equal to
t(G; 2, 0) [14].

Comparing these two expressions for t(G;x, y) we get oi,j = 2i+jti,j for all i, j. A natural
question arises of a bijective proof for this formula [11]. The problem is to define a cor-
respondence between spanning trees and orientations, preserving parameters (i, j), called

1991 Mathematics Subject Classification. Primary : 05C99. Secondary : 05B35 52C40.
Key words and phrases. graph, spanning tree, activity, directed graph, acyclic, orientation, source, sink,

algorithm, bijection, Tutte polynomial, matroid, oriented matroid.
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activities in the literature, and compatible with the above formula. More precisely, the
desired correspondence should associate with a (i, j)-active spanning tree of G, a set of
2i+j (i, j)-active orientations of G, in such a way that each orientation of G is the image
of a unique spanning tree. The main object of the present paper is to describe such a
correspondence, which we call the active correspondence.

Spanning trees and orientations with (1, 0) activities (or, dually, (0, 1) activities) consti-
tute the main case of our construction. Several papers of the literature deal with (1, 0)-
orientations of graphs, i.e. acyclic orientations with adjacent unique source and sink. Enu-
meration problems on (1, 0)-orientations are considered by C. Greene and T. Zaslavsky in
[10] in the contexts of graphs and hyperplane arrangements. In particular, they prove that
the number of acyclic orientations of a graph with adjacent unique source and sink is 2β(G),
or, equivalently, we have o1,0 = 2t1,0 (implying that this number does not depend on the
particular source and sink). In [6] bijective proofs are given to a result of [10] on acyclic
orientations with unique sink (see below, and Section 6). Orientations with (1, 0) activities
are studied in [5] for their relevance in several graph algorithms. On the other hand, the
external activity of a spanning tree has recently retained some attention in relation with
the chip-firing game and the sandpile model [3] (see also [2] for the particular case of Kn

and parking functions).
Section 3 contains the main results : two dual algorithms establish a bijection between

spanning trees and orientations with (1, 0) activities. In Section 4, we obtain as a corollary, a
bijection for (0, 1) activities. In Section 5, these bijections are extended to a correspondence
between spanning trees and orientations consistent with the formula oi,j = 2i+jti,j, thus
answering the above query. We point out that this correspondence not only preserves
activities but also active elements. The construction uses reductions from general activities
to the (1, 0) case. Finally, in Section 6, we show that the correspondence of Section 5
produces a bijection between internal spanning trees and acyclic orientations with a unique
sink at a given vertex.

A bijection between acyclic orientations with a unique sink at a given vertex and internal
spanning trees has recently appeared in the literature [6]. The present one is different, as it
preserves activities, whereas the bijection of [6] does not (see Section 6). The bijection of
Section 3 constitutes an answer to a question of [6] (see (a) p.145). It should be mentioned
that one of the present authors has already published an activity preserving correspondence
between spanning trees and orientations in graphs [12], an extended abstract apparently
overlooked in [6]. However, the correspondence in [12][13] is different from the present
one (see Section 4). It has not been - and maybe cannot be - generalized beyond regular
matroids, whereas the correspondence of this paper generalizes to oriented matroids [7][8]
[9], and thus, is probably more natural. We point out that the graphical case deserved
the present specific treatment, as stronger orthogonality properties permit significative
simplifications, and also for properties involving vertices (Section 6).

2. Notation and terminology

The present paper deals exclusively with graphs. We point out that all definitions and
results of this section, except Minty’s Lemma, have extensions to the wider context of
matroid and oriented matroid theories. Throughout the paper, we will implicitly assume
that graphs under consideration are connected, and that cycles and cocycles are elementary
(i. e. minimal for inclusion).

Let G be a graph with edge-set E, and T ⊆ E be a spanning tree of G. For e ∈ E \ T ,
we denote by C(T ; e) the fundamental cycle of e with respect to T , i.e. the unique cycle
contained in T ∪ {e}, obtained from the unique path of T joining the two vertices of e.
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For e ∈ T , we denote by C∗(T ; e) the fundamental cocycle of e with respect to T , i.e. the
unique cocycle contained in (E \ T ) ∪ {e}. The cocycle C∗(T ; e) is the set of edges of G
joining the two connected components of T \ {e}. For e ∈ E \T and f ∈ T , we have clearly
f ∈ C(T ; e) if and only if e ∈ C∗(T ; f), and then C(T ; e) ∩ C∗(T ; f) = {e, f}.

We say that a graph G is ordered if its edge-set E is linearly ordered. The notion of
activities of a spanning trees T in an ordered graph G is due to W.T. Tutte [15]. The
internal activity ι(T ) is the number of edges e ∈ T smallest in their fundamental cocycle
C∗(T ; e), and the external activity ε(T ) is the number of edges e ∈ E \ T smallest in their
fundamental cycle C(T ; e). We denote by ti,j(G) the number of spanning trees of G such
that ι(T ) = i and ε(T ) = j.

Spanning tree activities have been introduced by Tutte to generalize, in a self- dual way,
the chromatic polynomial of a graph. The dichromate, now called the Tutte polynomial,
has been originally defined as

t(G;x, y) =
∑

i,j

ti,jx
iyj.

The main point in [15] is to prove that the coefficients ti,j are independent from the
ordering of E. Nowadays, the simplest definition of the Tutte polynomial of a graph (or,
more generally, a matroid) is by means of a closed formula in terms of subsets of edges, and
the above formula is a theorem proved by deletion/contraction of the greatest edge (see
[1]).

A cycle resp. cocycle in a directed graph is directed if all its edges are directed consistently.
The (primal) orientation activity of an ordered directed graph G, or O-activity, denoted by
o(G), is the number of edges smallest in some directed cycle. The dual orientation activity
of G, or O∗-activity, denoted by o∗(G), is the number of edges smallest in some directed
cocycle. We denote by oi,j(G) the number of orientations

−→
G of G such that o∗(

−→
G) = i and

o(
−→
G) = j. The definitions of O- and O∗-activities have been introduced in [11] in view of

the formula
t(G;x, y) =

∑

i,j

oi,j2−i−jxiyj

This formula implies that oi,j does not depend on the ordering, and that oi,j = 2i+jti,j.
The proof in [11] is by deletion/contraction of the greatest edge.

Internal and external activities of spanning trees, and also the two types of orientation
activities, are dual notions from the point of view of graph duality. If G is a planar graph
imbedded in the plane, and G∗ is a dual of G, we have εG∗(T ) = ιG(E \T ). If G is directed,
a directed dual of G is a planar dual G∗ directed such that all directions of corresponding
edges in G and G∗ define rotations of the same type, clockwise or counterclockwise. Then,
we have o∗(G) = o(G∗). The graph G is said acyclic if there is no directed cycle, i.e. if
o(G) = 0, and, dually, is said totally cyclic (or strongly connected) if o∗(G) = 0.

In a directed graph, the two possible cycle directions along an elementary cycle C can
be distinguished by defining C+ resp. C− as the set of edges of C directed consistently
resp. in the opposite direction. An elementary cocycle D is the set of edges joining two
subsets partitioning the vertex-set of G into two connected subgraphs. There are two
cocycle directions defined by an ordering of these two subsets. The two possible cocycle
directions can be distinguished by defining D+ resp. D− as the set of edges of D directed
from the first subset to the second resp. from the second to the first. In a directed graph,
the notation C(T ; e) for e ∈ E \ T resp. C∗(T ; e) for e ∈ T can be precised by choosing the
cycle direction resp. cocycle direction consistent with the direction of e, i.e. such that e is
in the positive part.
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We make a crucial use in the proof of Theorem 4 (9) of the (directed) graphical orthogo-
nality property

|C+ ∩D+| + |C− ∩D−| = |C− ∩D+| + |C+ ∩D−|
between a cycle C and a cocycle D. In all other places, the weaker (directed) orthogonality
property C ∩D �= ∅ implies (C+ ∩D+) ∪ (C− ∩D−) �= ∅ and (C− ∩D+) ∪ (C+ ∩D−) �= ∅
suffices for our purpose. We mention that the graphical orthogonality property characterizes
regular matroids (Minty 1975), whereas the orthogonality property characterizes oriented
matroids (Bland-Las Vergnas 1978).

3. The bijection for (1, 0)-activities

We recall that t1,0(G) �= 0 if and only if the graph G is 2-connected and has no loop [1].

Proposition 1. Let G be an ordered directed graph, with smallest edge e1 = s′s′′ directed
from s′ to s′′. Then o∗(G) = 1 and o(G) = 0 if and only if G is acyclic, with unique source
s′ and unique sink s′′.

Proof. A directed graph has external activity 0 if and only if it is acyclic by definition. In
an acyclic graph, e1 belongs to a cocycle, so it is the smallest element of a cocycle. An
acyclic graph has a source (otherwise one could construct easily a directed cycle). The set
of edges having this source as an extremity is then a directed cocycle.

If the graph has dual activity 1 then this source must be an extremity of e1 (because
e1 is the only possible minimal element of a cocycle). The same properties holding for the
opposite orientation, the graph has a sink and any sink must be an extremity of e1. This
proves that the graph has unique source s′ and unique sink s′′.

Conversely, suppose G has a unique source s′ and a unique sink s′′. The two connected
subgraphs induced by the partition of V defined by a cocycle are also acyclic. Hence, so
they must have a source and a sink. If the cocycle is directed, there exist a source of G in
one component and a sink of G in the other. Necessarily these two vertices are s′ and s′′,
and so e1 belong to the directed cocycle. �
Proposition 2. Let G be an ordered graph, and T be a spanning tree of G. Set T = {b1 <
b2 < . . . < br} and E \ T = {a1 < a2 < . . . < an−r}.

(i) ε(T ) = 0 if and only if bj = Min (E \ ⋃
1≤i<j C

∗(T ; bi)) for j = 1, 2, . . . , r.
(ii) ι(T ) = 1 if and only if aj = Min ((E \{e1})\⋃

1≤i<j C(T ; ai)) for j = 1, 2, . . . , n−r.

Proof. (i) Let e = Min (E \ ⋃
1≤i<j C

∗(T ; bi)), and suppose e < bj . We have e �∈ T , since
e �∈ {b1, . . . , bj−1} by definition. Set C = C(T ; e). If bi ∈ C, we have e ∈ C∗(T ; bi),
therefore C ∩ {b1, . . . , bj−1} = ∅. It follows that C ∩ T ⊆ {bj , . . . , br}, then e = Min C,
hence ε(T ) > 0.

Conversely, suppose bj = Min (E \ ⋃
1≤i<j C

∗(T ; bi)) for j = 1, 2, . . . , r. Let e ∈ E \ T .
Set C = C(T ; e), and let bj = Min C ∩ T . We have e �∈ ⋃

1≤i<j C
∗(T ; bi)), otherwise bi ∈ C

for some i < j. Hence bj < e, and e is not externally active.
(ii) Let e = Min ((E \ {e1}) \ ⋃

1≤i<j C(T ; ai)), and suppose e < aj . We have e ∈ T ,
since e �∈ {a1, . . . , aj−1} by definition. Set D = C∗(T ; e). If ai ∈ D, we have e ∈ C(T ; ai),
therefore D ∩ {a1, . . . , aj−1} = ∅. It follows that D ∩ (E \ T ) ⊆ {aj , . . . , an−r}, then
e = Min D, hence ι(T ) > 1.

Conversely, suppose aj = Min ((E \ {e1}) \ ⋃
1≤i<j C(T ; ai)) for j = 1, 2, . . . , n − r. Let

e ∈ T \ {e1}. Set D = C∗(T ; e), and let aj = Min D \ T . We have e �∈ ⋃
1≤i<j C(T ; ai)),

otherwise ai ∈ D for some i < j. Hence aj < e, and e is not internally active. �

The following proposition defines the active correspondence for (1, 0)- activities.
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Proposition 3. Let G be an ordered graph, with edge-set E = {e1 = s′s′′ < e2 < . . . < en},
and T be a spanning tree of G with internal activity 1 and external activity 0. The following
two algorithms produce the same acyclic orientation of G, with unique source s′ and unique
sink s′′.
Step 0 (in both algorithms) : direct the smallest edge e1 from s′ to s′′.

(i) Algorithm 1
Let E \ T = {a1 = e2 < a2 < . . . < an−r}.

Step i = 1, 2, . . . , n−r : direct the undirected edges of C(T ; ai) in the cycle direction opposite
to the direction of its smallest edge.

(ii) Algorithm 2.
Let T = {b1 = e1 < b2 < . . . < br}.

Step 1 : direct all edges �= e1 of C∗(T ; b1) in the cocycle direction defined by e1

Step i = 2, . . . , r : direct the undirected edges of C∗(T ; bi) in the cocycle direction opposite
to the direction of its smallest edge.

An example for Algorithms 1 and 2 applied to the 4-wheel W4 is given by Figure 1.

Proof. Since G has a spanning tree T with (1, 0) activities, it has no isthmus or loop.
(1) Algorithm 1 directs all edges of G, and (1′) Algorithm 2 directs all edges of G

We show inductively that all edges ai i = 1, 2, . . . , n − r are directed by Algorithm 1.
We have to check that after Step i− 1 the edge b = Min C(T ; ai) is directed. This is clear
for i = 1 since then b = e1, so suppose i ≥ 2. We have b ∈ T , otherwise b = ai would be
externally active. If b = e1, then ai is directed at Step i of Algorithm 1. If b �= e1, then b is
not the smallest element of its fundamental cocycle since ι(T ) = 1. Set aj = Min C∗(T ; b).
We have aj < b < ai, hence aj is directed after Step i− 1 by induction. Since b ∈ C(T ; aj),
the edge b has been directed by Algorithm 1 at a Step ≤ j < i, hence ai is directed at Step
i. On the other hand, since G has no isthmus, we have

⋃
i(C(T ; ai) = E, hence all edges of

T are directed by Algorithm 1.
The proof of (1′) is dual.
(2) Algorithm 1 and Algorithm 2 produce the same orientation of G
The proof is by induction on the rank in the ordering. Let a ∈ E \ T , and set b =

Min C(T ; a), a′ = Min C∗(T ; b). We have b ∈ T , otherwise b = a is externally active,
contradicting ε(T ) = 0. If a′ ∈ T , the edge b = a′ is internally active, hence b = e1 since
ι(T ) = 1. In this case a and e1 have opposite directions in C(T ; a) for Algorithm 1. We have
a ∈ C∗(T ; e1), hence a and e1 have the same direction in C∗(T ; e1) by Step 1 of Algorithm
2. These directions agree by orthogonality. Otherwise, we have b �= e1 and a′ ∈ E \ T .
We have a ∈ C∗(T ; b) and a′ < b < a. By Algorithm 1, the edges b and a have opposite
directions in C(T ; a). We have C(T ; ai)∩C∗(T ; b) = {a, b}, hence by orthogonality a and b
have the same direction in C∗(T ; b). As b is the smallest edge in T such that a ∈ C∗(T ; b), it
follows that a is undirected when b is directed by Algorithm 2. Therefore a and b have same
direction in C∗(T ; b) for Algorithm 2, opposite to the direction of a′. Since by induction,
the directions of b agree in Algorithms 1 and 2, the same conclusion holds for a.

The proof for b ∈ T is similar and left to the reader.
Let

−→
G be the orientation of G constructed by Algorithms 1 and 2.

(3) o∗(
−→
G) = 1 and (3′) o(

−→
G) = 0

Suppose there is a directed cocycle D in
−→
G with Min D �= e1, contradicting (3). Since

G has no isthmus, we have
⋃

i C(T ; ai) = E. Let i be the smallest integer such that
D ∩ C(T ; ai) �= ∅. Let b ∈ D ∩ C(T ; ai) \ {ai}. Since b ∈ C(T ; ai) \ {ai}, we have b ∈ T .
By the choice of i, the edge b is directed at step i of Algorithm 1. Set e = Min C(T ; ai).
We have e �= ai otherwise ai would be externally active, contradicting ε(T ) = 0. If i = 1,
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we have ai = e2 and e = b = e1, contradicting our assumption. Hence i ≥ 2. By (1),
the edge e is directed after Step i − 1 of Algorithm 1 and since b is not we have e �= b.
Hence, by definition of Algorithm 1, both b and ai are directed in the same direction of
C(T ; ai), opposite to the direction of e. It follows that all edges in D ∩ C(T ; ai) have the
same direction in both D and C(T ; ai), contradicting orthogonality.
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Figure 1

Suppose there is a directed cycle C in
−→
G , contradicting (3′). Since G has no loop, we

have
⋃

i C
∗(T ; bi) = E. Let i be the smallest integer such that C ∩ C∗(T ; bi) �= ∅. Let

a ∈ C ∩ C∗(T ; bi) \ {bi}. By the choice of i, the edge a is directed at step i of Algorithm
2. If i = 1, i.e. b1 = e1, then a and bi have the same direction in C∗(T ; bi) by definition
of Step 1 of Algorithm 2. Suppose i ≤ 2. Set e = Min C∗(T ; bi). By (1′), the edge e is
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directed after Step i − 1 of Algorithm 2 and since a is not, we have e �= a. On the other
hand, e �= bi otherwise bi would be internally active, implying i = 1 since ι(T ) = 1. Hence,
by definition of Step i ≥ 2 in Algorithm 2, both a and bi are directed in the same direction
of C∗(T ; bi), opposite to the direction of e. It follows that all edges in C ∩ C∗(T ; bi) have
the same direction in both C and C∗(T ; bi), contradicting orthogonality. �
Theorem 4. Let G be an ordered graph. The application defined by Algorithms 1 and 2 is a
bijection from the set of spanning trees of G with (1, 0) activities onto the set of orientations
of G with (1, 0) activities such that the direction of the first edge is fixed.

Proof. Since 2t1,0 = o1,0 by [10], it suffices to show that the application is injective. Suppose
there exist two different spanning trees T = {b1 < b2 < ... < br} and T ′ = {b′1 < ... < b′r}
with (1, 0) activities such that Algorithms 1 and 2 produce the same directed graph.
(1) Let k be the smallest integer such that C∗(T ; bk) �= C∗(T ′; b′k). By Proposition 2, we
have bi = b′i for all i ≤ k. Set b = bk = b′k, D = C∗(T ; b) and D′ = C∗(T ′; b). We have
b ∈ D+ ∩D′+.
(2) T ∩D′ ⊆ {b = bk, . . . , br}, and (1′) T ′ ∩D ⊆ {b = b′k, . . . , b

′
r}

If i < k, by (1) we have bi = b′i �∈ C∗(T ′; b′k) = D′.
(3) T ∩D′ ⊆ D′+, and (3′) T ′ ∩D ⊆ D+

Let bi ∈ T ∩ D′. By (2), we have i ≥ k. If i = k, then bi = bk = b′k = b ∈ D′+. Suppose
i > k. Since bi ∈ D′ = C∗(T ′; b′k), the edge bi is directed at a step j ≤ k of Algorithm 2
applied to T ′. If j < k, we have b′j = bj ∈ T , hence bi �∈ C∗(T ; bj) = C∗(T ′; b′j), so that bi

cannot be directed at Step j.
Therefore j = k. If k > 1, the edges b = b′k and bi are directed by Algorithm 2 in the

same cocycle direction of D′ (opposite to the direction of the smallest edge of D′), hence
bi ∈ D′+. If k = 1, then, by definition of Step 1 in Algorithm 2, we have D′ = D′+.
(4) |T ∩D′| ≥ 2 and (4′) |T ′ ∩D| ≥ 2

Since T is a spanning tree and D′ a cocycle, we have |T ∩D′| ≥ 1. If |T ∩D′| = 1, then D′
is a fundamental cocycle of T , and necessarily, since b = bk ∈ T , we have D′ = C∗(T ; b) = D,
contradicting the definition of k. Therefore |T ∩D′| ≥ 2.
(5) Let a be the smallest element of the set

⋃

e∈(T∩D′)\{b}
C∗(T ; e) ∪

⋃

e∈(T ′∩D)\{b}
C∗(T ′; e)

which is not empty by (4). By symmetry, we may suppose that a = Min C∗(T ; e) for some
e ∈ (T ∩D′) \ {b}. We have e = b for some  > k by (2). In particular  > 1.
(6) a �∈ T

If a ∈ T , then a = e and a = Min C∗(T ; a) is internally active. Hence a = e1 = b1,
contradicting  > 1 (5).

Set C = C(T ; a).
(7) a �∈ T ′

Suppose a ∈ T ′.
We have a > b by (6). If a ∈ D, we have a ∈ (T ′ ∩ D) \ {b}, hence a ≤ Min C∗(T ′; a)

by (5). Therefore a is internally active, hence a = e1, contradicting (6). So a �∈ D. Since
a > b, we have also a �∈ D′.

Let x ∈ C ∩ D′. We have x �= b since a �∈ D, and x �= a since a �∈ D′. Therefore,
x ∈ (C \ {a}) ∩ D′) \ {b} ⊆ (T ∩ D′) \ {b}. Hence a ≤ Min (C∗(T ;x), and in fact a =
Min (C∗(T ;x) since x ∈ C = C(T ; a) implies a ∈ C∗(T ;x). By Algorithm 2 applied to T ,
the edge x is directed in the cocycle direction opposite to a in the cocycle C∗(T ;x), hence
by orthogonality a and x have the same cycle direction on C, i.e. x ∈ C+. On the other
hand, we have x ∈ D′ = C∗(T ′; bk) and x �∈ C∗(T ′; b′i) = C∗(T ; bi) for i < k, since x in T .
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Hence, the edge x is directed at Step k of Algorithm 2 applied to T ′. Since x > bk = b,
the edges b and x have the same cocycle direction in D′, i.e. x ∈ D′+. It follows that
C ∩D′ ⊆ C+ ∩D′+.

By (5), we have a ∈ C∗(T ; e), hence e ∈ C(T ; a) = C, and also e ∈ D′. We have
e ∈ C ∩D′ and C ∩D′ ⊆ C+ ∩D′+, contradicting the orthogonality property.

Set C ′ = C(T ′; a). We have a ∈ C+ ∩ C ′+.
(8) (C ∩D′) \ {a, b} ⊆ C+ ∩D′+ and (8′) (C ′ ∩D) \ {a, b} ⊆ C ′+ ∩D+

We have C\{a} ⊆ T , hence (C∩D′)\{a, b} ⊆ T∩D′ ⊆ D′+ by (3). Let x ∈ (C∩D′)\{a, b}
We have x ∈ (T ∩ D′) \ {b}, hence a ≤ Min C∗(T ;x) by (5). On the other hand x ∈ C =
C(T ; a), hence a ∈ C∗(T ;x). It follows that a = Min C∗(T ;x). We have x = bi with i > k.
By Algorithm 2 applied to T , at Step i the edge x = bi is directed in the cocycle direction
of C∗(T ;x) opposite to the direction of a. Now C = C(T ; a) ∩ C∗(T ;x) = {x, a}, hence by
orthogonality the edges x and a have the same cycle direction in the cycle C, i.e. x ∈ C+.
(9) C ∩D′ ⊆ {a, b} and (9′) C ′ ∩D ⊆ {a, b}

Suppose C ∩ D′ ⊆ {a, b} �= ∅. By (8) and graphical orthogonality, we have a ∈ D′− or
b ∈ C−, and both hold if {a, b} ⊆ C ∩D′.

Suppose a ∈ D′−. Then a ∈ C ′ ∩D′ ⊆ {a, b}, hence by orthogonality, we have C ′ ∩D′ =
{a, b} and b ∈ C ′+. By (8’) and graphical orthogonality applied to C ′∩D, we have a ∈ D−.
Then a ∈ C ∩ D ⊆ {a, b}, hence by orthogonality, we have C ∩ D = {a, b} and b ∈ C+.
Therefore {a, b} ⊆ C ∩D′, both a ∈ D′− and b ∈ C− should hold : contradiction.

The case b ∈ C− is similar, and left to the reader.
(10) By (5), we have a = Min C∗(T ; e), with e = b ∈ (T ∩ D′) \ {b} and  > k. We have
e ∈ C = C(T ; a), hence e ∈ C ∩ ((T ∩ D′) \ {b}) ⊆ (C ∩ D′) \ {b} ⊆ {a} by (9). Therefore
a = e. Hence a = Min C∗(T ; a), i.e. a is internally active. Then, necessarily, a = e1 = b1,
since T and T ′ have internal activity 1, contradicting e = b with  > 1 (5). �

4. The bijection for (0, 1)-activities

The case of (0, 1)-activities can be reduced to (1, 0)-activities by duality.

Proposition 5. Let G be an ordered graph with edge-set {e1 < e2 . . .}.
(i) If T is a spanning tree with (1, 0) activities, then T \ {e1} ∪ {e2} is a spanning tree

with (0, 1) activities. The mapping defined by T �→ T \ {e1} ∪ {e2} is a bijection between
the sets of spanning trees of G with (1, 0) resp. (0, 1) activities.

(ii) If
−→
G is an orientation of G with (1, 0) orientation activties, then −e1

−→
G has (1, 0)

orientation activities. The mapping defined by G �→ −e1

−→
G is a bijection between the sets

of orientations of G with (1, 0) resp. (0, 1) activities.

The proof of Proposition 5 is straightforward.

Figure 2 shows an application of Proposition 5 to the planar graph W4 considered in
Figure 1. We observe that the (0, 1)-orientation associated with the spanning tree T = 2368
is different from the orientation associated with the same tree by the algorithm of [12] : the
edge 8 of [12 Fig.4] is reversed in Figure 2.
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5. The general correspondence

For short, we call active correspondence, the particular correspondence we construct
in this section, associating with a general spanning tree of activities (i, j) a set of 2i+j

orientations with the same activities, in such a way that each orientation is the image of a
unique spanning tree.

The main content of this section is that the construction of the active correspondence
can be reduced to the (1, 0) case by means of active partitions of the edge-set. It turns out
that, contrasting with Sections 3,4,6, where specific properties of graphs are used, Section 5
is a mere specialization to graphs of properties holding in matroids and oriented matroids.
In consequence, we will only sketch the main results, and refer the reader to [7][8][9] for
details and proofs.

Active partitions can be described either in terms of spanning trees in an ordered graph,
or of orientations in an ordered directed graph. One main point is that if a spanning tree
and an orientation are related by the active correspondence, then either definition produce
the same active partition.

The definition of an active partition in terms of spanning trees is much more involved
than its definition in terms of orientations. Let G be an ordered graph with edge-set E,
and T be a spanning tree of G with activities (i, j). The first step is to construct a set F
such that E \ F is the set of internal elements of T and F its set of external elements. For
the convenience of the reader, we sketch the construction of F (see [4] for more details and
proofs).

Set F0 = ∅, and define

Fi+1 = Fi ∪
⋃

e∈E\T
C<(T ;e)⊆Fi

C(T ; e)

where C<(T ; e) is the set of elements of C(T ; e) strictly smaller than e. Clearly F1 is the
set of externally active elements of T , and we have F1 ⊆ F2 ⊆ · · · ⊆ Fi ⊆ . . .. Set F = ∪iFi.

Then F separates the internal and external activities : T \ F is a spanning tree with
(i, 0) activities of the contraction G/F of G by F , and T ∩ F is a spanning tree with (0, j)
activities of the subgraph G(F ) [4].

Let
−→
G be an orientation associated with T by the active correspondence. By a result

of G. Minty (1960), in a directed graph an edge belongs either to a directed cycle or to
directed cocycle, but not to both. Then F is the totally cyclic part of

−→
G , i.e. the union of

all directed cycles of
−→
G , and E \ F is the acyclic part of G, i.e. the union of all directed

cocycles of
−→
G .
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It follows from this first reduction that without loss of generality, we may restrict the
construction to (i, 0) or (0, j) activities. Furthermore, internal and external elements, and
also totally cyclic parts and acyclic parts, being related by duality (cycles and cocycles play
dual parts), we may restrict ourselves to internal spanning trees and acyclic orientations.

The second step reduces the construction to (1, 0) activities. The reduction in terms of
spanning trees is very similar to the above one, starting with active elements instead of
the empty set (see [7][9]). For the sake of simplicity, we describe the reduction in terms
of orientations. Of course, by so doing, we rather describe the reciprocal of the active
correspondence. But this is clearly equivalent to the direct construction.

Let
−→
G be an acyclic orientations of the ordered graph G with ø∗(

−→
G) = i, and let a1 <

... < ai be its O∗-active edges. Then for j = 1, 2, . . . , i set

Aj =
⋃

D directed cocycle
Min D=aj

D \
⋃

D directed cocycle
Min D>aj

D

Then the active partition of
−→
G for the orientation is the partition

E = A1 + A2 + · · · + Ai

Set −→
G j =

−→
G/(A1 ∪A2 ∪ . . . ∪Aj−1) \ (Aj+1 ∪Aj+2 ∪ . . . ∪Ai)

where, as usual \ denotes the deletion, and / denotes the contraction.

Theorem 6. The graph
−→
G j on the edge-set Aj has (1, 0) orientation activities. By reversing

the bijection of Section 3 on each graph
−→
G j for j = 1, 2, . . . , i, we associate with each

−→
G j a

spanning tree Tj with (1, 0) activities. Then T = T1 + T2 + . . . + Ti is a spanning tree of
−→
G

with (i, 0) activities. We define the active correspondence by associating the spanning tree
T with

−→
G . This active correspondence has the desired properties, and moreover preserves

active elements.

The proof of Theorem 6, and the statement and proof of the mixed case, when both F
and E \ F are not empty, can be found in [7][8] in the more general context of oriented
matroids. We will illustrate its content in Section 6 on an example (Figures 3 and 4).

The fact that the bijection of Section 3 is actually (1-2) has an immediate consequence.
By reversing in all possible ways, independently, all edge directions in each Aj , we get a set
of 2i orientations, called the activity class of

−→
G .

All orientations in an activity class have the same active elements, the same active
partition, and are associated with the same spanning tree.

The activitiy classes constitute a partition of the set of orientations of a graph. The
active correspondence induces an activity preserving bijection between spanning trees and
activity classes of orientations.

6. Application to acyclic orientations with a unique sink

C. Greene and T. Zaslavsky have shown in [10] that the number of acyclic orientations of
a graph G with a unique sink at a given vertex is equal to t(G; 1, 0). In [6], D.D. Gebhard
and B.E. Sagan give three bijective proofs of this result. The third one [6 Th.4.1] is by
means of an explicit bijection between acyclic orientations with a given unique sink and
spanning trees with external activity 0, or internal spanning trees, as suggested by the
relation t(G; 1, 0) =

∑
i ti,0.
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It turns out that the correspondence defined in Section 5 provides another bijection
between internal spanning trees and acyclic orientations with a given unique sink, which
moreover preserves active edges. The internally active edges of an internal tree becomes
O∗-active edges of the orientation.

Lemma 1. In an ordered graph, the smallest edge of any cocycle belongs to the lexicograph-
ically smallest spanning tree.

Proof. Let G be an ordered graph, T0 be its lexicographically smallest spanning tree, and
D be any cocycle. We have D ∩ T0 �= ∅. Set a = Min D and b = Min D ∩ T0. Then, a �∈ T0

implies a < b, hence T0 ∪ {a} \ {b} is a spanning tree of G, lexicographically smaller than
T0, a contradiction. �

We say that a spanning tree T in an ordered graph is increasing with respect to a vertex
s if the edges increase for the ordering along any path of T beginning at s.

Proposition 7. Let G be an ordered graph such that the lexicographically smallest spanning
tree is increasing with respect to a vertex s.

Then there is exactly one acyclic orientation with a unique sink at s in each activity class
of acyclic orientations of G.

Note that the hypothesis implies s is an extremity of the smallest (non loop) edge of G.

Proof. Let T0 denote the lexicographically smallest spanning tree of G = (V,E). By hy-
pothesis T0 is increasing.
(1) The edges of a directed (elementary) cocycle D defined by a 2- partition V = V1 +V2 in
an acyclic orientation

−→
G of G with a unique sink at s ∈ V1 are directed from V2 to V1.

Since
−→
G is acyclic,

−→
G(V2) contains at least one sink s′. If the edges of D were directed

from V1 to V2, then s′ would be a sink of G with s �= s′, contradicting the unicity.
(2) If

−→
G is an acyclic orientation of G with a unique sink at s, then the O∗-active edges of

T0 are directed toward s.
Let a be a O∗-active edge of

−→
G , and D be a directed cocycle with smallest edge a. By

Lemma 1, we have a ∈ T0. Since T0 is increasing and a smallest in D, there is no edge of D
on the path of T0 from s to the closest vertex of a. Hence, with notation of (1), this path
is in V1, and by (1) a is directed towards s.

Conversely, let
−→
G be the (unique) graph in a given activity class of acyclic orientations

of G such that the O∗-active edges of this class are directed towards s on T0. The graph
−→
G

exists and is unique by the properties stated in Section 5.
(3) The graph

−→
G has a unique sink at s.

Since
−→
G is acyclic, it has at least one sink s′. The smallest edge a of

−→
G incident to s′

is in T0 by Lemma 1. Since the edge a is directed towards s in T0 by construction of
−→
G ,

and T0 is increasing with respect to s, if s �= s′ then there exists another edge b < a on T0

incident to s′, contradicting the minimality of a. �

Theorem 8. Let G be an ordered graph, such that the lexicographically smallest spanning
tree is increasing with respect to a vertex s.

Then the mapping sending an internal spanning tree T of G to the unique acyclic ori-
entation with a unique sink at s belonging to the activity class of orientations associated
with T by the correspondence of Theorem 6, is an activity prerving bijection from the set of
internal spanning trees of G onto the set of acyclic orientations of G with a unique sink at
s.



#28.12 EMERIC GIOAN AND MICHEL LAS VERGNAS

Theorem 8 is a straightforward corollary of Theorem 6 and Proposition 7. Note that
given any spanning tree T in a graph G, and a vertex s, it is always possible - and easy -
to linearly order the edges of G so that T is the lexicographically smallest spanning tree
and is increasing with respect to s. Label the edges of T by consecutive integers 1, 2, . . . in
succesive layers defined by their distance to s. After T has been labelled, label arbitrarily
the edges not in T .

The bijections provided by Theorem 8 are different from the Gebhard-Sagan bijections.
We observe that these bijections are activity preserving by construction, whereas Gebbard-
Sagan bijections are not in general. The orientation in Figure 1 of [10 p.139] has O∗-activity
2, but the spanning tree constructed by the algorithm has internal activity 3.

Figure 3 uses the graph W4, also used in Figures 1 and 2, to give an example for Theorem
8. The Tutte polynomial of W4 is

t(W4;x, y) = x4 + y4 + 4x3 + 4x2y + 4xy2 + 4y3 + 6x2 + 9xy + 6y2 + 3x + 3y

The graph W4 has t(W4; 1, 0) = 14 internal spanning trees.
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Figure 3
The lexicographically smallest spanning tree 1236 is increasing with respect to the NE

(North-East) vertex. For each acyclic orientation with unique sink at the NE vertex, we
have indicated the internal spanning tree T given by Theorem 8 (its edges are drawn in
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heavy lines). We have also indicated the active partition. The internal activity is the
number of parts of the active partitions, and the active edges are the first element of each
part. By reversing all edge directions in arbitrarily chosen parts of the active partition,
we get the activity class associated T . By Proposition 7, in each activity class exactly one
acyclic orientation has a unique sink at the NE vertex : this orientation is shown on Figure
3.

1

3

G1

4 2

G2

5 6 7

G3

8

Figure 4

Hence Figure 3 also illustrates the bijection from internal spanning trees to activity
classes of acyclic orientation (a restriction of the active correspondence) defined in Section
5.

Figure 4 gives details of the construction of Section 5 for the spanning tree T = 1246.
The active partition is 134+25+678. The graphs of Theorem 6 are G1 = G \ 25678,
G2 = G/134\678, G3 = G/12345. The spanning trees with (1, 0) activities being unique in
these very simple graphs one can check easily that we have T1 = 14, T2 = 2, T3 = 6, and,
of course, 1246 = 14 + 2 + 6.
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MINUSCULE HEAPS OVER SIMPLY-LACED, STAR-SHAPED DYNKIN
DIAGRAMS

HAGIWARA MANABU

Abstract. A minuscule heap is a partially ordered set, together with a labeling of its
elements by the nodes of a Dynkin diagram, satisfying certain conditions derived by J.
Stembridge. The minuscule heaps over a given Dynkin diagram associated with a sym-
metrizable Kac-Moody Lie algebra correspond bijectively with the elements of its Weyl
group called λ-minuscule by D.Peterson for some integral weight λ, where λ is not neces-
sarily dominant. This paper classifies the minuscule heaps over a class of Dynkin diagrams
which we call star-shaped.

Résumé. Un empilement minuscule est un ensemble partiellement ordonné avec un
étiquetage de ses éléments par les nœuds d’un diagramme de Dynkin, satisfaisant certaines
conditions formulées par J. Stembridge. Les empilements minuscules sur un diagramme
de Dynkin associé à une algèbre de Kac–Moody symétrisable correspondent biunivoque-
ment aux éléments minuscules de son groupe de Weyl W . Un élément de W est appelé
minuscule s’il est λ-minuscule (dans la terminologie de D. Peterson) pour un poids λ entier
quelconque, où λ n’est pas nécessairement dominant. Cet article classifie les empilements
minuscules sur une classe de diagrammes de Dynkin que nous appelons de forme étoilée.

1. Introduction

The aim of this paper is to classify the minuscule heaps over simply-laced, star-shaped
Dynkin diagrams.
A simply-laced, star-shaped Dynkin diagram Γ is a simple graph (without loops or mul-

tiple edges) like the one in Figure 1. It has a node o, and several branches R1, R2, . . . , Rl

emanating from o. We call o the center of Γ, and the number of nodes on Ri (not including
o) the length of the branch Ri. If l ≥ 3, then o is uniquely determined by Γ. We mainly
deal with such cases. If the length of Ri is li, then we say that Γ is of type S(l1, l2, . . . , lr).

Γ is an example of a Dynkin diagram, namely an encoding of a generalized Cartan matrix
A = (ai,j)i,j∈I , associated to which is a Kac-Moody Lie algebra g = g(A)(see [1]). The set
I indexing the rows and columns of A is the node set of Γ, which we denote by N(Γ).
g(A) is a generalization of a finite dimensional semi-simple Lie algebra, say over C, and
defined by a certain presentation determined by A. All simple finite-dimensional cases
(types An(n ≥ 1),Dn(n ≥ 4) and En(n = 6, 7, 8)) are included in our class.
Minuscule heaps arose in connection with the λ-minuscule elements of the Weyl groupW

of g. According to R. Proctor [6] and J. Stembridge [9] the notion of λ-minuscule elements
ofW was defined by D. Peterson in his unpublished work in the 1980’s. Let λ be an integral
weight for g. An element w of W is called λ-minuscule if it has a reduced decomposition
si1 , si2 , . . . , sip such that

sil(sik+1
. . . sipλ) = sik+1

. . . sipλ− αik for all 1 ≤ k ≤ p,

and is called minuscule if w is λ-minuscule for some integral weight λ. Here αik is the simple
root corresponding to sik . It is known that a minuscule element is fully commutative ,

The author would like to thank Professors I.Terada and K.Koike for helpful discussions.
#29.1
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center

Type S(2, 3, 2, 1, 2, 3)

branch R

o

Figure 1. A star-shaped Dynkin diagram

namely any reduced decomposition can be converted into any other by exchanging adjacent
commuting generators several times (see [6, §15], [7, Theorem A] and [8, Theorem 2.2], or
[9, Proposition 2.1]). (We note that there is an element which is fully commutative but not
minuscule.) To such an element w, one can associate a Γ-labeled poset called its heap. A
Γ-labeled poset is a triple (P,≤ φ) in which (P,≤) is a poset and φ : P → N(Γ) is any
map (called the labeling map). A linear extension of a Γ-labeled poset naturally gives a
word in the generators of W . The heap of a fully commutative element w is a Γ-labeled
poset whose linear extensions give all reduced decompositions of w. A minuscule heap
is the heap of a minuscule element of W . Stembridge obtained the following structural
conditions for a finite Γ-labeled poset to be a minuscule heap ([8, Proposition 3.1])

(H1): If p→ q in P , then φ(p) and φ(q) are either equal or adjacent in Γ. Moreover,
if p, q ∈ P are incomparable, then φ(p) and φ(q) are not equal, and not adjacent in
Γ.

(H2): If p, q ∈ P, p < q, φ(p) = φ(q) = v and no element in [p, q] except p, q are
labeled v, then exactly two elements in [p, q] have labels adjacent to v. (This is a
simplified version accommodated to the simply-laced cases only.)

The interval appearing in (H2) is important in minuscule heaps, and will be called a v-
interval. We start from this characterization, namely we define a minuscule heap over Γ
to be a finite Γ-labeled poset (P,≤, φ) satisfying (H1) and (H2). The isomorphism classes
of minuscule heaps over Γ corresponds bijectively with the minuscule element of W , where
an isomorphism is defined to be a poset isomorphism commuting with the labeling maps.
R. Proctor showed that, if Γ is simply-laced and λ is dominant, then the minuscule heap
constructed from a λ-minuscule element is a d-complete poset, a notion defined by himself.
d-complete posets enjoy nice properties such as the hook length formula and jeu de taquin,
and are expected to be a nice class of posets that generalize Young diagrams. He introduced
the operation of slant sum, and enumerated all 15 types of “slant-irreducible” d-complete
posets, namely the ones irreducible with respect to the slant sum decomposition. Then
J. Stembridge classified the slant-irreducible minuscule heaps over multiply-laced Dynkin
diagrams Γ, where λ was still assumed to be dominant. In this paper, we assume that
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Γ is simply-laced and star-shaped, but remove the assumption that λ is dominant. Our
motivation to investigate the minuscule heaps without the assumption is connection to
skew Young diagrams. In fact a minuscule heap and a dominant minuscule heap over Γ
are a skew-Young diagram and a Young diagram if Γ is of type A. Thus we can regard a
minuscule heap over Γ as a skew d-complete poset.
As an intermediary for classifying these minuscule heaps over such Γ, we introduce the

notion of D-matrices (see §4). They represent the structure of the intervals [bo, to] of
minuscule heaps, where bo and to are the smallest and largest elements labeled by o, the
“central node” of Γ, respectively. We characterize the D-matrices for any fixed such Γ, and
then give a complete description of the set of all minuscule heaps which share the structure
of [bo, to] represented by each D-matrix. To describe these minuscule heaps, we introduce
the notion of slant lattice over Γ (see §4). It plays the role of a “universal holder” to embed
all minuscule heaps over Γ, and provide a “standard coordinate system” to compare them
up to isomorphism. Our main results are Theorems 4.8 and 5.6. We also show that a
simply-laced Dynkin diagram Γ (not necessarily star-shaped) has only a finite number of
minuscule heaps if and only if Γ is of type An (n ≥ 1), Dn (n ≥ 4) or En (n ≥ 6) (see §6).
The paper is organized as follows. §4, 5 form the main part of this paper, where we

classify the minuscule heaps over simply-laced, star-shaped Dynkin diagrams. To reach
there, we collect some basic facts in §2, and introduce the notion of the slant lattice in §3.
§6 is devoted to the above question on the finiteness of minuscule heaps.

2. Preliminaries

First note that all poset appearing in this paper, including infinite ones, satisfy the
following condition:
(*)If p, q ∈ P and p ≤ q, then there exists a finite sequence of elements of P , say

p0, p1, . . . , pl, such that p0 = p, pl = q and pi covers pi−1 for 1 ≤ i ≤ l.
We call such a sequence p0, p1, . . . , pl a saturated chain from p to q.
Let (P,≤, φ) be a Γ-labeled poset. For each v ∈ N(Γ), we denote by Pv the set of all

elements in P labeled v. For Γ′ ⊂ Γ, we denote ∪v∈N(Γ′)Pv by PΓ′ . It is each to see the
following.

Proposition 2.1. Let Γ be any Dynkin diagram. Let (P,≤, φ) be a Γ-labeled poset satisfying
(H1), and v a node of Γ. Then Pv is totally ordered.

Now let (P,≤, φ) be a minuscule heap over Γ. By the support of P we mean the image
of φ, which is denoted by suppP . Minuscule heaps with acyclic support has additional nice
properties. Following [8], we denote this condition by (H4), namely

(H4): suppP is acyclic. ((H3) is used in [8] for another condition for dominant mi-
nuscule heaps.)

Note that (H4) is always satisfied if Γ is star-shaped (see §4), since such Γ are acyclic.
Proposition 2.2. Let (P,≤, φ) be a minuscule heap over Γ.
(1) If C is a convex subset of P , then (C,≤|C , φ|C) is a minuscule heap over Γ, where ≤|C

and φ|C are the restrictions of the ordering ≤ and over Γ. In particular, all order ideals,
order filters, intervals, open intervals, and connected components of P are minuscule heaps
over Γ.
(2) The dual poset of P is a minuscule heap over Γ. Namely, (P,≤∗, φ) is a minuscule

heap over Γ.

It is also easy to see the following.
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Proposition 2.3. Let (P,≤, φ) be a Γ-labeled poset satisfying (H1). Then P is connected
if and only if suppP is connected.

We say that two subdiagrams Γ1 and Γ2 of Γ are strongly disjoint if their node sets
are disjoint and if no node of Γ1 is adjacent to any node of Γ2 in Γ.

Remark 2.4. Let P1, P2, . . . , Pc be the connected components of P . Proposition 2.3 im-
plies that the subdiagrams Γi of Γ with node sets φ(Pi), i = 1, 2, . . . , c, are connected and
pairwise strongly disjoint. Hence Γ1,Γ2, . . . ,Γc are the connected components of suppP .
This establishes a one-to-one correspondence between the connected components of P and
those of suppP . A Γ-labeled poset is a minuscule heap over Γ if and only if its connected
components are minuscule heaps over Γ and their supports are pairwise strongly disjoint.

Our aim is to classify the minuscule heaps P over simply-laced, star-shaped Γ up to
isomorphism of Γ-labeled posets. By Remark 2.4, it is sufficient to study each connected
component. At most one of the connected components contains o in its support, and the
rest have supports of type A. The type A minuscule heaps turn out to be all of the labeled
posets described in [1, 1] (isomorphic to skew Young diagrams). So we concentrate on the
case where suppP is connected and o ∈ suppP .
Let Γ and Γ′ be Dynkin diagrams. We say that a Γ-labeled poset (P,≤, φ) and a Γ′-

labeled poset (P ′,≤′, φ′) are abstractly isomorphic (or isomorphic if no confusion would
arise) if there is a poset isomorphism α : P → P ′ and an isomorphism of subdiagrams
β : suppP → suppP ′ such that β maps the label of p to the label of α(p) for every p ∈ P .
For an integer k ≥ 3, we denote by dk(1), as was done by Proctor [6], the labeled poset
illustrated in Figure 2. An interval[p, q] abstractly isomorphic to dk(1) will be called a
double-tailed diamond, with the special case where k = 3 being called a diamond.
Let Γ be any Dynkin diagram. The following proposition is due to Stembridge.

Proposition 2.5. [8, Propositin 3.3] Let (P,≤ φ) be a minuscule heap satisfying (H4). Let
v be a node in N(Γ) and let [p, q] be a v-interval. Then [p, q] is a double-tailed diamond.
In particular, if q covers two distinct elements, then [p, q] is a diamond.

Remark 2.6. In [8], Stembridge calls dk(1) a subinterval of type Dk.

The following proposition is also due to Stembridge.

Proposition 2.7. [8, Corollary 3.4] If a minuscule heap (P,≤, φ) satisfies (H4), then P
is a ranked poset, i.e. there exists a function f : P → Z, called a rank function, such that
f(q) = f(p) + 1 for any covering pair p→ q, which we mean p < q and (p, q) = ∅.

3. The slant lattice

In this section we define the notion of the slant lattice over an acyclic Dynkin diagram
Γ, and show that every minuscule heap over Γ can be “cover-embedded”, which we define
below, into this poset. For the moment, we do not assume that Γ is acyclic. We only
assume (H4).
Now we define the slant lattice. From this point, we assume that Γ itself is connected

and acyclic, so that any minuscule heap over Γ satisfies (H4).
For (u, i), (v, j) ∈ N(Γ)× Z, we write (u, i) → (v, j) if and only if j = i+ 1 and v, u are

adjacent nodes of Γ. We write ≤ for the reflective and transitive closure of →.
Lemma 3.1. Suppose that Γ is connected and acyclic, and let →,≤ be the relations on
N(Γ)× Z defined above.

(1): ≤ is a partial ordering in N(Γ)× Z.
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k − 1
k − 2
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Figure 2. The double-tailed diamond dk(1)

Let (u, i) and (v, j) be elements of N(Γ)× Z.
(2): If Γ contains at least 2 nodes, then we have (u, i) ≤ (v, j) if and only if i ≤
j, d(u, v) ≤ j − i, and d(u, v) ≡ j − i (mod 2). Here d(u, v) denotes the distance
between u and v in Γ, namely the smallest l ∈ Z≥0 such that there exists a sequence
u = u0, u1, . . . , ul = v of nodes, or ∞ if no such l exists.

(3): (u, i) is covered by (v, j) in N(Γ)× Z if and only if (u, i)→ (v, j).

If S is a subset of a poset P , we consider two orderings in S induced from P . One is just
the restriction of the ordering P . The subset S equipped with this ordering will be simply
called a subposet of P (in the ordinary sense if it is ambiguous). The other ordering,
generally weaker than the one above, is obtained by first taking the covering relation in P ,
restricting it to S, and then taking its reflexive-and-transitive closure. It is straightforward
to check that this is in fact a partial order. In this ordering, two elements p, p′ ∈ S are in
order if and only if there is a (finite) saturated chain p = p0, p1, . . . , pl = p′ of P consisting
solely of elements of S. It can be checked that p ∈ S is covered by p′ ∈ S in this ordering if
and only if p is covered by p′ in P . (This is not the case with the restriction of the ordering
of P .) We call it the ordering cover-induced from P , and we call S together with this
ordering a cover-subposet of P . Note that, for a general P , the ordering cover-induced
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Figure 3. A slant lattice of type A

on P itself may be strictly weaker than the original ordering, but our assumption (*) on
P assures that this does not happen. Now suppose P and Q are posets. We say that a
map φ : P → Q is a cover-embedding if it gives a poset isomorphism of P with the
cover-subposet φ(P ) of Q, namely if p is covered by p′ in P if and only if φ(p) is covered
by φ(p′) in Q.
For a minuscule heap P over Γ, there is a unique rank function f on P up to an additive

constant for each connected component. Naturally f induces the following injection ν from
P to N(Γ)× Z,

ν : p → (φ(p), f(p)).
We regard N(Γ)× Z as a Γ-labeled poset by defining the label of each element (v, i) to be
v.

Proposition 3.2. Assume that Γ is acyclic. Let (P,≤, φ) be a connected minuscule heap
over Γ, let f be a rank function on P , and let ν be the map defined above, Then ν is a
cover-embedding that commutes with the labeling maps.

From now on, assume that Γ is connected. If we fix an element p of P , we can choose a
rank function f such that f(p) = 0. We define a slant lattice L over Γ

by L = {(q, u) ∈ N(Γ)× Z|f(q)− d(v, u) ≡ 0 (mod 2)}
(see Figure 3). If Γ contains at least two nodes, then L coincides with the connected
component of the poset N(Γ) × Z containing (φ(p), 0). Our definition of L depends on
the choice of (p, v), but it is unique up to a shift along the Z axis. Namely, Suppose we
have another slant lattice L′ constructed from another element p′ ∈ P and a rank function
f ′. If f ′(p) ≡ 0 (mod 2), then we have L′ = L. If f ′(p) ≡ 1 (mod 2), then we have
L′ = {(v, i) ∈ N(Γ)× Z|(v, i − 1) ∈ L}. If P is not connected, then we may choose f so as
to embed Imν ⊂ L.
The ordering in L induced from N(Γ)×Z in the usual sense coincides with the ordering

cover-induced from N(Γ)× Z. The following is clear.

Corollary 3.3. Let Γ be a connected acyclic Dynkin diagram, and let (P,≤ φ) be a con-
nected minuscule heap over Γ. Let f be as above, and let Γ be the slant lattice over Γ defined
by f . Then the corresponding ν is a cover-embedding of P into L.

Let Q be a Γ-labeled poset such that there exist a cover-embedding ν : Q → L and
#Q < ∞. Let f be the restriction of the second projection ν(Q)(⊂ N(Γ) × Z) → Z. For
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Figure 4. A minuscule heap and its core

each v ∈ N(Γ), we can set tv (resp. bv) to be the unique maximal (resp. minimal) element
of Qv since Lv is totally ordered. We say that Qv is full if f(tv)− f(bv) = 2r, where r + 1
is the number of elements of Qv.

Proposition 3.4. Let (P,≤, φ) be a minuscule heap satisfying (H4), and let v be a node
of Γ. Pv is full if and only if all v-intervals are diamonds.

4. The star-shaped case: cores and D-matrices

Let Γ be a star-shaped Dynkin diagram, and let R be a branch of Γ. We denote the
nodes of R by R1, R2, . . . , Rl in the increasing order of the distances from o. We denote by
R̄ the subdiagram with node set N(R) ∪ {o}, and we sometimes denote o by R0.
Let P be a minuscule heap over Γ with connected support containing o. By Proposition

2.1, Po has a unique maximal (resp. minimal) element to (resp. bo). Since [bo, to] is
convex, it is also a minuscule heap. We call [bo, to] the core of P , and we say that P is
unadorned if P = [bo, to](see Fig 4). We proceed in two steps. In this section we classify
the unadorned minuscule heaps over Γ by associating then with what we call D-matrices.
In §5, we determine what adornments can be added to the core.
We can determine the possibilities of the Ri-intervals as follow.

Proposition 4.1. Let (P,≤, φ) be a minuscule heap over Γ. Let R be a branch of Γ, and
let l be its length. Then

• Any o-interval in P is a diamond, namely Po is full.
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Figure 5. A wing over the Dynkin diagram of type A4

• If 1 ≤ h < l, then any Rh-interval in P is either a diamond or isomorphic to
dh+3(3).
• Any Rl-interval in P in isomorphic to dl+3(3).

(In particular, if Γ is of type A then Pv is full for each v ∈ N(Γ).)
From now on, choose a rank function on f with f(bo) = 0 and choose a slant lattice L

which contains (o, 0), namely which contains Imν. We may identify P with Imν.
Now fix a branch R and determine the shape of [bo, to ∩ PB̄ . We distinguish between

two kinds of o-intervals, namely the ones containing an element labeled R1 (which we call
R-diamonds) and the rest (non-R-diamonds).
Let Γ′ be the Dynkin diagram of type An with node set {1, 2, . . . , n} and L′ be a slant

lattice over Γ′ containing (1, 1). We define a subset Q of L′ by

Q := {(v, q)|1 ≤ v ≤ n, v ≤ q ≤ 2n− v}.
We regard Q as a cover-subposet of L, and call a Γ′-labeled poset isomorphic to Q a wing
over Γ′(see Figure 5) of width n.

Proposition 4.2. (1): In the above notation, [ok, ok+s] ∩ PR̄ is a wind over R̄.
(2): [bo, to] ∩ PR̄ is contained in the union of all wings over R̄ in P .
(3): Two adjacent R-diamond blocks are separated by exactly one non-R-diamond.
(4): [bo, to]∩ PR is contained in the union of all wings over R. If two R-diamonds in
P are separated by non-R-diamonds only, then the number of such non-R-diamonds
must be one.

Let b0 = o0, o1, . . . , oc = to be the elements of Po in the increasing order. Then
[o0, o1],[o1, o2], . . ., [oc−1, oc] give all o-intervals of P . We call a sequence o-intervals [ok, ok+1],
[ok+1, ok+2], . . ., [ok+s−1, ok+s] anR-diamond block if [ok, ok+1], [ok+1, ok+2], . . ., [ok+s−1, ok+s]
are R-diamonds and [ok−1, ok], [ok+s, ok+s+1] are non-R-diamonds (or k = 0 or k + s = c).
We call s the length of this R-diamond block.
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Proposition 4.3. Let a1, . . . , ar be the lengths of the R-diamond blocks in [bo, to] arranged
from bottom to top. Then the sequence a1, . . . , ar is unimodal: i.e. we have a1 ≤ a2 ≤ · · · ≤
ai ≥ · · · ≥ ar−1 ≥ ar, for some 1 ≤ i ≤ r.

Let Γ be the Dynkin diagram of type S(l1, . . . , lr) and let R1, . . . , Rr be the branches of
Γ of length l1, . . . , lr respectively. We call an r ×m integer matrix B = (bi,j), where m is
any nonnegative integer, a D-matrix for Γ if it satisfies the following conditions:

(1): bi,j = 0 or 1 for all i and j.
(2): For each j, we have

∑r
i=1 bi,j = 2.

(3): For each i, the ith row has the form

(

ci︷ ︸︸ ︷
0, . . . , 0,

ai,1︷ ︸︸ ︷
1, . . . , 1, 0,

ai,2︷ ︸︸ ︷
1, . . . , 1, 0, . . . , 0,

ai,si−1︷ ︸︸ ︷
1, . . . , 1, 0,

ai,si︷ ︸︸ ︷
1, . . . , 1,

di︷ ︸︸ ︷
0, . . . , 0)(#)

for some si ∈ Z≥0, ai,1, ai,2, . . . , ai,si ∈ [1, li]Z and ci, di ∈ Z≥0, and the sequence ai,1, ai,2, . . . , ai,si

is unimodal. If si = 0, then this means that all entries in row i are 0.
We include an empty matrix as a special case where m = 0. What we saw above and the

shape of o-intervals lead us to the following.

Lemma 4.4. Let P, bo, to, f as above. Define an r × (f(to)/2)-matrix B = (bi,j) by

bi,j =

{
1 if [oj−1, oj ] is an Ri-diamond
0 otherwise,

where oj is the element of Po with rank 2j. Then B is a D-matrix for Γ. We call this B
the D-matrix of P .

Example 4.5. The D-matrix B for Γ constructed from P of Fig. 4 is

B =


 1 1 1 0

0 1 0 1
1 0 1 1


 .

Conversely, we can construct an unadorned minuscule heap for each D-matrix for Γ as
follows. Recall that we have fixed a slant lattice L over Γ containing (o, 0).

Lemma 4.6. Let B be a D-matrix for Γ with m columns. Put

Q = {(o, 0), (o, 2), . . . , (o, 2m)}

∪
r⋃

i=1

{(Ri
h, j) ∈ L| 1 ≤ h ≤ li, bi,k = 1 for all k ∈ [j − h, j + h]}.

Let ≤ denote the ordering in Q cover-induced from L, and let φ : Q → N(Γ) denote
the restriction of the first projection N(Γ) × Z → N(Γ). Then (Q,≤, φ) is a unadorned
minuscule heap over Γ.

Example 4.7. Let us construct the minuscule heap Q from B in Example 4.5. By the
definition of Q, we have Q0 = {(0, 0), (0, 2), (0, 4), (0, 6), (0, 8)}. PR1 consists of wing of
width 3. PR2 consists of 2 wings of width 1. PR3 consists of 2 wings, and each widths are
2 and 1 from bottom (see Fig. 6). In fact, Q is isomorphic to the core of P .

Let H0 denote the set of isomorphic classes of unadorned minuscule heaps over Γ. We
can summarize the results of this section as follows. This is the first part of our main result.

Theorem 4.8. There is a one-to-one correspondence between H0 and the D-matrices for
Γ.
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Figure 6. The core constructed from the D-matrix B as in Example 4.5

5. The star-shaped case: adornments

In this section, we determine what adornments can be added to the cores.
Let Γ be a simply-laced, star-shaped Dynkin diagram of type S(l1, l2, . . . , lr), and L be

a slant lattice over Γ which contains (o, 0). Let (P,�) ⊂ L be a connected minuscule heap
over Γ with o ∈ suppP and f(bo) = 0, where f is the restriction of the second projection
N(Γ)× Z→ Z and � is the ordering cover-induced from L.
Let R be a branch. We note that PR̄ is may not be a minuscule heap.
For every p, q ∈ P , a sequence p = p′0, p′1. . . . , p′l′ = q in P such that either p′i−1 → p′i or

p′i → p′i−1 holds for each i, 1 ≤ i ≤ l is called a Hasse walk from p to q. The following is
a key lemma in the proof we omitted below.

Lemma 5.1. Let p be an element of PR̄. Put h = d(o, φ(p)), where d(, ) is the distance of
two nodes as we have set in §4. Then there exists a unique Hasse walk p0, p1, . . . , ph in PR̄

such that

(1): φ(p0) = o, φ(pi) = Ri(1 ≤∀ i ≤ h) and ph = p.
(2): If pj−1 is covered by pj , then no element of PRj−1 covers pj in P .

(These conditions say that, if we regard the sequence as a walk from p to p0, we keep moving
closer to Po incessantly, and we go up instead of down whenever possible.)

We call such a Hasse walk in Lemma 5.1 the approach to p from above. We call
a Hasse walk which is the approach to p from above in the dual poset the approach to
p from below. In the sequel, we investigate the form of a connected component Q of
the cover-subposet PR̄ (resp. PR) of P (and hence of L). We simply call such a subset a
connected component of PR̄.
By Lemma 5.1, we have φ(Q) = {o,R1, R2, . . . , Rm} for some m ≥ 0. The following

three Propositions determine the possible shapes of Q.

Proposition 5.2. Let Q be a connected component of PR̄. If φ(Q) is of type Am+1, then
#QRm = 1.
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α = 4

β = 3

δ = 4

γ = 12
Figure 7. An element of B4,312,4

Proposition 5.3. Let (R0, j0),(R1, j1), . . . , (Rm, jm) (resp. (R0, i0),(R1, i1), . . . , (Rm, im))
be the approach to the unique element of QRm from above (resp. below). Then we have

(1a) Q =
⋃

0≤k≤m

{(Rk, h) ∈ L|ik ≤ h ≤ jk}.

We call the approach to the unique element of QRm from above (resp. below) the upper
(resp. the lower) boundary of Q.
Let α, β, γ, δ be nonnegative integers. We define Bα,β

γ,δ (see Figure 7) to be the set of all
subsets N of L such that

N = {(Rk, h)|ik ≤ h ≤ jk, 0 ≤ k ≤ γ}
for some Hasse walks (R0, i0),(R1, i1), . . . , (Rγ , iγ) and (Ro, j0),(R1, j1), . . . , (Rγ , jγ) in L
such that

(2a): j0 − i0 = 2α,
(2b): (R0, i0)→ (R1, i1)→ · · · → (Rβ, iβ),
(2c): (Rβ , iβ)← (Rβ+1, iβ+1) if β �= γ,
(2d): (R0, j0)← (R1, j1)← · · · ← (Rδ, jδ),
(2e): (Rδ, jδ)→ (Rδ+1, jδ+1) if δ �= γ, and
(2f): ik ≤ jk for each 0 ≤ k ≤ γ − 1, and iγ = jγ .

Proposition 5.4. Let α, β, γ, δ be nonnegative integers. Then Bα,β
γ,δ �= ∅ if and only if

(3a)-(3c) hold.
(3a): α, β, δ ≤ γ ≤ l
(3b): β ≤ α or δ ≤ α
(3c): If β, δ < γ, then γ ≥ α+ 2.

If β < γ or δ < γ, then γ ≥ α+ 1.

Let B be a D-matrix for Γ. Let P be a minuscule heap over Γ, not necessarily unadorned,
whose [bo, to] is represented by B. Let R be a branch of Γ and let
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(

cR︷ ︸︸ ︷
0, . . . , 0,

aR,1︷ ︸︸ ︷
1, . . . , 1, 0,

aR,2︷ ︸︸ ︷
1, . . . , 1, 0, . . . , 0,

aR,e︷ ︸︸ ︷
1, . . . , 1,

dR︷ ︸︸ ︷
0, . . . , 0) be the row of B corresponding to R.

Put

αR = (αR,1, αR,2, . . . , αR,hR
) = (

cR︷ ︸︸ ︷
0, 0, . . . , 0, aR,1, aR,2, . . . , aR,e,

dR︷ ︸︸ ︷
0, 0, . . . , 0).

Let Q1
R, Q

2
R, . . . , Q

hR
R be the connected components of PR̄ from bottom to top. Then there

are unique nonnegative integers βR,i, γR,i, δR,i such that Qi
R ∈ B

αR,i,βR,i

γR,i,δR,i
. Like αR, we put

βR = (βR,1.βR,2, . . . , βR,hR
), γR = (γR,1, γR,2, . . . , γR,hR

) and δR = (δR,1, δR,2, . . . , δR,hR
).

Example 5.5. Let us calculate α, β, γ, δ corresponding to Fig. 4.

αR1 = (3, 0), αR2 = (0, 1, 1), αR3 = (1, 2)

βR1 = (3, 2), βR2 = (0, 1, 2), βR3 = (1, 2)
γR1 = (3, 2), γR2 = (1, 1, 2), γR3 = (3, 2)
δR1 = (3, 0), δR2 = (1, 1, 1), δR3 = (3, 2)

Conversely, we can construct minuscule heaps from a collection of such elements of Bα,β
γ,δ

as follows. The following theorem gives a complete parameterization of the (isomorphism
classes) of minuscule heaps having a fixed D-matrix B. This is the second part of our
main result. We omit the arguments to check that the resulting subsets of L are actually
minuscule heaps.

Theorem 5.6. [3] Let B be a D-matrix for Γ, and let P denote the unadorned minuscule
heap over Γ corresponding to B constructed in Lemma 4.6. For each branch R, define an
integer sequence αR = (αR,i)

hR
i=1 from B as above. Let βR = (βR,i)

hR
i=1, γR = (γR,i)

hR
i=1, δR =

(δR,i)
hR
i=1 be integer sequences satisfying the following conditions:
(1): For each R and 1 ≤ i ≤ hR, the quadruple αR,i, βR,i, γR,i, δR,i satisfy the condi-

tions in Proposition 5.4.
(2): For each R, the sequence γR is unimodal.
(3): If δR,i < γR,i, then βR,i+1 = γR,i+1 < δR,i (1 ≤ i < hR).
(4): If βR,i < γR,i, then δR,i−1 = γR,i−1 < βR,i (1 < i ≤ hR).

For each R and 1 ≤ i ≤ hR, choose QR,i ∈ BαR,i,βR,i

γR,i,δR,i
, and replace the ith wing over R

(counted from the bottom) in P by QR,i. These QR,i do not overlap with one another, and
the resulting Γ-labeled poset P ′ is a minuscule heap over Γ with connected support containing
o, having B as the D-matrix, the QR,i, i = 1, 2, . . . , hR, being the connected components of
P ′̄

R
for each R. Moreover, all minuscule heaps over Γ with connected support containing o

are obtained in this manner.

6. The MH-finite Dynkin diagrams

We say that a Dynkin diagram Γ is MH-finite if the number in the isomorphism classes
of minuscule heaps over Γ is finite (or equivalently the number of minuscule elements of the
corresponding Weyl group is finite). Our goal in this section is the following theorem,

Theorem 6.1. A connected simply-laced Dynkin diagram is MH-finite, if and only if Γ is
of type An(n ≥ 1), Dn(n ≥ 4),and En(n ≥ 6).
Let W be the Weyl group of the Kac-Moody Lie algebra associated with Γ. Stembridge

and R. Proctor showed (see [6, §15], [7, Theorem A] and [8, Theorem 2.2], or [9, Propo-
sition 2.1]) that any minuscule element w ∈ W is fully commutative, namely any reduced
expression for w can be obtained from any other by using only the Coxeter relations that
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1 nn− 132

0

Type Ãn

0 1 2
n

n− 1
n− 2

n− 33

Type D̃n

Figure 8. The Dynkin diagrams of type Ãn and D̃n

involve commuting generators. On the other hand, Stembridge also showed in [8] that the
number of fully commutative elements is finite if and only if Γ is either of type A, D or E
if Γ is simply-laced. Thus the “if” part of the theorem is proved.

Lemma 6.2. Dynkin diagrams of type Ãn(n ≥ 2), D̃n are not MH-finite. (See Fig 8 for
the definition of the Dynkin diagram of type Ãn.)

By Lemma 6.2, a connected MH-finite Dynkin diagram cannot contain a subdiagram of
type Ã or D̃. Thus it must be star-shaped. We prove this by constructing an infinite series
of D-matrices for Γ.

Lemma 6.3. The Dynkin diagrams of type S(1, 1, 1, 1), S(2, 2, 2), S(3, 3, 1) are not MH-
finite.

We can prove Theorem 6.1 by Lemmas above and a few argument.
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A CONJECTURED COMBINATORIAL FORMULA FOR THE HILBERT
SERIES FOR DIAGONAL HARMONICS

J. HAGLUND AND N. LOEHR

Abstract. We introduce a conjectured way of expressing the Hilbert Series of diagonal
harmonics as a weighted sum over parking functions. Our conjecture is based on a pair of
statistics for the q, t-Catalan sequence discovered by M. Haiman and proven by the first
author and A. Garsia. We show how our q, t-parking function formula for the Hilbert
Series can be expressed more compactly as a sum over permutations. We also derive two
equivalent forms of our conjecture, one of which is based on the original pair of statistics
for the q, t-Catalan introduced by the first author and the other of which is expressed in
terms of rooted, labelled trees.

Résumé. Nous présentons une façon conjecturelle d’exprimer les séries de Hilbert des
harmoniques diagonales en tant que sommes pondérées de fonctions de stationnement.
Notre conjecture repose sur une paire de statistiques (découverte par M. Haiman et en-
suite prouvée par le premier auteur et A. Garsia) associé e à la séquence de q, t-Catalan.
Nous montrons comment notre formule de q, t-stationnement pour la série de Hilbert peut
s’exprimer de façon compacte en utilisant une somme sur les permutations. Nous dérivons
aussi deux formes équivalentes de notre conjecture. La première, introduite par le premier
auteur, est basée sur la paire originale de statistiques associée à la séquence de q, t-Catalan,
alors que la seconde s’exprime en termes d’arbres enracinés et étiquetés.

1. Background

In the early 1990’s Garsia and Haiman introduced the following conjecture [7].

Conjecture 1.1. For each positive integer n define a rational function Cn(q, t) by

(1) Cn(q, t) =
∑
µ�n

t2Σlq2Σa(1 − t)(1 − q)(
∑
qa′
tl

′
)
∏0,0(1 − qa′

tl
′
)∏

(qa − tl+1)(tl − qa+1)
,

where the outer sum is over all partitions µ of n, the products and sums in the inner
summand are over the squares of the Ferrers diagram of µ, and the arm a, coarm a′, leg l,
and coleg l′ of a square are as in Fig. 1. The 0, 0 above the product indicates we leave out
the upper-left corner square of the diagram of µ. Then Cn(q, t) is a polynomial in q and t
with nonnegative integer coefficients.

Conjecture 1.1 is a special case of a more general conjecture in [7], that the Frobenius
Series Fn(q, t) of the space Hn of “Diagonal Harmonics”(an Sn-module first introduced by
Haiman in [9]) could be written as

(2) Fn(q, t) =
∑
µ�n

H̃µ[X; q, t]tΣlqΣa(1 − t)(1 − q)(
∑
qa′
tl

′
)
∏0,0(1 − qa′

tl
′
)∏

(qa − tl+1)(tl − qa+1)
.

Here H̃µ[X; q, t] =
∑

λ K̃λ,µ(q, t)sλ is the “modified” Macdonald polynomial, with sλ[X]
the Schur function, K̃λ,µ(q, t) = tΣl′Kλ,µ(q, 1/t), and Kλ,µ(q, t) is Macdonald’s q, t-Kostka

1991 Mathematics Subject Classification. Primary 05A15, 05A30 Secondary 05E05.
Key words and phrases. Catalan Number, Parking Functions, Labelled Trees, Hilbert Series.
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l a

la

Figure 1. The arm, coarm, leg and coleg of a square

number, defined in [14]. They also showed that the right-hand-side of (2) equals ∇en[X],
where ∇ is a linear operator defined on the modified Macdonald basis H̃µ[X; q, t] by

∇H̃µ[X; q, t] = tΣlqΣaH̃µ[X; q, t],

and en[X] is the nth elementary symmetric function. A special case of this conjecture is that
the rational function expression for Cn(q, t), which can be obtained by taking the coefficient
of s1n [X] in (2), equals the component of Fn(q, t) corresponding to the sign character χ1n

,
and hence has nonnegative coefficients.

A Dyck path is a lattice path from (0, 0) to (n, n) that never goes below the main diagonal
(i, i), 0 ≤ i ≤ n. It is well-known that the number of such paths is the nth Catalan number
Cn = 1

n+1

(
2n
n

)
. We call the number of squares below the path but above the main diagonal

the area of the Dyck path. Garsia and Haiman proved that

q(
n
2)Cn(q, 1/q) =

1
[n+ 1]

[
2n
n

]

where [k] = (1 − qk)/(1 − q) and
[
n
k

]
is the q-binomial coefficient (q; q)n/((q; q)k(q; q)n−k).

They also showed that

Cn(q, 1) =
∑

D∈Dn

qarea(D),

where the sum is over all Dyck paths from (0, 0) to (n, n). Based in part on these results,
they called Cn(q, t) the q, t-Catalan sequence [7].

In conjunction with Conjecture 1.1, they posed the question of finding a pair of statistics
(qstat, tstat) so that Cn(q, t) could be written in the form∑

D∈Dn

qqstat(D)ttstat(D).

This problem was solved by the first author [8], who introduced a new statistic we here
call dmaj. To define it, start by placing a ball at the upper right-hand corner (n, n) of a
Dyck path D, then push the ball straight left. Once the ball intersects a vertical step of the
path, it “ricochets” straight down until it intersects the diagonal, after which the process is
iterated; the ball goes left until it hits another vertical step of the path, then down to the
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7

4

2

Figure 2. The statistic dmaj for a path. The Dyck path is the dashed line,
the solid line is the bouncing ball. Here dmaj = 2+4+7 = 13 and area = 22.

diagonal, etc. On the way from (n, n) to (0, 0) the ball will strike the diagonal at various
points (ij , ij). We define dmaj(D) to be the sum of these ij , and set

Fn(q, t) =
∑

D∈Dn

qarea(D)tdmaj(D).

See Fig. 1.
In [8], the first author conjectured that Fn(q, t) = Cn(q, t), and also introduced a stratified

function Fn,s(q, t), defined as the sum, over all Dyck paths which end in exactly s horizontal
steps, of qarea(D)tdmaj(D). He showed this function satisfies the recurrence relation

Fn,s(q, t) =
n−s∑
r=0

[
r + s− 1

r

]
q(

s
2)tn−sFn−s,r(q, t),

and by iterating this recurrence obtained the explicit formula

Fn(q, t) =
n∑

k=1

∑
α1+...+αk

αi>0

t(k−1)α1+(k−2)α2+...+αk−1

q(
α1
2 )+...+(αk

2 )
[
α1 + α2 − 1

α1

]
· · ·

[
αk−1 + αk − 1

αk−1

]
.(3)

Garsia and the first author found a conjectured expression for Fn,s(q, t) in terms of the
nabla operator, namely

(4) Fn,s(q, t) = tn−sq(
s
2)∇en−s

[
X

1− qs

1 − q

]
.

They were then able to prove ( 4) by using extended versions of summation formulas for
generalized Pieri coefficients and other plethystic identities that Garsia and a number of
coauthors have developed over the last ten years [5, 6]. As a corollary they proved Haglund’s
conjecture that Fn(q, t) = Cn(q, t).
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Figure 3. A Dyck path, with row lengths on the right

There is another pair of statistics for Cn(q, t), discovered by M. Haiman while Garsia
and the first author were still trying to prove (4). Given a Dyck path D, let ai(D) be the
number of squares in the ith row, from the top, that are below D and strictly above the
main diagonal. Note that the sum of the ai(D) equals area(D), that D ends in a1(D) + 1
horizontal steps, and that an(D) = 0 for all D. Call the sequence a1(D), a2(D), . . . an(D)
the area sequence of D. We then define a statistic dinv(D) to be the sum of the cardinalities
of the two sets

{(i, j) : i < j and ai(D) = aj(D)}
and

{(i, j) : i < j and ai(D) + 1 = aj(D)}.
For example, for the path of Fig. 1, dinv = 14.

Haiman conjectured that

(5) Cn(q, t) =
∑

D∈Dn

qarea(D)tdinv(D).

The discovery of (5) was evidently motivated by elements of his celebrated proof of the
“n!” conjecture [11], which says that certain Sn-submodules Mµ of Hn have dimension
n!. Since he had previously shown [10] that this conjecture implied that H̃µ[X; q, t] is the
Frobenius Series for Mµ, this resolves Macdonald’s famous conjecture that the Kλ,µ(q, t)
are polynomials in q, t with nonnegative integer coefficients. More recently Haiman has also
proven (2), the explicit formula for the Frobenius Series of Hn [12].

At first it seemed that (5) was quite different than Haglund’s conjecture, but before long
Garsia, Haiman, and the first author realized they are closely related. To see why, note
that a sequence B of n nonnegative integers b1 · · · bn is the area sequence of a Dyck path if
and only if bn = 0 and B contains no “two descents”, i.e. values of i, 1 ≤ i ≤ n − 1, with



A CONJECTURED FORMULA FOR DIAGONAL HARMONICS #30.5

bi − bi+1 ≥ 2. Given a multiset A = {0αk1αk−1 · · · (k− 1)α1} of αk copies of 0, etc., consider
the sum of qarea(D)tdinv(D) over all Dyck paths D whose area sequence is some multiset
permutation of A. Note that for any such D, area(D) = α1(k − 1) + . . .+ αk−1. Note also
that the contribution to dinv coming from |{(i, j) : i < j and ai(D) = aj(D)}| will equal(α1

2

)
+ . . .+

(αk
2

)
for all these D.

We can construct these area sequences by first permuting the αk 0’s and αk−1 1’s in any
fashion, with a 0 at the end, which can be done in

(αk−1+αk−1
αk−1

)
ways. When we take into

account the contribution to dinv from these various permutations, we generate the term[
αk−1 + αk − 1

αk−1

]
t

.

Next we insert the αk−2 2’s into the sequence, which cannot be placed in front of any of
the 0’s since we must avoid 2-descents. This generates the factor[

αk−2 + αk−1 − 1
αk−2

]
t

.

It is now clear from (3) that

Fn(t, q) =
∑

D∈Dn

qarea(D)tdinv(D).

It follows easily from (1) that Cn(q, t) = Cn(t, q), since the terms for conjugate partitions
interchange q and t. Thus Garsia and the first author’s result that Fn(q, t) = Cn(q, t) also
implies (5).

2. Statistics for the Hilbert Series

Haiman’s proof of (2) [12] implies an earlier conjecture of his, that the space Hn has
dimension (n + 1)n−1. It also implies that an explicit expression, as a sum of rational
functions, for the Hilbert Series of Hn can be obtained by substituting, for each partition
λ, fλ, the number of standard tableaux of shape λ, in for sλ[X] in the right-hand-side of
(2).

The number (n+1)n−1 also counts the number of parking functions on n cars. A parking
function P is obtained by starting with a Dyck path D(P ) and placing n “cars”, denoted
by the integers 1 through n, in the squares immediately to the right of the vertical segments
of D, with the restriction that if car i is placed immediately on top of car j, then i < j. An
example of a parking function is given in Fig. 2.

In this section we introduce a conjectured combinatorial formula for the Hilbert Series,
which involves pairing the area statistic with a natural extension of the statistic dinv to
parking functions. Given a parking function P , we define ri(P ) to be the number (car) in
the ith row (from the top) of P . We then let dinv(P ) be the sum of the cardinalities of the
two sets

{(i, j) : i < j, ri(P ) > rj(P ) and ai(D) = aj(D)}
and

{(i, j) : i < j, ri(P ) < rj(P ) and ai(D) + 1 = aj(D)}.
For the parking function of Fig. 2, dinv = 6, since “inversions” occur for pairs (i, j) of rows
(1, 3), (1, 5), (4, 5), (7, 8), (7, 9), and (8, 9).

Conjecture 2.1. Define

(6) Rn(q, t) =
∑
P

qarea(D(P ))tdinv(P ),
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Figure 4. A parking function, with row lengths on the right

where the sum is over all parking functions on n cars. Then Rn(q, t) = Hn(q, t), where
Hn(q, t) denotes the Hilbert Series of Hn.

Conjecture 2.1 has been verified using Maple by the first author and A. Garsia for n ≤ 7.
We have a more compact way of writing Rn(q, t) as a sum over permutations, which is

based on the following lemma.

Lemma 2.2. Given sets A = {a1, a2, . . . , as}, B = {b1, . . . , bn−s} with a1 < a2 < · · · < as,
b1 < b2 < · · · < bn−s, A ∩B = ∅ and A ∪B = {1, 2, . . . , n}, define

F (A,B) =
∑
P

tdinv(P ),

where the sum is over all parking functions P whose set of cars on the main diagonal (rows
of length 0) consist of the elements of A, in any order, and whose cars on the diagonal just
above the main diagonal (rows of length 1) consist of the elements of B, in any order. Then

F (A,B) = [s]!t[bn−s − (n− s)]t[bn−s−1 − (n− s) + 2]t · · · [b1 + n− s− 2]t.

Proof. By reading the cars in a parking function starting with the car in the top row
and moving down, a parking function considered in the sum above can be identified with
a permutation (linear list) of elements of {a1, . . . , as, b1, . . . , bn−s} where bj immediately
precedes ak implies bj > ak. We will construct such a sequence recursively by first placing
the a’s in any order, say aα1aα2 · · · aαs . Now bn−s can be placed into this sequence in any of
bn−s − 1− (n− s− 1) places, since there are bn−s − 1 numbers less than bn−s, but n− s− 1
are in {b1, . . . , bn−s−1} and thus can’t be in aα1 · · · aαs . If we insert bn−s in front of the
leftmost aαj satisfying aαj < bn−s, then any ai’s to the left of bn−s will be greater than
bn−s, and will not generate any inversions. If we insert bn−s in front of the next-to-leftmost
aαj satisfying aαj < bn−s, then there is one ai to the left of bn−s less than bn−s and we
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get a contribution of t. Hence the various possible placements of bn−s generate a factor
of [bn−s − (n − s)]t, independent of the permutation α1 · · ·αn. Next we insert bn−s−1 in
front of bn−s or any aj satisfying aj < bn−s−1. If we place bn−s−1 in front of the leftmost
of these possibilities we do not generate any inversions. If we place bn−s−1 in front of the
next-to-leftmost choice we will either have bn−s or aαj (with aαj < bn−s−1) to the left of
bn−s−1, and in either case this pair contributes t. Thus we see the insertion of bn−s−1 will
generate a factor of [bn−s−1 − (n − s − 1) + 1]t and by induction all the b’s together will
generate [bn−s−(n−s)]t[bn−s−1−(n−s)+2]t · · · [b1+n−s−2]t. Since this was independent
of α1, . . . , αs, when we sum over all permutations of the a’s, counting inversions amongst
the a’s only, we get the remaining [s]!t factor. �

Using Lemma 2.2we can derive a product formula for the sum of tdinv over all parking
functions whose cars on the ith diagonal are from the set Ai, i = 0, . . . , k for general k.
Say for example k = 2 so we are considering parking functions with rows of length 0, 1,
and 2 with cars from disjoint subsets A, B, and C respectively, of cardinalities u, v,w, with
A∪B ∪C = {1, . . . , n}. We start with a permutation of the elements of A, then insert the
largest of the elements of B. Since the number of inversions depends only on the relative
order of the elements of A and B, we will get a factor of [b̃v − v]t, where b̃v is what bv
would become if we reduced the elements of A and B to the set {1, 2, . . . u + v}, keeping
the relative order of each element to the others intact. Then when inserting cw into the
sequence after inserting all the elements of B, we would get the factor [c̃w − w]t, where c̃w
is what cw would become if we reduced the elements of B and C to the set {1, 2, . . . v+w},
keeping the relative order of each element to the others intact. Thus we end up with the
final term of

(7) [u]!t[b̃v − v] · · · [b̃1 + v − 2]t[c̃w − w]t · · · [c̃1 + w − 2]t.

For which set partitions A,B,C, . . . of {1, 2, . . . , n} is there at least one parking function
with cars on the main diagonal from A, the next diagonal from B, and so on? A necessary
condition is that the largest element of B be larger than the smallest element of A, the
largest element of C be larger than the smallest element of B, and so on, since some bi
must be on top of some ai, some ci must be on top of some bi, etc. This condition is also
sufficient, since we could put the ai in columns 1 through |A|, with the smallest of these
(a1) in column |A|, then put the bi in columns |A| through |A ∪B| − 1, with the largest bi
on top of a1 in column |A|, and b1 in column |A ∪B| − 1, etc. Call such a sequence of sets
“valid”. Assume for the moment k = 2, so we have sets A, B, and C of cardinalities u, v,w,
respectively. In the permutation σ = c1c2 · · · cwb1 · · · bva1 · · · au, there are descents at spots
w (since cw > b1) and w + v. This argument shows that there is a bijection between valid
sequences of k+ 1 sets and permutations of {1, . . . , n} with k descents. Note that the area
of all the corresponding parking functions in our example is 2w+ v, which is also the major
index of the permutation σ. It is easy to see this holds in general. Furthermore, M. Haiman
has pointed out that the numbers c̃i somewhat awkwardly described above can be easily
defined in terms of the elements of σ. To do so, define a sequence σ′ by σ′i = σi, 1 ≤ i ≤ n,
and σ′n+1 = 0. Then for each i, 1 ≤ i ≤ n, let ui(σ) be the length of the longest consecutive
sequence σ′iσ

′
i+1 · · · σ′j that starts at σ′i and has either no descents, or exactly one descent

and σ′i > σ′j. For example, if σ = 47358126 ∈ S8, then (u1, u2, . . . , u8) = (3, 3, 5, 4, 4, 4, 3, 2).
It is easy to check that c̃1 = u1 − 1, c̃2 = u2 − 1, etc. We finally arrive at the following.

Theorem 2.3.

Rn(q, t) =
∑
σ∈Sn

qmaj(σ)
n∏

i=1

[ui(σ) − 1]t.
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Figure 5. A labelled Dyck path (version 1).

3. Parking Functions and the dmaj Statistic

The relation ∑
D∈Dn

qarea(D)tdinv(D) =
∑

D∈Dn

qdmaj(D)tarea(D)

suggests there should also be a way of extending the (area,dmaj) pair of statistics to get
an alternate form of Rn(q, t). We discuss one such extension in this section.

Let Pn denote the set of parking functions on n cars, as defined previously. We now view
Pn as a collection of labelled Dyck paths. Fig. 5 shows a typical element of P14.

It is convenient to introduce another set of labelled Dyck paths, which we call Qn. To
construct a typical object Q ∈ Qn, we attach labels to a path D ∈ Dn according to the
following rules. Let q1q2 · · · qn be a permutation of the labels {1, 2, . . . , n}. Place each label
qi in the ith row of the diagram forD, in the main diagonal cell. There is one restriction: For
each “left-turn” in the Dyck path (i.e., an EAST step followed immediately by a NORTH
step, reading from southwest to northeast), the label qi appearing due east of the NORTH
step must be less than the label qj appearing due south of the EAST step. See Fig. 3 for an
example. In the figure, capital letters mark the left-turns in the Dyck path. Since 4 < 5,
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6 < 12, 7 < 10, 2 < 3, 8 < 14, 11 < 13, and 1 < 2, the labelled path shown does belong to
Q14.

Given a labelled path Q constructed from the ordinary Dyck path D = D(Q), define
dmaj(Q) to be dmaj(D(Q)), which was defined earlier. Also define area′(Q) to be the
number of cells c in the diagram for Q such that:

(1) Cell c is strictly between the Dyck path D and the main diagonal; AND
(2) The label on the main diagonal due east of c is less than the label on the main

diagonal due south of c.

In Fig. 3, only the shaded cells satisfy both conditions and hence contribute to area′(Q).
Evidently, area′(Q) ≤ area(D(Q)) for all Q, and strict inequality can occur.

We conjecture that

(8) Sn(q, t) =
∑

Q∈Qn

qdmaj(Q)tarea′(Q)

also gives the Hilbert series for Hn. We will show this conjecture is equivalent to the
previous one by giving a bijective proof that Rn(q, t) = Sn(q, t).
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Bijections. We begin with the case of unlabelled Dyck paths. Fix a path D ∈ Dn. We
will construct a new path E ∈ Dn such that area(D) = dmaj(E) and dinv(D) = area(E),
which proves that ∑

D∈Dn

qarea(D)tdinv(D) =
∑

E∈Dn

qdmaj(E)tarea(E).

The bijection is essentially a combinatorial version of the proof of this formula given in
Section 1.

Consider the area sequence a(D) = (a1(D), . . . , an(D)). It is easy to see that such a list
of numbers corresponds to a valid Dyck path iff ai ≥ 0 for all i, an = 0, and ai ≤ ai+1 + 1
for all i < n. Set s = max1≤i≤n ai. For 0 ≤ j ≤ s, let bj be the number of occurrences of
j in a(D). It follows from the above conditions on a(D) that bj > 0 for all j; moreover,
b0 + · · · + bs = n.

To construct E, we first draw a bounce path B whose successive horizontal moves (start-
ing from (n, n)) have lengths b0, . . . , bs. This bounce path, together with the main diagonal
line y = x, creates a sequence of s+1 triangles which we shall call T0, . . . , Ts. For 1 ≤ i ≤ s,
there is an empty rectangular region Ri located north of triangle Ti and west of triangle
Ti−1. Note that rectangle Ri has width bi and height bi−1.

We now describe how to construct the portion of the path E located in rectangle Ri.
Fix i, and let wi be the word obtained from a(D) by deleting all symbols other than i− 1
and i. Then wi consists of bi−1 occurrences of i − 1 and bi occurrences of i; also, by the
conditions on a(D), the last symbol in wi must be i− 1. Read the symbols in wi from left
to right. Starting at the northwest tip of triangle Ti, draw an EAST step when the symbol
i is read; draw a NORTH step when the symbol i − 1 is read. Note that this partial path
must terminate in a NORTH step. For later use, we remark that the “left-turns” of E in
the region Ri correspond precisely to the descents in the word wi. Because of the condition
ai ≤ ai+1 +1, the set of descents in all the words wi corresponds bijectively with the set of
descents in the full word a(D).

After filling all the rectangular regions in this way, we obtain the Dyck path E. Observe
that, because the paths within each Ri ended in NORTH steps, B is the bounce path
derived from E. Therefore,

dmaj(E) = (n− b0) + (n− b0 − b1) + · · · + (n− b0 − b1 − · · · − bs)
= n(s+ 1) − (s+ 1)b0 − sb1 − · · · − (s+ 1− j)bj − · · · − 1bs

= (s+ 1)(n − b0 − · · · − bs) +
s∑

j=0

jbj

=
s∑

j=0

jbj =
n∑

i=1

ai

= area(D).

Furthermore, from the definitions of bj and wi, it is easy to see that the formula for dinv
can be rewritten as

dinv(D) =
s∑

j=0

(
bj
2

)
+

s∑
i=1

coinv(wi),

where coinv(wi) is the number of coinversions in the word wi. Now
(bj

2

)
is the number of

area cells in the triangle Tj , and coinv(wi) is the number of cells beneath the path E in the
rectangle Ri. Hence, dinv(D) = area(E).
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The process used to construct E from D is reversible. First, we obtain b0, . . . , bs by
examining the bounce path of E. Next, we recover a(D) from E by starting with b0 zeroes
and successively inserting b1 ones, then b2 twos, etc., according to the partial paths in R1,
R2, etc. The condition that ai ≤ ai+1+1 ensures that there will be a unique way to perform
this insertion procedure. Hence, we obtain the desired bijection.

As an example, if we take D to be the path shown in Fig. 5 (ignoring labels), then E
will be the path shown in Fig. 3 (ignoring labels).

Next, we consider the case of labelled Dyck paths. We will give a bijection from Pn to
Qn that sends area to dmaj and sends dinv to area′. This bijection proves that

Rn(q, t) =
∑

P∈Pn

qarea(P )tdinv(P ) =
∑

Q∈Qn

qdmaj(Q)tarea′(Q) = Sn(q, t).

Fix P ∈ Pn. We shall construct Q ∈ Qn with dmaj(Q) = area(P ) and area′(Q) = dinv(P ).
As an example, the labelled path P in Fig. 5 will map to the labelled path Q in Fig. 3.

Let D = D(P ) denote the underlying unlabelled Dyck path of P . Let E be the unlabelled
Dyck path produced by the above bijection, with dmaj(E) = area(D) and area(E) =
dinv(D). E will be the underlying unlabelled path for Q (i.e., D(Q) = E).

We obtain Q by attaching labels to E, as follows. Scan each of the diagonals of P , from
southwest to northeast, starting with the main diagonal and proceeding upward. Enter the
labels of P , in the order in which they are encountered, on the main diagonal of Q going
from northeast to southwest. For instance, in Fig. 5, P has the labels 1, 9, 11, 8 on the
main diagonal, followed by the labels 2, 13, 7, 6, 14 on the first superdiagonal, etc. Hence
(see Fig. 3), the labels on the main diagonal of Q are 1, 9, 11, 8, 2, 13, 7, 6, 14, . . . starting
from (n, n). Clearly, we can recover the labelling of P from the labelling of Q.

Here is an equivalent way of describing the relation between the labels in P and Q. Recall
that E = D(Q) can be dissected into triangles T0, . . . , Ts and rectangles R1, . . . , Rs. For
0 ≤ j ≤ s, the bj labels on the main diagonal of Q inside triangle Tj (read from top to
bottom) are the labels appearing in the leftmost cells of the bj rows of D = D(P ) for which
ai(D) = j (read from bottom to top).

Recall that the labels of P in a given column must increase from bottom to top. To
check the validity of a given labelling, it clearly suffices to check that adjacent labels in the
same column are always properly ordered. Suppose that the labels ri and ri+1 in rows i
and i + 1 both occur in column j. This occurs iff ai = ai+1 + 1 iff there is a descent of
a(D) at position i (recall that ai ≤ ai+1 +1). We observed earlier that the descents of a(D)
correspond bijectively to the left-turns of E = D(Q). From here, it is easy to verify that
label ri+1 appears in Q due east of the left-turn corresponding to the descent ai+1 > ai,
and the label ri appears in Q due south of this left-turn. Hence, the labelling restrictions
on P imply the corresponding labelling restrictions on Q, and conversely.

Clearly, dmaj(Q) = dmaj(E) = area(D) = area(P ). We now show that area′(Q) =
dinv(P ). Consider a typical area cell c of the path E = D(Q). Suppose first that c is inside
triangle Tk. Let x1, x2, . . . , xak

be the labels on the diagonal of Q inside Tk, from top to
bottom. As noted above, the labels x1, x2, . . . , xak

are just the numbers ri in all positions i
for which ai = k, written in reverse order. Thus, the cells in Tk that contribute to area′(Q)
correspond precisely to inversions in the word xak

, . . . , x2, x1. We obtain a bijection between
the contributing cells in Tk and the set

{(i, j) : i < j, ri(P ) > rj(P ) and ai(D) = aj(D) = k} (0 ≤ k ≤ s).

A similar argument applies to a cell c in rectangle Rk. The horizontal position of the cell
determines a unique rj such that aj = k, and the vertical position of the cell determines
a unique ri such that ai = k − 1. All pairs (i, j) for which ai + 1 = aj are accounted
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Figure 7. The tree for the parking function of Figure 2

for exactly once in this fashion (as k ranges from 1 to s). Now, we get a contribution to
dinv(P ) iff i < j and ri < rj; this occurs precisely when the associated cell c satisfies the
two conditions for contributing to area′(Q). We conclude that the number of contributing
cells in all the rectangular regions Rk is exactly the cardinality of the set

{(i, j) : i < j, ri(P ) < rj(P ) and ai(D) + 1 = aj(D)}.
Combining this result with the one in the preceding paragraph, we conclude that area′(Q) =
dinv(P ). This completes the proof.

4. Labelled Trees

There are a number of known bijections between parking functions on n cars and forests of
labelled trees on n vertices [2, 4, 13]; see also [16, p.140]. These typically use an alternate
definition of a parking function, as a function f : {1, 2, . . . , n} → {1, 2, . . . , n} with the
property that the number of values of j with f(j) ≤ i is at least i for all 1 ≤ i ≤ n.
Such a function can be obtained from the geometric representation of a parking function
from section 2 by letting f(i) be the column containing the car i. It isn’t easy to translate
Conjecture 2.1 into a statement about trees using these bijections since it is hard to keep
track of what happens to the area and dinv statistics. In this section we describe a simple
bijection between forests of rooted labelled trees, and parking functions in the geometric
form of section 2 which makes it easy to describe versions of these statistics for trees.

Given a parking function P as in section 2 and a given car i, travel northeast, staying
in the same diagonal, until we either leave the n × n square or run into another car. If
we run into a car at the bottom of a column, then we say all the cars in that column are
“children” of car i. If we leave the square or run into a car which isn’t at the bottom of
a column, car i has no children. We define a rooted, labelled tree T (P ) with root labelled
0 by the condition that the node with label i (call this node i) is a child of the root node
if and only if car i is in the first column of P , and for a non-root node node i, i has j as
a child if and only if car j is a child of car i in P . Also, when we draw a tree T we put
the children of node i below node i, increasing from left to right. For example, if P is the
parking function from Fig. 2, T (P ) is represented in Fig. 4.
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We recursively define the preference order of such a tree as the sequence of n numbers,
beginning with the children of the root node, listed left to right (smallest to largest) followed
by the preference order of the descendants of the largest child of the root node, followed
by the preference order of the descendants of the next-to-largest child of the root node,
etc. We also define a function di(T ) recursively by d0(T ) = 0, and if j is the kth-smallest
child of i, then dj(T ) = di(T ) + k − 1. For example, the tree of Fig. 4 has preference order
6, 9, 10, 1, 3, 5, 2, 4, 7, 8, and the d values of these (non-root) nodes are 0, 1, 1, 0, 1, 2, 1, 2, 3, 2,
respectively. Given a tree T , we construct a Dyck path D(T ) by the condition that the
length of the k row, from the bottom, of D(T ) is the d value of the kth element of the
preference order of T . We then construct a parking function P (T ) by placing the kth
number from the preference sequence of T in the kth row, from the bottom, immediately
to the right of D(T ). Next define area(T ) to be the sum of the d-values of the nodes of T ,
and dinv(T ) to be the sum of the cardinalities of the two sets

{(i, j) : i < j, d(i) = d(j) and i occurs before j in preference order}
and

{(i, j) : i < j, d(i) + 1 = d(j), and i occurs after j in preference order}.
It is not hard to see that P (T (P )) = P , T (P (T )) = T and furthermore that area(T (P )) =
area(P ) and dinv(T (P )) = dinv(P ). Thus Conjecture 2 is equivalent to the following.

Conjecture 4.1.
Hn(q, t) =

∑
T

qarea(T )tdinv(T )

where the sum is over all labelled, rooted trees T with n + 1 vertices and root node labelled
0.

5. Open Problems

The main obstacle to proving Conjecture 2.1 by the methods of [5, 6] is the lack of a
recurrence relation for Rn(q, t). We have also been unable to resolve a number of interesting
bijective questions related to Conjecture 2.1, most notably to prove Rn(q, t) is symmetric
in q and t by finding an involution on parking functions which interchanges area and dinv.
In fact, we can’t even prove the much weaker statement that Rn(q, 1) = Rn(1, q). We have
also been unable to show q(

n
2)Rn(q, 1/q) = (1 + q + . . . + qn)n−1, which is the value for

q(
n
2)Hn(q, 1/q) conjectured by Stanley [9]. One could also hope to refine Conjecture 2.1 to

find a pair of statistics on parking functions that generate Fn(q, t).
The statistics and bijections discussed in section 3 are specializations of more general

constructs that apply to variations of the q, t-Catalan numbers and parking functions. In
particular, the second author has discovered combinatorial results concerning the “extended
family” of q, t-Catlalan sequences Cm

n (q, t) introduced by Garsia and Haiman [7]. These
generalizations are discussed in the second author’s thesis [to appear].
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THE NUMBER OF REPRESENTATIONS OF A NUMBER
BY VARIOUS FORMS

MICHAEL D. HIRSCHHORN

Abstract. We find formulae for the number of representations of the integer n as, for
example, the sum of two triangles and two squares, or of four triangles, in terms of divisor
functions. Indeed, we find sixteen formulae of this type, a few of which are known, the
remainder apparently new.

Résumé. Nous trouvons des formules pour le nombre des représentations d’un entier
n comme, par example, somme de deux nombres triangulaires et de deux carrés, ou de
quatres nombres triangulaires, en termes des fonctions des diviseurs de n. En effet, nous
trouvons seize formules de ce type, dont quelques unes sont connues, les autres apparem-
ment nouvelles.

1. Introduction

There are several classical results which give the number of representations of a number
by a quadratic form in terms of a divisor function. The object of this note is to consider
four such results and from them to derive many more of the same sort.

With dr,m(n) denoting the number of divisors d of n with d ≡ r(mod m) amd σ(n) the
sum of the divisors of n, the results we consider are the following. Proofs of all four can be
found in [2].

Theorem 1. (Jacobi, 1828). The number of representations of n ≥ 1 as the sum of two
squares is

(J1) r{� + �}(n) = 4 (d1,4(n) − d3,4(n)) .

Theorem 2. (Dirichlet, 1840). The number of representations of n ≥ 1 as the sum of a
square and twice a square is

(D) r{� + 2�}(n) = 2 (d1,8(n) + d3,8(n) − d5,8(n) − d7,8(n)) .

Theorem 3. (L.Lorenz, 1871). The number of representations of n ≥ 1 as the sum of a
square and three times a square is

(L) r{� + 3�}(n) = 2 (d1,3(n) − d2,3(n)) + 4 (d4,12(n) − d8,12(n)) .

Theorem 4. (Jacobi, 1829). The number of representations of n ≥ 1 as the sum of four
squares is

(J2) r{� + � + � + �}(n) = 8
∑

d|n,4�d

d = 8
(
σ(n) − 4σ

(n
4

))
.

We shall prove the following sixteen results of the same sort.
#31.1
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r{∆ + ∆}(n) = d1,4(4n + 1) − d3,4(4n + 1),(1.1)

r{� + 2∆}(n) = d1,4(4n + 1) − d3,4(4n + 1),(1.2)

r{2� + ∆}(n) = d1,4(8n + 1) − d3,4(8n + 1),(1.3)

r{∆ + 4∆}(n) =
1
2

(d1,4(8n + 5) − d3,4(8n + 5)) ,(1.4)

r{∆ + 2∆}(n) =
1
2

(d1,8(8n + 3) + d3,8(8n + 3) − d5,8(8n + 3) − d7,8(8n + 3)) ,(1.5)

r{� + ∆}(n) = d1,8(8n + 1) + d3,8(8n + 1) − d5,8(8n + 1) − d7,8(8n+ 1),(1.6)

r{� + 4∆}(n) = d1,8(2n + 1) + d3,8(2n + 1) − d5,8(2n + 1) − d7,8(2n+ 1),(1.7)

r{∆ + 3∆}(n) = d1,3(2n + 1) − d2,3(2n + 1),(1.8)

r{3� + 2∆}(n) = d1,3(4n + 1) − d2,3(4n + 1),(1.9)

r{� + 6∆}(n) = d1,3(4n + 3) − d2,3(4n + 3),(1.10)

r{6� + ∆}(n) = d1,3(8n + 1) − d2,3(8n + 1),(1.11)

r{∆ + 12∆}(n) =
1
2

(d1,3(8n + 13) − d2,3(8n+ 13)) ,(1.12)

r{2� + 3∆}(n) = d1,3(8n + 3) − d2,3(8n + 3),(1.13)

r{3∆ + 4∆}(n) =
1
2

(d1,3(8n + 7) − d2,3(8n + 7)) ,(1.14)

r{∆ + ∆ + ∆ + ∆}(n) = σ(2n + 1),(1.15)

r{� + � + � + �}(n) = σ(4n+ 1).(1.16)

It should be noted that not all these results are new. For instance, (1.8) is equivalent to
a result of Ramanujan ([1, pp.223-224, 3, 4, p.229]).

2. Preliminary Results

As usual, let

φ(q) =
∞∑
−∞

qn2
, ψ(q) =

∑
n≥0

q(n
2+n)/2.

We shall require the easy lemmas

(2.1) φ(q)ψ(q2) = ψ(q)2,

(2.2) φ(q) = φ(q4) + 2qψ(q8),

as well as the (apparently new) result

(2.3) ψ(q)ψ(q3) = φ(q6)ψ(q4) + qφ(q2)ψ(q12).

Proofs of lemmas.

(2.1) φ(q)ψ(q2) =
(q2)5∞

(q)2∞(q4)2∞
· (q4)2∞
(q2)∞

=
(q2)4∞
(q)2∞

= ψ(q)2.

(2.2) φ(q) =
∞∑
−∞

qn2
=

∑
n even

qn2
+

∑
n odd

qn2
=

∞∑
−∞

q4n2
+

∞∑
−∞

q4n2+4n+1 = φ(q4) + 2qψ(q8).
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q4ψ(q8)ψ(q24) =
∞∑

k,l=−∞
q(4k+1)2+3(4l+1)2 =

∞∑
k,l=−∞

q4(k+3l+1)2+12(k−l)2(2.3)

=
∑

u−v≡1 (mod 4)

q4u2+12v2
.

We now consider the two cases v even, u even. If v is even, v = 2k, u = 4l+1 or −4l−1,
according as k is even or odd, while if u is even, u = 2k, v = 4l + 1 or −4l − 1, according
as k is odd or even. Thus

∑
u−v≡1 (mod4)

q4u2+12v2
=

∞∑
k,l=−∞

q4(4l+1)2+12(2k)2 +
∞∑

k,l=−∞
q4(2k)2+12(4l+1)2

= q4ψ(q32)φ(q48) + q12φ(q16)ψ(q96),

as required.

Proofs of theorems.

(J1) is equivalent to

(3.1) φ(q)2 = 1 + 4
∑
n≥1

(d1,4(n) − d3,4(n))qn.

That is, by (2.2) and (2.1),
(3.2)(
φ(q4) + 2qψ(q8)

)2 =
(
φ(q4)2 + 4q2ψ(q8)2

)
+ 4qψ(q4)2 = 1 + 4

∑
n≥1

(d1,4(n) − d3,4(n)) qn.

If we extract those terms in which the power of q is 1 (mod 4), divide by 4q and replace q4

by q, we find

(3.3) ψ(q)2 =
∑
n≥0

(d1,4(4n + 1) − d3,4(4n + 1)) qn,

from which we obtain (1.1).
By (2.1), (3.3) can be written

(3.4) φ(q)ψ(q2) =
∑
n≥0

(d1,4(4n + 1) − d3,4(4n+ 1))qn,

from which (1.2) follows.
Using (2.2), (3.4) can be written

(3.5) ψ(q2)
(
φ(q4) + 2qψ(q8)

)
=

∑
n≥0

(d1,4(4n+ 1) − d3,4(4n + 1)) qn,

from which (1.3) and (1.4) follow.
(D) is equivalent to

(3.6) φ(q)φ(q2) = 1 + 2
∑
n≥1

(d1,8(n) + d3,8(n) − d5,8(n) − d7,8(n))qn,

or, by (2.2),

(3.7) (φ(q4)+2qψ(q8))(φ(q8)+2q2ψ(q16)) = 1+2
∑
n≥1

(d1,8(n)+d3,8(n)−d5,8(n)−d7,8(n))qn,

from which (1.5), (1.6) and (1.7) follow.
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(L) is equivalent to

φ(q)φ(q3) = 1 + 2
∑
n≥1

(d1,3(n) − d2,3(n))qn + 4
∑
n≥1

(d4,12(n) − d8,12(n))qn(3.8)

= 1 + 2
∑
n≥1

(d1,3(n) − d2,3(n))qn + 4
∑
n≥1

(d1,3(n) − d2,3(n))q4n,

or

(
φ(q4) + 2qψ(q8)

) (
φ(q12) + 2q3ψ(q24)

)
(3.9)

= 1 + 2
∑
n≥1

(d1,3(n) − d2,3(n)) qn + 4
∑
n≥1

(d1,3(n) − d2,3(n)) q4n.

If from (3.9) we extract those terms in which the power of q is 0 (mod 4) and replace q4 by
q, we find

φ(q)φ(q3) + 4qψ(q2)ψ(q6)(3.10)

= 1 + 2
∑
n≥1

(d1,3(4n) − d2,3(4n))qn + 4
∑
n≥1

(d1,3(n) − d2,3(n))qn

= 1 + 6
∑
n≥1

(d1,3(n) − d2,3(n))qn

where we have used the fact, which needs a little consideration, that

d1,3(4n) − d2,3(4n) = d1,3(n) − d2,3(n).

If we subtract (3.8) from (3.10), we find

(3.11) 4qψ(q2)ψ(q6) = 4
∑
n≥1

(d1,3(n) − d2,3(n))qn − 4
∑
n≥1

(d1,3(n) − d2,3(n)) q4n.

The right hand side of (3.11) is an odd function of q; if we divide by 4q and replace q2 by
q, we find

(3.12) ψ(q)ψ(q3) =
∑
n≥0

(d1,3(2n+ 1) − d2,3(2n+ 1)) qn,

from which (1.8) follows.
If we invoke (2.3), (3.12) becomes

(3.13) φ(q6)ψ(q4) + qφ(q2)ψ(q12) =
∑
n≥0

(d1,3(2n+ 1) − d2,3(2n+ 1)) qn,

so

(3.14) φ(q3)ψ(q2) =
∑
n≥0

(d1,3(4n+ 1) − d2,3(4n+ 1))qn

and

(3.15) φ(q)ψ(q6) =
∑
n≥0

(d1,3(4n + 3) − d2,3(4n+ 3))qn.

(1.9) and (1.10) follow.
(3.14) and (3.15) can be written respectively

(3.16) ψ(q2)
(
φ(q12) + 2q3ψ(q24)

)
=

∑
n≥0

(d1,3(4n+ 1) − d2,3(4n+ 1)) qn
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and

(3.17) ψ(q6)
(
φ(q4) + 2qψ(q8)

)
=

∑
n≥0

(d1,3(4n+ 3) − d2,3(4n + 3))qn.

(1.11), (1.12), (1.13) and (1.14) follow.
(J2) is equivalent to

(3.18) φ(q)4 = 1 + 8
∑
n≥1


 ∑

d|n, 4�d

d


 qn.

Now, the left hand side is

φ(q)4 =
(
φ(q4) + 2qψ(q8)

)4

(3.19)

=
(
φ(q4)4 + 16q4ψ(q8)4

)
+ 8qφ(q4)3ψ(q8) + 24q2φ(q4)2ψ(q8)2 + 32q3φ(q4)ψ(q8)3

=
(
φ(q4)4 + 16q4ψ(q8)4

)
+ 8qφ(q4)2ψ(q4)2 + 24q2ψ(q4)4 + 32q3ψ(q4)2ψ(q8)2.

So (3.18) becomes(
φ(q4)4 + 16q4ψ(q8)4

)
+ 8qφ(q4)2ψ(q4)2 + 24q2ψ(q4)4 + 32q3ψ(q4)2ψ(q8)2(3.20)

= 1 + 8
∑
n≥1


 ∑

d|n, 4†d
d


 qn.

We deduce that

(3.21) 24ψ(q)4 = 8
∑
n≥0


 ∑

d|4n+2

d


 qn = 24

∑
n≥0

σ(2n + 1)qn

and

(3.22) 8φ(q)2ψ(q)2 = 8
∑
n≥0


 ∑

d|4n+1

d


 qn = 8

∑
n≥0

σ(4n + 1)qn,

which are (1.15) and (1.16).
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POLYGRAPH ARRANGEMENTS
(EXTENDED ABSTRACT)

AXEL HULTMAN

Abstract. A class of subspace arrangements, Z(n, m), known as polygraph arrange-
ments was exploited by Haiman in order to prove the n! theorem. By showing that their
intersection lattices, L(Z(n, m)), are EL-shellable, we determine the cohomology groups
of the complements of the arrangements. Moreover, we generalize the shellability results
to a class of lattices which deserve to be called Dowling generalizations of L(Z(n, m)). As
a consequence, we obtain the cohomology groups of the complements of certain Dowling
analogies of polygraph arrangements.

Résumé. Une classe d’arrangements de sous-espaces de Z(n, m), connue sous le nom des
arrangements de polygraphes, a été exploitée par Haiman afin de prouver le théorme n!. En
prouvant que leurs treillis d’intersections, L(Z(n, m)), sont EL-shellable, nous déterminons
les groupes de cohomologies des compléments d’arrangements. De plus, nous généralisons
les résultats de shellabilité à une classe de treillis que nous appelons les L(Z(n, m))-
généralisations de Dowling. Entre autres, nous obtenons les groupes de cohomologies des
compléments de certains analogues de Dowling des arrangements de polygraphe.

1. Introduction

Macdonald [11] introduced a family of polynomials known as Macdonald polynomials.
They constitute a basis of the algebra of symmetric functions in the variables x1, x2, . . .
with coefficients in the field of fractions of Q[y, z]. Transformation to the basis of Schur
functions gives rise to transition coefficients that are called Kostka-Macdonald coefficients.
Until recently, the conjecture that the Kostka-Macdonald coefficients in fact are polynomials
in y and z with nonnegative integer coefficients was open. This conjecture was known as
the Macdonald positivity conjecture.
Garsia and Haiman [6] conjectured that the Kostka-Macdonald coefficients are multiplici-

ties of graded characters of certain Sn-modules. An equivalent (see Haiman [9]) formulation
of this has become known as the n! conjecture, since it asserts that the said modules are of
dimension n!. This implies the positivity conjecture.
Recently, Haiman [8] proved the n! conjecture. The proof relies on the fact that a class of

subspace arrangements in (C2)n+m, called polygraph arrangements, have coordinate rings
that are free modules over the polynomial ring in one coordinate set on (C2)n.
In this paper, we show that certain lattices, which deserve to be called Dowling gener-

alizations of the intersection lattices of the polygraph arrangements, are EL-shellable. Via
the Goresky-MacPherson formula, this allows us to determine the cohomology groups of
the complements of the polygraph arrangements as well as of Dowling analogies of these
arrangements. In particular, it turns out that the cohomology is torsion-free and vanishing
in “most” dimensions.
The structure of this paper is as follows. After briefly reviewing basic definitions and

tools in Section 2, we deal with the case of ordinary polygraph arrangements in Sections 3
and 4. In Section 5, we give Dowling generalizations of the results in Section 4.

#32.1
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The proofs of Section 5 certainly specialize to proofs of the theorems in Section 4. How-
ever, they do not quite specialize to the proofs given in Section 4; the latter are simpler
and more transparent. This is the reason why we treat ordinary polygraph arrangements
and their Dowling generalizations separately.

Acknowledgement. The author is grateful to his advisor Anders Björner who suggested
the study of polygraph arrangements. Moreover, his careful reading and remarks have led
to substantial improvements in the paper.

2. Tools for investigation of subspace arrangements

We give a brief survey of the techniques that are used in this paper. For basic combina-
torial and topological concepts, the reader is referred to the textbooks by Stanley [13] and
Munkres [12]. For more on subspace arrangements, see e.g. Björner’s survey article [2].
A subspace arrangement is a collection A = {A1, . . . , An} of affine subspaces of km, where

k is some field. In case k ∈ {R,C}, one is often interested in the topological features of the
complement MA := km \ (⋃n

i=1 Ai).

2.1. The Goresky-MacPherson formula. To any poset P , we associate the order com-
plex ∆(P ). This is the simplicial complex having the chains of P as simplices. If P has a
minimal and/or a maximal element, then the symbols 0̂ and 1̂ will be used to denote them,
respectively. The proper part P is the poset P \ {0̂, 1̂}.
The intersection semi-lattice L(A) of A is the meet semi-lattice of all nonempty inter-

sections of subsets of A ordered by reverse inclusion. It is a lattice iff
⋂n

i=1 Ai �= ∅. In
case k ∈ {R,C}, the following result by Goresky and MacPherson [7] relates the reduced
cohomology groups of MA and the reduced homology of the lower intervals of L(A):
Theorem 2.1. (The Goresky-MacPherson formula) Let A be a real subspace arrangement
(i.e. k = R). Then, for all i,

H̃ i(MA;Z) ∼=
⊕

x∈L(A)\{0̂} H̃codimR(x)−i−2(∆([0̂, x]);Z). �

Note that we can apply Theorem 2.1 to complex arrangements by identifying C with R2.
Then codimR(·) is replaced by 2codimC(·).

2.2. Lexicographic shellings. If we are interested in the cohomology ofMA, then Theo-
rem 2.1 leaves us with the task of determining the homology of L(A) and its lower intervals.
To this end, the technique of EL-shellability described below will be useful to us. It was in-
troduced for ranked posets by Björner [1] and later extended to arbitrary posets by Björner
and Wachs [4].
For an arbitrary poset P , let P̂ denote the poset obtained by adding an additional

maximal element 1̂ and an additional minimal element 0̂ to P . Let R(P̂ ) ⊂ P̂ 2 denote the
covering relation of P̂ . We write x → y if y covers x. An edge-labelling of P is a map
λ : R(P̂ ) → Λ, where Λ is some poset of labels. A saturated chain c = {c1 → . . . →
ct} ⊆ P̂ is rising if λ(c1 → c2) < · · · < λ(ct−1 → ct). The chain c is falling if, instead,
λ(c1 → c2) ≥ · · · ≥ λ(ct−1 → ct). Given an interval [x, y] ⊆ P̂ , we compare two saturated
chains c = {x = c1 → . . . → ctc = y} and d = {x = d1 → . . . → dtd = y} using the
lexicographic order induced by Λ on the sequences λ(c1 → c2), . . . , λ(ctc−1 → ctc) and
λ(d1 → d2), . . . , λ(dtd−1 → dtd).
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Definition 2.2. λ : R(P̂ ) → Λ is an EL-labelling of P if every P̂ -interval contains a
unique rising saturated chain and this chain is lexicographically least of all saturated chains
in the interval. If P admits an EL-labelling, then P is called EL-shellable.

Clearly, if P is EL-shellable, then so is every interval of P . Moreover, the homotopy type
of ∆(P ) can be read off the labelling:

Theorem 2.3. (see [4, Thm. 5.9]) If λ is an EL-labelling of P , then ∆(P ) is homotopy
equivalent to a wedge of spheres. The spheres of dimension i in the wedge are indexed by
the falling maximal chains of length i+ 2 in P̂ . In particular, if P is ranked, then ∆(P ) is
homotopy equivalent to a wedge of spheres in top dimension. �

3. Polygraph arrangements

Now we describe our main objects of study. Let V be a d-dimensional vector space over
k. For m,n ∈ N and a function f : [m]→ [n], we let

Wf = {(xf(1), . . . , xf(m), x1, . . . , xn) ∈ V m+n | xi ∈ V ∀i ∈ [n]}.

This is a linear subspace of V m+n. The polygraph arrangement, ZV (n,m), is the collection
of all such subspaces:

ZV (n,m) := {Wf | f : [m]→ [n]}.

Often, the choice of V (and k) is not important. Therefore, we frequently write Z(n,m)
instead of ZV (n,m). To avoid confusion, we mention that Haiman [8] lets Z(n,m) denote
the union, not just the collection, of all Wf .
We need a combinatorial description of the intersection lattice L(Z(n,m)). From now

on, we let P = {p1 < · · · < pm} and Q = {q1 < · · · < qn} be fixed disjoint ordered sets.
For a subset S ⊆ P ∪ Q, we use the notation SP := S ∩ P and SQ := S ∩ Q, so that
S = SP ∪SQ. Consider the following lattice, which is a join-subsemilattice of the partition
lattice ΠP∪Q.

L(Q,P ) := {π1| . . . |πt ∈ ΠP∪Q | πP
i = ∅ ⇒ |πQ

i | = 1
and πP

i �= ∅ ⇒ πQ
i �= ∅ ∀i ∈ [t], t arbitrary} ∪ {0̂}.

Proposition 3.1. L(Z(n,m)) and L(Q,P ) are isomorphic.

Proof. Pick a subset F ⊆ {f : [m] → [n]}. The element ⋂
f∈F Wf ∈ L(Z(n,m)) can be

represented by a bipartite graph GF = (P ∪Q,E), where {pi, qj} ∈ E iff f(i) = j for some
f ∈ F . Two such graphs represent the same subspace of V m+n precisely if they have the
same connected components. Clearly, all bipartite graphs on P ∪ Q in which deg(pi) ≥ 1
for all i ∈ [m] occur in this way. Thus, L(Z(n,m)) is isomorphic to the lattice of partitions
of P ∪ Q that correspond to connected components in bipartite graphs on P ∪ Q with no
isolated vertices in P . This is precisely L(Q,P ). �

Corollary 3.2. The intersection lattice L(Z(n,m)) is ranked of length n. �

4. An EL-labelling of L(Q,P )

We will give an edge-labelling λ of L(Q,P ). It will turn out to be an EL-labelling. Our
poset Λ of labels is
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Λ = {A2 < · · · < An < B1 < · · · < Bn < 11 . . . 11︸ ︷︷ ︸
m

< 11 . . . 12︸ ︷︷ ︸
m

< · · · < nn . . . n︸ ︷︷ ︸
m

< C2 <

· · · < Cn}.

The labelling λ : R(L(Q,P ))→ Λ is defined by:
◦ λ(π → τ) = Ax if two non-singleton blocks, πi and πj , in π are merged in τ and

qx = max(πQ
i ∪ πQ

j ).
◦ λ(π → τ) = Bx if a singleton, qx, and a non-singleton block, πi, in π are merged in

τ and qx < max(πQ
i ).

◦ λ(π → τ) = Cx if a singleton, qx, and a non-singleton block, πi, in π are merged in
τ and qx > max(πQ

i ).
◦ λ(0̂ → τ) = f(1)f(2) . . . f(m) (juxtapositioning) if τ corresponds to the subspace

Wf .

Theorem 4.1. The labelling λ is an EL-labelling of L(Q,P ).

Proof. Pick an interval I = [π, τ ] ⊆ L(Q,P ). We must verify that I contains a unique
rising chain and that this chain is lexicographically least in I.
Suppose, to begin with, that π �= 0̂. If there are non-singleton blocks in π which are

merged in τ , then any rising chain must begin with the merging of these blocks. This
gives rise to A-labels, and for the subscripts of these labels to form a rising sequence, the
order in which to merge the blocks is unique. Next, all singletons qi that are to be merged
with non-singleton blocks containing some qj > qi must be so. This gives rise to B-labels,
and again there is a unique way to make their subscripts form a rising sequence. Finally,
the remaining singletons that are larger than all Q-elements in their blocks in τ are to be
merged, this giving rise to C-labels. Once again, there is a unique order in which to do this
within a rising chain. Thus, we have constructed the unique rising chain in I. Note that
if we had replaced the word rising with the phrase lexicographically least, then the above
construction would give us the unique lexicographically least chain. Hence, it coincides
with the rising chain.
Now, suppose that π = 0̂. Note that I contains exactly one atom af , corresponding to

the subspace Wf , with the property that [af , τ ] contains a chain with only C-labels. The
function f sends i ∈ [m] to the least j ∈ [n] such that pi and qj are in the same block in
τ . As before, the C-labels occur with rising subscripts in exactly one chain in [af , τ ]. Note
that λ(0̂ → af ) < λ(0̂ → a) for all atoms a ∈ I \ {af}. Hence, the rising chain is again
lexicographically least in I. �

Remark. Let r = (r1, . . . , rm) ∈ [n]m. Haiman [10] has considered the subarrangement
Z(n,m, r) ⊆ Z(n,m) which consists of those Wf that satisfy f(i) ≤ ri for all i ∈ [m]. It is
not difficult to see that, with straightforward modifications, the proof of Theorem 4.1 goes
through for the appropriate subsemilattice L(Q,P, r) of L(Q,P ).

Theorem 2.3 tells us that ∆(L(Q,P )) is homotopy equivalent to a wedge of spheres in top
dimension, the spheres being indexed by the falling chains in L(Q,P ) under the labelling
λ. In order to calculate the number of spheres in the wedge, we define an easily counted
set of combinatorial objects which is in 1-1 correspondence with the set of falling chains in
L(Q,P ).
Consider the set C(Q,P ) of ordered partitions (π1, . . . , πk) of P ∪ Q such that qn ∈ π1,

πP
i �= ∅ and πQ

i �= ∅ for all i ∈ [k], k arbitrary. Define Γ(n,m) := |C(Q,P )|. Clearly,
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Γ(n,m) =
∑min(n,m)

k=1 S(n, k)S(m,k)k!(k − 1)!,

where the S(i, j) are Stirling numbers of the second kind.
Now we establish the bijection mentioned above.

Theorem 4.2. ∆(L(Q,P )) is homotopy equivalent to a wedge of (n − 2)-dimensional
spheres. The number of spheres in the wedge is

∑min(n,m)
k=1 S(n, k)S(m,k)k!(k − 1)!.

Proof. We construct a bijection φ : {falling chains in L(Q,P )} → C(Q,P ) as follows. Let
c = {0̂ → c1 → . . . → cn = 1̂} ⊆ L(Q,P ) be a falling chain. Then, for some j, all ci,
i < j, contain singleton blocks whereas all ci, i ≥ j, do not. The blocks in cj are the blocks
in φ(c). Let π1 be the block in cj which contains qn. Since c is falling, cj+1 is obtained
by merging π1 with some other block which we call π2. Then cj+2 is obtained by merging
π1 ∪ π2 with a block which we denote π3 and so on, until finally 1̂ is obtained from cn−1 by
merging π1 ∪ · · · ∪ πn−j with the only other block, which is then given the name πn−j+1.
We define φ(c) := (π1, . . . , πn−j+1).
To check injectivity of φ, consider two distinct falling chains c = {0̂→ c1 → . . . → cn = 1̂}

and d = {0̂→ d1 → . . . → dn = 1̂} in L(Q,P ). Let j be the smallest index such that cj �= dj .
If j = 1, then c1 and d1 correspond to different functions fc, fd : [m] → [n]. Note

that {qi ∈ Q | i ∈ fc([m])} is the set of maximal Q-elements in blocks in φ(c), since
no falling chain possesses C-labels. An analogous statement holds for fd. Therefore, if
fc([m]) �= fd([m]), then φ(c) �= φ(d). If, on the other hand, fc([m]) = fd([m]), then we can
pick i ∈ [m] such that fc(i) �= fd(i) and both fc(i) and fd(i) are maximal Q-elements in
blocks in both φ(c) and φ(d). Therefore, pi and qfc(i) belong to the same block in φ(c) but
to different blocks in φ(d). Hence, φ(c) �= φ(d).
Now suppose j > 1. If λ(cj−1 → cj) = Bx, for some x, then λ(dj−1 → dj) = Bx, too.

Since cj �= dj , this means that the block containing x in φ(c) is different from the block
containing x in φ(d). This implies φ(c) �= φ(d).
The only case left is λ(cj−1 → cj) = λ(dj−1 → dj) = An. This implies that the set of

blocks in φ(c) is equal to the set of blocks in φ(d). Since c �= d, φ(c) must differ from φ(d)
in the order of the blocks. Hence φ(c) �= φ(d) in this case too, and φ is injective.
To establish surjectivity, choose π = (π1, . . . , πk) ∈ C(Q,P ). We will construct a falling

chain c ⊆ L(Q,P ) such that φ(c) = π. Let f̂ : P → Q be the function mapping all
elements in πP

i to max(πQ
i ) for all i ∈ [k]. Define f : [m] → [n] to be the corresponding

function on the indices, i.e. by requiring that f̂(pi) = qf(i) for all i ∈ [m]. The atom of
L(Q,P ) corresponding to Wf is c1. The chain {0̂ → c1 → . . . → cn−k+1 = π1| . . . |πk}
is produced by merging the singletons in c1 one by one with their corresponding non-
singleton blocks in the only possible way which ends with π1| . . . |πk while giving rise to a
falling sequence of B-labels. For l ∈ [k − 1], let cn−k+l = π1 ∪ · · · ∪ πl|πl+1| . . . |πk. Now,
c = {0̂→ c1 → . . . → cn−1 → 1̂} is mapped to π by φ, so φ is surjective. �

Note that Γ(n,m) = Γ(m,n). This implies an unsuspected numerical relationship be-
tween the combinatorially very distinct arrangements Z(n,m) and Z(m,n).
The cohomology groups of the complement MZ

Rd(n,m) are determined by the Goresky-
MacPherson formula (Theorem 2.1) and the following corollary:
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Corollary 4.3. Let π = π1| . . . |πk ∈ L(Q,P ). Then ∆([0̂, π]) is homotopy equivalent
to a wedge of (n − 1 − k)-dimensional spheres. The number of spheres in the wedge is∏k

j=1 Γ(|πQ
j |, |πP

j |).

Proof. [0̂, π] is ranked, and it is EL-shellable since L(Q,P ) is. Hence, by Theorem 2.3,
∆([0̂, π]) is homotopy equivalent to a wedge of spheres in top dimension. The number
of spheres in the wedge is the absolute value |µ(0̂, π)| of the Möbius function. Note that
[0̂, π] ∼= L(πQ

1 , πP
1 ) × · · · × L(πQ

k , πP
k ). The Möbius function is multiplicative, so µ(0̂, π) =∏k

j=1 µj(0̂, πj), where µj is the Möbius function of L(π
Q
j , πP

j ). The corollary now follows
from Theorem 4.2. �
In general dimension, the expression for the cohomology of the complement, although

determined by Corollary 4.3, is not pretty. In the following theorem we restrict ourselves
to weaker, readable, information. As before, the complex case is obtained by identifying C

and R2.

Theorem 4.4. For all i, H̃ i(MZ
Rd(n,m);Z) is torsion-free. Let β̃i denote its rank. We

have
(1) β̃i = 0, unless i = d(m − 1) + j(d − 1) for some j ∈ [n].

(2) β̃dm−1 = nm, if d ≥ 2.

(3) β̃d(m+n−1)−n = Γ(n,m), if d ≥ 2.
�

Remark. Unlike its complement, the union ∪A of an arrangement of linear subspaces is
topologically not very exciting; it is a cone with apex in the origin. A more interesting
object is the link, lk(A) := Sl−1 ∩ (∪A), where l is the dimension of the space in which
the arrangement is embedded. From Ziegler and Živaljević [14, Thm. 2.4], it follows
that the link of a real linear subspace arrangement with shellable intersection lattice has
the homotopy type of a wedge of spheres. In particular, this applies to the polygraph
arrangements ZRd(n,m).

5. A Dowling generalization

5.1. Dowling lattices. Let G be a finite group and n a positive integer. G acts on the
set ([n] × G) ∪ {0} by 0g := 0 and (i, h)g := (i, hg) for i ∈ [n] and g, h ∈ G. For a
subset S ⊆ ([n] × G) ∪ {0}, we define Sg := {xg | x ∈ S}. A partition π = π1| . . . |πt of
([n] × G) ∪ {0} is G-symmetric if πig ∈ π for all g ∈ G and i ∈ [t]. The block πi is called
g-symmetric, for g ∈ G, if πig = πi. If the identity element is the only g ∈ G which makes
πi g-symmetric, then πi is called simple. Note that if π is G-symmetric, then the block
containing 0 is necessarily g-symmetric for all g ∈ G.

Definition 5.1. Let G be a finite group. The Dowling lattice ΠG
n is the lattice of all G-

symmetric partitions π of ([n]× G) ∪ {0} such that all blocks not containing 0 are simple.
The block containing 0 is called the null block of π.

Note that Π{e}
n

∼= Πn+1. Thus, Dowling lattices constitute a generalization of the parti-
tion lattice. They were first introduced by Dowling [5]. Two more special cases are worth
mentioning. The lattice ΠZ2

n is isomorphic to the partition lattice of type B, i.e. the in-
tersection lattice of the arrangement of reflecting hyperplanes of the Coxeter group Bn.
This is a special case of ΠZr

n , which is isomorphic to the intersection lattice of the Dowling
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arrangement, i.e. the arrangement in Cn of complex hyperplanes given by the equations
xi = ζkxj and xl = 0, where i < j ∈ [n], k ∈ [r], l ∈ [n] and ζ is a primitive r:th root of
unity.
For obvious reasons, the notation tends to get horrible when dealing with Dowling lat-

tices. We agree on some conventions to simplify it. We write ig := (i, g) for i ∈ [n] and g ∈
G. The G-orbit of a simple block in π ∈ ΠG

n has cardinality |G| and is of course completely
determined by any representative. When we write out π, we therefore often omit all but one
(arbitrary) block in every orbit of a simple block. Thus, π = π1| . . . |πt ∈ ΠG

n should be inter-
preted as an element with t G-orbits of blocks; hence with (t−1)|G|+1 blocks (since the null
block is alone in its orbit). When the G-elements in the superscripts are irrelevant, namely
in the null block and in singletons, we omit them, too. For example, we write 02|4|1031 for
the element 0(2, 0)(2, 1)(2, 2)|(4, 0)|(4, 1)|(4, 2)|(1, 0)(3, 1)|(1, 1)(3, 2)|(1, 2)(3, 0) in ΠZ3

4 .
We view an element in ΠG

n as a “signed” partition of [n] ∪ {0}, where G is the group of
“signs”. Sometimes we wish to disregard the “signs”. Therefore, for S ⊆ ([n] × G) ∪ {0},
we define S := {i ∈ [n] | ig ∈ S for some g ∈ G} ∪S0, where S0 := {0} if 0 ∈ S and S0 := ∅
otherwise. With this, we can define the absolute value π ∈ Π[n]∪{0} of π = π1| . . . |πt ∈ ΠG

n

by π := π1| . . . |πt. If πi is the null block of π, then we say that πi is the null block of π.

5.2. Dowling analogies of L(Q,P ). Recall that x is a modular element in a ranked lattice
L if rank(x) + rank(y) = rank(x ∨ y) + rank(x ∧ y) for all y ∈ L. Björner [3] observed
that the lattice L(Q,P ) can be constructed in the following way, which suggests possible
generalizations of the results in Section 3. Consider the modular element π = p1| . . . |pm|Q
in the partition lattice ΠP∪Q. Note that the set of complements Co(π) := {τ ∈ ΠP∪Q |
τ ∧ π = 0̂ and τ ∨ π = 1̂} is precisely the set of atoms in L(Q,P ), so that L(Q,P ) is the
lattice join-generated by Co(π).
Now, let G be a finite group and consider the element π = 0Q|p1| . . . |pm in the Dowling

lattice ΠG
P∪Q (meaning that we replace [n] with P ∪Q in Definition 5.1). By [5, Thm. 4], π

is modular. Let LG(Q,P ) be the lattice which is join-generated by Co(π). Note that Co(π)
consists of the elements in which every simple block contains exactly one Q×G-element and
the null block contains no Q×G-elements. Therefore, LG(Q,P ) consists of those elements
in ΠG

P∪Q in which every singleton is either 0 or from Q×G and every non-singleton intersects
P ×G. In other words, for π ∈ ΠG

P∪Q, we have π ∈ LG(Q,P ) iff π ∈ L(Q ∪ {0}, P ).
We have L{e}(Q,P ) ∼= L(Q∪{0}, P ). The cases G = Z2 and G = Zr are also interesting.

As before, let V be a vector space over k, and let r be a positive integer.

Definition 5.2. Suppose that char(k) �= 2. The polygraph arrangement of type B,
ZB

V (n,m), is the collection of all subspaces of the form

{(τ1xf(1), . . . , τmxf(m), x1, . . . , xn) ∈ V m+n | xi ∈ V ∀i ∈ [n]}

over all f : [m]→ [n] and (τ1, . . . , τm) ∈ {−1, 0, 1}m.

Definition 5.3. Suppose that k contains a primitive r:th root of unity. The Dowling poly-
graph arrangement, Zr

V (n,m), is the collection of all subspaces of the form

{(τ1xf(1), . . . , τmxf(m), x1, . . . , xn) ∈ V m+n | xi ∈ V ∀i ∈ [n]}

over all f : [m]→ [n] and (τ1, . . . , τm) ∈ {0, ζ, ζ2, . . . , ζr = 1}m, where ζ is a primitive r:th
root of unity.
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As before, we frequently suppress the vector space in the subscript. It is clear that
L(ZB(n,m)) ∼= LZ2(Q,P ) and L(Zr(n,m)) ∼= LZr(Q,P ).
It turns out that LG(Q,P ) is EL-shellable. We define an edge-labelling ω : R(LG(Q,P ))→

Ω, where Ω is the following poset of labels:

Ω = {α1 < · · · < αn < A2 < · · · < An < B1 < · · · < Bn < 00 . . . 00︸ ︷︷ ︸
m

< 00 . . . 01︸ ︷︷ ︸
m

< · · · <

nn . . . n︸ ︷︷ ︸
m

< β1 < · · · < βn < C2 < · · · < Cn}.

To simplify notation, we agree that from now on, the term block means a block which is
neither a singleton nor a null block. Bearing this in mind, we define ω as follows:

◦ ω(π → τ) = αx if a block, πi, and the null block in π are merged in τ and qx =
max(πi

Q).
◦ ω(π → τ) = βx if a singleton, qx, and the null block in π are merged in τ .
◦ ω(π → τ) = Ax if two blocks, πi and πj, in π are merged in τ and qx = max(πi

Q ∪
πj

Q).
◦ ω(π → τ) = Bx if a singleton, qx, and a block, πi, in π are merged in τ and

qx < max(πi
Q).

◦ ω(π → τ) = Cx if a singleton, qx, and a block, πi, in π are merged in τ and
qx > max(πi

Q).
◦ ω(0̂→ τ) = f(1)f(2) . . . f(m) (juxtapositioning), where f is the function f : [m]→
[n] ∪ {0} which satisfies that qf(i) is the unique element in Q ∪ {q0} sharing block
(or null block) with pi in τ . (Here, q0 := 0.)

Given an atom a ∈ LG(Q,P ), we define fa : [m]→ [n]∪{0} by requiring that fa(1) . . . fa(m) =
ω(0̂→ a).
We omit the proof of the following theorem; it is along the same lines as the proof of

Theorem 4.1. Note, however, that ω does not specialize to the labelling λ of Section 4 when
G = {e}.
Theorem 5.4. The labelling ω is an EL-labelling of LG(Q,P ). �
As in Section 4, we may exploit the EL-labelling ω to calculate the homotopy type of

∆(LG(Q,P )). The key facts that we need are expressed in Lemma 5.8 and Lemma 5.9. The
proof of the former requires three further lemmata. We omit the technical, but reasonably
straightforward, proofs of two of them.

Lemma 5.5. Let R be the set of elements in LG(Q,P ) that contain no non-zero sin-
gletons. Fix an atom a ∈ LG(Q,P ). Define φG

a to be the number of ω-falling chains
c = {0̂ → a = c1 → . . . → ct+1} such that ct+1 ∈ R and ω(cj → cj+1) is a B-label for all
j ∈ [t]. Then

φG
a = |G|n−|fa([m])\{0}| ∏

i∈[n]\fa([m]) |{j ∈ fa([m]) | j > i}|. �

We define a map ψ : 2[n] → N by ψ(S) =
∏

i∈[n]\S |{j ∈ S | j > i}|, so that we
obtain φG

a = |G|n−|fa([m])\{0}|ψ(fa([m]) \ {0}). The Stirling numbers are related to ψ in the
following way:

Lemma 5.6.
∑

S∈([n]
k )

ψ(S) = S(n, k).

Proof. ψ(S) counts all partitions π = π1| . . . |π|S| of [n] with the property that S =
{max(πi) | i ∈ [|S|]}. �
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Lemma 5.7. Let S ⊆ [n] be fixed. Let ΛS be the set of atoms a ∈ LG(Q,P ) such that
fa([m]) \ {0} = S. Then

|ΛS | = |S|!∑m−|S|
j=0

(m
j

)
S(m− j, |S|)|G|m−j . �

Lemma 5.8. Let Rk be the set of elements ρ in LG(Q,P ) such that ρ consists of a null-
block, k blocks and no non-zero singletons. Define φG

↓ (k) to be the number of ω-falling
chains c = {0̂ → c1 → . . . → ct+1} such that ct+1 ∈ Rk and ω(ci → ci+1) is a B-label for
all i ∈ [t]. Then

φG
↓ (k) = S(n, k)k!

∑m−k
j=0

(m
j

)
S(m− j, k)|G|m+n−j−k.

In particular, this number only depends on k.

Proof. Let c be as in the statement of the lemma. Since all ci, i ∈ [t], have the same number
of blocks, k, we obtain

φG
↓ (k) =

∑
S∈([n]

k )
∑

a∈ΛS
φG

a =

(1)
=

∑
S∈([n]

k )
∑

a∈ΛS
|G|n−kψ(S) =

=
∑

S∈([n]
k )

|ΛS | · |G|n−kψ(S) =

(2)
= |G|n−kS(n, k)|ΛS | =
(3)
= |G|n−kS(n, k)k!

∑m−k
j=0

(m
j

)
S(m− j, k)|G|m−j .

Here, (1) follows from Lemma 5.5, (2) follows from Lemma 5.6 and (3) follows from Lemma
5.7. �
Lemma 5.9. Suppose ρ ∈ Rk. Then the number of ω-falling chains in [ρ, 1̂] is φG

↑ (k), where

φG
↑ (k) := (1 + |G|)(1 + 2|G|) . . . (1 + (k − 1)|G|).

In particular, this number only depends on k.

Proof. There is a natural isomorphism between [ρ, 1̂] and the Dowling lattice ΠG
k obtained

by identifying the blocks of ρ with the set [k] × G and the null block of ρ with 0. Hence,
ω induces an EL-labelling of ΠG

k . As then follows from Dowling’s [5] computation of the
Möbius function of ΠG

k , ∆(Π
G
k ) is homotopy equivalent to a wedge of φ

G
↑ (k) spheres (of top

dimension). Therefore, by Theorem 2.3, φ↑(k) must be the number of ω-falling chains in
[ρ, 1̂].

�
Now, we are ready to count the falling chains in LG(Q,P ).

Theorem 5.10. ∆(LG(Q,P )) is homotopy equivalent to a wedge of (n − 1)-dimensional
spheres. Let ΓG(n,m) denote the number of spheres in the wedge. Then,

ΓG(n,m) =
min(n,m)∑

k=1

S(n, k)k!
m−k∑
j=0

(
m

j

)
S(m − j, k)|G|m+n−j−k

k−1∏
i=1

(1 + i|G|).
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Proof. It is clear that the number of falling chains in LG(Q,P ) under ω is
∑min(n,m)

k=0 φG
↓ (k)φ

G
↑ (k).

The theorem now follows from Lemma 5.8, Lemma 5.9 and Theorem 2.3. �

Below, let α = min(n+1,m). We check that Theorem 5.10 indeed generalizes Theorem
4.2. Note that

Γ{e}(n,m) =
∑min(n,m)

k=1 S(n, k)k!
∑m−k

j=0

(m
j

)
S(m− j, k)k! =

=
∑min(n,m)

k=1 S(n, k)S(m+ 1, k + 1)(k!)2 =

=
∑α

k=1 S(n, k)S(m+ 1, k + 1)(k!)2 =

=
∑α

k=1
S(n+1,k)−S(n,k−1)

k (S(m,k) + (k + 1)S(m,k + 1))(k!)2 =

= Γ(n+ 1,m)− ∑α
k=1 S(n, k − 1)S(m,k)k!(k − 1)!+

+
∑α

k=1 S(n, k)S(m,k + 1)(k + 1)!k! =
(�)
= Γ(n+ 1,m)− S(n, 0)S(m, 1)1!0! + S(n, α)S(m,α + 1)(α + 1)!α! =

= Γ(n+ 1,m),

as required. The identity (5) follows from substituting j = k− 1 in the first sum on the left
hand side.

Corollary 5.11. Pick π ∈ LG(Q,P ). Suppose that π = 0π0|π1|π2| . . . |πt. Then, ∆([0̂, π])
is homotopy equivalent to a wedge of top-dimensional spheres. The number of spheres in
the wedge is ΓG(|πQ

0 |, |πP
0 |) · ∏t

i=1 Γ(|πQ
i |, |πP

i |).
Proof. Note that [0̂, π] ∼= LG(πQ

0 , πP
0 )×L(πQ

1 , πP
1 )× · · · ×L(πQ

t , πP
t ). The rest of the proof

is analogous to the proof of Corollary 4.3. �

As in Section 4, Corollary 5.11 provides the information needed to calculate the coho-
mology groups of MZr(n,m) with the Goresky-MacPherson formula, thereby obtaining a
generalization of Theorem 4.4. We omit the details.
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TRIBASIC INTEGRALS AND IDENTITIES OF ROGERS-RAMANUJAN
TYPE

M. E. H. ISMAIL AND D. STANTON

Abstract. Using complex analysis, integrals involving three independent q’s are evalu-
ated as infinite products. This leads to identities of Rogers-Ramanujan type.

Résumé. En utilisant trois q independant, nous evaluons des integraux en analyse com-
plexe et trouver des produits infinis. Ceci nous donnons des generalisations des identites
de Rogers-Ramanujan.

1. Introduction

The purpose of this extended abstract (no proofs are given) is to show the extensive
relationship between integrals and identities of Rogers-Ramanujan type. We concentrate
on integral evaluations involving infinite products with three independent q’s.
In [4, 6], it was shown that the Rogers-Ramanujan identities of modulus 5 follow from

evaluating the bibasic integral

(qt2; q)∞
2π

∫ π

0

(q5, e2iθ, e−2iθ; q5)∞
(teiθ, te−iθ; q)∞

dθ.(1)

We generalize the above integral by replacing the three bases of the infinite products q5, q
and q by independent bases s, p and q. The resulting integral can be evaluated as an infinite
product for special values of t. By specializing s, p, and q the product sides of identities of
Rogers-Ramanujan type appear. The special values of t for which such identities exist can
be found by considering the singularities of the integrals as functions of t.

2. Integrals

We use a variant of Schwarz’s theorem [1] to evaluate limits of integrals.

Theorem 1. Let f(θ, z) be continuous in θ for θ ∈ [0, 2π], and for all z so that r ≥ |z| ≥
r − ε for some positive ε. Assume further that f(θ, z) converges to f(θ, reiφ) as z → reiφ

uniformly in θ, for θ ∈ [0, 2π]. Then

lim
z→reiφ

∫ 2π

0

(r2 − |z|2) f(θ, z)dθ
2π|reiθ − z|2 = f(φ, reiφ).

We next apply Theorem 1 to find limiting values of the tribasic integrals

G1(t, p, q, s) =
(−t; q)∞

2π

∫ π

0

(s, e2iθ, e−2iθ; s)∞
(te2iθ, te−2iθ; p)∞

dθ, |t| < 1,

and

G2(t, p, q, s) =
(pt2; q)∞

2π

∫ π

0

(s, e2iθ, e−2iθ; s)∞
(teiθ, te−iθ; p)∞

dθ, |t| < 1.
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Note thatG2(t, q, q, q5) is the integral (1) of the introduction giving the Rogers-Ramanujan
identities modulo 5.

Corollary 2. We have an analytic continuation of G2(t, p, q, s) to p1/2 < |t| < p−1/2 such
that

lim
t→−1

G1(t, p, q, s) =
(q; q)∞
(p, p; p)∞

(s,−s,−s; s)∞,

lim
t→p−1/2

G2(t, p, q, s) =
(s, p, s/p; s)∞(q; q)∞

(p, p; p)∞
.

In particular for the Rogers-Ramanujan identities modulo 5,

G2(q−1/2, q, q, q5) =
1

(q2, q3; q5)∞
.

One can also extend the evaluation for G2 using further analytic continuations. Let
F (z) = (s, z2, 1/z2; s)∞.

Theorem 3. For k = 1, 2, . . . , G2(t, p, p, s) can be analytically continued to

p1−k/2 < |t| < p−k/2, via

G2(t, p, p, s) =
(pt2; p)∞

4π

∫ 2π

0

F (eiθp−k/2)
(teiθp−k/2, tpk/2e−iθ; p)∞

dθ

+
(s; s)∞

2(1− t2)(p; p)∞

k−1∑
j=0

(t2; p)j(t2p2j, t−2p−2j; s)∞
(1/p; 1/p)j

.

Furthermore

lim
t→p−k/2

G2(t, p, p, s) =
1

2(1− p−k)(p; p)∞

k∑
j=0

[
k
j

]
p

(s, p2j−k, pk−2j; s)∞pj(j−k).

3. Sums

Using techniques from orthogonal polynomials, one can give power series representations
in t for several special choices of p in the integrals

Sp,q(t) = G2(t, q, q, p) =
(qt2; q)∞(p; p)∞

2π

∫ π

0

(e2iθ, e−2iθ; p)∞
(teiθ, te−iθ; q)∞

dθ,

Hp,q(t) = G2(t, p, p2, q2) =
(q2; q2)∞(pt2; p2)∞

2π

∫ π

0

(e2iθ, e−2iθ; q2)∞
(teiθ, te−iθ; p)∞

dθ,

Jp,q(t) = G1(t, p2, p, q) =
(q; q)∞(−t; p)∞

2π

∫ π

0

(e2iθ, e−2iθ; q)∞
(te2iθ, te−2iθ; p2)∞

dθ.
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For example

Sq5,q(t) =
∞∑

n=0

qn2+2nt2n

(q; q)n
,

Sq5,q2(t) =
∞∑

n=0

(q; q2)n
(q2; q2)2n

qn(3n+2)(−t2)n,

Sq7,q2(t) =
∞∑

n=0

(q; q2)n
(q2; q2)2n

q2n(n+2)t2n,

S−q3,q(t) =
∞∑

n=0

(−1; q2)n
(q; q)2n

qn(n+2)t2n.

Sωq3,q(t) = 1 + (1− ω)
∞∑

n=1

(q3; q3)n−1

(q; q)2n(q; q)n−1
qn(n+2)t2n.

Hq2,q(t) =
∞∑

n=0

q2n2
(−t2)n

(q4; q4)n
= (q2t2; q4)∞,

Hiq,q(t) =
∞∑

n=0

(−1; q4)n
(iq; iq)2n

(−qt)2n,

Hq,q2(t) =
∞∑

n=0

(q2; q4)n
(q; q)2n

(q2t2)n =
(−q3t2; q2)∞
(q2t; q2)∞

,

Hq,q3(t) =
∞∑

n=0

(−q; q)2n

(q2; q2)n
(qt)2n,

Hq2,q3(t) =
∞∑

n=0

(q4t2)n

(q4; q4)n
=

1
(q4t2; q4)∞

,

Jq2,q(t) =
∞∑

n=0

(q; q2)n
(q4; q4)n

qn2
(−t)n,

J−q,q(t) =
∞∑

n=0

(−1; q2)n
(q2; q2)n

(−qt)n =
(qt; q2)∞
(−qt; q2)∞

,

Jq,q2(t) =
∞∑

n=0

(q; q2)n
(q2; q2)n

(qt)n =
(q2t; q2)∞
(qt; q2)∞

,

Jq,q3(t) =
∞∑

n=0

(q; q)2n

(q; q)n(q2; q2)n
(qt)n,

Jq2,q3(t) =
∞∑

n=0

(q; q2)n
(q4; q4)n

(q2t)n.

Note that several of these series converge for all t, thus are analytic continuations of the
integrals, allowing one to specialize t, and apply Corollary 2 and Theorem 3. These are
Rogers-Ramanujan identities. For example, specializing Sωq3,q(t), ω = e2πi/3, yields
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Theorem 4. We have

1 + (1− ω)
∞∑

n=1

(q3; q3)n−1

(q; q)2n(q; q)n−1
qn(n+1) =

(ωq3, ωq2, q;ωq3)∞
(q; q)∞

1 + (1− ω)
∞∑

n=1

(q3; q3)n−1

(q; q)2n(q; q)n−1
qn2

=
(ωq3, q2, ωq;ωq3)∞

(q; q)∞
.

4. Integer partition interpretations

Several of the identities are equivalent to integer partition statements, here are three
examples.

Corollary 5. Let A(n) be the number of integer partitions of n into parts congruent to 2,4,
10 or 12 mod 14 and distinct parts congruent to 1,5,7,9, or 13 mod 14. Let B(n) be the
number of integer partitions of n
(1) whose odd parts are consecutive (starting with 1) and have multiplicity one or two,
(2) whose largest even part is at most two more than twice the largest odd part.
Then A(n) = B(n).

Corollary 6. Let A(n) be the number of integer partitions of n into parts congruent to
2,6,8, or 12 mod 14 and distinct parts congruent to 3,7, or 11 mod 14. Let B(n) be the
number of integer partitions of n
(1) whose odd parts are consecutive (starting with 1) and have multiplicity two or three,
(2) whose largest even part is at most two more than twice the largest odd part.
Then A(n) = B(n).

Corollary 7. Let A(n) be the number of integer partitions of n into parts congruent to 4
or 6 mod 10 and distinct parts congruent to 3,5, or 7 mod 10. Let B(n) be the number of
integer partitions of n
(1) whose odd parts are consecutive (starting with 1) and have multiplicity three or four,
(2) whose largest even part is at most two more than twice the largest odd part.
Then A(n) = B(n).

5. m-versions

The Rogers-Ramanujan identities have the natural generalization [4]
∞∑

n=0

qn2+mn

(q; q)n
=

am(q)
(q, q4; q)∞

+
bm(q)

(q2, q3; q)∞
,(2)

where am(q) and bm(q) are Laurent polynomials in q which are explicitly known. We refer
to (2) as an “m-version” of the Rogers-Ramanujan identities.
According to Theorem 3

lim
t→q−m/2

Sp,q(t) =
1

2(1 − q−m)

m∑
j=0

[
m
j

]
q

(p, q2j−m, qm−2j ; p)∞
(q; q)∞

qj(j−m),(3)

for m = 1, 2, . . . . Equation (3) generalizes (2) and gives an explicit form for the general-
izations of the polynomials am(q) and bm(q). This alternating form is a special case of the
hook difference polynomials in [3]. However explicit positive forms may be found using the
recurrence relations for the polynomials. In the mod 5 case, this recurrence is three-term
and related to orthogonal polynomials. But in other cases higher order recurrences do
occur.
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For example

Sq7,q2(q−m) =
∞∑

n=0

(q; q2)n
(q2; q2)2n

q2n2+4n−2mn

= c1(m, 7, 2)
(q7, q1, q6; q7)∞

(q2, q2)∞
+ c2(m, 7, 2)

(q7, q2, q5; q7)∞
(q2, q2)∞

+ c3(m, 7, 2)
(q7, q3, q4; q7)∞

(q2, q2)∞
.

where gm = ci(m+ 2, 7, 2) satisfies the four term recurrence relation

gm+2 + q−1gm+1 − (1 + q−2−2m)gm − q−1gm−1 = 0.

The explicit positive forms are (s = q−1)

c1(n+ 2, 7, 2) = (−1)n−1
∑

2m+2j+k+1=n

[
m+ j

j

]
s4

[
m+ k

k

]
s2

s2m(m+1)+k

c2(n+ 2, 7, 2) = (−1)n−1
∑

2m+2j+k+1=n

[
m+ j

j

]
s4

[
m+ k − 1

k

]
s2

s2m(m+1)+k ,

c3(n+ 2, 7, 2) = (−1)n
∑

2m+2j+k=n

[
m+ j

j

]
s4

[
m+ k − 1

k

]
s2

s2m2+k.

One may also find these explicit positive forms for n < 0.
Of the identities on Slater’s list [5], 39 involve 3-term recurrences and 59 involve 4-term

recurrences.

References

[1] L. Ahlfors, Complex Analysis, McGraw-Hill, New York, 1976.
[2] G. Andrews, The Theory of Partitions, Cambridge University Press, New York, 1976.
[3] G. Andrews, R. Baxter, D. Bressoud, W. Burge, P. Forrester, and G. Viennot, “Partitions with prescribed

hook differences”, Eur. J. Comb. 8 (1987), 341-350.
[4] K. Garrett, M.E.H. Ismail, and D. Stanton, “Variants of the Rogers-Ramanujan identities”, Adv. Appl.

Math. 23, (1999), 274–299.
[5] L. Slater, “Further identities of the Rogers-Ramanujan type”, Proc. Lon. Math. Soc. (2), 54, (1952),

147–167.
[6] D. Stanton, “Gaussian Integrals and the Rogers-Ramanujan identities”, in Symbolic computation, num-

ber theory, special functions, physics and combinatorics, eds. F. Garvan, M. Ismail, Kluwer, 2001, p.
255-265.

Department of Mathematics, University of South Florida, Tampa, Florida 33620-5700

E-mail address: ismail@hahn.math.usf.edu

School of Mathematics, University of Minnesota, Minneapolis, Minnesota 55455

E-mail address: stanton@math.umn.edu



PARTIALLY ORDERED GENERALIZED PATTERNS

SERGEY KITAEV

Abstract. We introduce partially ordered generalized patterns (POGPs), which further
generalize the generalized permutation patterns (GPs) introduced by Babson and Ste-
ingŕımsson [BabStein]. A POGP p is a GP some of whose letters are incomparable. Thus,
in an occurrence of p in a permutation π, two letters that are incomparable in p pose no
restrictions on the corresponding letters in π. We describe many relations between POGPs
and GPs and give general theorems about the number of permutations avoiding certain
classes of POGPs. These theorems have several known results as corollaries but also give
many new results. We also give the generating function for the entire distribution of the
maximum number of non-overlapping occurrences of a pattern p with no dashes, provided
we know the e.g.f. for the number of permutations that avoid p.

Résumé. On étudie les motifs partiellement ordonnés généralisés (POGP), une généralisation
des motifs de PERmutation généralisés (GP) définis par Babson et Steingŕımsson [BabStein].
Un POGP p est un GP dont certaines lettres sont incomparables. Ainsi, dans une ap-
parition de p dans une permutation π, deux lettres incomparables de p ne posent aucune
contrainte sur les lettres correspondantes de π.

On décrit de nombreuses relations entre les PGOP et les GP et on donne des théorèmes
généraux sur le nombre de permutations évitant certaines classes de POGP. Ces théorèmes
ont pour corollaires plusieurs résultats connus mais mènent également à des résultats
nouveaux.

Nous dérivons la fonction génératrice pour toute la distribution du nombre maximal
d’apparitions sans superposition d’un motif p sans tirets, conaissant la fonction génératrice
exponentielle du nombre de permutations évitant p.

1. Introduction and Background

All permutations in this paper are written as words π = a1a2 · · · an, where the ai consist
of all the integers 1, 2, . . . , n.

We will be concerned with patterns in permutations. A pattern is a word on some
alphabet of letters, where some of the letters may be separated by dashes. In our notation,
the classical permutation patterns, first studied systematically by Simion and Schmidt
[SchSim], are of the form p = 1−3−2, the dashes indicating that the letters in a permutation
corresponding to an occurrence of p don’t have to be adjacent. In the classical case, an
occurrence of a pattern p in a permutation π is a subsequence in π (of the same length as
the length of p) whose letters are in the same relative order as those in p. For example, the
permutation 41352 has only one occurrence of the pattern 1 − 2 − 3, namely the subword
135.

Note that a classical pattern should, in our notation, have dashes at the beginning and
end. Since all patterns considered in this paper satisfy this, we suppress these dashes
from the notation. Thus, a pattern with no dashes corresponds to a contiguous subword
anywhere in a permutation.

In [BabStein] Babson and Steingŕımsson introduced generalized permutation patterns
(GPs) where two adjacent letters in a pattern may be required to be adjacent in the
permutation. Such an adjacency requirement is indicated by the absence of a dash between
the corresponding letters in the pattern. For example, the permutation π = 516423 has
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only one occurrence of the pattern 2-31, namely the subword 564, but the pattern 2-3-1
occurs also in the subwords 562 and 563. The motivation for introducing these patterns in
[BabStein] was the study of Mahonian statistics.

A number of interesting results on GPs were obtained by Claesson in [Claes]. Relations
to several well studied combinatorial structures, such as set partitions, Dyck paths, Motzkin
paths and involutions, were shown there. In [Kit] the present author investigated simul-
taneous avoidance of two or more 3-letter GPs with no dashes. This work is of particular
interest here since avoidance of the patterns considered in this paper has a close connection
to simultaneous avoidance of two or more GPs with no dashes. Also important here is the
work of Elizalde and Noy [ElizNoy] where they find the distribution of several patterns with
no dashes.

In this paper we introduce a further generalization of GPs — namely partially ordered
generalized patterns (POGP). A POGP is a GP some of whose letters are incomparable. For
instance, if we write p = 1− 1′2′ then we mean that in an occurrence of p in a permutation
π the letter corresponding to the 1 in p can be either larger or smaller than the letters
corresponding to 1′2′. Thus, the permutation 13425 has four occurrences of p, namely 134,
125, 325 and 425.

We consider two particular classes of POGPs — shuffle patterns and multi-patterns. A
multi-pattern is of the form p = σ1 − σ2 − · · · − σk and a shuffle pattern is of the form
p = σ0 − a1 − σ1 − a2 − · · · − ak − σk, where for any i and j, the letter ai is greater than
any letter of σj and for any i �= j each letter of σi is incomparable with any letter of σj

These patterns are investigated in Sections 4 and 5. A corollary to one of our theorems
(Theorem 13) about the shuffle patterns is the result of Claesson [Claes, Proposition 2] that
the number of n-permutations that avoid the pattern 12 − 3 is the n-th Bell number.

Let p = σ1 −σ2−· · ·−σk be an arbitrary multi-pattern and let Ai(x) be the exponential
generating function (e.g.f.) for the number of permutations that avoid σi for each i. In
Theorem 28 we find the e.g.f., in terms of the Ai(x), for the number of permutations that
avoid p. In particular, this allows us to find the e.g.f. for the entire distribution of the
maximum number of non-overlapping occurrences of a pattern p with no dashes, if we only
know the e.g.f. for the number of permutations that avoid p. In many cases, this gives nice
generating functions.

We also give alternative proofs, using inclusion-exclusion, of some of the results of Elizalde
and Noy [ElizNoy]. Our proofs result in explicit formulas for the e.g.f. in terms of infinite
series whereas Elizalde and Noy obtained differential equations for the same e.g.f..

2. Definitions and Preliminaries

A partially ordered generalized pattern (POGP) is a GP where some of the letters can be
incomparable.

Example 1. The simplest non-trivial example of a POGP that differs from the ordinary
GPs is p = 1′ − 2− 1′′, where the second letter is the greatest one and the first and the last
letters are

incomparable to each other. The permutation 3142 has two occurrences of p, namely,
the subwords 342 and 142.

It is easy to see that the number of permutations that avoid p in Example 1 is equal
to 2n−1. Indeed, if π = a1 . . . an and ai is the leftmost letter in π that is smaller than its
successor, then all letters to the right of ai must be in increasing order. So any permutation
π avoiding p can be written as π11π2 , where π1 is decreasing and π2 is increasing and there
are 2n−1 ways to pick the permutation π1, which determines π.
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Definition 2. If the number of permutations in Sn, for each n, that avoid a POGP p is
equal to the number of permutations that avoid a POGP q, then p and q are said to be
equivalent and we write p ≡ q in this case.

If An is the number of n-permutations that avoid a pattern p, then the exponential
generating function, or e.g.f., of the class of such permutations is

A(x) =
∑
n≥0

An
xn

n!
.

We will talk about bivariate generating functions, or b.g.f., exclusively as generating
functions of the form

A(u, x) =
∑
π

up(π)x
|π|

|π|! =
∑

n,k≥0

An,ku
k x

n

n!
,

were An,k is the number of n-permutations with k occurrences of the pattern p.
The reverse R(π) of a permutation π = a1a2 . . . an is the permutation anan−1 . . . a1.

The complement C(π) is the permutation b1b2 . . . bn where bi = n + 1 − ai. Also, R ◦ C
is the composition of R and C. For example, R(13254) = 45231, C(13254) = 53412 and
R ◦ C(13254) = 21435. We call these bijections of Sn to itself trivial, and it is easy to see
that any pattern p is equivalent to the patterns R(p), C(p) and R ◦ C(p). For example,
the number of permutations that avoid the pattern 132 is the same as the number of
permutations that avoid the patterns 231, 312 and 213, respectively.

It is convenient to introduce the following definition.

Definition 3. Let p be a GP without internal dashes. A permutation π quasi-avoids p if
π has exactly one occurrence of p and this occurrence consists of the |p| rightmost letters
of π.

For example, the permutation 51342 quasi-avoids the pattern p = 231, whereas the
permutations 54312 and 45231 do not. Indeed, 54312 ends with 312, which is not an
occurrence of the pattern p, and 45231 has an occurrence of p, namely 452, in a forbidden
place.

Proposition 4. Let p be a non-empty GP with no dashes. Let A(x) (resp. A�(x)) be the
e.g.f. for the number of permutations that avoid (resp. quasi-avoid) p. Then

A�(x) = (x− 1)A(x) + 1.

Proof. We first show that

(1) A�
n = nAn−1 −An.

If we consider all (n − 1)-permutations that avoid p and all possible extending of these
permutations to the n-permutations by writing one more letter to the right, then the number
of obtained permutations will be nAn−1. Obviously, the set of these permutations is a
disjoint union of the set of all n-permutations that avoid p and the set of all n-permutations
that quasi-avoid p. Thus we get (1). Multiplying both sides of (1) with xn/n! and summing
over all natural numbers n, observing that A�

0 = 0, we get the desired result. �

Definition 5. Suppose {σ0, σ1, . . . , σk} is a set of GPs with no dashes and p = σ1 − σ2 −
· · · − σk where each letter of σi is incomparable with any letter of σj whenever i �= j. We
call such POGPs multi-patterns.
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Definition 6. Suppose {σ0, σ1, . . . , σk} is a set of GPs with no dashes and a1a2 . . . ak is a
permutation of k letters. We define a shuffle pattern to be a pattern of the form

σ0 − a1 − σ1 − a2 − · · · − σk−1 − ak − σk,

where for any i and j, the letter ai is greater than any letter of σj and for any i �= j each
letter of σi is incomparable with any letter of σj . We also allow σ0 and σk, but not the
other σi, to be empty patterns.

The pattern from Example 1 is an example of a shuffle pattern. It follows from the
definitions that we can get a multi-pattern from a shuffle pattern by removing all the ai.

Let S∞ denote the disjoint union of the Sn for all n ∈ N. The POGPs (which include
the GPs, as well as the classical patterns), can be considered as functions from S∞ to N

that count the number of occurrences of the pattern in a permutation in S∞. This allows
us to write a POGP (as a function) as a linear combination of GPs. For example,

1′ − 2 − 1′′ = (1 − 3 − 2) + (2 − 3 − 1),

from which, in particular, we see that to avoid 1′ − 2 − 1′′ is the same as to avoid simul-
taneously the patterns 1 − 3 − 2 and 2 − 3 − 1. A straightforward argument leads to the
following proposition.

Proposition 7. For any POGP p there exists a set S of GPs such that a permutation π
avoids p if and only if π avoids all the patterns in S.

The following theorem can be easily proved by induction on k:

Theorem 8. Let p1 = σ0−a1−σ1−a2−· · ·−σk−1−ak−σk (resp. p2 = σ0−σ1−· · ·−σk)
be an arbitrary shuffle pattern (resp. multi-pattern) with |σi| = �i for all i = 0, . . . , k. Then
to avoid the pattern p1 (resp. p2) is the same as to avoid

k∏
i=1

(
�0 + �1 + · · · + �i

�i

)
=

(
�0 + �1

�1

)(
�0 + �1 + �2

�2

)
· · ·

(
�0 + �1 + · · · + �k

�k

)

ordinary GPs.

Example 9. Let p = 1′2′ − 3 − 1′′. That is σ = 12 and τ = 1. By Theorem 8, to avoid
p is the same as to avoid

(3
2

)
= 3 GPs simultaneously, namely 12 − 4 − 3, 13 − 4 − 2 and

23 − 4 − 1.

There is a number of results on the distribution of several classes of patterns with no
dashes. These results can be used as building blocks for some of the results in the present
paper. The most important of these is the following result by Elizalde and Noy [ElizNoy]:

Theorem 10. [ElizNoy, Theorem 3.4] Let m and a be positive integers with a ≤ m, let
σ = 12 . . . aτ(a + 1) ∈ Sm+2, where τ is any permutation of {a + 2, a + 3, . . . ,m + 2}, and
let P (u, z) be the b.g.f. for permutations where u marks the number of occurrences of σ.
Then P (u, z) = 1/w(u, z), where w is the solution of

wa+1 + (1 − u)
zm−a+1

(m− a + 1)!
w′ = 0

with w(0) = 1, w′(0) = −1 and w(k)(0) = 0 for 2 ≤ k ≤ a. In particular, the distribution
does not depend on τ .
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3. GPs with no dashes

In order to apply our results in what follows we need to know how many patterns avoid
a given ordinary GP with no dashes. We are also interested in different approaches to
studying these patterns. The theorems in this section can be proved using an inclusion-
exclusion argument similar to the one given in the proof of Theorem 30 and we omit these
proofs. This allows us to get explicit formulas for the e.g.f. in terms of infinite series instead
of having to solve differential equations as done by Elizalde and Noy [ElizNoy] for the same
e.g.f.. However, in particular cases, we use certain differential equations to simplify our
series.

Theorem 11. [GoulJack] Let Ak(x) be the e.g.f. for the number of permutations avoiding
the pattern p = 123 . . . k. Then

Ak(x) = 1/Fk(x),

where Fk(x) =
∑
i≥0

xki

(ki)!
−

∑
i≥0

xki+1

(ki + 1)!
.

For some k it is possible to simplify the function Fk(x) in the theorems above. Indeed,
Fk(x) satisfies the differential equation F

(k)
k (x) = Fk(x) with the k initial conditions Fk(0) =

1, F ′
k(0) = −1 and F

(i)
k (0) = 0 for all i = 2, 3, . . . , k − 1. For instance, if k = 4 then

F4(x) =
1
2

(cos x− sinx + e−x).

Theorem 12. Let k and a be positive integers with a < k, let p = 12 . . . aτ(a + 1) ∈ Sk+1,
where τ is any permutation of the elements {a + 2, a + 3, . . . , k + 1}, and let Ak,a(x) be the
e.g.f. for the number of permutations that avoid p. Let

Fk,a(x) =
∑
i≥1

(−1)i+1xki+1

(ki + 1)!

i∏
j=2

(
jk − a

k − a

)
.

Then
Ak,a(x) = 1/(1 − x + Fk,a(x)).

If k = 2 and a = 1 in the previous theorem, corresponding to the pattern p = 132, then
from Theorem 12 the function F2,1(x), which is the same for the patterns p, 231, 312 and
213 because of the trivial bijections, can be written as:

F2,1(x) =
∑
i≥1

(−1)i+1xki+1

i!(k!)i(ki + 1)
= x−

∫ x

0
e−t2/2 dt.

That is

A2,1 =
1

1 −
∫ x

0
e−t2/2 dt

,

which is a special case of Theorem 4.1 in [ElizNoy].

4. The Shuffle Patterns

We recall that according to Definition 6, a shuffle pattern is a pattern of the form σ0 −
a1 − σ1 − a2 − · · · − σk−1 − ak − σk, where {σ0, σ1, . . . , σk} is a set of GPs with no dashes,
a1a2 . . . ak is a permutation of k letters, for any i and j the letter ai is greater than any
letter of σj and for any i �= j each letter of σi is incomparable with any letter of σj.
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Let us consider a shuffle pattern that in fact is an ordinary generalized pattern. This
pattern is p = σ−k, where σ is an arbitrary pattern with no dashes that is built on elements
1, 2, . . . , k − 1. So the last element of p is greater than any other element.

Theorem 13. Let p = σ − k and let A(x) (resp. B(x)) be the e.g.f. for the number of
permutations that avoid σ (resp. p). Then B(x) = eF (x,A(y)), where

F (x,A(y)) =
∫ x

0
A(y) dy.

Proof. Suppose that π ∈ Sn+1 and that π avoids p. Suppose the letter (n+ 1) is in the i-th
position and π = π1(n + 1)π2, where π1 and π2 might be empty.

Since π is p-avoiding, π1 must be σ-avoiding, because otherwise an occurrence of σ in π1

together with the letter (n + 1) gives an occurrence of p in π. But if π1 is σ-avoiding then
there is no interaction between π1 and π2, that is, if π2 is p-avoiding and π1 is σ-avoiding
then π is p-avoiding. To see this it is enough to see that if an occurrence of σ in π contains
the letter (n + 1), then this occurrence of σ can not lead to an occurrence of p = σ − k
containing the letter (n + 1).

From the above, considering all possible positions of (n+1), we get the recurrence relation

Bn+1 =
∑

i

(
n

i

)
AiBn−i,

where Bj (resp. Aj) is the number of j-permutations that avoid p (resp. σ), because we
can choose the elements of π1 in

(n
i

)
ways.

Multiplying both sides of the equality by xn/n! we get

Bn+1

n!
xn =

∑
i

Ai

i!
xi Bn−i

(n− i)!
xn−i.

Taking the sum over all natural numbers n leads us to

B′(x) = A(x)B(x)

where the derivative of B is with respect to x. Since B(0) = 1, the solution of the differential
equation is B(x) = eF (x,A(y)). �

Example 14. Let p = 1 − 2. Here σ = 1, so A(x) = 1 since An = 0 for all n ≥ 1 and
A0 = 1. So

B(x) = eF (x,1) = ex.

This corresponds to the fact that for each n ≥ 1 there is exactly one permutation that
avoids the pattern p, namely π = n(n− 1) . . . 1.

Example 15. Suppose p = 12 − 3. Here σ = 12, so A(x) = ex, since there is exactly one
permutation that avoids the pattern σ. So

B(x) =
∑
n≥0

Bn

n!
xn = eF (x,ey) = eex−1.

According to [Claes, Proposition 2], for all n ≥ 1, Bn is the n-th Bell number and the e.g.f.
for the Bell numbers is eex−1.

The table below gives the initial values of Bn for several patterns p = σ − k. These
numbers were obtained by expanding the corresponding B(x). The functions A(x) are
taken from the previous section.
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pattern initial values for Bn

132-4 1, 2, 6, 23, 107, 585, 3671, 25986, 204738
123-4 1, 2, 6, 23, 108, 598, 3815, 27532, 221708
1234-5 1, 2, 6, 24, 119, 705, 4853, 38142, 336291
12345-6 1, 2, 6, 24, 120, 719, 5022, 40064, 359400

Theorem 16. Let p be the shuffle pattern σ − k − τ . So k is the greatest letter of the
pattern, and each letter of σ is incomparable with any letter of τ . Let A(x), B(x) and C(x)
be the e.g.f. for the number of permutations that avoid σ, τ and p respectively. Then C(x)
is the solution of the differential equation

C ′(x) = (A(x) + B(x))C(x) −A(x)B(x),

with C(0) = 1.

Proof. As before, we consider the symmetric group Sn+1 and a permutation π ∈ Sn+1 that
avoids p. Suppose the letter (n + 1) is in the i-th position and π = π1(n + 1)π2, where π1

and π2 might be empty.
There are exactly four mutually exclusive possibilities:

1) π1 does not avoid σ, π2 does not avoid τ .
2) π1 avoids σ, π2 does not avoid τ ;
3) π1 does not avoid σ, π2 avoids τ ;
4) π1 avoids σ, π2 avoids τ ;

Obviously, the situation 1) is impossible, since an occurrence of σ in π1 with (n+ 1) and
with an occurrence of τ in π2 gives us an occurrence of p in π. On the other hand, if p
occurs in π

then it is easy to see that the letter (n+1) cannot be one of the letters in the occurrences
of σ or τ , so all p-avoiding permutations are described by the possibilities 2)–4). We count
these permutations in the following way.

In
(n

i

)
ways we choose first i elements from the letters 1, 2 . . . n, that is, the elements of

π1. Let Ai, Bi and Ci be the number of i-permutations that avoid σ, τ and p respectively.
If π1 is σ-avoiding, we let π2 be any p-avoiding permutation of the remaining (n− i+ 1)

letters. This accounts for all ”good” permutations from the possibilities 2) and 4). There
are

(n
i

)
AiCn−i such permutations.

If π2 is τ -avoiding, we let π1 be any p-avoiding permutation of chosen i letters. This
covers all “good” permutations from 3) and 4). There are

(n
i

)
BiCn−i such permutations.

But we have counted p-avoiding permutations that correspond to 4) twice, so we must
subtract

(n
i

)
AiBn−i, which is the number of such permutations.

So we have

Cn+1 =
∑

i

(
n

i

)
(AiCn−i + BiCn−i −AiBn−i).

Multiplying both sides of the equality by xn/n! we get

Cn+1

n!
xn =

∑
i

(
Ai + Bi

i!
xi Cn−i

(n− i)!
xn−i − Ai

i!
xi Bn−i

(n− i)!
xn−i

)
,

so
C ′(x) = (A(x) + B(x))C(x) −A(x)B(x).

�
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Example 17. Let p = 1′ − 2 − 1′′. That is, σ = 1 and τ = 1. So A(x) = B(x) = 1 and we
need to solve the equation

C ′(x) = 2C(x) − 1

with C(0) = 1. The solution of this equation is C(x) = 1
2 (e2x + 1), so for all n ≥ 1 we have

Cn = 2n−1, as in Example 1.

In the table below we record the initial values of Cn for several patterns p = σ − k − τ .

σ τ initial values for Cn

1 12 1, 2, 6, 21, 82, 354, 1671, 8536, 46814
1 132 1, 2, 6, 24, 116, 652, 4178, 30070, 240164
1 123 1, 2, 6, 24, 116, 657, 4260, 31144, 253400
1 1234 1, 2, 6, 24, 120, 715, 4946, 38963, 344350
12 12 1, 2, 6, 24, 114, 608, 3554, 22480, 152546
12 132 1, 2, 6, 24, 120, 710, 4800, 36298, 302780
12 123 1, 2, 6, 24, 120, 710, 4815, 36650, 308778
12 1234 1, 2, 6, 24, 120, 720, 5025, 39926, 355538
123 123 1, 2, 6, 24, 120, 720, 5020, 39790, 352470
123 132 1, 2, 6, 24, 120, 720, 5020, 39755, 351518
132 132 1, 2, 6, 24, 120, 720, 5020, 39720, 350496

Remark 18. The pattern p = σ − k from Theorem 13 is a particular case of the pattern
p = σ − k − τ from Theorem 16 when τ is the empty word. The e.g.f. for the number of
permutations that avoid the empty word is zero, because no permutation avoids the empty
word. So if τ is empty, we can use Theorem 16 to get Theorem 13. Indeed, B(x) = 0, and
after renaming C with B we get in Theorem 16 exactly the same differential equation as
we have in Theorem 13.

We now give two corollaries to Theorem 16.

Corollary 19. Suppose we have the shuffle pattern p = σ− k− τ . We consider the pattern
ϕ(p) = ϕ1(σ) − k − ϕ2(τ), where ϕ1 and ϕ2 are any trivial bijections. Then p ≡ ϕ(p).

Proof. We just observe that if A(x) (resp. B(x)) is the e.g.f. for the number of permutations
that avoid σ (resp. τ) then A(x) (resp. B(x)) is the e.g.f. for the number of permutations
that avoid ϕ1(σ) (resp. ϕ2(τ)). �

Corollary 20. We have σ − k − τ ≡ τ − k − σ.

Proof. This follows directly from the differential equation of Theorem 16 (A(x) and B(x)
are symmetric in that equation), but we can also obtain this as a corollary to Corollary 19.
By Corollary 19, the pattern σ− k− τ is equivalent to the pattern σ− k−R(τ). Reversing
the pattern σ − k −R(τ), we obtain the pattern

R(σ − k −R(τ)) = R(R(τ)) − k −R(σ) = τ − k −R(σ),

which thus is equivalent to σ − k − τ . Finally, we use Corollary 19 one more time to get

τ − k −R(σ) ≡ τ − k −R(R(σ)) = τ − k − σ.

�
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5. The Multi-Patterns

We recall that according to Definition 5, a multi-pattern is a pattern p = σ1−σ2−· · ·−σk,
where {σ0, σ1, . . . , σk} is a set of GPs with no dashes and each letter of σi is incomparable
with any letter of σj whenever i �= j.

We first discuss patterns of the type p = σ − τ which are a particular case of the multi-
patterns to be treated in this section.

If σ or τ is the empty word then we are dealing with ordinary GPs with no dashes, some
of which were investigated in [ElizNoy] and Section 3. The analysis of the case when σ or
τ is equal to 1 can also be reduced to the analysis of ordinary GPs. For example, suppose
that σ = 1, that is, p = 1 − τ , and we want to count the number of permutations in Sn

that avoid p. We can choose the leftmost letter of a permutation avoiding p in n ways,
then the remainder of the permutation must avoid τ , so we multiply n by the number
of permutations in Sn−1 that avoid τ . For instance, if p = 1 − 1′2′ then the number of
permutations in Sn avoiding p is exactly n.

Theorem 21. Let p = σ− τ and q = ϕ1(σ)−ϕ2(τ), where ϕ1 and ϕ2 are any of the trivial
bijections. Then p and q are equivalent.

Proof. The theorem is equivalent to the following statement:
Let p = σ − τ and q = σ − ϕ(τ), where ϕ is a trivial bijection. Then p and q are

equivalent.
It is obvious that the statement follows from Theorem 21. Conversely, suppose we have

p = σ − τ . We observe that any two trivial bijections commute, that is for any trivial
bijection ψ, we have ψ(R(x)) = R(ψ(x)). This observation, the statement and the fact that
x ≡ R(x) give

p = σ − τ ≡ σ − ϕ2(τ) ≡ R(ϕ2(τ)) −R(σ) ≡ R(ϕ2(τ)) − ϕ1(R(σ)) ≡
R(ϕ2(τ)) −R(ϕ1(σ)) ≡ ϕ1(σ) − ϕ2(τ).

So to prove the theorem we now prove the statement.
Let p = σ− τ and q = σ−ϕ(τ), where ϕ is a trivial bijection. Let An (resp. Bn) be the

number of n-permutations that avoid p (resp. q). We are going to prove that An = Bn.
Suppose π avoids p and π = π1σ

′π2, where π1σ
′ has exactly one occurrence of the pattern

σ, namely σ′. Then π2 must avoid τ , ϕ(π2) must avoid ϕ(τ) and πϕ = π1σ
′ϕ(π2) avoids q.

The converse is also true, that is, if πϕ has no occurrences of q then π has no occurrences of
p. If π has no occurrences of σ then π has no occurrences of p as well as no occurrences of
q. Since any permutation either avoids σ or can be factored as above, we have a bijection
between the class of permutations that avoid p and the class of permutations that avoid q.
Thus An = Bn. �

We get the following corollary to Theorem 21:

Corollary 22. The pattern σ − τ is equivalent to the pattern τ − σ.

Proof. We proceed as in the proof of Corollary 20. From Theorem 21 we have:

σ − τ ≡ σ −R(τ) ≡ R(R(τ)) −R(σ) ≡ τ −R(R(σ)) ≡ τ − σ.

�

We observe that the presence of the dash in the patterns in Theorem 21 is essential.
That is, generally speaking, the pattern στ is not equivalent to the pattern ϕ1(σ)ϕ2(τ) for
any trivial bijections ϕ1 and ϕ2. For example, there are 66 permutations in S5 that avoid
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the pattern 122′1′ but only 61 that avoid 121′2′. In Section 6 we investigate the pattern
122′1′.

Theorem 23 and Corollary 24 generalise Theorem 21 and Corollary 22:

Theorem 23. Suppose we have multi-patterns p = σ1−σ2−· · ·−σk and q = τ1−τ2−· · ·−τk,
where τ1τ2 . . . τk is a permutation of σ1σ2 . . . σk. Then p and q are equivalent.

Proof. We proceed by induction on k. If k = 2 then the statement is true by Corollary 22.
Suppose the statement is true for all k′ < k. Suppose p has exactly k blocks. If a permuta-
tion π avoiding p has no occurrences of σ1 then it obviously avoids both p and q. Otherwise
we factor π as π = π1σ

′
1π2 where π1σ1

′ has exactly one occurrence of the pattern σ1, namely
σ1

′. Then π2 must avoid σ2 − · · · − σk. Moreover it is irrelevant from which letters π1σ1
′

is built and therefore we can apply the inductive hypothesis. We can rearrange σ′
2 . . . σ

′
k of

σ2 . . . σk in such a way that the blocks in τ1τ2 . . . τk corresponding to σ2, . . . , σk are arranged
in the same order as the τ ’s. Now we consider separately two cases: τk �= σ1 and τk = σ1.
In the first case we use the following equivalences:

p = σ1 − σ2 − · · · − σk ≡ σ1 − σ2
′ − · · · − σ′

k ≡ R(σ′
k) − · · · −R(σ′

2) −R(σ1).

For the pattern R(σ′
k) − · · · − R(σ′

2) − R(σ1) we use the factorisation of a permutation
π avoiding this pattern, where the role of σ1 is played by R(σ′

k). So by the inductive
hypothesis we put the pattern R(σ1) in the right place somewhere to the left of R(σ′

2) and
apply R to get that p ≡ q.

In the second case we have:

p ≡ R(σ′
k) − · · · −R(σ′

2) −R(σ1) ≡ R(σ′
k) − · · · −R(σ1) −R(σ′

2) ≡
σ′

2 − σ1 − · · · − σ′
k ≡ σ′

2 − · · · − σ′
k − σ1 = q

The first equivalence here is taken from the considerations above; the second one uses
the inductive hypothesis; then we use the fact that R(R(x)) = x and apply the inductive
hypothesis again. �

Corollary 24. Suppose we have multi-patterns p = σ1 − σ2 − · · · − σk and q = ϕ1(σ1) −
ϕ2(σ2) − · · · − ϕk(σk), where each ϕi is an arbitrary trivial bijection. Then p and q are
equivalent.

Proof. We use induction on k, Theorem 23 and the factorisation of permutations, which is
discussed in the proof of Theorem 23. If k = 2 then the statement is true by Theorem 21.
Suppose the statement is true for all k′ < k. Then

p = σ1 − σ2 − · · · − σk ≡ σ1 − ϕ2(σ2) − · · · − ϕk(σk) ≡
ϕ2(σ2) − σ1 − · · · − ϕk(σk) ≡ ϕ2(σ2) − ϕ1(σ1) − · · · − ϕk(σk) ≡

ϕ1(σ1) − ϕ2(σ2) − · · · − ϕk(σk) = q,

where first we apply the inductive hypothesis then Theorem 23 then the inductive hypothesis
and finally Theorem 23 again. �

Theorem 25. Suppose p = σ− p′, where p′ is an arbitrary POGP, and the letters of σ are
incomparable to the letters of p′. Let C(x) (resp. A(x), B(x)) be the e.g.f. for the number
of permutations that avoid p (resp. σ, p′). Moreover let A�(x) be the e.g.f. for the number
of permutations that quasi-avoid σ. Then

C(x) = A(x) + B(x)A�(x).
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Proof. Let An, Bn, Cn be the number of n-permutations that avoid the patterns σ, p′ and p
respectively. Also A�

n is the number of n-permutations that quasi-avoid σ. If a permutation
π avoids σ then it avoids p. Otherwise we find the leftmost occurrence of σ in π. We assume
that this occurrence consists of the |σ| rightmost letters among the i leftmost letters of π.
So the subword of π beginning at the (i + 1)st letter must avoid p′. From this we conclude

Cn = An +
n∑

i=|σ|

(
n

i

)
A�

iBn−i.

We observe that we can change the lower bound in the sum above to 0, because A�
i = 0 for

i = 0, 1, . . . , |σ| − 1. Multiplying both sides by xn/n! and taking the sum over all n we get
the desired result. �
Corollary 26. Suppose p = σ1 − σ2 − · · · − σk is a multi-pattern where |σi| = 2 for all i,
so each σi is equal to either 12 or 21. If B(x) is the e.g.f. for the number of permutations
that avoid p then

B(x) =
1 − (1 + (x− 1)ex)k

1 − x
.

Proof. We use Theorem 25, induction on k and the fact that A(x) = ex and A�(x) =
1 + (x− 1)ex. �

The following corollary to Corollary 26 can be proved combinatorially.

Theorem 27. There are (n − 2)2n−1 + 2 permutations in Sn that avoid the pattern p =
12 − 1′2′ or, according to Theorem 21, the pattern p = 12 − 2′1′.

One more corollary to Theorem 25 is the following theorem that is the basis for calculating
the number of permutations that avoid a multi-pattern, and therefore is the main result for
multi-patterns in this paper.

Theorem 28. Let p = σ1 − σ2 − · · · − σk be a multi-pattern and let Ai(x) be the number
of permutations that avoid σi. Then the e.g.f. B(x) for the number of permutations that
avoid p is

B(x) =
k∑

i=1

Ai(x)
i−1∏
j=1

((x− 1)Aj(x) + 1).

Proof. We use Theorem 25 and prove by induction on k that

B(x) =
k∑

i=1

Ai(x)
i−1∏
j=1

A�
j(x).

Then we use Proposition 4 to get the desired result. �
Remark 29. One can consider the function B(x) from Theorem 28 as a function in k vari-
ables B(x) = B(A1(x), A2(x), . . . , Ak(x)). Then, by Theorem 23, this function is symmetric
in the variables A1(x), A2(x), . . . , Ak(x). That means that we can rename the variables,
which may simplify the calculation of B(x).

6. Patterns of the Form στ

Theorem 30. Let B(x) be the e.g.f. for the number of permutations that avoid the pattern
p = 122′1′. Then

B(x) =
1
2

+
1
4

tanx(1 + e2x + 2ex sinx) +
1
2
ex cos x.
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Proof. Let Bn be the number of n-permutations that avoid p and An be the number of
n-permutations that avoid p and begin with the pattern 12. Let also A(x) be the e.g.f. for
the numbers An. We set B0 = A0 = A1 = 1. Suppose π is a (n + 1)-permutation that
avoids p. There are three mutually exclusive possibilities:

1) π = (n + 1)π2;
2) π = π1(n + 1);
3) π = π1(n + 1)π2 and π1, π2 �= ε.

Obviously, in 1) and 2) the letter (n + 1) does not affect the rest of the permutation π,
and therefore in each of these cases we have Bn permutations that avoid p. In 3), it is easy
to see that if π1 has more than one letter then π1 must end with a 21 pattern whereas if
π2 has more than one letter then π2 must begin with a 12 pattern. The key observation is
that the number of n-permutations that avoid p and end with a 21 pattern is the same as
the number of n-permutations that avoid p and begin with a 12 pattern. To see this it is
enough to apply the reverse function to any n-permutation π that begins with 12-pattern
and avoids p and observe that R(p) = p, that is, R(π) avoids p and ends with a 21 pattern.
Obviously this is a bijection. So if |π1| = i then we can choose the letters of π1 in

(
n
i

)
ways

and then choose a permutation π1 in Ai ways and a permutation π2 in An−i ways, since
the letters of π1 and π2 do not affect each other. From all this we get

Bn+1 = 2Bn +
n−1∑
i=1

(
n

i

)
AiAn−i = 2Bn +

n∑
i=0

(
n

i

)
AiAn−i − 2An.

We multiply both sides of the last equality by xn/n! to get

Bn+1
xn

n!
= 2Bn

xn

n!
+

n∑
i=0

Ai

i!
xi An−i

(n− i)!
xn−i − 2An

xn

n!
.

Summing both sides over all natural numbers n we get:

(2) B′(x) = 2B(x) + A2(x) − 2A(x).

To solve this differential equation with the initial condition B(0) = 1, we need to deter-
mine A(x). One can observe that if a permutation π avoids p and begins with the pattern
12 then π has the structure π = a1b1a2b2a3b3 · · · , where ai < bi for all i. Moreover, if
b1 < a2 then we must have a1 < b1 < a2 < b2 < a3 < · · · since otherwise we obviously
have an occurrence of the pattern p. A first approximation is that An =

(
n
2

)
An−2, be-

cause we can choose a1b1 in π in
(n
2

)
ways and then pick an arbitrary (n− 2)-permutation

that avoids p and begins with the pattern 12, to be a2b2a3b3 . . ., in An−2 ways. But it
is possible that b1 < a2 in which case b1a2b2a3 can be an occurrence of p in π, and it is
an occurrence of p unless a2 < b2 < a3 < · · · . So in order to avoid this we must sub-
tract the number of permutations of the form abcdπ′, where a < b < c < d and π′ is any
(n−4)-permutation that avoids p, from the first approximation of An. Thus the second ap-
proximation is that An =

(n
2

)
An−2−

(n
4

)
An−4. We observe that in the second approximation

we do not count the increasing permutation 123 . . . n. Moreover, among the permutations
counted by

(n
4

)
An−4, there are the permutations that begin with 6 increasing letters. Ex-

cept for the increasing permutation, such permutations are not counted by
(n
2

)
An−2. We

must therefore add the number of such permutations. So the third approximation is that
An =

(n
2

)
An−2 −

(n
4

)
An−4 +

(n
6

)
An−6 and so on. That is,

(3) An =
(
n

2

)
An−2 −

(
n

4

)
An−4 +

(
n

6

)
An−6 −

(
n

8

)
An−8 + · · · =

∑
i≥1

(−1)i+1

(
n

2i

)
An−2i.
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We observe that if n = 4k or n = 4k + 1 then we do not count the increasing permutation
in our sum. This, together with Equation 3, gives us

∑
i≥0

(−1)i

(
n

2i

)
An−2i =

{
1, if n = 4k or n = 4k + 1,
0, if n = 4k + 2 or n = 4k + 3.

Multiplying both sides of the equality with xn/n! and summing over all natural numbers
n we get

(A0 + A1x +
A2

2!
x2 + · · · )(1 − x2

2!
+

x4

4!
− x6

6!
+ · · · ) =

∞∑
k=0

(
x4k

(4k)!
+

x4k+1

(4k + 1)!

)
.

The left hand side of this equality is equal to A(x) cos x. Let F (x) be the function in
the right hand side of the equality. Then it is easy to see that F (x) is the solution to the
differential equation F (4)(x) = F (x) with the initial conditions F (0) = F ′(0) = 1, F (2)(0) =
F (3)(0) = 0. So F (x) = 1

2 (cos x + sinx + ex) and

A(x) =
1
2

(
1 + tanx +

ex

cos x

)
.

Now we solve the differential equation (2) and get

B(x) =
1
2

+
1
4

tanx(1 + e2x + 2ex sinx) +
1
2
ex cos x.

�
Remark 31. The series expansion of B(x) in Theorem 30 begins with

B(x) = 1 + x + x2 + x3 +
3
4
x4 +

11
20

x5 +
7
20

x6 +
7
30

x7 +
103
720

x8 + · · · .
That is, the initial values for Bn are 1, 2, 6, 18, 66, 252, 1176, 5768.

7. The Distribution of Non-Overlapping GPs

A descent in a permutation π = a1a2 . . . an is an i such that ai > ai+1. The number of de-
scents in a permutation π is denoted des π (and is equivalent to the generalized pattern 21).
Any statistic with the same distribution as des is said to be Eulerian. The Eulerian num-
bers A(n, k) count permutations in the symmetric group Sn with k descents and they are
the coefficients of the Eulerian polynomials An(t) defined by An(t) =

∑
π∈Sn

t1+des π. The
Eulerian polynomials satisfy the identity∑

k≥0

kntk =
An(t)

(1 − t)n+1
.

Two descents i and j overlap if j = i + 1. We define a new statistic, namely the
maximum number of non-overlapping descents, or MND, in a permutation. For instance,
MND(321) = 1 whereas MND(41532) = 2. One can find the distribution of this new
statistic by using Corollary 26. This distribution is given in Example 33. However, we
prove a more general theorem:

Theorem 32. Let p be a GP with no dashes. Let A(x) be the e.g.f. for the number

of permutations that avoid p. Let D(x, y) =
∑

π

yN(π)x
|π|

|π|! where N(π) is the maximum

number of non-overlapping occurrences of p in π. Then

D(x, y) =
A(x)

1 − y((x− 1)A(x) + 1)
.
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Proof. We fix the natural number k and consider an auxiliary multi-pattern Pk = p −
p − · · · − p with k copies of p. If a permutation avoids Pk then it has at most k − 1
non-overlapping occurrences of p. From Theorem 28, the e.g.f. Bk(x) for the number of

permutations avoiding Pk is equal to
k∑

i=1

A(x)
i−1∏
j=1

((x − 1)A(x) + 1). If we subtract Bk(x)

from the e.g.f. Bk+1(x) =
k+1∑
i=1

A(x)
i−1∏
j=1

((x − 1)A(x) + 1) for the number of permutations

avoiding Pk+1, which is obtained by applying Theorem 28 to the pattern Pk+1, then we
get the e.g.f. Dk(x) for the number of permutations that have exactly k non-overlapping
occurrences of the pattern p. So

Dk(x) =
∑
n

Dn,k
xn

n!
= Bk+1(x) −Bk(x) = A(x)((x− 1)A(x) + 1)k.

Now

D(x, y) =
∑

n,k≥0

Dn,ky
kx

n

n!
=

∑
k

Dk(x)yk =
A(x)

1 − y((x− 1)A(x) + 1)
.

�

All of the following examples are corollaries to Theorem 32.

Example 33. If we consider descents then A(x) = ex, hence the distribution of MND is
given by the formula:

D(x, y) =
ex

1 − y(1 + (x− 1)ex)
.

Example 34. Theorems 11 and 32 give the distribution of the maximum number of non-
overlapping occurrences of the increasing subword of length k (the pattern 123 . . . k), which
is equal to

D(x, y) =
1

(1 − x)y + (1 − y)Fk(x)
,

were Fk(x) =
∑
i≥0

xki

(ki)!
−

∑
i≥0

xki+1

(ki + 1)!
.

Example 35. If we consider the maximum number of non-overlapping occurrences of the
pattern 132 then the distribution of these numbers is given by the formula

D(x, y) =
1

1 − yx + (y − 1)
∫ x

0
e−t2/2 dt

.

Example 36. The distribution of the maximum number of non-overlapping occurrences of
the pattern from Theorem 12 is given by the formula:

D(x, y) =
1

1 − x + (1 − y)Fk,a(x)
,

where Fk,a(x) =
∑
i≥1

(−1)i+1xki+1

(ki + 1)!

i∏
j=2

(
jk − a

k − a

)
.
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GRÖBNER GEOMETRY OF SCHUBERT POLYNOMIALS
(EXTENDED ABSTRACT)

ALLEN KNUTSON AND EZRA MILLER

Abstract. Let w ∈ Sn be a permutation. We provide a geometric context in which both (i) poly-
nomial representatives for the Schubert classes [Xw] in the cohomology ring H∗(F�n) of the flag
manifold are uniquely singled out, with no choices other than a Borel subgroup of GLn; and (ii) it
is geometrically obvious that these polynomials have nonnegative coefficients. These polynomials
turn out to be the Schubert polynomials Sw(x1, . . . , xn) of Lascoux and Schützenberger [LS82a].

Our investigations lead us to replace topology on the flag manifold with multigraded commutative
algebra, by generalizing the notion of degree for subschemes of projective space. Identifying the
Schubert polynomials in this context then sheds light on the algebra and geometry of determinantal
ideals specified by rank conditions as in [Ful92], and especially on the combinatorics of initial ideals
for certain natural term orders. These initial ideals are the Stanley–Reisner ideals for simplicial
complexes whose facets are in natural bijection with the rc-graphs of Fomin and Kirillov [FK96,
BB93]. We give an inductive procedure on the weak Bruhat order for listing rc-graphs. Our
further analysis of rc-graphs is based on the combinatorics of words and their subwords in general
Coxeter groups, which give rise to shellable simplicial balls or spheres generalizing the initial ideals
constructed from rc-graphs.

Résumé. Soit w ∈ Sn une permutation. Nous fournissons un contexte géométrique qui (i) nous
permet d’exhiber de manière unique, et sans autre choix que celui d’un sous groupe de Borel de
GLn, des représentants polynômiaux des classes de Schubert [Xw] dans l’anneau de cohomologie
H∗(F�n) de la variété des drapeaux; (ii) rend géométriquement évident le fait que les coefficients de
ces polynômes sont tous non négatifs. Ces polynômes se trouvent être les polynômes de Schubert
Sw(x1, . . . , xn) de Lascoux et Schützenberger [LS82a].

Nos investigations nous ont menés à remplacer la topologie de la variété des drapeaux par de
l’algèbre commutative multigraduée, en généralisant la notion de degré aux sous-chémas de l’espace
projectif. L’apparition des polynômes de Schubert dans ce contexte éclaire l’algèbre et la géométrie
des idéaux déterminantaux spécifiés par des conditions de rang [Ful92], et spécialement la combina-
toire des idéaux initiaux pour certains ordres de termes apparaissant naturellement. Ces idéaux sont
les idéaux de Stanley–Reisner de certains complexes simpliciaux, dont les facettes sont en bijection
naturelle avec l’ensemble des rc-graphes de Fomin et Kirillov [FK96, BB93]. Nous donnons une
procédure inductive sur l’ordre de Bruhat faible pour lister les rc-graphes. Notre analyse ultérieure
des rc-graphes se base sur la combinatoire des mots et sous-mots dans les groupes de Coxeter
généraux, qui donne lieu à des boules ou sphères effeuillable, généralisant les idéaux construits à
partir de rc-graphes.

1. Gröbner bases and multidegrees of determinantal ideals

1.1. Matrix Schubert varieties. Let Mn be the n × n matrices over a field k, with
coordinate ring k[z] in indeterminates {zij}ni,j=1. Throughout the paper, q and p will be
integers with 1 ≤ q, p ≤ n, and Z will stand for an n × n matrix. Usually Z will be
the generic matrix of variables (zij), although occasionally Z will be an element of Mn.

AK was partly supported by the Clay Mathematics Institute, Sloan Foundation, and NSF.
EM was supported by the Sloan Foundation and NSF.
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Denote by Z[q,p] the northwest q × p submatrix of Z. For instance, given a permutation
matrix wT (for w ∈ Sn) with 1’s in row i and column w(i), we find that

rank(wT
[q,p]) = #{(i, j) ≤ (q, p) | w(i) = j}

is the number of 1’s in the submatrix wT
[q,p].

The following definition was made by Fulton in [Ful92].

Definition 1.1.1. Let w ∈ Sn. The matrix Schubert variety Xw ⊆Mn consists of the
matrices Z ∈Mn such that rank(Z[q,p]) ≤ rank(wT

[q,p]) for all q, p.

Let B ⊂ GLn denote the Borel group of lower triangular matrices, so that F�n = B\GLn

is the manifold of flags in kn. Intersecting Xw with GLn ⊂Mn yields the variety X̃w of all
invertible matrices mapping to the Schubert variety Xw ⊆ F�n. Here, we define Xw to be
the closure in F�n of the orbit BwTB+, where B+ denotes the upper triangular matrices
in GLn.
Heuristically, in the case k = C, the matrix Schubert variety determines a B-equivariant

cohomology class [Xw]B ∈ H∗
B(Mn) that maps to the corresponding class [X̃w]B ∈ H∗

B(GLn)
under the inclusion GLn ↪→ Mn. Letting T denote the maximal torus in B, observe that
H∗

B(Mn) = H∗
T (Mn) = Z[x1, . . . , xn] because B retracts to T and Mn is T -equivariantly

contractible. Therefore [Xw]B ∈ Z[x] is well-defined as a polynomial in x = x1, . . . , xn.
Since the quotient GLn � F�n induces a natural isomorphism H∗

B(GLn) ∼= H∗(F�n), we
find that the polynomial [Xw]B = [Xw]T represents the Schubert class [Xw] on F�n.
The previous paragraph accomplishes the goal of singling out unique polynomial represen-

tatives for Schubert classes. It can be made completely precise when k = C by arguments
derived from [Kaz97] and appearing also in [FR01]. These techniques demonstrate why
double Schubert polynomials (applied to the Chern roots of flagged vector bundles) are the
characteristic classes for degeneracy loci [Ful92]: the mixing space construction of Borel
whose cohomology is the equivariant cohomology of Mn agrees with the classifying space
for maps between flagged vector bundles.
Instead of relating equivariant cohomology of Mn to ordinary cohomology of F�n, we

employ the notion of multidegree—a commutative algebra approach to torus-equivariant
cohomology (cf. [Tot99, Bri98, EG98]) on vector spaces. Multidegrees work over arbitrary
fields k, and are in any case essential for showing geometrically why the coefficients of
[Xw]T are positive.

1.2. Schubert polynomials as multidegrees. For the purpose of dealing with multide-
grees in complete generality, let k[z] be the polynomial ring in m variables z = z1, . . . , zm,
with a grading by Zn in which each variable zi has exponential weight wt(zi) = xai for
some vector ai ∈ Zn. In the case of interest for later purposes, m = n2 with z = (zij)ni,j=1

and wt(zij) = xi.
Every finitely generated Zn-graded module Γ =

⊕
b∈Zn Γb over k[z] has a graded free

resolution E. : 0 ← E0 ← E1 ← · · · ← Em ← 0. Suppose Ei =
⊕βi

k=1 k[z](−bik), so that the
kth summand of Ei is generated in Zn-graded degree bik.

Definition 1.2.1. The K-polynomial of Γ is K(Γ;x) = ∑
i(−1)i

∑
k x

bik .

Geometrically, the K-polynomial of Γ represents the class of the sheaf Γ̃ on km in equi-
variant K-theory for the action of the n-torus whose weight lattice is Zn. Combinatorially,
when the Zn-grading is positive, meaning that the ordinary weights a1, . . . ,an lie in a
single open half-space in Zn, the K-polynomial of Γ is the numerator of the Zn-graded
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Hilbert series H(Γ;x):

H(Γ;x) :=
∑
b∈Zn

dimk(Γb) · xb =
K(Γ;x)∏m

i=1(1−wt(zi))
.

Positivity occurs when z = (zij) and wt(zi) = xi, where the denominator is
∏n

i=1(1− xi)n.
Given any Laurent monomial xa, the rational function

∏n
j=1(1− xj)aj can be expanded

as a well-defined (i.e. convergent in the x-adic topology) formal power series
∏n

j=1(1 −
ajxj + · · · ) in x. Doing the same for each monomial in an arbitrary Laurent polynomial
K(x) results in a power series denoted by K(1− x).
Definition 1.2.2. The multidegree of a Z

n-graded k[z]-module Γ is the sum C(Γ;x) of
the lowest degree terms in K(Γ;1− x). If Γ = k[z]/I is the coordinate ring of a subscheme
X ⊆ km, then write [X]Zn = C(Γ;x).
The letters C and K stand for ‘cohomology’ and ‘K-theory’, and the relation between

them (‘take lowest degree terms’) reflects the Grothendieck–Riemann–Roch transition from
K-theory to its associated graded ring. When k = C is the complex numbers, the (Laurent)
polynomials denoted by C and K are honest torus-equivariant cohomology and K-classes
on affine space.
The motivating example is the case X = Xw ⊆ Mn. Recall that the ith divided

difference operator ∂i acts on polynomials f ∈ Z[x] by ∂i(f) = (f − sif)/(xi − xi+1),
where the ith transposition si ∈ Sn switches the variables xi and xi+1 in the argument
of f . After calculating explicitly that [Xw0 ]Zn =

∏n
i=1 x

n−i
i for the long permutation w0 =

n · · · 321 ∈ Sn, we use a direct geometric argument using multidegrees to show:

Theorem 1.2.3. If length(wsi) < length(w) then [Xwsi]Zn = ∂i[Xw]Zn . Therefore [Xw]Zn

equals the Schubert polynomial Sw(x).

More generally, for the Z
2n-grading in which wt(zi) = xi/yj, the proof actually shows

that [Xw]Z2n is the double Schubert polynomial Sw(x,y). Although all of the results below
hold in this ‘double’ setting, we stick to the Z

n-grading for clarity.

1.3. Multidegrees as positive sums. Multidegrees, like ordinary degrees, are additive on
unions of schemes with disjoint support and equal dimension. To make a precise statement,
let multX(Γ) denote the multiplicity of Γ along the variety X.

Theorem 1.3.1. Fix a Zn-graded module Γ, and let X1, . . . ,Xr be the maximal-dimensional
irreducible components of the support variety of Γ. Then

C(Γ;x) =
r∑

�=1

multX�
(Γ) · [X�]Zn .

Multidegrees are constant in flat families, including the Gröbner degenerations of the
next lemma. For positive gradings this is easy, by the constancy of Hilbert series.

Lemma 1.3.2. Fix a Zn-graded module Γ, and let Γ ∼= F/K be an expression of Γ as the
quotient of a free module F with kernel K. The multidegree C(Γ;x) equals the multidegree
of F/in(K) for the initial submodule in(K) of K under any term order.

When km = Mn and wt(zi) = xi, the multidegree [L]Zn of a coordinate subspace L =
zero set of 〈zi1j1, . . . , zirjr〉 is just the monomial xL := xi1 · · · xir . Therefore multidegrees
can always be expressed as positive sums of monomials.
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Corollary 1.3.3. Suppose L is the zero scheme of an initial ideal in(I(Xw)) of the ideal of
Xw for some term order. The equality [Xw]Zn =

∑
L multL(L) · xL writes the multidegree

Sw(x) of Xw as a sum of monomials with positive coefficients, where the sum is over
reduced subspaces of L having maximal dimension.

1.4. Gröbner bases, antidiagonals, and Hilbert series. A positive sum as in Corol-
lary 1.3.3 lends itself to combinatorial analysis only if we understand the initial ideal.
Theorem 1.4.2, which determines an explicit initial ideal, will therefore be our central re-
sult. Ultimately it connects the geometry of Schubert varieties to the combinatorics of
permutations, using the methods of Section 2 (which are themselves based on techniques
in the proof of Theorem 1.4.2).
The matrix Schubert variety Xw is cut out set-theoretically by determinants in the

generic matrix Z. These equations in fact define Xw scheme-theoretically; see [Ful92] or
Corollary 1.5.1, below.

Definition 1.4.1. Let w ∈ Sn be a permutation and rqp = rank(wT
[q,p]) for each q, p.

1. The Schubert determinantal ideal Iw ⊂ k[z] is generated by all minors in Z[q,p]

of size 1 + rqp for all q, p, where Z = (zij) is the matrix of variables.
2. The antidiagonal ideal Jw is generated by the antidiagonals of the minors of

Z = (zij) generating Iw.

Here, the antidiagonal of a square matrix or a minor is the product of the entries on the
main antidiagonal.

This broad class of determinantal ideals includes all ideals “cogenerated by a fixed minor”,
as in [HT92]. More generally, the generators of every ladder determinantal ideal coincide
with the generators of the Schubert determinantal ideal Iw for some vexillary (also known
as 2143-avoiding, or single-shaped) permutation w. Special cases of these vexillary deter-
minantal ideals are the objects of study in [Con95, MS96a, MS96b, CH97, GM00, GL00],
for example. Theorem 1.2.3 yields determinantal formulae for Z

2n and Z
n-graded multide-

grees in these cases, because vexillary double Schubert polynomials Sw(x,y) are multiSchur
polynomials; see [Mac91, Ful92].
An antidiagonal term order is any term order in which the leading monomial of every

minor is its antidiagonal; such orders are easy to construct.

Theorem 1.4.2. For any antidiagonal term order, in(Iw) = Jw; in other words, the union
over q, p of the (1 + rqp)-minors in Z[q,p] constitute a Gröbner basis.

The hardest step in the proof of Theorem 1.4.2 shows that the Hilbert series of {k[z]/Jw}w∈Sn

satisfy the recursion defining the Grothendieck polynomials Gw(x) [LS82b]. To be pre-
cise, Gw(x) can be defined by downward induction on the weak order of Sn, in analogy
with Schubert polynomials. This time, however, start with Gw0(x) =

∏n
i=1(1 − xi)n−i

and use the Demazure or isobaric divided difference operators ∂i, which act by
∂i(f) = (xi+1f − xisif)/(xi+1 − xi). Demazure operators work just as well on power
series, such as Hw := H(k[z]/Jw ;x) for w ∈ Sn, as they do on polynomials.

Theorem 1.4.3. If length(wsi) < length(w) then Hwsi = ∂iHw. Thus

H(k[z]/Jw;x) =
Gw(x)∏n

i=1(1− xi)n
.

This Hilbert series calculation requires substantial tailor-made combinatorics, giving rise
to Section 2. Assume Theorem 1.4.3 henceforth in this exposition.
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Proof sketch for Theorem 1.4.2. Directly from the definitions of ∂i and ∂i, taking the lowest
degree terms in Gw(1−x) yields Sw(x). Therefore the multidegree of k[z]/Jw equals Sw(x)
and agrees with [Xw]Zn by Theorem 1.2.3.
After (nontrivially) showing that Jw is pure of dimension dimXw, an easy lemma con-

cerning squarefree monomial ideals reveals why the equality [Xw]Zn = [Lw]Zn and the
containment in(I(Xw)) ⊇ Jw together imply in(I(Xw)) = Jw. Since the containments
in(I(Xw)) ⊇ in(Iw) ⊇ Jw are obvious, we conclude that in(I(Xw)) = in(Iw) = Jw. �

1.5. Applications. The theorems in the previous section provide formulae for the K-
polynomials (i.e. Hilbert series) of Schubert determinantal varieties.

Corollary 1.5.1. The ideal of Xw is Iw, and K(k[z]/Iw ;x) = Gw(x).

Proof. That Iw is reduced follows from Theorem 1.4.2 and the fact that Jw is reduced. The
advertised K-polynomial comes from Theorem 1.4.2 and Theorem 1.4.3. �

Being in K-theory rather than cohomology, Corollary 1.5.1 is substantially stronger than
Theorem 1.2.3. Although the former also follows directly from known results [LS82b] with
only a little work (the class of the structure sheaf of Xw in K◦

T (Mn) maps to that of Xw

in K◦(F�n)), the Hilbert series in Theorem 1.4.2 must in any case be computed during the
course of proving Theorem 1.4.2. Therefore we recover the appropriate results from [LS82b]
as consequences.
The antidiagonal ideal Jw is the Stanley–Reisner ideal for a simplicial complex Lw

(thought of as a set of subspaces in Mn). The combinatorial implications of Theorem 1.4.3
and the following corollary will be clarified after our analysis of the simplicial complexes
Lw for w ∈ Sn and their generalizations to arbitrary Coxeter groups, which occupies all of
Section 2.

Corollary 1.5.2. Sw(x) = [Xw]Zn = [Lw]Zn =
∑

facets L∈Lw
xL.

The set of minors in Iw forming a minimal (but not reduced) Gröbner basis can be
characterized in terms of essential sets [Ful92]. As a consequence, we crystallize the relation
between determinantal ideals and open subsets (“opposite cells”) in Schubert varieties of
F�n. In particular, let C be a local condition, meaning that C holds for a variety whenever
it holds on each subvariety in some open cover. Such local conditions include normality,
Cohen–Macaulayness, and rational singularities.

Theorem 1.5.3. Assume that the local condition C holds for a variety X whenever it holds
for the product of X with any vector space. Then C holds for every Schubert variety in
every flag variety if and only if C holds for all matrix Schubert varieties.

Theorem 1.5.3 serves to systematize and even reverse the flow of results from the algebraic
geometry of flag manifolds to the literature on determinantal ideals. However, we know of
no new consequences that can be derived from it.

1.6. An example. The following example illustrates the results thus far.

Example 1.6.1. Let w = 2143 ∈ S4. The matrix Schubert variety Xw is then the set of
4 × 4 matrices Z = (zij) whose upper left entry is zero and whose upper left 3 × 3 block
has rank at most one. The equations defining X2143 are the determinants

I2143 =
〈
z11, det

∣∣∣∣∣∣
z11 z12 z13

z21 z22 z23

z31 z32 z33

∣∣∣∣∣∣ = −z13z22z31 + . . .
〉
.
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Note that this is not a Gröbner basis with respect to term orders that pick out the diagonal
term z11z22z33 of the second generator, since z11 divides that. The term orders that interest
us pick out the antidiagonal term −z13z22z31.
When we Gröbner-degenerate the matrix Schubert variety to the scheme defined by the

initial ideal J2143 = 〈z11,−z13z22z31〉, we get a union of three coordinate subspaces

L11,13, L11,22, and L11,31, with ideals 〈z11, z13〉, 〈z11, z22〉, and 〈z11, z31〉.
The resulting equation in T -equivariant cohomology, or on multidegrees, reads:

[X2143]Zn = [L11,13]Zn + [L11,22]Zn + [L11,31]Zn

= x2
1 + x1x2 + x1x3

in Z[x1, x2, x3, x4] ∼= H∗
T (M4). The Z

n-graded K-polynomial K(k[z]/I2143 ;x) is equal to
G2143(x) = (1− x1)(1 − x1x2x3). Thus

K(k[z]/I2143 ;1− x) = x1(x1 + x2 + x3 − x1x2 − x1x3 − x2x3 + x1x2x3),

whose lowest degree terms agree with S2143(x) = [X2143]Zn = x1(x1 + x2 + x3). �

2. Mitosis, rc-graphs, and subword complexes

2.1. Pipe dreams and rc-graphs. The facets of the initial complex Lw correspond to
certain subsets of the grid [n] × [n]. The obvious question becomes: which subsets? The
answer rests on drawing subsets of the grid in the “right” way.

Definition 2.1.1. A pipe dream is a finite subset of Z>0 × Z>0, identified as the set of
crosses in a tiling by crosses and elbow joints ✆✞.

Example 2.1.2. Pictorially, each subspace L11,13, L11,22, and L11,31 from Example 1.6.1
represents a subset of the 4× 4 grid: place a ‘+’ in each box containing a generator for its
ideal. In other words, given a coordinate subspace L, form the diagram DL by placing a
‘+’ at (i, j) if every matrix in L has (i, j) entry zero:

〈z11, z13〉 =
+ +

, 〈z11, z22〉 =
+

+ , 〈z11, z31〉 =
+

+

In the figures below, we draw the zero entries ‘+’ by crossing pipes, and the nonzero entries
by elbow joints (imagine that the lower-right triangle is filled with elbows).

1 2 3 4

2 ✆✞ ✆

1 ✆✞ ✆✞ ✆

4 ✆✞ ✆

3 ✆

1 2 3 4

2 ✆✞ ✆✞ ✆

1 ✆✞ ✆

4 ✆✞ ✆

3 ✆

1 2 3 4

2 ✆✞ ✆✞ ✆

1 ✆✞ ✆✞ ✆

4 ✆

3 ✆

These are the three “rc-graphs”, or “planar histories”, for the permutation 2143. �
The term ‘rc-graph’ was coined in [BB93], although [FK96] made the definition.

Definition 2.1.3. An rc-graph is a pipe dream in which each pair of pipes crosses at most
once. If D is an rc-graph and w ∈ Sn is the permutation such that the pipe entering row i
exits from column w(i), then D is said to be an rc-graph for w. The set of rc-graphs
for w is denoted by RC(w).
The next theorem completes the transition from the geometry of F�n to the combi-

natorics of Sn through the algebra of determinants. Recall that the itinerary has been:
Schubert variety Xw � matrix Schubert variety Xw � determinantal ideal Iw � antidiag-
onal ideal Jw � initial complex Lw � rc-graphs RC(w).
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Theorem 2.1.4. RC(w) = {DL | L is a facet of Lw}. In other words, rc-graphs for w are
complements of maximal supports of monomials outside Jw.

The proof uses results of [BB93]. Theorem 2.1.4 has the famous ‘BJS’ formula as a
consequence, by Corollary 1.5.2. Previous proofs [BJS93, FS94] were combinatorial.

Corollary 2.1.5. Sw(x) =
∑

D∈RC(w) x
D, where xD =

∏
(i,j)∈D xi.

2.2. Mitosis algorithm. The proof in Section 1.4 that theK-polynomial of k[z]/Jw equals
Gw(x) works by constructing an operator εw

i that takes each monomial outside Jw to a
positive sum of monomials outside Jwsi . Interpreted in terms of rc-graphs, this procedure
lists the coefficients of Schubert polynomials by downward induction on the weak order
of Sn. Our algorithm serves as a geometrically motivated improvement on the famous
conjecture of Kohnert [Mac91, Appendix to Chapter IV, by N. Bergeron], which is similarly
inductive but employs Rothe diagrams instead of rc-graphs.
Given a pipe dream in [n]× [n], define the column index

starti(D) = min({j | (i, j) �∈ D} ∪ {n+ 1})
of the leftmost empty box in row i. Thus in the region to the left of starti(D), the ith row
of D is filled solidly with crosses. Let

Ji(D) = {columns j strictly to the left of starti(D) | (i+ 1, j) has no cross in D}
For p ∈ Ji(D), construct the offspring Dp as follows. First delete the cross at (i, p) from
D. Then take all of the crosses in row i of Ji(D) that are to the left of column p, and move
each one down to the empty box below it in row i+ 1.

Definition 2.2.1. The ith mitosis operator sends a pipe dream D to

mitosis i(D) = {Dp | p ∈ Ji(D)}.
Write mitosis i(P) =

⋃
D∈P mitosis i(P) whenever P is a set of pipe dreams.

Observe that all of the action takes place in rows i and i+1, and mitosis i(D) is an empty
set whenever Ji(D) is empty.

Example 2.2.2. The left pipe dream D below is an rc-graph for w = 13865742.

3
4

+ + +
+ +

+ + + +
+

+
+ +
+

↑
start3

�−→




+ + +
+ +
+ + +

+
+
+ +
+

,

+ + +
+ +

+ +
+ +
+
+ +
+

,

+ + +
+ +

+
+ + +
+
+ +
+




The set of three pipe dreams on the right is obtained by applying mitosis3, since J3(D)
consists of columns 1, 2, and 4. �

Theorem 2.2.3. RC(wsi) is the disjoint union ·⋃D∈RC(w) mitosis i(D). Therefore, if si1 · · · sik

is a reduced expression for w0w and D0 is the unique rc-graph for w0, then

RC(w) = mitosis ik · · ·mitosis i1(D0).

The unique rc-graph D0 in Theorem 2.2.3 has crosses strictly above the main antidiago-
nal, and no other crosses. That is, (i, j) ∈ D0 if and only if i+ j ≤ n.
Although combinatorial considerations in the proof of Theorem 1.4.2 were instrumental

in figuring out how to define mitosis in the first place, it is possible to give a complete proof
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of Theorem 2.2.3 based entirely on the BJS formula in Corollary 2.1.5 and the characteri-
zation of Schubert polynomials by divided differences, along with elementary combinatorial
properties of rc-graphs [Mil02]. This argument exploits an involution on RC(w) which, for
grassmannian (i.e. unique descent) permutations w, reduces to a well-known involution on
semistandard Young tableaux.

2.3. Subword complexes. Given a pipe dream D, say that a ‘+’ at (q, p) ∈ D sits on
the ith antidiagonal if q + p − 1 = i. Let QD be the ordered list of simple reflections
si corresponding to the antidiagonals on which the crosses sit, starting from the northeast
corner of D and reading right to left across each row starting from the top and snaking
downwards. Induction on the number of crosses in D proves:

Lemma 2.3.1. The list QD constitutes a reduced expression for w if and only if the pipe
dream D is an rc-graph for w.

For example, the rc-graphD0 in Theorem 2.2.3 corresponds to the reduced exression w0 =
s4s3s2s1s4s3s2s4s3s4 when n = 5, while the full 3× 3 grid yields the list s3s2s1s4s3s2s5s4s3

of adjacent transpositions in S6.
Here is the generalization of Lw to arbitrary words in Coxeter systems (Π,Σ).

Definition 2.3.2. A word of size m is an ordered list Q = (σ1, . . . , σm) of elements of Σ.
An ordered sublist P of Q is called a subword of Q.

1. Q represents π ∈ Π if the ordered product of the simple reflections in Q is a
reduced decomposition for π.

2. Q contains π ∈ Π if some sublist of Q represents π.

The subword complex ∆(Q,π) is the set of subwords P ⊆ Q whose complements Q � P
contain π.

Example 2.3.3. Theorem 2.1.4 and Lemma 2.3.1 say that if Π = S2n and Qn×n is the
word represented by all of [n]× [n], then Lw = ∆(Qn×n, w) when w ∈ Sn ⊂ S2n. Thus the
combinatorics and Stanley–Reisner theory of general subword complexes yields information
about Schubert and Grothendieck polynomials; see Corollary 2.4.5. �
Theorem 2.3.4. Every subword complex ∆(Q,π) is vertex-decomposable and so Cohen–
Macaulay, and even shellable. ∆(Q,π) is homeomorphic to a ball or sphere.

The vertex decomposition rests on the fact that the link and deletion of the vertex
σ1 ∈ ∆(Q,π) are both subword complexes. The ball or sphere condition is equivalent to
∆(Q,π) being a manifold, given shellability; it reduces to showing that every codimension 1
face lies in at most two facets, which in turn relies on the exchange condition in Coxeter
groups [Hum90, Theorem 5.8]. In view of [BW82], Theorem 2.3.4 suggests that the Bruhat
and weak orders “feel” somewhat similar.
Fulton proved that Xw is Cohen–Macaulay [Ful92], but he used Cohen–Macaulayness of

Schubert varieties [Ram85] to do it. Here we provide new proofs of both.

Corollary 2.3.5. Every matrix Schubert variety Xw, and hence every Schubert variety
Xw ⊆ B\GLn, is Cohen–Macaulay.

Proof. The Cohen–Macaulayness of Lw in Theorem 2.3.4 implies that of Xw by Theo-
rem 1.4.2 and the flatness of Gröbner degeneration. Now use Theorem 1.5.3. �
2.4. Combinatorics of Grothendieck polynomials. Calculating the Zm-graded Hilbert
series (that is, the K-polynomial) of the Stanley–Reisner ring for a simplicial ball or sphere
∆ amounts to identifying the boundary faces of ∆. For subword complexes ∆(Q,π), this
identification uses a standard tool from Coxeter group theory.
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Definition 2.4.1. Let R be a commutative ring, and D a free R-module with basis {eπ |
π ∈ Π}. Defining a multiplication on D by

eπeσ =
{

eπσ if length(πσ) > length(π)
eπ if length(πσ) < length(π)(1)

for σ ∈ Σ yields theDemazure algebra of (Π,Σ) over R. Define theDemazure product
δ(Q) of the word Q = (σ1, . . . , σm) by eσ1 · · · eσm = eδ(Q).

When Π = Sn and Σ is the set of simple reflections s1, . . . , sn−1, the algebra D is generated
over R by the usual Demazure operators ∂i (hence the name “Demazure algebra”). In
general, the fact that the equations in (1) define an associative algebra is a special case of
[Hum90, Theorem 7.1].

Proposition 2.4.2. A face Q � P is in the boundary of ∆(Q,π) if and only if P has
Demazure product δ(P ) �= π.

In our final theorem, the variables z = z1, . . . , zm are identified with the locations in
the list Q = (σ1, . . . , σm)—that is, with the vertices of the subword complex ∆(Q,π). The
Z

n-grading is the finest possible, with n = m. So as not to confuse notation in applications
with z = (zij)ni,j=1, where the Hilbert series are Zn-graded and expressed in variables x,
we write Zm-graded K-polynomials in the variables z, with each zi having tautological
exponential weight zi.

Theorem 2.4.3. If length(π) = � and J is the Stanley–Reisner ideal of ∆(Q,π), then

K(k[z]/J ; z) =
∑

δ(P )=π

(−1)|P |−�(1− z)P ,

where (1− z)P =
∏

i∈P (1− zi).

The proof uses Hochster’s Betti number formula for the Alexander dual ideal

J� = 〈zi1 · · · zik | 〈zi1 , . . . , zik〉 contains J〉,
which appears in [ER98] and [BCP99] (for instance). Theorem 2.4.3 then follows from the
Alexander inversion formula:

Proposition 2.4.4. If J ⊆ k[z] is a squarefree monomial ideal and J� is its Alexander
dual ideal, then K(k[z]/J ; z) = K(J�;1− z).
The Alexander inversion formula can be interpreted as another way to define J�.
As a special case of Theorem 2.4.3 we recover a formula for double Grothendieck poly-

nomials [FK94]. Although the natural “double” specialization for the exponential weight
of zij is xi/yj, we substitute zij �→ xiyj to agree with the notation in [FK94].

Corollary 2.4.5. Gw(1− x,1− y) =
∑

δ(D)=w

∏
(i,j)∈D

(−1)|D|−�(xi + yj − xiyj).

The single version, in which zij �→ xi and xD equals
∏

(i,j)∈D xi, reads:

Gw(1− x) =
∑

δ(D)=w

(−1)|D|−�xD.

Note that Corollary 2.1.5 is the sum of lowest degree terms in the latter formula.
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ALTERNATE TRANSITION MATRICES FOR BRENTI’S q-SYMMETRIC
FUNCTIONS AND A CLASS OF (q, t)-SYMMETRIC FUNCTIONS

ARISING FROM PLETHYSM (EXTENDED ABSTRACT)

THOMAS LANGLEY

Abstract. Brenti [4] introduces a class of q-symmetric functions based on a simple
plethysm with the power-sum symmetric functions. Brenti shows that with certain spe-
cializations of q, these functions appear in connection with Jack symmetric functions,
parking functions, and lattices of non-crossing partitions. Brenti develops combinatorial
interpretations for the transition matrices between these new symmetric functions and
the standard symmetric function bases. We provide simplified versions of many of these
that are sums over significantly smaller classes of combinatorial objects. We then ex-
tend Brenti’s definitions to symmetric functions on the hyperoctahedral group and give
combinatorial interpretations of the analogous transition matrices. We also discuss new
generating functions on permutation statistics that arise from Brenti’s symmetric functions
and our extensions.

Résumé. Brenti [4] présente une classe des fonctions symétriques avec un paramètre sim-
ple basé sur un plethysm simple avec les fonctions symétriques de puissance-somme. Brenti
prouve qu’avec certaines spécialisations du paramètre, ces fonctions apparaissent en liaison
avec des fonctions symétriques de Jack, des fonctions se garantes, et des trellis des cloisons
de non-croisement. Brenti développe des traductions combinatoires pour les matrices de
transition entre ces nouvelles fonctions symétriques et les bases symétriques standard de
fonction. Nous fournissons des versions simplifiées de beaucoup de ces derniers qui sont
des sommes au-dessus des classes sensiblement plus petites des objets combinatoires. Nous
alors étendons des définitions de Brenti aux fonctions symétriques sur le groupe hyperoc-
tahedral et donnons des traductions combinatoires des matrices analogues de transition.
Nous discutons également de nouvelles fonctions se produisantes sur les statistiques de
permutation qui résultent des fonctions symétriques de Brenti et de nos extensions.

1. Introduction

This work is based on a class of symmetric functions with a parameter q introduced by
Brenti in [4] which arise from a simple plethysm with the power-sum symmetric functions.
Brenti develops combinatorial interpretations for the transition matrices between these new
symmetric functions and the standard symmetric function bases. We provide simplified
versions of many of these that have three advantages. First, most involve summing over
significantly smaller classes of objects and are therefore much easier to compute. Second,
our expressions are given in terms of objects that appear in the standard transition matrices
summarized by Beck, Remmel, and Whitehead in [2] and are therefore more recognizable
as q-analogues of those matrices. Finally, part of our work involves extending Brenti’s sym-
metric functions to the hyperoctahedral group and our expressions have natural analogues
in that setting. In Section 2 below we give examples of two of our results, one of which has
a nice corollary involving the expansion of a product of binomial coefficients as a sum of
binomial coefficients. In Section 3 we will discuss our generalization of Brenti’s results to
the hyperoctahedral group Bn. Specifically, we have defined a class of symmetric functions
on Bn in two parameters q and t and have developed the combinatorics of the transition
matrices that expand the resulting (q, t)-analogues of the standard bases in terms of the
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standard bases themselves. We give the basic definitions and a sampling of the results here.
Finally, in Section 4 we discuss several new generating functions on permutation statistics
that arise from Brenti’s symmetric functions and our Bn analogues.

2. Transition matrices arising from Brenti’s symmetric functions.

We start with some notation. Let Λn be the space of homogeneous symmetric functions
of degree n and set Λ =

⊕
n≥0
Λn. Given two bases of Λn, {aλ}λ�n and {bλ}λ�n, we fix some

standard order of the partitions of n and then think of the bases as row vectors 〈aλ〉λ�n

and 〈bλ〉λ�n. We define the transition matrix M(a, b) by the equation

〈bλ〉λ�n = 〈aλ〉λ�nM(a, b)

So M(a, b) is the matrix that transforms the basis 〈aλ〉λ�n into the basis 〈bλ〉λ�n and the
(λ, µ) entry of M(a, b) is given by

bµ =
∑
λ�n

aλM(a, b)λµ

For λ a partition of n, let hλ, eλ, pλ, sλ, mλ, and fλ denote the complete homogenous,
elementary, power-sum, Schur, monomial, and forgotten symmetric functions associated
with λ, respectively. Brenti’s symmetric functions [4] are defined on Λ ⊗ Q(q) as follows.
For a nonnegative integer r and an alphabet X = x1 + x2 + · · · , define

pq
r[X] = pr[qX] = qpr[X]

Then for a partition λ = (λ1, λ2, . . . , λl), set

pq
λ[X] = pq

λ1
[X]pq

λ2
[X] · · · pq

λl
[X] = ql(λ)pλ[X]

For any symmetric function g, gq is defined by expanding g in terms of the power basis so
that if g =

∑
ν aνpν , then

gq[X] =
∑

ν

aνp
q
ν [X]

Brenti shows that hq
λ, e

n+1
n , and en

n have appeared before in connection with Jack sym-
metric functions, parking functions, and lattices of non-crossing partitions, respectively.
Brenti derives transition matrices that give the expansions of mq

λ, e
q
λ, h

q
λ and sq

λ/µ in
terms of the m’s, e’s, h’s and s’s. As mentioned above, we have simplified many of these by
summing over significantly smaller classes of objects. We give two examples of these here.
We start with Brenti’s expression for M(m, eq). First, for a 3-dimensional m × n × p

matrix A = (Ai,j,k)1≤i≤m,1≤j≤n,1≤k≤p, define

S1,2(A) =


 m∑

i=1

n∑
j=1

Ai,j,1, . . . ,

m∑
i=1

n∑
j=1

Ai,j,p




and analogously for S1,3(A) and S2,3(A).
Also, for a nonnegative integer i, define(

q

i

)
=

q(q − 1) · · · (q − i+ 1)
i!
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Then Brenti shows that

M(m, eq)λµ =
|µ|∑
i=1

Mµ,λ(i)
(
q

i

)

where Mµ,λ(i) is the number of l(µ) × l(λ) × i (0,1)-matrices A such that S2,3(A) =
µ, S1,3(A) = λ and S1,2(A) > 0.
Our expression for M(m, eq) is a sum over two-dimensional matrices.

Theorem 1. For λ and µ partitions of n,

M(m, eq)λµ =
∑

A∈M(µ,λ)

∏
i,j

(
q

Ai,j

)

where M(µ, λ) is the set of l(µ) × l(λ) matrices with nonnegative integer entries with row
sums equal to µ and column sums equal to λ.

We need the following definitions for our next result.
• µ-brick tabloids of shape λ. For µ � n, create a set of bricks that have lengths equal
to the parts of µ. Then place these bricks in the Ferrers diagram of λ in such a
way that each brick lies in a single row and no two bricks overlap. We call each
such filling a µ-brick tabloid of shape λ. For example, Figure 1 shows the four
(1, 2, 3)-brick tabloids of shape (3, 3).

• Strict n-brick tabloids of shape λ and type µ. These are µ-brick tabloids of shape
λ that have positive integer labels on the bricks. The labels are from the set
{1, 2, . . . , n} with repetitions allowed, and the labels must strictly increase in rows
from left to right. For example, the first tabloid in Figure 1 gives rise to two 2-brick
tabloids of shape (3, 3) and type (1, 2, 3) as shown in Figure 2.

Also, for a nonnegative integer i, define

(1) Dλ,µ(q) =
l(µ)∑
i=1

dλ,µ(i)
(
q

i

)

where dλ,µ(i) is the number of strict i-brick tabloids T of shape λ and type µ such that all
of the integers 1,2,. . . ,i appear in T .
Brenti shows that

M(m,mq)λ,µ = Dλ,µ(q)
Our expression is:

Theorem 2. For λ and µ partitions of n,

M(m,mq)λ,µ =
∑

T∈Bµ,λ

l(λ)∏
i=1

(
q

ni(T )

)

where Bµ,λ is the set of µ-brick tabloids of shape λ and for T ∈ Bµ,λ, ni(T ) is the number
of bricks in the ith row of T .

We consider a simple example to demonstrate the number of objects involved in the two
expressions for M(m,mq). Let λ = (3, 3) and µ = (1, 2, 3). Then there are four elements of
Bµ,λ as shown in Figure 1. Now consider the corresponding dλ,µ(i) in Brenti’s expression

M(m,mq)λ,µ = D(λ,µ)(q) =
l(µ)∑
i=1

dλ,µ(i)
(
q

i

)
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Figure 1. The four (1, 2, 3)-brick tabloids of shape (3, 3).

1

1 2

2

1 2

Figure 2. The two strict 2-brick tabloids of shape (3, 3) and type (1, 2, 3)
corresponding to the first tabloid in Figure 1.

3

1 2

2

1 3

1

2 3

Figure 3. The three strict 3-brick tabloids of shape (3, 3) and type (1, 2, 3)
that contain all three of the labels 1, 2, and 3, corresponding to the first
tabloid in Figure 1.

For each i = 1 to 3, to calculate dλ,µ(i) we need to label the bricks in each tabloid in
Figure 1 with the integers 1 through i such that each label is used at least once and the
labels strictly increase in each row. Since each tabloid has at least one row with two
bricks, dλ,µ(1) = 0. Each tabloid in Figure 1 gives rise to two 2-brick tabloids, shown in
Figure 2. So dλ,µ(2) = 8. Finally, there are three 3-brick tabloids labeled with 1, 2, and 3
corresponding to each tabloid in Figure 1, as shown in Figure 3. So dλ,µ(3) = 12. Hence
Brenti’s expression involves counting twenty tabloids instead of four.
We note that our expressions forM(m, eq) andM(m,mq) follow from Brenti’s by letting

q be a positive integer and giving a short combinatorial argument. We can also prove our
results directly, and it is these proofs that generalize nicely when we extend Brenti’s results
to the hyperoctahedral group.
It is interesting to note that as a corollary to Theorem 2 we obtain a combinatorial

interpretation of the coefficients used to expand an arbitrary product of binomial coefficients
as a sum of binomial coefficients:

Corollary 3. For λ = (λ1, λ2, . . . , λl) � n,

l∏
i=1

(
q

λi

)
=

n∑
i=1

dλ,1n(i)
(
q

i

)

where dλ,1n(i) is the number of ways to fill the Ferrers diagram of λ with the integers
1, 2, . . . , i so that the entries in rows strictly increase and every integer is used at least
once.



A CLASS OF (q, t)-SYMMETRIC FUNCTIONS ON Bn #36.5

3. A Class of (q, t)-Symmetric Functions on Bn

In this section we define a class of symmetric functions with two parameters on the
hyperoctahedral group Bn analogous to Brenti’s symmetric functions on Sn. We have a
complete list of transition matrices that expand these new symmetric functions in terms of
the standard bases for the symmetric functions on Bn. We will present those analogous to
M(m, eq) and M(m,mq) here.
We start by reviewing the necessary definitions. Let Bn be the hyperoctahedral group

on n elements, that is, the wreath product of Z2 with Sn. We will think of Bn as the group
of signed permutations. That is, each element σ ∈ Bn can be written as a permutation
σ = σ1σ2 · · · σn where each σi can be positive or negative. We can write elements of Bn in
cycle notation with cycles of the form

(ε1i1, ε2i2, ε3i3, . . . , εmim)

where εi ∈ {−1, 1} and it is understood that i1 is mapped to ε2i2, i2 is mapped to ε3i3 and
so on.
As an example, the following is an element of B8:

σ = −4, 8,−2,−7,−3,−6, 1, 5
In cycle notation we have

σ = (1,−4,−7)(−2, 8, 5,−3)(−6)
We say that a cycle of σ ∈ Bn is a positive cycle if the product of the signs in the cycle is

positive and a negative cycle if the product of the signs is negative. In the example above,
the first two cycles are positive cycles and the third cycle is a negative cycle. Let (λ, µ) � n
denote an ordered pair of partitions λ and µ such that |λ|+ |µ| = n. The conjugacy classes
of Bn are indexed by such pairs of partitions in the following way. If Bn(λ, µ) denotes the
conjugacy class corresponding to (λ, µ), then Bn(λ, µ) is the set of all σ ∈ Bn such that the
positive cycles of σ have lengths λ1, λ2, . . . , λl(λ) and the negative cycles of σ have lengths
µ1, µ2, . . . , µl(µ).
We associate symmetric functions to Bn following Stembridge [5]. Let X = x1+x2+ · · ·

and Y = y1+ y2+ · · · be commuting alphabets. The appropriate vector space is defined by

ΛBn [X,Y ] =
n⊕

k=0

Λk[X]⊗ Λn−k[Y ]

The ten standard bases of ΛBn are products of the standard Sn bases:

{pλ[X]pµ[Y ]}(λ,µ)�n {mλ[X + Y ]mµ[X − Y ]}(λ,µ)�n

{fλ[X + Y ]fµ[X − Y ]}(λ,µ)�n {mλ[X + Y ]fµ[X − Y ]}(λ,µ)�n

{fλ[X + Y ]mµ[X − Y ]}(λ,µ)�n {hλ[X + Y ]hµ[X − Y ]}(λ,µ)�n

{eλ[X + Y ]eµ[X − Y ]}(λ,µ)�n {hλ[X + Y ]eµ[X − Y ]}(λ,µ)�n

{eλ[X + Y ]hµ[X − Y ]}(λ,µ)�n {sλ[X + Y ]sµ[X − Y ]}(λ,µ)�n

We are now ready to define an analogue of Brenti’s symmetric functions on ΛBn . We
define

(pn[X]pm[Y ])
q,t = pq

n[X]p
t
m[Y ] = q · pn[X] · t · pm[Y ]

With this definition we have

(pλ[X]pµ[Y ])
q,t = pq

λ[X]p
t
µ[Y ] = ql(λ)tl(µ)pλ[X]pµ[Y ]
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So in general for P ∈ ΛBn , we expand P in the power basis so that P =
∑

(λ,µ) aµ,λpλ[X]pµ[Y ]
and define P q,t by

P q,t =
∑
(λ,µ)

aµ,λp
q
λ[X]p

t
µ[Y ] =

∑
(λ,µ)

aµ,λq
l(λ)tl(µ)pλ[X]pµ[Y ]

We will use notation similar to the Sn case to describe transition matrices. For simplicity,
we will set

pλp̃µ = pλ[X]pµ[Y ]
hλẽµ = hλ[X + Y ]eµ[X − Y ]

and so on. We define M(ab̃, cd̃) by the equation

〈cλd̃µ〉(λ,µ)�n = 〈aλb̃µ〉(λ,µ)�nM(ab̃, cd̃)

SoM(ab̃, cd̃) is the matrix that transforms the basis 〈aλb̃µ〉(λ,µ)�n into the basis 〈cλd̃µ〉(λ,µ)�n

and the ((α, β), (λ, µ)) entry of M(ab̃, cd̃) is given by

cλd̃µ =
∑

(α,β)�n

aαb̃βM(ab̃, cd̃)(α,β),(λ,µ)

We now present results analogous to Theorems 1 and 2.

Theorem 4. For (λ, µ) � n and (ρ, ε) � n,

M(mm̃, (eẽ)q,t)(ρ,ε)(λ,µ)

=
∑

M∈M((λ,µ)(ρ,ε))

∏
1≤i≤l(λ)

1≤j≤l(ρ)

(
q/2 + t/2

Mi,j

) ∏
1≤i≤l(λ)

l(ρ)+1≤j≤l(ρ)+l(ε)

(
q/2− t/2

Mi,j

)

∏
l(λ)+1≤i≤l(λ)+l(µ)

1≤j≤l(ρ)

(
q/2− t/2

Mi,j

) ∏
l(λ)+1≤i≤l(λ)+l(µ)

l(ρ)+1≤j≤l(ρ)+l(ε)

(
q/2 + t/2

Mi,j

)

where M((λ, µ)(ρ, ε)) is the set of (l(λ) + l(µ)) × (l(ρ) + l(ε)) matrices with nonnegative
integer entries such that the row sums form the sequence λ1, . . . , λl(λ), µ1, . . . , µl(µ) and the
column sums form the sequence ρ1, . . . , ρl(ρ), ε1, . . . , εl(ε) and Mi,j denotes the (i, j) entry
of the matrix M .

For the next result we need to define Bn versions of brick tabloids. For partitions ρ and ε,
let ρ ∗ ε be the diagram obtained by attaching the lower right corner of the Ferrers diagram
of ρ to the upper left corner of the Ferrers diagram of ε. Then for partitions λ and µ, we
distinguish λ-bricks from µ-bricks and define the set of (λ, µ)-brick tabloids of shape ρ ∗ ε
to be the set of fillings of the diagram ρ ∗ ε with λ-bricks and µ-bricks such that

• each brick lies in a single row
• no two bricks overlap
• λ bricks come before µ bricks in each row.

We will denote this set Bλ,µ
ρ∗ε . For example, Figure 4 shows an element of Bλ,µ

ρ∗ε for λ =
(1, 1, 2, 3), µ = (1, 1, 2, 3, 3), ρ = (2, 7) and ε = (2, 2, 3).
We also need an expression analogous toDλ,µ(q). For T ∈ Bλ,µ

ρ∗ε , let nλ
i,ρ(T ) be the number

of λ-bricks in the i-th row of ρ in T and define nµ
i,ρ(T ), n

λ
i,ε(T ), and nµ

i,ε(T ) analogously.
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µ

λ λ µ µ

λ µ

λ

µ

Figure 4. An element of B(1,1,2,2),(1,1,2,3,3)
(2,7)∗(2,2,3) .

Then define

D(ρ,ε),(λ,µ)(q, t) =
∑

T∈Bλ,µ
ρ∗ε

l(ρ)∏
i=1

(
q/2 + t/2
nλ

i,ρ(T )

)(
q/2− t/2
nµ

i,ρ(T )

)

·
l(ε)∏
i=1

(
q/2− t/2
nλ

i,ε(T )

)(
q/2 + t/2
nµ

i,ε(T )

)

The Bn version of Theorem 2 is then

Theorem 5. For (λ, µ) � n and (ρ, ε) � n,

M(mm̃, (mm̃)q,t)(ρ,ε)(λ,µ) = D(ρ,ε)(λ,µ)(q, t)

We note that we can also give expressions analogous to Brenti’s version of Dλ,µ(q).

Theorem 6. For (λ, µ) � n and (ρ, ε) � n,

D(ρ,ε),(λ,µ)(q, t)

=
∑

1≤i+k≤l(λ)

1≤j+l≤l(µ)

dλ,µ,ρ,ε(i, j, k, l)
(
q/2 + t/2

i

)(
q/2− t/2

j

)(
q/2− t/2

k

)(
q/2 + t/2

l

)

where dλ,µ,ρ,ε(i, j, k, l) is the number of (λ, µ)-brick tabloids of shape ρ ∗ ε such that:
• λ-bricks come before µ bricks in each row
• λ bricks in ρ are labelled with 1, 2, . . . , i with every value appearing at least once and

the labels strictly increasing in rows
• µ-bricks in ρ are labelled with 1, 2, . . . , j, with every value appearing at least once

and the labels strictly increasing in rows
• λ-bricks in ε are labelled with 1, 2, . . . , k with every value appearing at least once

and the labels strictly increasing in rows
• µ-bricks in ε are labelled with 1, 2, . . . , l with every value appearing at least once and

the labels strictly increasing in rows.

4. Generating Functions

In this section we present some generating functions on permutation statistics that arise
from the symmetric functions introduced in the preceding sections. First, Brenti introduces
a homomorphism from Λn to polynomials in one variable over the rationals which, when
applied to the standard bases of Λn, gives generating functions on permutation statistics
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[3]. Brenti extends this homomorphism to Λ ⊗ Q(q) in [4] and derives similar generat-
ing functions for Brenti’s q-symmetric functions. We will discuss these below and then
give extensions to the Bn versions. Next, we present generating functions that arise by
substituting Brenti’s symmetric functions and extensions into the well-known identity∑

n≥0

unhn =
1∑

n≥0(−u)nen

Brenti’s homomorphism ξ : ΛQ → Q[x] is defined by setting

(2) ξ(en) =
(1− x)n−1

n!
Since the eµ’s are a basis of ΛQ, this defines ξ on ΛQ. The homomorphism is then extended
to Λ⊗ Q(q) by letting ξ act on Q(q) as it does on scalars.
Recall that for σ = σ1σ2 · · · σn ∈ Sn, i is a called an excedance of σ if σi > i. We denote

the number of excedances in σ by exc(σ). Also let cyc(σ) denote the number of cycles in σ.
Brenti shows the following [4]:

Theorem 7. For ξ defined in (2) and a positive integer n,
(1) n!ξ (eq

n) = (−1)n
∑

σ∈Sn
xexc(σ)(−q)cyc(σ)

(2) n!ξ (hq
n) =

∑
σ∈Sn

xexc(σ)qcyc(σ)

(3) n!
zµ

ξ (pq
µ) =

∑
σ∈Sn(µ)

xexc(σ)qcyc(σ)

(4) n!ξ (sq
µ) =

∑
σ∈Sn

χµ(σ)xexc(σ)qcyc(σ)

where Sn(µ) is the conjugacy class of Sn associated with µ, χµ is the irreducible Sn character
associated with µ, and if mi(µ) denotes the number of parts of µ of size i, then zµ =
1m1(µ) · · ·nmn(µ)m1(µ)! · · ·mn(µ)!.

Beck [1] defines an analogue of Brenti’s homomorphism, ζ : ΛB → Q[x], by setting

ζ(ek[X + Y ]) =
(1− x)k−1 + x(x− 1)k−1

2kk!
(3)

ζ(ek[X − Y ]) =
(1− x)k−1 − x(1− x)k−1

2kk!
=
(1− x)k

2kk!
(4)

As with ξ, we extend ζ to our (q, t)-symmetric functions by treating q and t as scalars.
The statistic that arises here is a Bn version of decedances. We first define a linear

ordering Θ by setting

1 <Θ 2 <Θ · · · <Θ n <Θ · · · <Θ −n <Θ · · · <Θ −2 <Θ −1
Then for σ ∈ Bn, write σ in cycle notation as

σ = (σ11σ12 · · · σ1l(1)
)(σ21σ22 · · · σ2l(2)

) · · · (σk1σk2 · · · σkl(k)
)

A Bn decedance occurs at the jth position of the ith cycle if either 1 ≤ j < l(i) and
σij >Θ σij+1, or j = l(i) and σil(i) >Θ σi1 . The number of Bn decedances of σ is denoted
deB(σ).
Beck [1] shows that:

Theorem 8. For ζ defined in equations (3) and (4) and a positive integer n,
2nn!
zλzµ

ζ(pλ[X]pµ[Y ]) =
∑

σ∈Bn(λ,µ)

xdeB(σ)

where Bn(λ, µ) is the set of Bn permutations with positive cycles of type λ and negative
cycles of type µ.
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From this we can derive results analagous to Brenti’s Sn results:

Theorem 9. For ζ defined in equations (3) and (4) and a positive integer n,
(1) 2nn!

zλzµ
ζ(pq

λ[X]p
t
µ[Y ]) =

∑
σ∈Bn(λ,µ) x

deB(σ)qposcyc(σ)tnegcyc(σ)

(2) 2nn!ζ(hq,t
n [X + Y ]) =

∑
σ∈Bn

xdeB(σ)qposcyc(σ)tnegcyc(σ)

(3) 2nn!ζ(hq,t
n [X − Y ]) =

∑
σ∈Bn

xdeB(σ)qposcyc(σ)(−t)negcyc(σ)

(4) 2nn!ζ(eq,t
n [X + Y ]) = (−1)n ∑

σ∈Bn
xdeB(σ)(−q)poscyc(σ)(−t)negcyc(σ)

(5) 2nn!ζ(eq,t
n [X − Y ]) = (−1)n ∑

σ∈Bn
xdeB(σ)(−q)poscyc(σ)tnegcyc(σ)

(6) 2nn!ζ((sλ[X + Y ]sµ[X − Y ])q,t) =
∑

σ∈Bn
χλ,µ(σ)xdeB(σ)qposcyc(σ)tnegcyc(σ)

where for σ ∈ Bn, poscyc(σ) is the number of positive cycles of σ and negcyc(σ) is the
number of negative cycles of σ and χλ,µ is the irreducible character of Bn associated with
the conjugacy class Bn(λ, µ).

Next we present two results arising from the well-known identity

(5)
∑
n≥0

unhn =
1∑

n≥0(−u)nen

Substituting Brenti’s symmetric functions on Sn into (5), we obtain:

Theorem 10. For a positive integer n,∑
n≥0

un

n!

∑
σ∈Sn

xexc(σ)qcyc(σ) =
1∑

n≥0
(u(x−1))n

n!

∑n
k=1 Sn,k

(q)↓k

(1−x)k

where Sn,k is the Stirling number of the second kind, that is, the number of set partitions
of {1, 2, . . . , n} into k parts.

We conclude with the analogous result for the Bn symmetric functions.

Theorem 11. For a positive integer n,∑
n≥0

un

2nn!

∑
σ∈Bn

xdeB(σ)qposcyc(σ)tnegcyc(σ)

=
1

exp
{

u(x−1)(q−t)
4

} ∑
n≥0

(u(x−1))n

2nn!

∑n
k=1 S

odd
n,k

(
1+x
1−x

)
(q/2 + t/2)↓k

where Sodd
n,k (y) =

∑
π∈Pn,k

y# odd parts(π) and Pn,k is the set of partitions of {1, 2, . . . , n} into
k parts.
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REFINED POSITIVITY CONJECTURES AND THE MACDONALD
POLYNOMIALS

L. LAPOINTE AND J. MORSE∗

Abstract. We consider a filtration of the symmetric function space given by the linear
span of Hall-Littlewood polynomials indexed by partitions whose first part is not larger
than k. We introduce symmetric functions called the k-Schur functions, providing an
analog for the Schur functions in these k-subspaces. We give several properties for the
k-Schur functions including that they form a basis that reduces to the Schur basis when k
is large. We also show that the connection coefficients for the k-Schur function basis with
Macdonald polynomials belonging to the k-subspaces are polynomials in q and t with
integral coefficients. In fact, we conjecture that these integral coefficients are actually
positive, and give several other conjectures generalizing Schur function theory.

Résumé. Nous étudions la filtration de l’espace des fonctions symétriques que l’on ob-
tient en considérant l’engendré linéaire des polynômes de Hall-Littlewood indicés par des
partitions dont la première entrée n’est pas plus grande que k, pour k = 1, 2, 3, ... Nous
introduisons des fonctions symétriques, les k-fonctions de Schur, qui sont en quelque sorte
les analogues des fonctions de Schur dans le sous-espace correspondant à k de la filtra-
tion. Nous obtenons plusieurs propriétés de ces k-fonctions de Schur, parmi lesquelles
le fait qu’elles forment une base se réduisant à la base des fonctions de Schur lorsque k
est grand. Nous démontrons aussi que les entrées de la matrice de changement de base
entre les polynômes de Macdonald appartenant au k-ième sous-espace de la filtration et
les k-fonctions de Schur sont des polynômes en q et t à coefficients entiers. Nous émettons
la conjecture que ces coefficients entiers sont en fait positifs et formulons plusieurs autres
conjectures se voulant des k-généralisations de propriétés des fonctions de Schur.

1. Introduction

Let Λ be the ring of symmetric functions in the variables x1, x2, . . ., with coefficients in
Q(q, t), for parameters q and t. The Schur functions, sλ[X], form a fundamental basis of
Λ, with central roles in fields such as representation theory and algebraic geometry. For
example, the Schur functions can be identified with the characters of irreducible represen-
tations of the symmetric group, and their products are equivalent to the Pieri formulas
for multiplying Schubert varieties in the intersection ring of a Grassmannian. Further-
more, the connection coefficients of the Schur function basis with various bases such as the
homogeneous symmetric functions, the Hall-Littlewood polynomials, and the Macdonald
polynomials, are positive and have representation theoretic interpretations. In the case of
the Macdonald polynomials, Hλ[X; q, t], this expansion takes the form

(1) Hλ[X; q, t] =
∑
µ

Kµλ(q, t) sµ[X] , Kµλ(q, t) ∈ N[q, t] ,

where Kµλ(q, t) are known as the q, t-Kostka polynomials. The representation theoretic
interpretation for these polynomials is given in [1, 2, 3].

∗ Supported by a grant from the NSF.
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We study the filtration Λ(1)
t ⊆ Λ(2)

t ⊆ · · · ⊆ Λ(∞)
t = Λ, given by the linear span of

Hall-Littlewood polynomials indexed by k-bounded partitions. That is,

(2) Λ(k)
t = L{Hλ[X; t]}λ;λ1≤k , k = 1, 2, 3, . . . .

We introduce a new family of symmetric functions that are indexed by k-bounded partitions,
denoted s

(k)
λ [X; t], and give a number of properties for these functions. In particular, we

show that they form bases for the subspaces, Λ(k)
t . Our functions will be called the k-Schur

functions since they appear to play a role for Λ(k)
t that is analogous to the role of the Schur

functions for Λ. That is, the k-Schur functions give rise to the generalization of many
Schur positivity properties. Details are given following a brief outline of our construction
for s(k)

λ [X; t].

The characterization of s(k)
λ [X; t] relies on a t-generalization for Schur function products.

More precisely, for any partition sequence S = (λ(1), . . . , λ(�)), the t-analog for the product
sλ(1) [X] · · · sλ(�) [X] has been studied in a number of papers including [9, 11, 12, 13, 14]. We
find that a very particular subset of these generalized products forms a basis for Λ(k)

t . The
elements of our basis, denoted G

(k)
λ [X; t], are the generalized Schur products with sequence

S obtained by splitting λ into pieces that depend on k. G
(k)
λ [X; t] are thus called k-split

polynomials. These polynomials are essential in our definition for the k-Schur functions as
we use a linear operator on Λ(k)

t defined by

(3) T
(k)
i G

(k)
λ [X; t] =

{
G

(k)
λ [X; t] if λ1 = i

0 otherwise
.

The final ingredient needed to define the k-Schur functions is the vertex operator, Bi,
introduced in [4] to recursively build the Hall-Littlewood polynomials. More precisely,

(4) Hλ1,...,λ�
[X; t] = Bλ1 · · ·Bλ�

· 1 .

Analogously to this relation, we now define the k-Schur function for k-bounded λ =
(λ1, . . . , λ�), by

(5) s
(k)
λ [X; t] = T

(k)
λ1

Bλ1 · · ·T (k)
λ�

Bλ�
· 1 .

Our work to characterize this basis was originally motivated by two conjectures suggest-
ing that the k-Schur functions play a central role in the understanding of the q, t-Kostka
polynomials. Together, these conjectures refine relation (1). That is, for any k-bounded
partition λ,

i) s
(k)
λ [X; t] =

∑
µ≥λ v

(k)
µλ (t) sµ[X] , v

(k)
µλ (t) ∈ N[t] ,(6)

ii) Hλ[X; q, t] =
∑
µ;µ1≤kK

(k)
µλ (q, t) s(k)

µ [X; t] , K
(k)
µλ (q, t) ∈ N[q, t] .(7)

Both conjectures hold when k = 2 and we prove that v(k)
µλ (t) ∈ Z[t] and that K(k)

µλ (q, t) ∈
Z[q, t] for all k. Tables of coefficients v

(k)
µλ (t) and K

(k)
µλ (q, t) are included in section 5 to

illustrate these conjectures. Our examples suggest an even stronger property,

(8) 0 ⊆ K
(k)
µλ (q, t) ⊆ Kµλ(q, t)

where for two polynomials P,Q ∈ Z[t], P ⊆ Q means Q− P ∈ N[q, t].

More generally, it develops that properties of the k-Schur functions, with a number of
conjectures, provide a k-generalization for the properties that make the Schur functions
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important to the theory of symmetric functions. In particular, we prove that the s(k)
λ [X; t]

form a basis for Λ(k)
t and that the k-Schur functions of Λ(∞)

t = Λ are indeed the Schur
functions themselves. Conjectural evidence for the significance of the k-Schur functions
includes a k-analog of partition conjugation and generalizations of Pieri and Littlewood-
Richardson rules. Consequently, in the case of the multiplicative action of h1[X], a k-analog
of the Young Lattice is induced. Further, we have observed that the k-Schur functions,
expanded in terms of k-Schur functions in two sets of variables, have coefficients in N[t].
This is a special property of Schur functions that is not shared by the Hall-Littlewood or
Macdonald functions. Finally, the k-Schur functions of Λ(k)

t , when embedded in Λ(k′)
t for

k′ > k, seem to decompose positively in terms of k′-Schur functions:

(9) s
(k)
λ [X; t] = s

(k′)
λ [X; t] +

∑
µ>λ

v
(k→k′)
µλ (t) s(k′)

µ [X; t] , where v(k→k′)
µλ (t) ∈ N[t] .

Remarkably, not all of the k-Schur functions need to be constructed using (5). For each
k, there is a subset of s(k)

λ [X; t], called the irreducible k-Schur functions, from which all
other k-Schur functions may be constructed [7] by simply applying a succession of certain
operators. The elements of this set are the k-Schur functions indexed by partitions with no
more than i parts equal to k − i, and the operators are vertex operators [14] associated to
rectangularly shaped partitions (�k+1−�) for � = 1, . . . , k. That is,

(10) s
(k)
λ [X; t] = tcBR1BR2 . . . BR�

s(k)
µ [X; t] with c ∈ N ,

for an irreducible s(k)
µ , and vertex operators BR, where R is a partition of rectangular shape.

Since the Hall-Littlewood polynomials at t = 1 are the complete symmetric functions

(11) Hλ[X; 1] = hλ1 [X]hλ2 [X] · · · hλ�
[X] ,

we see that Λ(k)
t reduces to the polynomial ring Λ(k) = Q[h1, . . . , hk]. Each of the properties

held by the k-Schur functions has a specialization in this subring. In particular, since BR
is simply multiplication by the Schur function sR when t = 1, relation (10) reduces to

(12) s
(k)
λ [X] = sR1 [X]sR2 [X] . . . sR�

[X]s(k)
µ [X] .

The irreducible k-Schur functions thus constitute a natural basis for the quotient ring
Λ(k)/Ik, where Ik is the ideal generated by Schur functions indexed by partitions of the
form (�k+1−�).

2. Definitions

2.1. Partitions. Symmetric polynomials are indexed by partitions, sequences of non-negative
integers λ = (λ1, λ2, . . .) with λ1 ≥ λ2 ≥ . . . . The number of non-zero parts in λ is denoted
�(λ) and the degree of λ is |λ| = λ1 + · · ·+λ�(λ). We use the dominance order on partitions
with |λ| = |µ|, where λ ≤ µ when λ1 + · · · + λi ≤ µ1 + · · · + µi for all i.

Any partition λ has an associated Ferrers diagram with λi lattice squares in the ith row,
from the bottom to top. For example,

(13) λ = (4, 2) = .

For each cell s = (i, j) in the diagram of λ, let �′(s), �(s), a(s) and a′(s) be respectively the
number of cells in the diagram of λ to the south, north, east and west of the cell s. The
hook-length of any cell in λ, is hs(λ) = �(s)+a(s)+1. In the example, h(1,2)(4, 2) = 2+1+1.
The main hook-length of λ, hM (λ), is the hook-length of the cell s = (1, 1) in the diagram of
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λ. Therefore, hM
(
(4, 2)

)
= 5. The conjugate λ′ of a partition λ is defined by the reflection

of the Ferrers diagram about the main diagonal. For example, the conjugate of (4,2) is

(14) λ′ = = (2, 2, 1, 1) .

A partition λ is said to be k-bounded if its first part is not larger than k, i.e, if λ1 ≤ k.
We associate to any k-bounded partition λ a sequence of partitions, λ→k, called the k-
split of λ. λ→k = (λ(1), λ(2), . . . , λ(r)) is obtained by partitioning λ (without rearrang-
ing the entries) into partitions λ(i) where hM (λ(i)) = k, for all i < r. For example,
(3, 2, 2, 2, 1, 1)→3 =

(
(3), (2, 2), (2, 1), (1)

)
and (3, 2, 2, 2, 1, 1)→4 =

(
(3, 2), (2, 2, 1), (1)

)
.

Equivalently, the diagram of λ is cut horizontally into partitions with main hook-length
k.

(15)
−→(3)

and −→(4) .

The last partition in the sequence λ→k may have main hook- length less than k.

2.2. Symmetric functions. The power sum pi(x1, x2, . . .) is

(16) pi(x1, x2, . . .) = xi1 + xi2 + · · · ,
and for a partition λ = (λ1, λ2, . . . ),

(17) pλ(x1, x2, . . .) = pλ1(x1, x2, . . .) pλ2(x1, x2, . . .) · · · .
We employ the notation of λ-rings, needing only the formal ring of symmetric functions Λ
to act on the ring of rational functions in x1, . . . , xN , q, t, with coefficients in R. The action
of a power sum pi on a rational function is, by definition,

(18) pi

[∑
α cαuα∑
β dβvβ

]
=

∑
α cαu

i
α∑

β dβv
i
β

,

with cα, dβ ∈ R and uα, vβ monomials in x1, . . . , xN , q, t. Since the power sums form a basis
of the ring Λ, any symmetric function has a unique expression in terms of power sums, and
(18) extends to an action of Λ on rational functions. In particular f [X], the action of a
symmetric function f on the monomial X = x1 + · · · + xN , is simply f(x1, . . . , xN ). In the
remainder of the article, we will always consider the number of variables N to be infinite,
unless otherwise specified.

The monomial symmetric function mλ[Xn] is

(19) mλ[Xn] =
∑

σ∈Sn;σ(λ) distinct

xσ(λ) .

The complete symmetric function hr[X] is

(20) hr[X] =
∑

1≤i1≤i2≤···≤ir
xi1xi2 · · · xir ,

and hλ[X] stands for the homogeneous symmetric function

(21) hλ[X] = hλ1 [X]hλ2 [X] · · · .
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Although the Schur functions may be characterized in many ways, here it will be convenient
to use the Jacobi-Trudi determinantal expression:

(22) sλ[X] = det
∣∣∣hλi+j−1[X]

∣∣∣
1≤i,j≤�(λ)

where hr[X] = 0 if r < 0. Note, in particular, sr[X] = hr[X].

We recall that the Macdonald scalar product, 〈 , 〉q,t, on Λ⊗Q(q, t) is defined by setting

(23) 〈pλ[X], pµ[X]〉q,t = δλµ zλ

�(λ)∏
i=1

1 − qλi

1 − tλi
,

where for a partition λ with mi(λ) parts equal to i, we associate the number

(24) zλ = 1m1m1! 2m2m2! · · ·
If q = t, this expression no longer depends on a parameter and is then denoted 〈, 〉, satisfying

(25) 〈sλ[X], sµ[X]〉 = δλµ .

The Macdonald integral forms Jλ[X; q, t] are uniquely characterized [10] by

(i) 〈Jλ, Jµ〉q,t = 0, if λ �= µ,(26)

(ii) Jλ[X; q, t] =
∑
µ≤λ

vλ mu(q, t)sµ[X] with vλµ(q, t) ∈ Q(q, t) ,(27)

(iii) vλλ(q, t) =
∏
s∈λ

(1 − qa(s)t�(s)+1),(28)

Here, we use a modification of the Macdonald integral forms that is obtained by setting

(29) Hλ[X; q, t] = Jλ[X/(1 − t); q, t] =
∑
µ

Kµλ(q, t) sµ[X] ,

with the coefficients Kµλ(q, t) ∈ N[q, t] known as the q, t-Kostka polynomials. When q = 0,
Jλ[X; q, t] reduces to the Hall-Littlewood polynomial, Jλ[X; 0, t] = Qλ[X; t]. Again, we use
a modification;

(30) Hλ[X; t] = Hλ[X; 0, t] = Qλ[X/(1 − t); t] = sλ[X] +
∑
µ>λ

Kµλ(t) sµ[X] ,

with the coefficients Kµλ(t) ∈ N[t] known as the Kostka-Foulkes polynomials.

3. Results

The ring of symmetric polynomials over rational functions in an extra parameter t has
proven to be of interest in many fields of mathematics and physics. One natural basis of
this space is given by the Hall-Littlewood polynomials, Hλ[X; t], which provide t-analogs of
the homogeneous symmetric functions hλ[X]. Our approach employs vertex operators that
arise in the recursive construction for the Hall-Littlewood polynomials [4]. These operators
can be defined [14] for � ∈ Z, by

(31) B� =
∞∑
i=0

si+�[X] si[X(t− 1)]⊥ ,

where for f, g and h arbitrary symmetric functions, f⊥ is such that on the scalar product
(25),

(32) 〈f⊥g, h〉 = 〈g, fh〉 .
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The operators add an entry to the Hall-Littlewood polynomials, that is,

(33) Hλ[X; t] = Bλ1Hλ2,...,λ�
[X; t] , for λ1 ≥ λ2 .

We study the subspaces given by

(34) Λ(k)
t = L{Hλ[X; t]}λ;λ1≤k .

It is clear that Λ(1)
t ⊆ Λ(2)

t ⊆ · · · ⊆ Λ(∞)
t = Λ and thus that these subspaces provide a

filtration for Λ. Note that Λ(k)
t can be equivalently defined as

(35) Λ(k)
t = L{Hλ[X; q, t]}λ;λ1≤k .

We seek elements that play the role in Λ(k)
t that the Schur functions play in Λ. In particular,

since Λ(∞)
t = Λ, we want a basis for Λ(k)

t that reduces to the Schur functions when k is
large.

3.1. k-split polynomials. Important in our work to find such functions is a family of
polynomials, studied in many recent papers such as [9, 11, 12, 13, 14], that give a t-analog
of the product of Schur functions. These functions, indexed by a sequence of partitions,
can be built recursively using vertex operators [14]. For a partition λ of length m, define

(36) Bλ ≡
∏

1≤i<j≤m
(1 − teij)Bλ1 · · ·Bλm ,

where eij acts by

(37) eij (Bλ1 · · ·Bλm) = Bλ1 · · ·Bλi+1 · · ·Bλj−1 · · ·Bλm .

For any sequence of partitions (λ(1), λ(2), . . .), the generalized Schur function product can
then be defined recursively by

(38) H(λ(1),λ(2),λ(3),... )[X; t] = Bλ(1)H(λ(2),λ(3),... )[X; t] ,

starting with H() = 1. Note that since Bλ · 1 = sλ[X], we have that

(39) H(λ)[X; t] = sλ[X] .

For our purposes, we consider only the HS [X; t] indexed by a dominant sequence S. That
is, sequences of partitions S = (λ(1), λ(2), . . .) such that the concatenation of λ(1), λ(2), . . . ,
denoted S̄, forms a partition. In this case, we prove that HS[X; t] obeys important unitri-
angular relations.

Property 1. [6] If S is dominant, with S̄ = λ, then

(40) HS [X; t] = sλ[X] +
∑
µ>λ

Kµ;S(t)sµ[X] , where Kµ;S(t) ∈ Z[t] ,

(41) HS [X; t] = Hλ[X] +
∑
µ>λ

Cµ;S(t)Hµ[X] , where Cµ;S(t) ∈ Z[t] .

Furthermore, we discovered that a particular subset of the HS not only form a basis for
Λ(k)
t , but are essential in the construction of the k-Schur functions. This subset consists only

of the elements that are indexed by the k-split of a k-bounded partition. More precisely,

Definition 1. The k-split polynomials are defined, for a k-bounded partition λ, by

(42) G
(k)
λ [X; t] = HS[X; t] where S = λ→k is the k-split of λ .
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We give a number of properties for the k-split polynomials, starting with the fact that
the G(k)

λ [X; t] actually lie in the space Λ(k)
t .

Property 2. [6] For any k-bounded partition λ, we have that

(43) G
(k)
λ [X; t] ∈ Λ(k)

t .

It also happens that the k-split polynomials are triangularly related to the Hall-Littlewood
polynomials.

Property 3. [6] We have

(44) G
(k)
λ [X; t] = Hλ[X; t] +

∑
µ>λ;µ1≤k

g
(k)
λµ (t)Hµ[X; t] , where g

(k)
λµ (t) ∈ Z[t] .

In fact, k-split polynomials reduce to usual Schur functions when k is large enough.

Property 4. [6] Let λ be such that hM (λ) ≤ k. Then,

(45) G
(k)
λ [X; t] = sλ[X] .

Given these properties, we are able to prove that the k-split polynomials form a basis for
the k-subspaces.

Theorem 1. [6] The k-split polynomials form a basis of Λ(k)
t .

3.2. k-Schur functions. Although the k-split polynomials form a basis for Λ(k)
t , they do

not play the fundamental role that the Schur functions do for Λ. That is, the positivity
properties stated in Section 4 do not hold for the k-split polynomials. However, these poly-
nomials are needed in the construction of our Schur analog, s(k)

λ [X; t]. Using a projection
operator, T (k)

j , for j ≤ k, that acts linearly on Λ(k)
t by

(46) T
(k)
j G

(k)
λ [X; t] =

{
G

(k)
λ [X; t] if λ1 = j

0 otherwise
,

we can define our functions that play an important role in the refinement of symmetric
function theory.

Definition 2. For k-bounded partition λ, the k-Schur functions are recursively defined

(47) s
(k)
λ [X; t] = T

(k)
λ1

Bλ1s
(k)
(λ1,λ2,... )

[X; t] , where s
(k)
() [X; t] = 1 .

Tables of k-Schur functions in terms of Schur functions can be found in Section 5.1.

We prove several properties satisfied by the k-Schur functions, including that they are tri-
angularly related to the k-split polynomials and that they form a basis for the k-subspaces.

Property 5. [6] For λ a k-bounded partition, we have

(48) s
(k)
λ [X; t] = G

(k)
λ [X; t] +

∑
µ>λ

µ1=λ1

u
(k)
µλ (t)G(k)

µ [X; t] , where u
(k)
µλ (t) ∈ Z[t] .

Theorem 2. [6] The k-Schur functions form a basis of Λ(k)
t .
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We can thus refine the expansion of Hall-Littlewood polynomials in terms of Schur func-
tions (30). That is, for any k-bounded partition λ,

(49) Hλ[X; t] = s
(k)
λ [X; t] +

∑
µ>λ:µ1≤k

K
(k)
µλ (t) s(k)

µ [X; t] , where K
(k)
µλ (t) ∈ Z[t] .

The integrality of K(k)
µλ (t) follows from the unitriangularity and integrality in Properties 3

and 5. Moreover, by our triangularity and integrality properties and (30), we also have
integrality of the coefficients in Conjecture 6:

Property 6. [6] For any k-bounded partition λ,

(50) s
(k)
λ [X; t] = sλ[X] +

∑
µ>λ

v
(k)
µλ (t) sµ[X] , where v

(k)
µλ (t) ∈ Z[t] .

This unitriangularity property, given that the coefficients in the Schur function expansion
of the Macdonald polynomials are polynomials in q and t with integral coefficients, implies

Property 7. [6] For any k-bounded partition λ,

(51) Hλ[X; q, t] =
∑
µ:µ1≤k

K
(k)
µλ (q, t) s(k)

µ [X; t] , where K
(k)
µλ (q, t) ∈ Z[q, t] .

Now, to further support the idea that the s(k)
λ [X; t] provide a refinement for Schur function

theory, we show that they reduce to the usual sλ[X] when k → ∞.

Property 8. [6] For any k-bounded partition λ,

(52) s
(k)
λ [X; t] = sλ[X] if hM (λ) ≤ k .

3.3. Irreducibility. Further results with the k-Schur functions naturally impose an irre-
ducible structure on the space Λ(k)

t . We prove that the action of such an operator on a
k-Schur function produces only one k-Schur function. Namely, for � = 1, 2, . . . , k,

(53) B�k+1−� s
(k)
λ [X; t] = tds(k)

µ [X; t] ,

where µ is the partition rearrangement of the entries in (�k+1−�) and λ, and td is a positive
power of t given explicitly in [7]. This result has the important consequence of simplifying
the construction of the k-Schur functions. In effect, for each k, there is a subset of k! k-Schur
functions called the irreducible k-Schur functions, from which all other s

(k)
λ [X; t] may be

constructed by successive application of operators indexed by rectangular partitions. That
is,

Property 9. [7] For any k-bounded partition λ,

(54) s
(k)
λ [X; t] = tcBR1 · · ·BRj s

(k)
µ [X; t] c ∈ N ,

where s(k)
µ [X; t] is an irreducible k-Schur function and R1, . . . , Rj are rectangular partitions.

Since the Hall-Littlewood polynomials at t = 1 are the homogeneous symmetric func-
tions, hλ[X], Λ(k)

t reduces to the polynomial ring Λ(k) = Q[h1, . . . , hk]. Since BR is simply
multiplication by the Schur function sR when t = 1, relation (54) reduces to

(55) s
(k)
λ [X] = sR1 [X]sR2 [X] . . . sR�

[X]s(k)
µ [X] .
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It follows that the irreducible k-Schur functions thus constitute a natural basis for the quo-
tient ring Λ(k)

t /Ik, where Ik is the ideal generated by Schur functions indexed by rectangular
shapes of the type (�k+1−�).

4. Positivity conjectures

Computer experimentation reveals that many of the properties making the Schur function
basis so important are generalized by the k-Schur functions. We now state several of these
properties.

4.1. The k-conjugation of a partition. We give a generalization of partition conjugation
that is an involution on k-bounded partitions, and reduces to usual conjugation of partitions
for large k.

A skew diagram D has hook-lengths bounded by k if the hook-length of any cell in D is
not larger than k. For a positive integer m ≤ k, the k-multiplication m×(k) D is the skew
diagram D obtained by prepending a column of length m to D such that the number of
rows of D is as small as possible while ensuring that its hook-lengths are bounded by k.
For example,

(56) ×(5) = .

Definition 3. The k-conjugate of a k-bounded partition λ = (λ1, . . . , λn), denoted λωk , is
the vector obtained by reading the number of boxes in each row of the skew diagram,

(57) D = λ1 ×(k) · · · ×(k) λn ,

arising by k-multiplying the entries of λ from right to left.

When k → ∞, λωk = λ′ = D since each k-multiplication step reduces to concatenating a
column of height λi. Further, the k-conjugate is an involution on k-bounded partitions:

Theorem 3. [5] ωk is an involution on partitions bounded by k. That is, for λ with λ1 ≤ k,

(58) (λωk)ωk = λ .

We have observed that the k-conjugation of a partition plays a natural role in the gen-
eralization of classical Schur function properties. We now give two examples.

4.2. The involution ω. It is known that the involution in (25) preserves the space Λ and
acts on a Schur function by

(59) ωsλ[X] = sλ′ [X] .

We prove that a simple generalization for this involution,

(60) ωtf = (ωf)
∣∣
t→1/t

for f ∈ Λ

preserves the space Λ(k)
t . Note also that ωt is an involution since ω is an involution. This

given, many examples support the following natural generalization of (59):

Conjecture 1. [6] For any k-bounded partition λ,

(61) ωt s
(k)
λ [X; t] = t−c(λ)s(k)

λωk [X; t] ,

where c(λ) is some nonnegative integer.
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The conjecture holds when hM (λ) ≤ k since then, λωk = λ′ and by Property 8, s(k)
λ [X; t] =

sλ[X].

4.3. Pieri Rules. Beautiful combinatorial algorithms are known for the Littlewood-Richardson
coefficients that appear in a product of Schur functions;

(62) sλ[X] sµ[X] =
∑
ν

cνλµ sν [X] where cνλµ ∈ N .

Since Λ(k) ≡ Λ(k)
t=1 is a ring, and s

(k)
λ forms a basis for this space, a similar expression holds

for the product of two k-Schur functions. That is, for k-bounded partitions λ and µ,

(63) s
(k)
λ [X] s(k)

µ [X] =
∑
ν

cνλµ
(k)s(k)

ν [X] where cνλµ
(k) ∈ Z ,

Further, Property 8 says that the k-Schur functions are simply the Schur functions when
k is large, and therefore cνλµ

(k) = cνλµ for k ≥ |ν|. In fact, we believe the coefficients are
nonnegative for all k.

Conjecture 2. [6] For all k-bounded partitions λ, µ, ν, we have 0 ≤ cνλµ
(k) ≤ cνλµ .

In particular, (63) reduces to a k-generalization of the Pieri rule when λ is a row (resp.
column) of length � ≤ k since s(k)

λ [X] reduces to h�[X] (resp. e�[X]). That is, for � ≤ k,

(64) h�[X] s(k)
λ [X] =

∑
µ∈E(k)

λ,�

s(k)
µ [X] and e�[X] s(k)

λ [X] =
∑
µ∈Ē(k)

λ,�

s(k)
µ [X] ,

for some sets of partitions E(k)
λ,� and Ē

(k)
λ,� , which we believe naturally extend the Pieri rules

by:

Conjecture 3. [6] For any positive integer � ≤ k,

E
(k)
λ,� = {µ |µ/λ is a horizontal �-strip and µωk/λωk is a vertical �-strip} ,

Ē
(k)
λ,� = {µ |µ/λ is a vertical �-strip and µωk/λωk is a horizontal �-strip} .

(65)

For example, to obtain the indices of elements occurring in e2 s
(4)
3,2,1, we find (3, 2, 1)ω4 =

(2, 2, 1, 1) by definition. Adding a horizontal 2-strip to (2,2,1,1) in all ways, we obtain
(2,2,2,1,1),(3,2,1,1,1),(3,2,2,1) and (4,2,1,1) of which all are 4-bounded. Our set then con-
sists of all the 4-conjugates of these partitions that leave a vertical 2-strip when (3, 2, 1) is
extracted from them. The 4-conjugates are
(66)

(2, 2, 2, 1, 1)ω4 = , (3, 2, 1, 1, 1)ω4 = , (3, 2, 2, 1)ω4 = , (4, 2, 1, 1)ω4 = ,

and of these, the first three are such that a vertical 2-strip remains when (3, 2, 1) is extracted.
Thus

(67) e2[X] s(4)
3,2,1[X] = s

(4)
3,3,2[X] + s

(4)
3,2,2,1[X] + s

(4)
3,2,1,1,1[X] .
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4.4. Coproduct expansion. Another unique property of the Schur functions is the ex-
pansion,

(68) sλ[X + Y ] =
∑

|µ|+|ρ|=|λ|
cλµρ sµ[X] sρ[Y ] where cλµρ ∈ N .

We have found by experimentation that the k-Schur functions also satisfy a similar relation,

Conjecture 4. [6] For any k-bounded partition,

(69) s
(k)
λ [X + Y ; t] =

∑
|µ|+|ρ|=|λ|

gλµρ(t) s
(k)
µ [X; t] s(k)

ρ [Y ; t] where gλµρ ∈ N[t] .
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5. Tables

In the tables below, we have not included the cases when k ≥ |λ|, which, from Property 8,
simply correspond to the trivial cases sλ[X; t] = sλ[X].

5.1. k-Schur functions in terms of Schur functions.

k = 2 13 21 3
13 1 t
21 1 t

k = 2 14 212 22 31 4
14 1 t t2

212 1 t
22 1 t t2

k = 2 15 213 221 312 32 41 5
15 1 t + t2 t2 + t3 t3 t4

213 1 t t + t2 t2 t3

221 1 t t + t2 t2 + t3 t4

k = 3 14 212 22 31 4
14 1 t
212 1 t
22 1
31 1 t

k = 3 15 213 221 312 32 41 5
15 1 t t2

213 1 t
221 1 t
312 1 t
32 1 t t2

k = 3 16 214 2212 23 313 321 32 412 42 51 6
16 1 t t2 t3

214 1 t t t2

2212 1 t t2

23 1 t t2

313 1 t
321 1 t t t2

33 1 t t2 t3

5.2. Macdonald polynomials in terms of k-Schur functions.

k = 2 13 21
13 1 t2

21 q 1

k = 2 14 212 22

14 1 t2 + t3 t4

212 q 1 + qt2 t
22 q2 q + qt 1

k = 2 15 213 221
15 1 t3 + t4 t6

213 q 1 + qt3 t2

221 q2 q + qt 1
k = 2 16 214 2212 23

16 1 t3 + t4 + t5 t6 + t7 + t8 t9

214 q 1 + qt3 + qt4 t2 + t3 + qt6 t4

2212 q2 q + qt + q2t3 1 + qt2 + qt3 t
23 q3 q2 + q2t + q2t2 q + qt + qt2 1

k = 3 14 212 22 31
14 1 t2 + t3 t2 + t4 t5

212 q 1 + qt2 t + qt2 t2

22 q2 q + qt 1 + q2t2 t
31 q3 q + q2 q + q2t 1
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k = 3 15 213 221 312 32
15 1 t2 + t3 + t4 t3 + t4 + t5 + t6 t5 + t6 + t7 t8

213 q 1 + qt2 + qt3 t + t2 + qt3 + qt4 t2 + t3 + qt5 t4

221 q2 q + qt + q2t2 1 + qt + qt2 + q2t3 t + qt2 + qt3 t2

312 q3 q + q2 + q3t2 q + qt + q2t + q2t2 1 + qt2 + q2t2 t
32 q4 q2 + q3 + q3t q + q2 + q2t + q3t q + qt + q2t 1

k = 4 15 213 221 312 32 41
15 1 t2 + t3 + t4 t2 + t3 + t4 + t5 + t6 t5 + t6 + t7 t4 + t5 + t6 + t7 + t8 t9

213 q 1 + qt2 + qt3 t + t2 + qt2 + qt3 + qt4 t2 + t3 + qt5 t2 + t3 + t4 + qt4 + qt5 t5

221 q2 q + qt + q2t2 1 + qt + qt2 + q2t2 + q2t3 t + qt2 + qt3 t + t2 + qt2 + qt3 + q2t4 t3

312 q3 q + q2 + q3t2 q + qt + q2t + q2t2 + q3t2 1 + qt2 + q2t2 t + qt + qt2 + q2t2 + q2t3 t2

32 q4 q2 + q3 + q3t q + q2 + q2t + q3t + q4t2 q + qt + q2t 1 + qt + q2t + q2t2 + q3t2 t
41 q6 q3 + q4 + q5 q2 + q3 + q4 + q4t + q5t q + q2 + q3 q + q2 + q2t + q3t + q4t 1
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GENERALIZED PSEUDO-PERMUTATIONS

LE MINH HA AND PHAN HA DUONG

Abstract. We introduce and study combinatorial properties of pseudo-permutations
with multiple occurences. We prove that the set of all such generalized pseudo-permutations
of a given type have a lattice structure and derive a recursive formula to compute its car-
dinality, which turns out to be related to Stirling numbers of the second kind. Results
about the longest and shortest chains are also obtained.

Résumé. Nous introduisons et étudions des propiétés combinatoires des pseudo-permutations
avec occurrences multiples. Nous montrons que l’ensemble de toutes ces pseudo-permutations
généralisées d’un type donné possède une structure de treillis et dérivons une formule
récursive pour calculer sa cardinalité, qui est reliée aux nombres de Stirling du second
type. Résultats sur les châınes les plus longues et les châınes les plus courtes sont également
obtenus.

1. Introduction

One of the most active and important research area in Computer Science and in particu-
lar, Artificial Intelligence is representation of temporal knowledge (see, e.g., [All81, Yu83],
where one needs to consider a set of events which happen at certain dates and wants to
use this information to solve a problem, take a decision. In this context, it is natural to
represent the temporal relations between n events by an ordered sequence of nonempty
parts, each part corresponds to events which happen at the same time.

For example, the sequence (2, 4)(1, 2)(3) means that the events 2 and 4 occur first at the
same time, then event 1 and event 2 (for the second time) occur, and event 3 occurs last.
If we add the constraint that each event occurred exactly once, then we have a so-called
pseudo-permutation of order n. This is a new combinatorial object which was introduced in
the five author paper [KLNPS] and studied futher in [BHKN01]. They showed that there is a
natural partial order on the set of all pseudo-permutation of a given order, and surprisingly,
turns out to be a lattice. This new object is not only combinatorially interesting in its own
right, but turns out to be closely related to S-arrangement in the field of formal languages
[DS00, Sch97].

In this paper, we deal with the more general (and more natural) case where each event
can occur several times; in other words, pseudo-permutations with multiple occurrences.
We show that most of the properties of pseudo-permutations can be generalized to this
situation. Our main results are proofs of the lattice property of the set of all generalized
(pseudo-)permutation of a given type K, and a recursive formula to compute its size by
using Stirling numbers of the second kind. Results about the longest and shortest chains
are also obtained. Geometric applications, and applications in representation theory of the
symmetric groups will appear in a subsequence paper.

Let us now recall some basic definitions and introduce our cast of characters. Let n
be a positive integer number. Let S(n) be the group of all permutations of n numbers
1 ≤ i ≤ n. There is a natural partial order on S(n) by requiring that σ′ is covered by σ,
and write σ � σ′, if σ′ is obtained from σ by switching two consecutive numbers i and j in
σ where i < j. The resulting poset is what usually called permutohedron of order n, and is

#38.1
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denoted by P(n). A pseudo-permutation of order n is a sequence of non-empty parentheses
of numbers from 1 to n. Let PP(n) denote the set of all such pseudo-permutations of
order n. Note that the order inside each parentheses is irrelevant (events occur at the same
time!), and we make the convention that the numbers in each parentheses will always be
written in increasing order.

As in the case of permutations, there is also a partial order on PP(n). Say that a pseudo-
permutation s′ is covered by s, and write s � s′, if and only if it can be obtained from the
latter by applying one of the following two operators:

• The merging operators Mi: If each element of the parentheses (i)th is smaller than
all elements of the (i+1)th, then M can combine these two parentheses into a single
one.

• The splitting operators Si,j: the (i)th parentheses is split into two, the second one
is composed of the first j smallest elements.

For example, M2 ((3567) (1) (2) (4)) = (3567) (12) (4); and S1,3 ((3567) (12) (4)) =
(7) (356) (12) (4). We also use the notation PP(n) for the resulting poset of all pseudo-
permutations of order n and call it pseudo-permutohedron of order n. Figure 1 is an example
of such a pseudo-permutohedron for n = 3. Of course, the complexity of these posets
increase exponentially with n.

321

123

213 132

231 312

(123)

(3)(2)(1)

(1)(2)(3)

(12)(3)

(2)(1)(3) (1)(3)(2)

(1)(23)

(13)(2)(2)(13)

(2)(3)(1) (3)(1)(2)

(3)(12)(23)(1)

Figure 1. The permutohedron P(3) (left) and the pseudo-permutohedron
PP(3) (right). The order orientation is top-down.

We will now define generalized (pseudo-)permutation. Let m be a positive integer, and
K = (k1, . . . , kn) be a composition of m, i.e. ki are positive integers and

∑
ki = m.

Let I be the sequence of integers (1, . . . , 1, . . . , n, . . . , n) where each integer i appears ki

times. Sometimes, in order to distinguish between numbers of the same symbols, we write
I = (11, . . . 1k1 , . . . , n1 . . . nkn). A generalized permutation of type K is, by definition, a
permutation of I.

Let GP(K) be the set of all generalized permutations of type K. The generalized permu-
tohedron of type K, also denoted by GP(K), is the poset over GP(K) where σ′ is covered by
σ if σ′ is obtained from σ by switching two consecutive numbers i and j in σ where i < j.

In the special case when each letter i appear exactly once, then GP(K) is just the usual
group S(m) of all permutations of order m. Given a generalized-permutation, again one
can try to put their numbers into non-empty parts by parentheses, such that in every
parentheses, each number appears at most once. Such a partition is called a generalized
pseudo-permutation. Let GPP(K) be the set of all generalized pseudo-permutations of type
K. As in the case of pseudo-permutation, one also has the merging operator M , and the
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splitting operator S on GPP(K). The generalized pseudo-permutohedron of type K, also
denoted by GPP(K), is the poset over GPP(K) where s′ is covered by s if it can be obtained
from s by applying one of these two operators.

Figures 2 and 3 are pictures of the generalized-permutohedron GP(K) and the generalized
pseudo-permutohedron GPP(K) where K = (2, 1, 1).

3211

1123

1213 1132

1231 1312

1321 3112

3121

2113

2131

2311

Figure 2. The generalized permutohedron of (211).

1123

1321

(13)21

3121

1(123)

1(12)3 11(23)

1132

1(13)2

1312

(13)12

3112

13(12)

(13)(12)

31(12)

1(23)1

(12)13

2113 (12)(13) 1231

21(13) (12)31

2131

2(13)1

2311

(23)11

3211

1213

3(12)1

(123)1

12(13)

Figure 3. The generalized pseudo-permutohedron of (211).
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2. Lattice properties of GP(K) and GPP(K)

Let m be a positive integer and let K = (k1, . . . , kn) be a composition of m. In [KLNPS],
it is showed that the poset P(m) is in fact a lattice. Their proof make use of the inversion
table associated with each pseudo-permutation, and complicated construction of the infi-
mum and supremum. We are going to show that the newly introduced posets GP(K) as
well as GPP(K) enjoy similar property. But in order to prove this, we just have to show
that there is a canonical embedding φ of GP(K) into P(m) whose image is a sub-lattice of
P(m); similar statement holds for GPP(K). We refer to [DP90] for basic reference about
lattice theory.

Let I be the sequence (11, . . . , 1k1 , . . . , n1, . . . , nkn). We say that the elements its are
of the same symbol. We define a natural order between elements of I as follows: 11 <
. . . < 1k1 < . . . < n1 < . . . , nkn . The permutohedron P(I) and the pseudo-permutohedron
PP(I) are defined, similar to P(m) and PP(m). In fact, it it evident that P(I) (resp.
PP(I)) is isomorphic as a lattice to P(m) (resp. PP(m)).

The embedding φ from GP(K) (resp. GPP(K)) to P(I) (resp. PP(I)) is done by just
replacing the sequence I = ( 1, . . . , 1︸ ︷︷ ︸

k1 times

, . . . , n, . . . , n︸ ︷︷ ︸
kn times

) with I = (11, . . . , 1k1 , . . . , n1, . . . ,

nkn). It is easy to see that the image of φ of GP(K) (resp. GPP(K)) is the set of all
elements such that for any sub-indices r < s, the parentheses containing ir is on the left
of that for is. In other words, the image of GP(K) (resp. GPP(K)) is the interval from
the element (11 . . . 1k1 . . . n1 . . . nkn) to the element (n1 . . . nkn . . . 11 . . . 1k1). It is a standard
fact in lattice theory [DP90] that an interval in a lattice is a sub-lattice, hence we have:

Theorem 1. The generalized permutohedron GP(K) is isomorphic to a sub-lattice of
P(m), and the generalized pseudo-permutohedron GPP (K) is isomorphic to a sub-lattice of
PP(m).

3. Combinatorial properties of GP(K) and GPP (K)

Our purpose in this section is to compute the cardinalities of GP(K) and GPP (K). We
also obtain a decomposition of P(m) (resp. PP(m)) as a disjoint union of GP(L) (resp.
GPP (L)) where L are subsequences of K. As a corollary, we obtain a recursive formula for
the cardinality of GPP(K) in terms of GPP(L).

Recall that the Young subgroup S(K) of S(m) is defined as the product:

S(K) = S(k1) × . . . × S(kn),

where the ith component S(ki) acts on the set {i1, . . . , iki
}. It is clear that GP(K) is

isomorphic to the coset P(I)/S(K), and its cardinality can be computed by the following
well-known formula:

|GP(K)| =
(

m

k1, . . . , kn

)
=

m!
k1!...kn!

.

For each element σ of S(K), we define a map φσ : GP(K) → P(I) by letting φσ(s) = σ(s).
For example, if I = (11, 12, 13, 2, 31, 32) and if σ = (321) × id × (21) and s = (23)1(13)1,
then φσ(s) = (232)13(1231)11.

It is easy to see that φσ is an injection which preserves the lattice structure. In other
words, its image, denoted by GP(σ,K), is a sub-lattice of P(I). Note that all GP(σ,K) are
isomorphic to GP(K) (by convention, GP(K) is GP(id,K)). See Figure 4 for an example
of lattice decomposition of P(11, 12, 2). We obtain then a decomposition of P(m):
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Proposition 2. P(m) is a disjoint union of lattices, each one is isomorphic to GP(K):

P(m) ∼= P(I) =
⊔

σ∈S(K)

GP(σ,K).

11 12 2

1 1 22 1

1 2 12 1

2 12 11

11 2 12

12 1 12

Figure 4. The decomposition of P(11, 12, 2) for K = (2, 1).

Let us now consider the generalized pseudo-permutohedron GPP(K). For each σ in
S(K), we can also construct a lattice-monomorphism

φσ : GPP(K) → GPP(σ,K) ⊂ PP(m),

which takes s to σ(s). For every σ ∈ S(K), the image GPP(σ,K) of φσ is isomorphic to
GPP (K). But unlike the previous situation for P(I), PP(I) is not the disjoint union of all
GPP (σ,K). Indeed, consider the case when K = (2, 1) (see Figure 5). The three elements

11 12 2

11 12 2

1 11 2( )

1 1 22 1

2

1 1 2( )12

1 2 12 1

1( 2 2 )11

2 12 11

11(12 2 )

11 2 12

11 2( )12

12 1 12

2 (11 12)

( )

Figure 5. The decomposition of PP((2, 1)).

(1112)(2), (11122) and (2)(1112) are not in any of GPP (σ,K). The reason for this is that in
PP(I), an element may have a parentheses containing a pair of numbers ir, is of the same
symbol, while this is forbidden in GPP(σ,K).

It remains to compute the set of all those extra elements in PP(I). Let us introduce the
set Par(I) of all sequences J obtained from I by parenthesizing several elements of the
same symbol. For example, if I = (11, 12, 13, 2, 3), then J can be 13(1112)23 or (1113)1223
or 12111323, etc. We define GPP(J ) as the lattice of all elements s obtained from J by
using the two operators M and S, but numbers of the same symbol are not allowed to be
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merged or split. In other words, for any pair ir, is, the relative position between parentheses
containing ir and that containing is does not change.

It is clear that the disjoint union of all lattices GPP(J ) is PP(I).

PP(I) =
⊔

J∈Par(I)

GPP(J).

On the other hand, let LJ = (l1, . . . ln) where li is the number of parentheses of the symbol
i in J , then we see that the lattice GPP(J ) is isomorphic to the lattice GPP(LJ) (in fact,
if we identify a parentheses of the same symbol i in J to the number i, then J corresponds
to the sequence ( 1, . . . , 1︸ ︷︷ ︸

l1 times

, . . . , n, . . . , n︸ ︷︷ ︸
ln times

)). Write L ≤ K if 1 ≤ li ≤ ki for any i, moreover

L < K if L �= K. Let N(K,L) be the number of sequences J such that LJ = L, we obtain
immediately:

Theorem 3. The lattice PP(m) is isomorphic to a disjoint union of lattices GPP(L) with
multiplicity N(K,L).

(1) PP(m) ∼= PP(I) =
⊔

L≤K

N(K,L)GPP (L).

From the above theorem, we need only to compute the multiplicity N(K,L). It is easy
to see that N(K,L) is equal to the product N(k1, l1) × . . . × N(kn, ln), where N(ki, li) is
the number of partitions of ki elements into li (ordered) parentheses. Hence, N(ki, li) =
li!S(ki, li), where S(ki, li) is the Stirling number of the second kind [Sta98]:

S(p, q) =
1
q!

j=q∑
j=0

(−1)(q−j)

(
j

q

)
jp,

We deduce that:

(2) N(ki, li) =
j=li∑
j=0

(−1)(li−j)

(
j

li

)
jki .

In particular, N(K,K) = k1! × . . . × kn! = |S(K)|, the above relation implies a recursive
formula to compute |GPP(K)|:

(3) |GPP(K)| =
|PP(m)| − ∑

L<K N(K,L)|GPP (L)|
k1! × . . . × kn!

.

The cardinality of the pseudo-permutohedron PP(m) has been computed in [KLNPS],
which turns out to be related to Eulerian numbers am,i (See [FS70], [Com70]).

|PP(m)| =
m−1∑
i=0

2iam,i.

Recall that am,i is the number of permutations in S(m) whose descent number is exactly
(i − 1). By convention, am,0 = 1.

Note that from the recursive formula for |GPP(K)| above, one can show by induction
that the cardinality of GPP(K) is a symmetric function on (k1, . . . , kn). That is, if K ′ is
a permutation of K, then |GPP(K)| = |GPP(K ′)|. Of course, the same result holds for
|GP(K)|. However, GP(K ′) (resp. GPP(K ′′)) is, in general, not isomorphic as a lattice to
GP(K) (resp. GPP(K)). Figure 6 is a picture of GP(1, 2, 1) which is not isomorphic to
GP(2, 1, 1) (in Figure 6).
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1223

2123

2213 2132

1232

1322

2231 2312 3122

2321 3212

3221

Figure 6. The generalized permutohedron of (121)

4. Longest and shortest chains

In this section, we will compute the length of the longest and shortest chains in a pseudo-
permutohedron as well as in a generalized pseudo-permutohedron. Here we mean a chain
in a lattice is a path from the maximal element to the minimal element. In order to prove
our results, we need to make use of the notion of inversion of a pair (i, j) and the table of
inversions of a pseudo-permutation. This is a crucial ingredient in the proof of the lattice
property of the set of pseudo-permutations of order n [KLNPS].

Let s be a pseudo-permutation of order n. For every pair of numbers 1 ≤ i < j ≤ n, we
associate a rational number called inversion, and denoted by inv(i,j) as follows:

inv(i, j) =




1/2 if i and j are in the same parentheses,
0 if the parentheses of i is on the left of that of j,

1 if the parentheses of i is on the right of that of j.

The table of inversions of s is just the list of all non-zero inv(i,j) in s. The summation of all
such inversion numbers is called the inversion number of s. For example, if s = (4)(13)(2),
then its table of inversions is:

{1
2

(1, 3), 1(1, 4), 1(2, 3), 1(2, 4), 1(3, 4)}

and its inversion number is 41
2 . The number on the left of each pair (i, j) is its inversion.

It is easy to see that in the lattice P(m), each operator increase inversion number by 1.
As a result, all chains in P(m) are of the same length. However, this is different in PP(m),
M and S still increase inversion numbers, the least increase is 1

2 , which correspond to either
merging two parentheses, each of a single element, into one; or splitting a parentheses which
contains two elements. It follows from this remark that the longest chains should be those
which contain only operations described above.

Proposition 4. There is a natural bijection between the set of chains in P(n) and the set
of longest chains in PP(n). Moreover, the length of the longest chains in PP(n) is n(n−1).

Proof. The bijection is given as follows. Given a chain of P(n), consider it as a subchain in
PP(n) via the obvious inclusion (parenthesizing every single number); then between any
two consecutive pseudo-permutations

. . . (i)(j) . . . , . . . (j)(i) . . . ,
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where i < j, insert a pseudo-permutation . . . (ij) . . .. The result is a chain of pseudo-
permutations of the longest length possible, since it is easy to check that the inversion
number increase by 1

2 in the entire chain. For example, 123, 132, 312, 321 is a chain in P(3),
the corresponding chain in PP(3) is:

(1)(2)(3), (1)(23), (1)(3)(2), (13)(2), (3)(1)(2), (3)(12), (3)(2)(1).

The converse is also clear, using the observation in the previous paragraph. Note that the
length of the longest chain in PP(n) is twice the difference of inversion number between the
maximum element (1)(2) . . . (n) and the minimum element (n)(n−1) . . . (1) of PP(n). Since
the inversion number of of (1)(2) . . . (n) is 0, and the inversion number of (n)(n − 1) . . . (1)
is n(n−1)

2 , we conclude that the longest length is n(n − 1). �
The discussion above also applies to the “generalized” version, i.e. all chains in GP(K)

are of the same length and there is a bijection between the set of chains in GP(K) and
the set of longest chains in GPP(K). The inversion number of the minimal element
(n) . . . (n) . . . (1) . . . (1) is

∑
i<j kikj , so every chain in GP(K) is of length

∑
i<j kikj and

the longest length in GPP(K) is 2
∑

i<j kikj .
We next consider the shortest chains in PP(n).

Proposition 5. There are [(n − 1)!]2 chains of shortest length in PP(n), and they each
have length (2n − 2).

Proof. We first show that any chain in PP(n) have length at least (2n−2). Our key observa-
tion is that the operations M or S can either eliminate or increase at most one parentheses
between any two numbers i and j at a time. Consider a chain from the maximum element
(1)(2) . . . (n) to the minimum one (n) . . . (1). At the beginning, there are (n-1) parentheses
between 1 and n, so one needs at least (n-1) steps to put 1 and n in the same parentheses.
Again, one needs at least (n − 1) more moves to move 1 to the position on the far right of
n, so that there are (n− 1) parentheses between them. Therefore, any chain in PP(n) has
length at least (2n − 2). It remains now to provide an explicit chain which has this length
(2n − 2). Here is an example,

(1)(2) . . . (n), (12)(3) . . . (n), . . . , (12 . . . n),

(n)(12 . . . n − 1), (n)(n − 1)(12 . . . n − 2), . . . , (n)(n − 1) . . . (1).

Since in a shortest chain, the first (n − 1) steps decrease the number of parentheses
between 1 and n, the nth elements in the chain must be (12 . . . n). It is easy to see that
there are (n − 1)! different paths from (1)(2) . . . (n) to (12 . . . n), all have length (n − 1).
By symmetry, there are also (n − 1)! paths from (12 . . . n) to (n)(n − 1) . . . (1). A chain
of minimum length is obtained by combining these two paths. Conversely, every chain
containing (12 . . . n) has length 2n − 2. The proposition follows immediately. �

Our method of computing the shortest chains does not work for generalized pseudo-
permutations, however. Since there are more constraints over the merging operation M .
For example, it is not allowed to merge the two parentheses (12) and (13) because 1 appears
in both.
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ENUMERATION OF UNICURSAL PLANAR MAPS

VALERY A. LISKOVETS∗ AND TIMOTHY R. S.WALSH†

Abstract. Sum-free enumerative formulae are derived for several classes of rooted euler-
ian planar maps and maps with two vertices of odd valency. As corollaries we obtain
simple formulae for the numbers of unrooted eulerian and unicursal planar maps.

Résumé. Nous présentation des formules énumératives sans sommation pour plusieurs
classes de cartes planaires eulériennes pointées et cartes unicursalles (avec deux sommets
de degré impair). En tant que corollaires nous obtenons des formules simples pour les
nombres de cartes planaires eulériennes et unicursalles non-pointées.

1. Introduction

1.1. Eulerian maps have played a crucial role in enumerative map theory since its beginning
in the early sixties. In particular, Tutte’s sum-free formula [Tut62] for the number eulerian
planar maps, all of whose vertices are labelled and contain a distinguished edge-end, with
a given sequence of (even) vertex valencies was an essential step in obtaining his ground-
breaking formula for counting rooted planar maps by number of edges [Tut63]. Several new
results on the subject have been published since then (see, e.g., [Wal75, Lis85, BouS00])
but a number of natural enumerative problems for eulerian maps have remained unsolved.

Here we consider a slight generalization of eulerian maps: unicursal maps. We continue
our previous investigation and count planar maps of several classes. Our main results
concern rooted unicursal maps (see Section 2) and unrooted eulerian as well as unicursal
maps (see Section 3) specified by the number of edges. We present several new 1-parametric
sum-free enumerative formulae.

In the last section, rooted eulerian bipartite and non-separable maps are enumerated.
Although these results may be considered as implicitly known, they, apparently, had never
been published.

There are some open questions related to the settled ones; they (together with asymptotic
corollaries) are to be discussed in the full version of this article.

1.2. Basic definitions. A map means a planar map: a 2-cell imbedding of a planar
connected graph (loops and multiple edges allowed) in an oriented sphere. A map is rooted
if one of its edge-ends (variously known as edge-vertex incidence pairs, darts, semi-edges,
or “brins” in French) is distinguished as the root. The corresponding edge and vertex are
called the root-edge and root-vertex, respectively; the root-face is the face incident to the
root-edge and on its left as one face away from the root-vertex.

A map (and a graph in general) is eulerian if it has an eulerian circuit, that is, a circuit
containing all the edges exactly once. It is well-known that a map is eulerian if and only if
all its vertices are of even valency.

We call a graph unicursal if it possesses an eulerian tour, not necessarily a circuit. A
connected graph is unicursal if and only if it contains no more than two vertices of odd
valency.

∗ Supported by the INTAS (Grant INTAS-BELARUS 97-0093).
† Supported by National Science and Engineering Research Council (NSERC) under grant RGPIN-44703.
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However, throughout this paper, par abus de langage, we will use the term “unicursal
maps” in the restricted sense to mean maps with exactly two vertices of odd valency.

2. Rooted unicursal maps

2.1. Unicursal maps together with eulerian maps are the very maps considered by Tutte
in his seminal paper [Tut62]. But all the enumerative results obtained so far for unicursal
maps concerned maps with specified vertex valencies. Accordingly, no formula has been
known for the number of n-edged rooted unicursal maps. Evidently, the question cannot
be reduced straightforwardly to eulerian maps (by adding an edge connecting the two odd-
valent vertices, etc.) since the vertices of odd valency may not be incident to a common
face. So, this natural class requires independent consideration.

Let U ′(n) denote the number of rooted unicursal maps with n edges. Let also U ′
i(n), i =

0, 1, 2, denote the number of rooted unicursal maps having i endpoints, i.e. vertices of
valency 1. The next theorem is the main result of this paper.

2.2. Theorem.

U ′(n) = 2n−2

(
2n
n

)
, n ≥ 1, (2.1)

and for n ≥ 2,

U ′
0(n) = 2n−2 n − 2

n

(
2n − 2
n − 1

)
, (2.2)

U ′
1(n) = 2n−1

(
2n − 2
n − 1

)
(2.3)

and

U ′
2(n) = 2n−2

(
2n − 2
n − 1

)
. (2.4)

Proof. The number of unicursal planar maps with n edges and v labelled vertices of valencies
2d1 + 1, 2d2 + 1, 2d3, . . . , 2dv , each vertex rooted by distinguishing one of its edge-ends, is
given in [Tut62, p. 772] as

C(2d1 + 1, 2d2 + 1, 2d3, . . . , 2dv) =
(n − 1)!

(n − v + 2)!
(2d1 + 1)!(2d2 + 1)!

d1!2d2!2

v∏
i=3

(2di)!
di!(di − 1)!

.

The number of rooted planar maps with n edges and v vertices, exactly two of which are
of odd valency, is found from the previous equation by multiplying by the number of ways
to root a map with n edges and dividing by the number of ways to label and root all the
vertices of the same map so that the two vertices of odd valency get labels 1 and 2 (we
multiply by 2n and divide by the product of the valencies and by n! and then multiply by
n(n − 1)/2 to account for the fact that the two vertices of odd valency get labels 1 and 2)
and then summing over the sequences of valencies that add to 2n :

n!
(v − 2)!(n − v + 2)!

∑
d1+···+dv=n−1

{(2d1)!(2d2)!
d1!2d2!2

v∏
i=3

(2di − 1)!
di!(di − 1)!

}
.

To obtain U ′(n) we evaluate the sum and then add over all possible values of v : from 2 to
n + 1.
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Since
∞∑

j=0

(2j)!
j!2

xj = (1− 4x)−1/2 and
∞∑

j=1

(2j − 1)!
j!(j − 1)!

xj =
(1− 4x)−1/2 − 1

2
, we have

U ′(n) = [xn−1]
n+1∑
v=2

n!
(v − 2)!(n − v + 2)!

(1− 4x)−1
[(1− 4x)−1/2 − 1

2

]v−2
,

where [xn]b means the coefficient of xn in the power series b = b(x).

We set z := x(z + 1)2 so that
(1− 4x)−1/2 − 1

2
=

z

1− z
and (1 − 4x)−1 =

(
1 + z

1− z

)2

.

Then

U ′(n) = [xn−1]
n+1∑
v=2

(
n

v − 2

)(
1 + z

1− z

)2( z

1− z

)v−2

= [xn−1]
(
1 + z

1− z

)2 n−1∑
v=0

(
n

v

)(
z

1− z

)v

= [xn−1]
(
1 + z

1− z

)2[(
1 +

z

1− z

)n

−
(

z

1− z

)n]
= [xn−1]

[
(1 + z)2(1− z)−(n+2) − (1 + z)2zn(1− z)−(n+2)

]
.

By Lagrange’s inversion formula (see, e.g., [Lab81]),

U ′(n) =
1

n − 1
[zn−2]

{
(1 + z)2n−2 d

dz

[
(1 + z)2(1− z)−(n+2) − (1 + z)2zn(1− z)−(n+2)

]}
.

Now a factor of zn means that the coefficient of zn−2 will be zero even in the derivative.
We have

d

dz

[
(1 + z)2(1− z)−(n+2)

]
= 2(1 + z)(1− z)−(n+2) + (n + 2)(1 + z)2(1− z)−(n+3),

so that

U ′(n) =
1

n − 1
[xn−2]

[
2(1 + z)2n−1(1− z)−(n+2) + (n + 2)(1 + z)2n(1− z)−(n+3)

]
=

1
n − 1

[
2

n−2∑
i=0

(
2n − 1

n − 2− i

)(
i + n + 1

i

)
+ (n + 2)

n−2∑
i=0

(
2n

n − 2− i

)(
i + n + 2

i

)]

=
1

n − 1

[
2

(2n − 1)!
(n + 1)!(n − 2)!

n−2∑
i=0

(
n − 2

i

)
+ (n + 2)

(2n)!
(n + 2)!(n − 2)!

n−2∑
i=0

(
n − 2

i

)]

=
2n−2

n − 1

[
2

(2n − 1)!
(n + 1)!(n − 2)!

+
(2n)!

(n + 1)!(n − 2)!

]
,

which simplifies to (2.1). This derivation is valid only for n ≥ 2 since we are taking
coefficients of zn−2, but (2.1) turns out to be valid for n = 1 as well.

To prove formula (2.4) we set d1 and d2 to 0, so that the first and second vertices have
valency 1. Proceeding as above, we find that

U ′
2(n) = [xn−1]

n+1∑
v=2

n!
(v − 2)!(n − v + 2)!

[(1− 4x)−1/2 − 1
2

]v−2
,

which simplifies to (2.4).
If instead we just set d1 to 0, then the first vertex has valency 1 and the second vertex

can have any odd valency 2d2 + 1, including 1. If d2 = 0 then, as before, we multiply by
n(n− 1)/2 to account for the fact that the two vertices of valency 1 get labels 1 and 2, but
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if d2 > 0, then we instead multiply by n(n− 1) to account for the fact the vertex of valency
1 gets label 1 and the other odd-valent vertex gets label 2; so

2U ′
2(n) + U ′

1(n) = 2[xn−1]
n+1∑
v=2

n!
(v − 2)!(n − v + 2)!

(1− 4x)−1/2
[(1− 4x)−1/2 − 1

2

]v−2

= 2n

(
2n − 2
n − 1

)
,

from which (2.3) follows.
Finally, formula (2.2) follows from the other formulae since

U ′
0(n) + U ′

1(n) + U ′
2(n) = U ′(n).

Formulae (2.2), (2.3) and (2.4) are valid only for n ≥ 2. �

More generally, a simple formula can be deduced in the same way for the number of rooted
unicursal maps with n edges and specified valencies of the odd-valent vertices. Moreover, a
sum-free formula is valid for the number of n-edged unicursal maps rooted at an odd-valent
vertex. In all these cases, in our opinion, the most significant novelty is the existence, per
se, of such formulae.

2.3. Rooted eulerian maps. The number E′(n) of rooted eulerian planar maps with n
edges is expressed by the following well-known formula [Wal75] (see also the same formula
in [Tut63, p. 269] for the number of rooted trivalent planar maps and the bijection between
these two classes of maps shown in [Mul66]):

E′(n) =
3 · 2n−1

(n + 1)(n + 2)

(
2n
n

)
. (2.5)

Denoting e(z) :=
∑

n E′(n)zn, it can be easily verified that

e(z) =
8z2 + 12z − 1 + (1− 8z)3/2

32z2
. (2.6)

2.4. Comparing formula (2.5) with (2.1) we obtain the following identity:

U ′(n) = 1
6(n + 1)(n + 2)E′(n).

We do not know whether this identity (or anything similar to it) can be proved directly.
The same question concerns another curious identity: U ′

1(n) = 2U ′
2(n).

3. Unrooted eulerian and unicursal maps

Formulae (2.1) and (2.3) – (2.5) enable us to complete the solution of the long-standing
problem of the enumeration of unrooted eulerian planar maps. Namely, the formulae ob-
tained in [Lis85] can be transformed into an explicit formula with single sums over the
divisors of n.
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3.1. Theorem. The number E+(n) of non-isomorphic eulerian planar maps with n edges,
n ≥ 2, is expressed as follows:

E+(n) =
1
2n

[
3 · 2n−1

(n + 1)(n + 2)

(
2n
n

)
+ 3

∑
k<n, k|n

φ
(n

k

)
2k−2

(
2k
k

)

+




n · 2(n+1)/2

n + 1

(
n − 1
n−1

2

)
, n odd,

∑
k|n

2

φ
(n

k

)
2k−2

(
2k
k

)
+

n · 2(n−2)/2

n + 2

(
n
n
2

)
, n even,




where φ(n) is the Euler totient function.

Proof. This is an easy consequence of the following result.

3.2. Theorem [Lis85].

E+(n) =
1
2n

[
E′(n) +

1
2

∑
k<n, k|n

φ
(n

k

)
(k + 2)(k + 1)E′(k)

+




U ′
∗
(n + 1

2

)
, n odd,

∑
k|n

2

φ
(n

k

)
U ′

1(k) + U ′
∗∗

(n + 2
2

)
, n even,




where U ′∗ and U ′∗∗ denote the numbers of rooted unicursal maps with one and two singular
vertices respectively; a singular vertex means a vertex of valency 1 in which the map is not
allowed to be rooted.

It is clear that U ′∗∗(n) =
n−1

n U ′
2(n) since any map with n edges and two singular vertices

contains 2n edge-ends, of which exactly two are ineligible to be the root.
Likewise U ′∗(n) = 2n−1

2n U ′
1(n) +

2n−1
n U ′

2(n). Indeed, the first summand reflects the fact
that we may take any unrooted unicursal map with a unique 1-valent vertex, declare this
vertex to be singular and choose a root in one of 2n − 1 ways. The second summand is
obtained by considering the contribution to the set of rooted maps with one singular vertex
made by a map Γ with two 1-valent vertices. If Γ has no non-trivial symmetries, then we
must declare one of its endpoints to be singular and then choose a root in one of 2n−1 ways;
so Γ contributes 2(2n − 1) to the set of rooted maps with one singular vertex instead of
the usual 2n rootings. Now suppose that Γ has a rotational symmetry of order 2 (the only
possible non-trivial orientation-preserving automorphism). Both endpoints are equivalent,
and after we declare one of them to be singular (which destroys the symmetry), there are
2n− 1 (instead of n) possible rootings. Therefore, in both cases the proportion (2n− 1) : n
is the same.

Finally, taking into account formulae (2.3) and (2.4) we obtain

U ′
∗(n) =

2n − 1
n

U ′
1(n). (3.1)

�

Similarly we obtain the following.
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3.3. Theorem. Let U+(n) denote the number of non-isomorphic unicursal planar maps
with n edges, n ≥ 2, then

U+(n) =
1
2n

∑
k|n, n/k odd

φ
(n

k

)
2k−2

(
2k
k

)
+




2(n−3)/2

(
n − 1
n−1

2

)
, n odd,

2(n−6)/2

(
n
n
2

)
, n even.

Proof. We exploit the method developed in [Lis85]. Unicursal maps are similar to but
simpler than eulerian maps with respect to possible rotational symmetries. Namely, only
three types of rotations exist:

(Ik) rotations of an odd order k around the two odd-valent vertices (that is, around an
axis that intersects the map in the two odd-valent vertices);

(I2) rotations of order 2 around two even-valent vertices or an even-valent vertex and
(the center of) a face;

(T) rotations of order 2 around the middle of an edge and a vertex or a face.
In every case, the quotient map is a unicursal map; it contains one singular vertex in the
last case. Now consider the possible liftings. In the first case, the axial cells (the vertices,
edges or faces in which the axis of rotation intersects the map) are determined uniquely. For
I2 we choose one odd-valent vertex of the quotient map as axial; the other axial cell is an
arbitrary vertex or face except for the second odd-valent vertex. These are possible choices
of the second axial vertex for rotations of the type T as well, while the first axial cell is
necessarily the singular vertex. Now, by the main theorem of [Lis85] we obtain immediately
the formula

U+(n) =
1
2n

[ ∑
k|n,n/k odd

φ
(n

k

)
U ′(k) +




nU ′
(n

2

)
, n odd,

n + 1
2

U ′
∗
(n + 1

2

)
, n even


 .

This, together with formulae (2.1), (2.3) and (3.1), gives rise to Theorem 3.3. �

Specializing this proof to unrooted unicursal maps with two endpoints we obtain the
following expression for their number U+

2 (n).

3.4. Proposition. U+
2 (1) = U+

2 (2) = 1 and for n ≥ 3,

U+
2 (n) =

1
n
2n−3

(
2n − 2
n − 1

)
+ 2m−3

(
2m − 2
m − 1

)

where m = �(n + 1)/2�.
The first term in this formula can be written as 2n−3Cn−1, where Cn is the n-th Cata-

lan number. Notice also that unicursal maps with one endpoint do not have non-trivial
symmetries; therefore by (2.3),

U+
1 (n) = 2n−2Cn−1.

4. Rooted bipartite and non-separable eulerian maps

4.1. Bi-eulerian maps. We call a map bi-eulerian if all its vertices and faces are of even
valency; thus, both the map and its dual possess eulerian circuits. It is well known (see,
e.g., [Wal75]) that the dual of an eulerian planar map is bipartite, and vice versa (so E′(n)
is also the number of rooted bipartite maps). Therefore,
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4.2. Lemma. A planar map is bi-eulerian if and only if it is bipartite and eulerian.

Thus, this is a purely graph-theoretical property, not depending on the embedding.
Since the edges of an eulerian circuit switch alternate between the two parts, from this

lemma we obtain the following.

4.3. Corollary. Any bi-eulerian map contains an even number of edges.

4.4. According to [KazSW96] (see also [SzaW97]), the cubic equation

3z2y3 − y + 1 = 0 (4.1)

and

b(z) = (1 + 3y − y2)/3

determine the generating function b(z) = 1 +
∑

n>0 B′(2n)z2n of the number of rooted
bipartite eulerian planar maps. This remarkable result has been obtained by a strong
physical method known as the method of matrix integrals (see [Zvo96]) with the help of
character expansion techniques.

From formula (4.1) one can easily obtain the following explicit sum-free formula:

4.5. Proposition.

B′(2n) =
3n−1

n(2n + 1)

(
3n

n + 1

)
. (4.2)

Proof. Represent (4.1) in the form w = 3z(w + 1)3 where w = y − 1. Now b = b(z) =
(3 + w − w2)/3. Applying Lagrange’s inversion formula [zn] b = [wn−1] b′fn/n, where f =
f(w) = 3(w + 1)3, we obtain

[zn] b =
1
n
[wn−1]

1− 2w
3

3n(1 + w)3n =
3n−1

n

{(
3n

n − 1

)
− 2

(
3n

n − 2

)}
,

which gives rise to (4.2). �

This is, apparently, a new result (announced in [Lis00]); although as we learned not long
ago [Sch00], D. Poulalhon and G. Schaeffer deduced formula (4.2) directly, based on the
combinatorial technique developed in [BouS00].

4.6. Corollary. The following identity is valid:

B′(2n) = 3n−1S′(n + 1),

where S′(n) denotes the number of rooted non-separable maps with n edges.

This follows immediately from the well-known formula of Tutte [Tut63] for S′(n). It
would be nice to find a direct bijective proof.

4.7. Remarks. 1. There is a simple 1:2:3 correspondence between, resp., rooted bi-eulerian
planar maps with 2n edges, tetravalent bi-eulerian maps with 4n edges and trivalent maps
with all face sizes multiple to 3 and with 6n edges. This has been established by Szabo and
Wheater [SzaW97].

2. It is an easy matter to prove that bi-eulerian maps form a degenerate class of maps in
the sense that they cannot be 3-connected (that is, polyhedral).

4.8. Non-separable eulerian and bi-eulerian maps. It is a useful but not difficult
matter to count rooted non-separable maps of the classes under consideration. So, we
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mention the results only sketchily (cf. also [Sch98, p. 45]). Suppose again that e = e(z) :=∑
n E′(n)zn. Then

e(z) = d(ze(z)2)
where d = d(z) := 1+

∑
n>0 E′

NS(n)z
n is the generating function for non-separable eulerian

maps. This functional equation together with expression (2.6) uniquely determines d(z).
Likewise, for b = b(z) :=

∑
n B′(2n)z2n we have

b(z) = f(zb(z)2)

where f = f(z) := 1 +
∑

n>0 B′
NS(2n)z

2n is the generating function for non-separable
bi-eulerian maps.

Here we used the general functional equation for non-separable maps [Tut63, WalL75]:
g(z) = f(zg(z)2). It is applicable in our cases: all 2-connected components of a (bi-)eulerian
map are (bi-)eulerian (consider end components in the component tree, and so on).

Unfortunately (and somewhat unexpectedly), the explicit expressions that can be ex-
tracted from these equations look very tedious (double sums); so we do not provide them
here.

Tables 1 and 2 contain numerical data for maps of the classes under consideration. The
values for n ≤ 6 may be verified by the Atlas of maps [JacV00] (for some quantities, in fact,
we first guessed the formulae from data extracted from the Atlas).

Acknowledgement. We are thankful to Gilles Schaeffer and Cedric Chauve for fruitful
discussion of various results concerning the enumeration of eulerian maps.
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Table 1: Unicursal maps

n U+(n) U+
2 (n) U ′(n) U ′

2(n) = U ′
1(n)/2

2 2 1 6 2
3 9 3 40 12
4 38 11 280 80
5 214 62 2016 560
6 1253 342 14784 4032
7 7925 2152 109824 29568
8 51620 13768 823680 219648
9 346307 91800 6223360 1647360

10 2365886 622616 47297536 12446720
11 16421359 4301792 361181184 94595072
12 115384738 30100448 2769055744 722362368
13 819276830 213019072 21300428800 5538111488
14 5868540399 1521473984 164317593600 42600857600
15 42357643916 10954616064 1270722723840 328635187200
16 307753571520 79420280064 9848101109760 2541445447680
17 2249048959624 579300888960 76467608616960 19696202219520
18 16520782751969 4248201302400 594748067020800 152935217233920
19 121915128678131 31302536066560 4632774416793600 1189496134041600
20 903391034923548 231638727063040 36135640450990080 9265548833587200

Table 2: Eulerian and bi-eulerian maps

n E+(n) E′(n) E′
NS(n) B′(n) B′

NS(n)
1 1 1 1
2 2 3 1 1 1
3 4 12 1
4 12 56 2 6 2
5 34 288 6
6 154 1584 19 54 8
7 675 9152 64
8 3534 54912 230 594 54
9 18985 339456 865

10 108070 2149888 3364 7371 442
11 632109 13891584 13443
12 3807254 91287552 54938 99144 4032
13 23411290 608583680 228749
14 146734695 4107939840 967628 1412802 39706
15 934382820 28030648320 4149024
16 6034524474 193100021760 18000758 21025818 413358
17 39457153432 1341536993280 78905518
18 260855420489 9390758952960 349037335 323686935 4487693
19 1741645762265 66182491668480 1556494270
20 11732357675908 469294031831040 6991433386 5120138790 50348500
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LATTICES INDUCED BY CHIP FIRING GAMES AND RELATED
MODELS

CLÉMENCE MAGNIEN

Abstract. In this paper we study three classes of models widely used in physics, com-
puter science and social science: the Chip Firing Game, the Abelian Sandpile Model and
the Chip Firing Game on a mutating graph. We study the sets of configurations reachable
from a given initial configuration, called the configuration space of a model, and try to
determine their main properties. In order to acheive this, we study the order induced over
the configurations by the evolution rule. This makes it possible to compare the power of
expression of these models, i.e. determine which orders can be obtained by each model.
It is known that these orders all are lattices, a special kind of partially ordered set. Al-
though the Chip Firing Game on a mutating graph is a generalisation of the usual Chip
Firing Game, we prove that both models exactly generate the same configuration spaces.
We prove also that the class of lattices induced by the Abelian Sandpile Model is strictly
included in the class of lattices induced by Chip Firing Game, but contains the class of
distributive lattices, a very well known class. This leads to interesting questions concern-
ing orders and lattices theory, since the class of lattices induced by Chip Firing Game is
itself an uncharacterised class of lattices, therefore two new classes of lattices naturally
appeared in this context.

Résumé. Dans cet article nous étudions trois classes de modèles étudiés en physiques,
en informatique et en sciences sociales: le Chip Firing Game, l’Abelian Sandpile Model
et le Chip Firing Game sur des graphes changeants. Nous étudions les ensembles de
configurations atteignables à partir d’une configuration initiale donnée. Ces ensembles
sont appelés espaces des configurations du modèle, et nous essayons de déterminer leurs
propriétés principales. Pour cela, nous étudions l’ordre induit sur les configurations par
la règle d’évolution.

Cela permet de comparer le pouvoir d’expression de ces modèles, c’est à dire de
déterminer quels ordres peuventêtre obtenus par chaque modèle. Il est connu que ces
ordres sont tous des treillis, un genre d’ordre particulier. Bien que le Chip Firing Game
sur des graphes changeants soit une généralisation du Chip Firing Game habituel, nous
prouvons que ces deux modèles génèrent exactement les mêmes espaces de configurations.

Nous prouvons également que la classe de treillis induits par l’Abelian Sandpile Model
est incluse strictement dans la classe des treillis induits par Chip Firing Game, mais qu’elle
contient la classe des treillis distributifs, une classe très connue. Cela mène à des questions
intéressantes concernant la théorie des ordres et des treillis, car la classe des treillis induits
par Chip Firing Game est elle-mme une classe de treillis non caractérisée, donc deux
nouvelles classes de treillis apparaissent naturellement dans ce contexte.

1. Introduction

The Chip Firing Game (CFG) and the Abelian Sandpile Model (ASM) are closely related
models studied in physics [BTW87], computer science [GMP98] and social science [Big97,
Big99, Heu99]. These three models are variations on the following game: given a graph and
a distribution of chips on its vertices, one may select a vertex that contains at least as many
chips as its outdegree, and move one chip from this vertex to each of its neighbours along
each outgoing edge. Many questions have naturally arisen and given matter for reseach
about this game: given a graph and an initial distribution of chips, does the game stop
after some time, or can it be played forever [BLS91, BL92, Eri96] ? For a given graph, what
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are the properties of the distribution of chips such that no move is possible ? This has led to
the algebraic study of some of these distributions called recurrent configurations, [DRSV95,
CR00, Big99]. Given a graph, what can be said about all the distributions that can be
reached from a given initial distribution [LP01, MPV01] ?
This paper is concerned with this last question. Our purpose is to study the set of reach-

able distribution of chips, or configurations of a game, which we will call the configuration
space of the game. This set is naturally ordered by the relation of reachability induced
by the evolution rule. We will study the structure of such sets, and try to determine the
differences between the models with respect to this aspect, i.e. given such an order, which
is the configuration space of a game, we will try to decide if it is isomorphic to the config-
uration space of another game. For instance, given the configuration space of a CFG, does
there exist a MCFG or an ASM such that its configuration space is isomorphic to it ? We
will do so by trying to transform the CFG into an ASM or a MCFG without changing its
configuration space.
In Section 2, we give the definitions and known results used in this paper, as well as the

exact definition of each model. In Section 3, we will compare the configuration spaces of
CFGs and ASMs. Since an ASM is a special CFG, we will study under which condition
a CFG can be transformed into an ASM. We will give a sufficient (but not necessary)
condition of such an transformation, and we will give an example of a CFG that cannot be
transformed into an ASM.

2. Definitions and known results

We will need some definitions from order and lattice theory to describe the configuration
spaces of the models. We five them first, after what we give the precise definitions for each
models, as well as the previously known results about them.

2.1. Posets and lattices. A partially ordered set (or poset) is a set equipped with an
order relation ≤ (i.e. a transitive, reflexive and antisymmetric relation). If x and y are
two elements of a poset, we say that x is covered by y (or y covers x), and write x ≺ y (or
y � x) if x < y and x ≤ z < y implies z = x. The interval [x, y] is the set {z, z ≥ x, z ≤ y}.
To represent a poset P we will use its Hasse diagram, defined as follows :

• each element x of P is represented by a point px of the plane,
• if x < y, then px is lower than py, and
• px and py are joined by a line if and only if x ≺ y.

Two posets P and P ′ are isomorphic if there exists a bijection ϕ : P −→ P ′ satisfying: for
all x, y ∈ P , x ≤ y ⇐⇒ ϕ(x) ≤ ϕ(y).
A poset L is a lattice if any two elements x, y of L have a least upper bound (called join

and denoted by x∨y) and a greatest lower bound (called meet and denoted by x∧y). x∨y
is the (unique) smallest element greater than both x and y. x ∧ y is defined dually. All
the lattices considered here are finite, therefore they have a least and a greatest element,
respectively denoted by 0L and 1L.
A lattice is a hypercube of dimension n if it is isomorphic to the set of all subsets of a

set of n elements, ordered by inclusion. A lattice is upper locally distributive (denoted by
ULD) [Mon90] if the interval between any element and the join of all its upper covers is
a hypercube. All ULD lattices are ranked, i.e. all the paths in the covering relation from
the minimal to the maximal element have the same length. A lattice L is distributive if
it satisfies one of two following laws of distributivity (which are equivalent and imply each
other):

for all x, y, z ∈ L, x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)
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Figure 1. From left to right: a poset, a lattice, a distributive lattice and a hypercube

for all x, y, z ∈ L, x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z).

A distributive lattice is a lattice that is at the same time upper and lower locally distributive,
i.e. if it is an ULD lattice, and if the interval between any element and the meet of all its
lower covers is also a hypercube. In the sequel we will only be concerned with distributive
and ULD lattices. Figure 1 shows examples of posets and different lattices.
For a more complete introduction to psoets and lattices, see for instance [DP90].

2.2. The different kinds of chip firing games. In this section we give the definition of
the Abelian Sandpile Model, the Chip Firing Game and the Mutating Chip Firing Game.
We begin by presenting the features shared by the three models, then we detail what is
specific about each of them. We will see that some models are generalisations of others.
Finally, we give some results about the CFG which will be useful in the paper.

2.2.1. Definitions. Each model is defined over a graph G = (V,E), called the support graph
of the game (undirected graphs will be regarded as directed by replacing each undirected
edge {i, j} by the two directed edges (i, j) and (j, i)). All graphs are supposed to be
multigraphs, i.e. there might be more than one edge between two vertices, therefore all
edge sets are supposed to be multisets. A configuration of the game is a mapping σ : V �→ IN
which associates a weight to each vertex; this weight can be considered as a number of chips
stored in the vertex. The game is played with respect to the following evolution rule, also
called the firing rule: if a vertex v contains at least as many chips as its outdegree, we can
transfer a chip from v along each of its outgoing edges to the corresponding vertex. We call
this process firing v. If σ is the configuration we start from, and σ′ is obtained from σ by
firing v, we write σ v−→ σ′, and we call σ a predecessor of σ′.

Note 2.1. We consider that the firing rule cannot be applied to a sink (a vertex with no
outgoing edges) because firing a sink does not change the configuration of the game and is
therefore of no interest to us.

The Chip Firing Game (CFG) [BL92] is defined over a directed graph. does not change
throughout the game. We give an example of a CFG together with its configuration space
in Figure 2 (in this example we have label led each edge (σ, σ′) with the name of the vertex
fired to reach σ′ from σ). The Abelian Sandpile Model (ASM) [BTW87] is defined over an
undirected graph, with a distinguished vertex called the sink. The sink can never be fired.
These three games are strongly convergent games [Eri93], which implies that, given an

initial configuration, either a given game can be played forever, or it reaches a unique fixed
point (where no firing is possible), called the final configuration, that does not depend on
the order in which the vertices were fired. We will only consider games that reach a fixed
point. We call these convergent games. We call execution of a game any sequence of firing
which, starting from the initial configuration, reaches the final configuration.
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Figure 2. A CFG in its initial configuration and its configuration space

We call configuration space of a game the set of all configurations reachable from the
initial configuration, ordered by the reflexive and transitive closure of the predecessor rela-
tion. It is known [BLS91, LP01, Eri96] that when a game is convergent, its configuration
space is an ULD lattice. Given a game C, we denote its configuration space by L(C). We
will say that two games C and C ′ are equivalent if L(C) is isomorphic to L(C ′).
We denote by L(CFG), L(ASM) and L(MCFG) the classes of lattices that are the

configurations spaces of convergent CFGs, ASMs and MCFGs. It is possible to guarantee
that a CFG is convergent by the presence in the support graph of a sink reachable from all
vertices [LP01]. In the ASM, the presence of the sink which can never be fired (although it
is not a sink in the undirected graph) guarantees that the game is always convergent.
These three models are very close to one another, and it is easy to see that some of them

are generalisations of others (the class of lattices they induce are included in one another):
since undirected graphs are particular directed graphs, one can consider an ASM as a
particular CFG, where each undirected edge is replaced by two opposite directed edges, and
where each undirected edge {v,⊥} is replaced only by the directed edge (v,⊥). Therefore,
we obtain that L(ASM) ⊆ L(CFG). Likewise, a CFG can be regarded as a MCFG where
the graph remains the same after each firing, therefore L(CFG) ⊆ L(MCFG).

2.2.2. Previous results. Now let us give some definitions and known results about CFGs,
useful for simplifying the notations and proofs in the sequel.

Definition 2.2. A convergent game is simple if, during an execution, each vertex is fired
at most once.

Theorem 2.3. [MPV01] Any convergent CFG is equivalent to a simple CFG.

All CFGs considered in the sequel will be such that such that their support graph has
exactly one sink (denoted by ⊥) and such that all vertices except ⊥ are fired during an
execution. This is always possible because, if this is not the case:

• either there is no sink and all vertices are fired during an execution; then we can
add an isolated vertex to the graph, which becomes the sink ,
• or there exists a vertex v that is never fired during any execution but is not a sink;
then we can remove its outgoing edges without changing the configuration space of
the CFG, and v becomes the sink,
• or there is more than one sink; then we can merge them into a single vertex without
changing the configuration space.
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In the sequel, we will restrict ourselves to CFGs for which the support graph has no loops
(i.e. no (v, v) edges). This is always possible because, for a simple CFG C, if there is a loop
on a vertex v (v cannot be the sink), we can replace it by an edge (v,⊥), and the resulting
CFG is equivalent to C, since C is simple.
Given a vertex v, we denote by d−(v) its indegree, by d+(v) its outdegree, by d⊥(v) the

number of edges from v to ⊥, and we define d(v) = d+(v) − d⊥(v). Given two vertices u
and v, we denote by d(u, v) the number of edges from u to v. Given a CFG and a vertex v
of its support graph, the initial number of chips in v is denoted by σ0(v), and the number of
chips in v in the final configuration by σf (v) (since all the CFGs considered are simple, we
have σf (v) = σ0(v) + d−(v) − d+(v)). The number of chips that are needed to fire v is the
difference between σ0(v) and d+(v), i.e. 0 if σ0(v) ≥ d+(v), and d+(v) − σ0(v) otherwise.
The configuration spaces of simple CFGs can be described more easily than in the general

case. Indeed we have the following results [MPV01, LP01]:

Lemma 2.4. In a simple CFG, if, starting from the same configuration, two sequences of
firing lead to the same configuration, then the vertices fired in each sequence are the same.

This allows us to define the shot-set s(σ) of a configuration σ as the set of vertices fired
to reach σ from the initial configuration. Given a CFG with support graph (V,E), we say
that a subset X ⊆ V is a valid shot-set if there exists a configuration σ reachable from
the initial configuration such that s(σ) = X. A list (v1, . . . , vn) of vertices is a valid firing
sequence if, for each i, {v1, . . . , vi} is a valid shot-set. Moreover, the configuration space of
a CFG is isomorphic to the lattice of the shot-sets of its configurations ordered by inclusion.
The join of any two elements a and b is given by the following formula [LP01]:

s(a ∨ b) = s(a) ∪ s(b).

We give here another way of characterising the configuration space of a CFG with re-
spect to the shot-sets: given a CFG and its vertex set, we can associate to each vertex
v the configurations in which v can be fired. Amongst these, we distinguish the smallest
configurations (the ones such that their shot-set is minimal with respect to the inclusion),
and we say that their shot-set represent the first moments at which v can be fired. For
instance, in Figure 2, the minimal configuration in which a and b can be fired is the minimal
point of the lattice, and its shot-set is the empty set. We say that a and b can be fired from
the beginning of any execution. The shot-sets of the minimal configurations in which c can
be fired are {a} and {b}, and we say that c can be fired after a or after b. The knowledge,
for all vertices, of the first moments at which they can be fired, is a characterisation of the
configuration space of a CFG, as it is stated in the following proposition:

Proposition 2.5. Let C be a simple CFG and let L = L(C). Let {v1, . . . , vn,⊥} be the set
of vertices of C. For each i, i = 1, . . . , n, let Xi be the set representing the first moments at
which vi can be fired, i.e. Xi contains the shot-sets of the minimal configurations at which
vi can be fired. Then L is completely determined by {v1, . . . , vn} and {X1, . . . ,Xn}.

3. Comparison of CFGs and ASMs

In this section, we compare the classes of configuration spaces induced by CFGs and
ASMs. Since any ASM is equivalent to a CFG, we try to determine at which conditions
a CFG is equivalent to an ASM. We will show that this is always the case when the
support graph of the CFG has no cycle. Since we know that any distributive lattice is
the configuration space of a CFG without cycles, we obtain as a corollary that the class
of lattices induced by ASM contains the distributive lattices. However, not all CFGs are
equivalent to some ASM. Since one can easily find examples of lattices in L(ASM) that
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are not distributive, we obtain the result that L(ASM)is strictly between the distributive
lattices and the lattices induced by CFG, which is surprising because these classes are very
close.
We will try to transform CFGs into ASMs by using local transformations on the support

graph of a game that do not change its configuration space. By using a combination of
these transformations, it is possible in some cases to obtain a CFG such that its support
graph contains one edge (u, v) for each edge (v, u), i.e. the graph is undirected therefore
we have an ASM. We begin by giving the two basic transformations we will use on CFGs,
which preserve the configuration space of a CFG. These transformations do not change the
vertex set of a CFG, only its edge set and its initial configuration. Since we know from
Proposition 2.5 that the configuration space is preserved if the first moments at which each
vertex can be fired are not changed, we will ensure that these modifications do not change
the first moments at which each vertex can be fired. Morover, a modification may not
change this, but still allow a vertex to be fired more than once during an execution. We
will also ensure that this does not happen.

Modification 1: Grounding
The grounding modification applied on a vertex v of a CFG consists in adding one chip to
the initial configuration of v and adding one edge from v to the sink.
The purpose of the next modification is to multiply the indegree and the initial configu-

ration of a given vertex by a given integer n.

Modification 2: Multipliying
The multiplying modification consists in multiplying by an integer factor the indegree and
initial configuration of a given vertex v, without modifying the rest of the CFG. It consists
in:

• multiplying by n the initial configuration of v,
• add (n− 1)d+(v) edges from v to the sink,
• for each immediate predecessor u of v, multiplying by n the number of edges (u, v),
and
• for each immediate predecessor u of v, adding (n − 1)d(u, v) chips to the initial
configuration of u.

The next two lemmas prove that these modifications do not change the configuration
space of the CFG to which they are applied. The first result being quite obvious, the proof
is ommitted.

Lemma 3.1. The CFG obtained by aplying the Grounding Modification to a CFG C is
equivalent to C.

Lemma 3.2. The CFG obtained by applying the Multiplying Modification to a CFG C is
equivalent to C.

Now we give the main theorem of this Section:

Theorem 3.3. Algorithm 1 transforms a simple CFG with no cycle into an ASM in linear
time.

We will now give an example of the execution of Algorithm 1.
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Algorithm 1 Transformation of a simple CFG graph with no cycle into an equivalent ASM

Input: A simple CFG C with support graph G = (V,E) and initial configuration σ0,
such that G has no cycle

Output: An ASM equivalent to C
Compute L(C).
For each v ∈ V \ {⊥}, D[v]← maxσ∈L(C)(d+(v)− σ(v)).
Mark ⊥.
L = [ ].
while there are unmarked vertices do
Choose an unmarked vertex v with all successors marked.
Mark v.
L← L&[v].

Step 1: while L is not empty do
v ← first(L)
if D[v] ≤ d(v) then
Apply the Multiplying Modification to v with a factor �(d(v) + 1)/D[v]�.
For each edge (u, v) added by the Multiplying Modification, add 1 to D[u].

L← tail(L).
Step 2: for each v ∈ V \ {⊥} do

if σ0(v) + d−(v) + d(v) ≥ 2d+(v) then
Apply the Grounding Modification to v with a factor
�(d(v) + d−(v) + 1)/(2 · d+(v) − σ0(v))�.

Step 3: for each v ∈ V \ {⊥} do
for each edge (u, v) in E ending on v do
Add one chip to the initial configuration of v.
Add one edge (v, u) to E.
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Original CFG. The first loops gives the list of
vertices: L = [d, c, b, a]. 1 1

0

1

a b

c

d

Step 1. Notice that in the obtained CFG, we
have, for any vertex v and any configuration
σ: d+(v) − σ(v) > d(v). Step 2. The CFG
is not modified because we have, for any vertex
v: σ0(v) + d−(v) + d(v), 2 · d+(v).

1 1

0

1

a b

c

d

Step 3. The adjuction of the edges (u, v) do not
change the configuration space of the CFG be-
cause: the modifications applied to u are similar
to applying the Grounding Modification to u,
with v playing the role of the sink. After Step 2
we had σ0(v) + d−(v) + d(v) < 2d+(v). There-
fore, after we have added d(v, u) edges from u
to v, we still have σ0(v) + d−(v) < 2d+(v),
which means that v can still be fired only once.
After Step 1 we had, for all configuration σ:
d+(v)−σ(v) > d(v). Therefore, there is no con-
figuration σ in which v cannot be fired, and in
which adding edges from u to v allows v to be
fired. The moments at which v can be fired are
not modified.

1 1

0

1

a b

v

u

Corollary 3.4. Let C be a simple CFG with support graph G = (V,E) such that G has no
cycle. Then C is equivalent to an ASM.

Theorem 3.5. [MPV01] Given any distributive lattice L, there exists a CFG C with no
cycle, such that L(C) = L.

Corollary 3.6. Any distributive lattice is the configuration space of an ASM.

The distributive lattices are not the only ones that can be obtained by ASM. Indeed
there are many CFGs without cycle that do not induce distributive lattices. Moreover,
some CFGs with a cycle in their support graph can be transformed in ASM. An exemple
of these is given in Figure 3.
Finally, it can be proved that the lattice of Figure 4, which is in L(CFG), in not the

configuration space of any ASM. Therefore we have the following theorem.

Theorem 3.7. L(ASM) � L(CFG).
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1 1

1 1

2 2

2 2

Figure 3. A CFG with a cycle in its support graph that is equivalent to
an ASM. We give here the CFG, an equivalent ASM, and their configuration
space

Figure 4. A lattice that can be obtained by CFG but not by ASM

By combining Theorem 3.7 and Corollary 3.6, we obtain that L(ASM) is situated strictly
between the distributive lattices and L(CFG). This shows the complexity of the problems
raised by the Chip Firing Game and the Abelian Sandpile Model in lattice theory: L(CFG)
and L(ASM) are both between the distributive and ULD lattices, while there is no previ-
ously known lattices class satisfying this condition.

Conclusion and perspectives

In this paper, we have studied from the lattice point of view the Chip Firing Game
and a closely related model: the Abelian Sandpile Model. It was already known that
these models generate lattices, and that these lattices are in the class of Upper Locally
Distributive (ULD) lattices. Our goal was to characterise the classes of lattices L(CFG),
L(ASM) induced by each model (i.e. determine, given a ULD lattice, by which model(s)
it can be obtained).
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We have given an example of a CFG which is equivalent to no ASM. Since any ASM is
equivalent (in lattice terms) to a CFG, this implies that L(ASM) � L(CFG). Then we
have given a sufficient but not necessary condition at which a CFG can be transformed into
an ASM, from which it can be shown that the class D of distributive lattices is included in
L(ASM). The class of lattices induced by CFG being somewhere between the distributive
and the ULD lattices, we obtain that the class of lattices induced by ASM is a new class
between the distributive lattices and L(CFG). In other words, we have proved the following
relation:

D � L(ASM) � L(CFG) � ULD

The CFG and the ASM share the same definition, except that the first is defined on
a directed graph, and the last on an undirected graph. This might seem like a strong
difference, and the first idea that comes to mind is that L(ASM) is much smaller than
L(CFG). The sufficient but not necessary condition we have given at which a CFG is
equivalent to an ASM is that the support graph must contain no directed cycle. This is
a strong condition, but in nonetheless shows that L(ASM) is a very significant part of
L(CFG) (most of the CFGs we have studied are in fact equivalent to CFGs with no cycle).
It also shows that the difference between these models does not reside in the fact that the
graph is oriented or not, but on the existence or not of oriented cycles in the graph.
The fact that two important models, used in various domains like physics, computer

science and social science, both induce strongly structured sets precisely situated between
two classical types of lattices, shows the importance of the use of order theory in the context
of dynamical models studies. In our case it is even more interesting to notice that the models
introduce new classes of lattices which one may study from the order theoretical point of
view.
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COUNTING OCCURRENCES OF 132 IN A PERMUTATION

TOUFIK MANSOUR AND ALEK VAINSHTEIN

Abstract. We study the generating function for the number of permutations on n letters
containing exactly r ≥ 0 occurrences of 132. It is shown that finding this function for a
given r amounts to a routine check of all permutations in S2r.

Résumé. On è tudie la fonction gè nè ratrice pour les nombres de permutations de n
lettres contenant exactement r ≥ 0 occurrences de 132. Il est montrè que trouver cette
fonction pour un r donnè se rè duit á un passage et examination de routine de toutes les
permutations dans S2r.

1. Introduction

Let π ∈ Sn and τ ∈ Sm be two permutations. An occurrence of τ in π is a subsequence
1 ≤ i1 < i2 < · · · < im ≤ n such that (π(i1), . . . , π(im)) is order-isomorphic to τ ; in such a
context, τ is usually called a pattern.

Recently, much attention has been paid to the problem of counting the number ψτ
r (n)

of permutations of length n containing a given number r ≥ 0 of occurrences of a certain
pattern τ . Most of the authors consider only the case r = 0, thus studying permutations
avoiding a given pattern. Only a few papers consider the case r > 0, usually restricting
themselves to the patterns of length 3. In fact, simple algebraic considerations show that
there are only two essentially different cases for τ ∈ S3, namely, τ = 123 and τ = 132.
Noonan [No] has proved that ψ123

1 (n) = 3
n

( 2n
n−3

)
. A general approach to the problem was

suggested by Noonan and Zeilberger [NZ]; they gave another proof of Noonan’s result, and
conjectured that

ψ123
2 (n) =

59n2 + 117n + 100
2n(2n − 1)(n + 5)

(
2n

n− 4

)
and ψ132

1 (n) =
(2n−3

n−3

)
. The latter conjecture was proved by Bóna in [B2]. A general

conjecture of Noonan and Zeilberger states that ψτ
r (n) is P -recursive in n for any r and τ .

It was proved by Bóna [B1] for τ = 132. However, as stated in [B1], a challenging question
is to describe ψτ

r (n), τ ∈ S3, explicitly for any given r.
In this note we suggest a new approach to this problem in the case τ = 132, which

allows to get an explicit expression for ψr(n) = ψ132
r (n) for any given r. More precisely,

we present an algorithm that computes the generating function Ψr(x) =
∑

n≥0 ψr(n)xn for
any r ≥ 0. To get the result for a given r, the algorithm performs certain routine checks
for each element of the symmetric group S2r. The algorithm has been implemented in C,
and yielded explicit results for 1 ≤ r ≤ 6.

The authors are sincerely grateful to M. Fulmek and A. Robertson for inspiring discus-
sions.

2. Preliminary results

To any π ∈ Sn we assign a bipartite graph Gπ in the following way. The vertices in one
part of Gπ, denoted V1, are the entries of π, and the vertices of the second part, denoted
V3, are the occurrences of 132 in π. Entry i ∈ V1 is connected by an edge to occurrence

#41.1
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j ∈ V3 if i enters j. For example, let π = 57614283, then π contains 5 occurrences of 132,
and the graph Gπ is presented on Figure 1.

283

5 7 6 1 4 2 8 3

576 142 143 183

Figure 1. Graph Gπ for π = 57614283

Let G̃ be an arbitrary connected component of Gπ, and let Ṽ be its vertex set. We
denote Ṽ1 = Ṽ ∩ V1, Ṽ3 = Ṽ ∩ V3, t1 = |Ṽ1|, t3 = |Ṽ3|.
Lemma 2.1. For any connected component G̃ of Gπ one has t1 ≤ 2t3 + 1.

Proof. Assume to the contrary that the above statement is not true. Consider the smallest
n for which there exists π ∈ Sn such that for some connected component G̃ of Gπ one has

t1 > 2t3 + 1. (∗)
Evidently, G̃ contains more than one vertex, since otherwise t1 = 1, t3 = 0, which contra-
dicts (∗). Let l be the number of leaves in G̃ (recall that a leaf is a vertex of degree 1).
Clearly, all the leaves belong to Ṽ1; the degree of any other vertex in Ṽ1 is at least 2, while
the degree of any vertex in Ṽ3 equals 3. Calculating the number of edges in G̃ by two
different ways, we get l + 2(t1 − l) ≤ 3t3, which together with (∗) gives l > t3 + 2. This
means that there exist two leaves u, v ∈ Ṽ1 incident to the same vertex a ∈ Ṽ3.

Let w ∈ Ṽ1 be the third vertex incident to a. If w is a leaf, then G̃ contains only four
vertices a, u, v, w, and hence t1 = 3, t3 = 1, which contradicts (∗). Hence, the degree of w
is at least 2. Delete the entries u, v from π and consider the corresponding permutation
π′ ∈ Sn−2. Denote by G̃′ the connected component of Gπ′ containing w. Since the degree
of w in G̃ was at least 2, we see that G̃′ is obtained from G̃ by deleting vertices u, v, and a.
Therefore, t′1 = t1−2, t′3 = t3−1, and hence t′1 > 2t′3+1, a contradiction to the minimality
of n. � �

Denote by Gn
π the connected component of Gπ containing entry n. Let π(i1), . . . , π(is)

be the entries of π belonging to Gn
π, and let σ = σπ ∈ Ss be the corresponding permutation.

We say that π(i1), . . . , π(is) is the kernel of π and denote it ker π; σ is called the shape of the
kernel, or the kernel shape, s is called the size of the kernel, and the number of occurrences
of 132 in ker π is called the capacity of the kernel. For example, for π = 57614283 as above,
the kernel equals 14283, its shape is 14253, the size equals 5, and the capacity equals 4.

The following statement is implied immediately by Lemma 2.1.

Theorem 2.2. Let π ∈ Sn contain exactly r occurrences of 132, then the size of the kernel
of π is at most 2r + 1.

We say that ρ is a kernel permutation if it is the kernel shape for some permutation π.
Evidently ρ is a kernel permutation if and only if σρ = ρ.

Let ρ ∈ Ss be an arbitrary kernel permutation. We denote by S(ρ) the set of all the
permutations of all possible sizes whose kernel shape equals ρ. For any π ∈ S(ρ) we define
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the kernel cell decomposition as follows. The number of cells in the decomposition equals
s(s+1). Let ker π = π(i1), . . . , π(is); the cell Cml = Cml(π) for 1 ≤ l ≤ s+1 and 1 ≤ m ≤ s
is defined by

Cml(π) = {π(j) il−1 < j < il, π(iρ−1(m−1)) < π(j) < π(iρ−1(m))},
where i0 = 0, is+1 = n+1, and α(0) = 0 for any α. If π coincides with ρ itself, then all the
cells in the decomposition are empty. An arbitrary permutation in S(ρ) is obtained by filling
in some of the cells in the cell decomposition. A cell C is called infeasible if the existence
of an entry a ∈ C would imply an occurrence of 132 that contains a and two other entries
x, y ∈ kerπ. Clearly, all infeasible cells are empty for any π ∈ S(ρ). All the remaining cells
are called feasible; a feasible cell may, or may not, be empty. Consider the permutation
π = 67382451. The kernel of π equals 3845, its shape is 1423. The cell decomposition
of π contains four feasible cells: C13 = {2}, C14 = ∅, C15 = {1}, and C41 = {6, 7}, see
Figure 2. All the other cells are infeasible; for example, C32 is infeasible, since if a ∈ C32,
then aπ′(i2)π′(i4) is an occurrence of 132 for any π′ whose kernel is of shape 1423.

32

m

l

C

Figure 2. Kernel cell decomposition for π ∈ S(1423)

As another example, permutation π̃ = 1011 7 12 4 6 5 8 3 9 2 1 belongs to the same class
S(1423). Its kernel is 7 12 8 9, and the feasible cells are C13 = {4, 6, 5}, C14 = {3}, C15 =
{2, 1}, C41 = {10, 11}.

Given a cell Cij in the kernel cell decomposition, all the kernel entries can be positioned
with respect to Cij . We say that x = π(ik) ∈ ker π lies below Cij if ρ(k) < i, and above Cij

if ρ(k) ≥ i. Similarly, x lies to the left of Cij if k < j, and to the right of Cij if k ≥ j. As
usual, we say that x lies to the southwest of Cij if it lies below Cij and to the left of it; the
other three directions, northwest, southeast, and northeast, are defined similarly.

The following statement plays a crucial role in our considerations.

Lemma 2.3. Let π ∈ S(ρ) and π(ik) ∈ kerπ, then any cell Cml such that l > k and
m > ρ(k) is infeasible.

Proof. Assume to the contrary that there exist l and m as above such that Cml is feasible,
and consider the partition of the entries in kerπ into two subsets: κ1 containing the entries
of ker π that lie to the southwest of Cml and κ2 containing the rest of the entries. Observe
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that π(ik) �= n, since m > ρ(k) implies n ≥ π(iρ−1(m)) > π(ik). Moreover, π(ik) ∈ κ1 and
n ∈ κ2. Since π(ik) and n belong to the same connected component of Gπ, there exists at
least one occurrence of 132 whose elements are distributed between κ1 and κ2. Let a denote
the minimal entry in this occurrence, let c denote its maximal entry, and let b denote the
remaining entry.

Evidently, a ∈ κ1. Assume first that c ∈ κ2.
If c lies to the left of Cml, then the existence of z ∈ Cml would imply that acz is an

occurrence of 132, and hence Cml is infeasible.
If c lies to the northeast of Cml and b lies above Cml, then the existence of z ∈ Cml would

imply that zcb is an occurrence of 132, and hence Cml is infeasible. If b lies below Cml,
then the existence of z ∈ Cml would imply that azb is an occurrence of 132, and hence Cml

is infeasible.
If c lies to the southeast of Cml, then the existence of z ∈ Cml would imply that azc is

an occurrence of 132, and hence Cml is infeasible.
It remains to consider the case c ∈ κ1, which means that b belongs to κ2 and lies to the

southeast of Cml. Hence, the existence of z ∈ Cml would imply that azb is an occurrence
of 132, and hence Cml is infeasible. � �

As an easy corollary of Lemma 2.3, we get the following proposition. Let us define a
partial order ≺ on the set of all feasible cells by saying that Cml ≺ Cm′l′ �= Cml if m ≥ m′
and l ≤ l′.

Lemma 2.4. ≺ is a linear order.

Proof. Assume to the contrary that there exist two feasible cells Cml and Cm′l′ such that l <
l′ and m < m′, and consider the entry x = π(il) ∈ kerπ. By Lemma 2.3, x > π(iρ−1(m′−1)),
that is, x lies above the cell Cm′l′ , since otherwise Cm′l′ would be infeasible. For the same
reason, y = π(iρ−1(m′−1)) lies to the right of Cm′l′ , and hence to the right of x. Therefore,
the existence of z ∈ Cml would imply that zxy is an occurrence of 132, and hence Cml is
infeasible, a contradiction. � �

Consider now the dependence between two nonempty feasible cells lying on the same
horizontal or vertical level.

Lemma 2.5. Let Cml and Cml′ be two nonempty feasible cells such that l < l′. Then for
any pair of entries a ∈ Cml, b ∈ Cml′ , one has a > b.

Proof. Assume to the contrary that there exists a pair a ∈ Cml, b ∈ Cml′ such that a < b.
Consider the entry x = π(il) ∈ kerπ. By Lemma 2.3, x > b, since otherwise Cml′ would
be infeasible. Hence axb is an occurrence of 132, which means that both a and b belong to
ker π, a contradiction. � �

Lemma 2.6. Let Cml and Cm′l be two nonempty feasible cells such that m < m′. Then
any entry a ∈ Cml lies to the right of any entry b ∈ Cm′l.

Proof. Assume to the contrary that there exists a pair a ∈ Cml, b ∈ Cm′l such that a lies
to the left of b. Consider the entry y = π(iρ−1(m′−1)) ∈ ker π. By Lemma 2.3, y lies to
the right of b, since otherwise Cm′l would be infeasible. Hence aby is an occurrence of 132,
which means that both a and b belong to ker π, a contradiction. � �

Lemmas 2.4–2.6 yield immediately the following two results.

Theorem 2.7. Let G̃ be a connected component of Gπ distinct from Gn
π. Then all the

vertices in Ṽ1 belong to the same feasible cell in the kernel cell decomposition of π.
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Let F (ρ) be the set of all feasible cells in the kernel cell decomposition corresponding to
permutations in S(ρ), and let f(ρ) = |F (ρ)|. We denote the cells in F (ρ) by C1, . . . , Cf(ρ)

in such a way that Ci ≺ Cj whenever i < j.

Theorem 2.8. For any given sequence α1, . . . , αf(ρ) of arbitrary permutations there exists
a unique π ∈ S(ρ) such that the content of Ci is order-isomorphic to αi.

3. Main Theorem and explicit results

Let ρ be a kernel permutation, and let s(ρ), c(ρ), and f(ρ) be the size of ρ, the capacity of
ρ, and the number of feasible cells in the cell decomposition associated with ρ, respectively.
Denote by K the set of all kernel permutations, and by Kt the set of all kernel shapes for
permutations in St. The main result of this note can be formulated as follows.

Theorem 3.1. For any r ≥ 1,

Ψr(x) =
∑

ρ∈K2r+1


xs(ρ)

∑
r1+···+rf(ρ)=r−c(ρ)

f(ρ)∏
j=1

Ψrj(x)


 , (∗∗)

where rj ≥ 0 for 1 ≤ j ≤ f(ρ).

Proof. For any ρ ∈ K, denote by Ψρ
r(x) the generating function for the number of per-

mutations in π ∈ Sn ∩ S(ρ) containing exactly r occurrences of 132. Evidently, Ψr(x) =∑
ρ∈K Ψρ

r(x). To find Ψρ
r(x), recall that the kernel of any π as above contains exactly c(ρ)

occurrences of 132. The remaining r− c(ρ) occurrences of 132 are distributed between the
feasible cells of the kernel cell decomposition of π. By Theorem 2.7, each occurrence of 132
belongs entirely to one feasible cell. Besides, it follows from Theorem 2.8, that occurrences
of 132 in different cells do not influence one another. Therefore,

Ψρ
r(x) = xs(ρ)

∑
r1+···+rf(ρ)=r−c(ρ)

f(ρ)∏
j=1

Ψrj(x),

and we get the expression similar to (∗∗) with the only difference that the outer sum is over
all ρ ∈ K. However, if ρ ∈ Kt for t > 2r + 1, then by Theorem 2.2, c(ρ) > r, and hence
Ψρ

r(x) = 0. � �
Theorem 3.1 provides a finite algorithm for finding Ψr(x) for any given r > 0, since we

have to consider all permutations in S2r+1, and to perform certain routine operations with
all shapes found so far. Moreover, the amount of searching can be decreased substantially
due to the following proposition.

Proposition 3.2. The only kernel permutation of capacity r ≥ 1 and size 2r + 1 is 2r −
1, 2r + 1, 2r − 3, 2r, . . . , 2r − 2j − 3, 2r − 2j, . . . , 1, 4, 2. Its contribution to Ψr(x) equals
x2r+1Ψr+2

0 (x).

This proposition is proved easily by induction, similarly to Lemma 2.1. The feasible cells
in the corresponding cell decomposition are C2r−2j+1,2j+1, j = 0, . . . , r, and C1,2r+2, hence
the contribution to Ψr(x) is as described.

By the above proposition, it suffices to search only permutations in S2r. Below we present
several explicit calculations.

Let us start from the case r = 0. Observe that (∗∗) remains valid for r = 0, provided
the left hand side is replaced by Ψr(x) − 1; subtracting 1 here accounts for the empty
permutation. So, we begin with finding kernel shapes for all permutations in S1. The only
shape obtained is ρ1 = 1, and it is easy to see that s(ρ1) = 1, c(ρ1) = 0, and f(ρ1) = 2
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(since both cells C11 and C12 are feasible). Therefore, we get Ψ0(x) − 1 = xΨ2
0(x), which

means that

Ψ0(x) =
1−√

1− 4x
2x

,

the generating function of Catalan numbers.
Let now r = 1. Since permutations in S2 do not exhibit kernel shapes distinct from ρ1,

the only possible new shape is the exceptional one, ρ2 = 132, whose contribution equals
x3Ψ3

0(x). Therefore, (∗∗) amounts to

Ψ1(x) = 2xΨ0(x)Ψ1(x) + x3Ψ3
0(x),

and we get the following result.

Corollary 3.3. (Bóna [B2, Theorem 5])

Ψ1(x) =
1
2

(
x− 1 + (1− 3x)(1 − 4x)−1/2

)
;

equivalently,

ψ1(n) =
(
2n− 3
n− 3

)
for n ≥ 3.

Let r = 2. We have to check the kernel shapes of permutations in S4. An exhaustive
search adds four new shapes to the previous list; these are 1243, 1342, 1423, and 2143;
besides, there is the exceptional 35142 ∈ S5. Calculation of the parameters s, c, f is
straightforward, and we get

Corollary 3.4.

Ψ2(x) =
1
2

(
x2 + 3x− 2 + (2x4 − 4x3 + 29x2 − 15x+ 2)(1 − 4x)−3/2

)
;

equivalently,

ψ2(n) =
n3 + 17n2 − 80n + 80

2n(n− 1)

(
2n− 6
n− 2

)
for n ≥ 4.

Let r = 3, 4, 5, 6; exhaustive search in S6, S8, S10, and S12 reveals 20, 104, 503, and 2576
new nonexceptional kernel shapes, respectively, and we get

Corollary 3.5. Let 3 ≤ r ≤ 6, then

Ψr(x) =
1
2

(
Pr(x) +Qr(x)(1− 4x)−r+1/2

)
,

where
P3(x) = 2x3 − 5x2 + 7x− 2,

P4(x) = 5x4 − 7x3 + 2x2 + 8x− 3,

P5(x) = 14x5 − 17x4 + x3 − 16x2 + 14x− 2
and

Q3(x) = −22x6 − 106x5 + 292x4 − 302x3 + 135x2 − 27x+ 2,

Q4(x) = 2x9 + 218x8 + 1074x7 − 1754x6 + 388x5 + 1087x4

− 945x3 + 320x2 − 50x+ 3,

Q5(x) = −50x11 − 2568x10 − 10826x9 + 16252x8 − 12466x7 + 16184x6 − 16480x5

+ 9191x4 − 2893x3 + 520x2 − 50x+ 2.
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Equivalently,

ψr(n) = Rr(n)
(2n − 3r)!

n!r!(n− r − 2)!
,

for n ≥ r + 2, where

R3(n) = n6 + 51n5 − 407n4 − 99n3 + 7750n2 − 22416n + 20160,

R4(n) = n9 + 102n8 − 282n7 − 12264n6 + 32589n5 + 891978n4

− 7589428n3 + 25452024n2 − 39821760n + 23950080,

R5(n) = n12 + 170n11 + 1861n10 − 88090n9 − 307617n8 + 27882510n7

− 348117457n6 + 2119611370n5 − 6970280884n4

+ 10530947320n3 + 2614396896n2 − 30327454080n + 29059430400.

The expressions for P6(x), Q6(x), and R6(n) are too long to be presented here.

4. Further results and open questions

As an easy consequence of Theorem 3.1 we get the following results due to Bóna [B1].

Corollary 4.1. Let r ≥ 0, then Ψr(x) is a rational function in the variables x and
√
1− 4x.

In fact, Bóna has proved a stronger result, claiming that

Ψr(x) = Pr(x) +Qr(x)(1− 4x)−r+1/2, (∗ ∗ ∗)
where Pr(x) and Qr(x) are polynomials and 1− 4x does not divide Qr(x). We were unable
to prove this result; however, it stems almost immediately from the following conjecture.

Conjecture 4.2. For any kernel permutation ρ �= 1,

s(ρ) ≥ f(ρ).

Indeed, it is easy to see that Ψr(x) enters the right hand side of (∗∗) with the coefficient
2xΨ0(x), which is a partial contribution of the kernel shape ρ1 = 1. Since 1 − 2xΨ0(x) =√
1− 4x, we get by induction from (∗∗) that

√
1− 4xΨr(x) equals the sum of fractions

whose denominators are of the form xd(1− 4x)r−c(ρ)−f(ρ)/2, where d ≤ f(ρ). On the other
hand, each fraction is multiplied by xs(ρ), hence if s(ρ) ≥ f(ρ) as conjectured, then xd in
the denominator is cancelled. The maximal degree of (1 − 4x) is attained for ρ = ρ1, and
is equal to r − 1, and we thus arrive at (∗ ∗ ∗).

In view of our explicit results, we have even a stronger conjecture.

Conjecture 4.3. The polynomials Pr(x) and Qr(x) in (∗ ∗ ∗) have halfinteger coefficients.

Another direction would be to match the approach of this note with the previous results
on restricted 132-avoiding permutations. Let Φr(x; k) be the generating function for the
number of permutations in Sn containing r occurrences of 132 and avoiding the pattern
12 . . . k ∈ Sk. It was shown previously that Φr(x; k) can be expressed via Chebyshev
polynomials of the second kind for r = 0 ([CW]) and r = 1 ([MV]). Our new approach
allows to get a recursion for Φr(x; k) for any given r ≥ 0.

Let ρ be a kernel permutation, and assume that the feasible cells of the kernel cell
decomposition associated with ρ are ordered linearly according to ≺. We denote by lj(ρ)
the length of the longest increasing subsequence of ρ that lies to the north-east from Cj.
For example, let ρ = 1423, as on Figure 2. Then l1(ρ) = 1, l2(ρ) = 2, l3(ρ) = 1, l4(ρ) = 0.
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Theorem 4.4. For any r ≥ 1 and k ≥ 3,

Φr(x; k) =
∑

ρ∈K2r+1


xs(ρ)

∑
r1+···+rf(ρ)=r−c(ρ)

f(ρ)∏
j=1

Φrj(x; k − lj(ρ))


 ,

where rj ≥ 0 for 1 ≤ j ≤ f(ρ) and Φr(x;m) ≡ 0 for m ≤ 0.

As in the case of Ψr(x), the statement of the theorem remains valid for r = 0, provided the
left hand side is replaced by Φr(x; k)− 1. This allows to recover known explicit expressions
for Φr(x; k) for r = 0, 1, and to get an expression for r = 2, which is too long to be presented
here.

This approach can be extended even further, to cover also permutations containing r
occurrences of 132 and avoiding other permutations in Sk, for example, 23 . . . k1.
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PLETHYSM OF SCHUR FUNCTIONS AND
THE BASIC REPRESENTATION OF A

(2)
2

HIROSHI MIZUKAWA AND HIRO-FUMI YAMADA

Abstract. Some formulas of plethysms pr ◦Sλ and pr ◦Qλ are presented. In particular,
for the case p2 ◦ Sλ with rectangular λ, a relation with the basic representation of the

affine Lie algebra of type A
(2)
2 is discussed.

Résumé. Quelques formules de plethysms pr◦Sλ et pr◦Qλ sont présenties. En particulier,
pour le cas p2 ◦ Sλ avec rectangulaire λ, une relation avec la repréntation basique de

l’algèbre de Lie affine de type A
(2)
2 est discuté.

1. Introduction

Plethysm is one of fundamental problems in the theory of symmetric functions. Many
authors have computed the plethysm f ◦ g for particular choices of symmetric functions
f and g. This abstract deals with the plethysms pr ◦ Sλ and pr ◦ Qλ involving the power
sum symmetric functions, where Sλ is the Schur function indexed by the partition λ and
Qλ is Schur’s Q-function indexed by the strict partition λ. The case p2 ◦ Sλ where λ is
the rectangular Young diagram is of particular interest. A nice formula is known for this
plethysm which is proved by Carré-Leclerc [1] and Carini-Remmel [2].
One of our main contributions in this abstract is to understand their formula from the

viewpoint of representations of affine Lie algebras. By looking at the homogeneous realiza-
tion of the basic representation of A(2)

2 we obtain another formula for p2 ◦ Sλ where λ is
rectangular.
Our formula should be regarded as an explicit expression of a homogeneous τ -function of

a hierarchy of nonlinear differential equations, similar to the case of A(1)
1 ([5]). Yet another

result in this abstract is a formula for pr ◦Qλ, which is derived from certain factorization
theorem of Q-functions.
As for this formula the relation with affine Lie algebras is unclear at this moment. How-

ever our proof requires a formula shown by You [17]. Therefore we believe that there is a
nice explanation of our formula from the affine Lie algebra point of view.
The abstract is organized as follows. In Section 2 we fix some notations concerning the

Schur functions. Section 3 is devoted to a brief review of bar-cores and bar-quotients of
strict partitions. In Section 4 we discuss the basic representation of the affine Lie algebra
of type A(2)

2 . The first main result is proved in Section 5. In Section 6 we announce some
formulas of plethysms involving Schur’s Q-functions. Proofs of these formulas are not given
in this abstract.

2. Schur Functions

We denote by Pn the set of all partitions of n, SPn the set of all strict partitions of
n and OPn the set of those partitions of n whose parts are odd numbers. Let χλ

ρ be the
irreducible character of the symmetric group Sn, indexed by λ ∈ Pn and evaluated at the
conjugacy class ρ, and ζλ

ρ be the irreducible negative character of the double cover S̃n (cf.
#42.1
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[4]), indexed by λ ∈ SPn and evaluated at the conjugacy class ρ. Here we recall symmetric
functions of variables x = (x1, x2, · · · ) which are discussed in this abstract.
Let pr(x) =

∑
i≥1 x

r
i be the power sum symmetric function for r ≥ 1. The Schur

functions and the “big” Schur functions are defined as follows:

Sλ(x) =
∑
ρ∈Pn

z−1
ρ χλ

ρpρ(x),

Tλ(x) =
∑

ρ∈OPn

z−1
ρ χλ

ρ2
l(ρ)pρ(x).

For λ ∈ SPn define Schur’s Q-function and P -function by

Qλ(x) =
∑

ρ∈OPn

z−1
ρ ζλ

ρ 2
(l(λ)+l(ρ)+ε(λ))/2pρ(x),

Pλ(x) = 2−l(λ)Qλ(x),

where

ε(λ) =

{
0 if n− l(λ) is even,
1 if n− l(λ) is odd.

Let x = (x1, x2, · · · ) and y = (y1, y2, · · · ) be variables. We write
xr = (xr

1, x
r
2, · · · ),

xy = (xiyj; i ≥ 1, j ≥ 1).
When y is specialized as y = (1, ω, ω2, · · · , ωr−1, 0, 0, · · · ) for ω = exp(2π√−1/r), we write

xωr = xy.

3. Bar-Cores and Bar-Quotients of Partitions

Fix a positive integer r. An (r+1)-tuple of partitions (λc(r), λ0, . . . , λr−1) is attached to
λ ; λc(r) is the r-core of λ and the collection λq(r) = (λ0, . . . , λr−1) is the r-quotient of λ
(cf. [15]).

Definition 3.1. Let λ = (λ1, · · · , λl) be a strict partition. We define the double of λ by

D(λ) = (λ1, · · · , λl | λ1 − 1, · · · , λl − 1),
in the Frobenius notation.

Example 3.2. Take λ = (4, 2, 1) =
× × × ×
× ×
×

. The double of λ is

D(λ) = (5, 4, 4, 1) =

◦ × × × ×
◦ ◦ × ×
◦ ◦ ◦ ×
◦

.

There is a remarkable property of D(λ) as follows.

Proposition 3.3. ([10]) Let λ be a strict partition and r be a positive odd integer.
(1) There exist strict partitions λbc(r) and λb(0) such that

D(λbc(r)) = D(λ)c(r),

D(λb(0)) = D(λ)0.
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(2)D(λ)r−i is the partition conjugate to D(λ)i for 1 ≤ i ≤ (r − 1)/2.
Definition 3.4. (1)The strict partition λbc(r) is called the r-bar core of λ.
(2)The collection

λbq(r) = (λb(0), λb(1), · · · , λb(t))

is called the r-bar quotient of λ where t = (r − 1)/2 and λb(i) = D(λ)i for 1 ≤ i ≤ t.

Example 3.5. We compute the 5-bar quotient of λ = (15, 14, 13, 7, 6, 5, 3, 1). Adding 0’s
in the tail of D(λ), if necessary, we always suppose that the size of the vector D(λ) is the
multiple of r. We see that

D(λ) + δ15 = (30, 29, 28, 22, 21, 20, 18, 16, 13, 11, 7, 6, 5, 4, 3),

where δ15 = (14, 13, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, 0). To compute the 5-quotient of D(λ),
we put a set of beads on the positions assigned by D(λ) + δ15 as follows.

0 1 2 3© 4©
5© 6© 7© 8 9
10 11© 12 13© 14
15 16© 17 18© 19
20© 21© 22© 23 24
25 26 27 28© 29©
30© 31 32 33 34
...

...
...

...
...

→ ((4, 3, 1), (14), (3, 1), (2, 12), (4)).

Read each runner from the bottom and count the number of vacancies above each bead.
Thus we have the corresponding partition D(λ)i (i = 0, · · · , 4). In this case the 5-quotient
of D(λ) reads ((4, 3, 1), (14), (3, 1), (2, 12), (4)). This is the 5-bar quotient of λ; λbq(5) =
((3, 1), (14), (3, 1)). Moving each bead upwards in the runner successively as far as possible,
we get

0© 1© 2© 3© 4©
5© 6© 7© 8© 9©
10© 11© 12 13© 14
15 16© 17 18© 19
...

...
...

...
...

→ (4, 3, 1) = D(3, 1).

Thus we see that D(λ)c(5) = (4, 3, 1) and λbc(5) = (3, 1). Next we explain the r-sign and
r-bar sign through the example above. Number the beads in the following two ways.
(1)The natural numbering according to the increasing order.
(2)The 5-numbering according to the layers.

natural numbering 5-numbering

0 1 2 3©1 4©2

5©3 6©4 7©5 8 9
10 11©6 12 13©7 14
15 16©8 17 18©9 19
20©10 21©11 22©12 23 24
25 26 27 28©13 29©14

30©15 31 32 33 34

−→

0 1 2 3©4 4©5

5©1 6©2 7©3 8 9
10 11©7 12 13©9 14
15 16©12 17 18©13 19
20©6 21©14 22©8 23 24
25 26 27 28©15 29©10

30©11 31 32 33 34



#42.4 HIROSHI MIZUKAWA AND HIRO-FUMI YAMADA

When we compare the natural numbering with the 5-numbering we get a permutation

σ =
(
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
4 5 1 2 3 7 9 12 13 6 14 8 15 10 11

)
.

The 5-sign of D(λ), which is denoted by δ5(D(λ)), is defined to be the sign of σ.

δ5(D(λ)) = sgnσ = 1.

To define the r-bar sign δ̄r(λ) of a strict partition λ, we draw the r-bar abacus of λ. If we
take λ = (15, 14, 13, 7, 6, 5, 3, 1) as before, then the 5-bar abacus of λ is

0 1© 2 3© 4
5© 6© 7© 8 9
10 11 12 13© 14©
15© 16 17 18 19
...

...
...

...
...

.

Number the beads in the following two ways.
(1)The natural numbering according to the increasing order.
(2)The 5-bar numbering according to the layers.

natural numbering 5-bar numbering

0 1©1 2 3©2 4
5©3 6©4 7©5 8 9
10 11 12 13©6 14©7

15©8 16 17 18 19

−→
0 1©4 2 3©6 4
5©1 6©7 7©5 8 9
10 11 12 13©8 14©3

15©2 16 17 18 19

Since the full description of the r-bar numbering is rather complicated, we refer the reader
to [13, pp. 64–65] or [15, pp. 32–33]. When we compare the natural numbering with the
5-bar numbering we get a permutation

σ =
(
1 2 3 4 5 6 7 8
4 6 1 7 5 8 3 2

)
.

The 5-bar sign of λ is defined to be the sign of

δ̄5(λ) = sgnσ = −1.
Remark 3.6. (1)If λ ∈ Prn (r, n ∈ N) has empty r-core, i.e., λc(r) = ∅, then

δr(λ) = χλ
(rn)/|χλ

(rn)|.

(2) If λ ∈ SPrn (r, n ∈ N, r is odd ) has empty r-bar core, i.e., λbc(r) = ∅, then
δ̄r(λ) = ζλ

(rn)/|ζλ
(rn)|.

4. Basic Representation of A
(2)
2

We discuss in this section the basic representation of the affine Lie algebra of type A(2)
2

following [7, 8]. Here the Schur functions, Schur’s P and Q-functions are described in terms
of the so called Sato variables: uj = pj/j (j ≥ 1) for Sλ, tj = 2pj/j (j ≥ 1, odd) for Pλ and
Qλ. We will denote them by Sλ(u), Pλ(t), Qλ(t), etc. Put Γ = C[tj ; j ≥ 1, odd], whose
basis is chosen as {Pλ; λ ∈ SPn, n ∈ N}. Associated with the Cartan matrix

(aij)i,j∈{0,1} =
(

2 −4
−1 2

)
,
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the Lie algebra g of type A
(2)
2 is generated by ei, fi, α

∨
i (i = 0, 1) and d subject to the

relations

[α∨
i , α

∨
j ] = 0, [α∨

i , ej ] = aijej , [α∨
i , fj ] = −aijfj,

[ei, fj] = δi,jα
∨
i , (adei)1−aijej = (adfi)1−aijfj = 0 (i �= j),

and

[d, α∨
i ] = 0, [d, ej ] = δj,0ej , [d, fj ] = −δj,0fj.

The Cartan subalgebra h of g is spanned by α∨
0 , α

∨
1 and d. Choose the basis {α0, α1,Λ0}

for the dual space h∗ of h by the pairing

< α∨
i , αi > = aij , < α∨

i ,Λ0 >= δi,0,

< d, αj > = δ0,j , < d,Λ0 >= 0.

The fundamental imaginary root is δ = 2α0 + α1.

The basic representation of g is by definition the irreducible highest weight g-module
with highest weight Λ0. The weight system of the basic representation is well known:

P (Λ0) = {Λ0 − pδ + qα1 ; p ≤ q2, p ∈ N, q ∈ 1
2

Z}.

A weight Λ on the parabola Λ0−pδ+qα1 is said to be maximal in the sense that Λ+δ is no
longer a weight. For any maximal weight Λ, the multiplicity of Λ−nδ (n ∈ N) is known to
be equal to p(n), the number of partitions of n. A construction of the basic representation
in “principal” grading is realized on the space Γ(3) = C[tj; j ≥ 1, odd, j �≡ 0(mod3)] ([8]).
A P -function Pλ(t) is not necessarily contained in Γ(3). However, if the strict partition λ is
a 3-bar core, then Pλ(t) ∈ Γ(3) and in fact Pλ(t) is a maximal weight vector. More generally
we “kill” the variables t3j (j ≥ 1, odd) in the P -function Pλ(t) and consider the reduced
P -function:

P
(3)
λ (t) := Pλ(t)|t3=t9=···=0 ∈ Γ(3).

It is shown in [14] that P (3)
λ (t) is a weight vector for any strict partition λ, and that

{P (3)
λ (t); λ is a strict partition with no part divisible by 3}

={P (3)
λ (t); λ is a strict partition with λbq(3) = (∅, λb(1))}

form a weight basis for Γ(3). The weight of a reduced P -function with a given strict partition
λ is known as follows. Draw the Young diagram λ and fill each cell with 0 or 1 in such a
way that, in each row the sequence (010) repeats from the left as long as possible. If k0
(resp. k1) is the number of 0’s (resp. 1’s) written in the Young diagram, then the weight of
the corresponding reduced P -function is Λ0−k0α0−k1α1. A removable i-node (i=0,1) is a
node i of the boundary of λ which can be removed. An indent i-node (i=0,1) is a concave
corner on the rim of λ where a node i can be added. The action of g to the reduced
P -function P (3)

λ (t) is described as follows:

eiP
(3)
λ =

∑
µ∈E1

i (λ)

P (3)
µ ,
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where E1
i (λ) is the set of the strict partitions which can be obtained by removing a removable

i-node from λ, and

fiP
(3)
λ =

∑
µ∈F1

i (λ)

P (3)
µ ,

where F1
i (λ) is the set of the strict partitions which can be obtained by adding an indent

i-node to λ. For instance

e0P
(3)
(4,3,1) = P

(3)
(4,2,1) + P

(3)
(4,3),

f1P
(3)
(4,3,1)

= P
(3)
(5,2,1)

+ P
(3)
(4,3,2)

.

Another realization of the basic representation is known, one in the homogeneous grading.
The isomorphism between principal and homogeneous realizations is given by Leidwanger
[9]. Put

B = C[uj, s2j−1; j ≥ 1].
Define the mapping Φ by

Φ : Γ −̃→ B ⊗ C[q, q−1],

Pλ(t) �−→ 2p(λ)δ̄3(λ)Pλb(0)(s)Sλb(1)(u)⊗ qm(λ),

where

p(λ) =
∑

λi �≡0 (mod 3)

[
λi − 1
3

]
,

and m(λ) is determined by

m(λ) = (number of beads on the first runner of λ)

− (number of beads on the second runner of λ).
For example

Φ(P(7,5,3,1)(t)) = 8P(1)(s)S(2,1,1)(u)⊗ q.

Leidwanger [9] shows that Φ is indeed an isomorphism and that, if we denote by V the
subalgebra of B generated by u2j and 22j−1u2j−1 − s2j−1 (j ≥ 1), then

Φ(Γ(3)) = V ⊗ C[q, q−1].

The representation of g on V ⊗C[q, q−1], which is induced by Φ, is the basic representation
in the homogeneous grading. In fact, if we define the degree in V ⊗ C[q, q−1] by

deg f(u, s)⊗ qm = 2deg f(u, s) +m2,

then deg Φ(P (3)
λ ) is equal to the number of 0-nodes in λ.

5. Main Result

We first recall a formula of plethysm which is due to Carini and Remmel [2]. For positive
integers l ≥ m ≥ 0, let W (l − m,m) denote the set of partitions µ = (µ1, · · · , µ2m)
of 2m(l − m) such that µi + µ2(l−m)+1−i = 2m for 1 ≤ i ≤ m. It is easily seen that
|W (l −m,m)| = (

l
m

)
. Denote by �(l −m,m) the rectangular Young diagram (ml−m).

Theorem 5.1. ([2])

p2 ◦ S�(l−m,m) =
∑

µ∈W (l−m,m)

(−1)
∑l−m

i=1 µiSµ.
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Now fix a strict partition Λl = (3l − 2, 3l − 5, · · · , 7, 4, 1) of length l, which corresponds
to a maximal weight vector of the basic representation of A(2)

2 in the principal grading. As
before, each cell of the Young diagram of Λl is supposed to be filled with 0 or 1. Note that
each concave corner on the rim of Λl is an indent 1-node. Let Fm = Fm

1 (Λl) (0 ≤ m ≤ l)
be the set of the strict partitions which can be obtained by adding m indent 1-nodes to Λl.
It is obvious that |Fm| = (

l
m

)
. Our main result in this abstract is the following.

Theorem 5.2.
p2 ◦ S�(l−m,m) = ε(l,m)

∑
µ∈Fm

1 (Λl)

δ̄3(µ)Sµb(1) ,

where

ε(l,m) =

{
(−1)(m2 ) (0 ≤ m ≤ l

2)

(−1)l(m+1)+(l−m
2 ) ( l

2 ≤ m ≤ l).

Proof. Besides the sign factor ε(l,m), we only have to show that µb(1) ∈ W (l −m,m) for
any µ ∈ Fm. Recall the relation between 3-bar quotients and 3-quotients:

µb(1) = D(µ)1.

First we see that the 3-abacus of D(Λl) is

0© 1© 2 1
3© 4© 5

...
3l−3

✞
✝

�
✆ 3l−2

✞
✝

�
✆3l − 1

3l 3l+1
✞
✝

�
✆3l + 2 l + 1

3l + 3 3l+4
✞
✝

�
✆3l + 5

...
6l − 3 6l−2

✞
✝

�
✆6l − 1 2l

If we add the indent 1-node to Λl at the i-th row, then, in the 3-abacus of D(Λl), the beads
at 3i− 2 and 6l − 3i+ 1 move to 3i− 1 and 6l − 3i+ 2, respectively:

0© 1© 2 1
3© 4© 5

...
3i−3

✞
✝

�
✆ 3i− 2 3i−1

✞
✝

�
✆ i

...
3l−3

✞
✝

�
✆ 3l−2

✞
✝

�
✆ 3l − 1

3l 3l+1
✞
✝

�
✆ 3l + 2 l + 1

3l + 3 3l+4
✞
✝

�
✆ 3l + 5

...
6l − 3i 6l − 3i+ 1 6l−3i+2

✞
✝

�
✆2l − i+ 1

...
6l − 3 6l−2

✞
✝

�
✆ 6l − 1 2l

Adding indent 1-nodes successively, we see that, in the 3-abacus of D(µ) (µ ∈ Fm), the
beads at i1-th, i2-th, · · · , im-th rows in the first runner shift to the second runner as well as
the beads at i1-th, i2-th, · · · , im-th rows from the bottom. Then D(µ)1i +D(µ)12(l−m)+1−i

counts the number of the vacancies of the first runner up to the 2l-th row; that is 2m. This
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proves that µb(1) = D(µ)1 ∈ W (l−m,m). By a rather tedious computation, we can fit the
sign factor ε(l,m). �

6. Plethysms Involving Q-functions

In this section we consider the plethysm pr ◦Qλ. For this purpose we need the following
factorization theorem.

Theorem 6.1. Let r be a positive odd integer. If λ ∈ SPrn has empty r-bar core, then

2−l(λ)/2Qλ(xωr) = δ̄r(λ)2−l(λb(0))/2Qλb(0)(xr)Tλb(1)(xr) · · · Tλb(t)(xr).

Remark 6.2. Since we assume that λbc(r) = ∅ in Theorem 6.1, we easily verify that

l(λ) ≡ l(λb(0))(mod 2).

Therefore 2(l(λ)−l(λb(0)))/2 is an integer.

Our proof of Theorem 6.1 relies on a formula shown by You[17]. In the process of the
proof we obtain

Corollary 6.3.
δr(D(λ)) = 1.

A special case of Theorem 6.1 is found in [11, 12]. Comparing the spin character table
of S̃4 with that of S̃12, one observes that each character of S̃12 evaluated at the conjugacy
classes 3ρ is a linear combination of the characters of S̃4 with integral coefficients which are
simultaneously non-negative or non-positive.

n = 4 (14) (3, 1)
< 4 > 2 1
< 3, 1 > 4 −1

n = 12 (34) (9, 3) 3− bar core
< 12 > 2 1 ∅ +1 < 4 > +0 < 3, 1 >
< 11, 1 > −4 −2 ∅ −2 < 4 > −0 < 3, 1 >
< 10, 2 > 4 2 ∅ +2 < 4 > +0 < 3, 1 >
< 9, 3 > 4 −1 ∅ +0 < 4 > +1 < 3, 1 >
< 8, 4 > −12 0 ∅ −2 < 4 > −2 < 3, 1 >
< 7, 5 > 12 0 ∅ +2 < 4 > +2 < 3, 1 >
< 5, 4, 2, 1 > 8 −2 ∅ +0 < 4 > +2 < 3, 1 >
< 5, 4, 3 > −16 1 ∅ −2 < 4 > −3 < 3, 1 >
< 7, 3, 2 > −8 −1 ∅ −2 < 4 > −1 < 3, 1 >
< 8, 3, 1 > 8 1 ∅ +2 < 4 > +1 < 3, 1 >
< 6, 4, 2 > 12 0 ∅ +2 < 4 > +2 < 3, 1 >
< 6, 5, 1 > −12 0 ∅ −2 < 4 > −2 < 3, 1 >
< 9, 2, 1 > −8 −1 ∅ −2 < 4 > −1 < 3, 1 >
< 6, 3, 2, 1 > −8 2 ∅ −0 < 4 > −2 < 3, 1 >
< 7, 4, 1 > 0 0 (7, 4, 1) +0 < 4 > +0 < 3, 1 >

We give a description of these coefficients. Put

tλ,µ = [Qλb(0)Tλb(1) · · ·Tλb(t) , Pµ],

where [, ] is an inner product satisfying [Pλ, Qµ] = δλ,µ. It is known that tλ,µ is a non-
negative integer [16]. The following theorem is a spin character version of Littlewood’s
multiple formula [11, 12].
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Theorem 6.4. Let r be a positive odd integer. If λ ∈ SPrn has empty r-bar core, then

ζλ
rρ = δ̄r(λ)

∑
µ∈SPn

2(l(µ)−l(λb(0))+ε(µ)−ε(λ))/2tλ,µζ
µ
ρ .

for any ρ ∈ OPn.

Another application of Theorem 6.1 is a formula of plethysm involving P andQ-functions.

Theorem 6.5. For a positive odd integer r, we have

pr ◦ Pλ =
∑

µbc(r)=∅
δ̄r(µ)2(l(µ)−l(µb(0)))/2tλ,µPµ,

pr ◦Qλ = 2l(λ)
∑

µbc(r)=∅
δ̄r(µ)2(−l(µ)−l(µb(0)))/2tλ,µQµ.

For the special case λ = (n), the right hand side becomes simpler.

Theorem 6.6. For a positive odd integer r, we have

(pr ◦Q(n)) =
∑

µ∈Hr,n

δ̄r(µ)Qµ.

Here Hr,n = {µ = (µ1 . . . µl) ∈ SPrn| ∃i s.t. µi ≡ k(mod r)⇒ ∃1j s.t. µj ≡ r− k(mod r)}.
This formula should be compared with Theorem 5.1.

Example 6.7.

p3 ◦Q(1) = Q(3) −Q(2,1),

p3 ◦Q(2) = Q(6) −Q(5,1) +Q(4,2) −Q(3,2,1),

p3 ◦Q(3) = Q(9) −Q(8,1) +Q(7,2) −Q(5,4) −Q(6,2,1) +Q(5,3,1) −Q(4,3,2),

p5 ◦Q(2) = Q(10) −Q(9,1) +Q(8,2) −Q(7,3) +Q(6,4) −Q(5,4,1) +Q(5,3,2) −Q(4,3,2,1).
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SATURATED SIMPLICIAL COMPLEXES
(EXTENDED ABSTRACT)

VALERIY MNUKHIN

Abstract. Among shellable complexes a certain class has maximal modular homology,
and these are the so-called saturated complexes. We give a brief survey of their properties
and characterize saturated complexes via p-ranks of incidence matrices and via structure
of links.

Résumé. Parmi les complexes analysables, une certaine catégorie, que l’on appelle les
complexes saturés, a une homologie modulaire maximale; nous donnons un bref aperçu
des propriétés des complexes analysables et décrivons les complexes saturés grâce aux
p-rangs d’incidence des matrices et à la structure de leur liens.

1. Introduction

The standard homology for a simplicial complex ∆ is concerned with the Z-module Z∆
with basis ∆ and the boundary map

τ �→ σ1 − σ2 + σ3 − . . . ± σk

which assigns to the face τ the alternating sum of the co-dimension 1 faces of τ . This
defines a homological sequence over Z and hence over any domain with identity.

In [12] we started to investigate the same module with respect to a different homomor-
phism. This is the inclusion map ∂ : Z∆→ Z∆ given by

∂ : τ �→ σ1 + σ2 + σ3 + . . . + σk.

Clearly, ∂2 �= 0. However, when coefficients are taken modulo an integer p then a simple
calculation shows that in fact ∂p = 0. One may attempt therefore to build a generalized
modular homology theory of simplicial complexes, in particular when p is a prime. This kind
of homology appears to be mentioned first in W Mayer [9] in 1947, further historical remarks
and references can be found in [1, 12]. More recent papers on nilpotent homomorphisms
include Dubois-Violette [6] and Kapranov [8].

We showed in [12] that in general modular homology does not behave nicely: It is not
homotopy invariant and there are shellable complexes with the same h-vector but with
different modular homology. Nevertheless, homology of any shellable complex can be em-
bedded into a well-understood module constructed purely from the shelling of the complex.
It follows in particular that the modular Betti numbers for an arbitrary shellable complex
are bounded by functions of its h-vector only.

Shellable complexes which attain these bounds are of special interest and are called
saturated. Here we investigate conditions which guarantee saturation. Our main results
are Theorems 4.1 and 5.3 which characterize saturated complexes via p-ranks of incidence
matrices and via structure of links respectively. As a corollary we prove that rank-selected
subcomplexes of a saturated complex are saturated.

Supported in part by the London Mathematical Society.
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2. Modular Homology of Shellable Complexes

Let F be a field, Ω be a finite set and k a non-negative integer. Let then Mk denote the
F -vector space with k-element subsets of Ω as basis and put M := ⊕0≤k Mk. The inclusion
map is the linear map ∂ : Mk →Mk−1 defined on a basis by mapping each k-element subset
of Ω to the sum of all its (k− 1)-element subsets. If ∆ ⊆ 2Ω is a simplicial complex, denote
by M∆ the subspace of M with basis ∆ and let M∆

k := M∆ ∩Mk. Then ∂ restricts to
maps M∆

k →M∆
k−1 for all k, and so we can attach to the complex ∆ the sequence

M∆ : 0 ∂←−M∆
0

∂←−M∆
1

∂←− ...
∂←−M∆

k−1
∂←−M∆

k
∂←− ...

of submodules of M .
Throughout we suppose that p is a fixed prime and that F is a field of characteristic p.

For any j and 0 < i < p consider the sequence

. . .
∂∗←−M∆

j−p
∂∗←−M∆

j−i
∂∗←−M∆

j
∂∗←−M∆

j+p−i
∂∗←−M∆

j+p
∂∗←− . . .

in which ∂∗ is the appropriate power of ∂. This sequence is determined uniquely by any
arrow M∆

l ← M∆
r in it, and so is denoted by M∆

(l,r). The unique arrow M∆
a ← M∆

b in it
for which 0 ≤ a + b < p is the initial arrow. We regard M∆

b as the 0-position of M∆
(l,r) and

while a may be negative b is always positive. The position of any other module in M∆
(l,r)

will be counted from this 0-position and (a, b) is referred to as the type of M∆
(l,r).

As F has characteristic p > 0 it follows immediately that ∂p = 0. In particular, inM∆
(l,r)

we have (∂∗)2 = 0 and so this sequence is homological. The homology at M∆
j−i ← M∆

j ←
M∆

j+p−i is referred as the p-modular homology and is denoted by

H∆
j,i := (Ker ∂i ∩M∆

j )/∂p−i(M∆
j+p−i).

with the corresponding Betti number β∆j,i := dimH∆
j,i.

If M∆
(l,r) has at most one non-vanishing homology then it is said to be almost exact and

the only non-trivial homology then is denoted by H∆
(l,r). In general, when referring to a

particular sequenceM∆
(l,r), the homology at position t is denoted by H∆

t and β∆t := dimH∆
t

is the corresponding Betti number. It is useful to allow the possibility t = ∞ so that an
almost exact sequence M∆

(l,r) is exact iff either β∆t := β∆(l,r) = 0 or t =∞. Finally, ifM∆
(l,r)

is almost exact for every choice of l and r, then M∆ is almost p-exact.
To formulate further results we shall need the following functions on sequences M∆

(l,r):
If ∆ is any complex of dimension n− 1 suppose that M∆

(l,r) has type (a, b). We put

(1) dn
(l,r) :=

{ ⌊
n−a−b

p

⌋
if n− a− b �≡ 0 (mod p) ,

∞ if n− a− b ≡ 0 (mod p)

and let the weight of M∆
(l,r) be the integer 0 < w ≤ p with w ≡ l + r − n (mod p) . It

is useful to call the finite number d := min{ dn
(l,r) , d

n+1
(l,r) } the middle position or just the

middle of M∆
(l,r).

Now we are in position to formulate a result from [10] and [1] about the p-modular
homology of the (n−1)-dimensional simplex Σn on n vertices. For this we shall throughout
use the notation Mn

(l,r) :=MΣn

(l,r) and Hn
(l,r) := HΣn

(l,r).
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Theorem 2.1. The sequence Mn is almost p-exact. For any l, r with 0 < r − l < p the
Betti number of Mn

(l,r) is

(2) βn
(l,r) :=

∣∣∣∣∣
+∞∑

t=−∞

(
n

l − pt

)
−

(
n

r − pt

) ∣∣∣∣∣
at position dn

(l,r).

For p = 3 the numbers βn
(l,r) could be 0 or 1 only, while for p = 5 these are Fibonacci

numbers. The structure of Hn
(l,r) as a Sym(n)-module has been determined in [1] and [2].

The structure of modular homology of shellable complexes has been determined in [12].
Note that in this paper shellable complexes are always pure, see [3, 4] for standard notions
of shellability and h-vector.

Theorem 2.2. Let ∆ be an (n−1)-dimensional shellable complex with h-vector (h0,. . .,hn).
For a fixed sequenceM∆

(l,r) let d be its middle position and let w be its weight. Then H∆
t = 0

for t < d and for all s ≥ 0 there is an embedding

(3) H∆
d+s ↪→

w+sp⊕
j=w+(s−1)p+1

[
Hn−j
(l−j, r−j)

]hj

.

Note that in (3) we use the convention that [H]0 is the zero module. The result of
Theorem 2.2 cannot be improved in general: there are examples of 7-dimensional complexes
with the same h-vector which have the same 3-modular homologies but different 5-modular
homologies, see [12].

3. Saturated Complexes

The result of Theorem 2.2 motivates the following definition:

Definition 3.1. A shellable complex ∆ is (l, r)-saturated in characteristic p if the embed-
ding (3) is an isomorphism for all s ≥ 0. The complex ∆ is saturated if it is (l, r)-saturated
for all (l, r).

Thus, saturation is defined with respect to a prime p and it is not clear if there are
complexes which are saturated for some primes but not for others. Note that there are
examples of complexes which are (l, r)-saturated for certain values of (l, r) but not for
others.

It follows immediately from Theorem 2.2 that for a fixed p the saturated complexes have
the maximal possible modular homology, in the following sense:

Proposition 3.2. Let ∆′ and ∆ be shellable complexes of the same dimension and with
the same h-vector. Suppose that ∆ is (l, r)-saturated. Then the Betti numbers of M∆′

(l,r)

andM∆
(l,r) satisfy β∆

′
t ≤ β∆t for all t ∈ Z. Furthermore, ∆′ is (l, r)-saturated if and only if

β∆
′

t = β∆t for each t ∈ Z.

Thus, for a saturated complex all Betti numbers are determined entirely by the h-vector.
For instance, if ∆ is a 5-dimensional complex with h = (h0, h1, . . . , h6) which is saturated
for p = 3 then its Betti numbers are the following:
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(l, r) w
(1,2) 3 β4,2 = h1 + h2; β5,1 = h4 + h5
(1,3) 1 β3,2 = h0; β4,1 = h2 + h3; β6,2 = h5 + h6
(2,3) 2 β3,1 = h0 + h1; β5,2 = h3 + h4; β6,1 = h6

If the same ∆ is saturated for p = 5 then its Betti numbers are the following:

(l, r) w
(1,2) 2 β2,1 = 8h0 + 3h1; β6,4 = h3 + h4 + h5 + h6
(1,3) 3 β3,2 = 13h0 + 8h1 + 3h2; β6,3 = h4 + h5 + h6
(1,4) 4 β4,3 = 8h0 + 8h1 + 5h2 + 2h3; β6,2 = h5 + h6
(1,5) 5 β5,4 = 3h1 + 3h2 + 2h3 + h4; β6,1 = h6
(2,3) 4 β3,1 = 5h0 + 5h1 + 3h2 + h3;
(2,4) 5 β4,2 = 5h1 + 5h2 + 3h3 + h4;
(2,5) 1 β2,2 = 8h0; β5,3 = 3h2 + 3h3 + 2h4 + h5
(3,4) 1 β3,4 = 5h0; β4,1 = 2h2 + 2h3 + h4
(3,5) 2 β3,3 = 13h0 + 5h1; β5,2 = 2h3 + 2h4 + h5
(4,5) 3 β4,4 = 8h0 + 5h1 + 2h2; β5,1 = h4 + h5

A number of examples of saturated complexes have been found in [12] and [13]:
Example 1: Let ∆ be a (n − 1)-dimensional complex with m facets and with h-vector
of the form (1, m − 1, 0, . . . , 0). Every such ∆ is saturated for every p. Moreover, every
sequence M∆

(l,r) is almost p-exact with homology

H∆
(l,r) � Hn

(l,r) ⊕
[
Hn−1
(l−1,r−1)

]m−1

in the middle. In particular, a simplex Σn is trivially saturated.
Example 2: The (n − 1)-dimensional hyperoctahedron or cross-polytope is obtained by
performing successive suspensions over vertex pairs αi, βi, or alternatively, as the dual of
the (n − 1)-dimensional cube. It is shellable and it follows from results of [13] that it is
saturated for all primes.
Example 3: Finite Coxeter complexes and spherical buildings are saturated for every
prime, see [13].

4. Saturated Complexes and Ranks of Incidence Matrices

Here we give an alternative definition of saturated complexes. Let rk∆p (s, t) be the p-rank
of the incidence matrix of s-faces versus t-faces of a complex ∆. When ∆ is a simplex Σn,
we denote corresponding ranks by rkn

p (s, t). It is well-known [7, 10, 15] that for s + t < n,

(4) rkn
p (s, t) =

∑
k=0

(
n

s− pk

)
−

(
n

t− p− pk

)

A similar relation holds for arbitrary shellable complexes:

Theorem 4.1. Let ∆ be a shellable (n − 1)-dimensional complex and p > 2 be a prime.
Let s < t ≤ n be non-negative integers such that t− s < p. If s + t < n then

(5) rk∆p (s, t) =
n∑

i=0

hirkn−i
p (s − i, t− i)

Moreover, a shellable complex ∆ is saturated if and only if the relation (5) holds also for
s + t ≥ n.
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Proof. First, let ∆ be an arbitrary shellable complex with f -vector (f0, f1, . . . , fn).
In view of the condition 0 < t − s < p we may look at rk∆p (s, t) as the p-rank of the map
∂t−s : M∆

t → M∆
s . According to Theorem 2.2, in the sequence M∆

(s,t) all homologies on
the left from the middle are trivial. Equivalently (see [12, Corollary 5.6]), for s + t < n,

rk∆p (s, t) = fs − ft−p + fs−p − ft−2p + fs−2p − ft−2p + . . . .

The result follows now from the well-known formula

(6) hk =
n∑

i=0

(−1)i+kfi

(
n− i

k − i

)
.

after substituting it into (4).
Now let ∆ be saturated, so that its Betti numbers are defined by (3). For s + t ≥ n we

need to take these into account when evaluating rank:

(7) rk∆p (s, t) =
∑
k=0

(fs−kp − ft−p−kp)− (β∆s−kp,p−t+s − β∆t−p−kp,t−s).

Also

(8) rkn
p (s, t) =

∑
k=0

(
n

s− pk

)
−

(
n

t− p− pk

)
± βn

(s,t) ,

where the sign of Betti number is determined by its position in the sequence Mn
(s,t). Now

put (6) and (8) into right-hand side of (5). After transforming dimensions into positions
we obtain (7). Thus, for saturated ∆ the relation (5) holds also for s + t ≥ n.

Finally, since Betti numbers are completely determined by ranks, (5) implies saturation
of ∆ in view of Proposition 3.2. �

We note that by using the r-step modular homology [1] it can be shown that the condition
t− s < p in Theorem 4.1 is redundant.

5. Combinatorial Characterization of Saturated Complexes

Two previous definitions of saturated complexes were algebraic. Now we shall state a
combinatorial description of saturated complexes. We show that certain conditions on the
links of the complex imply saturation.

Let Γ be an (n− 1)-dimensional complex and let ∆ = Γ
k∪ Σn be obtained by gluing Σn

onto Γ along some k facets of Σn.

Definition 5.1. We say that ∆ := Γ
k∪ Σn is (l, r)-saturated over Γ, if ∆ has the same

homologies as Γ in all positions but u := dn+k
(l,r) , where H∆

u � HΓ
u ⊕Hn−k

(l−k,r−k). We say that
∆ is saturated over Γ, if ∆ is (l, r)-saturated over Γ for all (l, r).

Proposition 5.2. Let Γ be (l, r)-saturated. Then ∆ = Γ
k∪ Σn is (l, r)-saturated iff ∆ is

(l, r)-saturated over Γ.

In particular, a shellable complex ∆ is (l, r)-saturated if and only if ∆ has a shelling
∆1, ∆2,. . . ,∆m = ∆ in which ∆i is (l, r)-saturated over ∆i−1 for every 2 < i ≤ m.

Let σ denote the vertex set of Σn and let ∆ = Γ
k∪ Σn. Then the restriction res(σ) is the

set of all vertices β ∈ σ such that σ \ {β} is contained in Γ, see Björner [5]. So res(σ) is a
(k − 1)-face of Σn and one may regard it as the ‘outer face’ under gluing. Its complement
t(σ) := σ \ res(σ) is the ‘inner face’ under gluing. If x is a face of ∆ then the subcomplex
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star∆(x) is generated by all facets that contain x and link∆(x) is the subcomplex of all
faces of star∆(x) that do not contain x. So the dimension of link∆(x) is n− |x| − 1.

The next result gives combinatorial characterization of saturated complexes. Note that
its sufficiency has been proved in [13].

Theorem 5.3. Let Γ be a complex and let ∆ = Γ
k∪ Σn. Then ∆ is saturated over Γ if

and only if res(σ) is a 1-cycle of ∆ relative to linkΓ(t(σ)).

Note that when saying that res(σ) is a 1-cycle of ∆ relative to linkΓ(t(σ)) we mean, as
usual, that there is some f ∈MΓ

k ⊂M∆ such that supp(f) ∩ t(σ) = ∅, f ∪ t(σ) ∈MΓ and
∂(res(σ) + f) = 0.

There is a simple geometrical condition which implies saturation.

Definition 5.4. Let ∆ be a pure (n−1)-dimensional complex with facets σ1, . . . , σm. Then
∆ is null over F with respect to ∂, or just null for short, if there are non-zero c1, . . . , cm ∈ F
such that ∂(c1σ1 + . . . + cmσm) = 0.

We say that a complex is 2-colourable if its facets can be 2-coloured in such a way that
facets with a common co-dimension 1 face have different colours. Further, in a pseudoman-
ifold without boundary, see Definition 3.15 in [14], each co-dimension 1 face is contained
in exactly 2 facets. Therefore a 2-colourable pseudomanifold without boundary is null:
Choose all ci = ±1, suitably according to the 2-colouring. In particular, even cyclic graphs
are null over every field, and odd cyclic graphs are null only over fields of characteristic 2.

Corollary 5.5. Let Γ be a complex and let ∆ = Γ
k∪ [σ] for some k ≥ 1. Suppose that

link∆(t(σ)) is null. (In particular, suppose that link∆(t(σ)) is a 2-colourable triangulation
of a sphere, or a 2-colourable pseudomanifold without boundary.) Then ∆ is saturated over
Γ.

The next result follows from Theorem 5.3:

Theorem 5.6. Let ∆ be a pure (n−1)-dimensional completely balanced complex. For every
R ⊆ {0, . . . , n − 1} let ∆R be the type-selected subcomplex. If ∆ is saturated then ∆R is
also saturated.

In particular, let P be a poset of a finite rank with saturated order complex ∆(P ). Then
all rank-selected subcomplexes ∆(P )R are saturated.
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A DETERMINANTAL FORMULA FOR SUPERSYMMETRIC SCHUR
POLYNOMIALS

E.M. MOENS AND J. VAN DER JEUGT

Abstract. We derive a new formula for the supersymmetric Schur polynomial sλ(x/y).
The origin of this formula goes back to representation theory of the Lie superalgebra
gl(m/n). In particular, we show how a character formula due to Kac and Wakimoto can
be applied to covariant representations, leading to a new expression for sλ(x/y). This new
expression gives rise to a determinantal formula for sλ(x/y). In particular, the denom-
inator identity for gl(m/n) corresponds to a determinantal identity combining Cauchy’s
double alternant with Vandermonde’s determinant. We also provide an independent proof
of the new determinantal formula.

RésuméNous dérivons une nouvelle formule pour les polynômes de Schur supersymétriques
sλ(x/y). Cette formule remonte à la théorie de représentation de la superalgèbre de Lie
gl(m/n). En fait, nous démontrons de quelle façon l’application de la formule de caractère
de Kac et Wakimoto aux représentations covariantes mène à une nouvelle expression de
sλ(x/y). Cette expression peut être reformulée uniquement en termes de déterminants. En
particulier, dans le domaine de l’algèbre gl(m/n) l’identité du dénominateur correspond
à une identité de déterminants dans laquelle une combinaison d’un déterminant double
alterné de Cauchy et d’un déterminant de Vandermonde peut être retrouvée. Une preuve
directe de l’expression en déterminants de sλ(x/y) est également présentée.

1. Introduction

This paper deals with a new formula for supersymmetric Schur polynomials sλ(x/y),
parametrized by a partition λ, and symmetric in two sets of variables x = (x1, . . . , xm)
and y = (y1, . . . , yn). Supersymmetric Schur polynomials, or S-functions, were studied
in detail in the work of Berele and Regev [3], who also showed that these polynomials
are closely related to characters of certain representations of the Lie superalgebra gl(m/n)
or sl(m/n). More precisely, the characters of irreducible covariant tensor representations
of gl(m/n) are supersymmetric S-functions (just as the characters of irreducible covariant
tensor representations of gl(m) are ordinary Schur functions). It is in the context of gl(m/n)
representations that our new formula for supersymmetric S-functions was discovered, as a
consequence of a certain character formula of Kac and Wakimoto [6]. In their general study
of characters for classical Lie superalgebras and affine superalgebras, Kac and Wakimoto [6]
developed the idea of so-called tame representations. These tame representations allow for
the construction of an explicit character formula. Unfortunately, it is not easy to give a
simple characterization of which representations are tame. In this paper, we show that
the covariant tensor representations of gl(m/n) are indeed tame. As a consequence we
can apply the character formula of Kac and Wakimoto, and obtain a new expression for
supersymmetric S-functions. This new expression is not particularly elegant, but after
certain manipulations we show that it is equivalent to a nice determinantal formula. Once

Key words and phrases. supersymmetric Schur polynomials, Lie superalgebra gl(m/n), characters,
covariant tensor representations, determinantal identities.
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this determinantal formula for sλ(x/y) was found, we realized that its validity could also
be proved independently. Indeed, in [10, §I.3, exercise 23] or [13] it is shown that the
supersymmetric S-functions are characterized by four properties. Using our determinantal
expression, it is possible to show that these four properties are indeed satisfied. Secondly,
one can also prove the determinantal formula using a double Laplace expansion and a
special case of the so-called Sergeev-Pragacz formula (we are due to the referee for pointing
this out).

The structure of this paper is as follows. In the first section, we fix the notation and
recall some known formulas for ordinary and supersymmetric Schur functions. The simplest
form of our new determinantal formula for sλ(x/y) is already given in (1.17). Furthermore,
we point out that the case λ = 0 gives rise to an interesting determinantal identity, which
can be called “the denominator identity for gl(m/n)”. Section 2 is devoted to showing that
covariant tensor representations of the Lie superalgebra gl(m/n) are tame, and to applying
the Kac-Wakimoto character formula. This section uses a lot of representation theory, and
closes with a formula for the character, i.e. a formula for sλ(x/y). This formula is not in an
optimal form, and in Section 3 we use a number of intricate but elementary manipulations to
derive from this form our main result, Theorem 3.2, giving the determinantal expression for
sλ(x/y). Finally, we provide a straightforward proof, without using representation theory,
based on the formula of Sergeev-Pragacz and Laplace’s theorem. So in fact we provide two
proofs : one in the context of representation theory of gl(m/n), and one by means of the
formula of Sergeev-Pragacz. A reader who is not so familiar with representation theory
can easily skip Section 2 (apart from Definition 2.1). In fact, we could have presented our
main result without any reference to representation theory. However, we did not want to
hide the natural background of this new formula, and therefore we have chosen to present
also its representation theoretic origin. This is also clear from the determinantal formula
itself : in this expression, the so-called (m,n)-index k of λ is crucial; this definition of k
has a natural interpretation in representation theory of gl(m/n).

Let λ = (λ1, . . . , λp, 0, 0, . . .) be a partition of the non-negative integer N , with λ1 ≥
. . . ≥ λp > 0 and

∑
i λi = |λ| = N . The number p = �(λ) is the length of λ. The Young

diagram F λ of shape λ is the set of left-adjusted rows of squares with λi squares (or boxes)
in the ith row (reading from top to bottom). For example, the Young diagram of (5, 2, 1, 1)
is given by :

(1.1) F λ =

As usual, λ′ denotes the conjugate to λ; e.g. if λ = (5, 2, 1, 1) then λ′ = (4, 2, 1, 1, 1). Denote
by S(x) the ring of symmetric functions in m independent variables x1, . . . , xm [10]. The
Schur functions or S-functions sλ form a Z-basis of S(x). There are various ways to define
the S-functions [10]. For a partition λ with �(λ) ≤ m, there is the determinantal formula
(as a quotient of two alternants) :

(1.2) sλ(x) =
det(xλj+m−j

i )1≤i,j≤m

det(xm−j
i )1≤i,j≤m

.

The numerator can be rewritten as

(1.3) det(xλj+m−j
i )1≤i,j≤m = det(xλ+δm) =

∑
w∈Sm

ε(w)w(xλ+δm),
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where Sm is the symmetric group acting on x = (x1, . . . , xm), ε(w) the signature of w, and

(1.4) δm = (m− 1,m− 2, . . . , 1, 0).
Thus (1.2) is essentially equivalent to Weyl’s character formula for the Lie algebra gl(m),
where an irreducible representation of gl(m) is characterized by a partition λ and its charac-
ter is given by sλ(x). The denominator on the right hand side of (1.2) is the Vandermonde
determinant, equal to the product

∏
1≤i<j≤m(xi − xj); this is Weyl’s denominator formula

for gl(m).

When λ = (r), sλ(x) is the complete symmetric function hr(x), and when λ = (1r), sλ(x)
is the elementary symmetric function er(x). The Jacobi-Trudi formula and the Nägelsbach-
Kostka formula give sλ in terms of these [10] :

(1.5) sλ(x) = det
(
hλi−i+j(x)

)
1≤i,j≤(λ)

= det
(
eλ′

i−i+j(x)
)
1≤i,j≤(λ′)

.

Other determinantal formulas for sλ are Giambelli’s formula [10] and the ribbon formula [9].
Finally, recall there is a combinatorial formula for sλ(x) as a sum of monomials summed
over all column-strict Young tableaux of shape λ [10].

All these formulas, except (1.2), have their extensions to skew Schur functions sλ/µ(x),
where λ and µ are two partitions with λi ≥ µi for all i.
Let us now recall some notions of supersymmetric S-functions [3, 7, 17]. The ring of

doubly symmetric polynomials in x = (x1, . . . , xm) and y = (y1, . . . , yn) is S(x, y) = S(x)⊗Z

S(y). An element p ∈ S(x, y) has the cancellation property if it satisfies the following : when
the substitution x1 = t, y1 = −t is made in p, the resulting polynomial is independent of t.
We denote S(x/y) the subring of S(x, y) consisting of all elements satisfying the cancellation
property. The elements of S(x/y) are the supersymmetric polynomials [17].
The complete supersymmetric functions hr(x/y) belong to S(x/y), and are defined by

(1.6) hr(x/y) =
r∑

k=0

hr−k(x)ek(y).

The following gives a first formula for the supersymmetric S-functions :

(1.7) sλ(x/y) = det
(
hλi−i+j(x/y)

)
1≤i,j≤(λ)

.

The polynomials sλ(x/y) are identically zero when λm+1 > n. Denote by Hm,n the set of
partitions with λm+1 ≤ n, i.e. the partitions (with their Young diagram) inside the (m,n)-
hook. Stembridge [17] showed that the set of sλ(x/y) with λ ∈ Hm,n form a Z-basis of
S(x/y).
There exist a number of other formulas for the supersymmetric S-functions. One is a

combinatorial formula in terms of supertableaux of shape λ, see [3]. From the combinatorial
formula, one finds expansions of sλ(x/y) in terms of ordinary S-functions :

(1.8) sλ(x/y) =
∑
µ

sµ(x)s(λ/µ)′ (y) =
∑
µ,ν

cλµ,νsµ(x)sν′(y),

where cλµ,ν are the Littlewood-Richardson coefficients [10].

Just as the functions sλ(x) are characters of simple modules of the Lie algebra gl(m),
the supersymmetric S-functions are characters of (a class of) simple modules of the Lie
superalgebra gl(m/n) [3]. In this context, a different formula for sλ(x/y) was found by
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Sergeev (see [12]) and in [19]; the first proof of this formula was given by Pragacz [12].
To describe the so-called Sergeev-Pragacz formula, let λ be a partition with λm+1 ≤ n.
Consider the Young diagram F λ, let F κ be the part of F λ that falls within the m ×
n rectangle, and let F τ , resp. F η, be the remaining part to the right, resp. underneath
this rectangle; i.e. λ = (κ + τ) ∪ η. This is illustrated, for m = 5, n = 8 and λ =
(11, 9, 5, 3, 2, 2, 2, 1), as follows :

(1.9) F λ = hence
κ = (8, 8, 5, 3, 2)
τ = (3, 1)
η = (2, 2, 1)

Then, the Sergeev-Pragacz formula for sλ(x/y) is given by

(1.10) sλ(x/y) = D−1
0

∑
w∈Sm×Sn

ε(w)w
(
xτ+δmyη

′+δn
∏

(i,j)∈Fκ

(xi + yj)
)
,

where (i, j) ∈ F κ if and only if the box with row-index i (read from left to right) and
column-index j (read from top to bottom) belongs to F κ, and

(1.11) D0 =
∏

1≤i<j≤m

(xi − xj)
∏

1≤i<j≤n

(yi − yj).

This formula is useful for the computation of sλ(x/y), and even for the computation of
Littlewood-Richardson coefficients [2, 18]. Note that for the special case that λm ≥ n,
(1.10) becomes :

(1.12) sλ(x/y) = sτ (x)sη′(y)
m∏
i=1

n∏
j=1

(xi + yj).

This is the case of factorization. Furthermore, from (1.10) one easily deduces duality :

(1.13) sλ(x/y) = sλ′(y/x).

Observe, on the other hand, that D0 is just Weyl’s denominator for gl(m) ⊕ gl(n). So
when λ = 0, (1.10) does not yield a new denominator identity related to gl(m/n); it only
gives the denominator identity for gl(m) and gl(n).

In this paper, we shall give a new formula for sλ(x/y). In its simplest form, this yields
a new determinantal formula for supersymmetric S-functions. Furthermore, this formula
yields a genuine denominator identity related to gl(m/n). Let us briefly describe one of the
forms of the new formula. First, we introduce some new notations. Let

(1.14) D(x) =
∏

1≤i<j≤m

(xi − xj) and R(x, y) =
m∏
i=1

n∏
j=1

(xi − yj)

and define D by

(1.15) D =

∏
1≤i<j≤m(xi − xj)

∏
1≤i<j≤n(yi − yj)∏m

i=1

∏n
j=1(xi + yj)

=
D(x)D(y)
R(x,−y) .

Let λ be a partition with λm+1 ≤ n, i.e. λ ∈ Hm,n, and put

(1.16) k = min{j|λj +m+ 1− j ≤ n};
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since λm+1 ≤ n, we have that 1 ≤ k ≤ m+ 1. Then the new formula reads

(1.17) sλ(x/y) = (−1)mn−m+k−1D−1 det
(
R Xλ

Yλ 0

)
,

where the (rectangular) blocks of the determinant are given by

R =
(

1
xi + yj

)
1≤i≤m, 1≤j≤n

,

Xλ =
(
x
λj+m−n−j
i

)
1≤i≤m, 1≤j≤k−1

, Yλ =
(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1, 1≤j≤n

.

When λ = 0 it follows from (1.7) or (1.10) that sλ(x/y) = 1. The new formula (1.17)
gives rise to a denominator identity for gl(m/n). Suppose m ≤ n (m ≥ n is similar); when
λ = 0, it follows from (1.16) that k = 1. So the Xλ-block and 0-block disappear in (1.17).
Changing the order of the R-block and Yλ-block, implies

(1.18) det




yn−m−1
1 · · · yn−m−1

n
...

...
y01 · · · y0n
1

x1+y1
· · · 1

x1+yn

...
...

1
xm+y1

· · · 1
xm+yn



=

∏
1≤i<j≤m(xi − xj)

∏
1≤i<j≤n(yi − yj)∏m

i=1

∏n
j=1(xi + yj)

.

Clearly, when m = n, this is simply Cauchy’s double alternant; when m = 0, it is just
Vandermonde’s determinant. When 0 < m < n, it is a combination of the two. These
type of determinants have already been encountered in a different context [1] (we found
this reference in [8]); here they are for the first time related to a denominator identity.

2. Covariant modules for the Lie superalgebra gl(m/n)

For general theory on classical Lie superalgebras and their representations, we refer
to [4, 5, 14]; for representations of the Lie superalgebra gl(m/n), see [19, 20, 21].

Let g = gl(m/n), h ⊂ g its Cartan subalgebra, and g = g−1 ⊕ g0 ⊕ g+1 the consistent
Z-grading. Note that g0 = gl(m) ⊕ gl(n), and put g+ = g0 ⊕ g+1 and g− = g0 ⊕ g−1.
The dual space h∗ has a natural basis {ε1, . . . , εm, δ1, . . . , δn}, and the roots of g can be
expressed in terms of this basis. Let ∆ be the set of all roots, ∆0 the set of even roots, and
∆1 the set of odd roots. One can choose a set of simple roots (or, equivalently, a triangular
decomposition), but note that contrary to the case of simple Lie algebras not all such
choices are equivalent. The so-called distinguished choice [4] for a triangular decomposition
g = n− ⊕ h ⊕ n+ is such that g+1 ⊂ n+ and g−1 ⊂ n−. Then h ⊕ n+ is the corresponding
distinguished Borel subalgebra, and ∆+ the set of positive roots. For this choice we have
explicitly :

∆0,+ = {εi − εj |1 ≤ i < j ≤ m} ∪ {δi − δj |1 ≤ i < j ≤ n},
∆1,+ = {βij = εi − δj|1 ≤ i ≤ m, 1 ≤ j ≤ n},(2.1)

and the corresponding set of simple roots (the distinguished set) is given by

(2.2) Π = {ε1 − ε2, . . . , εm−1 − εm, εm − δ1, δ1 − δ2, . . . , δn−1 − δn}.
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Thus in the distinguished basis there is only one simple root which is odd. As usual, we
put

(2.3) ρ0 =
1
2
( ∑
α∈∆0,+

α
)
, ρ1 =

1
2
( ∑
α∈∆1,+

α
)
, ρ = ρ0 − ρ1.

There is a symmetric form ( , ) on h∗ induced by the invariant symmetric form on g, and
in the natural basis it takes the form (εi, εj) = δij , (εi, δj) = 0 and (δi, δj) = −δij . The odd
roots are isotropic : (α,α) = 0 if α ∈ ∆1.

TheWeyl group of g is the Weyl groupW of g0, hence it is the direct product of symmetric
groups Sm × Sn. For w ∈W , we denote by ε(w) its signature.

Let Λ ∈ h∗; the atypicality of Λ, denoted by atyp(Λ), is the maximal number of linearly
independent roots βi such that (βi, βj) = 0 and (Λ, βi) = 0 for all i and j [6]. Such a set
{βi} is called a Λ-maximal isotropic subset of ∆.
Given a set of positive roots ∆+ of ∆, and a simple odd root α, one may construct a

new set of positive roots [11, 6] by

(2.4) ∆′
+ = (∆+ ∪ {−α}) \ {α}.

The set ∆′
+ is called a simple reflection of ∆+. Since we use only simple reflections with

respect to simple odd roots, ∆0,+ remains invariant, but ∆1,+ will change and the new ρ is
given by :

(2.5) ρ′ = ρ+ α.

Let V be a finite-dimensional irreducible g-module. Such modules are h-diagonalizable
with weight decomposition V = ⊕µV (µ), and the character is defined to be chV =∑

µ dimV (µ) e
µ, where eµ (µ ∈ h∗) is the formal exponential. Consider such a module

V . If we fix a set of positive roots ∆+, we may talk about the highest weight Λ of V and
about the corresponding ρ. If ∆′

+ is obtained from ∆+ by a simple α-reflection, where α is
odd, and Λ′ denotes the highest weight of V with respect to ∆′

+, then [6]

(2.6) Λ′ = Λ− α if (Λ, α) �= 0; Λ′ = Λ if (Λ, α) = 0.

From this, one deduces that for the g-module V , atyp(Λ + ρ) is independent of the choice
of ∆+; then atyp(Λ + ρ) is referred to as the atypicality of V (if atyp(Λ + ρ) = 0, V is
typical, otherwise it is atypical). If one can choose a (Λ + ρ)-maximal isotropic subset SΛ
in ∆+ such that SΛ ⊂ Π ⊂ ∆+ (Π is the set of simple roots with respect to ∆+), then the
g-module V is called tame, and a character formula is known due to Kac and Wakimoto [6].
It reads :

(2.7) ch V = j−1
Λ e−ρR−1

∑
w∈W

ε(w)w
(
eΛ+ρ

∏
β∈SΛ

(1 + e−β)−1
)
,

where

(2.8) R =
∏

α∈∆0,+

(1− e−α)
/ ∏

α∈∆1,+

(1 + e−α)

and jΛ is a normalization coefficient to make sure that the coefficient of eΛ on the rhs
of (2.7) is 1.

The rest of this section is now devoted to a particular class of finite-dimensional irre-
ducible g-modules, the covariant modules, and to showing that these modules are tame.
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Berele and Regev [3], and Sergeev [15], showed that the tensor product of N copies of the
natural (m + n)-dimensional representation of g = gl(m/n) is completely reducible, and
that the irreducible components Vλ can be labeled by a partition λ of N such that λ is
inside the (m,n)-hook, i.e. such that λm+1 ≤ n. These representations Vλ are known as
covariant modules. Let us first consider Vλ in the distinguished basis fixed by (2.2). Then,
the highest weight Λλ of Vλ in the standard ε-δ-basis is given by [19]

(2.9) Λλ = λ1ε1 + · · · + λmεm + ν ′1δ1 + · · ·+ ν ′nδn,
where ν ′j = max{0, λ′j − m} for 1 ≤ j ≤ n. Let us consider the atypicality of Vλ, in the
distinguished basis. For this purpose, it is sufficient to compute the numbers (Λλ + ρ, βij),
with βij = εi − δj, for 1 ≤ i ≤ m and 1 ≤ j ≤ n, and count the number of zeros.
It is convenient to put the numbers (Λλ + ρ, βij) in a (m × n)-matrix (the atypicality
matrix [19, 20]), and give the matrix entries in the (m,n)-rectangle together with the
Young frame of λ. This is illustrated here for example (1.9) :

(2.10)

16
5

257
012345810

6

0
–5–4–3–2–1035
–3–2–11

789101315
891011121318

So for this example, atyp(Λλ+ ρ) = 3, since the atypicality matrix contains three zeros. In
the following, we shall sometimes refer to (i, j) as the position of βij ; the position is also
identified by a box in the (m,n)-rectangle.

The maximal isotropic subset SΛλ
consist now of those odd roots βij with (Λλ+ρ, βij) =

0, i.e. it corresponds to the zeros in the atypicality matrix. From the combinatorics of
atypicality matrices [20], it follows that

SΛλ
= {βi,λi+m+1−i|1 ≤ i ≤ m, 1 ≤ λi +m+ 1− i ≤ n}.

That is to say, one finds the zeros in the atypicality matrix as follows : on row m in column
λm + 1; on row m − 1 in column λm−1 + 2; etc. (as long as these column indices are not
exceeding n); see also in (2.10).

Clearly, SΛλ
is in general not a subset of the set of simple roots Π (since Π contains only

one odd root, εm − δ1). So formula (2.7) cannot be applied. The purpose is to show that
there exists a sequence of simple odd α-reflections such that for the new ∆′

+, where the
module Vλ has highest weight Λ′, there exists a (Λ′+ ρ′)-maximal isotropic subset SΛ′ with
SΛ′ ⊂ Π′ ⊂ ∆′

+.

Definition 2.1. For λ ∈ Hm,n, the (m,n)-index of λ is the number

(2.11) k = min{i|λi +m+ 1− i ≤ n}, (1 ≤ k ≤ m+ 1).

In what follows, k will always denote this number; it will be a crucial entity for our
developments. If k = m+1, then SΛλ

= ∅ and Vλ is typical and trivially tame. Thus in the
following, we shall assume that k ≤ m. To begin with, ∆+ corresponds to the distinguished
choice, and Π is the distinguished set of simple roots (2.2). The highest weight of Vλ is
given by Λλ. Denote Λ(1) = Λλ, ρ(1) = ρ and Π(1) = Π. Now we perform a sequence of
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simple odd α(i)-reflections; each of these reflections preserve ∆0,+ but may change Λ(i)+ρ(i)

and Π(i). Denote the sequence of reflections by :

(2.12) Λ(1) + ρ(1), Π(1) α(1)−→ Λ(2) + ρ(2), Π(2) α(2)−→ · · · α(f)−→ Λ′ + ρ′, Π′

where, at each stage, α(i) is an odd root from Π(i). For given λ, consider the following
sequence of odd roots (with positions on row m, row m− 1, . . ., row k) :

(2.13)

row m : βm,1, βm,2, . . . , βm,λk−k+m

row m− 1 : βm−1,1, βm−1,2, . . . , βm−1,λk−k+m−1
...

...
row k : βk,1, βk,2, . . . , βk,λk

in this particular order (i.e. starting with βm,1 and ending with βk,λk
). Then we have :

Lemma 2.2. The sequence (2.13) is a proper sequence of simple odd reflections for Λλ,
i.e. α(i) is a simple odd root from Π(i). At the end of the sequence, one finds :

Π′ = {ε1 − ε2, ε2 − ε3, . . . , εk−2 − εk−1, εk−1 − δ1, δ1 − δ2, δ2 − δ3, . . . , δλk−1 − δλk
,

δλk
− εk, εk − δλk+1, δλk+1 − εk+1, εk+1 − δλk+2, . . . , δλk+m−k − εm, εm − δλk+m+1−k,

δλk+m+1−k − δλk+m+2−k, . . . , δn−1 − δn}.(2.14)

Furthermore,

(2.15) Λ′ + ρ′ = Λλ + ρ+
m∑

i=k+1

λk−k+i∑
j=λi+1

βi,j .

Proof. Let us consider, in the first stage, the reflections with respect to the roots in row m.
Clearly, α(1) = βm,1 = εm − δ1 is an odd root from Π(1) = Π. Performing the reflection
with respect to βm,1 implies that Π(2) contains εm−1 − δ1, δ1 − εm, εm − δ2 as simple odd
roots. Thus Π(2) contains α(2) = βm,2. A reflection with respect to βm−2 implies that Π(3)

contains εm−1−δ1, δ2− εm, εm−δ3 as simple odd roots. So this process continues, and after
λk − k +m such reflections (i.e. at the end of row m), we have

Π(λk−k+m+1) = {ε1 − ε2, . . . , εm−2 − εm−1, εm−1 − δ1, δ1 − δ2, . . . , δλk−k+m−1 − δλk−k+m,

δλk−k+m − εm, εm − δλk−k+m+1, δλk+m+1−k − δλk+m+2−k, . . . , δn−1 − δn}.(2.16)

Observe that this process can continue since λk−k+m < n by definition of the (m,n)-index
k of λ. So after the first stage (i.e. after the reflections with respect to odd roots of row m)
there are three odd roots in Π(λk−k+m+1), and the set is ready to continue the reflections
with respect to the elements of row m−1, since βm−1,1 belongs to Π(λk−k+m+1). From (2.5)
and (2.6) we have that

Λ(i+1) + ρ(i+1) = Λ(i) + ρ(i) if (Λ(i) + ρ(i), α(i)) �= 0,
Λ(i+1) + ρ(i+1) = Λ(i) + ρ(i) + α(i) if (Λ(i) + ρ(i), α(i)) = 0.

Examining this explicitly for the elements of row m yields

(2.17) Λ(λk−k+m+1) + ρ(λk−k+m+1) = Λλ + ρ+
λk−k+m∑
j=λm+1

βm,j .

If k = m the lemma follows. If k < m the process continues; suppose this is the case. But
now we are in a situation where the elements of row m− 1 play completely the same role
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as those of row m in the first stage. This means that at the end of the second stage, the
new set of simple roots is given by

Π(i) = {ε1 − ε2, . . . , εm−3 − εm−2, εm−2 − δ1, δ1 − δ2, . . . , δλk−k+m−2 − δλk−k+m−1,

δλk−k+m−1 − εm−1, εm−1 − δλk−k+m, δλk−k+m − εm, εm − δλk−k+m+1,

δλk+m+1−k − δλk+m+2−k, . . . , δn−1 − δn},(2.18)

and the new Λ(i) + ρ(i) by

(2.19) Λ(i) + ρ(i) = Λλ + ρ+
λk−k+m∑
j=λm+1

βm,j +
λm−1−k+m−1∑
j=λm−1+1

βm−1,j

(the last addition follows by inspecting the atypicality matrix). Continuing with the re-
maining stages (i.e. rows in (2.13)) leads to (2.14) and (2.15). ✷

Corollary 2.3. The covariant module Vλ is tame.

Proof. Having performed the simple odd reflections (2.13), one can compute the atypicality
matrix for Λ′ + ρ′ using (2.15). This gives :

(2.20) (Λ′ + ρ′, βij) = 0 for all (i, j) with k ≤ i ≤ m,λk + 1 ≤ j ≤ λk +m+ 1− k.
Therefore the set

(2.21) S′
Λ = {εk − δλk+1, εk+1 − δλk+2, . . . , εm − δλk+m+1−k}

is a (Λ′ + ρ′)-maximal isotropic subset. Furthermore, S′
Λ ⊂ Π′, see (2.14). ✷

Let us illustrate some of these notions for example (1.9).

(2.22)

(a) (b)

ixxxxxxx
ixxxxxx

ixxxxxk k

**
i***

i

i***

In (2.22)(a) the positions marked with “i” refer to the (Λ′+ρ′)-maximal isotropic set (2.21).
The first element, with row index k, is simply the position of the box just to the right of
the Young diagram F λ in row k. For the remaining positions one continues in the direction
of the diagonal until one reaches row m. For convenience, let us refer to these positions
as “the isotropic diagonal.” The positions of the odd roots that have been used for the
sequence of reflections to go from Λλ and Π to Λ′ and Π′ are marked by “x” in (2.22)(a).
So, they are simply all positions to the left of the isotropic diagonal. Finally, (2.22)(b)
shows the positions of those βij that appear on the rhs of (2.15); they are marked by “*”.
These are all positions to the left of the isotropic diagonal that are not inside F λ. One can
see from these examples that the (m,n)-index k determines all other necessary ingredients.

We are now in a position to evaluate the character formula (2.7),

(2.23) ch Vλ = j−1
Λ′ e

−ρ′R′−1
∑
w∈W

ε(w)w
(
eΛ

′+ρ′
∏

β∈SΛ′

(1 + e−β)−1
)
,

where R′ is given by (2.8) with ∆1,+ replaced by ∆′
1,+ (∆0,+ remains unchanged). The

mn elements of ∆′
1,+ are ±βij , where one must take the minus-sign if βij appears in the
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list (2.13) (i.e. if its position is marked by “x” in (2.22)(a)) and the plus-sign otherwise.
However, all this information is not necessary here, since by definition of ρ and R

e−ρ′R′−1 = e−ρR−1.

Putting, as usual in this context,

(2.24) xi = eεi , yj = eδj (1 ≤ i ≤ m, 1 ≤ j ≤ n),
one has

e−ρR−1 = D−1
m∏
i=1

x
(m−n−1)/2
i

n∏
j=1

y
(n−m−1)/2
j ,

with D given in (1.15). Using (2.15) and (2.21), one finds

eΛ
′+ρ′

∏
β∈SΛ′

(1 + e−β)−1 =
m∏
i=1

x
(1−m+n)/2
i

n∏
j=1

y
(1+m−n)/2
j

k−1∏
i=1

xλi+m−i−n
i

m∏
i=k

xλk+m+1−k−n
i

×
λk∏
j=1

y
λ′

j+n−j−m

j

λk+m+1−k∏
j=λk+1

yn−λk−m−1+k
j

n∏
j=λk+m+2−k

yn−j
j

/ m∏
i=k

(xi + yλk+i+1−k).(2.25)

In order to rewrite this in a more appropriate form, let us introduce some further notation
related to the partition λ ∈ Hm,n. Clearly, the (m,n)-index k defined in (2.11) plays again
an essential role. Related to this, let us also put

(2.26) l = λk + 1, r = n−m+ k − l.
Now we have

ch Vλ = j−1
Λ′ D

−1
∑
w∈W

ε(w)w(tλ),

with

(2.27) tλ =
k−1∏
i=1

xλi+m−i−n
i

l−1∏
j=1

y
λ′

j+n−j−m

j

m∏
i=k

yrl+i−k

xri (xi + yl+i−k)

n∏
j=l+m+1−k

yn−j
j .

This form also allows us to deduce jΛ′ = jΛλ
. Indeed, consider in W = Sm × Sn the

subgroup H of elements w = σx × σy, where σx is a permutation of (xk, xk+1, . . . , xm) and
σy is the same permutation of (yl, yl+1, . . . , yl+m−k). Each element of H leaves tλ invariant.
Furthermore, ε(w) = 1 for w ∈ H. Since H is isomorphic to Sm−k+1,∑

w∈H
ε(w)w(tλ) = (m− k + 1)! tλ.

So, in order to have multiplicity one for the highest weight term, one must take jΛ′ =
(m− k + 1)!.
We can now conlude this section by the following two alternative formulas for the com-

putation of chVλ (i.e. of sλ(x/y)) :

ch Vλ =
D−1

(m− k + 1)!
∑

w∈Sm×Sn

ε(w)w(tλ)(2.28)

= D−1
∑

w∈(Sm×Sn)/Sm−k+1

ε(w)w(tλ),(2.29)

where the second sum is over the cosets of H = Sm−k+1 in Sm × Sn.
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3. A determinantal formula for sλ(x/y)

Let λ ∈ Hm,n; the important quantities related to λ are given by the (m,n)-index k
(see (2.11)) and the related numbers l and r (see (2.26)). Since ch Vλ = sλ(x/y), (2.28)
or (2.29), together with the expression (2.27) for tλ, yield a (new) expression for the super-
symmetric S-function. In this section we shall rewrite (2.28) in a nicer form; in particular
we shall show that it is equivalent to a determinantal form for sλ(x/y). Then we shall end
with an alternative proof.

The first step in this process is the following :

Lemma 3.1. Let tλ be given by (2.27). Then

(3.1)
1

(m− k + 1)!
∑

w∈Sm×Sn

ε(w)w(tλ) = (−1)(k−1)(l−1) det(C),

where C is the following square matrix of order n+ k − 1 :

(3.2) C =


 0 Y

(1)
λ

Xλ R(r)

0 Y (r)




with

Xλ =
(
x
λj+m−n−j
i

)
1≤i≤m, 1≤j≤k−1

, R(r) =
(

yrj
xri (xi + yj)

)
1≤i≤m, 1≤j≤n

(3.3)

Y
(1)
λ =

(
y
λ′

i+n−m−i
j

)
1≤i≤l−1, 1≤j≤n

, Y (r) =
(
yr−i
j

)
1≤i≤r, 1≤j≤n

(3.4)

Proof. The result is obtained by applying Laplace’s theorem [16, Section 1.8] for the
expansion of det(C) with respect to columns 1, 2, . . . , k − 1. ✷

This determinantal formula can be rewritten, leading to our main result :

Theorem 3.2. Let λ ∈ Hm,n and k be the (m,n)-index of λ. Then
(3.5)

sλ(x/y) = (−1)mn−m+k−1D−1 det




(
1

xi+yj

)
1≤i≤m
1≤j≤n

(
x
λj+m−n−j
i

)
1≤i≤m

1≤j≤k−1(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1

1≤j≤n

0


 .

Proof. Consider C as defined in the previous lemma and let Ri denote its row i. Let C ′
denote the modified matrix C where every column Rl−1+i has been multiplied by xri (for
all i with 1 ≤ i ≤ m). The result can be found by applying the following row operations
on the modified matrix C ′ :

R′
l−1+i −→ R′

l−1+i −
r−1∑
s=0

(−1)sxsiR′
l+m+s (1 ≤ i ≤ m)

taking into account that λk−1 − λk ≥ r ≥ 0 and λ′l−1+i = k − 1 for 1 ≤ i ≤ r (k, l and r
defined as in (2.11) and (2.26)). ✷

In Section 1 we have already pointed out that for λ = 0 and m ≤ n, (3.5) gives rise to
the determinantal identity (1.18) combining Cauchy’s double alternant with Vandermonde’s
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determinant. It is easy to verify that for λ = 0 and m > n we have that k = n −m + 1,
and then (3.5) gives rise to an identity equivalent to (1.18).

Finally, let us consider the case with k = m+1 (corresponding to a typical representation
Vλ in terms of the previous section). Then the blocks Xλ and Yλ are square matrices, and
one finds :

sλ(x/y) = D−1 det(xλj+m−n−j
i )1≤i,j≤m det(y

λ′
i+n−m−i

j )1≤i,j≤n

= sτ (x)sη′(y)
m∏
i=1

n∏
j=1

(xi + yj) = sτ (x)sη′(y)R(x,−y),(3.6)

where τ and η are the parts of λ defined in (1.9). This is in agreement with (1.12).

Once the determinantal expression has been established, there are several ways to prove
that the rhs of (3.5) is indeed a supersymmetric S-polynomial. A first proof is based
on the fact that, in [10, §I.3, exercise 23], Macdonald showed that the supersymmetric
S-polynomials satisfy four properties (see also [13]) which also characterize these polyno-
mials. 1 We have shown that the polynomials defined by means of the rhs of (3.5) do
indeed satisfy these four properties (see an earlier version of this paper, available from the
authors).

Another and more direct proof was outlined by a referee and is based on the formula
(1.10) of Sergeev-Pragracz (see [12] and [19]) and Laplace’s theorem [16, Section 1.8].

Let us write x = x′ + x′′ for a decomposition of x = (x1, x2, . . . , xm) into two disjoint
subsets of fixed size, say |x′| = p and |x′′| = q with p + q = m. Recall the definition of
R(x′, x′′) in (1.14).

Lemma 3.3. For m = p + q, let µ = (µ1, . . . , µp), ν = (ν1, . . . , νq) be two partitions and
λ = (µ1, . . . , µp, ν1, . . . , νq). Then

(3.7)
∑

x′+x′′

sµ+(qp)(x′)sν(x′′)
R(x′, x′′)

= sλ(x)

where the sum is over all possible decompositions x = x′ + x′′ with the size of x′ equal to p
and the size of x′′ equal to q.

Proof. We can rewrite the lhs of expression (3.7) using the determinantal formula for
S-functions and the equality D(x) = (−1) p(p+1)

2
+r1+···+rpD(x′)D(x′′)R(x′, x′′) with the ele-

ments of x′ denoted by xr1, . . . , xrp and those of x′′ by xs1, . . . , xsq :

(3.8)
∑

x′+x′′

sµ+(qp)(x′)sν(x′′)
R(x′, x′′)

=
(−1) p(p+1)

2

D(x)

∑
x′+x′′

(−1)r1+···+rp |xµj+q+m−j
ri ||xνj+m−j

si |.

The numerator of this sum is the Laplace expansion of the following determinant with
respect to columns 1, 2, . . . , p :

(3.9)
∣∣ xµ+(qp)+δp xν+δq

∣∣ = ∣∣∣xλ+δm

∣∣∣
with λ = (µ1, . . . , µp, ν1, . . . , νq) and δl given in (1.4). The result follows. ✷

1Our convention for the sλ(x/y) is slightly different from that of Macdonald’s sMac
λ (x/y) : sλ(x/y) =

sMac
λ (x/ − y).
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Lemma 3.4. Letm = p+q and λ = (λ1, λ2, . . .) be a partition. Denote λ(p) = (λ1, . . . , λp)+
(qp) and λ(p)∗ = (λp+1, λp+2, . . .). Then,

(3.10) sλ(x/− y) =
∑

x′+x′′

sλ(p)(x′/− y)s
λ
(p)
∗
(x′′/− y)

R(x′, x′′)

where the sum is over all possible decompositions x = x′ + x′′ with the size of x′ equal to p
and the size of x′′ equal to q.

Proof. One can use, e.g., induction on n, i.e. the number of variables y = (y1, . . . , yn). If
n = 0 then we are reduced to the symmetric case and the result follows from Lemma 3.3.
Otherwise, one separates the variable yn and sums over all partitions µ such that λ− µ is
a vertical strip (v.s.) :

sλ(x/− y(n)) =
∑

µ⊆λ,(v.s.)
sµ(x/− y(n−1))s(r)(−yn)

=
∑

µ⊆λ,(v.s.)

∑
x′+x′′

sµ(p)(x′/− y(n−1))s
µ

(p)
∗
(x′′/− y(n−1))

R(x′, x′′)
(−yn)r

=
∑

x′+x′′

[( ∑
µ(p)⊆λ(p),(v.s.)

sµ(p)(x′/− y(n−1))(−yn)s
)( ∑

µ
(p)
∗ ⊆λ

(p)
∗ ,(v.s.)

s
µ

(p)
∗
(x′′/− y(n−1))(−yn)t

)]

× 1
R(x′, x′′)

−
∑

µ⊆λ,(v.s.)
µp+1=µp+1

∑
x′+x′′

sµ(p)(x′/− y(n−1))s
µ

(p)
∗
(x′′/− y(n−1))

R(x′, x′′)
(−yn)r (with r = s+ t)

The first part in this expression is the result we want. For the second part, one can by
induction use (3.10); then it is easy to see that these contributions are zero. ✷

We can now give a direct proof of the determinantal formula.

Theorem 3.5. Let λ ∈ Hm,n and k be the (m,n)-index of λ. Then

(3.11)
R(x, y)
D(x)D(y)

det
( 1

x−y Xλ

Yλ 0

)
= ±sλ(x/− y),

where the (rectangular) blocks of the determinant are given by

1
x− y =

(
1

xi − yj

)
1≤i≤m, 1≤j≤n

,

Xλ =
(
x
λj+m−n−j
i

)
1≤i≤m, 1≤j≤k−1

, Yλ =
(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1, 1≤j≤n

.

Proof. Suppose |x′| = k−1 ≡ p and |y′| = n−m+k−1 ≡ q. We will indicate the indices of
the elements of x′ by it (t = 1, . . . , p) and those of y′ by jt (t = 1, . . . , q). The determinant
in (3.11) has a double Laplace expansion, with partitions α = (λ1, . . . , λk−1) − (qp) and
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β = (λ′1, . . . , λ′q)− (pq) determined by Xλ and Yλ, so the lhs of (3.11) equals :

R(x, y)
D(x)D(y)

∑
x=x′+x′′

∑
y=y′+y′′

(−1)PD(x′)D(y′)sα(x′)sβ(y′) det
(

1
x′′ − y′′

)

( with P =
p(p+ 1)

2
+
q(q + 1)

2
+

p∑
t=1

it +
q∑

t=1

jt)

=
R(x, y)
D(x)D(y)

∑
x′+x′′

∑
y′+y′′

(−1)PD(x′)D(y′)sα(x′)sβ(y′)D(x′′)D(y′′)/R(x′′, y′′)

=
∑

x′+x′′

∑
y′+y′′

sα(x′)sβ(y′)
R(x, y′)R(x′, y′′)
R(x′, x′′)R(y′, y′′)

=
∑
y′+y′′

( ∑
x′+x′′

sα(x′)R(x′, y′′)
R(x′, x′′)

)
sβ(y′)(−1)mqR(y′, x)

R(y′, y′′)
.

Now we can apply the special case (1.12) of the Sergeev-Pragacz formula twice. Putting
η = α+ ((m− k + 1)p) and χ = β + (mq) = (λ′1, . . . , λ′q) + ((m− k + 1)q), there comes

±
∑
y′+y′′

( ∑
x′+x′′

sη(x′/− y′′))
R(x′, x′′)

)
sχ(y′/− x)
R(y′, y′′)

= ±
∑
y′+y′′

( ∑
x′+x′′

sη(x′/− y′′))
R(x′, x′′)

)
sχ(−y′/x)
R(y′, y′′)

.

Finally, we use Lemma 3.4, and duality (1.13); the last expression becomes :

±
∑
y′+y′′

sα(x/− y′′)sχ(−y′/x) 1
R(y′, y′′)

= ±(−1)|α|
∑
y′+y′′

sα′(−y′′/x)sχ(−y′/x)
R(y′, y′′)

.

As α′ = (λ′q+1, λ
′
q+2, . . .) and χ = (λ

′
1, . . . , λ

′
q)+((m−k+1)q), this is equal to ±sλ′(−y/x) =

±sλ(x/− y), using once more Lemma 3.4 and duality. ✷

Thus, the proof uses essentially a double Laplace expansion, twice the application of the
factorization case of the Sergeev-Pragacz formula, and twice Lemma 3.4. Finally, observe
that the sign in Theorem 3.11 depends on the partition λ, in particular it is equal to

(−1)
∑n−m+k−1

i=1 λ′
i+

m(m−1)
2

+
n(n−1)

2
− k(k−1)

2
−1
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ASYMPTOTICS OF MULTIVARIATE SEQUENCES

ROBIN PEMANTLE AND MARK WILSON

Abstract. We discuss the problem of coefficient extraction from multivariate generating
functions. We concentrate on the authors’ ongoing project
(see http://www.math.auckland.ac.nz/~wilson/Research/mvGF/). Some representative
results are given without proof.

Résumé. Nous discutons du problème de l’extraction de coefficients pour les fonctions
génératrices en plusieurs variables. Nous nous concentrons sur le projet continu des auteurs
(voir http://www.math.auckland.ac.nz/ wilson/Research/mvGF/). Quelques résultats
représentatifs sont donnés sans preuve.

1. Introduction

The generating function F (z) :=
∑∞

r=0 arz
r for the sequence a0, a1, a2, . . . is one of the

most useful constructions in combinatorics. If the function F has a simple description, it is
usually not too hard to obtain F as a formal power series once one understands a recursive
or combinatorial description of the numbers {ar}. One may then analyze the analytic
properties of F in order to obtain asymptotic information about the sequence {ar}. While
still part art and part science, this latter analytic step has become quite systematized.
[Sta97] in his introduction to enumerative combinatorics gives the example of the function
F (z) = exp(z + z2

2 ), from which he says “it is routine (for someone sufficiently versed in
complex variable theory) to obtain the asymptotic formula ar = 2−1/2rr/2e−r/2+

√
r−1/4.”

Routine, in this case, means a single application of the saddle point method. When F
has singularities in the complex plane, the analysis is often more direct: the location of
the singularities and the behavior of F near these determine almost algorithmically the
asymptotic behavior of the sequence {ar}. For those not sufficiently versed in complex
variable theory, two useful sources are [Hen77] and [Odl95]. The transfer theorems of
[FO90] encapsulate much of this knowledge in a very useful way; see also [Wil94] for an
elementary introduction.
When the sequence a0, a1, a2, . . . is replaced by a multidimensional array {ar1,...,rd

}, things
become much more hit and miss. Let us use boldface to denote vectors in C

d or N
d, and

use multi-index notation, so that ar denotes the multi-index ar1,...,rd
and zr denotes the

product zr1
1 · · · zrd

d . The generating function F : C
d → C is defined analogously to the

one-dimensional generating function by

F (z) =
∑
r∈Nd

arzr.

Surprisingly, techniques for extracting asymptotics of {ar} from the analytic properties of
F were, until recently, almost entirely missing. In a survey of asymptotic methods, [Ben74]
says:

Practically nothing is known about asymptotics for recursions in two vari-
ables even when a generating function is available. Techniques for obtaining
asymptotics from bivariate generating functions would be quite useful.
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In the intervening 25 years, some results have appeared, addressing chiefly the case where
the array {ar} obeys a central limit theorem. Common to all of these is the following
method. Treat {ar} as a sequence of (d − 1)-dimensional arrays indexed by rd; show
that the nth (d − 1)-dimensional generating function is roughly the nth power of a given
function; use this approximation to invert the characteristic function and obtain a Central
Limit Theorem. We refer to these methods as GF-sequence methods. The other body
of work on multivariate sequences, which we will call the diagonal method, is based on
algebraic extraction of the diagonal, as found in [HK71] (see also [Fur67] and later [Lip88]
for an algebraic description of the scope of this method; variants are described in [Sta99]
and [Pip]).
The most fundamental GF-sequence result is probably [BR83], with extensions appear-

ing in later work of the same authors. [FS] presents a version of the same idea which holds
in much greater generality. [GR92] go beyond the central limit case, using the transfer
theorems of [FO90] to handle functions that are products of powers with powers of logs.
Recent work of Bender and Richmond [BR96, BR99] extends the applicability of the cen-
tral limit results to many problems of combinatorial interest; see also [Hwa95, Hwa98b],
where more precise asymptotics are given, and [Hwa98a], which extends some results to the
combinatorial schemes of [FS93]. This does not exhaust the recent work on the problem of
multivariable coefficient extraction, but does circumscribe it. It is interesting to note that
Odlyzko’s survey article [Odl95] devoted only 4% of its space to multivariate problems.
The present authors’ recent research on multivariate coefficient extraction has concen-

trated on functions belonging to a certain class that includes rational functions, although
the basic ideas surely extend to a larger class. Desirable features in any theory we de-
velop include: generality of application, complete expansions and not just leading terms,
expansions that are as uniform as possible in the direction r/|r|, and formulae for expan-
sions that lead to effective computation. An ultimate goal is to systematize the extraction
of multivariate asymptotics sufficiently that it may be automated in a computer algebra
system.
Our methods are analytic, based on complex contour integration, and are outlined below.
For the remainder of this paper, we will assume that the formal power series F converges

in a neighborhood of the origin and may be analytically continued everywhere except a set
V of complex dimension d− 1 which we call the singular variety.
A crude preliminary step in approximating ar is to determine its exponential rate; in

other words, to estimate log |ar| up to a factor of 1+o(1). Let D denote the (open) domain
of convergence of F and let logD denote the logarithmic domain in R

d+1, that is, the set
of x ∈ R

d+1 such that ex ∈ D. If z ∈ D then Cauchy’s integral formula

(1) ar =
(
1
2πi

)d+1 ∫
T (z)

F (w)
wr+1

dw

shows that ar = O(|z|−r). Letting z → ∂D gives

log |ar| ≤ −r · log |z|+ o(|r|),
and optimizing in z gives log |ar| ≤ γ(r) + o(|r|) where

(2) γ(r) := − sup
x∈logD

r · x .

The cases in which the most is known about ar are those in which this upper bound is
correct, that is, log |ar| = γ(r)+ o(|r|). To explain this, note first that the supremum in (2)
is equal to r ·x for some x ∈ ∂logD. The torus centred at the origin and containing x must
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contain some minimal singularity z ∈ V ∩∂D. Asking that log |ar| ∼ −r ·z is then precisely
the same as requiring the Cauchy integral (1) — or the residue integral mentioned above
— to be of roughly the same order as its integrand. This is the situation in which it easiest
to estimate the integral.
Our approach may now be summarized as follows. Associated to each minimal singularity

z is a cone κ(z) ⊆ (R+)d+1. Given r, we find one or more z = z(r) ∈ V ∩ ∂D where the
upper bound is least. We then attempt to compute a residue integral there. This works
only if r ∈ κ(z) and if the residue computation is of a type we can handle.
So far we have performed this residue computation in an explicit way by representing

ar (up to an exponentially smaller term) as a (d − 1)-dimensional integral of one-variable
residues. We have not used the more symmetric Leray residue theory largely because it has
not been clear to us how to obtain sufficiently explicit results. Although we have broken the
symmetry between coordinates, many of our formulae can be re-symmetrized with moderate
effort.
The key analytic tool in extracting asymptotics has been the theory of oscillatory in-

tegrals. We reduce the residue computation to the computation of integrals of the form∫
D exp(−λf(z))ψ(z) dz where f, ψ are smooth complex and complex-valued with Re f ≥ 0,
and D is a compact product of simplices and intervals. Several challenges arise because the
existing literature apparently does not contain the exact results needed; in particular the
boundary terms arising in these integrals cannot always be neglected.
To amplify on this, define a point z ∈ V to be minimal if z ∈ ∂D and each zj is nonzero.

Note that z is minimal ifD(z)∩V ⊆ T (z, where T (z) andD(z) are respectively the torus and
disk centred at 0 and containing z. A minimal point is strictly minimal if D(z) ∩ V = {z}.
When a minimal point is not strictly minimal, one must add (or integrate) contributions
from all points of V ∩ T (z); this step is fairly routine.
There are only three possible types of minimal singularities [PW1, Lemma 6.1]), namely

smooth points (where V is locally a graph of an analytic function); multiple points (where
V is locally a union of graphs of analytic functions), and cone points (all others). It is
conjectured that for all three types of points, and any r ∈ κ(z), we indeed have

log |ar| = γ(r) + o(|r|) = −r · log |z|+ o(|r|) .
This is proved for smooth points in [PW1] via residue integration, and the complete asymp-
totic series obtained. It is proved in [PW2] for multiple points under various assumptions;
the fact that these do not cover all cases seems due more to taxonomical problems rather
than the inapplicability of the method. The problem remains open for cone points, along
with the problem of computing asymptotics.
The chief purpose of our work is to give a solution to the problem of asymptotic evaluation

of coefficients that is as general as possible. An important part of this is re-derivation in
a general setting of results obtainable via GF-sequence or ad hoc methods. Our results
allow us to show that our method successfully finds asymptotics for every function in a
certain large class. Familiar examples from this class include: lattice path counting, various
known generating functions for polyominos and stacked balls, enumeration of Catalan trees
by number of components or surjections by image cardinality (see [FS]), stopping times
for certain random walks (see [LL99]), as well as the examples given in the GF-sequence
papers of [Ben73] and [BR83]: ordered set partitions enumerated by number of blocks,
permutations enumerated by rises, and Tutte polynomials of recursive sequences of graphs.
Nevertheless, our pursuit of this problem was also motivated by some specific applications

and challenge problems. These are cases where known methods do not suffice to obtain
complete asymptotic information. There is a class of tiling enumeration problems for which
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Figure 1. Classification of generating functions

an explicit three variable rational generating function may be obtained. This class includes
the Aztec Diamond domino tilings of [CEP96]. Asymptotics in the so-called region of
fixation are obtained from analysis of the smooth points of V, while asymptotics in the
region of positive entropy ]are derived from analysis of the cone point. [CP] applies a cone
point analysis to a tiling enumeration problem for which the only previous results are some
pictures via simulation (http://www.math.ohio-state.edu/ pemantle/Pix/plot.gif).
Another motivation has been to solve the general multivariable linear recursion. Depending
on whether one allows forward recursion in some of the variables, one typically obtains either
rational or algebraic generating functions (less well-behaved functions can also result — see
[BM00] for more details). The general rational function may have any of the types of
singularities mentioned above: smooth points, nodes, cones, cusps, branchpoints, etc. Even
the simple rational generating function 1/(3− 3z − w + z2) requires two separate analyses
in order to get asymptotics in all directions.
In the rest of this section, we describe the scope of our methods and compare them

with previous work. Figure 1 depicts a classification of generating functions and illustrates
the remainder of this paragraph. If a formal power series is nowhere convergent, analytic
methods are useless. Among those power series converging in some neighborhood of the
origin, there are three possibilities: a function may be entire, may have singularities around
which analytic continuations exist, or it may be defined only on some bounded subset of
C

d. Our methods are tailored to the second class. The third class, although in some sense
generic, seldom arises in any problem for which the generating function may be effectively
described. Incomplete asymptotic information is available via Darboux’ method; details of
this method in the univariate case are given in [Hen77] and [Odl95]. The first class can and
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does arise frequently. Our methods are simply not equipped to handle entire functions, and
systematizing the asymptotic analysis of coefficients of entire generating functions remains
an important open problem.
Most existing literature on the multivariate coefficient extraction problem deals (in effect,

although results are not necessarily stated in this way) with analysis near smooth pole
points, whose asymptotics usually exhibit central limit behavior. There are several ways in
which our treatment of the smooth case improves upon available analyses.
First, most of the existing results assume that the singular point z ∈ V has positive

real coordinates, and that it is strictly minimal in a sense defined in the next section.
This assumption often holds when the coefficients {ar} are nonnegative reals, though it
will fail if, for example, there is any periodicity. The assumption always fails when the
coefficients {ar} have mixed signs, as is the case for example with the generating functions
(1−zw)/(1−2zw+w2) and 1/(1−2zw+w2) for the Chebyshev polynomials of the first and
second kinds [Com74, page 50]. GF-sequence methods may be adapted to some of these
situations. Indeed, the presentation of these methods by [FS, Theorem 9.7] accomplishes
this adaptation in great generality. But certainly there are cases such as the rational
generating function 1/(1 − z − w + βzw), where the points z with given moduli form a
continuum and standard GF-sequence methods are not sufficient.
Second, our methods obtain automatically a full asymptotic expansion of ar1,...,rd

in de-
creasing powers of the indices rj. This is certainly not inherent in the existing results, whose
relatively short proofs involve inversion of the characteristic function (see however [Hwa95]
and [Hwa96] for something in this direction). The expansion to n terms is completely
effective in terms of the first n partial derivatives of 1/F at z, as is the error bound.
Third, these results explicitly cover the case where the pole at z has order greater than

1. The behavior in this case is not according to the central limit theorem. The only
existing work addressing this case is [GR92], and they require nonnegativity assumptions,
as mentioned above. In the case where F = Gk is an exact power, one could attempt first
to solve the problem for G and then to take the k-fold convolution. This is much harder
than the present approach, as may be seen by the rather involved computation in [CEP96].
Fourth, the potential for increasing the scope to new applications seems greater for con-

tour methods than for GF-sequence methods. The contour method reduces the asymptotic
problem to the problem of an oscillating integral near a singularity, which can almost cer-
tainly be done. By contrast, the GF-sequence method requires first an understanding of the
sequence of (d − 1)-dimensional generating functions arising from the given d-dimensional
generating function, and then another result in order to transfer this information to asymp-
totics of the coefficients ar.
Fifth, although our results in the case of smooth pole points are often similar to those

obtained by GF-sequence methods, our hypotheses are quite different. Our hypotheses may
be universally established for bivariate functions that generate nonnegative values and are
meromorphic through their domain of convergence.
Finally, we compare our method to recent results from the diagonal method. It is known

[Lip88] that the diagonal sequence an,n,...,n of a multivariate sequence with rational generat-
ing function has a generating function satisfying a linear differential equation over rational
functions. Much is known about how to compute this equation (see for example [Chy98]).
If one wants asymptotics on the diagonal, or in any direction where the coordinate ratios
are rational numbers with small denominators, then these methods give results that are in
theory at least as good as ours. The method, unlike ours, is inherently non-uniform in the
direction, so there is no hope of extending it to larger sets of directions.
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2. results

To state our results as cleanly as possible, we assume that there are analytic functions
G,H of d + 1 ≥ 2 variables with F = G/H in the neighbourhood of the strictly minimal
element z = 1 of V (if z �= 1, a factor of z−r is introduced).
We first discuss our results, in the generic case (that is, with appropriate conditions on

transversality of intersection and nonvanishing of G at z), from a qualitative perspective.
The following results are valid as |r| → ∞ for r in a certain cone κ(z) that collapses to
a single ray in the smooth case. In fact κ can easily be described geometrically as being
spanned by the outward normals to the support hyperplanes of logD at log z.
In both smooth and multiple point cases, there is an asymptotic expansion of ar in

descending powers of |r|. If z is smooth then we have Ornstein-Zernike (central limit)
behaviour, ar ∼ C|r|−d/2. By contrast, suppose z is a multiple point, the intersection of
n+ 1 ≥ 2 sheets of V.

• If n = d we have asymptotic constancy throughout the cone: ar ∼ C for some C,
and the error term is exponentially small (the series has only one term).

• If n ≥ d, then there are several subcones of κ on each of which we get ar ∼ P (r)
for some polynomial of degree at most n− d. Thus the series is finite.

• If n ≤ d then asymptotics start with |r|n/2−d/2.
• Finally, suppose that our transversality conditions are dropped and that all sheets
are in fact tangent at z. Then asymptotics start with |r|n−d/2.

We now present a couple of 2-dimensional results and examples contained in [PW1, PW2],
chosen because they can be stated with no extra notation and maintain the symmetry be-
tween the variables (which is broken in our analysis,, so formulae must be re-symmetrized).
The numerous more complex results referred to above require the introduction of consid-
erably more notation in order to give explicit formulae for the leading coefficient of the
asymptotic expansion, and are not re-symmetrized. The quantities involved depend on the
Weierstrass factorization of H near z and various derivatives of G and H. To the best of
our knowledge, all of these are explicitly computable by symbolic algebra in appropriate
commutative rings
Theorem 1. Let F = G/H be a meromorphic function of two variables, not singular at
the origin. Define

Q(z,w) := −w2H2
wzHz − wHwz

2H2
z − w2z2

(
H2

wHzz +H2
zHww − 2HzHwHzw

)
.

Then

ar,s ∼ G(z,w)√
2π

z−rw−s

√
−wHw

sQ(z,w)

uniformly as (z,w) varies over a compact set of strictly minimal, simple poles of F on which
Q and G are nonvanishing, and (r, s) ∈ κ(z,w).
Remark. Usually the expression in the radical will be positive real, as will the coefficients ars.
The result is true in general, though, as long as the square root is taken to be −(wHw)−1

times the principal root of (−wH3
w)/(sQ). Also note that when (r, s) ∈ dir(z,w) then

the expression wHw/s is coordinate-invariant, that is, equal to zHz/r. Thus the given
expression for ar,s has the expected symmetry.
Example 2 (Lattice paths). Let ar,s be the number of nearest-neighbor paths from the
origin to (r, s) moving only north, east and northeast; these are sometimes called Delannoy
numbers [Sta99, page 185]. The generating function is F (z,w) = 1/(1 − z − w − zw). The
zero set V of H = 1− z −w − zw is given by w = (1− z)/(1 + z), and the minimal points
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of V are those where w ∈ [0, 1]. With the help of relations that hold when z ∈ V we may
compute as follows.

Hz = −1− w
−zHz = 1− w

Q = (1− z)(1 − w)(1 − zw)
zHz

wHw
=

1− w
1− z =

1− w2

2w

with Hw and −wHw given by reversing z and w. As z varies over [ε, 1 − ε], the functions
Q and G := 1 do not vanish. The minimal pair (z,w) that solves (r, s) ∈ dir(z,w) is given
by z = (

√
r2 + s2 − s)/r and w = (√r2 + s2 − r)/s. Theorem 1 then gives

ars ∼
(√

r2 + s2 − s
r

)−r(√
r2 + s2 − r

s

)−s√
1
2π

√
1− z
s

1
1− zw

=

(√
r2 + s2 − s

r

)−r(√
r2 + s2 − r

s

)−s√
1
2π

√
rs

(r + s−√
r2 + s2)2

√
r2 + s2

,

uniformly when r/s and s/r remain bounded. In particular, when r = s = n, this gives
the following formula for the nth diagonal coefficient (which may alternatively be obtained
by computing the diagonal generating function (1− 6s + s2)−1/2 according to the method
given in [Sta99, Section 6.3]:

(
√
2− 1)−2n

√
1
2π

2−1/4

2−√
2
.

In the next result, a boundedly interior subset of a cone is one that is interior, and
bounded away from the walls.

Theorem 3 (2 curves meeting transversally in 2-space). Let F be a meromorphic function
of two variables, not singular at the origin, with F (z,w) = G(z,w)/H(z,w) =

∑
r,s arsz

rws.
Suppose that (z,w) is a strictly minimal, double point of V. Let H(z,w) denote the

Hessian of H at (z,w).
Then for each boundedly interior subset K of κ(z,w), there is c > 0 such that

ars = z−rw−s

(
G(z,w)√−z2w2 detH(z,w) +O(e

−c|(z,w)|)

)
uniformly for (r, s) ∈ K.

Example 4 (combinatorial application). An independent sequence of random numbers
uniform on [0, 1] is used to generate biased coin-flips: if p is the probability of heads then a
number x ≤ p means heads and x > p means tails. The coins will be biased so that p = 2/3
for the first n flips, and p = 1/3 thereafter. A player desires to get r heads and s tails and
is allowed to choose n. On average, how many choices of n ≤ r+ s will be winning choices?
The probability that n is a winning choice for the player is precisely

ars :=
∑

a+b=n

(
n

a

)
(2/3)a(1/3)b

(
r + s− n
r − a

)
(1/3)r−a(2/3)s−b .

Let ars be this expression summed over n. The array {ars}r,s≥0 is just the convolution of
the arrays

(
r+s
r

)
(2/3)r(1/3)s and

(
r+s
r

)
(1/3)r(2/3)s, so the generating function F (z,w) :=
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arsz

rws is the product

F (z,w) =
1

(1− 1
3z − 2

3w)(1 − 2
3z − 1

3w)
.

Applying Theorem 3 with G ≡ 1 and detH = −1/9, we see that ars = 3 plus a correction
which is exponentially small as r, s → ∞ with r/(r + s) staying in any subinterval of
(1/3, 2/3). A purely combinatorial analysis of the sum may be carried out to yield the
leading term, 3, but says nothing about the correction terms. The diagonal extraction
method of [HK71] yields very precise information for r = s but nothing more general in the
region 1/3 < r/(r + s) < 2/3. �

3. Comments and further work

The greatest obstacle to making all these computations completely effective lies in the
location of the minimal point z given r. Assuming the existence of a z(r) with r ∈ κ(z),
how may we compute z(r) and test whether it is a minimal point? Since the moduli of the
coordinates of z are involved in the definition of minimality, this is a problem in real rather
than complex computational geometry and does not appear easy.
Another natural question is whether there exists such a minimal z(r). When F generates

nonnegative coefficients, the answer is generally yes. Examples show that when the coeffi-
cients have mixed signs, the answer is no. We conjecture for every direction there is a (not
necessarily minimal) point z ∈ V for which integration near z yields correct asymptotics.
For example, if G = 1 and

H = (1− (2/3)w − (1/3)z)(1 + (1/3)w − (2/3)z)
then the point (3/2, 3/4) is not minimal but yields asymptotics in the diagonal direction;
one sees this by integrating along a deformed torus rather than along T (3/2, 3/4). In fact we
conjecture that such a deformation always exists, but the topology seems not transparent
enough to yield an easy proof.
The problem of determining asymptotics when r̂ converges to the boundary of κ is dual

to the problem of letting r̂ converge to ∂ κ from the outside. Solutions to both of these
problems are necessary before we understand asymptotics “in the gaps”, that is, in any
region asymptotic to and containing a direction in the boundary of κ. For example, what
are the asymptotics for ar,r+

√
r as r → ∞?

Many of our theorems rule out analysis of a minimal point z if one of the coordinates zj is
zero. The directions in κ(z) will always have rj = 0, in which case the analysis of coefficient
asymptotics reduces to a case with one fewer variable. Thus it appears no generality is lost.
If we are, however, able to solve the previous problem, wherein r converges to ∂ κ, then
we may choose to let r converge to something with a zero component. The problem of
asymptotics when some rj = o(rk) now makes sense and is not reducible to a previous case.
Presumably these asymptotics are governed by the minimal point z still, but it must be
sorted out which of our results persist when zj = 0. Certainly the geometry near z has
more possibilities, since it is easier to be a minimal point (it is easier to maintain |z′j | ≥ |zj |
for z′ near z when zj = 0).
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DISCRETE BOUNDARY-VALUE PROBLEMS
(EXTENDED ABSTRACT)

MARKO PETKOVŠEK

Abstract. We consider partial linear recurrence equations in several dimensions over a
domain obtained from the first orthant of the integer lattice by restricting it in one or
more dimensions to an initial segment of the nonnegative integers. By means of the kernel
method we obtain an explicit expression for the generating function of the solution in the
case of a single restricted dimension, provided that the apex of the recurrence vanishes
in all the remaining dimensions. Unlike the initial-value problem (where the domain is
unrestricted in all dimensions) with apex of this type, this generating function depends
rationally on the generating functions of the boundary conditions and of the right-hand
side of the recurrence equation. As an example, we count lattice paths between two
parallel hyperplanes with rational incline. By using the kernel method twice we also solve
a discrete Dirichlet problem in two dimensions.

Résumé. Nous considérons des relations de récurrence linéaires qui définissent des suites
multi-dimensionnelles. Les points de N

d qui indexent ces suites appartiennent à une in-
tersection de ”tranches” de la forme 0 ≤ xi ≤ mi, pour un certain nombre de directions
contraintes i. Grâce à la méthode du noyau, nous obtenons une expression explicite de la
série génératrice de ces suites dans le cas où une seule dimension est contrainte, à condition
que l’apex de la récurrence soit nul dans toutes les autres directions. Contrairement au cas
où aucune dimension n’est contrainte, cette série génératrice est une fonction rationnelle
des séries génératrices données par les conditions initiales et du membre de droite de la re-
lation de récurrence. Notre approche s’applique par exemple à l’énumération des chemins
situés entre deux hyperplans de pente rationnelle. En utilisant deux fois la méthode du
noyau, nous résolvons aussi un problème de Dirichlet en deux dimensions.

1. Introduction and notation

Let D = D1 × D2 × · · · × Dd where each factor Di is either equal to N or to an initial
segment {0, 1, . . . , Ni} of N, for some Ni ∈ N. In the latter case, we say that D is restricted
in dimension i. We study multivariate generating functions

(1) F (x) = F (x1, . . . , xd) =
∑

n1∈D1,...,nd∈Dd

an1,...,nd
xn1

1 · · · xnd
d =

∑
n∈D

anxn

whose coefficients satisfy a linear recurrence relation with constant coefficients

(2) ch0an+h0 + ch1an+h1 + · · · + chk
an+hk

= bn for n ∈ R ,

as well as boundary conditions of the form

(3) an = ϕ(n), for n ∈ D \R ,

where chi
∈ C \ {0}, h0 = 0, H = {h0,h1, . . . ,hk} ⊆ Z

d is the set of shifts, R = {n ∈
N

d; n + H ⊆ D} is the range of validity of (2), and b : R → C as well as ϕ : D \ R → C

are known functions.
The initial-value problem where Di = N for all i has been treated in [2]. There it has

been shown that under certain natural conditions, the solution of the initial-value problem
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exists and is unique. Here we consider the boundary-value problem where at least one Di

is of the form {0, 1, . . . , Ni}. In contrast to the initial-value problem, the boundary-value
problem need not be solvable, or if it is, its solution need not be unique.

Similarly to [2], we define the apex p of (2) to be the componentwise maximum of all the
shifts. Note that p ≥ 0 because we assume that 0 ∈ H. Our main result is the following:
when D1 = D2 = · · · = Dd−1 = N, Dd = {0, 1, . . . , N}, p1 = p2 = · · · = pd−1 = 0, and
pd ≥ 0, the generating function F (x) of the solution is a rational function, provided that
the generating functions of the right-hand side bn and of the boundary values ϕ(n) are
rational. The degrees of the numerator and/or denominator of F (x) may, however, depend
on N . We provide an explicit formula which expresses F (x) in terms of some algebraic
functions. This is analogous to, say, Binet’s formula for Fibonacci numbers which expresses
an integer sequence in terms of powers of an algebraic number. Applications of our result
include enumeration of lattice paths between parallel hyperplanes (cf. [6, 7]).

When more than one Di is bounded, we conjecture that the generating function F (x)
need not be holonomic as a function of both x and Ni. An example is furnished by the
two-dimensional Gambler’s Ruin problem (cf. [5, 4]).

The main tool that we use is the so-called kernel method which permits to solve certain
systems of linear functional equations that seem to involve “too many unknowns”. It works
by restricting the equations to algebraic varieties on which some of the unknown terms
vanish, thus providing the “missing equations” (see Section 3).

Notation. We use N to denote the set of nonnegative integers. We write u =
(u1, u2, . . . , ud) for d-tuples of numbers or indeterminates, 0 = (0, 0, . . . , 0), u ≥ v when
ui ≥ vi for 1 ≤ i ≤ d, and u > v when ui > vi for 1 ≤ i ≤ d. The monomial xu1

1 · · · xud
d is

denoted xu.

2. From the recurrence relation to a functional equation

Instead of F (x) as defined in (1) we consider

FR(x) =
∑
n∈R

anxn.

The two generating functions F (x) and FR(x) differ only by terms whose coefficients are
given explicitly by the boundary conditions:

F (x) =
∑
n∈D

anxn =
∑
n∈R

anxn +
∑

n∈D\R
anxn = FR(x) +

∑
n∈D\R

ϕ(n)xn.

Let us now transform our recurrence relation into a functional equation satisfied by the
generating function FR(x). Multiplying (2) by xn and summing over all n ∈ R we obtain∑

n∈R

bnxn =
∑
n∈R

xn
∑
h∈H

chan+h =
∑
h∈H

chx−h
∑

n∈R+h

anxn

=
∑
h∈H

chx−h [FR(x) + Ph(x)−Mh(x)](4)

where

(5) Ph(x) =
∑

n∈(R+h)\R
anxn =

∑
n∈(R+h)\R

ϕ(n)xn and Mh(x) =
∑

n∈R\(R+h)

anxn.

Here we used the obvious identity∑
x∈A

f(x) =
∑
x∈B

f(x) +
∑

x∈A\B
f(x)−

∑
x∈B\A

f(x)
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valid for any sets A and B provided that all the indicated sums exist.

Definition 1. The apex of (2) is the point p = (p1, p2, . . . , pd) ∈ N
d defined by

pi = max{hi : h ∈ H} (i = 1, 2, . . . , d).

The antiapex of (2) is the point q = (q1, q2, . . . , qd) ∈ N
d defined by

qi = min{hi : h ∈ H} (i = 1, 2, . . . , d).

Multiplying (4) by xp where p is the apex of (2) we obtain

(6) Q(x)FR(x) = U(x)−K(x)

where

Q(x) =
∑
h∈H

chxp−h,(7)

K(x) =
∑
h∈H

chxp−hPh(x)−
∑
n∈R

bnxp+n,(8)

U(x) =
∑
h∈H

chxp−hMh(x),(9)

the series Ph and Mh being given by (5).
From the definition of the apex it follows that Q(x) is a polynomial in x called the

characteristic polynomial or the kernel of the recursion. Note that Q(x) and K(x) are
given directly by the coefficients and the right-hand side of the recurrence relation, and by
the boundary conditions.

The functional equation (6) seems to contain not one, but two unknown functions: FR

and U . We shall show below on examples how to work with such apparently ambiguous
functional equations. If U(x) can be found explicitly then the generating function of the
corresponding solution to (2), (3) is given by

(10) FR(x) =
U(x)−K(x)

Q(x)
.

3. A single restricted dimension

Theorem 1. Let D = N
d−1 × {0, 1, . . . , N} and p = (0, . . . , 0, p). If K(x) is a rational

function of x, and the boundary-value problem (2), (3) is solvable, then it has a solution
whose generating function FR(x) is a rational function of x.

Proof: In this case

R = {n ∈ N
d; ∀h ∈ H : (n + h ≥ 0 ∧ nd + hd ≤ N)}

= {n ∈ N
d; n + q ≥ 0 ∧ nd + p ≤ N}

and
R+ h = {n ∈ N

d; n + q ≥ h ∧ nd + p ≤ N + hd},
where q is the antiapex of H. In order to find U(x) we wish to determine the sets R\(R+h)
for all h ∈ H. We distinguish three cases:

(1) hd = 0: In this case h ≤ 0. If n ∈ R then n+q ≥ 0 ≥ h and nd+p ≤ N = N +hd,
so n ∈ R+ h. It follows that R ⊆ R+ h, hence R \ (R+ h) = ∅.
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(2) hd > 0: If n ∈ R then nd + p ≤ N < N + hd and n + q ≥ 0, so ni + qi ≥ 0 ≥ hi

for i ≤ d − 1. Therefore n /∈ R + h if and only if nd + qd < hd or, equivalently,
nd ≤ hd − qd − 1, hence

R \ (R + h) = {n ∈ N
d; −qi ≤ ni for 1 ≤ i ≤ d− 1, −qd ≤ nd ≤ hd − qd − 1}.

(3) hd < 0: In this case h ≤ 0. If n ∈ R then n+q ≥ 0 ≥ h and nd+p ≤ N . Therefore
n /∈ R + h if and only if nd + p < N + hd or, equivalently, nd ≥ N − p + hd + 1,
hence

R \ (R+ h) = {n ∈ N
d; −qi ≤ ni for 1 ≤ i ≤ d− 1, N − p+ hd + 1 ≤ nd ≤ N − p}.

From this and from (9) it follows that

U(x) =
∑
h∈H
hd>0

chxp−h
hd−qd−1∑
nd=−qd

xnd
d fnd

(x1, . . . , xd−1)

+
∑
h∈H
hd<0

chxp−h
N−p∑

nd=N−p+hd+1

xnd
d fnd

(x1, . . . , xd−1)(11)

where
fnd

(x1, . . . , xd−1) =
∑

(n1,...,nd−1)≥(q1,...,qd−1)

an1,...,nd−1,nd
xn1

1 · · · xnd−1

d−1 ,

for
−qd ≤ nd ≤ p− qd − 1 or N − p+ qd + 1 ≤ nd ≤ N − p,

are p− qd unknown functions.
Let ξ1(x1, . . . , xd−1), . . . , ξr(x1, . . . , xd−1) be the distinct roots of Q(x) = 0 consid-

ered as an equation in xd, with respective multiplicities m1, . . . ,mr. Then
∑r

k=1 mk =
degxd

Q(x) = p − qd. Notice that all the functions FR, Q,K,U are polynomials in xd.
Differentiating (6) j times w.r.t. xd where 0 ≤ j < mk, then substituting ξk for xd yields

∑
h∈H
hd>0

chx
−h1
1 · · · x−hd−1

d−1

hd−qd−1∑
nd=−qd

(nd + p− hd)j ξ
nd+p−hd−j
k fnd

+
∑
h∈H
hd<0

chx
−h1
1 · · · x−hd−1

d−1

N−p∑
nd=N−p+hd+1

(nd + p− hd)j ξ
nd+p−hd−j
k fnd

=
∂jK(x)

∂xj
d

|xd=ξk
(1 ≤ k ≤ r, 0 ≤ j ≤ mk − 1),(12)

a system of p − qd linear algebraic equations for the p− qd unknown fnd
. Here xj denotes

the falling factorial power x(x− 1) · · · (x− j + 1).
The coefficients of the matrix and of the right-hand side of this system are rational

functions of xi and ξk. Assume that the roots ξk of Q(x) = 0 considered as an equation in
xd are all simple. From the way we constructed (12) it is clear that if (12) is solvable then
it has a solution which is a rational function of xi and ξk, and which is symmetric in the
variables ξk. It follows that this solution is a rational function of the elementary symmetric
polynomials in ξk (cf. [1, Ch. 14, Thm. 3.17]). These in turn are the coefficients of Q(x)
considered as a polynomial in xd, hence they are polynomials in x1, . . . , xd−1. Therefore
the functions fnd

(x1, . . . , xd−1) are rational, and by (11), so are U(x) and FR(x).
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In the case when Q(x) considered as a polynomial in xd has multiple roots we can
perturb its coefficients slightly so that the roots become simple, then take the limit as the
perturbation goes to 0 in the obtained rational solution.

Remark 1. When there are either no h ∈ H with hd > 0, or no h ∈ H with hd < 0,
only a single term appears on the right side of (11) and we can determine U(x) simply by
substituting the roots ξk for xd in (6), then using polynomial interpolation. Hence in these
two special cases the problem (2), (3) is uniquely solvable.

Example 1. : Lattice paths between two diagonal lines

Consider the problem of finding the number ai,j of two-dimensional lattice paths from
the origin to the point (i, j) which use the steps (1, 0) and (0, 1), and always stay within the
diagonal strip {(x, y); x− b+ 1 ≤ y ≤ x+ c− 1} where b and c are fixed positive integers.
Applying the linear transformation (x, y) �→ (x+ y,−x+ y) to the plane, we see that this
number equals ui+j,−i+j where ui,j is the number of lattice paths from the origin to the
point (i, j) which use the steps (1,−1) and (1, 1), and always stay within the horizontal strip
{(x, y); −b+1 ≤ y ≤ c−1}. In turn, the affine transformation (x, y) �→ (x, y+b) shows that
ui,j = vi,j+b where vi,j is the number of lattice paths from (0, b) to (i, j) which use the steps
(1,−1) and (1, 1) and always stay within the horizontal strip {(x, y); 1 ≤ y ≤ b + c − 1}.
Clearly,

vi,j =
{

vi−1,j−1 + vi−1,j+1, when i ≥ 1 and 1 ≤ j ≤ b+ c− 1,
δ(i,j),(0,b), when i = 0 or j = 0 or j = b+ c.

This is a boundary-value problem of the type (2), (3) with D = N × {0, 1, . . . , b + c},
R = {1, 2, . . .}×{1, 2, . . . , b+c−1}, H = {(−1,−1), (−1, 1)} and p = (0, 1). The conditions
of Theorem 1 are satisfied, so we expect a rational generating function. We find that

Q(x, y) = y − xy2 − x

and the roots of Q considered as a polynomial in y are

ξ1,2(x) =
1±√

1− 4x2

2x
.

From (8) and (9),

K(x, y) = −xyb(y2 + 1),

U(x, y) = −xy(f1(x) + yb+cfb+c−1(x)),

and Equation (6) is

Q(x, y)FR(x, y) = xyb(y2 + 1)− xy(f1(x) + yb+cfb+c−1(x)).

After substituting ξ1(x) and ξ2(x) for y in this equation, we obtain

f1(x) =
ξc
1(x)− ξc

2(x)
x(ξb+c

1 (x)− ξb+c
2 (x))

,

fb+c−1(x) =
ξb
1(x)− ξb

2(x)
x(ξb+c

1 (x)− ξb+c
2 (x))

,

so

F (x, y) = FR(x, y) + yb =
yb+1

y − xy2 − x
− y

ξc
1(x)− ξc

2(x) + yb+c(ξb
1(x)− ξb

2(x))
x(y − xy2 − x)(ξb+c

1 (x)− ξb+c
2 (x))

.
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Tracing back the transformations that we have made we find the generating function of the
original problem as

(13)
∑
i,j≥0

ai,jx
iyj =

(√
x/y

)b
F (

√
xy,

√
y/x) =

(2y)cg(b) + (2x)bg(c) − g(b+ c)
(x+ y − 1)g(b + c)

where
g(u) =

(
1−

√
1− 4xy

)u −
(
1 +

√
1− 4xy

)u
.

Notice that for any fixed values of b and c, (13) is a rational function of x and y.
In a similar way we can treat the problems of lattice paths between any two parallel

lines (or hyperplanes) of rational slope. The obtained generating functions are rational, in
agreement with results of [6] and [7].

4. The discrete Dirichlet problem

When the domain of definition D is restricted in all dimensions, the unknown sequence
has only finitely many terms and so the boundary-value problem (2), (3) reduces to simple
linear algebra. However, we wish to have an explicit formula for the generating function of
the solution. Even though the conditions of Theorem 1 are not satisfied, the kernel method
can sometimes provide the desired explicit solution. We illustrate this by providing an
explicit solution of the two-dimensional Gambler’s Ruin Problem [5, 4].

Example 2. : Two-dimensional Gambler’s Ruin
In the one-dimensional Gambler’s Ruin Problem two players start out with i and N − i

dollars, respectively. At each step they toss a fair coin to decide who wins a dollar from
the opponent. The game is over when one of them goes bankrupt. It is well known that
the expected duration of the game is i(N − i) (see [3], or almost any other textbook on
probability).

In the two-dimensional variant [5] the players use two different currencies, say dollars and
euros. They start out with (i dollars, j euros) and (N−i dollars, M−j euros), respectively.
At each step they toss fair coins to decide the currency and the winner. The game is over
when one of them runs out of either currency. What is the expected duration of the game?

Denote by game(i, j) the game with the first player’s initial assets equal to (i, j). Assume
that 1 ≤ i ≤ N − 1 and 1 ≤ j ≤ M − 1. Then after the first step, game(i, j) turns into one
of game(i+1, j), game(i− 1, j), game(i, j+1), or game(i, j− 1), each with probability 1/4.
It follows that the expected duration ai,j of game(i, j) satisfies the recurrence equation

(14) ai,j =
ai+1,j + ai−1,j + ai,j+1 + ai,j−1

4
+ 1 (1 ≤ i ≤ N − 1, 1 ≤ j ≤ M − 1)

and the boundary conditions

(15) a0,j = aN,j = ai,0 = ai,M = 0 (0 ≤ i ≤ N, 0 ≤ j ≤ M).

The unknown ai,j, 1 ≤ i ≤ N − 1, 1 ≤ j ≤ M − 1, can be obtained from (14), (15) by
straightforward linear algebra. Instead of solving this linear system of (N − 1)(M − 1)
equations, Orr and Zeilberger [5] have shown how to obtain the values a1,j = aN−1,j

(1 ≤ j ≤ M − 1) and ai,1 = ai,M−1 (1 ≤ i ≤ N − 1) from a system containing O(N + M)
equations only. Then all the remaining values ai,j can be computed from the recurrence
(14). Here we provide explicit formulas for a1,j and ai,1 using the kernel method twice in a
row, at two different levels. Thus we avoid the need to solve linear systems altogether.

Writing (14) as ai,j − (ai+1,j + ai−1,j + ai,j+1 + ai,j−1)/4 = 1, we have a boundary-
value problem of the form (2), (3) with D = {0, 1, . . . , N} × {0, 1, . . . ,M}, H =
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{(0, 0), (1, 0), (−1, 0), (0, 1), (0,−1)}, R = {1, 2, . . . , N − 1} × {1, 2, . . . ,M − 1}, bi,j = 1,
p = (1, 1),

Q(x, y) = xy − 1
4
(y + x2y + x+ xy2),

K(x, y) = −
∑

(i,j)∈R

bi,jx
i+1yj+1 = −xy

xN − x

x− 1
· y

M − y

y − 1
,

U(x, y) = −1
4
xy

(
f1(x) + f2(y) + yMg1(x) + xNg2(y)

)
where

f1(x) =
N−1∑
i=1

ai,1x
i, f2(y) =

M−1∑
j=1

a1,jy
j ,

g1(x) =
N−1∑
i=1

ai,M−1x
i, g2(y) =

M−1∑
j=1

aN−1,jy
j.

As the game is symmetric with respect to the players, ai,1 = ai,M−1 and a1,j = aN−1,j , so
f1(x) = g1(x) and f2(y) = g2(y). Also, because of the zero boundary conditions, FR(x, y) =
F (x, y). Thus the functional equation (6) has the form

(16) Q(x, y)F (x, y) = xy

(
xN − x

x− 1
· y

M − y

y − 1
− 1

4
(
f1(x)(1 + yM ) + f2(y)(1 + xN )

))

where F (x, y), f1(x), and f2(y) are unknown polynomials of degrees in x and y not exceeding
N − 1 and M − 1, respectively.

To apply the kernel method to equation (16), let

(17) ξ(x) = − 1
2x

(
x2 − 4x+ 1 + (x− 1)

√
x2 − 6x+ 1

)

be the analytic root of Q(x, y) = 0 considered as an equation in y:

ξ(x) = −x− 4x2 − 16x3 − 68x4 − 304x5 − 1412x6 − 6752x7 − · · ·
One can show that ξ(ξ(x)) = x. Substituting ξ(x) for y in (16) we have

(18) f1(x)(1 + ξM(x)) + f2(ξ(x))(1 + xN ) = 4
xN − x

x− 1
· ξ

M (x)− ξ(x)
ξ(x)− 1

,

reducing the number of unknowns from three to two. To reduce it further, we apply the
kernel method again, this time to equation (18). Write

(19) ωN = e
πi
N , ωk,N = ω2k+1

N (k = 0, 1, . . . , N − 1).

Note that ωk,N are the N -th roots of −1.

Lemma 1. Let ξ(x) and ωk,N be as in (17) and (19), respectively. Then:
(i) ωk,N �= 1,
(ii) ξ(ωk,N) �= 1,
(iii) ξ(ωk,N)M �= −1.

Proof: (i) is obvious as ωN
k,N = −1. The assertion ξ(x) = 1 is equivalent to Q(x, 1) =

0. But Q(x, 1) = −(x − 1)2/4, so ξ(x) = 1 if and only if x = 1. Thus (ii) fol-
lows from (i). To prove (iii), write ϕk,N = (2k + 1)π/(2N). Then Q(ωk,N , y) =
−ωk,N

(
y2 − 2y (2 sin2 ϕk,N + 1) + 1

)
/4, whence

ξ (ωk,N) =
(
sinϕk,N −

√
sin2 ϕk,N + 1

)2

.
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As a positive real number, ξ (ωk,N) is not an M th root of −1. ✷

Substitution of ωk,N for x in (18), justified by Lemma 1, yields

f1(ωk,N) = αk,N,M (k = 0, 1, . . . , N − 1),

where

(20) αk,N,M =
4 i cotϕk,N

1 + ξM (ωk,N )
· ξ

M (ωk,N)− ξ(ωk,N )
ξ(ωk,N)− 1

(i2 = −1).

These N values uniquely determine the unknown polynomial f1(x). To find its coefficients
explicitly we use the inversion formula

bk =
N−1∑
i=0

ai ω
i
k,N (0 ≤ k ≤ N − 1) ⇐⇒ ai =

1
N

N−1∑
k=0

bk ω−i
k,N (0 ≤ i ≤ N − 1)

which is verifiable by straightforward computation. Writing f1(x) =
∑N−1

i=0 aix
i and bk =

f1(ωk,N ), we obtain an explicit expression for the unknown coefficients of f1(x)

(21) ai,1 = ai =
1
N

N−1∑
k=0

αk,N,M

ωi
k,N

.

In the same way we obtain an explicit expression for the unknown coefficients of f2(y),

(22) a1,j =
1
M

M−1∑
k=0

αk,M,N

ωi
k,M

.

(23) f1(x) =
1
N

N−1∑
j=0

xj
N−1∑
k=0

αk,N,M

ωj
k,N

where αk,N,M and ωk,N are given in (20) and (19), respectively.
By interchanging the order of summations in (23), or by using Lagrange Interpolation

Formula on the data from (20), we can express f1(x) with a single summation sign:

f1(x) =
xN + 1

N

N−1∑
k=0

αk,N,M

1− xω−1
k,N

.

In the same way we obtain the other unknown function

f2(y) =
1
M

M−1∑
j=0

yj
M−1∑
k=0

αk,M,N

ωj
k,M

=
yM + 1

M

M−1∑
k=0

αk,M,N

1− yω−1
k,M

.

Finally we have the following explicit expression for the entire generating function F (x, y) =∑N
i=0

∑M
j=0 ai,jx

iyj:

F (x, y) =
xy

(
4 xN−x

x−1
yM−y
y−1 − (xN + 1)(yM + 1)

(
1
N

∑N−1
k=0

αk,N,M

1−xω−1
k,N

+ 1
M

∑M−1
k=0

αk,M,N

1−yω−1
k,M

))

4xy − (x+ y)(1 + xy)
.

In closing we note that the values ai,j can be given explicitly as double trigonometric sums
either using the Discrete Fourier Transform, or by direct diagonalization of the linear system
(14) (cf. [4]).
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A BIJECTION FOR LOOPLESS TRIANGULATIONS OF A
POLYGON WITH INTERIOR POINTS

DOMINIQUE POULALHON AND GILLES SCHAEFFER

Abstract. Loopless triangulations of a polygon with k vertices in k+2n triangles (with
interior points and possibly multiple edges) were enumerated by Mullin in 1965, using
generating functions and calculations with the quadratic method.
In this article we propose a simple bijective construction of Mullin’s formula. The

argument rests on conjugation of trees, a variation of the cycle lemma designed for planar
maps. In the much easier case of loopless triangulations of the sphere (k = 3), we recover
and prove correct an unpublished construction of the second author.

Résumé. Les triangulations sans boucles d’un polygone à k côtés en k+2n triangles (avec
des points intérieurs et éventuellement des arêtes multiples) ont été énumérées par Mullin
en 1965, à l’aide de séries génératrices et de la méthode quadratique.
Dans cet article, nous proposons une construction bijective simple de la formule de

Mullin. L’argument repose sur la conjugaison d’arbres, une variation sur le lemme cy-
clique adaptée à l’énumération des cartes planaires. Dans le cas beaucoup plus facile des
triangulations (k = 3), nous retrouvons et démontrons une construction esquissée par le
second auteur.

1. Introduction

In 1965, R.C. Mullin published the following formula for the number of planar loopless
triangulations of a rooted k-gon into k + 2n triangles (see below for precise definitions):

(1) T ∗
k,n = |T ∗

k,n| =
2n+2(2k + 3n − 1)!(2k − 3)!
(n + 1)!(2k + 2n)!(k − 2)!2

for all k � 2 and n � 0 (see [Mul65] or [GJ83, p145]), which extends the well-known formula
for triangulations of a k-gon without interior points:

(2) T ∗
k,−1 = |T ∗

k,−1| =
(2k − 4)!

(k − 1)!(k − 2)!
for all k � 3. By duality this formula also accounts for the number of rooted non-separable
planar maps with a root vertex of degree k and k + 2n vertices all of degree three.

In his work, R.C. Mullin was closely following the seminal steps of W.T. Tutte in his
census papers [Tut62a, Tut62b, Tut63]. In particular Formula (1) extends Tutte’s formula

(3) Tn = T ∗
3,n−2 =

2n+1(3n)!
n!(2n + 2)!

for rooted loopless triangulations of the sphere with 2n triangles (or non-separable cubic
maps with 2n vertices). The proof itself relies, following Tutte, on a recursive decomposi-
tion of triangulations that yields a recurrence for their number. Encoding the latter into
generating functions then allows for a solution through the quadratic method and a few
pages of calculus.

Ever since their discovery, efforts have been made to find derivations reflecting the elegant
and simple product form of this and other formulas of Tutte for planar maps. In particular a
construction based on the conjugation of trees principle was proposed in the second author’s

#47.1
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PhD thesis [Sch98] for Formula (3) and a few other formulas of Tutte (all, bipartite, non-
separable maps). A new generalization of both Tutte’s formula and a formula of Hurwitz
was also proved along these lines to enumerate planar constellations [BMS00].

However two parameter formulas for triangulations like (1) seem to resist conjugation of
trees. In this article we introduce a slight variation of the family under consideration, which
cardinality can be easily deduced from T ∗

k,n, and that appears more suitable for bijective
constructions.

In view of this family Tk,n, Mullin’s formula reads

(4) Tk,n = |Tk,n| =
2n+2

2k + 2n

(
2k − 2

k

)(
2k + 3n
n + 1

)
.

The purpose of the present article is to provide a bijective construction of the latter
formula. A main ingredient of our construction is again the conjugation of trees principle,
and this confirms the adequacy of this approach to the bijective enumeration of planar
maps.

However the bijection involves two new ingredients with respect to the treatment of
Tutte’s formulas. On the one hand, a special vertex is introduced in the construction, that
allows to account for parameter k of Mullin’s formulas. On the other hand, as opposed to
the case of constellations [BMS00], the inverse construction does not rely on breadth-first
search. Instead, in order to deal with non-separability, one has to resort on more difficult
recursive arguments.

The rest of the article is organized as follows: after Formula (4) for the cardinality of
Tk,n has been proved equivalent to Formula (1) for T ∗

k,n, we exhibit a simple family Ek,n of
trees (balanced blossom trees) that are clearly enumerated by the same formula, and we
define in a few lines an application ϕ from Ek,n that we claim onto Tk,n (Section 2, 3). Then
comes the harder part, as often with bijections, namely the proof for the unbeliever that
the image of the application ϕ is indeed Tk,n and that it is one-to-one (Section 4 and 5).

2. The enumerative formula for rooted loopless triangulations

2.1. Definitions around planar maps. Let us make more precise the definitions of the
objects under consideration. A (planar) map is a two-cell embedding of a connected planar
graph into the oriented sphere considered up to orientation preserving homeomorphisms of
the sphere. Multiple edges are allowed. The degree of a vertex or a face is the number of
(sides of) edges incident to that vertex or face. A face is a k-gon if it has degree k and it
is incident to k distinct vertices.

A planar map is non-separable if it contains no cut-vertex, that is to say no vertex that
can be cut into two vertices (each taking part of the edges) in a way that the resulting
graph would not be connected anymore.

A map is rooted if one edge is chosen and oriented. This ensures that the considered
object has a trivial automorphism group. The startpoint of the root (edge) and the face
on its right hand side (which is well defined since the sphere was taken oriented) are called
respectively root vertex and root face. Unless explicitely mentioned, the root face is taken
as infinite face when representing maps in the plane.

The dual M∗ of a map M is obtained from M by putting a vertex in each face of M and
an edge of M∗ across each edge of M . If M is rooted, the root edge of M∗ is the dual of
the root edge of M , oriented in such a way that the root vertex of M∗ is the dual of the
root face of M . This construction is clearly involutive on unrooted maps (see Figure 1).

2.2. Rooted loopless triangulations. A triangulation is a planar map such that each
face has degree three. We will only consider loopless triangulations, hence faces are “real”
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Figure 1. A triangulation of an hexagon and its dual

triangles, in the sense that they are 3-gons. However they are only “topological” triangles,
in the sense that multiple edges are allowed so that these triangulations do not necessarily
admit a representation with straight edges.

A loopless triangulation of a rooted k-gon is a planar map such that the root face is a
k-gon while all other faces have degree three. A rooted triangulation of a k-gon is the same
thing except that the distinguished k-gon need not be the root face. The terminology refers
to the possibility, in order to draw the map in the plane, to take the k-gon as infinite face.

A loopless triangulation of a k-gon has k + 2n triangles for some integer n � −1, and
hence 2k +3n edges and k +n +1 vertices (k exterior and n +1 interior ones). Let Tk,n be
the set of rooted loopless triangulations of a k-gon into k + 2n triangles. Then

k Tk,n = 2(2k + 3n)T ∗
k,n,

as immediately follows upon considering doubly rooted triangulations with one root on the
polygon and the other anywhere: these can be regarded either as rooted loopless triangu-
lations of a k-gon in which an edge of the k-gon is distinguished (and oriented so that the
k-gon is on its right hand side), or as loopless triangulations of a rooted k-gon in which an
edge is distinguished and oriented.

Hence Mullin’s formula becomes

Tk,n = 2n+3 (2k + 3n)!(2k − 3)!
k (n + 1)!(2k + 2n)!(k − 2)!2

,

and can be rewritten as previously claimed:

Tk,n =
2n+2

2k + 2n

(
2k − 2

k

)(
2k + 3n
n + 1

)
.

This formula holds for any k � 2 and any n � −1: it specializes correctly for k � 3,
n = −1, according to Formula (2); as for the degenerate case k = 2, n = −1, which can
only be interpreted as the case of a loop at the special vertex, it boils down to 1.

Observe that 2n Tn = T3,n−2: this corresponds to the fact that a map in T3,n−2 can be
viewed as a rooted loopless triangulation with 2n triangles among which one is distinguished
(the 3-gone).

2.3. Dual family. A cubic map is a map with all vertices of degree three, and a near-
cubic map is a map with all vertices of degree three, except maybe one. Let Cn and Ck,n

be respectively the set of non-separable cubic maps with 2n vertices and the set of non-
separable near-cubic maps with a special vertex of degree k and k + 2n vertices of degree
three. They are respectively the dual sets of Tn and Tk,n.
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3. The constructive census of triangulations

In this section we construct a set of simple objects counted by Tk,n and a transformation
of these objects that we claim is a bijection onto Tk,n.

Terminology for trees. All the trees we are interested in are planted plane trees. In the
context of planar maps, it is convenient to define a plane tree as a planar map with only
one face, although this is equivalent to classical recursive definitions. Planted means that
one vertex of degree one is distinguished and called the root.

We shall consider an enriched terminology for trees, with two kinds of vertices of degree
one, buds and leaves, three kinds of edges, links, inner edges and stems, and three kinds
of vertices of larger degrees, generic, pathological and special. Buds and leaves are always
incident to stems (as opposed to links or edges) and in pictures, buds are represented by
arrows. The root of a planted tree shall always be a leaf (and not a bud). This terminology
reflects the very different roles played by otherwise similar items and hopefully makes things
clearer once accepted...

3.1. Planted plane trees. The first remark is that the following binomial coefficient,
taken from Formula (4),

Ak,n =
(
2k + 3n
n + 1

)
=

1
2k + 3n + 1

(
2k + 3n + 1

1, n + 1, 2k + 2n − 1

)

is the number of planted plane trees with (see also Figure 4.a)
• one special vertex of degree 2k − 2,
• n + 1 generic vertices, of degree four,
• 2k + 2n leaves (including the root) and their 2k + 2n stems,
• and n + 1 inner edges connecting the generic and special vertices.

This is nothing but the classical formula for planted plane trees with given numbers of
vertices of each degree ([GJ83, p113]). Let us call Ak,n the family of these trees.

Formula (4) now reads

(5) Tk,n =
2

2k + 2n
2n+1

(
2k − 2

k

)
Ak,n,

and one can recognize in this formula, the appearance of the numbers of leaves, generic
vertices and edges incident to the special vertex.

3.2. Blossom trees. Let proceed with the interpretation of the formula by considering
the factor

Bk,n = 2n+1

(
2k − 2

k

)
Ak,n.

Since a tree A of Ak,n has n + 1 generic vertices of degree four, the factor 2n+1 can be
interpreted as the number of ways to select two opposite corners on each generic vertex,
while the binomial factor appears as the number of ways to select k− 2 of the 2k − 2 edges
incident to the special vertex.

Given such a selection, let us apply the transformation of Figure 2.a to generic vertices
and, that of Figure 2.b to the special vertex. Each generic vertex is expanded into two
vertices of degree four joined by a generic link, each carrying a bud. The selected edges on
the special vertex are transformed to make room for a special link and two buds attached
to a pathological vertex of degree four. Observe that in these constructions buds always
immediately precede links in counterclockwise direction around created vertices.
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(a) Generic vertices (b) Special vertex

Figure 2. From trees to blossom trees

Figure 3. The partial closure of an unbalanced blossom tree

The set Bk,n of trees that are constructed in this manner from trees of Ak,n is of course
of cardinality Bk,n. We call them blossom trees. By construction blossom trees are exactly
the planted plane trees with (see also Figure 3 left, or Figure 4.b)

• one special vertex incident to k − 2 special links and k edges;
• k − 2 pathological vertices of degree four, incident to the k − 2 previous links, each

carrying two buds right before the link in counterclockwise order;
• 2n +2 generic vertices of degree four, organized in n+1 pairs connected by generic

links, each vertex carrying one bud right before the link in counterclockwise order;
• 2k + 2n leaves, 2k + 2n − 2 buds, and their 4k + 4n − 2 stems,
• n + 1 inner edges connecting some generic, pathological or special vertices.

Formula (4) now reads

(6) Tk,n =
2

2k + 2n
Bk,n,

making it inviting to distinguish two leaves among the 2k + 2n.

3.3. Balanced blossom trees. The partial closure of a blossom tree B consists in the
following greedy procedure (see Figure 3 or Figure 4.d). Start with B̈(0) = B, i = 1.

(1) Find a bud bi and a leaf �i such that, walking from bi to �i around the infinite face
of B̈(i−1) in counterclockwise direction, no other bud or leaf is met.

(2) Fuse bi, �i and their stems into an edge mi so as to create a bounded face around
the previous walk. In particular this new bounded face contains no bud or leaf.

(3) Call B̈(i) the resulting map and, if it still contains buds, increment i and return to
Step (1).

Observe that the latter loop continues until there is no more free bud. The operation in
Step (2) is called the matching of b and �, and the resulting edge is called a matching edge.

The result of this partial closure is a planar map B̈ = B̈(2k+2n−2) with k +2n vertices of
degree four, one special vertex of degree 2k − 2, and two remaining leaves that we call free
in the infinite face. This map B̈ is independent of the exact order in which buds and leaves
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have been matched, (exactly like in a balanced parenthesis word, there is only a partial
order of inclusion of pairs, and a greedy algorithm performing the matching has a freedom
in the order it deals with incomparable pairs).

A blossom tree is called balanced if its root is one of the two leaves that remain free
throughout partial closure. Let Ek,n be the balanced subset of Bk,n. Two blossom trees are
called conjugated if they can be obtained one from another simply by changing the root
leaf. The resulting conjugacy classes of Bk,n are naturally associated with unplanted trees.
Matchings between buds and leaves only depend on the conjugacy class of the blossom tree,
hence we can also consider the partial closure of an unplanted tree.

Now consider a blossom tree B with root leaf r and let � be one of the two free leaves of
B. Taking now � as root of B, a balanced blossom tree with a secondary distinguished leaf
r is obtained. This yields1:

2 Bk,n = (2k + 2n)Ek,n

where Ek,n denote the number of balanced blossom trees.
As a consequence, Formula (4) finally reads

Tk,n = Ek,n,

and we are lead to seek a bijection between triangulations and balanced blossom trees.

3.4. Case of Tn. A similar (but much simpler) construction provides an interpretation of
Tutte’s enumerative formula for the set Tn of loopless triangulations with 2n triangles, that
can be rewritten in the following way:

(7) Tn =
2

2n + 2
2n 1

2n + 1

(
3n
n

)
.

The coefficient 1
2n+1

(
3n
n

)
is the number of planted plane ternary trees with n internal

nodes, that is trees with n generic vertices of degree four, n − 1 inner edges and 2n + 2
stems and leaves (including the root). The blossom trees obtained from these trees by the
transformation of Figure 2.a have 2n generic vertices with their n links and 2n buds, 2n+2
leaves, 4n+2 stems and n−1 inner edges. Let Bn be the set of these blossom trees without
special vertex. After the partial closure of any of these trees, two leaves remain unmatched,
so the ratio of balanced blossom trees in Bn is 2

2n+2 . Hence the corresponding subset En

has cardinality

En =
2

2n + 2
· 2n · 1

2n + 1

(
3n
n

)
= Tn.

Notations. In the rest of the paper, E denotes the set of all balanced blossom trees (with
or without special vertex), and U the set of all unplanted blossom trees. Any tree in U
corresponds to one or two trees in E , depending on its automorphism group.

3.5. The complete closure. In fact the bijection was almost already completely de-
scribed. Let us define the complete closure ϕ as an application defined on the set E .
Given B a tree of E ,

(1) construct the partial closure B̈ of B,
(2) remove all the links and call B the result,
(3) fuse the two remaining stems of B into a root edge oriented away from the root of

B,

1Observe that this relation is the translation for conjugacy classes of trees of the cycle lemma for conjugacy
classes of ;Lukasiewicz words. This lemma, initially due to Dworetzki and Motzkin, underlies Raney’s
combinatorial proof of the Lagrange inversion formula [Lot97, Chap. 11]. This analogy motivates our choice
of terminology.
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(a) A tree in A4,4, in which some cor-
ners and edges are distinguished;

(b) the corresponding (balanced)
blossom tree;

(c) its partial closure, revealing the
two free leaves;

(d) and the corresponding rooted
near-cubic map.

Figure 4. An example of complete closure

the resulting rooted planar map is ϕ(B). (See Figure 4 for a complete example.)
Our main result, to be proved in the rest of the paper, is the following theorem.

Theorem 1. The complete closure ϕ is a bijection from the set Ek,n (resp. En) of balanced
blossom trees onto the set Ck,n (resp. Cn) of (near-)cubic maps and by duality onto the set
Tk,n (resp. Tn) of triangulations.

The proof is twofold. First we prove that the complete closure of a tree is indeed a
non-separable (near-)cubic map. Then we prove that the application is one-to-one.

4. The closure of a balanced blossom tree is non-separable

Let B be a balanced blossom tree of Ek,n. In this section we prove that the complete
closure ϕ(B) is indeed a non-separable near-cubic map with the expected number of vertices
of each kind.

The vertices of degree four of B, either generic or pathological, are incident to exactly
one link. After Step (2) of the complete closure, they result in vertices of degree three. As
for the special vertex, it is incident to k − 2 links and k edges so that it yields a vertex of
degree k in ϕ(B). The rooted planar map ϕ(B) hence contains a vertex of degree k and
k + 2n vertices of degree three. As a consequence, ϕ(B) belongs to Ck,n if and only if it is
non-separable, a fact we shall now prove. Similarly, if B belongs to En, ϕ(B) belongs to Cn

if and only if it is non-separable.
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Observe that, since the matching of buds and leaves only depends on the conjugacy class
of a blossom tree, the non-separability of the complete closure is indeed a property of the
underlaying unplanted tree, and not of the balanced rooting. From now on, for the sake of
convenience, we consider an unplanted blossom tree U in U .

A preliminary observation is that any separating vertex of degree three is incident to a
separating edge. It is thus sufficient to prove on the one hand that ϕ(U) has no separating
edge (Section 4.1 to 4.4) and on the other hand that the possible special vertex is not
separating (Section 4.5).

4.1. A preliminary lemma on the structure of blossom trees. Consider U a blossom
tree of U and e = (v1, v2) an inner edge or a link of A. The decomposition of U at e consists
in cutting e in its middle, so as to create two new leaves �1 and �2, attached by two stems
e1 and e2 respectively to v1 and v2. As a result, the tree U yields two subtrees U1(e) and
U2(e), respectively containing v1 and v2. A leaf � of U is said incoming with respect to e
if, in the partial closure of U , it is free or matched to a bud b that does not belong to the
same subtree as � (with respect to e). By extension, the matching edge (b, �) is also called
incoming with respect to e.

The following lemma is immediate upon counting leaves and buds in each subtree and
considering the cyclic orders around v1 and v2.

Lemma 1. Let U be a blossom tree and e an inner edge or a link of U .
• If e is an inner edge, then U1(e) and U2(e) are well formed blossom trees, with two

more leaves than buds (including �1 and �2), and thus at least one incoming leaf
each.

• If e is a link between two generic vertices, then U1(e) and U2(e) contain two more
leaves than buds (including �1 and �2). Moreover in the partial closure of U , the
bud adjacent to v1 in U1(e) is matched with an incoming leaf of U2(e).

• If e is a link incident to the special vertex (assumed in U1(e)), then U1(e) has four
more leaves than buds and U2(e) has as many buds as leaves (including �1 and �2).
As a consequence, in the closure of U , the two buds adjacent to v2 in U2(e) are
matched to two incoming leaves of U1(e), and U2(e) has at least one incoming leaf.

4.2. The incremental complete closure. Let us now consider an application of the
(greedy) partial closure procedure of Section 3.3 to U , resulting into the map Ü through
the sequences bi, �i, mi and Ü (i), for i � 1. Given a matching edge m, obtained from (b, �),
we define e(m) to be the unique link incident to the vertex adjacent to b. By construction,
for each link e of A there are exactly two indices j < i such that e(mi) = e(mj) = e. Let
us call these indices, the dates of e. Finally define a planar map U (i) by deleting from Ü (i)

all generic links with largest date less or equal to i. In other terms, U (i)is constructed from
U (i−1) by adding mi and removing e(mi) if it is generic and the other matching edge mj

such that e(mj) = e(mi) satisfies j < i.
Let finally U = U (2k+2n−1) be the resulting map. The following technical lemma precisely

describes the evolution of connectedness in U (i) for i = 1, . . . , 2k + 2n − 2.

Lemma 2. For all i the planar map U (i) is connected. Moreover for any link or inner edge
e of U , the graphs induced in U (i) respectively by the vertices of U1(e) and by those of U2(e)
are connected.

Proof. The lemma is obviously true for the tree U (0) = U . Assume now the lemma true
until i − 1 and consider the construction of U (i) from U (i−1). Let e′ = e(mi) and j be the
other date of e′.
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Ue’ Uee’ Uee’ e

Figure 5. Simultaneous decomposition of U at e and e′

There is a deletion only if e′ is a generic link and j < i. In this case, observe first that,
according to Lemma 1, the matching edge mi connects a vertex of U1(e′) to a vertex of
U2(e′) so that by induction hypothesis U (i) remains connected upon deleting e′.

Then consider another link or inner edge e and the decompositions of U at e and e′: per-
forming both decompositions yields three subtrees, Ue, Uee′ and Ue′ where the indices refer
to incidences with e and e′ (see also Figure 5). In U (i−1), the graphs induced respectively
by Ue, Ue′ , and Ue′ ∪ Uee′ are connected by induction hypothesis. The deletion of e′ does
not touch the graph induced by Ue so that we only have to deal with the graph induced by
Ue′ ∪ Uee′ . Since e′ is generic, one of mi or mj is incident to the endpoint of e′ in Uee′ and
has its other endpoint (the leaf) in Ue′ . Since Ue′ is connected, the deletion of e′ does not
disconnect Ue′ ∪ Uee′ .

�
4.3. Separating edges and generic links.

Lemma 3. The only separating edges in U are inner edges of U that separate the two free
leaves.

Proof. Consider a matching edge m, and let e = e(m) and m′ be the second matching edge
with e(m′) = e. Then Lemma 1 asserts that m and m′ are incoming with respect to e. In
view of Lemma 2, their respective endpoints on both sides of e can be connected to construct
a cycle containing m and m′. Moreover, if e is special, the same argument provides a cycle
through e and m. Hence neither matching edges nor links can be separating.

Let now e be an inner edge of A that remains separating in U . Consider the decomposition
of U at e. No matching edge connects a vertex of U1(e) to a vertex of U2(e), for e would
not be separating (Lemma 2). In view of Lemma 1, this implies that there is one free leaf
in both subtrees. �
4.4. Matching edges are not separating in ϕ(U).

Lemma 4. The only separating edges in U are inner edges of U that separate the two free
leaves.

Proof. If U has no special vertex, U = U , hence this lemma is equivalent to Lemma 3.
Now suppose that U has a special vertex with degree 2k − 2. In order to show that

the removal of the special links from U does not make any matching edge separating, it is
sufficient to prove that any two faces that are merged by removing some special links have
no common matching edge.

Let us consider the 2k − 2 subtrees of U at the special vertex v, more precisely defined
as the subtrees not containing v in the decomposition of U at any edge or link incident
to v. We call such a subtree generic or pathological depending on whether it is attached
to the special vertex by an inner edge or by a link. At any step i of the construction of
Section 4.2, Lemma 2 ensures that these subtrees induce connected subgraphs of U (i), and
that, according to Lemma 1, any of them has at least one incoming leaf.

Given a particular ordering of the matchings in the application of the partial closure
procedure, let us consider the time j at which, for the first time, an incoming edge of a
subtree at v is matched. This is also the first time that a matching edge is created between
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e

Figure 6. Case study for the deletion of special links.

two subtrees. Let us now consider an ordering such that j is as large as possible. In this
case, at time j, all the matchings that are internal to each subtree have been performed.
More precisely, with the notation of Section 4.2, the ordering is such that, for any i < j, bi

and �i belong to the same generic or pathological subtree at v, and, for any i � j, bi and �i

belong to different subtrees at v or make a complete turn around v.
Perform then the construction until Step j − 1. As already observed, at that moment

the subtrees are two by two independent. Moreover, at each pathological vertex, the bud
that precedes the link in counterclockwise order is in position to be matched with the first
incoming leaf of the next subtree (in counterclockwise order around the special vertex).
Every such matching creates a bounded face, which cannot be affected by any further step
since it does not contain generic links (Figure 6, left).

Once these k − 2 matchings are performed, only two kinds of buds can be matched in
such a way that the created bounded face contains a special link: the first unmatched bud
of a generic subtree that is to be matched into a pathological one (Figure 6, middle), or
the second bud of a pathological vertex that precedes a sequence of subtrees with no more
unmatched leaf or bud (Figure 6, right). These matchings also create faces that will not be
affected by any further step.

These different cases lead to three different ways for a sequence of faces to be merged
into one face by the removal of special links. In each case, we shall argue that, as a whole,
these faces do not complete a turn around v.

• In the first case (Figure 6 left), a (non-empty) sequence of bounded faces merge
with the infinite face of U . No bounded faces can thus perform a complete turn
around v. Hence two non successive faces in the sequence share no edge, and two
successive faces share a special link. In any case they do not have a matching or
inner edge in common. As for the infinite face, in view of the disposition of buds,
it may only be incident twice to the inner edge marked e in the figure. In this case
the shaded subtree below e contains exactly one of the two free leaves so that e
separates the two free leaves.

• The second case involves two generic subtrees and a non-empty sequence of patho-
logical ones. Since k � 2, the two generic subtrees are distinct, and there is no
complete turn.

• In the third case, there exists a pathological vertex p1 such that its second bud is
matched with a leaf that belongs to a pathological subtree attached on a pathological
vertex p2. This implies that the sequence S of subtrees that follow p1 and precede
p2 around the special vertex has only one free leaf. In other words, this sequence
contains exactly one more generic subtree than pathological ones. Hence the number
of involved pathological subtrees is at least the number of involved generic subtrees
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Figure 7. Separating inner edges are organised in a sequence in U .

minus one, and at least one generic subtree at v is not involved. Finally p1 is
different from any involved pathological vertex that follows S and the complete
turn is not performed.

We conclude that matching edges are not separating edges and that all separating inner
edges still separate the two leaves. Since all links have been removed, the lemma is proved.

�

This lemma proves that U can be described as an alternating sequence U1, e1, U 2, . . . , ep−1, U p

of submaps U i and edges ei (with p possibly equal to one), such that U1 and Up carry one
free leaf each, and no U i contains a separating edge (Figure 7). As a consequence, ϕ(U)
has no separating edge.

4.5. The special vertex. Suppose that U has a special vertex. The following lemma
concludes the proof that ϕ(U) is non-separable.

Lemma 5. The special vertex v is not a separating vertex of ϕ(U).

Proof. Assume that the special vertex v is separating in U (as given by Step (2) of complete
closure) and consider a decomposition of U into two components U1 and U2 connected only
at v. This decomposition induces a decomposition of Ü : special links connect v to a vertex
of U1 or U2 and do not interfere; once special links are replaced, generic links appear inside
bounded faces and hence inside the two components.

In turn the decomposition of Ü at v induces a decomposition of the tree U into two
sequences of subtrees rooted at v such that there is no matching edge from one to the
other. Since Lemma 1 provides in particular an incoming leaf on the first tree of both these
sequences, these leaves must be the two free leaves of U .

Returning to U , we conclude that U1 and U2 each contain one free leaf. Hence v is not
a cut vertex anymore after Step (3) of the complete closure. �

5. The inverse construction

In this section we define by induction on the number of edges a construction which is
inverse to the complete closure.

Let us first consider the minimal cases of non-separable (near-)cubic maps with at most
two vertices. The case k = 2, n = −1 is the degenerate case of the loop at a special vertex
and corresponds to the tree with one special vertex of degree two. The case n = 1, without
special vertex, is the case of a bundle of three edges between two vertices and corresponds
to the unique balanced blossom tree with two generic vertices. The case k = 3, n = −1
is the case of a bundle of three edges between two vertices, one of them being special; the
two different rootings of this map correspond to the two balanced rootings of the unique
blossom tree with a special vertex of degree three and one single pathological vertex.

Now suppose that C is a rooted non-separable (near-)cubic map with at least three
vertices among which, possibly, a special vertex of any degree, and the others of degree
three. Let the root edge be oriented from a vertex v1 to a vertex v2, and define C̃ by
cutting the root edge into two stems with leaves f1 and f2. If there exists B ∈ E such
that C = ϕ(B), then B is necessarily planted on leaf f1, and reconstructing B is equivalent
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Figure 8. Induction with separating edge.

to recovering links between vertices: these links determine which vertices are generic or
pathological, and which stems carry leaves or buds.

Given a map C̃, our strategy is to exhibit one (or more) link that exists necessarily in any
tree U in U such that U = C̃. Moreover we show that the decomposition of U at this link
yields subtrees whose images by ϕ can be uniquely characterized as some strict submaps of
C̃. The induction applied to these submaps allows to prove that ϕ is one-to-one.

The construction depends on whether C̃ is separable.

5.1. The map C̃ contains a separating vertex other than v1 or v2. Since C is non-
separable, the map C̃ is organized as a chain of non-separable components between v1 and
v2. In this section, separating vertices refer to separating vertices distinct from v1 and v2.
Two cases are distinguished.

– First case: the map C̃ has a separating vertex v that is not the special vertex (see
Figure 8). In this case v has degree three and, as already argued, there is a separating edge
e. In view of the discussion of the previous section, if there is a tree U in U such that U = C̃
then e is an inner edge of U , and in the decomposition of U at e, the leaves f1, �1 and f2,
�2 are the free leaves of U1(e) and U2(e), (so that their partial closure are independent).

Now there is a unique way to recover such a structure. First cut e in C̃ into two stems
e1 and e2 with leaves �1 and �2. The resulting two components of C̃ allow to recover U1

and U2 by induction hypothesis and the unique tree U is obtained by fusing back e1 and e2

between U1 and U2.
– Second case: the special vertex v is the only separating vertex of C̃ (Figure 9). Let

C1 and C2 be the two non-separable components of C̃ at v. As was already analyzed in
Section 4.5, if there is a tree U such that U = C̃, then the links or edges incident to v
in U are arranged in counterclockwise order into two successive sequences e1, . . . , ep with
endpoints in C1 and e′1, . . . , e′q with endpoints in C2, with p and q greater or equal to two
in order to avoid separating edges.

Let us prove that the subtree S of U attached to e1 (resp. to e′1) is reduced to a special
link carrying a pathological vertex. By construction of the two sequences, the incoming
leaves of S are free, so that there is at most one such leaf. In view of Lemma 1, there is
exactly one. Now if e1 is an inner edge, Lemma 1 implies that there is no matching edge
leaving this subtree, and e1 is a separating edge of C̃. Therefore e1 is a special link, which
by definition carries a pathological vertex. Finally the subtree cannot be bigger otherwise
the pathological vertex would carry an edge and the latter would be separating in C̃.

Hence the tree U is decomposed at v into a special link e1 that carries a pathological
vertex, followed by the tree U1 formed of e2, . . . , ep and their subtrees, by a special link e′1
that carries a pathological vertex, and by the tree U2 formed of e′2, . . . , e

′
p and their subtrees.

Moreover U1 and U2 are well formed blossom trees whose free leaves are respectively matched
by the buds of the two pathological vertices.

Now there is a unique way to recover such a structure. First v1 and v2 are identified as
pathological vertices (since they carry the free leaves). Then, deleting v1 and v2 from their
respective non-separable component yields two maps C1 and C2 from which U1 and U2 can
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Figure 9. Induction with separating special vertex.

v1
F

e

v2

F
e

v3

v1

v2v =3

Figure 10. Analysis of the possible configurations in the main case of recursion.

be recovered by induction hypothesis. The unique tree U is obtained upon recreating the
cyclic order around v.

5.2. The map C̃ has no other separating vertex than v1 and v2. A first easy case is
when the special vertex v carries one of the two free leaves of C̃, say f1 so that v = v1. Then
the analysis is exactly the same as the analysis of the case where v is the only separating
vertex (second case of the previous section), with the second sequence reduced to a single
leaf: v2 is found to be pathological and upon deleting v2 and f1 the induction hypothesis
applies to provide a unique reconstruction.

The main case is when the special vertex v is neither v1 nor v2. Assume, without loss of
generality, that v is not on the counterclockwise path around the infinite face from v1 to
v2. (Even if v is incident to the infinite face, it cannot appear in both path from v1 to v2

and back from v2 to v1.) Let us discuss the constraints on a tree U such that U = C̃.
Observe first that v1 cannot be a pathological vertex: even if the special vertex v is

incident to the infinite face, this yields a contradiction in the way its buds are to be matched.
Hence v1 is a generic vertex of U . Let F be the bounded face incident to v1 in C̃. A generic
link e joins v1 to another vertex v3 in this face F . Let us consider the subtrees attached to
v1 and v3 in F (Figure 10).

Since vertex v1 is adjacent to a free leaf f1 and a bud, it carries a unique (possibly empty)
subtree, which precedes f1 in counterclockwise order. Call this subtree S1. According to
Lemma 1 and in view of the free leaf f1, the subtree S1 has only one incoming leaf. The
latter is therefore matched by the bud of v3 and this matching edge is incident to both F
and the infinite face. Moreover there is no other edge incident to F on the path from v2

to v3 along the infinite face in counterclockwise direction. Indeed this could only be an
inner edge e′ (for A to be connected) but then the subtree at e′ containing v2, having two
incoming leaf (f2 and the leaf matched by the bud of v1) would have, according to Lemma 1
a bud taking part of an incoming matching edge. However this would prevent e′ to be on
the infinite face.

Consider next the decomposition of U at e and take U1(e) to contain v1. In view of its
previous definition, the tree S1 is obtained from U1(e) upon deleting v1 and it is a balanced
blossom tree. On the other hand, define a tree S2 from U2(e) as follows. First delete the
bud and the stem inherited from e that are incident to v3, so that the latter vertex has
degree two. Then smooth this vertex out so as to fuse its two incident edges into one single
edge e′ (which may be a stem). The result is a tree U2(e) whose closure leaves e′ in the
infinite face, and whose free leaves are f2 and the leaf �1 matched with the bud of v1 in U .
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Figure 11. Recursive decompositions in the two cases of Figure 10.

Finally there is a unique way to recover the structure (Figure 11). First, taking F to be
the bounded face incident to v1, we dispose of a characterization of vertex v3 as the first
vertex incident to F on the path from v2 to v1 around the infinite face in counterclockwise
direction. In particular if v2 is incident to F then v3 = v2 (as illustrated on the right
hand side of Figure 10). Second, the complete closure of the trees S1 and S2 are uniquely
obtained as follows. Delete f1 and its stem and cut v1 so as to create two new leaves �1 (for
the bud of v1) and �2 (for the subtree). Detach the edge that follows v3 along the infinite
face from v2 to v1: this edge is also incident to F and this operation creates a leaf �3 in the
same component as �2. Call this component C̃1. The vertex v3 remains of degree two and
can be smoothed so as to fuse its two incident edges into one single edge e that belongs to
a second component, C̃2, that also contains �1 and v2. In view of the previous analysis, the
two maps C̃1 and C̃2 are the images of S1 and S2 by complete closure (upon opening the
roots). By induction hypothesis, there exists exactly one couple of such trees. From S1 and
S2 the tree U is readily recovered and the proof is complete.
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Dominique Poulalhon, LIX, École polytechnique, Palaiseau

E-mail address: poulalho@lix.polytechnique.fr

Gilles Schaeffer, CNRS – LORIA, Nancy

E-mail address: Gilles.Schaeffer@loria.fr
URL: http://www.loria.fr/~schaeffe



ON THE ASYMPTOTIC ANALYSIS OF A CLASS OF LINEAR
RECURRENCES

THOMAS PRELLBERG

Abstract. Many problems in enumerative combinatorics can be expressed via linear
recurrences whose generating functions satisfy a functional equation. I present the as-
ymptotic analysis for a class of recurrences which lead to a functional equation involving
a transformation with a parabolic fixed point. The method used relies heavily on analytic
iteration theory. Examples given are Bell numbers, Partition lattice enumerations, and
the Takeuchi recursion.

Résumé. Beaucoup de problémes en combinatorique eńumérative peuvent être exprimés
par des récurrences linéaires dont les fonctions generatrices obeissent des équations fonc-
tionelles. Je vais présenter dans cette note l’analyse asymptotique pour une classe de
récurrences qui emmènent à une équation fonctionelle contenant une transformation avec
point fixe parabolique. La méthode utilisée est basée sur la théorie de l’itération analy-
tique. Les exemples discutés sont les nombres de Bell, l’énumérations de réseaux partition
et la récurrence de Takeuchi.
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PERMUTATIONS BY NUMBERS OF ANTI-EXCEDANCES AND FIXED
POINTS

FANJA RAKOTONDRAJAO

Abstract. In this paper we study the bivariated distribution of anti-excedances and fixed
points on the symmetric group and give its generating function. We also study the same
distribution on the alternating group and its complement, and prove combinatorially a
relation between the number of odd permutations and the number of even permutations
having a given number of anti-excedances and a given set of fixed points.

Résumé. Nous étudions dans ce papier la distribution de la statistique bivariée des anti-
excédances et points fixes sur le groupe symétrique et nous donnons la fonction la fonction
génératrice de cette distribution. Nous étudions également cette distribution sur le groupe
alterné et son complémentaire, et démontrons combinatoirement une relation entre le
nombre de permutations impaires et le nombre de permutations paires ayant un nombre
fixé d’anti-excédances et un ensemble donné de points fixes.

1. Introduction

The distribution of fixed point distribution and the so called ”Eulerian statistics” over
the symmetric group have been studied in depth but always separately ([7], [2], [1]). In
this paper we study the bivariated distribution of the Eulerian statistic anti-excedances and
of the statistic of fixed points on the symmetric group. Recently, the author and Roberto
Mantaci [5] have introduced and studied the numbers an,k that count the derangements
over n objects having k anti-excedances, this paper is a generalization of those results. We
will study in this paper the numbers an,k,m that count the permutations over n objects
having k anti-excedances and m fixed points. We will give an exponential generating func-
tion for these numbers as well as a recursive relation defining them. We will also study the
distribution of the bivariate distribution of anti-excedances and fixed points on the alter-
nating group and its complement and prove that the number of odd permutations and the
number of even permutations having k anti-excedances and having the same given set F of
fixed points differ by 1 for all integers n and k and for all subset F of [n]. We will give a
combinatorial proof of this result.

Let us denote by [n] the interval {1, 2, · · · , n}, by σ a permutation of the symmetric group
Sn and by An the alternating group of rank n, that is, the group of all even permutations.

Definition 1.1. We will say that i ∈ [n] is a fixed point for σ if σ(i) = i.

Definition 1.2. We will say that σ presents an anti-excedance (resp. an excedance) in
i ∈ [n] if σ(i) ≤ i (resp. σ(i) > i). In this case we will say that i is an anti-exceedant (resp.
an exceedant).

We will denote by Fix(σ) the set of the fixed points of σ, by FIX(σ) the integer |Fix(σ)|
and by AX(σ) the number of the anti-excedances of σ. We will denote by Fn,m the set of
permutations over n objects having m fixed points and by fn,m the cardinality of this set,
by Sn,k the set of permutations over n objects having k anti-excedances and by An,k the
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cardinality of this set. The numbers An,k are the classical Eulerian numbers (see [1], [7]).
The first values of the numbers An,k are given in the following table:

An,k

k = 0 1 2 3 4 5
n = 0 1

1 0 1
2 0 1 1
3 0 1 4 1
4 0 1 11 11 1
5 0 1 26 66 26 1

These numbers satisfy the following recursive relation:

An,k = (n − k + 1)An−1,k−1 + kAn−1,k (1 ≤ k ≤ n).

The Eulerian polynomials An(t) =
∑
σ∈Sn

tAX(σ) have the following generating function (see

[1]):

A(t, u) =
∑
n≥0

An(t)
un

n!
=

(1 − t)
1 − t exp((1 − t)u)

.

The first values of the numbers fn,m are given in the following table:

fn,m

m=0 1 2 3 4 5
n = 0 1

1 0 1
2 1 0 1
3 2 3 0 1
4 9 8 6 0 1
5 44 45 20 10 0 1

The numbers fn,m satisfy the following recursive relation (see [6] )

fn,m = fn−1,m−1 + (m + 1)fn−1,m+1 + (n − 1 − m)fn−1,m (0 ≤ m ≤ n).

The generating function of the fixed point distribution on the symmetric group is given
by [7]:

F (x, u) =
∑
n≥0

∑
σ∈Sn

xFIX(σ) u
n

n!
=

exp ((x − 1)u)
1 − u

.

2. The anti-excedance and fixed point distribution on the symmetric group

We will give a recursive relation for the distribution of the bivariate statistic (AX, FIX)
on the symmetric group Sn, and will give its generating function. We will denote by
Fn,k,m the set of permutations in Sn,k having m fixed points (or equivalently, the set of
permutations in Fn,m having k anti-excedances) and denote an,k,m the cardinality of Fn,k,m.
The first values of these numbers are given in the following tables for some fixed integers
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m:
m = 0

k=1 2 3 4
n = 1 0

2 1
3 1 1
4 1 7 1
5 1 21 21 1

m = 1
k=3 4 5 6 7

n = 1 1
2 0 0
3 0 3 0
4 0 4 4 0
5 0 5 35 5 0

m = 2
k=2 3 4 5

n = 2 1
3 0 0
4 0 6 0
5 0 10 10 0
6 0 15 105 15 0

m = 3
k=3 4 5 6 7

n = 3 1
4 0 0
5 0 10 0
6 0 20 20 0
7 0 35 245 35 0

Proposition 2.1. For all integer n, one has an,n,n = 1.

Proof. The identity is the only permutation of the symmetric group having n anti-excedances
and n fixed points. �

Proposition 2.2. For a fixed integer m and a fixed integer n, the numbers an,k,m are
symmetric, in the sense that an,k,m = an,n−k+m,m for all integers n ≥ 1 and m ≤ k ≤ n.

Proof. The bijective map σ �→ σ−1 associates a permutation σ in the set Fn,k,m with a
permutation in the set Fn,n−(k−m),m. �

Remark 2.3. We have an,k,m = 0 if k < 0 or m > k.

Theorem 2.4. For all integers n, k and m such that m ≥ 0 and m ≤ k ≤ n, one has:

an,k,m = an−1,k−1,m−1 + (m + 1)an−1,k,m+1 + (n − k)an−1,k−1,m + (k − m)an−1,k,m

with the initial value a0,0,0 = 1.

Proof. Notice that all permutation σ′ in the symmetric group Sn is obtained from a permu-
tation σ in Sn−1 by multiplying σ on the left by a transposition (i, n) for an integer i ∈ [n]
and we suppose that the integer n is an exceedant for σ. Notice also that if the integer i
is an exceedant (resp. an anti-exceedant) for σ, then when we multiply σ by the transpo-
sition (i, n) on the left, we create (resp. do not create) a new exceedant for σ′. When it is
created, this new exceedant is the integer n itself. Now let us look for the various cases for
the integer i:

(1) If i = n, then the transposition (i, n) is not a transposition but the 1- cycle (n)
and the permutation σ′ = (n)σ has a new anti-exceedant fixed point, which is the
integer n itself.

(2) If the integer i is an exceedant for σ, then the permutation σ′ = (i, n)σ has a new
anti-excedant, which is the integer n itself, but does not have any new fixed point.

(3) If the integer i is a fixed point of the permutation σ, then the permutation σ′ =
(i, n)σ does not have a new anti-exceedant but it has one fewer fixed points than
the permutation σ.

(4) If the integer i is an anti-exceedant non fixed point of the permutation σ, then the
permutation σ′ = (i, n)σ has neither a new anti-exceedant nor a new fixed point.



#49.4 FANJA RAKOTONDRAJAO

It follows straightforwardly that we obtain all the permutations in the set Fn,m having k
anti-excedances by considering all the permutation σ indicated in the following four cases
and by multiplying them by the appropriate transposition :

(1) σ ∈ Fn−1,m−1 having k − 1 anti-excedances and the only possibility for the choice
of ”transposition” by which multiply σ is the 1-cycle (n).

(2) σ ∈ Fn−1,m+1 having k anti-excedances and there exist m + 1 possibilities for the
choice of the transposition : the transpositions (i, n) where the integer i is a fixed
point of the permutation σ.

(3) σ ∈ Fn−1,m having k−1 anti-excedances and there exist n−1− (k−1) possibilities
for the choice of the transposition : the transpositions (i, n) where the integer i is
an exceedant of the permutation σ.

(4) σ ∈ Fn−1,m having k anti-excedances and there exist k − m possibilities for the
choice of the transposition : the transpositions (i, n) where the integer i is an anti-
exceedant non fixed point of the permutation σ.

�

2.1. Generating function. Let us denote by A(t, x, u) the exponential generating function
of the distribution of the bivariate statistic (AX, FIX) on the symmetric groups, that is,
the function A(t, x, u) defined by :

A(t, x, u) =
∑
n≥0

∑
σ∈Sn

tAX(σ)xFIX(σ) u
n

n!
.

Proposition 2.5. The generating function A(t, x, u) of the distribution of the bivariate
statistic (AX, FIX) on the symmetric groups satisfies the following differential equation :

xtA = (1 − tu)
∂A

∂u
+ t(t − 1)

∂A

∂t
+ (x − 1)

∂A

∂x

with the initial conditions :

A(t, 1, u) =
1 − t

1 − t exp ((1 − t)u)

and A(1, 1, 0) = 0.

Proof. The differential equation can be easily derived from the recurrence relation given in
Theorem 2.4. The initial condition :

A(t, 1, u) =
1 − t

1 − t exp ((1 − t)u)

is due to the fact that when we set x = 1 the resulting formal series is the well-known
generating function of the Eulerian polynomials and when we set x = 1, t = 1 and u = 0
we obtain the first value of the numbers an,k,m. �

Theorem 2.6. The generating function

A(t, x, u) =
∑
n≥0

∑
σ∈Sn

tAX(σ)xFIX(σ) u
n

n!

of the distribution of the bivariate statistic (AX, FIX) on the symmetric group has the
following closed form

A(t, x, u) =
(1 − t) exp ((x − 1)tu)

1 − t exp ((1 − t)u)
.
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Proof. The function
(1 − t) exp ((x − 1)tu)

1 − t exp ((1 − t)u)
satisfies the differential equation given in the

previous proposition, as well as the initial conditions. �

3. Anti-excendances, fixed points and parity

R. Mantaci introduced in [3] the numbers Pn,k and Dn,k that count respectively the car-
dinality of the set An,k of even permutations having k anti-excedances, and the cardinality
of the set Sn,k \ An,k. These numbers satisfy the following relations:

Pn,k = Pn−1,k−1 + kDn−1,k + (n − k)Dn−1,k−1

Dn,k = Dn−1,k−1 + kPn−1,k + (n − k)Pn−1,k−1

for all integers n and 1 ≤ k ≤ n with P0,0 = 1 and D0,0 = 0.
Let us denote by:

• pn,m the cardinality of the set of even permutations in Fn,m,
• in,m the cardinality of the set of odd permutations in Fn,m.

The following tables report the first values of the numbers pn,m and in,m:

pn,m

m = 0 1 2 3 4 5
n = 0 1

1 0 1
2 0 0 1
3 2 0 0 1
4 3 8 0 0 1
5 24 15 20 0 0 1

in,m

m = 0 1 2 3 4 5
n = 0 0

1 0 0
2 1 0 0
3 0 3 0 0
4 6 0 6 0 0
5 20 30 0 10 0 0

Proposition 3.1. The numbers pn,m and in,m satisfy the following relations:

pn,m = pn−1,m−1 + (m + 1)in−1,m+1 + (n − m − 1)in−1,m

in,m = in−1,m−1 + (m + 1)pn−1,m+1 + (n − m − 1)pn−1,m

for all integers n and 0 ≤ m ≤ n with p0,0 = 1 and i0,0 = 0.

Proof. We will use the same idea as in Theorem 2.4. Suppose i �= n. If σ is an even (resp.
odd) permutation of Sn−1, by multiplying σ ∈ Sn−1 by the transposition (i, n) we obtain
an odd (resp. even) permutation σ′ in Sn. When i = n, we obtain a permutation having
the same parity. �
We denote by

• Pn,k,m the cardinality of An,k,m, the set of even permutations having k anti-excedances
and m fixed points,

• Dn,k,m the cardinality of (Sn,k
⋂Fn,m)\An,k,m, the set of odd permutations having

k anti-excedances and m fixed points.
The following tables report the first values of these numbers for some fixed integers m:
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m = 0

Pn,k,0

k = 1 2 3 4
n = 1 0

2 0
3 1 1
4 0 3 0
5 1 11 11 1

Dn,k,0

k = 1 2 3 4 5
n = 1 0

2 1
3 0 0
4 1 4 1
5 0 10 10 0

m = 1
Pn,k,1

k = 1 2 3 4
n = 1 1

2 0
3 0 0
4 0 4 4
5 0 0 15 0

Dn,k,1

k = 1 2 3 4
n = 1 0

2 0
3 0 3
4 0 0 0
5 0 5 10 5

m = 2
Pn,k,2

k = 2 3 4
n = 2 1

3 0
4 0 0
5 0 10 10

Dn,k,2

k = 2 3 4
n = 2 0

3 0
4 0 6
5 0 0 0

We have the following results:

Proposition 3.2. For all positive integers n, k and m such that m ≥ 0 and m ≤ k ≤ n,
one has:

Pn,k,m = Pn−1,k−1,m−1 + (m + 1)Dn−1,k,m+1 + (n − k)Dn−1,k−1,m + (k − m)Dn−1,k,m

Dn,k,m = Dn−1,k−1,m−1 + (m + 1)Pn−1,k,m+1 + (n − k)Pn−1,k−1,m + (k − m)Pn−1,k,m

with the initial conditions P0,0,0 = 1 and D0,0,0 = 0.

Proof. The process described in the Theorem 2.4 to prove the recursive formula for the
numbers an,k,m allows to construct an odd permutation of Sn starting from an even one of
Sn−1 and vice-versa, when i �= n. In the case i = n, the parity remains the same. �
Let F be a subset of [n] such that |F | = m. We denote by

• Fn,F the set of permutations having F as set of fixed points,
• Dn,k,F the cardinality of the set Fn,F

⋂
(Sn,k \ An,k)

• Pn,k,F the cardinality of the set Fn,F
⋂An,k,

• in,F the cardinality of the set (Sn \ An)
⋂Fn,F

• pn,F the cardinality of the set An)
⋂Fn,F

We have the following theorem:

Theorem 3.3. For all positive integers n, k and m such that m ≥ 0 and m ≤ k ≤ n and
for all subset F of the interval [n] such that |F | = m, one has:

Dn,k,F − Pn,k,F = (−1)n−m.

Proof. A combinatorial proof of this result is the subject of the next separate section of
this paper. �
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Corollary 3.4. For all integers n, k and m with m ≥ 0 and m ≤ k ≤ n and for all subset
F ⊂ [n] such that |F | = m, one has:

(1) in,F − pn,F = (−1)n−m(n − m − 1)

(2) in,m − pn,m = (−1)n−m(n − m − 1)
(

n

m

)

(3) Dn,k,m − Pn,k,m = (−1)n−m

(
n

m

)

(4) Dn,k − Pn,k = (−1)n−k+1

(
n − 1
k − 1

)

Proof. Notice that:
(1)

Fn,F =
n−1⊔

k=m+1

Sn,k

⋂
Fn,F .

(2)

Fn,m =
⋃

F⊂[n]

|F |=m

Fn,F .

(3)

Sn,k,m =
⋃

F⊂[n]

|F |=m

Fn,F

⋂
Sn,k.

(4)

Sn,k =
k−1⊔
m=0

Fn,m

⋂
Sn,k

and
k−1∑
m=0

(−1)n−m

(
n

m

)
= (−1)n−k+1

(
n − 1
k − 1

)
.

The last identity is a simple combinatorial exercice. �

3.1. Generating functions of the numbers Pn,k,m and Dn,k,m.

Proposition 3.5. The generating function

P (t, x, u) =
∑
n≥0

∑
σ∈An

tAX(σ)xFIX(σ) u
n

n!

of the distribution of the bivariate statistic (AX, FIX) on the set of even permutations has
the closed form:

P (t, x, u) =
1
2

{
exp ((x − 1)tu) − t exp ((xt − 1)u)

1 − t
+

(1 − t) exp ((x − 1)tu)
1 − t exp ((1 − t)u)

}
.

The generating function

D(t, x, u) =
∑
n≥0

∑
σ∈Sn
σ �∈An

tAX(σ)xFIX(σ) u
n

n!



#49.8 FANJA RAKOTONDRAJAO

of the distribution of the bivariate statistic (AX, FIX) on the set of odd permutations has
the closed form :

D(t, x, u) =
1
2

{
exp ((x − 1)tu) − t exp ((xt − 1)u)

t − 1
+

(1 − t) exp ((x − 1)tu)
1 − t exp ((1 − t)u)

}
.

Proof. The series
∑
n≥0

n∑
m=0

n∑
k=m+1

(−1)n−m

(
n

m

)
tkxm un

n!
has the closed form :

t exp ((xt − 1)u) − exp ((x − 1)tu)
1 − t

.

Therefore, the two functions P (t, x, u) and D(t, x, u) are solutions of the system:


P (t, x, u) + D(t, x, u) = A(t, x, u) =
(1 − t) exp ((x − 1)tu)

1 − t exp ((1 − t)u)

D(t, x, u) − P (t, x, u) =
t exp((xt − 1)u) − exp ((x − 1)tu)

1 − t

�

4. Combinatorial proof of Dn,k,F − Pn,k,F = (−1)n−m

Let Φ be a map of Sn onto itself defined as follows.
For each permutation σ, let (i, j) be the couple (if it exists) such that :

(p0) the integers i and j are not fixed points for the permutation σ,
(p1) the integer i is the smallest exceedant of σ such that σ2(i) �= j,
(p2) σ(i) < j,
(p3) the integers σ(i) and j are two consecutive non fixed points of the permutation σ,

that is, if k is any integer such that σ(i) < k < j, then σ(k) = k.
The permutation σ′ = Φ(σ) is obtained by multiplying the permutation σ by (σ(i), j) on
the right, that is, σ′ = σ(σ(i), j). In other terms, the permutation σ′ is obtained from σ by
exchanging the letters σ(i) and j in the word σ(1) . . . σ(n).

For example, if we take σ = 3 2 4 1 5 7 8 6 then (i, j) = (3, 6) and σ′ = 3 2 6 1 5 7 8 4.

Definition 4.1 (Critical permutations). Let F = {f1, f2, · · · , fm} a subset of [n] and
{d1, d2, · · · , dn−m} = [n] \ F with d1 < d2 < · · · < dn−m. Consider the following permuta-
tions in the set Fn,F :

Πn,F,i = (f1)(f2) · · · (fm)(di di−1 · · · d1 di+1 di+2 · · · dn−m)

for all integer i = 1, · · · , n − m. We will call these ”critical permutations” and denote by
Kn,F the set of the permutations Πn,F,i for i = 1, · · · , n − m and by Kn,m =

⋃
F⊂[n]

|F |=m

Kn,F

Example 4.2. For n = 9 and F = {1, 3, 4, 8}. We have m = 4 and
• Π9,F,1 = (1)(3)(4)(8)(2 5 6 7 9)
• Π9,F,2 = (1)(3)(4)(8)(5 2 6 7 9)
• Π9,F,3 = (1)(3)(4)(8)(6 5 2 7 9)
• Π9,F,4 = (1)(3)(4)(8)(7 6 5 2 9)
• Π9,F,5 = (1)(3)(4)(8)(9 7 6 5 2)

Remark 4.3. For all positive integer i and for all subset F ⊂ [n] such that |F | = m, one
has AX(Πn,F,i) = m + i.
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Proposition 4.4. The map Φ is not defined on the elements of the set Kn,m.

Proof. The critical permutations Πn,F,i (i = 1, . . . , n − m) are the only permutations for
which the map Φ is not defined, because there does not exist a couple (i, j) satisfying all
the properties. �
Proposition 4.5. The map Φ preserves the set of fixed points, that is, an integer � ∈ [n]
is a fixed point for the permutation σ if and only if it is a fixed point for the permutation
Φ(σ).

Proof. Notice that the two integers σ(i) and j that need to be exchanged in σ to compute
Φ(σ) are both non fixed points and we have i < σ(i) < j. After the exchange, we have
σ′(i) = σ2(i) = j �= i and σ′(σ−1(j)) = σ(i) �= σ−1(j) because σ2(i) �= j and σ(i) < j. �
Proposition 4.6. The map Φ changes the parity of a given permutation, that is, if σ is
an even permutation then Φ(σ) is an odd permutation and vice-versa.

Proof. The action of Φ consists in multiplying a permutation by a transposition. This
operation changes the parity. �
Proposition 4.7. The map preserves the set of anti-excedances of all permutations, that
is, the permutation σ has an anti-excedance in an integer � of the set [n] if and only if Φ(σ)
has an anti-excedance in �.

Proof. The two integers σ(i) and j that need to be exchanged in σ to compute Φ(σ) are
non fixed points. The exceedant i is both an exceedant for σ and for Φ(σ). Let us look at
the possible cases for the integer σ−1(j):

(1) if σ−1(j) is an exceedant then σ′−1(j) is an exceedant as well, since σ−1(j) < σ(i) <
j.

(2) if σ−1(j) < j (that is, if σ′−1(j) is an anti- exceedant), then σ−1(j) < σ(i).
Suppose that σ−1(j) > σ(i), then j > σ−1(j) > σ(i) and σ−1(j) would be the

smallest non fixed point greater than σ(i), which contradicts the hypothesis that j
is the smallest non fixed point greater than σ(i).

�
Corollary 4.8. The map Φ preserves the number of fixed points of a given permutation,
as well as the number of anti-excedances.

Theorem 4.9. The map Φ is a bijection on the set Fn,F \ Kn,F onto itself.

Proof. Notice that if Φ is defined on a permutation σ, then Φ is also defined on σ′ = Φ(σ),
because it is impossible to obtain a critical permutation as image of another permutation.
Notice that the two integers that need to be exchanged in σ′ to compute Φ(σ′) are the
same as the two integers that need to be exchanged in σ to compute σ′ = Φ(σ) from σ.
Therefore, if τ is the transposition such that Φ(σ) = στ then Φ(Φ(σ)) = Φ(στ) = σττ = σ.
Therefore, Φ is an involution and hence is a bijection. �
Theorem 4.10. For all integers n, k and m such that m ≥ 0 and m ≤ k ≤ n and for all
subset F of [n] such that |F | = m, one has

Dn,k,F − Pn,k,F = (−1)n−m.

Proof. For all integer k = m + 1, . . . , n and for all subset F of [n] such that |F | = m, there
exists a unique permutation Πn,F,k−m of the set Sn,k which is an element of the set Kn,F .
Furthermore, this permutation Πn,F,k−m is always an even permutation if and only if the
integer n − m is odd and vice-versa. �
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Corollary 4.11. The map Φ is a bijection on the set Fn,m \ Kn,m onto itself.

Corollary 4.12. For all integers n, k and m such that 0 ≤ m ≤ k ≤ n, one has

Dn,k,m − Pn,k,m = (−1)n−m

(
n

m

)
.
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ASSOCIATION SCHEMES BASED ON ISOTROPIC SUBSPACES,
PART I

MICHAEL Q. RIECK

Abstract. The subspaces of a given dimension in a finite classical polar space form
the points of an association scheme. When the dimension is zero, this is the scheme
of the collinearity graph of the space. At the other extreme, when the dimension is
maximal, it is the scheme of the corresponding dual polar graph. These extreme cases
have been thoroughly studied. In this article, the general case is examined and a detailed
computation of the intersection numbers of these association schemes is initiated.

Résumé. Les sous-espaces d’une dimension donnée dans un espace polaire fini classique
forment les points d’un schéma d’association. Quand la dimension est zéro, cela constitue
le schéma du graphe collinéaire de l’espace. A l’autre extrème, quand la dimension est
maximale, c’est le schéma du graphe duel polaire correspondant. On a déjà étudié de
façon approfondie ces cas extrèmes. Dans cet article on examinera le cas général, afin
d’inaugurer un calcul détaillé des nombres d’intersection de ces schémas d’association.

1. Introduction

Grassman graphs and dual polar graphs are two well-known classes of distance-regular
graphs. The intersection numbers and eigenvalues of these and other distance-regular graphs
with “classical parameters” are recorded in [4, Chapter 9]. In the case of the dual polar
graphs, they were determined by D. Stanton in [14]. In his Ph.D. dissertation [10], the
author of the present article used a number of formulas from [7] to give an alternative
derivation of the intersection numbers found in [14]. Also in [10], adjacency in a graph
which the author calls a hyperbolic partner graph was observed to be part of an association
scheme, although this fact is an easy consequence of Witt’s Extension Theorem. Actu-
ally, there are classes of such graphs and related association schemes. These association
schemes include those of the dual polar graphs as well as the collinearity graphs of finite
classical polar spaces, and are rather evident generalizations of these. They can also be
viewed as a type of analogue of the Grassman graph association schemes, which in turn are
“q-analogues” of Johnson graph association schemes.

The association schemes to be considered are defined as follows. Fix an N -dimensional
vector space V over a finite field GF(q). In order to simplify the discussion, it will be
assumed that q is odd. Equip this space with a non-degenerate form 〈 · , · 〉 that is symmetric
bilinear, alternating bilinear or Hermitian. Let d be the Witt index of this form (i.e. the
dimension of any maximal isotropic subspace), and assume that d ≥ 1.
Fix an integer m between 1 and d. The points of the association scheme will be the

isotropic (i.e. totally singular) m-subspaces of V .

If U and U ′ are isotropicm-subspaces of V , and if dim(U∩U ′) =m−k, and dim(U⊥∩U ′)
= m−γ, then we will we say that these two subspaces are (k, γ) - associates. U⊥ is defined
to be { v ∈ V | (∀u ∈ U) 〈u, v〉 = 0 }. Clearly 0 ≤ γ ≤ k ≤ m here since U ⊆ U⊥. It is not
hard to see that dim(U ∩ U ′⊥) will also equal m − γ as follows. (U ∩ U ′⊥)⊥ = U⊥ + U ′

#50.1
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µ = 0, ν = 0
symplectic

Cd

N = 2d

µ = 1
2 , ν = 0

unitary
2A2d

N = 2d+ 1

µ = 1, ν = 0
orthogonal

2Dd+1

N = 2d+ 2

µ = 0, ν = 1
2

unitary
2A2d−1

N = 2d

µ = 1
2 , ν =

1
2

orthogonal
Bd

N = 2d+ 1

µ = 0, ν = 1
orthogonal

Dd

N = 2d

Figure 1. Parameters for the six geometry types

has dimension (N −m) +m− (m− γ) = N − (m− γ), so U ∩ U ′⊥ has dimension m− γ.
The ordered pair (k, γ) will be written using the following unorthodox notation: kγ . Thus
for example, 52 really means (5,2). We will speak of kγ - associates, rather than (k, γ) -
associates. Two isotropic subspaces that are kγ - associates are a distance k apart in the
Grassman graph whose vertices are the m-subspaces of V .

Let Nm denote the collection of all isotropic m-subspaces of V . Let Rm,kγ be the col-
lection of all ordered pairs of isotropic m-subspaces of V that are kγ-associates. If m is
implicit, then Rkγ will be written instead of Rm,kγ . The claim of course is that with Nm

as the set of “points”, the relations Rkγ (0 ≤ γ ≤ k ≤ m) form an association scheme. It
is an immediate consequence of Witt’s Extension Theorem that when the isometry group
of form 〈 · , · 〉 acts (in the canonical way) on Nm, this action is generously transitive and
the orbitals are in fact the relations Rkγ . It follows that these relations do indeed form an
association scheme. This is the same reasoning typically used to establish that Grassman
graphs and dual polar graphs are distance-transitive (cf. [4, Theorems 9.3.1, 9.3.3, 9.4.3]).

There are actually six distinct types of forms on V (“geometries”) to consider. If the
form is alternating, then V is said to have a symplectic geometry or a geometry of type
Cd. Here N = 2d. If the form is symmetric, then one speaks of V having an orthogonal
geometry. Here if n is odd, then n will equal 2d+ 1 and the geometry is said to be of type
Bd. But if n is even, then it is possible that either N = 2d or N = 2d+ 2, and one speaks
of geometries of type Dd or 2Dd+1, accordingly. Finally, if the form is Hermitian, then V is
said to have a unitary geometry. If N is even, then N = 2d, and the geometry is said to be
of type 2A2d−1, while if N is odd, then N = 2d+ 1, and the geometry is said to be of type
2A2d. Following notation introduced in [10], let µ = 1

2N − d and let ν be such that µ+ ν

equals 0, 1
2 , 1 in the symplectic, unitary, orthogonal cases, respectively. The parameters for

the six types of geometries are shown in Figure 1.
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We will require some additional terminology and notation. L(V ) will denote the lat-
tice of all subspaces of V . Given U ∈ L(V ) (i.e. a subspace of V ), the radical of U ,
denoted rad(U), is simply the subspace U ∩ U⊥, which is necessarily isotropic. Note that
U is isotropic if and only if U = rad(U) (U ⊆ U⊥). When U is isotropic, the quotient
space U⊥/U inherits the form on V by defining 〈u+ U, v + U〉 = 〈u, v〉, and this inherited
form is non-degenerate and produces the same type of geometry on U⊥/U as on V . Also,
W ∈ L(V ) is called coisotropic if W⊥ ⊆ W . Also, for A,B ∈ L(V ) with B ⊆ A, [A : B]
will denote dim(A/B) ( = dim(A) - dim(B) ).

In the discussion that follows, standard notation for q-shifted factorials and q-binomial
coefficients will be used. Thus

(a; q)m =
m−1∏
j=0

(1− aqj) , (a, b; q)m = (a; q)m(b; q)m ,

[
n
m

]
=
(qn−m+1; q)m
(q; q)m

=
(q; q)n

(q; q)m (q; q)n−m
.

The latter is the number of m-subspaces of an n-dimensional GF(q)-vector space. The
number of these that are isotropic, with respect to an implied form, will be denoted[

n
m

]
0

This value will be computed in the next section.

Define piαjβkγ to be the number of ordered triples (U,U
′, U ′′) of isotropic m-subspaces

such that (U,U ′) ∈ Rkγ , (U,U
′′) ∈ Rjβ

and (U ′, U ′′) ∈ Riα . Taking p
kγ

iαjβ
= piαjβkγ/|Rkγ |,

note that this is the number of isotropic m-subspaces U ′′ such that (U,U ′′) ∈ Rjβ
and

(U ′, U ′′) ∈ Riα , given any (U,U ′) ∈ Rkγ . These are the intersection numbers of the associ-
ation scheme. The goal of this paper is to compute p10

iαjβ
as a first step towards computing

all of the intersection numbers and eigenvalues for the association scheme (Nm , {Rkγ } ).

A question related to the computation of pkγ

iαjβ
, which will be called the “lattice prob-

lem”, is the following. Consider the sublattice M of L(V ) generated by 0 and V , and
the isotropic m-subspaces U and U ′, and the coisotropic subspaces U⊥ and U ′⊥. Since
U ⊆ U⊥ and U ′ ⊆ U ′⊥, when 0 and V are removed from M, the resulting lattice, in the
generic case, is the lattice with 18 nodes considered in [3, Exercise 3.7.6]. M is depicted
in Figure 2. We now ask, how many isotropic m-subspaces U ′′ intersect each of the nodes
of M in some prescribed number (depending on the node) of dimensions? In general this
is a very complicated enumeration problem. However, if its solution was known, then pkγ

iαjβ

could be computed by simply summing such counts. To see this, and still assuming that
(U,U ′) ∈ Rkγ , note that p

kγ

iαjβ
is just the number of isotropic m-subspaces U ′′ satisfying

dim(U ∩ U ′′) = m− j, dim(U ′ ∩ U ′′) = m− i, dim(U⊥ ∩ U ′′) = m− β, dim(U ′⊥ ∩ U ′′) =
m−α. So by summing the counts from all of the lattice problem enumerations that impose
these four conditions on U ′′, one would obtain pkγ

iαjβ
.
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✉

✉

✉ ✉

✉ ✉ ✉

✉ ✉

✉

✉

✉ ✉

✉ ✉ ✉

✉ ✉

✉

✉

0

U ∩ U ′

U ∩ U
′⊥

U⊥ ∩ U ′

U rad(U + U ′) U ′

U + U⊥ ∩ U ′
U ′ + U ∩ U

′⊥

U + U ′
U⊥ ∩ U

′⊥

U + U⊥ ∩ U
′⊥ U ′ + U⊥ ∩ U

′⊥

U⊥ rad(U + U ′)⊥ U
′⊥

U⊥ + U ′ U + U
′⊥

U⊥ + U
′⊥

V

Figure 2. The lattice M generated by 0, V, U, U ′, U⊥ and U ′⊥ (generic case)

Although the lattice problem seems to be difficult in general, we will consider a couple
special cases that are more tractable. The first of these is the case where U+U ′ ⊆ U⊥∩U ′⊥,
which means that γ = 0. Here the lattice M is considerably simpler than the lattice in
Figure 2. It is depicted in Figure 3(a). A subcase of this special case is handled in Section
3, and this is used to compute p10

iαjβ
.

Another special case is the case where U ∩ U ′ = rad(U + U ′). Here γ = k (U⊥ ∩ U ′ =
U ∩ U ′). This case is depicted in Figure 3(b). A subcase of this special case leads to the
computation of p11

iαjβ
, which will be computed in a follow-up article.

Remark 1. By reasoning along the lines used in the theory of distance-regular graphs (cf.
[4, Section 4.1]), it may be seen that together the formulas for p10

iαjβ
and p11

iαjβ
provide enough

information to produce a recursion formula for computing the general intersection numbers
p

kγ

iαjβ
.

2. Some enumerative lemmas

Most of the lemmas in this section are concerned with counting the number of isotropic
subspaces that satisfy certain conditions. They provide the basic tools for handling the
enumeration problems discussed in the introduction, at least in special cases. The first two
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(a) U + U ′ ⊆ U⊥ ∩ U
′⊥
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✉

✉
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✉

✉

✉ ✉

✉

✉

(b) U ∩ U ′ = rad(U + U ′)

Figure 3. Two special cases of M

lemmas concern a reduction that will be routinely applied in the next section. Both are
straightforward to check, and the proof of the first one is omitted.

Lemma 1. Fix an isotropic subspace Z of V . Let Z⊥/Z inherit the form on V . Let
ϕ : L(V )→ L(Z⊥/Z) by ϕ(X) = (Z + (Z⊥ ∩X))/Z. This mapping preserves containment
and the ⊥ operation. That is, ϕ(X⊥) = ϕ(X)⊥ for all subspaces X of V . However, it does
not in general preserve the lattice operations (+ and ∩).
Lemma 2. Fix an isotropic m-subspace Z of V . Let Z⊥/Z inherit the form on V . Let
ϕ : L(V )→ L(Z⊥/Z) by ϕ(X) = (Z+(Z⊥∩X))/Z. Fix A,B1, ..., Bj ∈ L(V ). Consider the
restriction of ϕ to the collection of isotropic (m+k) - subspaces X, containing Z, contained
in Z + A, and such that X ∩ Bα ⊆ Z for all α = 1, ..., j. This restriction is a one-to-one
correspondence with the isotropic k-subspaces of ϕ(A) that trivially intersect each ϕ(Bα)
(α = 1, ..., j).

Proof. For a given X (as above), note that Z ⊆ X ⊆ X⊥ ⊆ Z⊥. So, ϕ(X) = X/Z and
ϕ(X)∩ϕ(Bα) = [X ∩ (Z+(Z⊥∩Bα))]/Z = (Z+(X ∩Bα))/Z = ϕ(X ∩Bα). This is clearly
zero since X ∩Bα ⊆ Z. Also, dim(ϕ(X)) = k and ϕ(X) ⊆ ϕ(Z + A) = ϕ(A). So ϕ(X) is
as claimed. Conversely, any isotropic k-subspace W of ϕ(A) that trivially intersects each
ϕ(Bα) (α = 1, ..., j) lifts to a unique isotropic (m + k) - subspace Y of Z + A, containing
Z, and such that ϕ(Y ) = W . Note that Y is necessarily in Z⊥, so that ϕ(Y ) = Y/Z. The
properties that Y is required to satisfy can be immediately verified by reversing the above
argument. �

The following enumerative lemma is known, and in fact is [14, Proposition 4.2] and [4,
Lemma 9.4.1]. The statement and proof in [4] is followed by a list of citations to articles in
which this result was originally produced for the individual geometry types.
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Lemma 3.[
N
m

]
0

=
(q

1
2
N−µ−m+1,−q 1

2
N−ν−m+1; q)m

(q; q)m
=
(q

1
2
N−µ,−q 1

2
N−ν ; q−1)m

(q; q)m

Proof. Using the notation in [12], the number of isotropic
vectors not contained in, and orthogonal to, a given isotropic j-subspace is, by [12,

Theorem 3.2], 


N ; τ ; q 0
0 · · · 0
...
...

0 · · · 0︸ ︷︷ ︸
j×j

0
...
0




= qj [N − 2j ; τ ; q | 0] = qj(q
1
2
N−µ−j − 1)(q 1

2
N−ν−j + 1).

It follows that the number sought is

m−1∏
j=0

qj(q
1
2
N−µ−j − 1)(q 1

2
N−ν−j + 1)

qm − qj
=

m−1∏
j=0

(q
1
2
N−µ−j − 1)(q 1

2
N−ν−j + 1)

qm−j − 1 =

m∏
i=1

(q
1
2
N−µ−m+i − 1)(q 1

2
N−ν−m+i + 1)

qi − 1 =
(q

1
2
N−µ−m+1,−q 1

2
N−ν−m+1; q)m

(q; q)m
.

�
The next two lemmas enumerate particular isotropic k-subspaces. These will be applied

repeatedly in the next section, in combination with Lemma 2, in order to count the number
of ways to extend a given isotropic subspace to a larger one, subject to certain restrictions.

Lemma 4. The number of isotropic k-subspaces of V that trivially intersect a given coisotropic
subspace of codimension m is [

m
k

]
· qk(N−m− 1

2
k+ 1

2
−µ−ν).

Proof. LetW denote the coisotropic subspace. First consider the special case where k = m.
An isotropic m-subspace X that trivially intersects W is a complement of W . That is,
V = X ⊕W . Note that dim(rad(W )) = dim(W⊥) = m. Now, by the modularity of L(V ),
X⊥ = X⊥ ∩ (X ⊕W ) = X ⊕ (X⊥ ∩W ). So dim(X⊥ ∩W ) = N − 2m. It follows that
X⊥ ∩W is a maximal nondegenerate subspace of W . Now, X ∩W⊥ ⊆ X ∩W = 0. So
X ∩W⊥ = 0, and this is the unique maximal non-degenerate subspace of X. X and W are
therefore pseudo-orthogonal complements in the sense defined in [11]. Conversely, every
pseudo-orthogonal complement of W is isotropic. The result sought, in the special case
k = m, then follows by [13, Theorem 5]. (The γ there equals 1− 2µ− 2ν here).

For general k, note first that a given suitable k-subspace Z is contained in multiple
isotropic m-subspaces that trivially intersect W . To find the number of such, consider the
mapping ϕ : L(V ) → L(Z⊥/Z) given by ϕ(X) = (Z + (Z⊥ ∩ X))/Z. The coisotropic
subspace ϕ(W ) = (Z ⊕ (Z⊥ ∩W ))/Z ∼= Z⊥ ∩W = (Z ⊕W⊥)⊥, which has dimension N −
m−k. Z⊥/Z has dimension N −2k. By the first part of this proof, the number of isotropic
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(m− k) - subspaces of Z⊥/Z that trivially intersect ϕ(W ) is q(m−k)(N− 3
2
m− 1

2
k+ 1

2
−µ−ν). By

Lemma 2, this is also the number of isotropic m-subspaces Y of V that contain Z and have
Y ∩W ⊆ Z. But Y ∩W ⊆ Z if and only if Y ∩W = 0. Now note that each isotropic
m-subspace that trivially intersects W contains [mk ] isotropic k-subspaces (that
trivially intersect W ). The result sought, for general k, now follows by double counting

suitable pairs (Z, Y ), one time selecting Z first,
the other time selecting Y first.

�

Lemma 5. Consider a collection of coisotopic hyperplanes H1,H2, ...,Hk of V in general
position, and having the property that the intersection of any subset of these is coisotropic.
The number of isotropic 1-subspaces of V that trivially intersect each of these hyperplanes
is

qN−k−µ−ν(q − 1)k−1

Proof. For S ⊆ {1, 2, ..., k}, let XS =
⋂

j∈S Hj. Since the hyperplanes are in general
position, dim(XS) = N − |S|. From Lemmas 3 and 4, it can be seen that the number of
isotropic 1-subspaces contained in XS is[

N
1

]
0

−
[ |S|
1

]
· qN−|S|−µ−ν =

1− q
1
2
N−µ + q

1
2
N−ν − qN−|S|−µ−ν

1− q

Applying the Principle of Inclusion/Exclusion, the desired count is

k∑
j=0

(−1)j
(

k
j

)[
1− q

1
2
N−µ + q

1
2
N−ν − qN−j−µ−ν

1− q

]

=
k∑

j=0

(−1)j
(

k
j

)[
qN−j−µ−ν

q − 1
]

=
qN−µ−ν

q − 1
k∑

j=0

(
k
j

)
(−q−1)j = qN−k−µ−ν(q − 1)k−1.

�

The simple form of the count in Lemma 5 correctly suggests that a more intuitive proof
is possible. With S = {1, 2, ..., k}, let Y be a pseudo-orthogonal complement of XS . Y
is isotropic and a hyperbolic partner of rad(XS), as defined in [12, Section 2]. The de-
composition V = Y⊕rad(XS) ⊕ (Y⊕rad(XS))⊥ can be used to obtain an intuitive proof.
This involves considering “matched bases”, as in the proof of [11, Proposition 1], for Y and
rad(XS), and an arbitrary basis for (Y⊕rad(XS))⊥. The details are left to the interested
reader.

The next lemma is also known, and is a special case of [14, Proposition 4.10] and [4,
Lemma 9.4.2]. It provides the
sizes of the binary relations involved in the association scheme.
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Lemma 6.∣∣Rkγ

∣∣ = [
N
m

]
0

[
m
k

] [
N − 2m
k − γ

]
0

[
k
γ

]
· qk2+γ(N−2m−2k+ 3

2
γ+ 1

2
−µ−ν)

=
(q

1
2
N−µ,−q 1

2
N−ν ; q−1)m+k−γ

(q; q)m−k (q; q)γ (q; q)2k−γ

· qk2+γ(N−2m−2k+ 3
2
γ+ 1

2
−µ−ν)

Proof. Fix an isotropic m-subspace U . There are [Nm]0 choices this. Now consider selecting
an isotropic m-subspace U ′ such that (U,U ′) ∈ Rkγ , by selecting this a portion at a time,
beginning with the selection of an isotropic (m − k) - subspace Z of U to play the role of
U ∩ U ′. There are [mk ] choices for Z.

After selecting Z, a subspace Y to play the role of U⊥∩U ′ needs to be selected. This will
be accomplished indirectly by selecting an isotropic subspace Y/Z of Z⊥/Z. This selection
must trivially intersect the k-subspace U/Z. It must also be a subspace of U⊥/Z. By
Lemma 2, these conditions are necessary and
sufficient. Y/Z must therefore project injectively into the quotient space (U⊥/Z)/(U/Z) (∼=

U⊥/U ). dim(U⊥/U) = N − 2m, and Y/Z must have dimension k − γ. So the number of
choices for the isotropic subspace of (U⊥/Z)/(U/Z) is [N−2m

k−γ ]0. Each such choice lifts to
qk(k−γ) choices for Y/Z, and each of these uniquely determines Y . So, given a choice for
Z, there are [N−2m

k−γ ]0 qk(k−γ) choices for Y .

After selecting Y , the rest of U ′ needs to be selected. This will be done by selecting an
isotropic γ-subspace U ′/Y of Y ⊥/Y , which has dimension N−2m+2γ. Again by Lemma 2,
the selection must trivially intersect the coisotropic subspace (Y ⊥∩U⊥)/Y = (Y +U)⊥/Y ,
which has the k-dimensional radical (Y +U)/Y ( ∼= U/(U∩Y ) = U/Z ), and so has codimen-
sion k. By Lemma 4, the number of choices for this selection is [kγ ] q

γ(N−2m+2γ−k− 1
2
γ+ 1

2
−µ−ν).

By multiplying the counts for the various portions, we see that the number of choices for
U ′ is [

m
k

] [
N − 2m
k − γ

]
0

[
k
γ

]
· qk2+γ(N−2m−2k+ 3

2
γ+ 1

2
−µ−ν) =

(q; q)m (q
1
2
N−m−µ,−q 1

2
N−m−ν ; q−1)k−γ

(q; q)m−k (q; q)γ (q; q)2k−γ

· qk2+γ(N−2m−2k+ 3
2
γ+ 1

2
−µ−ν)

Multiply this by the number of choices for U , namely [Nm]0, expand and simplify to get the
stated result.

�

3. The computation of p10
iαjβ

In order to compute p10
iαjβ

, fix two isotropic m subspaces U and U ′, and assume that
these intersect in
m − 1 dimensions and that they are orthogonal to each other. So (U,U ′) ∈ R10 , and

necessarily 1 ≤ m ≤ d − 1. Notice that U + U ′ ⊆ U⊥ ∩ U ′⊥ and so the lattice M reduces
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to the one in Figure 3(a). The goal of this section is to count the number of isotropic
m-subspaces U ′′ satisfying

1. dim(U ∩ U ′′) = m− j,
2. dim(U ′ ∩ U ′′) = m− i,
3. dim(U⊥ ∩ U ′′) = m− β,
4. dim(U ′⊥ ∩ U ′′) = m− α,

where 0 ≤ α ≤ i ≤ m and 0 ≤ β ≤ j ≤ m.

However, in order to effect a systematic enumeration of these subspaces, four additional
conditions will be imposed on U ′′. These additional conditions will later be relaxed by
summing over the four new
parameters to be introduced. Specifically, fix numbers h, e, η, ε and impose on U ′′ the

following additional requirements:

5. dim(U ∩ U ′ ∩ U ′′) = m− h,
6. [(U + U ′) ∩ U ′′ : U ∩ U ′′ + U ′ ∩ U ′′] = e,
7. dim(U⊥ ∩ U ′⊥ ∩ U ′′) = m− η,
8. [(U⊥ + U ′⊥) ∩ U ′′ : U⊥ ∩ U ′′ + U ′⊥ ∩ U ′′] = ε.

Thus, the goal is then to solve the lattice problem mentioned in the introduction, but only
for the special case k = 1 and γ = 0. The various parameters are required to satisfy certain
conditions in order that a U ′′ as described above exists. Some of these conditions are given
in the next lemma, while others will be addressed in Theorem 1.

Lemma 7. If a subspace U ′′ exists that satisfies the above eight conditions, then the pa-
rameters h, i, j, e, η, α, β and ε must satisfy all of the following relationships:

9. h is between 1 and m, equals i or i+ 1, and equals j or j + 1;
10. η is between 0 and m, equals
α or α+ 1, and equals β or β + 1;
11. e and ε are each either 0 or 1;
12. 0 ≤ i+ j − h− e− η ≤ d−m− 1;
13. 0 ≤ α+ β − η − ε < h;
14. i− α ≤ d−m;
15. j − β ≤ d−m;
16. 0 ≤ h− 1− α− β + η + ε ≤ d−m.

Proof. The first three items in this list are straightforward to check. For example, e =
[(U + U ′) ∩ U ′′ : U ∩ U ′′ + U ′ ∩ U ′′] ≤ [(U + U ′) ∩ U ′′ : U ∩ U ′′] ≤ [U + U ′ : U ] = [U ′ :
U ∩ U ′] = 1. The first inequality in item 12 follows from the fact that the dimension of
(U + U ′) ∩ U ′′ is required to be (m− i) + (m− j)− (m− h) + e = m− i− j + h+ e, and
so 0 ≤ [U⊥ ∩ U ′⊥ ∩ U ′′ : (U + U ′) ∩ U ′′] = i+ j − h− e− η. The second inequality in item
12 will be proved below.

Now, dim[(U⊥+U ′⊥)∩U ′′] = (m−α)+ (m−β)− (m− η)+ ε = m−α−β+ η+ ε ≤ m,
so α + β − η − ε ≥ 0. Since dim(U ∩ U ′ ∩ U ′′) = m − h, α + β − η − ε ≤ h. Sup-
pose that equality holds here, i.e. suppose that (U⊥ + U ′⊥) ∩ U ′′ = U ∩ U ′ ∩ U ′′. Let
ι = [U ∩ U ′ : U ∩ U ′ ∩ U ′′] = [U⊥ + U ′⊥ + U ′′⊥ : U⊥ + U ′⊥]. Then ι ≥ [U⊥ + U ′⊥ + U ′′ :
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U⊥ + U ′⊥] = [U ′′ : (U⊥ + U ′⊥) ∩ U ′′] = [U ′′ : U ∩ U ′ ∩ U ′′]. Therefore dim(U ′′) =
dim(U ∩U ′∩U ′′)+ [U ′′ : U ∩U ′∩U ′′] ≤ (m−1− ι)+ ι < m, which is impossible. Therefore
α+ β − η − ε < h. This establishes item 13.

To establish item 14, note that U ′ + (U ′⊥ ∩ U ′′) is isotropic and has dimension dim(U ′)
+ dim(U ′⊥ ∩ U ′′) - dim(U ′ ∩ U ′′) = m + (m − α) − (m − i) = m + i − α, which cannot
exceed d. Item 15 requires the obvious adjustment to the proof of item 14. The second
inequality in item 12 is shown by means of the same sort of reasoning, but relies on the
fact that (U + U ′) + (U⊥ ∩ U ′⊥ ∩ U ′′) is isotropic, so dim[(U + U ′) + (U⊥ ∩ U ′⊥ ∩ U ′′)] =
(m+ 1) + (m− η)− (m− i− j + h+ e) = m+ 1 + i+ j − h− e− η ≤ d. Item 16 likewise
results from the isotropic nature of (U ∩ U ′) + (U⊥ + U ′⊥) ∩ U ′′, which has dimension
(m−1)+(m−α−β+η+ε)−(m−h) = m+h−1−α−β+η+ε. This cannot exceed d. But,
dim(U∩U ′∩U ′′⊥) = N− dim((U⊥+U ′⊥)+U ′′) = N−(N−m+1)−m+(m−α−β+η+ε) =
m− 1− α− β + η + ε, so that [U ∩ U ′ ∩ U ′′⊥ : U ∩ U ′ ∩ U ′′] = h− 1− α− β + η + ε ≥ 0.

�

Henceforth, it will be assumed that the parameters satisfy the conditions listed in Lemma
7. The following theorem is concerned with counting the number of possible U ′′. In this
enumeration, q ∧ x denotes qx.

Theorem 1. The number of isotropic m-subspaces U ′′ satisfying conditions 1 through 16
(above) is

(q; q)m−1 (qN/2−µ−m−1,−qN/2−ν−m−1; q−1)i+j−h−e−η

(q; q)m−h (q; q)α+β−η−ε (q; q)h−1−α−β+η+ε (q; q)i+j−h−e−η
· (q − 1)e+ε−eε

· q ∧ { i(h − i) + j(h − j) + (h− 1)e+ (i+ j − h− e− η)(i + j − h− e+ 1)
+ (N − 2m− µ− ν − i+ α+ β)(η − α) + (N − 2m− µ− ν − j + α+ β)(η − β)

+ (η − α)(η − β) + (N − 2m− µ− ν − 1− h+ 2η + e)ε
+(α+ β − η − ε)(N − 2m− µ− ν − h+ 3[α+ β − η − ε+ 1]/2) } ,

provided that at least one of the following five conditions is also satisfied:

A. ε = e = 0 and h = i = j;
B. ε = e = 0 and η = α = β;
C. ε = e = 0, h = i and η = α;
D. ε = e = 0, h = j and η = β;
E. h = i = j and η = α = β.

In all other cases, the count is zero.

Proof. To count the number of suitable U ′′, we will consider selecting such a subspace a
portion at a time, similar to the way in which U ′ was selected in Lemma 6. The restrictions
stated in Lemma 7 will be assumed. It will also be assumed that i and j are both nonzero,
the case where one of these is zero being trivial to check. However, we will not impose any
of the five additional conditions, listed at the bottom of Theorem 1, at least not until the
end of this proof.

The nodes ofM will be taken in sequence, in a non-decreasing order, and at each stage the
number of ways to select the intersection of U ′′ with the current node, given the previously
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selected portion of U ′′, will be determined. To begin this process, consider the selection of
U ∩ U ′ ∩ U ′′, which must be an (m − h)-subspace of the (m − 1)-subspace U ∩ U ′. The
number of choices for this is simply

(1)
[
m− 1
m− h

]
=

[
m− 1
h− 1

]
=

(q; q)m−1

(q; q)h−1 (q; q)m−h

Now assume that a subspace Z1 has been selected to play the role of U ∩U ′∩U ′′. Define
a mapping between lattices of subspaces as follows:

ϕ1 : L(V )→ L(Z⊥
1 /Z1), ϕ1(X) = (Z1 + Z⊥

1 ∩X)/Z1 (∼= (Z⊥
1 ∩X)/(Z1 ∩X) )

In order to select the U ∩ U ′′ portion of U ′′, it suffices by Lemma 2 to select a suitable
subspace of the h-subspace ϕ1(U) (= U/Z1 ) to play the role of ϕ1(U∩U ′′) (= (U∩U ′′)/Z1 ),
which is required to have dimension h − j, and to trivially intersect ϕ1(U ∩ U ′) (= (U ∩
U ′)/Z1 ). ϕ1(U) and ϕ1(U ∩ U ′) have dimensions h and h− 1, respectively. If h = j, then
there is nothing to select, and U ′′ will be required to satisfy U ∩U ′′ = Z1. But if h = j+1,
then the number of choices is [h1 ] − [h−1

1 ] = qh−1 = qj. So in general, assuming as we are
that h is j or j + 1, the number of choices for ϕ1(U ∩ U ′′) is simply

(2) qj(h−j)

Next, assume that a subspace Z2 has been selected to play the role of U ∩ U ′′ and let
ϕ2 : L(V ) → L(Z⊥

2 /Z2) be defined analogous to the definition of ϕ1. The next step in
the process is to select a subspace of Z2 + U ′ to play the role of U ∩ U ′′ + U ′ ∩ U ′′, which
must have dimension (m − j) + (m − i) − (m − h) = m + h − i − j. Now dim(Z2) =
m− j, and by Lemma 2, there is a bijection between {X ∈ L(V ) |Xis isotropic, dim(X) =
m+h− i− j, Z2 ≤ X ≤ Z2+U ′,X ∩U ≤ Z2} and the set of isotropic (h− i) - subspaces of
ϕ2(U ′) that trivially intersect ϕ2(U). Note that ϕ2(U ′) = ϕ2(Z2+U ′) ∼= U ′/(U ∩U ′ ∩U ′′),
which has dimension h. Selecting the desired subspace of Z2 + U ′ amounts to selecting an
isotropic (h− i) - subspace of ϕ2(U ′) that trivially intersects ϕ2(U). But ϕ2(U)∩ϕ2(U ′) =
[Z⊥

2 ∩ (Z2 + U) ∩ (Z2 + U ′)]/Z2 = [Z⊥
2 ∩ U ∩ (Z2 + U ′)]/Z2 = [Z⊥

2 ∩ (Z2 + U ∩ U ′)]/Z2 =
ϕ2(U ∩ U ′) ∼= (U ∩ U ′)/(U ∩ U ′ ∩ U ′′), which has dimension h− 1. Note that subspaces of
ϕ2(U ′) that trivially intersect ϕ2(U ∩ U ′) also trivially intersect ϕ2(U). So, similar to the
previous count, and assuming h is i or i + 1, the number of selections for ϕ2(U ′ ∩ U ′′) is
seen to be

(3) qi(h−i)

Continuing to the next node of M, assume that a subspace Z3 has been selected to play
the role of U ∩ U ′′ + U ′ ∩ U ′′. If e = 0, then this subspace will also be (U + U ′) ∩ U ′′. But
if e = 1, then (U + U ′) ∩ U ′′ must be one dimension larger. However, for this to be the
case, it is necessary for h, i and j to all be equal. To see why, observe that [(U +U ′)∩U ′′ :
U ∩ U ′′] ≤ [U + U ′ : U ] = [U ′ : U ∩ U ′] = 1. Similarly, [(U + U ′) ∩ U ′′ : U ′ ∩ U ′′] ≤ 1. So
unless U ∩ U ′′ = U ′ ∩ U ′′, it must be the case that (U + U ′) ∩ U ′′ = U ∩ U ′′ + U ′ ∩ U ′′.
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When h = i = j and e = 1, and so Z1 = Z2 = Z3, the problem of selecting (U +U ′)∩U ′′,
again by Lemma 2, amounts to selecting a one-dimensional subspace inside the isotropic
space (U + U ′)/Z1 that trivially intersects each of the two hyperplanes U/Z1 and U ′/Z1.
The number of such selections is [h+1

1 ]− 2[h1 ] + [h−1
1 ] = (q − 1)qh−1.

When e = 1, but h, i and j are not all equal, there are of course no suitable choices for
(U +U ′)∩U ′′. Rather than imposing a further restriction on the parameters, at this point,
this possibility will be allowed, and will be handled by saying that in general the number
of choices for (U + U ′) ∩ U ′′ is

(4)
[
(q − 1)qh−1 · 02h−i−j

]e

where 00 is to be interpreted as 1. The “zero notation” here is simply a bookkeeping con-
venience, and essentially means that either h = i = j or e = 0 is required in order to have
a nonzero count.

Assume next that some subspace Z4 has been selected to serve as (U + U ′) ∩ U ′′, and
let ϕ4 have the evident meaning. Z4 has dimension dim(Z3) + e = m+ h+ e− i− j. Now
U⊥ ∩ U ′⊥ ∩ U ′′ can be selected by selecting ϕ4(U⊥ ∩ U ′⊥ ∩ U ′′) (= (U⊥ ∩ U ′⊥ ∩ U ′′)/Z4 ),
which must be isotropic and have dimension (m−η)− (m+h+e− i− j) = i+ j−h−e−η.
Next, note that ϕ4(V ) (= Z⊥

4 /Z4 ) has dimension N − 2m − 2h − 2e + 2i + 2j, and
ϕ4(U+U ′) (= (U+U ′)/Z4 ) has dimension (m+1)−(m+h+e−i−j) = i+j−h−e+1. So
ϕ4(U⊥∩U ′⊥) (= (U⊥∩U ′⊥)/Z4 ) has dimensionN−2m−2h−2e+2i+2j−(i+j−h−e+1) =
N − 2m− h− e+ i+ j − 1.

The selection of ϕ4(U⊥∩U ′⊥∩U ′′) must be made inside the coisotropic subspace ϕ4(U⊥∩
U ′⊥), whose radical is ϕ4(U + U ′). The selection must also trivially intersect this latter
subspace, and so must project injectively into the quotient space ϕ4(U⊥ ∩ U ′⊥)/ϕ4(U +
U ′) (∼= (U⊥ ∩ U ′⊥)/(U + U ′) ). This quotient space has dimension N − 2m − 2. Each
isotropic (i+ j−h− e− η) - subspace of this quotient space lifts to q(i+j−h−e−η)(i+j−h−e+1)

choices for ϕ4(U⊥ ∩U ′⊥ ∩U ′′). The total number of selections for this latter subspace, and
so for U⊥ ∩ U ′⊥ ∩ U ′′ given the particular Z4, is therefore

(5)
[

N − 2m− 2
i+ j − h− e− η

]
0

· q(i+j−h−e−η)(i+j−h−e+1)

=
(q

1
2
N−m−1−µ,−q 1

2
N−m−1−ν ; q−1)i+j−h−e−η

(q; q)i+j−h−e−η
· q(i+j−h−e−η)(i+j−h−e+1)

Now suppose that Z5 = U⊥∩U ′⊥∩U ′′ has been selected, and define ϕ5 in the usual way.
U⊥∩U ′′ can then be selected by selecting ϕ5(U⊥∩U ′′) (= (U⊥∩U ′′)/Z5 ), which must have
dimension (m− β)− (m− η) = η − β. This selection must be made inside the coisotropic
subspace ϕ5(U⊥), whose radical is ϕ5(U) (∼= U/(U ∩ U ′′) ). It is straightforward to check
that dim(ϕ5(V )) = N − 2m+ 2η, dim(ϕ5(U)) = j, dim(ϕ5(U⊥)) = N − 2m + 2η − j. By
Lemma 2, it is further necessary and sufficient that the selection of ϕ5(U⊥ ∩ U ′′) trivially
intersect the coisotropic subspace ϕ5(U⊥ ∩ U ′⊥) (= ϕ5(U⊥) ∩ ϕ5(U ′⊥) ), which has radi-
cal ϕ5(U + U ′) (∼= (U + U ′)/[(U + U ′) ∩ U ′′] ). Again, it is straightforward to check that
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dim(ϕ5(U+U ′)) = i+j−h−e+1 and dim(ϕ5(U⊥∩U ′⊥)) = N−2m+2η− i−j+h+e−1.

Each suitable choice for ϕ5(U⊥∩U ′′) projects injectively into the quotient space ϕ5(U⊥)/ϕ5(U)
and must trivially intersect ϕ5(U⊥ ∩ U ′⊥)/ϕ5(U). Note that [ϕ5(U⊥) : ϕ5(U⊥ ∩ U ′⊥)] =
[ϕ5(U + U ′) : ϕ5(U)] = i − h − e + 1. This is either 0 or 1. When it is 1, that is,
when i = h and e = 0, and when η = β + 1, then it is necessary to select a one-
dimensional isotropic subspace of ϕ5(U⊥)/ϕ5(U) that trivially intersects the coisotopic
hyperplane ϕ5(U⊥ ∩ U ′⊥)/ϕ5(U). Assume that this is the case for the moment. Note that
dim[ϕ5(U⊥)/ϕ5(U)] = N − 2m − 2j + 2η. By Lemma 4, the number of such 1-subspaces
is qN−2m−2j+2η−1−µ−ν . Each of these lifts to qj ( = dim(ϕ5(U)) ) possible choices for
ϕ5(U⊥ ∩ U ′′). Putting this together, we see in general that the number of choices for
U⊥ ∩ U ′′, given a particular Z5, is[

qN−2m−j+2η−1−µ−ν · 0h−i+e
]η−β

which, because η is either β or β + 1, equals

(6)
[
qN−2m−j+α+β−µ−ν · 0h−i+e

]η−β · q(η−α)(η−β)

Next, assume that Z6 = U⊥ ∩ U ′′ has been selected. U⊥ ∩ U ′′ + U ′⊥ ∩ U ′′ can then be
selected by selecting ϕ6(U ′⊥ ∩ U ′′) , where ϕ6 is defined as usual. Now ϕ6(U ′⊥ ∩ U ′′) (=
(U⊥ ∩ U ′′ + U ′⊥ ∩ U ′′)/(U⊥ ∩ U ′′) ∼= (U ′⊥ ∩ U ′′)/(U⊥ ∩ U ′⊥ ∩ U ′′) ) must have dimension
(m−α)− (m− η) = η−α, and will be selected in a manner similar to that used previously
to select Z6.

Observe that ϕ6(U ′) = (Z6 + Z⊥
6 ∩ U ′)/Z6

∼= (Z⊥
6 ∩ U ′)/(U ′ ∩U ′′), which has dimension

i−η+β, because dim(Z⊥
6 ∩U ′) = N - dim(Z6+U ′⊥) = N - dim(Z6) - dim(U ′⊥) + dim(Z5)

= N − (m− β)− (N −m) + (m− η) = m− η + β. Now, dim(ϕ6(V )) = N − 2m+ 2β, so
dim[ϕ6(U ′⊥)/ϕ6(U ′)] = N − 2m− 2i+ 2η.

Note too that ϕ6(U)+ϕ6(U ′) = ϕ6(U+U ′) = [Z6+Z⊥
6 ∩(U+U ′)]/Z6

∼= [Z⊥
6 ∩(U+U ′)]/Z4.

This has dimension i+j−h−e−η+β+1, since dim[Z⊥
6 ∩(U+U ′)] =N - dim[Z6+(U⊥∩U ′⊥)]

= N - dim(Z6) - dim(U⊥∩U ′⊥) + dim(U⊥∩Z5) = N − (m−β)− (N −m−1)+(m−η) =
m − η + β + 1, and since dim(Z4) = m + h + e − i − j. It follows that [ϕ6(U ′⊥) :
ϕ6(U⊥) ∩ ϕ6(U ′⊥)] = [ϕ6(U ′⊥) : ϕ6(U⊥ ∩ U ′⊥)] = [ϕ6(U + U ′) : ϕ6(U ′)] = j − h − e + 1,
which is either 0 or 1, and is 1 only when h = j and e = 0.

By the same reasoning that was applied to select Z6, it can now be seen that the number
of choices for U⊥ ∩ U ′′ + U ′⊥ ∩ U ′′, given the choice for Z6, is

(7)
[
qN−2m−i+α+β−µ−ν · 0h−j+e

]η−α

since dim[ϕ6(U ′⊥)/ϕ6(U ′)] = N − 2m− 2i+ 2η and dim(ϕ6(U ′)) = i− η + β.

So now assume that Z7 = U⊥ ∩ U ′′ + U ′⊥ ∩ U ′′ has been selected. If ε = 0 then this
is also (U⊥ + U ′⊥) ∩ U ′′. But if ε = 1, then (U⊥ + U ′⊥) ∩ U ′′ needs to be selected to
be one dimension larger. However, similar to the situation when selecting (U + U ′) ∩ U ′′,
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this is only possible when η = α = β, since [U⊥ + U ′⊥ : U⊥] and [U⊥ + U ′⊥ : U ′⊥] are
both one. Assume for the time being that η = α = β and ε = 1. Thus Z5 = Z6 = Z7.
Consider selecting the isotropic 1-subspace ϕ5((U⊥ + U ′⊥) ∩ U ′′), which must be chosen
inside ϕ5(U⊥+U ′⊥), and, by Lemma 2, must trivially intersect both ϕ5(U⊥) and ϕ5(U ′⊥),
and any such selection lifts to an acceptable selection for (U⊥ + U ′⊥) ∩ U ′′.

Recall that dim(ϕ5(V )) = N − 2m + 2η. Notice that ϕ5(U) + ϕ5(U ′) = ϕ5(U + U ′) ∼=
(U + U ′)/[(U + U ′) ∩ U ′′], which has dimension i + j − h − e + 1. Also, ϕ5(U ∩ U ′) ∼=
(U ∩ U ′)/(U ∩ U ′ ∩ U ′′), which has dimension h − 1. However, dim[ϕ5(U) ∩ ϕ5(U ′)] =
dim[ϕ5(U)] + dim[ϕ5(U ′)] - dim[ϕ5(U+U ′)] = j+i−(i+j−h−e+1) = h+e−1. So in general,
ϕ5(U∩U ′) and ϕ5(U)∩ϕ5(U ′) are not the same, and in fact [ϕ5(U)∩ϕ5(U ′) : ϕ5(U∩U ′)] = e.

It follows that [ϕ5(U⊥ + U ′⊥) : ϕ5(U⊥) + ϕ5(U ′⊥)] = e.

Also note that [ϕ5(U⊥ + U ′⊥) : ϕ5(U⊥)] = [ϕ5(U) : ϕ5(U ∩ U ′)] = j − h + 1 and
[ϕ5(U⊥ + U ′⊥) : ϕ5(U ′⊥)] = [ϕ5(U ′) : ϕ5(U ∩ U ′)] = i − h + 1. Clearly h = i = j is
required in order to be able to select the required 1-subspace. So assume this as well for
the time being. It is straightforward now to check that ϕ5(U⊥) = ϕ5(U ′⊥) if and only if
ϕ5(U) = ϕ5(U ′) if and only if e = 1.

In the e = 1 subcase, we are dealing with the same sort of enumeration problem consid-
ered earlier. Specifically, we must select an isotropic 1-subspace in the (N−2m+2η−2h+2)
- dimensional quotient space ϕ5(U⊥ + U ′⊥)/ϕ5(U ∩ U ′), one that trivially intersects the
corresponding coisotropic hyperplane ϕ5(U⊥)/ϕ5(U ∩ U ′). This then needs to be lifted to
one of qh−1 choices for ϕ5((U⊥ +U ′⊥) ∩ U ′′). By Lemma 4 or 5, the number of choices for
(U⊥+U ′⊥)∩U ′′ is qN−2m+2η−2h+2−1−µ−ν · qh−1 = qN−2m−h+2η−µ−ν . The e = 0 subcase is
similar but requires trivially intersecting two coisotropic hyperplanes, ϕ5(U⊥)/ϕ5(U ∩ U ′)
and ϕ5(U ′⊥)/ϕ5(U ∩ U ′). By Lemma 5, the number of choices for (U⊥ + U ′⊥) ∩ U ′′ is
(q − 1) qN−2m−h+2η−1−µ−ν .

Combining the subcases, we see that in general the number of choices for (U⊥+U ′⊥)∩U ′′,
given a particular choice for Z7, is

(8)
[
(q − 1)1−e · qN−2m−h+2η+e−1−µ−ν · 02h−i−j+2η−α−β

]ε

As expected, suppose next that Z8 = (U⊥ + U ′⊥) ∩ U ′′ has been selected, and let ϕ8 be
the evident mapping.
The final task in selecting U ′′ is to extend Z8 to all of U ′′. This can be accomplished

by selecting ϕ8(U ′′) (= U ′′/Z8 ), which must have dimension α + β − η − ε, since dim(Z8)
= dim(Z7) + ε = (m − β) + (m − α) − (m − η) + ε = m + η − α − β + ε. It must also
trivially intersect the coisotropic subspace ϕ8(U⊥ + U ′⊥). The radical of this coisotropic
subspace is ϕ8(U ∩U ′) (= (Z8+U ∩U ′)/Z8

∼= (U ∩U ′)/(U ∩U ′∩U ′′) ), which has dimension
(m − 1) − (m − h) = h − 1. Note that dim(ϕ8(V )) = N − 2m − 2η + 2α + 2β − 2ε. By
Lemma 4, the number of choices for ϕ8(U ′′) is

[
h− 1

α+ β − η − ε

]
· q(α+β−η−ε)[(N−2m−2η+2α+2β−2ε)−(h−1)− 1

2
(α+β−η−ε)+ 1

2
−µ−ν]
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(9) =
(q; q)h−1

(q; q)α+β−η−ε (q; q)h−α−β+η+ε−1
· q(α+β−η−ε)[N−2m−h+ 3

2
(α+β−η−ε+1)−µ−ν]

The total number of allowable choices for U ′′ is of course obtained by multiplying the
various counts ((1) through (9)) associated with the various stages in the above process
used to select this subspace. Furthermore, each of the five conditions (A through E) listed
in the theorem is sufficient to ensure that the exponents in all of the “zero notations” are
zero. Conversely, it is straightforward to check that at least one of these conditions must
hold in order for all of these exponents to be zero.

�

The next corollary offers a slightly different expression of the count in Theorem 1, in an
effort to produce a more uniform approach to enumerating the values of p10

iαjβ
for various

cases, some of which are considered in Corollary 2.

Corollary 1. The count in Theorem 1 can also be expressed as

(q; q)m−1 (qd−m−1,−qd′−m−1; q−1)g−κ−r−ρ−e

(q; q)m−f−r (q; q)λ−ρ−ε (q; q)f−λ−1+r+ρ+ε (q; q)g−κ−r−ρ−e
· (q − 1)e+ε−eε · q ∧

{ [fg+ g+ dκ+ d′κ− 2mκ− 2gκ+ gλ− fλ+ κ2+ 1
2λ

2 −κ+ 3
2λ] + 4rρ+ r(f − g+2κ− 2λ)

+ ρ(d+ d′ − 2m+ f − 3g + 3κ− 2λ) + eε+ e(f − 2g + κ− 1) + ε(2κ − 3λ− 1) } ,
assuming that at least one of the five conditions in Theorem 1 holds, and so either e = ε = 0
or r = ρ = 0, where

r =
{

0 if h = i = j
1 otherwise, ρ =

{
0 if η = α = β
1 otherwise,

and where d = N/2 − µ, d′ = N/2 − ν, f = min{i, j}, g = max{i, j}, κ = min{α, β} and
λ = max{α, β}.
Proof. First observe that h = f + r, i+ j−h = g− r, η = κ+ ρ and α+β− η = λ− ρ. The
formula given in Theorem 1 is easily converted to the one given here, except that a portion
of the power of q there needs to be handled in a special way. Specifically, −i(η−α)−j(η−β)
can be seen to equal (g − r)(λ− κ− 2ρ), by the following argument. In order for η − α to
be nonzero, it must be that h = j, since one of the conditions in Theorem 1 is presumably
satisfied. In this case, i = i+ j − h = g − r. Likewise, in order for η − β to be nonzero, it
must be that j = g−r. So −i(η−α)−j(η−β) = −(g−r)(2η−α−β) = (g−r)(λ−κ−2ρ).

�

For given values of i, j, α and β, the numbers p10
iαjβ

can now be computed by summing
the count in Corollary 1 over the allowable values of r, e, ρ and ε, each of which must be
either 0 or 1. The case where 0 < α = β < i = j < m involves the maximum number of
terms (six), because here each of e, ε, r and ρ can be either 0 or 1, restricted only by the
requirements that r and ρ cannot both be 1, and that either e = ε = 0 or r = ρ = 0. The
need for these restrictions can be seen from the restrictions listed in Theorem 1 applied in
the context that i = j and α = β. The other cases for p10

iαjβ
involve fewer than six terms,

and in fact if i �= j or α �= β, then there is just a single term to consider. Most of the
numbers p10

iαjβ
shall now be given explicitly in the next corollary and a subsequent remark.
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Corollary 2. Assuming that 0 < α < i < m,

p10
iαiα

=
(q; q)m−1 (qd−m−1,−qd′−m−1; q−1)i−α−1

(q; q)m−i (q; q)α (q; q)2i−α

· qi2−i+dα+d′α−2mα−2iα+ 3
2
α2− 1

2
α−1 · X,

where
X = qd+d′−2m (2qi+2α+1 − qi+α+1 − q3α+1 − q3α + q2α)
+ (qd−m − qd′−m) (q2i+α+1 − qi+2α − qi+α+1 + qi+α)

+ qm+2i+1 − qm+i+α+1 − q3i+1 − q3i + 2q2i+α + qi+α+1 − qi+α) .

Also,

p10
iαiα−1

=
(q; q)m−1 (qd−m−1,−qd′−m−1; q−1)i−α

(q; q)m−i (q; q)α−1 (q; q)2i−α

· qi2+i+dα+d′α−2mα−2iα+ 3
2
α2− 1

2
α−1,

p10

iα(i−1)α
=
(q; q)m−1 (qd−m−1,−qd′−m−1; q−1)i−α−1

(q; q)m−i (q; q)α (q; q)2i−α−1

· qi2+dα+d′α−2mα−2iα+ 3
2
α2+ 3

2
α−1,

p10

iα(i−1)α−1
=
(q; q)m−1 (qd−m−1,−qd′−m−1; q−1)i−α−1

(q; q)m−i (q; q)α−1 (q; q)i−α (q; q)i−α−1
· qi2+dα+d′α−2mα−2iα+ 3

2
α2+ 1

2
α−1 .

Therefore,

piαiα10 =
(qd, qd′ ; q−1)m+i−α

(1− q)2 (q; q)m−i (q; q)α (q; q)2i−α

· qi2−i+dα+d′α−2mα−2iα+ 3
2
α2− 1

2
α · X,

piαiα−110 =
(qd, qd′ ; q−1)m+i−α+1

(1− q)2 (q; q)m−i (q; q)α−1 (q; q)2i−α

· qi2+i+dα+d′α−2mα−2iα+ 3
2
α2− 1

2
α ,

piα(i−1)α10
=

(qd, qd′ ; q−1)m+i−α

(1− q)2 (q; q)m−i (q; q)α (q; q)2i−α−1

· qi2+dα+d′α−2mα−2iα+ 3
2
α2+ 3

2
α ,

piα(i−1)α−110
=

(qd, qd′ ; q−1)m+i−α

(1− q)2 (q; q)m−i (q; q)α−1 (q; q)i−α (q; q)i−α−1
· qi2+dα+d′α−2mα−2iα+ 3

2
α2+ 1

2
α .

Proof. Using Corollary 1 to compute p10
iαiα

, we obtain

∑
r,e,ρ,ε

(q; q)m−1 (qd−m−1,−qd′−m−1; q−1)i−α−r−ρ−e

(q; q)m−i−r (q; q)α−ρ−ε (q; q)i−α−1+r+ρ+ε (q; q)i−α−r−ρ−e
· (q − 1)e+ε−eε · q ∧

{ (i2+i+dα+d′α−2mα−2iα+ 3
2α

2+ 1
2α)+4rρ+ρ(u+v−α)+eε−e(i−α+1)−ε(α+1) } .

This can be rewritten in the form

∑
r,e,ρ,ε

(q; q)m−1 (qd−m−1,−qd′−m−1; q−1)i−α−1

(q; q)m−i (q; q)α (q; q)2i−α

· qi2+i+dα+d′α−2mα−2iα+ 3
2
α2+ 1

2
α

·
{ [
(1− qd−m−i+α)(1 + qd′−m−i+α)

]1−r∨ρ∨e (1− qα)ρ∨ε (1− qm−i)r (1− qi−α)1+e−ε
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· (q − 1)e∨ε · q4rρ+ρ(u+v−α)+eε−e(i−α+1)−ε(α+1)
}
,

where the operation ∨ is defined by σ ∨ τ = σ + τ − στ . Symbolic manipulation software,
such as Mathematica1 and Maple2, can then be used to quickly establish that the sum of
the quantity in curly braces here, over the allowable values of r, e, ρ and ε, equals q−2i−α−1

times X.

The numbers p10
iαiα−1

, p10

iα(i−1)α
and p10

iα(i−1)α−1
can likewise be computed using Corollary

1. Because of the restrictions imposed by Theorem 1 on the parameters (r, ρ, e, ε), only
one term is nonzero in each of these cases. The only nonzero term in the computation of
p10

iαiα−1
occurs when ρ = 1, r = e = ε = 0. The only nonzero term in the computation of

p10

iα(i−1)α
occurs when r = 1, ρ = e = ε = 0. The only nonzero term in the computation of

p10

iα(i−1)α−1
occurs when r = ρ = 1, e = ε = 0. The remaining claims follows from Lemma 6

and the fact that piαjβ10 = |R10 | p10
iαjβ

.
�

Remark 2. Using the values from Corollary 2, it is straightforward, possibly with the aid
of symbolic manipulation software, to check that

∑
jβ

p10
iαjβ

= p10
iαiα

+ p10
iαiα−1

+ p10
iαiα+1

+ p10

iα(i−1)α
+ p10

iα(i+1)α
+ p10

iα(i−1)α−1
+ p10

iα(i+1)α+1

=
(q; q)m−1 (qd−m−1,−qd′−m−1; q−1)i−α−1

(q; q)m−i (q; q)α (q; q)2i−α

· qi2−i+dα+d′α−2mα−2iα+ 3
2
α2− 1

2
α−1

·
{
qd+d′−2m(2qi+2α+1 − qi+α+1 − q3α+1 − q3α + q2α)

+ (qd−m − qd′−m)(q2i+α+1 − qi+2α − qi+α+1 + qi+α)

+ (qm+2i+1 − qm+i+α+1 − q3i+1 − q3i + 2q2i+α + qi+α+1 − qi+α)

+ (1− qd−m−i+α)(1 + qd′−m−i+α)(1 − qα)q2i + (1− qi−α)2qd+d′−2m+3α+1

+(1− qi−α)2qi+2α + (1− qd−m−i+α)(1 + qd′−m−i+α)(1 − qm−i)q3i+1

+(1− qα)(1− qi−α)qi+α + (1− qm−i)(1− qi−α)qd+d′−2m+i+2α+1
}

=
(q; q)m (qd−m,−qd′−m; q−1)i−α

(q; q)m−i (q; q)α (q; q)2i−α

· qi2+dα+d′α−2mα−2iα+ 3
2
α2+ 1

2
α =

∣∣∣Riα

∣∣∣/ [
N
m

]
0

.

This is as required, since the summation must count all of the isotropic m-subspaces U ′′ for
which (U ′, U ′′) ∈ Riα, given an isotropic m-subspace U ′.

1Mathematica is a registered trademark of Wolfram Research, Inc.
2Maple is a registered trademark of Waterloo Maple Inc.
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Notice that Corollary 2 and Remark 2 pertain to the intersection numbers p10
iαjβ

for which
0 < α < i < m. It is staightforward to use Theorem 1 or Corollary 1 and to reason as in
the proof of Corollary 2, in order to compute the remaining intersection numbers. Such
computations can then be double checked along the lines of Remark 2. Some of these
remaining intersection numbers are as follows, as the reader can verify.

Remark 3. Assume that 0 < i < m. Then

(1) the only nonzero cases of p10
i0jβ

are

p10
i0i0

=
(q; q)m−1(qd−m−1,−qd−m−1; q−1)i−1

(q; q)m−i(q; q)i(q; q)i−1
· qi2−1

·
[
(1− qd−m−1)(1 + qd′−m−1)qi+1 + (1− qm−i)qi+1 + (1− qi)(q − 1)

]
,

p10
i0i1

=
(q; q)m−1(qd−m−1,−qd−m−1; q−1)i−1

(q; q)m−i(q; q)2i−1

· qd+d′−2m+i2−i,

p10

i0(i+1)0
=
(q; q)m−1(qd−m−1,−qd−m−1; q−1)i

(q; q)m−i−1(q; q)2i
· qi2+2i,

p10

i0(i+1)1
=
(q; q)m−1(qd−m−1,−qd−m−1; q−1)i−1

(q; q)m−i−1(q; q)i(q; q)i−1
· qd+d′−2m+i2 ,

p10

i0(i−1)0
=
(q; q)m−1(qd−m−1,−qd−m−1; q−1)i−1

(q; q)m−i(q; q)2i−1

· qi2−1 and

(2) the only nonzero cases of p10
iijβ

are

p10
iiii
=

(q; q)m−1

(q; q)m−i(q; q)i−1
· (q − 1) · qdi+d′i−2mi+ 1

2
i2+ 1

2
i−1,

p10

ii(i+1)i
=

(q; q)m−1

(q; q)m−i−1(q; q)i
· qdi+d′i−2mi+ 1

2
i2+ 3

2
i,

p10
iiii−1

=
(q; q)m−1

(q; q)m−i(q; q)i−1
· qdi+d′i−2mi+ 1

2
i2+ 1

2
i−1.

As a final thought, it might be noted that the partial results obtained above concerning
the intersection numbers of the association schemes being discussed might yield partial re-
sults concerning the eigenvalues of these association schemes. Presumably, for each Riα , the
Bose-Mesner algebra of the association scheme discussed in this article has a corresponding
“natural” idempotent Eiα . Let Fiα denote its rank. Of course each Riα has a correspond-
ing adjacency matrix Aiα in the Bose-Mesner algebra. The eigenvalue matrix (Piαjβ

) is
defined by Aiα = Σjβ

Piαjβ
Ejβ

, and its entries (the eigenvalues) are known to be related
to the intersection numbers by the formula piαjβkγ = ΣtωPiαtωPjβtωPkγtωFtω . Perhaps it is
possible at this point to gain some information about the eigenvalues from a knowledge of
the numbers piαjβ10 .
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A SCHENSTED INSERTION FOR TENSOR POWERS OF THE WEIL
REPRESENTATION

TOM ROBY

Abstract. We give the first known example of a Robinson-Schensted type insertion for a
class of infinite dimensional representations. The tensor powers of the Weil representation
W of sp(2n, C) decompose as a direct sum of certain highest weight sp(2n, C)-modules
Lk(λ) tensored with some corresponding finite dimensional irreducible O(k, C)-module
Vλ. Concentrating only on the sp(2n, C)-module structure, we can see this as iterating
the following decomposition:

(2) Lk(λ)⊗ W �
⊕

µ

Lk+1(µ) .

If k is sufficently large relative to n and λ, then the module Lk(λ) and all the terms on
the right hand side belong to the holomorphic discrete series and our insertion algorithm
allows us to give a weighted bijection proving the formal character identity corresponding
to the decomposition (2). It seems likely that a correspondence along these lines can be
given to combinatorially explain similar identities of formal characters for small k as well.
We give a such a correspondence when n = 2, but this remains open for general n.

Résumé. On donne le premier exemple d’une insertion de type Robinson-Schensted pour
une classe representations de dimension infinies. La puissance tensorielle de la represen-
tation de Weil decomposee en somme directe de certains sp(2n, C)-modules de highest
weight est tensoree avec des O(k, C)-modules Vλ irreducibles de dimensions finies. En
etudiant seulement les structures des sp(2n, C)-module on peut obtenir ces resultats par
iteration de la decomposition suivante

(2) Lk(λ)⊗ W �
⊕

µ

Lk+1(µ) .

Si k est suffisament grand par rapport a n et λ alors le module Lk(λ) et tous les termes de
droite appartiennent a la serie discrete holomorphe et notre algorithm d’insertion permet
de donner une weighted bijection demontrant ainsi l’indentite du caractere formel corre-
spondant a la decomposition (2). Il semblerait probable qu’une correspondence similaire
pourait etre donnee de facon a donner une expliquation combinatoire sur les identites des
caracteres formels pour petit k. Ceci est a l’heure actuelle un projet. On donne un tel
correspondence pour n = 2, mais le problème reste ouvert pour n > 2.

1. Introduction

Our goal is to extend the notion of tableaux, insertion and the Robinson-Schensted
correspondence (or the R-S correspondence for short) to a class of infinite-dimensional
representations of the Lie algebra g = sp(2n,C). (Here n ≥ 2 is a fixed positive integer;
see § 2 for definitions of this and terms to follow.) The Weil representation of g is an
infinite-dimensional representation which can be realized on the space of polynomials W =
C[x1, x2, . . . , xn] using multiplication operators and certain simple differential operators.
We can reformulate results of M. Kashiwara and M. Vergne ([KV]) (see also the work of
R. Howe [How]) to show that the centralizer of the action of g on the k-th tensor power

The author gratefully acknowledges support from National Science Foundation Grant #DMS–9353149,
the University of Wisconsin, Madison and California State University, Hayward.
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W⊗k of W is given by an action of the orthogonal group O(k,C), and that they constitute
a dual pair, namely the space W⊗k decomposes into a multiplicity-free sum:

(1) W⊗k �
⊕

λ

Lk(λ)⊗ Vλ,

where each Lk(λ) is an irreducible g-module, each Vλ is an irreducible O(k,C)-module
(using the notation in [KV]), and the summation is for λ ∈ Lk where Lk = {λ ∈ Y | l(λ) ≤
n, λ′

1+λ′
2 ≤ k }. Here Y denotes Young’s lattice, the lattice of all partitions of nonnegative

integers (ordered by inclusion). These Lk(λ) all turn out to be irreducible highest weight
modules (for a fixed choice of Cartan subalgebra h and Borel subalgebra b). The highest
weight of Lk(λ) is

Λ(k, λ) = −(k
2
+ λn)ε1 − (

k

2
+ λn−1)ε2 − . . .− (

k

2
+ λ1)εn

= −k

2
ωn − λnε1 − λn−1ε2 − · · · − λ1εn ,

where ωn = ε1 + ε2 + · · ·+ εn.
The highest weights Λ(k, λ) obtained in this manner from (1) for all k ∈ Z≥0 lie in

(but do not fill) a cone C0 = {∑n
i=1 aiεi ∈ Q̃ | 0 > a1 ≥ a2 ≥ · · · ≥ an } in the lattice

Q̃ = {∑n
i=1 aiεi | ai ∈ 1

2 · Z (1 ≤ i ≤ n), and ai − ai+1 ∈ Z (1 ≤ i ≤ n − 1) }. Since
the Vλ are finite-dimensional O(k,C)-modules, it is possible to describe their behavior in
combinatorial terms. R. King and B. Wybourne exploited this connection to obtain some
combinatorial results for the infinite-dimensional representations Lk(λ) ([KW]).

Our model is the following version of the classical R-S correspondence which depicts the
decomposition of the k-th tensor power of the natural representation of gl(n,C):

[1, n]k ∼−→
∐
λ�k

l(λ)≤n

CST(n)(λ)× SYT(λ).

Here CST(n)(λ) (resp. SYT(λ)) denotes the set of column strict or semistandard tableaux
(resp. standard tableaux) of shape λ with entries from [1, n] = {1, 2, . . . , n}. This bijection
is constructed as a repetition of a procedure called row insertion, CST(n)(λ) × [1, n] ∼−→∐

µ
.⊃λ

l(µ)≤n

CST(n)(µ), which depicts the decomposition of the tensor product Vλ⊗V� �
⊕

µ Vµ

(where Vλ and Vµ are here irreducible finite-dimensional gl(n,C)-modules, V� is the space
of natural representation of gl(n,C), and µ runs over partitions such that µ/λ is one box
and l(µ) ≤ n). By analogy, our correspondence should consist of a repetition of a bijection
reflecting the decomposition of the tensor product

(2) Lk(λ)⊗W �
⊕

µ

Lk+1(µ),

where µ runs over partitions in Lk+1 such that µ/λ is a horizontal strip.
The first ingredient we need is a set SIST(λ) of certain tableaux which, with a notion of

weight depending on k, gives the weight generating function equal to the formal character of
LΛ(k,λ). Here, for any Λ ∈ h∗, LΛ denotes the (unique) irreducible highest weight g-module
with highest weight Λ.

This has been done for a subclass of these g-modules in [TY], namely for those having
highest weights in a smaller cone C1 = {

∑n
i=1 aiεi ∈ C0 | −n > a1 }, in other words those in

the holomorphic discrete series, in which case LΛ is actually a generalized Verma module:
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If we put k = gl(n,C) embedded in g in a suitable fashion, then all weights in C0 are
k-dominant integral (with respect to the Borel subalgebra b ∩ k of k). Therefore, if Λ ∈ C0,
we have a finite-dimensional irreducible k-module FΛ with highest weight Λ. Let p denote
the parabolic subalgebra of g containing b and with Levi part k. Then we can form the
generalized Verma module NΛ = U(g) ⊗U(p) FΛ, where FΛ is regarded as a p-module by
defining the action of the nilpotent radical of p to be trivial. If Λ ∈ C0 − C1, LΛ is the
irreducible quotient of NΛ (still possibly isomorphic to NΛ for some such Λ).

It can be easily seen that, in (2), if Lk(λ) has highest weight in C1, then so does every
summand on the right hand side. Our result in § 3 presents a weight-preserving bijection

(3) SIST(λ)× Z
n
≥0

∼−→
∐
µ

SIST(µ) ,

where µ runs through partitions in Lk+1 such that µ/λ is a horizontal strip. Here, the
generating function of Z

n
≥0, with a proper definition of weights, gives the formal character

of W , and that of SIST(λ) similarly gives the formal character of Lk(λ) = LΛ(k,λ) as stated
above; so this bijection models the decomposition (2) for the case Λ(k, λ) ∈ C1.

Unlike the case of finite-dimensional representations, an equality of formal characters is
in general far from sufficient to draw out any conclusion on the decomposition of a tensor
product. In our case, however, it is known that the tensor product decomposes as a direct
sum of irreducible highest weight modules. (See [Kob].)

If we start from an Lk(λ) in the holomorphic discrete series, we can repeat our procedure
describing (2) and depict the decomposition of Lk(λ)⊗W⊗k′

. However, this is not enough
to depict the whole decomposition of the tensor powers of W , since W itself (the very
starting point) is a direct sum of two irreducible modules whose highest weights are not in
C1. (Recall that we have assumed that n ≥ 2. If n = 1, then all NΛ(k,λ) in consideration
are irreducible, so that (3) covers all desired cases.)

For n = 2, which is the smallest value of n having reducible NΛ(k,λ), we also fill this gap
(§ 4). Namely we find subsets SIST(k, λ) of SIST(λ), for any (k, λ) with λ ∈ Lk, whose
weight generating function gives the formal character of Lk(λ), including the case where
Λ(k, λ) ∈ C0 − C1. We also present a modification of the bijection (3) which depicts the
decomposition (2) for the case Λ(k, λ) ∈ C0 − C1. So for n = 2, we have associated the
whole decomposition of the tensor powers of W with combinatorial bijections. For general
n, we conjecture the existence of such subsets SIST(k, λ) and modified bijections that work
for the cases where Λ(k, λ) ∈ C0 − C1.

The author is grateful to I. Terada for suggesting this problem and providing patient,
persistent support. We are indebted to K. Nishiyama, T. Kobayashi and T. Oshima for
discussion and clarification of many points concerning these infinite dimensional represen-
tations.

2. The Weil representation and its modules

We assume throughout the paper that n ≥ 2 to avoid the degenerate case n = 1.
Definition 2.1 Fix the skew-symmetric form on C

2n given as 〈v,w〉 = vtJw, where J is
the 2n× 2n matrix given as follows:

J =
(
0 −I
I 0

)
.

The symplectic Lie algebra g = sp(2n,C) is then given by

sp(2n,C) = {X ∈ gl(2n,C)|XtJ + JX = 0} .
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We may consider gl(n,C) as living inside sp(2n,C) via the following embedding

A �→
(
A 0
0 −At

)
.

We fix a Cartan subalgebra h and a Borel subalgebra b containing h in the manner read
from Fig. 1 and its footnote. Let εi ∈ h∗ be such that εi(Ejj − En+j,n+j) = δij . The set of
corresponding simple roots is is {εi − εi+1 (1 ≤ i < n), 2εn}.
Note that gl(n,C) shares a Cartan subalgebra h with sp(2n,C). Also, gl(n,C)∩b is a Borel
subalgebra of gl(n,C).
Definition 2.2 The Weil representation ρ of sp(2n,C) on W = C[x1, x2, . . . , xn] is given
explicitely in Figure 1 by defining how various basis elements act on the polynomial ring.
It extends, up to a twist by an automorphism of sp(2n,C), the simpler action of gl(n,C)
given by sending Eij �→ xi∂j , where ∂j := ∂

∂xj
.

W has two independent highest weight vectors, namely 1 (weight −1
2ωn) and xn (weight

−1
2ωn − εn). U(g) · 1 (resp. U(g) · xn) is the space of all polynomials of even total degree

(resp. odd total degree). We have W = U(g) · 1⊕U(g) ·xn, and that these two submodules
are irreducible. In the notation defined below, they are LΛ(1,(0)) and LΛ(1,�). These two
highest weights belong to C0 − C1. (See Definition 2.6).
Definition 2.3 Let Λ be a weight for g = sp(2n,C), i.e, Λ ∈ h∗. Let p be the parabolic
subalgebra which contains b and whose Levi part is k = gl(n,C) (thought of as embedded
in sp(2n,C) by the map described immediately after Definition 2.1). Λ is called k-dominant
integral if Λ =

∑n
i=1 ciεi, ci − ci+1 ∈ Z≥0 (1 ≤ i ≤ n− 1).

We define the following four modules.
• LΛ = the unique irreducible highest weight g-module with highest weight Λ (for all
Λ ∈ h∗)
• MΛ := the Verma module for g of highest weight Λ (for all Λ ∈ h∗).
• FΛ =the finite dimensional irreducible k-module with highest weight Λ (for k-
dominant integral Λ).
• NΛ =the generalized Verma module U(g)⊗U(p) FΛ for g, where FΛ is regarded as a

U(p)-module by defining the action of the nilpotent radical of p to be trivial.
Definition 2.4 For λ ∈ Y with l(λ) ≤ n and k ∈ Z≥0, we put:

Λ(k, λ) = −k

2
(ε1 + ε2 + · · ·+ εn)− λnε1 − λn−1ε2 − · · · − λ1εn.

= −
n∑

i=1

(λn−i+1 +
k

2
)εi

Definition 2.5 We define the following lattice Q̃ in h∗, which will contain all the weights
we consider:

Q̃ =

{
n∑

i=1

aiεi | ai ∈ 1
2
· Z (1 ≤ i ≤ n), and ai − ai+1 ∈ Z (1 ≤ i ≤ n− 1)

}
Unlike the usual weight lattice for sp(2n,C) (see, e.g., [Hum]), which is just the one freely
generated by the εi’s, here we also need to include those half-integral linear combinations
for which every coefficient ai is not an integer.
Definition 2.6 We define two cones in the lattice Q̃ as follows

C0 = { a1ε1 + a2ε2 + . . .+ anεn ∈ Q̃ | 0 > a1 ≥ a2 ≥ · · · ≥ an } .
C1 = { a1ε1 + a2ε2 + . . .+ anεn ∈ Q̃ | −n > a1 ≥ a2 ≥ · · · ≥ an } .
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Figure 1. The Weil representation for sp(2n,C).

Root Element A n = 2 Example Operator ρ(A)

Cartan SA Eii − En+i,n+i p


1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0

 −xi∂i − 1
2

εi − εj for i < j Eij − En+j,n+i


0 1 0 0
0 0 0 0
0 0 0 0
0 0 −1 0

 xj∂i

−εi + εj for i < j Eji − En+i,n+j


0 0 0 0
1 0 0 0
0 0 0 −1
0 0 0 0

 xi∂j

εi + εj for i �= j Ei,n+j + Ej,n+i


0 0 0 1
0 0 1 0
0 0 0 0
0 0 0 0

 √−1∂i∂j

−εi − εj for i �= j En+i,j + En+j,i


0 0 0 0
0 0 0 0
0 1 0 0
1 0 0 0

 √−1xixj

2εi Ei,n+i


0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

 √−1∂2i

−2εi En+i,i


0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

 √−1x2i

In this table, the positive and negative root vectors alternate +,−,+,−,+,− after the
Cartan subalgebra entry. There is a Lie algebra automorphism of sp(2n,C) which

exchanges Eβ and E−β for all positive roots β, and which act as −1 on h. This means that
there is another version of the Weil representation given by composing this automorphism

with ρ. It is this version which extends the representation Eij �→ xi∂j of gl(n,C).

Facts 2.7. We have the following facts concerning the modules LΛ.

(1) ([KV] and [How]) For k ∈ Z>0, we put Lk = {λ ∈ Y | l(λ) ≤ n and λ′
1 + λ′

2 ≤ k },
where λ′

j denotes the length of the jth column of the Young diagram of λ. Then we
have

W⊗k �
⊕
λ∈Lk

Lk(λ)⊗ Vλ

where Lk(λ) � LΛ(k,λ) and Vλ is a finite-dimensional irreducible O(k,C)-module.
(2) C1 ⊂ {Λ(k, λ) | λ ∈ Lk, k ∈ Z>0 } ⊂ C0. (This is immediate. Set k = 2n or

k = 2n+ 1.)
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(3) If Λ ∈ Q̃, LΛ is in the holomorphic discrete series if and only if Λ ∈ C1. Moreover,
in this case LΛ is isomorphic to NΛ.

These conditions make it clear that, for k sufficiently large (≥ 2n), all the irreducible
sp(2n,C)-modules appearing in the decomposition of W⊗k are holomorphic discrete series
modules. On the other hand, the two irreducible constituents of W (see after Definition 2.2)
are not in the holomorphic discrete series.

Lemma 2.8. The formal character of the Weil representation W is given as the sum of all
monomials in t−1

1 , t−1
2 , . . . , t−1

n with an additional factor

chW =
∑

c∈Z
n
≥0

t−c−( 1
2
, 1
2
,..., 1

2
) =

(t1t2 · · · tn)− 1
2∏n

i=1(1− t−1
i )

.

Namely, if we define the 1
2-adjusted weight of a monomial xc or c ∈ Z

n
≥0 to be c − 1

2ωn,
then the weight generating function of Z

n
≥0 for the 1

2 -adjusted weight equals the formal
character of W .

Lemma 2.9.

chNΛ(k,λ) =
chFΛ(k,λ)∏

1≤i≤j≤n(1− t−1
i t−1

j )
=

(t1t2 · · · tn)− k
2 sλ(t−1

1 , . . . , t−1
n )∏

1≤i≤j≤n(1− t−1
i t−1

j )

where sλ is the Schur function. Therefore, we can compute the character of Lk(λ) =
LΛ(k,λ) = NΛ(k,λ) if Λ(k, λ) ∈ C1.

The following definitions of semi-infinite symplectic tableaux and weight are from [TY].
Definition 2.10 Fix a positive integer n, and let λ ∈ Y have length ≤ n. Let Γn denote
the totally ordered set {1 < 1̄ < 2 < 2̄ < · · · < n < n̄}. The semi-infinite complementary
shape to λ is the following convex subset of Z× Z:

Sλ = {(i, j)|1 ≤ i ≤ n, −∞ < ji < −λn+1−i}
A semi-infinite sp(2n,C) tableau of complementary shape λ is a map T : Sλ → Γn, satisfying
the following conditions:

(1) For each i ∈ [n], there exists Ni ∈ Z such that T (i, j) = i whenever j < Ni.
(2) Each row is weakly increasing: T (i, j) ≤ T (i, j + 1) whenever both are defined.
(3) Each column is strictly increasing: T (i, j) < T (i+ 1, j) whenever both are defined.

Note that the first two conditions imply that T (i, j) ≥ i, which is part of the definition of
(finite) symplectic tableaux used by, e.g., [KE], [Ber], and [KT] [Ber]).

We write sch(T ) = λ to indicate that the semi-infinite tableau T has semi-infinite com-
plementary shape λ, and denote the set of all SIST’s of that shape by SIST(λ).
Definition 2.11 Define the crude weight of T ∈ SIST(λ) to be

∑n
i=1 ciεi (∈ h∗), which we

abbreviate as (c1, c2, . . . , cn) ∈ Z
n where

ci := −(number of ī’s in T )− ( number of columns of T not containing i)− λn.
The idea is that, as for the usual symplectic tableaux, the letter i (resp. ī) has weight εi

(resp. −εi), and that the reference tableau (whose crude weight is defined to be zero) is the
one of complementary shape λ = ∅ with all entries in the ith row equal to i. For example,
the crude weight of the tableau in Figure 2 is (−13,−15,−13,−14). Also, for each k ∈ Z>0

we define the k
2 -adjusted weight of T to be (the crude weight of T )− k

2ε1− k
2 ε2− · · · − k

2 εn.
For example, the 7

2 -adjusted weight of the tableau in Figure 2 is (−33
2 ,−37

2 ,−33
2 ,−35

2 ).
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Figure 2. A Semi-infinite symplectic tableau of complementary shape (9,9,4,1)

· · · 1 1 1 1 1 1 1 1 1 1̄ 1̄ 1̄ 1̄ 1̄ 2 3
. . . 2 2 2 2 2̄ 2̄ 2̄ 3 3 3 3 3 3̄
. . . 3 3 3 3̄ 3̄ 3̄ 3̄ 4
. . . 4 4 4 4 4 4̄ 4̄ 4̄

Lemma 2.12 ([TY]). If λ ∈ Y with l(λ) ≤ n and k ∈ Z>0, then the weight generating
function of SIST(λ) for the k

2 -adjusted weight equals the formal character of NΛ(k,λ). In
particular, if Λ(k, λ) ∈ C1, this also equals the formal character of LΛ(k,λ).

3. Insertion

Using the duality (2.7 (1)) and some knowledge of O(k,C)-modules, it is not difficult
to see the decomposition (2) holds. The goal of this section is to give an insertion scheme
which shows that the formal characters of both sides of (2) are equal.

Definition 3.1 We define an insertion operator

Ii : SIST(λ) −→
∐
µ

SIST(µ)

where µ will turn out to be a shape such that µ/λ is a single box as follows. Remove the
rightmost i in the ith row, making it a hole. Start sliding by jeu de taquin moving letters in
the northwest direction, until a hole is left on the boundary of the SIST. (Or equivalently
one could regard the slide starting from infinite left in the ith row.) The resulting tableau
is a SIST because the sliding process preserves semistandardness. µ/λ is one box since the
tableau loses one box of its shape at its outer corner.

In what follows, the weight of an ordered pair is the sum of the weights of its components.

Lemma 3.2. Fix λ ∈ Y with l(λ) ≤ n. Then the map

SIST(λ)× [1, n]→
∐
µ

SIST(µ)

defined by (T, i) �→ Ii(T ) is a weight-preserving bijection, where µ runs over partitions
µ ∈ Y with l(µ) ≤ n and such that µ/λ is one box, and the SIST’s are assigned their crude
weights, and the weight of i ∈ [1, n] is defined to be −εi.
Proof. This map is well-defined because given any hole in a column-strict tableaux there
is a unique jeu de taquin slide starting at that hole to the boundary of the tableaux. The
candidate for the inverse map is the reverse slide, which moves letters in the southeast
direction, starting from the hole at µ/λ. (So in order to reverse this map, one must know
λ as well as µ.) Any such reverse slide must eventually converge to some single row i, and
the output of this inverse candidate will be the pair consisting of the resulting tableau and
the letter i. That this gives the inverse map follows in the same way that it does for the
case of finite jeux de taquin slides. The forward map forces one i to be lost in the tableaux,
so by the definition of crude weight the map is weight-preserving. �
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Example 3.3 Consider I1(T ) where T =

. . . 1 1 1̄ 2 2̄ 3

. . . 2 2 2 2̄ 3̄

. . . 3 3 3̄ 3̄ .

We show the sliding step by step:

. . . 1 1̄ 2 2̄ 3

. . . 2 2 2 2̄ 3̄ −→

. . . 3 3 3̄ 3̄

. . . 1 1̄ 2 2̄ 3

. . . 2 2 2 2̄ 3̄ −→

. . . 3 3 3̄ 3̄

. . . 1 1̄ 2 2 2̄ 3

. . . 2 2 2̄ 3̄ −→

. . . 3 3 3̄ 3̄

. . . 1 1̄ 2 2 2̄ 3

. . . 2 2 2̄ 3̄ −→

. . . 3 3 3̄ 3̄

. . . 1 1̄ 2 2 2̄ 3

. . . 2 2 2̄ 3̄ 3̄

. . . 3 3 3̄ .

I1(T ) is the final tableau in the sequence above, and µ/λ is the leftmost empty box in
row 3.

Definition 3.4 Let Im
i denote the operator which repeats Ii m times, and for c ∈ Z

n
≥0, set

Ic(T ) = Icn
n ◦ Icn−1

n−1 ◦ · · · Ic1
1 (T ). In other words, Ic(T ) is the map which successively slides

c1 1’s to the left in T , c2 2’s to the left in T , and so on.

The main theorem of this section follows. It gives an analogue of Schensted’s correspon-
dence which shows the effect of tensoring a stable module Lk(λ) (e.g., when k ≥ 2n) with
one copy of W .

Theorem 3.5. Let λ ∈ Y with l(λ) ≤ n. Then the map

SIST(λ)× Z
n
≥0

∼−→
∐
µ

SIST(µ)

defined by (T, c) �→ Ic(T ) is a weight-preserving bijection, where µ runs over partitions
µ ∈ Y with l(µ) ≤ n and such that µ/λ is a horizontal strip, and the SIST’s and the
n-tuples are assigned their crude weights.

Example 3.6 Consider I(3,1,1)(T ) where T is the following tableau of weight (−5,−5,−7):
. . . 1 1 1 1 1̄ 2 2̄ 3
. . . 2 2 2 2 2̄ 3̄
. . . 3 3 3 3̄ 3̄ .

We show the effect of successively inserting 1, 1, 1, 2, 3, and indicate the sliding path by
highlighting the sides of the squares involved. The sliding between the second and third
tableaux is the same as that shown in Example 3.3 above.

. . . 1 1 1 1 1̄ 2 2̄ 3

. . . 2 2 2 2 2̄ 3̄ −→

. . . 3 3 3 3̄ 3̄

. . . 1 1 1 1̄ 2 2̄ 3

. . . 2 2 2 2 2̄ 3̄ −→

. . . 3 3 3 3̄ 3̄

. . . 1 1 1̄ 2 2 2̄ 3

. . . 2 2 2 2̄ 3̄ 3̄ −→

. . . 3 3 3 3̄
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. . . 1 1̄ 2 2 2 2̄ 3

. . . 2 2 2̄ 3̄ 3̄ 3̄ −→

. . . 3 3 3

. . . 1 1̄ 2 2 2 2̄ 3

. . . 2 2̄ 3 3̄ 3̄ 3̄ −→

. . . 3 3

. . . 1 1̄ 2 2 2 2̄ 3

. . . 2 2̄ 3 3̄ 3̄ 3̄

. . . 3

Note that the final tableau has weight (−8,−6,−8), as it should.
Before beginning the proof of Theorem 3.5, we note the following

Lemma 3.7. Let P be a skew tableau, and let C1, C2, . . . , Cl be a sequence of squares such
that Ci is an inner (resp. outer) cocorner of the skew shape shape(P ) ∪ C1 ∪ · · · ∪ Ci−1.
Recursively define Pi by P0 = P and Pi to be the result of the sliding which moves letters
northwest (resp. southeast) performed on Pi−1 starting from the hole at Ci. Let Di be the
square lost at the end of the sliding from Pi−1 to Pi. If the Ci form a horizontal strip from
right to left (resp. left to right), then the Di also form a horizontal strip from right to left
(resp. left to right).

Proof. By a result of M. Haiman ([Hai], Lemma 2.7), we can exchange the role of the skew
tableau which the sliding process actually moves and the skew tableau which designates
the order of the starting positions of the sliding. Therefore it suffices to show that, if a
sequence of slides is performed on a horizontal strip tableau numbered from left to right,
then the result is also a horizontal strip tableau numbered from left to right. This is a well
known fact. �

of Theorem 3.5. First we show that the result of Ic(T ) has shape complementary to µ with
µ/λ being a horizontal strip. We can cut off the infinite stable part of T (leaving some of its
stable part) to obtain a finite skew tableau T 0 whose inner shape is such that we can put a
horizontal strip, adjacent to the inner shape of T 0, with ci boxes in row i. Performing slides
(moving letters northwest) along this horizontal strip, right to left, has the same effect as
Ic, and by Lemma 3.7 we know that µ/λ is a horitontal strip (actually created from right
to left).

Next we define a candidate for the inverse map. Let U be a SIST which belongs to the
left-hand side. We can cut off the stable part, similarly to the above, in such a way that
the lengths of adjacent rows of the inner shape differ by at least |µ/λ|. We perform slides
(moving letters southeast) along the horizontal strip µ/λ from right to left. By Lemma
3.7, the inner boundary of U moves southeast by a horizontal strip (vacation being created
from right to left). Denote by ci the number of boxes in this horizontal strip lying in row i.
Then we see that if we iterate the inverse map of Lemma 3.2 to U in such a way that the
outer shape loses µ/λ from right to left, then the letters obtained are cn n’s, cn−1 (n− 1)’s,
. . . , c1 1’s, in this order. The output of our inverse candidate is defined to be the pair
formed by the SIST obtained at the end of this iteration of the inverse to Lemma 3.2, and
the n-tuple (c1, c2, . . . , cn).

Now from the fact that map described as the inverse candidate in the proof of Lemma
3.2 is really the inverse, our map (in Theorem 3.5) and our inverse candidate (in this
proof) are also inverses to each other. It preserves weights because it is an iteration of
the weight-preserving map in Lemma 3.2 (and because of the definition of crude weights of
n-tuples).

�
Corollary 3.8. Let k ∈ Z≥2, and suppose that λ ∈ Lk and Λ(k, λ) ∈ C1. Then all µ
appearing on the right-hand side of Theorem 3.4 belong to Lk+1, and for those µ we have
Λ(k + 1, µ) ∈ C1. Moreover, the map in Theorem 3.4 is also weight-preserving if we assign
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k
2 -adjusted weights to SIST(λ), 1

2 -adjusted weights to Z
n
≥0, and k+1

2 -adjusted weights to
SIST(µ). Thus interpreted, this bijection gives the formal character identity for (2).

Proof. If Λ(k, λ) ∈ C1, then Λ(k+1, µ) ∈ C1 for any µ ⊃ λ. The condition µ ∈ Lk+1 is more
subtle. l(µ) ≤ n is assured from the beginning (Theorem 3.5), so we only have to check if
µ′
1+µ′

2 ≤ k+1 holds. If k+1 ≥ 2n, this is satisfied automatically. So suppose k+1 ≤ 2n−1,
or equivalently k

2 ≤ n− 1. Now the condition Λ(k, λ) ∈ C1 implies λn + k
2 > n, so that we

have λn ≥ 2. This implies λ′
1 + λ′

2 = 2n, so that if λ ∈ Lk, we must have 2n ≤ k, which is
a contradiction. Therefore the case k + 1 ≤ 2n− 1 never occurs, and we have µ ∈ Lk+1.

Since the map of Theorem 3.4 is weight-preserving for crude weights, it is also weight-
preserving for the adjusted weights because the adjustments match. Using Lemma 2.7 and
2.9, and comparing with (2), we see that the weight generating function identity (for the
adjusted weights) resulting from this bijection coincides with the formal character identity
for (2). �

Definition 3.9 Following R. Proctor’s notion of “N -orthogonal tableaux” [Pro], we pro-
pose a skew semistandard tableau of shape µ/λ with entries from [k + 1, l] = {k + 1, k +
2, . . . , l} to be called a skew O(l)/O(k)-tableau if it satisfies what he calls the q-orthogonal
condition for q = k, k + 1, . . . , l in the following sense. For such q, let λ(q) denote the
shape containing λ and all letter ≤ q. Thus λ = λ(k) ⊂ λ(k+1) ⊂ · · · ⊂ λ(l) = µ, and the
differences of adjacent terms are horizontal strips. The q-orthogonal condition requires that
the sum of the first two columns of λ(q) is at most q. Let O(l)/O(k)(µ/λ) denote the set of
all O(l)/O(k)-tableaux of shape µ/λ.

Corollary 3.10. Let k ∈ Z≥2, and let λ ∈ Lk. Also assume that Λ(k, λ) ∈ C1. Iterating
the map in Theorem 3.4, we obtain a weight-preserving bijection

SIST(λ)× (
Z

n
≥0

)k′ ∼−→
∐
µ

SIST(µ)×O(k + k′)/O(k)(µ/λ)

where µ ranges over all partitions with l(µ) ≤ n. The SIST-component of the output is
the result of inserting (by Lemma 3.2) k′ n-tuples, and the skew-tableau component of the
output is the one that records the complementary shapes of SIST’s after each insertion of
an n-tuple, namely the shape λ(k+i) is the shape complementary to the SIST after inserting
the ith n-tuple.

Example 3.11 Suppose n = k = 3 and λ = (3, 1). Successively inserting the monomials
t21t2, t1t

2
2t3, and t2 into the following tableau of weight (−3,−5,−2) proceeds as shown:

. . . 1 1 1̄ 3

. . . 2 2̄ 2̄ ∗ (2,1,0)−→

. . . 3 ∗ ∗ ∗

. . . 1 1̄ 2̄ 2̄ 3

. . . 2 3 · · ∗

. . . 3 · ∗ ∗ ∗

. . . 1 1̄ 2̄ 2̄ 3

. . . 2 3 ∗ ∗ ∗ (1,2,1)−→

. . . 3 ∗ ∗ ∗ ∗

. . . 1 1 1 1̄ 2̄ 2̄ 3 ·

. . . 2 2 3 3 3 ∗ ∗ ∗

. . . 3 · · · ∗ ∗ ∗ ∗

. . . 1 1 1 1̄ 2̄ 2̄ 3 ∗

. . . 2 2 3 3 3 ∗ ∗ ∗ (0,1,0)−→

. . . 3 ∗ ∗ ∗ ∗ ∗ ∗ ∗

. . . 1 1 1 1̄ 2̄ 2̄ 3 ∗

. . . 2 3 3 3 · ∗ ∗ ∗

. . . 3 ∗ ∗ ∗ ∗ ∗ ∗ ∗
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The ∗’s keep track of the complementary shape at the start of each insertion, while the
·’s indicate the horizontal strip that is added by each inserted monomial. The final com-
plementary shape here is µ = (7, 3, 1), and the final skew-orthogonal recording tableau of
shape λ/µ is

∗ ∗ ∗ 4 5 5 5
∗ 4 4 6
5

4. The complete correspondence when n = 2

The previous section’s insertion map gives the decomposition of tensoring with W only
for those modules LΛ(k,λ) whose characters are the same as for the corresponding generalized
Verma module NΛ(k,λ). This is always true when k is sufficiently large relative to n, but
not for small values of k.

However, using the duality of these modules with the O(k,C) modules, it is possible to
describe chLΛ(k,λ) as an alternating sum of terms of the form chNΛ(k,µ). For example,
if we define L̂(k, λ) := ch L̂Λ(k,λ) and N̂(k, λ) := chNΛ(k,λ), then we have the following
expressions.

For n = 1 all the modules are stable, i.e., L̂(k, λ) = N̂(k, λ) for all k.
For n = 2 we have

L̂(1, ∅) = N̂(1, ∅) − N̂(1, (2, 2))(1)

L̂(1,�) = N̂(1,�) − N̂(1, (2, 1))(2)

L̂(2, (m)) = N̂(2, (m)) − N̂(2, (m, 2))(3)

In this section we use the above relations to define a subset of SIST tableaux, SIST(k, λ)
which gives the weight generating function for L̂(k, λ). Then we give the following weight-
preserving bijections fk for k = 0, 1, 2:

Z
2
≥0

f0−→ SIST(1, ∅)∐
SIST(1,�)(4)

SIST(1, ∅) × Z
2
≥0

f1−→
∐
r≥0

SIST(2, (r))(5)

SIST(1,�)× Z
2
≥0

f1−→ SIST(2, (1, 1))
∐
r≥1

SIST(2, (r))(6)

SIST(2, (s)) × Z
2
≥0

f2−→
∐
r

[
SIST((s + r))

∐
SIST((s + r, 1))

]
(s ≥ 2)(7)

In all cases, sch fi(T ) − sch(T ) is a horizontal strip. By the last step we have reached
the k = 3 stage, which is stable, so our usual definition of SIST gives the correct weight
generating function, and the insertion of Section 3 works thereafter. For k ≥ 2, the shapes
(1, 1), ∅, and � are stable, so there is no need for a special f2 bijection to handle these
cases.

4.1. Definition of SIST(k, λ).

Definition 4.1 We call T ∈ SIST(∅) 22
2̄2̄-deletable if it contains the configuration 22

2̄2̄ , in
which case removing the rightmost such configuration and shoving left will leave a valid
SIST.
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We call T ∈ SIST(�) 2
2̄-deletable if it contains a 2 in row 1, a 2̄ in row 2, and if it remains

a SIST when the rightmost 2 in Row1 T and the rightmost 2̄ in Row2 T are removed and
any elements to the right of the deleted 2 are shoved one box left along the top row.

We call T ∈ SIST((s)) 22̄-deletable if Row1 T contains adjacent entries 22̄, and if it
remains a SIST when this pair is removed and any elements to the right of the deleted 2̄
are shoved two boxes left along the top row.

In our representation of tableaux, we will use ·’s to indicate cells that have been vacated
due to sliding, as opposed to cells that are part of the complementary shape, which we
indicate by ∗. We use × to indicate a cell that might be either a · or a ∗. To highlight
that a certain configuration must occur as the rightmost columns of a tableau, we make
the right boarder bold. In the bijections that follow, it will be necessary to keep track of
the original complementary shape of the tableau as sliding proceeds.
Example 4.2 In the examples that follow, the tableaux on the left are deletable, and the
ones on the right are not.

. . . 1 1̄ 2 2̄ 2̄ ↪→

. . . 2 2 · · ·
. . . 1 1̄ 2̄ · ·
. . . 2 2 · · · BUT NOT

. . . 1 2 2̄ 2̄

. . . 2 2̄ · ·

. . . 1 1̄ 2 ↪→

. . . 2 2̄ ∗
. . . 1 1̄ ·
. . . 2 · ∗ BUT NOT

. . . 1 1 1̄ 2

. . . 2 2 2 ∗

. . . 1 1 2 2̄ ↪→

. . . 2 2̄ 2̄ ∗
. . . 1 1 2̄ ·
. . . 2 2̄ · ∗ BUT NOT

. . . 1 1 1̄ 1̄

. . . 2 2̄ 2̄ ∗

. . . 1 1 2 2 2 ↪→

. . . 2 2̄ 2̄ 2̄ 2̄

. . . 1 1 2 · ·

. . . 2 2̄ 2̄ · · BUT NOT

. . . 1 1 1̄ 1̄ 2

. . . 2 2̄ 2̄ 2̄ 2̄

A simple argument shows that T ∈ SIST(�) is 2
2̄ -deletable if and only if 2 ∈ Row1 T and

2̄ ∈ Row2 T . Similarly, T ∈ SIST(∅) is 22
2̄2̄ -deletable if and only if Row1 T contains at least

two 2’s. Finally, T ∈ SIST((s)), where s ≥ 2 is 22̄-deletable if and only if Row1 T contains
a 22̄ pair which lies above empty cells in Row2 T ; in other words, the pair of elements lie
in cells T (1,−i) and T (1,−i + 1), where 2 ≤ i ≤ s.
Definition 4.3 For n = 2, we define SIST(k, λ) as follows:

SIST(1, ∅) := {T ∈ SIST(∅) | T is not 22
2̄2̄ -deletable}

SIST(1,�) := {T ∈ SIST(�) | T is not 2
2̄ -deletable}

SIST(2, (s)) := {T ∈ SIST((s)) | T is not 22̄-deletable}, for s ≥ 2.

For all other pairs (k, λ), SIST(k, λ) := SIST(λ).
Before giving the algorithms that define the maps fi and their inverses, we need to define

some operators that replace a given SIST with a different one of the same weight. Each
step of fi will consist of a normal sliding step, possibly augmented by a transformation. In
order to keep the transformation straight, we will use the following notation.

• S �→ T OR S
ti�→ T will indicate a slide that is part of a single step of the algorithm.
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• T ↪→ U indicates a transformation other than a slide that is performed immediately
after a slide as part of the same step of the algorithm.
• S −→ U indicates a single step of the algorithm, including any nonslide transfor-
mation that may occur. If the entire step consists soley of an ti slide, we write:
S

ti−→ U .
• For the reverse algorithms, we use the same general conventions, but write the

extracted monomial in square brackets above the arrow, e.g., S
[ti]−→ U , or S

[ti]�→ T .

The first operation will replace 2
2̄ -deletable tableaux with elements of SIST(1,�)

Definition 4.4 Let T ∈ SIST(�) with T (1,−1) = 2 and T (2,−2) = 2̄. Define RaiseBar T
to be the tableau obtained from T by changing the (1,−1)-entry to 2̄, and changing the
leftmost 2̄ in Row2 T to a 2. (In general, this may not be a SIST, because column-strictness
may fail for the entry that was lowered, but as we use it below, we always get another
SIST.) Inversely, if T ∈ SIST(�) satisfies T (1,−1) = 2̄, then LowerBar T is defined to be
the tableau obtained from T by changing the (1,−1)-entry to 2, and changing the rightmost
2 in Row2 T to a 2̄. (This operation always gives a well-defined SIST of the same shape.)

Definition 4.5 Let T be a tableau with schT = (s) for some s ≥ 2, and i = 1 or 2. To
explode an īi pair in row i, means to place the horizontally adjacent entries īi in row i,
immediately to the right of the rightmost i in row i. If i = 1, the added entries displace
two entries to the cells immediately below. If i = 2, they displace the entries to the right
of the explosion two place to the right. (While this procedure might not yield a valid SIST
in general, it always will in the contexts where we apply it.)

Definition 4.6 Now define the map f0 as follows. Slide according to the monomial until a
shape other than ∅ or � is reached. (Call this a shape violation for f0.) This will necessarily
imply sch T = (2) because sliding always yields a horizontal strip. If the violation occurs
while sliding ti, then explode (E) an īi pair in row i. Continue until the entire monomial
has been used. Finally, apply the RaiseBar (RB) operator if the result is 2

2̄ -deletable of
sch(�).

Example 4.7 Start with the monimial t31t
2
2. We get the following sequence of insertions:

. . . 1 t1−→

. . . 2

. . . 1 2 t1�→

. . . 2 ·
. . . 1 2 2 (E)

↪→
. . . 2 · ·

. . . 1 1 1̄ t1−→

. . . 2 2 2

. . . 1 1̄ 2 t2�→

. . . 2 2 ·

. . . 1 1̄ 2 (E)
↪→

. . . 2 · ·
. . . 1 1̄ 2 t2−→
. . . 2 2 2̄

. . . 1 1̄ 2 (RB)
↪→

. . . 2 2̄ ·
. . . 1 1̄ 2̄
. . . 2 2 ·

Note that the output of this algorithm will always have complementary shape ∅ or �
because anytime we reach a tableaux T with sch T = (2) it gets replaced by (E) with a
tableaux U with schU = ∅. Since (RB) only applies to tableaux of sch = �, it will never
take place immediately after (E), only after a slide.

The following lemma is easily shown by direct calculation.

Lemma 4.8. The tableau T created from the monomial tj1t
l
2 by f0 can be described as

follows.
a) If j and l are even, then Row1 T consists of j/2 1̄’s, and Row2 T consists of l/2 2̄’s,

and schT = ∅.
b) If j is even and l is odd, then Row1 T consists of j/2 1̄’s and Row2 T consists of

(l − 1)/2 2̄’s and sch T = �.
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c) If j is odd and l is even and positive, then Row1 T consists of (j− 1)/2 1̄’s followed
by a 2̄, and Row2 T consists of l

2 − 1 2̄’s, and sch T = �. (This is the only case
that RaiseBar is applied.) The special case j is odd and l = 0 gives the same result,
except that T (1,−1) = 2 instead of a 2̄.

d) If j and l are odd, then Row1 T consists of (j−1)/2 1̄’s, followed by a 2, and Row2 T
consists of (l + 1)/2 2̄’s, and schT = ∅.

Theorem 4.9. The map f0 is a weight-preserving bijection:

Z
2
≥0

f0−→ SIST(1, ∅)∐
SIST(1,�)

Proof. Define a map g0 : SIST(1, ∅)∐
SIST(1,�) −→ Z

2
≥0 by setting g0(T ) = wt(T ), the

weight of the tableaux T . We claim that f0 and g0 are inverses. If we start with a monomial
m in Z

2
≥0 and compute T = f0(m), then wt(T ) = m; for this would be the result of normal

sliding, and it is easy to check that performing Explode or RaiseBar does not change the
weight of a tableau. Hence, g0(f0(m)) = m. Conversely, suppose we start with an arbitrary
T ∈ SIST(1, ∅)∐

SIST(1,�). Let w = wt(T ). If sch T = ∅, then it is easy to see that T

is the unique tableau of weight w which is not 22
2̄2̄ -deletable. The only possible columns in

T are 1
2 ,

1̄
2 ,

1
2̄ ,

1̄
2̄ , and

2
2̄ , which have respective weights (0, 0), (−2, 0), (0,−2), (−2,−2),

and (−1,−1). Since T can contain either columns of 1̄
2 or columns of 1

2̄ but not both,
each possible weight for a tableau of sch = ∅ can be made uniquely as a integral linear
combination of these weights which uses the column 2

2̄ at most once. Now Lemma 4.8
shows that f0(w) is not 22

2̄2̄ -deletable, so we must have T = f0(w) = f0(g0(T )).
If schT = �, then the following similar but slightly more complicated argument shows

that there is a unique way to make a tableau of weight w(T ), which is not 2
2̄ -deletable. Here

we can no longer use 2
2̄ columns, but we must use exactly one of the following columns to

insure that the total degree is odd: 1
· ,

1̄
· ,

2
· , or

2̄
· , which have respective weights (0,−1),

(−2,−1), (−1, 0), and (−1,−2).
In the first case, the only possible columns are 1

2 ,
1
2̄ , and

1
· , giving a unique way to attain

any weight of the form (0,−l), for l odd and positive.
In the second, the possible nonzero weight columns are 1̄

2 ,
1
2̄ ,

1̄
2̄ and 1̄

· . As in the sch T = ∅
case, only one of the first two types of columns can appear; thus, omitting the final column
1̄
· , we have a unique way to attain any even weight. So this case gives a unique way to
construct a tableau whose weight is of the form (−j,−l) for j even and positive, l odd and
positive.

In the third case, since our tableau cannot have a 2̄ in row 2, we may only have columns
1
2 ,

1̄
2 , and

2
· , giving a unique way to attain any weight of the form (−j, 0), for j odd and

positive. In the fourth case, we find that since T can contain either columns of 1̄
2 or columns

of 1
2̄ but not both, and no columns 2

2̄ , that the single 2̄
· column contributes (−1,−2) to the

weight, and the other columns contribute a unique way of writing any weight with both
coordinates even, yielding a unique way to attain any weight of the form (−j,−l), for j
odd, l even and positive. �

Definition 4.10 Define the map f1 by iterating the following procedure. We start with a
tableau T ∈ SIST(1, ∅) or SIST(1,�) and a monomial m. Perform one slide according to the
monomial. If we obtain a tableau T of the following form, we make one of the replacements
shown, the first one that applies. Recall our convention that ·’s indicate cells that have
been vacated due to sliding, while ∗ indicate cells that are part of the complementary shape
of the original tableaux.
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• (Explode) sch T = µ = (2, 1); we call this a shape violation for f1, since µ′
1 + µ′

2 >
k = 2. To repair this shape violation, we Explode a 2 in Row1 T and a 2̄ in Row2 T ,
to wit, we make the following replacement (which makes the resulting tableau 2

2̄ -
deletable):

2̄ · (E1)
↪→

· ∗
2 2̄
2̄ ∗

OR
a · (E2)

↪→
· ∗

a 2
2̄ ∗ ,

for a ≤ 2.

Then continue sliding according to the monomial.
• (BarTur) T has a symplectic violation, i.e., T is 22̄-deletable. In this case, T must
contain one of the two configurations below, to which we apply the following BarTur
operation:

2 2̄ (B1)
↪→

· ∗
2 ·
2̄ ∗ OR

2 2̄ (B2)
↪→

· ·
2 2
2̄ 2̄ .

(These make the resulting tableau 2
2̄ -deletable or 22

2̄2̄ -deletable.) Then continue
sliding according to the monomial.

Continue this procedure until the entire monomial has been used, and there are no further
shape or symplectic violations. At each step at most one BarTur or Explode may occur
before the next slide happens.

Lemma 4.11. The procedure above gives a well-defined map

SIST(1, ∅) × Z
2
≥0

f1−→
∐
r≥0

SIST(2, (r))

Proof. Since the original tableau T has schT = ∅, the only transformation we could apply
is (B2). Suppose that the algorithm described gives a sequence of slides:

T = T0 −→ T1 −→ T2 −→ · · · −→ Tm = f1(T ) .

We will show by induction that each Ti has the following properties:
A) sch Ti is a horizontal strip (possibly empty), created from right to left in the bottom

row of Ti.
B) Ti is a SIST.
C) Ti is not 22̄-deletable.

T0 clearly enjoys these properties. Suppose Ti has these properties. If no BarTur is
involved in the move Ti −→ Ti+1, then by the results of Section 3, Ti+1 also satisfies (A–C).
So now assume that the move involves BarTuring so that we have Ti �→ U ↪→ Ti+1, where
U is the tableau after sliding, before BarTuring. We have

Ti �→
. . . a 2 2̄ . . .

↪→
. . . b · · . . .

. . . a 2 2 . . .

. . . b 2̄ 2̄ . . .

Say that the rightmost 2 in Row1 U occurs in column j. We claim that the cell U(2, j − 1)
(marked as containing b) could not be empty. For if the slide Ti �→ U caused this cell to
vacate, Ti itself would have been 22̄-deletable, containing the configuration 2

·
2̄
· in columns

j and j + 1. On the other hand, if this configuration was caused by the slide, then either
the 2 or 2̄ must have ascended from the second row, where it would have been resting in
the middle of the the horizontal shape of schTi, contradicting (A) for Ti. We conclude
that b = 2 or 2̄, and that schU is a horizontal strip starting at column j. So sch Ti+1 is a
horizontal strip starting at column j +2, all of whose cells lie in the bottom row. Now (A)
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follows by induction since we have just taken the leftmost cell away from sch Ti. Ti+1 is a
SIST by inspection, and is not 22̄-deletable since Ti+1(1, k) = U(1, k) = 2̄ for k > j+1. �
Lemma 4.12. The procedure above gives a well-defined map

SIST(1,�) × Z
2
≥0

f1−→
∐
r≥1

SIST(2, (r))
∐

SIST(2, (1, 1))

Proof. Suppose we have a sequence of insertions as above, and assume that Ti satisfies the
following conditions:

A) sch Ti = (1, 1) or (r).
B) Ti is a SIST.
C) Ti is not 22̄-deletable.

We wish to show that the same properties hold for Ti+1.
If Ti −→ Ti+1 involves no Explodes or BarTurs, then (A–B) are automatic, and we cannot

get a 22̄-deletable tableaux, which would force us to BarTur.
Now suppose we need to BarTur: Ti −→ U ↪→ Ti+1, where the rightmost 2 in Row1 T

occurs in column −j. As in the lemma above we find that U(2,−j − 1) is nonempty. We
get two cases, depending on whether j = 2 or j > 2:

. . . a 2 2̄ (B1)
↪→

. . . b · ∗
. . . a 2 ·
. . . b 2̄ ∗ (j = 2) OR

. . . a 2 2̄ . . . (B2)
↪→

. . . b · · . . .

. . . a 2 2 . . .

. . . b 2̄ 2̄ . . .

Since we reached U by sliding without Explode, we know that schTi = (r), some r ≥ 2
(not (1, 1)), so after BarTuring, we get sch Ti+1 = (r − 1) or if j = r = 2, schTi+1 = (1, 1)
In either case no 2

· column appears, whence (C). By inspection, Ti+1 is a SIST.
Now suppose we need to Explode: Ti −→ U ↪→ Ti+1 has two cases:

. . . b 2̄ · (E1)
↪→

. . . c · ∗
. . . b 2 2̄
. . . c 2̄ ∗ OR

. . . b a · (E2)
↪→

. . . c · ∗
. . . b a 2
. . . c 2̄ ∗

Since Ti had no shape violation, U(2,−3) = c is not empty. It is clear that schTi+1 = �.
Since b < c ≤ 2̄ implies b ≤ 2, we get that Ti+1 is a SIST in the first case. In the second
it follows from the condition a ≤ 2. Finally, we see that Ti+1 is not 22̄-deletable because
there is only one empty cell in the second row.

�
Definition 4.13 Within a SIST, we use the symbol × to represent a cell which may contain
either a · or ∗. We define a map g1 by iterating the following procedure. We start with T ∈
SIST(2, (s)) or SIST((1, 1)) and a complementary shape λ = ∅ or �. Before performing a
single reverse slide into the complementary shape, we make one of the following replacements
(the first one that applies, if any), provided the resulting tableau is a SIST.

• (BarTurBack)

2 · (BB1)
↪→

2̄ ∗
2 2̄ OR
· ∗

2 2 (BB2)
↪→

2̄ 2̄
2 2̄
· ·

• (Implode)

a 2 (I2)
↪→

2̄ ∗
a ·
· ∗ , for a ≤ 2 . OR

a 2 2̄ (I1)
↪→

b 2̄ ∗
a 2̄ ·
b · ∗ , for a < 2,
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Then perform a single reverse slide into the leftmost cell of the complementary shape
of the resulting tableau, which extracts a term ti. The cases overlap for tableaux
ending 2

2̄
2
2̄
2
∗ and 2

2̄
2
2̄
·
∗ .

The procedure ends when a tableau T ∈ SIST(1, λ) is reached to which none of the replace-
ments above applies. The output is the pair (T,m), where m is the product of the terms ti
extracted at each step.

Note that the proviso that the immediate result of replacement be a SIST only applies
to (BB2); e.g.,

2 2 2 (BB2)
↪→

2̄ 2̄ 2̄
2 2 2̄
2̄ · · NOT

2 2̄ 2
· · 2̄

Lemma 4.14. The procedure above gives a well-defined map∐
r≥1

SIST(2, (r))
∐

SIST(2, (1, 1))
g1−→

∐
λ=∅, �

SIST(1, λ) × Z
2
≥0

Proof. Given a pair (S, λ) where S is a SIST in the preimage of g1 and λ = ∅ or � is the
complementary shape to slide into, let

S = S0 −→ S1 −→ S2 −→ · · · −→ Sm

represent the sequence of SISTs obtained by the procedure. We will show by induction that
each Si has the following properties:

A) schSi\λ is a horizontal strip (possibly empty).
B) Si is in SIST(2, sch Si).
C) n(Si) := | schSi\λ|+ 2|{2̄ ∈ Si}| is a strictly decreasing function of i.

The function n gives an upper bound on the number of steps remaining in the algorithm,
since each implosion requires a 2̄ and leads to two more sliding steps.

Note we always have a well-defined case to apply to our tableau: say Si ↪→ U �→ Si+1.
To show (C), note that each BarTurBack and Implode transformation reduces by one the
number of 2̄’s and increases | schSi\λ| by two, which the following reverse slide reduces
by one. Hence, n(Si+1) = n(Si) − 1. Since each BarTurBack and Implode transformation
preserves (A) and (B), as does sliding, it follows by induction that each Si satisfies all three
properties.

The g1 procedure must finish after finitely many steps because of property (C). We claim
that the final output is in SIST(1, λ). If λ = �, then we need that the final SIST Sm is
not 2

2̄ -deletable. If it were, then it would contain a 2
2̄ column, forcing one of the Implode

or BarTurBack cases to apply. But then Sm is not the last SIST of the procedure. On the
other hand, if λ = ∅ and Sm is 22

2̄2̄ -deletable, then Sm falls into the third BarTurBack case,
and sliding would have continued. �

The following technical lemma will help us show that the maps f1 and g1 are inverses.

Lemma 4.15. In applying the g1 map step by step, we extract all t2 terms before extracting
any t1 terms.

Proof. The penultimate paragraph of the proof of Theorem 3.5 showed that this holds for
each step of g1 consisting of a pure reverse slide. Thus, it suffices to show the following: at
no point in the g1 algorithm do we have the sequence of moves

R
[t1]�→ S

(τ)
↪→ T

[t2]�→ U

where (τ) is one of the allowed replacements. We show this by contradiction in each case.
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In case (BB2) we would have:

· · · a2 a1 2 2 c1 · · · [t1]�→
· · · b3 b2 b1 2̄ c2 · · ·

· · · a3 a2 a1 2 2 · · · (BB2)
↪→

· · · b3 b2 b1 2̄ 2̄ · · ·
· · · a3 a2 a1 2 2̄ · · · [t2]�→
· · · b3 b2 b1 · · · · · U

where the final step implies the inequalities b1 > 2 and bi+1 > ai for i ≥ 2 in order for
the t2 reverse slide to take place entirely along row two. These inequalities force the t1
reverse slide to have the form shown, entirely across the top row until the last column
shown explicitely; the column c1

c2
must be of the form 2̄

· ,
2̄
∗ , or

·
∗ . Since b1 = 2̄, we find the

tableau R has the configuration 2
2̄
2
2̄ , and (BB2) should have been applied to the rightmost

such, rather than a pure t1 reverse slide. This contradicts the definition of g1.
Following the same line of reasoning, in case (BB1) we would have:

· · · a2 a1 2 2̄ · [t1]�→
· · · b3 b2 b1 · ∗

· · · a3 a2 a1 2 · (BB2)�→
· · · b3 b2 b1 2̄ ∗

· · · a3 a2 a1 2 2̄ [t2]�→
· · · b3 b2 b1 · ∗ U

.

The leftmost tableau R could not have occurred in the g1 process since it is not a valid
SIST, nor a configuration that arises from one of the g1 transformations.

Following the same line of reasoning, in case (I2) we would have:

· · · a2 a 2 · [t1]�→
· · · b3 b2 2̄ ∗

· · · a3 a2 a 2 (I2)�→
· · · b3 b2 2̄ ∗

· · · a3 a2 a · [t2]�→
· · · b3 b2 · ∗ U

.

The leftmost tableau R could not have occurred in the g1 process since it is not the output
of any g1-transformation, and the g1 process would have applied (BB1) rather than a simple
reverse slide.

Finally, one can never have (I1) followed by [t2] since

· · · a2 a 2 2̄ (I1)�→
· · · b2 b 2̄ ∗

· · · a2 a 2̄ · [t2]�→
· · · b2 b · ∗ U

.

would force b to land below 2̄, which is impossible. �
Lemma 4.16. For λ = ∅ or � the procedures f1 and g1 are inverses, to wit:

g1 ◦ f1(T,M) = id: SIST(1, λ) × Z
2
≥0 and f1 ◦ g1 = id:

∐
r≥1

SIST(2, (r))
∐

SIST(2, (1, 1))

Proof. To show that g1 ◦f1(T,M) = id, we must prove that at each step of the g1 algorithm
we recreate the same sequence of shapes that f1 must have created to reach a given tableau
T . In other words, even if T might have arisen a priori by some other combination of slides
and f1-transformations, we will show by tracing backwards the impossibility that f1 could
have created T in any other way. This will insure that g1 correctly undoes the f1 procedure
step by step. In general T may arise from (1) a single t1 or t2 slide, or possibly the empty
slide if T ∈ SIST(1, λ), (2) from an (E1) or (E2) explosion preceded immediately by a slide,
or (3) from a (B1) or (B2) BarTur preceded immediately by slide.

Case (BB1): Suppose T contains the configuration 2
2̄
·
∗ . By inspection, T is not the

result of (E1) or (E2). If it came from a pure slide, then we must have:

· · · a2 a1 2 · t1←−
· · · b2 b1 2̄ ∗

· · · a2 a1 2 (E2)←↩
· · · b1 2̄ ∗

· · · a2 a1 · t2←−
· · · b1 · ∗
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where a quick inspection reveals that the middle tableau could only have come from (E2).
Since ai < bi for all i, the preceding slide must be an t2. But now we have an f1 path
in which an t2 slide preceded an t1 slide, contradicting the definition of f1. Alternatively,

if it came from (B2) preceded by a slide: T
(B2)←↩ T ′ ti←− U , then schU = (2, 1), which is

impossible for a tableau in the image of f1. Hence, T must have been created in the last
step by a (B1) transfomration.

Case (BB2): This case is the most involved because the (B2) and (BB2) transformations
can occur in columns other than the rightmost two. This requires us to consider several
subcases.

Case λ = ∅: In this case the only columns occuring to the right of the rightmost 2
2̄
2
2̄

(which is the only columns where (BB2) is allowed) are of the form 2̄
· . Tracing back, we

find that at each stage the only possibilites are that we applied (B2) or a pure t1 slide.
Since we are assuming by way of contradiction that T was not created by (B2), the last step
was an t1 slide. If any move as we trace back was (B2), then it must have been preceeded
by an t2 slide since ai+s ≤ ai < bi for any s ∈ Z≥0. But we must eventually apply (B2)
since there are a finite number of 2̄

· columns to the right of 2
2̄
2
2̄ , with one · being filled with

each t1 slide we trace back. Eventually we reach sch = ∅, and the final two columns are
2
2̄
2
2̄ . Therefore, we reach the contradiction of having an t2 slide precede and t1 slide.
Case λ = �: Let the negative integer k denote the rightmost column in which 2

2̄ appears.
The only possible columns to the right of this are 2̄

· ,
2̄
∗ , or

·
∗ . In particular, when k = −2,

we know that T ends with: 2
2̄
2
2̄
2̄
∗ or 2

2̄
2
2̄
·
∗ . We already showed that the latter case must come

from (B1), so we consider the former, tracing back:

· · · a2 a1 2 2 2̄ (E1)←↩
· · · b2 b1 2̄ 2̄ ∗

· · · a2 a1 2 2̄ · t1←−
· · · b2 b1 2̄ · ∗

· · · a3 a2 a1 2 · (B1)←↩
· · · b2 b1 2̄ 2̄ ∗

where the last (B1) is forced by an earlier case, and must be preceded by an t2 slide by the
usual inequalities, yielding the same t2 slide preceding an t1 slide contradiction as before.

To handle the general case where k < −2 we note that as in the λ = ∅ case, until we slide
into (2,−2) the only possible backwards steps are (B2) preceded by an t1 slide, or a pure t1
slide. Since we want to show that (BB2) is correct, we suppose by way of contradiction that
T was immediately created by a pure t1 slide. The arguments of the last two paragraphs
show that we eventually perform the (BB2) operation preceded by an t2 slide, which is a
contradiction. This finishes the (BB2) case.

In the (I1) and (I2) cases, it is clear by inspection that such a tableau could only arise
from (E1) or (E2) respectively. This completes the proof that g1 ◦ f1(T,M) = id.

To show that f1 ◦ g1 = id is much easier. By definition, g1 is a sequence of moves each of
which is a reverse slide, or a transformation followed by a reverse slide. Since each f1-move
is a slide or a slide followed by a transformation, and since sliding is reversible by the results
of Section 3, we know that the initial slide of f1 correctly reconstructs the tableau T created
by the final reverse slide of g1. We claim that if T falls into one of the cases calling for a
transformation in the definition of f1, that this T could only have arisen from its opposite
transformation in g1.

Case (E1): If T ends with 2̄
·
·
∗ , we claim that it must have arisen from (I1). Indeed,

since T contains a symplectic violation, it could not be the end result of any step of g1
(Lemma 4.14). By inspection this configuration can not be created by (BB1) or (I2). If it
were created by (BB2), the symplectic violation would remain. The claim follows.
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The (E2), (B1), and (B2) cases follow similarly. The only new idea is that for the latter
two cases, T is 22̄-deletable, which is why it could not be the end result of any step of g1.

�

Definition 4.17 Define the map f2 by iterating the following procedure. We start with a
tableau in SIST(2, (s)) with s ≥ 2 and a monomial m. Perform one slide according to the
monomial. If we obtain a tableau T which contains the configuration ·

∗
·
∗ (a shape violation)

then explode a 22̄ pair in Row1 T . The new 22̄ pair must be placed just to the right of the
rightmost 2 in Row1 T , possibly displacing a string of 2̄’s to the right.

Lemma 4.18. For s ≥ 2 the procedure above gives a well-defined map:

SIST(2, (s)) × Z
2
≥0

f2−→
∐
r

[
SIST((s+ r))

∐
SIST((s+ r, 1))

]
.

Proof. Suppose we have a sequence of steps T = T0 −→ T1 −→ · · · −→ Tn = f2(T ) as
described above, and assume that Tj satisfies the following condition:

Tj ∈ SIST((s + r))
∐

SIST((s + r, 1) (∗)
We wish to show that the same condition holds for Tj+1.
If the step Tj −→ Tj+1 involves no (E3) then the condition holds by familiar properties

of ordinary sliding. Now suppose we have Tj
ti�→ U

(E2)
↪→ Tj+1. The configuration ·

∗
·
∗ must

occur in the two rightmost columns since U was obtained by sliding from a SIST. Further,
these are the only columns of the form ·

∗ because if there were more than two, then U was
created by a slide that left in hole a column k < −2, whence the last two columns of Tj were
empty, contradicting the condition. So when we apply (E3) to U ,we get sch Tj+1 = (s). It
is easy to see that Tj+1 is a SIST since Exploding 22̄ in the first row preserves inequalities
along the first row and column strictness. So Tj+1 satisfies (∗). This argument also shows
that all the explosions happen in the initial stages of f1: a pair of t1 slides entirely across
the top row is followed by (E3), returning the tableau to the initial shape. Once a slide
descends into the second row, no more explosions can occur and the complementary shape
monotonically increases.

Hence, by induction, f2 is well defined. �

Definition 4.19 Define the map g2 by iterating the following procedure. Given an integer
s ≥ 2 and a tableaux in SIST((s+r))

∐
SIST((s+r, 1) for some r ∈ Z≥0, we check whether

the schT = (s). If not, then perform a single reverse slide into sch = (s). If so, and if T
is 22̄-deletable, then implode a 22̄ pair in row 1 of T (shoving any elements to the right
of the implosion leftwards two spaces) and perform a single reverse slide along Row1 T .
The procedure terminates when schT = (s) and T is not 22̄-deletable, and the monomial
extracted is the product of the terms extracted in each sliding step.

Lemma 4.20. For s ≥ 2 the procedure above gives a well-defined map:∐
r

[
SIST((s + r))

∐
SIST((s+ r, 1))

]
g2−→ SIST(2, (s)) × Z

2
≥0 .

Proof. Since only ordinary sliding is applied until schT = (s), the procedure is clearly well-
defined and always gives a SIST. At this point, if T is 22̄-deletable, then it must contain a
22̄ pair that lies above empty cells in (s); hence we can implode 22̄, leaving a valid SIST,
then reverse slide, giving a tableau of sch = (s, 1). (In the next step, an ordinary reverse
slide will be applied to this resulting tableau.)
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To show that the procedure terminates, note that the number of implosions is bounded
above by the minimum of the number of 2’s in Row1 T and the number of 2̄’s in Row1 T .
Once we reach sch = (s), all the remaining reverse slides take place entirely across the top
row. The final output will be in SIST(2, (s)) since the procedure continues until it reaches
a tableau that is not 22̄-deletable. �
Lemma 4.21. For s ≥ 2 the procedures f2 and g2 are inverses, to wit:

g2◦f2(T,M) = id: SIST(2, (s))×Z
2
≥0 and f2◦g2 = id:

∐
r

[
SIST((s+r))

∐
SIST((s+r, 1))

]
Proof. The key idea is to note that whereas all the f2 explosions take place as the initial
steps of f2 and reset the complementary shape to be (s), after which all steps are ordinary
slides, that g2 exactly reverses this, reverse sliding until it gets to complementary shape
(s), then undoing all the initial explosions. �

This completes the full version of Schensted’s correspondence for the Weil representation
in the case n = 2, and leaves the case of general n as a tantilizing open problem, for which
the techniques developed here may be useful.
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TWO INVOLUTIONS ON VERTICES OF ORDERED TREES

SEUNGHYUN SEO AND HEESUNG SHIN

Abstract. We will give two natural involutions on the set of pointed ordered trees. These
involutions strongly rely on the fact that the pointed ordered trees are embedded in the
plane. Using these involutions, we provide combinatorial bijections between the terminal
and the internal vertices of ordered trees, and then we deal with some counting problems
on the pointed ordered trees.

Résumé. Nous donnons deux involutions naturelles sur l’ensemble des arbres pointés
planaires. Ces deux involutions reposent fortement sur le fait que les arbres planaires
pointés sont plongés dans le plan. En utilisant ces involutions, nous donnons des bijections
entre les sommets internes et externes des arbres planaires. Nous donnons des résultats
sur certains de leurs énumérations.

1. Introduction

An ordered tree is a rooted tree in which children of each vertex are ordered. A pointed
ordered tree is an ordered tree one of whose vertex is pointed, where ‘pointed’ means dis-
tinguishing one vertex. For an ordered tree o and a vertex v in o, let ov denote the pointed
ordered tree with v pointed. Let On be the set of all ordered trees with n edges and O•

n

be the set of all pointed ordered trees with n edges. Figure 1 shows all the elements of O3

with roots at the top.

rs

rs

rs

rs

rs rs rs

rs rs rs

Figure 1. Ordered trees with 3 edges

A pointed ordered tree ov is called terminal, if v is a leaf in ov, otherwise, internal. Let
O−

n be the set of all terminal pointed ordered trees in O•
n and O+

n the set of all internal
pointed ordered trees. Then these two sets have the same cardinality, as illustrated in
Figure 1, where there are the same number of boxed and unboxed vertices.

Many researchers proved |O+
n | = |O−

n | with various combinatorial methods. Dasarathy
and Yang [3] gave combinatorial explanations by Knuth natural correspondence [7, pp.
332–333]. Chauve [2], Deutsch [5], and Seo [8] introduced proofs in Dyck path version
independently. These proofs used binary trees, Dyck paths, or some other objects, but no
proof has been built directly on ordered trees.

In this paper, we will give two natural bijections on O•
n. These bijections strongly rely

on the fact that pointed ordered trees are embedded in the plane. We will analyze the set
O•

n and find some interesting formulas.
#52.1
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Figure 2. Trees, Plane Trees, Ordered Trees

2. Preliminary

We adopt conventional terminology on trees as in [1], [6]. Let Tn be the set of all trees
with n edges and T •

n the set of pointed trees with n edges. Every tree can be embedded in
a plane without edge-crossing. A tree embedded in the plane is called a plane tree. Two
plane trees are considered to be the same, if they can be made identical by an orientation
preserving homeomorphism defined on the plane. Let Pn be the set of all plane trees with
n edges and P•

n the set of all pointed plane trees with n edges.
An ordered tree is a plane tree which has a distinguished vertex (called the root) and

a distinguished edge (called the leftmost edge) which is incident with the root. A tree
consisting of one vertex is considered to be an ordered tree. This definition of ordered tree
is equivalent to the original definition which mentioned in previous section. Two ordered
trees are the same, if there is an orientation preserving homeomorphism which preserves
the root and the leftmost edge. Let On be the set of all ordered trees with n edges and O•

n

the set of all pointed ordered trees with n edges.
In Figure 2, we illustrate three different ordered trees with roots at the top. As plane

trees, two are the same, the second and the third, and all three are the same as trees.
Let o be an ordered tree. For each vertex v of o, let p(v) be the unique path from the

root to v. For the non-root vertex v, the parent of v is the neighbor of v in p(v), and
any neighbor of v in o, which is not the parent of v, is called a child of v. A vertex v
in an ordered tree o is called a terminal vertex or leaf, if it has no child, and an internal
vertex, otherwise. The vertex in the ordered tree consisting of one vertex is considered as
a terminal vertex. We call ov terminal, if v is a terminal vertex in o, and internal, if v is
an internal vertex. Let O+

n denote the set of all internal pointed ordered trees, and let O−
n

denote the set of all terminal pointed ordered trees, i.e. O−
n = O•

n \ O+
n . A vertex w in an

ordered tree o is called a descendant of a vertex v, if p(v) � p(w) holds.
Given a pointed ordered tree ov , let d(ov), the descendant subtree of ov, denote the

induced subtree of ov consisting of all descendants of v and v itself as a root, and let d̄(ov),
the non-descendant subtree of ov, denote the induced subtree of ov consisting of the vertices
which are not descendants of v.

Let ov be a pointed ordered tree in which v is not the root of o, and u be the parent of v.
Define l(ov) (resp. r(ov)), the left (resp. right)-descendant subtree of ov by the subtree of
d(ou) consisting of u as a root and all descendants of u to the left (resp. right) of the edge
{u, v}. Finally, let l̄(ov) (resp. r̄(ov)) be the union of r(ov) (resp. l(ov)), d̄(ou), d(ov) and
the edge {u, v} (see Figure 3). In fact, d(ov) (resp. l(ov), r(ov)) is the edge complement of
d̄(ov) (resp. l̄(ov), r̄(ov)).

3. Involutions L and R on pointed ordered trees

In this section, we assume that n > 0. So if ov ∈ O+
n , then v has at least one child, and

if ov ∈ O−
n , then v has a parent.
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bc

u

v

v

v

u

v

u

v

u

v

u

v

ov

d(ov)

d̄(ov)

l(ov)

l̄(ov)

r(ov)

r̄(ov)

Figure 3. Decomposition of ov

bc

u

v

ov ∈ O−
n

u

l(ov)

bcu

v

l̄(ov)

bcu

v

L(ov) = õu

bcv

w

ov ∈ O+
n

w

d(ow)

bc

v

w

d̄(ow)

bc

v

w

L(ov) = ôw

Figure 4. L map on O−
n and O+

n

We can define a mapping L∓ : O−
n → O+

n as follows (Figure 4): Given ov ∈ O−
n , where u

is the parent of v, we first cut l(ov) from ov , and paste it to l̄(ov) by identifying u ∈ l(ov)
and v ∈ l̄(ov). Let õu be the resulting pointed ordered tree. Note that u is an internal
vertex in õu, so õu ∈ O+

n . Set L∓(ov) = õu.
Conversely, we can also define a mapping L± : O+

n → O−
n as follows: Given ov ∈ O+

n ,
where w is the leftmost child of v, we first cut d(ow) from ov, and paste it to d̄(ow) by
identifying w ∈ d(ow) and v ∈ d̄(ow), and put d(ow) on the left of the edge {v,w} ∈ d̄(ow).
Let ôw be the resulting pointed ordered tree. Note that w is a terminal vertex in ôw, so
ôw ∈ O−

n . Set L±(ov) = ôw. Now define L : O•
n → O•

n by

L(ov) =

{
L±(ov), if ov ∈ O+

n ,
L∓(ov), if ov ∈ O−

n .

Figure 5 shows how L maps O−
3 to O+

3 .
By replacing left with right in the definition of L, we can define R : O•

n → O•
n similarly.
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bc
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Figure 5. Correspondence in O•
3 by L

Theorem 1. The maps L and R are involutions in O•
n with L(O−

n ) = O+
n and R(O−

n ) =
O+

n . So L and R are bijections from O−
n to O+

n .

Proof. It suffices to show that (L∓)−1 = L±. Let ov be an arbitrary tree in O−
n , u be the

parent of v, and õu be the image of ov under L∓. Then, from the definition of L∓, we
obtain l(ov) = d(õv) and l̄(ov) = d̄(õv). Observe that v is the leftmost child of u in õu. Let
L±(õu) = ôv. Then, from the definition of L±, we obtain d(õv) = l(ôv) and d̄(õv) = l̄(ôv).
So we get l(ov) = l(ôv) and l̄(ov) = l̄(ôv), which yield ov = ôv , and so L± ◦ L∓ is the
identity. �

Moreover, from Theorem 1, we can easily get the following result. The statement about
the average level previously appeared in [4].

Corollary 2. For ov ∈ O•
n, define the level of ov, denoted by ρ(ov), to be the number of

edges in the path p(v). If ρ(ov) = m, then

ρ(L(ov)) = ρ(R(ov)) =

{
m + 1, if ov is internal,
m − 1, if ov is terminal.

Consequently, the average level of terminal ov’s is greater than the average level of internal
ov’s by 1.

4. Various Enumerations on O•
n

4.1. A group action on O•
n.

For simplicity, we define L and R on O•
0 to be the identity map. Let G be the group

generated by L and R with composition as the operation. Since L and R are involutions,
G has the following presentation.

G = 〈L,R : L2 = 1, R2 = 1〉.
The group G acts on O•

n by

G · ov = G(ov) for all ov ∈ O•
n and all G ∈ G.

From now on, we write Gov for G(ov). O•
n is partitioned into G-orbits, we are interested

in finding the number of distinct G-orbits and the size of each orbit.
Clearly, every orbit has an even number of elements and exactly half of them are in O+

n .
For any element ov in O•

n, let [o
v ] denote the G-orbit of ov, and set [ov]+ = [ov]∩O+

n and
[ov ]− = [ov ]∩O−

n . Since [ov]+ and [ov]− are equinumerous, |[ov ]| = 2|[ov ]+|. Let H be the
subgroup of G generated by RL, i.e. H = 〈RL〉. If ov is chosen from O+

n , then we can
easily see that

[ov]+ = {Hov | H ∈ H}.
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Figure 6. How RL acts on a given ov ∈ O+
n

And the number of H-orbits in O+
n equals the number of G-orbits in O•

n. So instead of the
G-action on O•

n, we will discuss the H-action on O+
n . The following proposition shows how

RL acts on ov ∈ O+
n more intuitively.

Proposition 3. For each ov ∈ O+
n , RLov is obtained as follows: Let w be the leftmost

child of v. First cut d(ov) from ov, exchange labels v and w in d(ov), and finally identify
v in d(ov) and the original v in d̄(ov). The resulting pointed ordered tree is RLov.

Proof. This is apparent from the definition of L and R. See Figure 6. �

4.2. Enumeration of H-orbits.
The Proposition 3 enable us to compute the number of distinct H-orbits in O+

n . Recall
that Pn is the set of all plane trees with n edges. Let pn denote the cardinality of Pn.

Theorem 4. Let orbn be the number of distinct H-orbits in O+
n . Then,

(4.1) orbn = pn +
n−1∑
k=1

(
2k − 1

k

)
pn−k.

Proof. Let U be the natural map from On to Pn by just forgetting the root and the initial
edge. By Proposition 3, d̄(RLov) = d̄(ov) and U(d(RL(ov))) = U(d(ov)). So two orbits
[ov ]+ and [ǒw]+ are different if and only if d̄(ov) �= d̄(ǒw) or U(d(ov)) �= U(d(ǒw)). Assume
that d̄(ov) has k edges. Since v has no descendants in d̄(ov), d̄(ov) is an element of O−

k ,
and clearly U(d(ov)) is an element of Pn−k. Then the number of distinct orbits is the sum

n−1∑
k=0

|O−
k | · |Pn−k|.

Now (4.1) follows, since |Ok| = ck = 1
k+1

(
2k
k

)
, where ck denotes the k-th Catalan number,

and for k > 0, |O−
k | = 1

2 (k + 1)|Ok| =
(
2k−1

k

)
, and |O−

0 | = 1. �
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Figure 7. σ(p): When c(p) is a vertex.

Let P(x) denote the ordinary generating function for pn, and O(x) for Catalan number
cn. Then by dissymmetry Theorem for trees [1, Theorem 4.1.1],

P(x) = 1 +
∑
n≥1

φ(n)
n

log
1

1− xnO(xn)
+

x

2
(
O(x2)−O2(x)

)
and

(4.2) pn =
1
2n

∑
d|n

φ
(n

d

)(
2d
d

)
− 1

2
cn +

1
2
χodd(n) cn−1

2
,

where φ is the Euler’s totient function and χodd is the characteristic function of odd integers.
From (4.1) and (4.2), we can have the summation form of orbn, but we can not find a simple
formula. The sequence {orbn}∞n=0 starts with 1, 1, 2, 6, 18, 60, 210, 754, 2766, 10280, 38568,
. . . , and it does not appear in On-Line Encyclopedia of Integer Sequences [9].

4.3. Counting the cardinality of an orbit.
Given ov ∈ O+

n , we compute the size of [ov]+. For a plane tree p having at least one
edge, we define c(p), the center of p, which appears in [1], as follows :

(1) Delete all the leaves in p.
(2) Iterate (1), until the resulting plane tree has at most one internal vertex.
(3) If the resulting plane tree has no internal vertex (one edge), then the edge is c(p).
(4) If the resulting tree has a unique internal vertex ( star shape), then the internal

vertex is c(p).
If we delete1 c(p) from p, p \ c(p) is decomposed into several components. In fact,

each component is an ordered tree whose root is a neighbor of the center. We fix one
component o1 and label other components counterclockwise o2, . . . ,oi, where i is the
number of components of p \ c(p). Let j be the smallest positive integer such that
(oj+1, . . . ,oj+i) = (o1, . . . ,oi), where indices are read in mod i. Define σ(p) the sym-
metry number of p to be the value i/j (see Figures 7, 8).

The symmetry number plays an important role in obtaining the size of an orbit as follows:

1If c(p) is a vertex, then it is a vertex deletion and if c(p) is an edge, then it is an edge deletion.
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c
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bb ) σ(p1) = 1
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(o1,o2) = (

b
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,

b

bb ) σ(p2) = 2

Figure 8. σ(p): When c(p) is an edge.

Theorem 5. Given ov ∈ O+
n , the cardinality of [ov ]+ is

(4.3) |[ov]+| = 2 ε(p)
σ(p)

,

where p = U(d(ov)), and ε(p) is the number of edges in p.

Proof. Since d̄(RLov) = d̄(ov) and U(d(RLov)) = U(d(ov)), the size of [ov]+ is determined
by p. More precisely, the size of [ov ]+ equals the number of ways of identifying a vertex in
w ∈ p with v ∈ d̄(ov). For each vertex w in p, since p is embedded in the plane, we have
deg(w) distinct ways of identifying w with v ∈ d(ov). So, if we allow repetition, the number
of all possible ways of attaching p to d̄(ov) is

∑
w∈p deg(w) = 2ε(p). But by the definition

of the symmetry number, each pattern occurs exactly σ(p) times. This yields (4.3). �
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PERIODIC DE BRUIJN TRIANGLES: EXACT AND ASYMPTOTIC
RESULTS

B. SHAPIRO, M. SHAPIRO, AND A. VAINSHTEIN

Abstract. We study the distribution of the number of permutations with a given periodic
up-down sequence w.r.t. the last entry, find exponential generating functions and prove
asymptotic formulas for this distribution.

Résumé. Nous étudions la distribution du nombre de permutations ayant une suite
périodique donnée de montées–descentes par rapport leur derniére entrée. Nous en trou-
vons les séries génératrices et montrons des formules asymptotiques pour cette distribution.

Let σ = (σ1, . . . , σn) be a permutation of length n. We associate with σ its up-down
sequence (sometimes called the shape of σ, or the signature of σ) P(σ) = (p1, . . . , pn−1),
which is a binary vector of length n− 1 such that pi = 1 if σi < σi+1 and pi = 0 otherwise.
During the last 120 years, many authors have studied the number �Pn of all permutations
of length n with a given up-down sequence P. Apparently, for the first time this problem
was investigated by D. Andrè [An1, An2], who considered the so-called alternating (or up-
down) permutations corresponding to the sequence P = (1, 0, 1, 0, . . .) = (10)∗ and proved
that the exponential generating function for the number of such permutations is equal to
tan x + sec x. In [An3] he proved that this number grows asymptotically as 2n!(2/π)n+1.

A general approach to this problem was suggested by MacMahon (see [MM]). This
approach leads to determinantal formulas for �Pn , rediscovered later by Niven [Ni] from very
basic combinatorial considerations. For the relations of this approach to the representation
theory of the symmetric group, and for its generalizations, see [Fo, St, BW].

Another, purely combinatorial approach to the same problem was suggested by Carlitz
[Ca11]. His general recursive formula for �Pn is rather difficult to use. However, he managed
to obtain explicit expressions for the corresponding exponential generating functions for
certain periodic cases, that is for up-down sequences of the form P = (p)∗, where p is a
binary vector of a fixed length called the period of P. In [Ca11, Ca2] he considered the case
P = (1k0)∗ and expressed the corresponding generating function via the Olivier functions
of the kth order

ϕk,i(x) =
∞∑

j=0

xjk+i

(jk + i)!
, 0 ≤ i ≤ k − 1.

Another case, P = (1202)∗, was considered in [CS1, CS2] and solved via Olivier functions
of the fourth order. It follows that asymptotically �Pn in this case grows as 4n!(2/γ)n+1,
where γ = 3.7502 . . . is the smallest positive solution of the equation cos t cosh t + 1 = 0.

The general periodic problem was solved completely in [CGJN]. As in the two particular
cases mentioned above, the answer is expressed via Olivier functions. The techniques used
involves matrix Riccati equations, and is rather complicated.

An additional dimension in the problem was introduced by Entringer [En] who studied
the distribution of the alternating permutations by the last entry. He observed that the
number �i,j of alternating permutations of length i whose last entry equals j satisfy the

#53.1
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following equations:

�i,j = �i,j−1 + �i−1,j−1, �i,1 = 0, i = 2k, k > 0,
�i,j = �i,j+1 + �i−1,j , �i,i = 0, i = 2k + 1, k > 0,

(1)

with �1,1 = 1. These equations can be represented graphically as the following triangle
displayed on Figure 1.

1
0 1

11
1 2

5 4

0

2
2

0
0

5
Figure 1. The Entringer triangle

Each even row of the triangle starts with 0, and an entry in such a row is equal to the
sum of its left neighbors in the current and in the previous rows. Similarly, each odd row
(except for the first one) ends with 0, and an entry in such a row is equal to the sum of its
right neighbors in the current and in the previous rows.

The Entringer triangle was studied by many authors. In particular, Arnold [Ar1, Ar2]
gave an interpretation of the entries of this triangle in terms of real polynomials with real
critical values. Besides, he considered the exponential generating function

A(x, y) =
∑
i≥1

i∑
j=1

(−1)i(i−1)/2�i,j
xi−jyj−1

(i − j)!(j − 1)!

and proved that A(x, y) = ey/ cosh(x + y). In fact, A(x, y) is the generating function of
the signed Entringer triangle, which is obtained from the ordinary one by reversing signs
in each ith row, where i equals 2 or 3 modulo 4. Observe that the entries �̃i,j of the signed
Entringer triangle satisfy relations

�̃i,j = �̃i,j−1 + �̃i−1,j−1 (2)

with boundary conditions �̃i,1 = 0 for i = 2k, �̃i,i = 0 for i = 2k+1, k > 0, �̃1,1 = 1. General
triangles satisfying relation (2) with arbitrary boundary conditions were first studied more
than 120 years ago by Seidel [Se]. In particular, he proved that the ratio of exponential
generating functions for the numbers on the right and on the left sides of such a triangle
equals ex. More recently such triangles where studied, from the combinatorial point of
view, in [DV, Du1, Du2]. In particular, it is proved in [DV] that the exponential generating
function for a Seidel triangle is equal to eyF (x+y), where F (x) is the corresponding function
for the left side of the triangle.

The case of general up-down sequences was addressed by de Bruijn [dB] (see also [Vi]
for another version of the same result). Let �Pi,j be the number of permutations of length i

whose last entry equals j and whose up-down sequence equals P = (p1, p2, . . . ). He proved
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that these numbers satisfy the following equations:

�Pi,j = �Pi,j−1 + �Pi−1,j−1, �Pi,1 = 0, if pi−1 = 1

�Pi,j = �Pi,j+1 + �Pi−1,j, �Pi,i = 0, if pi−1 = 0.

with �P1,1 = 1. Evidently, for P = (10)∗ one gets the Entringer relations (1). As before,
these equations can be represented graphically as a triangle, and the direction in which
one has to advance along the rows of the triangle is governed by the sequence P. We call
this triangle the de Bruijn triangle corresponding to the up-down sequence P. A de Bruijn
triangle is said to be periodic if the corresponding up-down sequence is periodic.

The signed de Bruijn triangle is obtained from the ordinary de Bruijn triangle by mul-
tiplying its ith row by εi = (−1)p1+p2+···+pi−1+i−1, i ≥ 2. The corresponding exponential
generating function is defined by

FP(x, y) =
∑
i≥1

i∑
j=1

εi�
P
ij

xi−jyj−1

(i − j)!(j − 1)!
.

Let P be a periodic up-down sequence with period p of length m, and let i1 < i2 < · · · < ir
be the locations of zeros in p. Without loss of generality we assume that ir = m (otherwise
we consider instead of P the up-down sequence P̄ = (p̄)∗, where p̄i = 1− pi for 1 ≤ i ≤ m;
evidently, the de Bruijn triangle for P̄ is obtained from that for P by the reflection in the
main diagonal).

Theorem 1. The exponential generating function of the signed periodic de Bruijn triangle
corresponding to the up-down sequence P is given by FP(x, y) = eyfP(x + y), where

fP(t) =
det M̄P(t)
detMP(t)

and MP(t) and M̄P(t) are r × r matrices

MP(t) =




ϕm,0 ti1ϕm,n−i1 ti2ϕm,n−i2 . . . tir−1ϕm,n−ir−1

t−i1ϕm,i1 ϕm,0 ti1ϕm,n−i1 . . . tir−2ϕm,n−ir−2

t−i2ϕm,i2 t−i1ϕm,i1 ϕm,0 . . . tir−3ϕm,n−ir−3

...
...

...
. . .

...
t−ir−1ϕm,ir−1 t−ir−2ϕm,ir−2 t−ir−3ϕm,ir−3 . . . ϕm,0




and

M̄P(t) =




1 ti1 ti2 . . . tir−1

t−i1ϕm,i1 ϕm,0 ti1ϕm,n−i1 . . . tir−2ϕm,n−ir−2

t−i2ϕm,i2 t−i1ϕm,i1 ϕm,0 . . . tir−3ϕm,n−ir−3

...
...

...
. . .

...
t−ir−1ϕm,ir−1 t−ir−2ϕm,ir−2 t−ir−3ϕm,ir−3 . . . ϕm,0




with ϕm,j = ϕm,j(t).

The proof of the theorem follows easily from the above mentioned properties of Seidel
triangles and an evident identity ex =

∑m−1
i=0 ϕm,i(x). As a corollary we get the result of

[CGJN] cited above.
Moreover, the same techniques allows to obtain generating functions for other Seidel

triangles with periodic boundary conditions, such as the triangle for Genocchi numbers
(see [DV]). It can be also extended to pairs of Seidel triangles with periodic boundary
conditions, such as Arnold triangles L(β) and R(β) for Springer numbers (see [Ar2, Du2]),
thus recovering several combinatorial results obtained in [Sp, Ar2].
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Let us now consider the asymptotic behavior of the numbers �Pi,j. It was observed without
a proof in [Ar2, p. 18] that the even rows of the ordinary Entringer triangle approximate,
after an appropriate normalization, the function sinx on the interval [0, π/2], while the odd
rows approximate cosx. Exact statements with the first two correction terms can be found
in [SY].

We generalize this result to arbitrary periodic de Bruijn triangles. Consider the space
L2 of all L2-functions on the interval [0, π/2]. Let Sk be the linear space of all sequences
of real numbers of length k. We define the standard inclusion ik Sk ↪→ L2 as the linear
map sending a sequence {a1, . . . , ak} to the function whose value equals aj on the interval
[π(j−1)

2k , πj
2m).

For any l, 0 ≤ l ≤ m − 1, let NP
k,l denote the sequence {�Pkn+l,j} ∈ Skm+l, and let

ξPk,l = cikm+l(NP
k,l), where c is a normalizing coefficient depending on k and l and chosen in

such a way that
∫ π/2
0 ξPk,l(θ)dθ = 1.

Theorem 2. For any l, 0 ≤ k ≤ m − 1, the sequence of functions ξPk,l converges in the
L2-metric to the normalized first eigenfunction ΞP

l of the two-point spectral problem

z(m) = (−1)rλmz

with m homogeneous boundary conditions

z(i)(0) = 0 if pl+i−1 = 1,

z(i)(π/2) = 0 if pl+i−1 = 0,

where r is the number of zeros in the period p.
The first eigenvalue of the above spectral problem is the minimal positive solution of the

equation
det M̃P(ελπ/2) = 0,

where ε is the mth primitive root of (−1)r and

M̃P(t) =




ϕm,0 ϕm,i2−i1 ϕm,i3−i1 . . . ϕm,ir−i1

ϕm,i1−i2 ϕm,0 ϕm,i3−i2 . . . ϕm,ir−i2

ϕm,i1−i3 ϕm,i2−i3 ϕm,0 . . . ϕm,ir−i3
...

...
...

. . .
...

ϕm,i1−ir ϕm,i2−ir ϕm,i3−ir . . . ϕm,0




with ϕm,j = ϕm,j(t).
The eigenfunction ΞP

l is normalized by the condition
∫ π/2
0 ΞP

l (θ)dθ = 1, and the indices
are understood modulo m.

In particular, for the Entringer numbers �i,j one gets the sine law of [SY]:


limk→∞, j
2k+1

→u �2k+1,j = 2(2k)!
(

2
π

)2k+1 cos πu
2 ,

limk→∞, j
2k

→u �̃2k,j = 2(2k − 1)!
(

2
π

)2l sin πu
2 .

The starting point of this research was the result by the first and the third author that the
numbers �Pi,j for P = (1202)∗ arise naturally in counting real rational functions of a certain
type, see [SV]. The authors are grateful to Max–Planck–Institut für Mathematik, Bonn
for its hospitality in September 2000 and to the Royal Institute of Technology, Stockholm
for the financial support of the visit of A. V. to Stockholm in July-August 2001. Sincere
thanks goes to Prof. Harold Shapiro from The Royal Institute of Technology for his help
with functional analysis in the proof of Theorem 2.
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[An2] D. André, Sur les permutations alternées, J. Math. Pures Appl. 7 (1881), 167–184.
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INEQUALITIES IN PRODUCTS OF MINORS OF TOTALLY
NONNEGATIVE MATRICES

MARK SKANDERA

Abstract. Let ∆I,I′ be the minor of a matrix which corresponds to row set I and column
set I ′. We give a characterization of the inequalities of the form

∆I,I′∆K,K′ ≤ ∆J,J′∆L,L′

which hold for all totally nonnegative matrices. This generalizes a recent result of Fallat,
Gekhtman, and Johnson.

Résumé. Soit ∆I,I′ le mineur d’une maitrice qui correspond a l’ensemble I des files et
l’ensemble I ′ des colonnes. Nous donons une caractérisation des inégalités de la forme

∆I,I′∆K,K′ ≤ ∆J,J′∆L,L′

qui sont vrais pour chacque maitrice totalement positive. Ce résultat généralise un résultat
récent de Fallat, Gekhtman, et Johnson.

1. Introduction

Let A be an n×n matrix and let I and I ′ be subsets of [n] = {1, . . . , n}. We define ∆I,I′ ,
the (I, I ′) minor of A, to be the determinant of the submatrix of A corresponding to rows I
and columns I ′. A matrix is called totally nonnegative if each of its minors is nonnegative.
While this definition may be applied to nonsquare matrices, we will restrict our attention
to square totally nonnegative matrices. It is easy to see that the concatenation of a row or
column of zeros to a totally nonnegative matrix introduces no negative minors.
One setting in which totally nonnegative matrices arise is in the counting of paths in

directed graphs. Let us define a planar network of order n to be a planar acyclic directed
graph G = (V,E) in which 2n vertices are distinguished as n sources and n sinks. We will
assume that all sources and sinks are boundary vertices, labeled cyclically (counterclock-
wise) as s1, . . . , sn, tn, . . . , t1. We will use S and T to denote the sources and sinks of a
planar network, and SI and TI to denote the subsets of sources and sinks corresponding to
an index set I,

SI = {si | i ∈ I},
TI = {ti | i ∈ I}.

In figures we will draw sources on the left of a planar network and sinks on the right.
The orientations of edges will be understood to be from left to right. (See Figure 1.1.)
Let G = (V,E) be a planar network of order n and let each edge e of G be labeled by a

positive real weight we. Define the weight of a path from s to t to be product of weights of
edges along this path, and define the weighted path matrix of G to be the matrix A = [aij],
where aij is the sum of weights of all paths from source si to sink tj. Such a weighted path
matrix is always totally nonnegative. In particular, the minors of such a matrix have an
interpretation in terms of families π = (π1, . . . , πn) of paths in G from sources to sinks.

Supported by the NSF.
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Figure 1.1. A planar network of order 4

Defining the weight of a path family to be the product of weights of its n paths, we have
the following result.

Theorem 1.1. Let A be the weighted path matrix of a planar network G. The minor ∆I,I′

of A is equal to the sum of weights of all nonintersecting path families which connect the
sources indexed by I to the sinks indexed by I ′. In particular, A is totally nonnegative.

The first proofs of this fact were given by Karlin and MacGregor [7], and by Lindström [8].
Since then, Theorem 1.1 has been used to prove that matrices arising in various situations
are totally nonnegative. (See for example [5] and [6].)
By results of Whitney [12], Loewner [9], Cryer [2], and Brenti [1], the converse of Theo-

rem 1.1 is true as well. This result was first stated in [1].

Theorem 1.2. Every n× n totally nonnegative matrix A is the weighted path matrix of a
planar network G of order n.

While the planar network G in Theorem 1.2 is not uniquely determined, it is easy to
see that G may be chosen so that each source (sink) has indegree zero and outdegree
one (outdegree zero and indegree one). Furthermore, it may always be chosen to be of a
canonical form [1]. (See also [4].)
Some recent interest in totally nonnegative matrices involves polynomial functions in n2

variables {xij | i, j ∈ [n]} which evaluate to nonnegative numbers whenever we set xij =
aij for a totally nonnegative matrix A = [aij ] of size at least n × n. Let us call such
polynomials totally nonnegative. In particular, Lusztig [10] has shown that the elements of
the dual canonical basis of the coordinate ring of GLn are totally nonnegative. In order to
better understand this basis, which currently has no simple description, one might hope to
characterize all totally nonnegative polynomials, or at least to study some subset of these
polynomials.
One such subset, discovered recently by Fallat et. al. [3], may be described in terms of

principal minors. An example is the totally nonnegative polynomial

(1.1) ∆{1,3}{1,3}∆{2,4}{2,4} −∆{1,4}{1,4}∆{2,3}{2,3}.

In other words, the inequality

(1.2) ∆{1,4}{1,4}∆{2,3}{2,3} ≤ ∆{1,3}{1,3}∆{2,4}{2,4}
holds for all totally nonnegative matrices of size at least 4 × 4. This and sixteen similar
inequalities are shown as a poset P in Figure 1.2. Each element of the form I-K in P
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14-232-134 3-142

1-234 4-123

13-24

 1234

12-34

Figure 1.2. A partial order on partitions of {1, 2, 3, 4} into at most two blocks.

represents the product ∆I,I∆K,K, and the minimal element represents the determinant
∆{1,2,3,4}. The relation <P is defined by I-K <P J-L whenever the inequality

∆I,I∆K,K ≤ ∆J,J∆L,L

holds for all totally nonnegative matrices. Thus the relation 14-23 <P 13-24 represents the
inequality (1.2).
This poset raises the question of finding a more general class of inequalities in products

of minors of totally nonnegative matrices. Let us consider products of non-principal minors
of the form ∆I,I′∆I,I′ , where I = [n]� I.

Question 1.1. What conditions on four subsets I, I ′, J, J ′ of [n] imply the inequality

(1.3) ∆I,I′∆I,I′ ≤ ∆J,J ′∆J,J ′

for all totally nonnegative matrices of size at least n× n?

By Theorem 1.2, we may interpret the products of minors which occur in the inequality
(1.3) in terms of families of paths in planar networks. The combinatorial interpretation of
the product ∆I,I′∆I,I′ is quite simple.

Observation 1.3. Let A be an n× n totally nonnegative matrix, and let G be any planar
network whose weighted path matrix is A. Then the product ∆I,I′∆I,I′ of minors of A is
equal to the weighted sum of all path families π = (π1, . . . , πn) in G with the following
properties.

(1) Each path connects a source in SI to a sink in TI′ or a source in SI to a sink in
TI′ .

(2) The paths from SI to TI′ are pairwise vertex disjoint, as are the paths from SI to
TI′ .

We will refer to the combination of the two conditions in Observation 1.3 as a binary
crossing rule or more specifically as the (I, I ′) crossing rule. We will refer to source-to-sink
paths and to families of these simply as paths and path families.
Using Observation 1.3 we may reformulate Question 1.1.

Question 1.2. What conditions on four subsets I, I ′, J, J ′ of [n] imply that for each planar
network G of order n, the weighted sum of path families in G which obey the (I, I ′) crossing
rule is less than or equal to the weighted sum of path families in G which obey the (J, J ′)
crossing rule?
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In Section 2 we will examine a special case of Question 1.2 which will lead to a proof
of our main theorem in Section 3. This theorem, which generalizes recent results of Fallat
et. al. [3], characterizes all inequalities of the form

∆I,I′∆I,I′ ≤ ∆J,J ′∆J,J ′

which hold for all totally nonnegative matrices. A corollary provides a combinatorial inter-
pretation of the corresponding totally nonnegative polynomials

∆J,J ′∆J,J ′ −∆I,I′∆I,I′ .

In Section 4 we will show that our main result essentially characterizes even the more
general class of inequalities of the form

∆I,I′∆K,K ′ ≤ ∆J,J ′∆L,L′

which hold for all totally nonnegative matrices.

2. Path families which cover a planar network

A path family π in a planar network G will not in general use all of the edges of G. We
will say that π covers G if it does use all of the edges. Since the weight of a path family
which covers G is equal to the product of all edge weights in G (with multiplicities for
multiply covered edges), we may calculate the weighted sum of path families which cover G
simply by counting path families which cover G. This suggests the following specialization
of Question 1.2.

Question 2.1. What conditions on four subsets I, I ′, J, J ′ of [n] imply that for each planar
network G of order n, the number of path families which cover G and obey the (I, I ′)
crossing rule is less than or equal to the number of path families which cover G and obey
the (J, J ′) crossing rule?

Questions 1.2 and 2.1 are more closely than one might imagine: in fact they have the
same answer. The easiest way to see this is to consider three related families of graphs and
maps between these.
Let G1(n) be the family of planar networks of order n which may be expressed as a union

of n source-to-sink paths, no three of which share a vertex. These are precisely the planar
networks which can be covered by path families which obey a binary crossing rule. Note
that the vertices in such planar networks have indegree and outdegree bounded by two.
Let G2(n) be the family of undirected graphs with at least n connected components which

are paths, and arbitrarily many connected components which are cycles. To define our first
map φ : G1(n) → G2(n), let G = (V,E) be a graph in G1, and create φ(G) = G′ = (V ′, E′)
as follows.

(1) For each vertex x ∈ V which has indegree and/or outdegree two, create vertices x−
and x+ in V ′. Otherwise create vertex x in V ′.

(2) For each edge (x, y) in E, create the unique edge (x+, y−) or (x, y−) or (x+, y) or
(x, y) which can be defined in E′.

Figure 2.1 shows a planar network G and Figure 2.2 shows the graph φ(G). As we have
used S and T to refer to the sources and sinks in G, we will again use S and T to refer to
the corresponding vertices in φ(G).
It is not hard to see that the components of φ(G) are of three types: paths whose two

endvertices are sources or sinks (there are necessarily n of these), paths containing no source
or sink, and cycles. Examination of these components immediately gives a formula for the
number of path families which cover G and obey a binary crossing rule.
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Figure 2.1. A planar network G which is a union of 7 paths.
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Figure 2.2. The graph φ(G).

Proposition 2.1. Let G be a planar network in G1(n), let k be the number of cyclic com-
ponents of φ(G), and let I, I ′ be two subsets of [n]. Then the number of path families which
cover G and obey the (I, I ′) crossing rule is 2k if no path component of φ(G) contains two
vertices in SI ∪ TI′ . It is zero otherwise.

Proof. Let G be a graph in G1(n). Counting the number of path families which cover G
and obey the (I, I ′) crossing rule is equivalent to counting the edge colorings of G which
satisfy the following conditions.

(1) Each edge incident upon a source in SI or a sink in TI′ is colored blue; edges incident
upon the remaining sources and sinks are colored red.

(2) Each edge in the graph must be colored red, blue, or red and blue.
(3) For each vertex v which is not a source or a sink, the number of red (blue) paths

entering v must equal the number of red (blue) paths leaving v.
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These rules ensure that |I| nonintersecting blue paths lead from SI to TI′ , n− |I| noninter-
secting red paths lead from SI to TI′ , and the union of these n paths is equal to the edge
set of G.
Consider any component H of φ(G) and let F be the corresponding set of edges in G.

If H is a path containing no vertex in S ∪ T , then each edge in F is colored both red and
blue. If H is a cycle, then F may be colored in two ways, each of which is consistent with
the above rules. Now suppose H is a path containing two vertices in S ∪ T . If exactly one
of these two vertices belongs to SI ∪ TI′ , then there is exactly one coloring of F which is
consistent with the above rules, otherwise there is none. �
Proposition 2.1 implies a surprising relationship between the numbers of path families

which cover a planar network and obey one of two different crossing rules.

Corollary 2.2. Let G be a planar network of order n and let I, I ′, J, J ′ be subsets of [n].
If the number of path families which cover G and obey the (I, I ′) crossing rule is not equal
to the number of path families which cover G and obey the (J, J ′) crossing rule, then one
of these numbers is zero.

Thus, the comparison of weighted sums of path families which cover a planar network G
and obey two different crossing rules reduces to a problem of determining the existence of
such families. By Proposition 2.1, this in turn reduces to the problem of deciding if n paths
in the graph φ(G) determine a perfect matching of SI ∪ TI′ with SI ∪ TI′ . We therefore
introduce a third class of graphs which records only this information.
Let G3(2n) be the family of graphs on 2n vertices labeled 1, . . . , 2n, and n edges which can

be drawn so that if the vertices lie in increasing order on a horizontal line, then the edges
form n noncrossing arcs above them. It is well known that the cardinality of G3(2n) is Cn,
the nth Catalan number. (See [11, p. 222].) To define a second map ψ : G1(n)→ G3(2n), let
G = (V,E) be a graph in G1(n), let G′ = (V ′, E′) be φ(G) and create ψ(G) = G′′ = (V ′′, E′′)
as follows.

(1) For each source si in V create vertex i in V ′′.
(2) For each sink ti in V create vertex 2n+ 1− i in V ′′.
(3) For each path component of G′ with end vertices in S∪T , connect the corresponding

two vertices in V ′′ with an arc.
Figures 2.3 and 2.4 show two embeddings of the graph ψ(G), where G is the graph in
Figure 2.1.
The map ψ allows us to state a simple criterion for comparing path families which cover

a given graph in G1(n) and obey two different crossing rules.

Observation 2.3. Let G be a graph in G1(n), let I, I ′, J, J ′ be subsets of [n], and define
the sets

I ′′ = I ∪ {2n + 1− i | i ∈ I ′}, I ′′ = [2n]� I ′′,

J ′′ = J ∪ {2n + 1− j | j ∈ J ′}, J ′′ = [2n]� J ′′.

More path families which cover G obey the (I, I ′) crossing rule than the (J, J ′) crossing rule
if and only if ψ(G) is a perfect matching of I ′′ with I ′′ and it is not a perfect matching of
J ′′ with J ′′.

It is easy to show that the map ψ is surjective. One proof of this is given by the following
map ρ : G3(2n)→ G1(n), which identifies a canonical representative in the preimage ψ−1(H)
of each graph H in G3(2n).

(1) Draw a vertical representation of H and label the vertices s1, . . . , sn, tn, . . . , t1 as in
Figure 5(a).
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Figure 2.3. The graph ψ(G), drawn similarly to φ(G).
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Figure 2.4. The graph ψ(G), drawn with vertices on a horizontal line and
edges above this line.
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(c) ρ(H)

Figure 2.5. A graph H in G3(14) and the creation of the graph ρ(H) in G2(7).

(2) For each edge e of H whose endvertices have indices which differ by k, replace e by
a zig-zag path of k + 1 straight edges and k new vertices as in Figure 5(b).

(3) Identify pairs of new vertices as in Figure 5(c) so that each vertex in the resulting
graph has degree one or four.
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It is easy to see that the graph created in step 2 is φ(ρ(H)), and that all pairs of vertices
which are identified in step 3 belong to two different components of φ(ρ(H)). This important
property proves the equivalence of Question 2.1 to Questions 1.1 and 1.2.

Lemma 2.4. Let H be a graph in G3(2n), and let I, I ′ be subsets of [n]. If ρ(H) contains
any path family which obeys the (I, I ′) crossing rule, then this path family covers ρ(H) and
is unique.

Proof. Let π be a path family in ρ(H) which obeys the (I, I ′) crossing rule but does not cover
ρ(H), and color the edges of ρ(H) red and/or blue as in the proof of Proposition 2.1. Con-
struct the graph φ(ρ(H)), and color its edges as those of ρ(H) are colored. All components
of φ(ρ(H)) are paths, some containing uncolored edges. For each component containing
at least one uncolored edge, consider the vertex labels of the corresponding arc in H, and
choose a component C which minimizes the difference between these two labels. By the
choice of C and the fact that no component of φ(ρ(H)) contains two vertices x+ and x−
for any vertex x of ρ(H), we have that some edge of C is uncolored, one of its neighboring
edges is colored twice, the next edge is uncolored, etc. This implies that a terminal edge
of C is colored twice or not at all, contradicting our assumption that the edge coloring
determines a path family in ρ(H) which obeys the (I, I ′) crossing rule. �

3. main theorem

The maps φ and ψ defined in Section 2 reduce the problem of comparing products
∆I,I′∆I,I′ , ∆J,J ′∆J,J ′ of minors in n × n totally nonnegative matrices to a problem of
examining perfect matchings in graphs on 2n vertices. We will now demonstrate that this
problem reduces to examining subintervals of [2n] and their intersections with the two
sets I ′′, J ′′ defined in Observation 2.3. In particular, we will define an interval [b1, b2] =
{b1, b1+1, . . . , b2} to be even if its cardinality is even, and we will show that the inequality

∆I,I′∆I,I′ ≤ ∆J,J ′∆J,J ′

holds for all totally nonnegative matrices if and only if the sets I ′′, J ′′ satisfy the inequality

(3.1) max{|B ∩ I ′′|, |B � I ′′|} ≥ max{|B ∩ J ′′|, |B � J ′′|}
for all even subintervals B of [2n].
Let us first consider the circumstances under which the inequality (3.1) fails to hold for

some subinterval B of [2n].

Lemma 3.1. Let I ′′ and J ′′ be two subsets of [2n] and let B = [b1, b2] be a minimal
subinterval of [2n] which satisfies

(3.2) max{|B ∩ I ′′|, |B � I ′′|} < max{|B ∩ J ′′|, |B � J ′′|}.
Then the numbers b1 and b2 both belong to J ′′, or both belong to J ′′, while exactly one of these
numbers belongs to I. Furthermore, the cardinalities |[b1+1, b2−1]∩I ′′|, |[b1+1, b2−1]�I ′′|,
|[b1 +1, b2 − 1]∩ J ′′|, and |[b1 +1, b2 − 1]� J ′′| are all equal to 1

2(|B| − 2). In particular, B
is even.

Proof. Omitted. �
Armed with this technical lemma, we may now state and prove our main result.

Theorem 3.2. Let I, I ′, J, J ′ be subsets of [n] and define the subsets I ′′, J ′′ of [2n] by

I ′′ = I ∪ {2n + 1− i | i ∈ I ′},
J ′′ = J ∪ {2n + 1− j | j ∈ J ′}.

Then the following statements are equivalent.



PRODUCTS OF MINORS OF TNN MATRICES #54.9

(1) In each totally nonnegative matrix of size at least n × n, the minors ∆I,I′, ∆I,I′,
∆J,J ′, and ∆J,J ′ satisfy

∆I,I′∆I,I′ ≤ ∆J,J ′∆J,J ′ .

(2) In each planar network G of order n, the weighted sum of path families in G which
obey the (I, I ′) crossing rule is less than or equal to that of the path families in G
which obey the (J, J ′) crossing rule.

(3) For each planar network G = (V,E) in which the edges are weighted by formal
variables w1, . . . , wm, the difference between the weighted sum of path families in G
which obey the (J, J ′) crossing rule and that of path families in G which obey the
(I, I ′) crossing rule is a subtraction-free polynomial in w1, . . . , wm.

(4) For each planar network G of order n, the number of path families which cover G
and obey the (I, I ′) crossing rule is zero, or is equal to the number of path families
which cover G and obey the (J, J ′) crossing rule.

(5) For each even subinterval B of [2n], the sets I ′′ and J ′′ satisfy

(3.3) max{|B ∩ I ′′|, |B � I ′′|} ≥ max{|B ∩ J ′′|, |B � J ′′|}.
(6) For each subinterval B of [2n], the sets I ′′ and J ′′ satisfy (3.3).

Proof. (1⇔ 2) Follows from Observation 1.3.
(3⇒ 2) Obvious.
(4 ⇒ 3) The difference between the weighted sums of path families in G which obey the
two binary crossing rules can be expressed as a sum of differences, over all subnetworks of
G which can be covered by path families which obey at least one of the two rules. Assume
as in (4) that the difference corresponding to each subnetwork is a monomial in w1, . . . , wm

with coefficient (a− a) or (a− 0) for some nonnegative integer a. Clearly the sum of these
is a subtraction-free polynomial in w1, . . . , wm.
(5⇒ 4) Let G be a planar network, and let k(I, I ′), k(J, J ′) be the numbers of path families
which cover G and obey the (I, I ′) crossing rule and the (J, J ′) crossing rule, respectively.
If k(I, I ′) is greater than k(J, J ′), then k(J, J ′) must be equal to zero by Corollary 2.2.
Thus ψ(G) is a perfect matching of I ′′ with I ′′ and not a perfect matching of J ′′ with J ′′.
Let B = [b1, b2] be a minimal subinterval of [2n] such that (b1, b2) is an edge in ψ(G) and
b1, b2 both belong to J ′′ or both belong to J ′′. By the minimality of B we have

max{|B ∩ I ′′|, |B � I ′′|} = b2 − b1 + 1
2

<
b2 − b1 + 3

2
= max{|B ∩ J ′′|, |B � J ′′|},

which contradicts (5).
(6⇒ 5) Obvious.
(2 ⇒ 6) Suppose that (6) is false. Let B = [b1, b2] be a minimal subinterval of [2n] which
satisfies

max{|B ∩ I ′′|, |B � I ′′|} < max{|B ∩ J ′′|, |B � J ′′|}.
Without loss of generality, assume that we have

|B � J ′′| < |B � I ′′| ≤ |B ∩ I ′′| < |B ∩ J ′′|.
By Lemma 3.1, the cardinality of B is even, and exactly half of the elements of the subin-
terval [b1 + 1, b2 − 1] belong to I ′′. Furthermore, both b1 and b2 belong to J ′′ while only
one of these belongs to I ′′.
Create a graphH in G3(2n) by drawing 2n distinct points labeled 1, . . . , 2n on a horizontal

line, and by connecting them with n nonintersecting arcs above the line as follows.
(1) Connect b1 to b2.
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(2) Below the arc (b1, b2) and above the horizontal line, draw arcs to create a noncrossing
perfect matching of [b1 + 1, b2 − 1] ∩ I ′′ with [b1 + 1, b2 − 1]� I ′′.

(3) Above the arc (b1, b2) and above the horizontal line, draw arcs to create a noncross-
ing perfect matching of ([2n]�B) ∩ I ′′ with ([2n]�B)� I ′′.

Clearly H is a matching of I ′′ with I ′′, but not a matching of J ′′ with J ′′. Now consider the
graph G = ρ(H) in G1(n). By Lemma 2.4, exactly one path family in G obeys the (I, I ′)
crossing rule and none obeys the (J, J ′) crossing rule. This contradicts (2). �

As an immediate corollary of Theorem 3.2, we obtain a combinatorial interpretation of
the difference

(3.4) ∆J,J ′∆J,J ′ −∆I,I′∆I,I′ ,

when this difference is nonnegative for all totally nonnegative matrices.

Corollary 3.3. Let I, I ′, J and J ′ be subsets of [n], define the sets I ′′ and J ′′ as in Theo-
rem 3.2, and assume that the inequality

(3.5) max{|B ∩ I ′′|, |B � I ′′|} ≥ max{|B ∩ J ′′|, |B � J ′′|}.
holds for all even subintervals B of [2n]. Then for any n×n totally nonnegative matrix A,
and any planar network G whose weighted path matrix is A, the difference (3.4) is equal
to the weighted sum of path families π in G which obey the (J, J ′) crossing rule and which
cannot be covered by any path family which obeys the (I, I ′) crossing rule.

As a second corollary of Theorem 3.2, we obtain the following specialization to principal
minors, first stated in [3, Thm 4.10].

Corollary 3.4. Let I and J be subsets of [n]. Then the following statements are equivalent.
(1) In each totally nonnegative matrix of size at least n× n, the principal minors ∆I,I,

∆I,I , ∆J,J , and ∆J,J satisfy

(3.6) ∆I,I∆I,I ≤ ∆J,J∆J,J .

(2) For each even subinterval B of [n], the sets I and J satisfy

(3.7) max{|B ∩ I|, |B � I|} ≥ max{|B ∩ J |, |B � J |}.
Proof. (1⇒ 2) follows from Theorem 3.2.
(2 ⇒ 1) Suppose that I and J satisfy (3.7) for all even subintervals of [n], and define

the subsets I ′′ and J ′′ of [2n] as before Theorem 3.2. If I ′′ and J ′′ fail to satisfy (3.3) for
some even subinterval of [2n], then this interval must be of the form B = [b1, 2n + 1− b2],
where b1, b2 ≤ n. We cannot have b1 = b2, for then the four sets B ∩ I ′′, B � I ′′, B ∩ J ′′,
B � J ′′ would all have cardinality equal to n− b1 + 1. On the other hand, we cannot have
b1 �= b2, for then I and J would fail to satisfy (3.7) for the interval whose endpoints are b1
and b2. Thus I ′′ and J ′′ must satisfy (3.3) and the principal minors ∆I,I , ∆I,I , ∆J,J , and
∆J,J must satisfy (3.6). �

Note the similarity between the inequalities (3.3) and (3.7). This implies that the map
(I, I ′, n) �→ (I ′′, 2n) induces a bijective correspondence between inequalities

(3.8) ∆I,I′∆I,I′ ≤ ∆J,J ′∆J,J ′

in products of nonprincipal minors of n× n matrices and inequalities

∆I′′,I′′∆I′′,I′′ ≤ ∆J ′′,J ′′∆J ′′,J ′′

in products of principal n× n minors of 2n× 2n matrices.



PRODUCTS OF MINORS OF TNN MATRICES #54.11

4. Generalization to noncomplementary index sets

A more general inequality than (3.8) has the form

(4.1) ∆I,I′∆K,K ′ ≤ ∆J,J ′∆L,L′ .

That is, the pairs (I,K), etc. need not be complements. However, any such inequality which
holds for all totally nonnegative matrices can be deduced from Theorem 3.2 or equivalently
from Corollary 3.4. We will give a combinatorial proof of this fact using the families of
graphs introduced in Section 2.
Let p and p′ be the cardinalities of I ∪K and I ′∪K ′, and let q and q′ be the cardinalities

of I ∩K and I ′ ∩K ′. Necessarily, p + q = p′ + q′ = |I| + |K|. Applying Observation 1.3,
we may interpret the product of minors ∆I,I′∆K,K ′ of any totally nonnegative matrix to
be the weighted sum of path families π = (π1, . . . , πp+q) in a planar network which connect
sources indexed by I (K) to sinks indexed by I ′ (K ′) and in which all SI to TI′ paths (SK to
TK ′ paths) are vertex-disjoint. We will say that such a path family obeys the (I, I ′,K,K ′)
crossing rule. The following neccessary condition for eight sets to satisfy (4.1) for all totally
nonnegative matrices was first stated in [3, Prop 2.2].

Observation 4.1. Let I, I ′, J, J ′,K,K ′, L, L′ be subsets of [m]. Unless I∪K and J ∪L are
equal as multisets, and I ′ ∪K ′ and J ′ ∪ L′ are equal as multisets, the products ∆I,I′∆K,K ′

and ∆J,J ′∆L,L′ are incomparable as functions on totally nonnegative matrices.

Proof. Suppose i is an index which appears with greater multiplicity in I∪K than in J ∪L,
and let G be any planar network of order m in which the unique edge leaving source si has
weight c. If c is large enough, then the weighted path matrix of G satisfies

∆I,I′∆K,K ′ > ∆J,J ′∆L,L′ .

On the other hand, if c is close enough to zero, we have the opposite strict inequality.
Similarly, if I ′ ∪ K ′ and J ′ ∪ L′ are not equal as multisets, then the products are again
incomparable. �

Without loss of generality, we shall assume that the sets I ∪ K and I ′ ∪ K ′ are equal
to [p] and [p′], respectively. Otherwise we can delete appropriate matrix rows and columns
to make this true. Necessary and sufficient conditions for eight sets to satisfy (4.1) are
analogous to the inequalities (3.3) and (3.7). The appropriate choices of I ′′, J ′′, and n are
as follows. Let n be the number 1

2(p− q+p′− q′), let η be the unique order preserving map
η : (I �K) ∪ (K � I)→ [p − q],

and let η′ be the unique order reversing map

η′ : (I ′ �K ′) ∪ (K ′
� I ′)→ [p− q + 1, 2n].

Define the subsets I ′′ and J ′′ of [2n] by

I ′′ = η(I �K) ∪ η′(K ′
� I ′),

J ′′ = η(J � L) ∪ η′(L′
� J ′).

Theorem 4.2. Let I, I ′, J, J ′,K,K ′, L, L′ be subsets of [m], and define p, p′, q, q′, n, η,
η′, I ′′, and J ′′, as above. Then the following statements are equivalent.

(1) In each totally nonnegative matrix of size at least m×m, the minors ∆I,I′, ∆J,J ′,
∆K,K ′, ∆L,L′ satisfy

∆I,I′∆K,K ′ ≤ ∆J,J ′∆L,L′ .
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(2) The multisets I ∪K and J ∪L are equal, the multisets I ′∪K ′ and J ′∪L′ are equal,
and the sets I ′′, J ′′ satisfy

max{|B ∩ I ′′|, |B � I ′′|} ≥ max{|B ∩ J ′′|, |B � J ′′|}
for each even subinterval B of [2n].

Proof. (2⇒ 1) Suppose (1) is false. Then there exists a planar network in which more path
families obey the (I, I ′K,K ′) crossing rule than obey the (J, J ′, L, L′) crossing rule. This
network contains a subnetwork G which is a union of (p + q) paths from p sources to p′
sinks with the property that more path families π = (π1, . . . , πp+q) which cover G obey the
(I, I ′,K,K ′) crossing rule than obey the (J, J ′, L, L′) crossing rule.
Applying the procedure defining φ to G, we obtain a graph in which exactly n connected

components are paths whose endpoints belong to the 2n-element set

SI�K ∪ SK�I ∪ TI′�K ′ ∪ TK ′
�I′ .

By the discussion following Corollary 2.2, these n paths define a perfect matching of S(I�K)∪
T(K ′

�I′) with S(K�I) ∪ T(I′�K ′), which is not a perfect matching of S(J�L) ∪ T(L′
�J ′) with

S(L�J) ∪ T(J ′
�L′). Let H be the graph in G3(2n) realizing this matching, in which vertex i

(1 ≤ i ≤ p− q) corresponds to the source in SI�K ∪ SK�I with the ith smallest index and
vertex j (p− q < j ≤ p− q+ p′− q′) corresponds to the sink in TI′�K ′ ∪TK ′

�I′ with the jth
greatest index. Let B = [b1, b2] be a minimal interval of [2n] such that (b1, b2) is an edge of
H and b1, b2 both belong to J ′′ or both belong to J ′′. Then we have

(4.2) max{|B ∩ I ′′|, |B � I ′′|} < max{|B ∩ J ′′|, |B � J ′′|}.
(1⇒ 2) Let B = [b1, b2] be a minimal subinterval of [2n] which satisfies (4.2), and let j1

and j2 be the preimages of these numbers with respect to the maps η and/or η′. Create a
graph H = (V,E) as follows.

(1) Place 2p+ 2q vertices on a horizontal line.
(2) Define six sets of symbols

S = {si | i ∈ (I �K) ∪ (K � I)},
U = {ui | i ∈ (I ∩K)},
U ′ = {u′i | i ∈ (I ∩K)},
T = {ti | i ∈ (I ′ �K ′) ∪ (K ′

� I ′)},
V = {vi | i ∈ (I ′ ∩K ′)},
V ′ = {v′i | i ∈ (I ′ ∩K ′)}.

(3) Label the leftmost p + q vertices by the p + q symbols S ∪ U ∪ U ′, in order of
nondecreasing indices. Label the rightmost p + q vertices by the p + q symbols
T ∪ V ∪ V ′, in order of nonincreasing indices.

(4) Connect each of the q + q′ pairs of the form (ui, u
′
i) or (vi, v

′
i) by q + q

′ noncrossing
arcs.

(5) Connect the b1st (from the left) singleton to the b2nd (from the left) singleton by
an arc.

(6) Draw p + q − 1 more arcs above the vertices to complete a noncrossing perfect
matching of SI�K ∪ TK ′

�I′ with SK�I ∪ TI′�K ′ .
The arc drawn in step (5) prevents H from inducing a perfect matching of SJ�L ∪ TL′

�J ′

with SL�J ∪ TJ ′
�L′ . Now consider the planar network G which is obtained from H by

creating ρ(H) and then identifying all pairs of vertices of the form (ui, u
′
i) or (vi, v

′
i). There
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are no path families in G which obey the (J, J ′, L, L′) crossing rule, but there are some
which obey the (I, I ′,K,K ′) crossing rule. This contradicts (1). �
Example 4.1. Consider the two products of minors

∆{1,2,3,6},{1,2,4,5}∆{3,4},{2,5}, ∆{1,3,6},{1,2,5}∆{2,3,4},{2,4,5}.

We claim that these products are incomparable. To see this, let the map η : {1, 2, 4, 6} →
{1, 2, 3, 4} preserve order, and let the map η′ : {1, 4} → {5, 6} reverse order. Then define

I ′′ = {η(1), η(2), η(6)} ∪ ∅ = {1, 2, 4},
J ′′ = {η(1), η(6)} ∪ {η′(4)} = {1, 4, 5}.

Since the sets I ′′, J ′′ satisfy

max{|[4, 5] ∪ I ′′|, |[4, 5] � I ′′|} < max{|[4, 5] ∪ J ′′|, |[4, 5] � J ′′|},
max{|[5, 6] ∪ I ′′|, |[5, 6] � I ′′|} > max{|[5, 6] ∪ J ′′|, |[5, 6] � J ′′|},

the products of minors are incomparable.

5. open problems

Note that the results of this paper reduce the problem of comparing minors in totally non-
negative matrices to the problem of counting unweighted path families in planar networks.
This is curious, since Theorem 1.2 does not guarantee that for every totally nonnegative
integer matrix A, there exists a planar network G such that A counts unweighted paths in
G. This suggests the following open problem.

Problem 5.1. Characterize the totally nonnegative integer matrices A = [aij ] for which
there exists a planar network G such that each entry aij counts unweighted paths in G from
source si to sink tj.

Other possibilities for extending the present work are the following.

Problem 5.2. Let P (n) be the poset whose elements are set partitions of [2n] into two
blocks of size n, ordered by I-I ≤P (n) J-J whenever the inequality

∆I,I∆I,I ≤ ∆J,J∆J,J

holds for all totally nonnegative matrices. Find a simple description for P (n).

Problem 5.3. Characterize the inequalities in products of k minors which are satisfied by
all totally nonnegative matrices, for k > 2.
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HALL-LITTLEWOOD ANALOGS IN THE Q-FUNCTION ALGEBRA

GEANINA TUDOSE AND MICHAEL ZABROCKI

Abstract. We present a family of analogs of the Hall-Littlewood symmetric functions in
the Q-function algebra. The change of basis coefficients between this family and Schur’s Q-
functions are q-analogs of numbers of marked shifted tableaux. These coefficients exhibit
many parallel properties to the Kostka-Foulkes polynomials.

Résumé. Nous présentons une famille des analogues des fonctions symétriques de Hall-
Littlewood dans l’algébre des Q-fonctions. Le changement des coefficients de base sont
les q-analogues des nombres de tableaux deplacés et marqués. Ces coefficients présentent
beaucoup de propriétés parallèles aux polynômes de Kostka-Foulkes.

1. Introduction

The symmetric functions form a fundamental algebra Λ associated to the representation
theory and the combinatorics of the symmetric group. The Q-functions form a sub-algebra
Γ ⊂ Λ of the symmetric functions and are associated to the projective representations of
the symmetric group. The fundamental bases for these algebras are (respectively) the Schur
functions, sλ[X], indexed by partitions, and Schur’s Q-functions, Qλ[X], indexed by strict
partitions.

Another important basis of Λ is the Hall-Littlewood symmetric functions. They were
introduced by Hall [3] as an algebra whose structure coefficients count chains of submodules
of a certain type. In addition, they have remarkable combinatorial and algebraic properties
and interpolate several other bases with a parameter q. They may also be seen in other
contexts such as a Demazure character formula for the Hecke algebra, or as the Frobenius
series of certain symmetric group or GL(n)-modules.

The change of basis coefficients between the Hall-Littlewood symmetric functions and
the Schur basis are known as the Kostka-Foulkes polynomials. They can be seen as a q-
generating function for the set of column strict tableaux of fixed shape and content. The
combinatorial tools of the RSK-algorithm, jeu de taquin and the plactic monoid [13] were
developed in part to help answer the question of a combinatorial interpretation for these
coefficients. Lascoux and Schützenberger [12] produced a solution by the introduction of
the statistic charge on column strict tableaux.

The aim of this paper is to introduce the analogs of the Hall-Littlewood symmetric func-
tions and the Kostka-Foulkes polynomials for the Q-function algebra. These analogs do not
exist in the literature and are certainly missing elements in the combinatorial theory of the
Q-function algebra. The combinatorics of the shifted tableaux developed in [2] [15] [19] [21]
correspond to the Q-functions in the same way that the column strict tableaux correspond
to the symmetric functions. The functions that we introduce here share many of the same
properties as the Hall-Littlewood symmetric functions. The analogs of Kostka-Foulkes poly-
nomials are q-generating functions of the set of marked shifted tableaux of fixed shape and
content. Some of the most important properties of these functions are still conjecture and
they suggest a yet undiscovered structure in the combinatorics of shifted tableaux including
a poset structure associated to a charge-like statistic.
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This abstract is divided into two sections. In the first section we present some well
known theory related to the symmetric functions and in particular the Hall-Littlewood
functions. For a more detailed account of this theory we refer the reader to [14]. The
second section is a development of the functions Gλ[X; q] (the functions that are analogs
of the Hall-Littlewoods in Γ) and the change of basis coefficients Lλµ(q) (analogs of the
Kostka-Foulkes polynomials). We present several formulas for computing these coefficients
and list some properties and conjectures. In an appendix we also list a table of transition
coefficients Lλµ(q) and draw as an example a conjectured poset for the marked shifted
tableaux of content (4, 3, 1).

Finally, we briefly consider the parabolic version of Gλ[X; q] which are analogs of the
functions introduced in [16, 17]. The definition follows the generalization of Jing’s Hall-
Littlewood vertex operator to a more general class of operators, as was considered in [18].
The coefficients that appear in this generalization can be viewed as q-analogs of the structure
coefficients of Schur’s Q-functions.

2. Notation and Definitions

2.1. Symmetric functions, partitions, tableaux. Define the ring of symmetric func-
tions as the polynomial ring Λ = C[p1, p2, p3, . . .] with deg(pk) = k. A typical monomial of
degree n in this ring will be pλ1pλ2 · · · pλ�

:= pλ, where
∑

i λi = n and a basis will indexed
by the sequences λ such that λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0.

The sequence λ is a partition of n (denoted by λ � n) if the entries are non-negative
integers and are is weakly decreasing. The size of λ is given by |λ| :=

∑
i λi = n. The

entries of λ are called the parts of the partition. The number of parts that are of size i in
λ will be represented by mi(λ) and the total number of non-zero parts is represented by
�(λ) =

∑
imi(λ). A common statistic on partitions λ is n(λ) :=

∑
i(i− 1)λi.

The dominance order, λ ≤ µ if and only if
∑k

i=1 λi ≤
∑k

i=1 µi for all 1 ≤ k ≤ �(λ), is a
partial order on partitions. Using this partial order, the operators

Rijλ = (λ1, . . . , λi + 1, . . . , λj − 1, . . . , λ�(λ))

for 1 ≤ i ≤ j ≤ �(λ) have the property that Rijλ ≥ λ if Rijλ is a partition.
We will consider three fundamental bases of Λ here. Following the notation of [14], we

define the homogeneous (complete) symmetric functions are hλ := hλ1hλ2 · · ·hλ�(λ)
where

hn =
∑

λ�n pλ/zλ and zλ =
∏�(λ)

i=1 i
mi(λ)mi(λ)!. The elementary symmetric functions are

eλ := eλ1eλ2 · · · eλ�(λ)
where en =

∑
λ�n(−1)n−�(λ)pλ/zλ. By convention we set p0 = h0 =

e0 = 1 and p−k = h−k = e−k = 0 for k > 0. The Schur functions are given by sλ =
det |hλi+i−j|1≤i,j≤�(λ). The sets {pλ}λ�n, {hλ}λ�n, {eλ}λ�n and {sλ}λ�n all form bases for
the symmetric functions of degree n.

The fundamental theorem of symmetric functions says that the subring C[p1, p2, . . . , pn]
is isomorphic to the ring of symmetric polynomials ΛXn = C[x1, x2, . . . , xn]Sn (the poly-
nomials in n variables which are invariant under the action σ(xi) = xσ(i) for any σ ∈ Sn)
using the map that sends pk → xk1 + xk2 + · · ·+xkn. The space ΛX of symmetric series in an
infinite number of variables x1, x2, x3, . . . of finite degree is isomorphic to Λ under the map
that sends pk → xk1 + xk2 + xk3 + · · · .

Much of our notation for the symmetric functions thus far has reflected that of [14], but
we will concentrate on operations involving the Hopf algebra structure of the symmetric
functions and specialization of variables. To this end we extend the notation for these maps
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in a natural manner and represent a set of variables as a sum X = x1 + x2 + x3 + . . . and
act on this sum with elements of Λ. We define pk[X] = xk1 + xk2 + xk3 + · · · and for any
P ∈ Λ we set P [X] equal to P with pk replaced by pk[X]. That is for P =

∑
λ cλpλ,

(1) P [X] =
∑
λ

cλpλ1 [X]pλ2 [X] · · · pλ�(λ)
[X].

It is clearly true for two sets of variables X and Y = y1 + y2 + y3 + · · · that pk[X +
Y ] = pk[X] + pk[Y ] and to extend this linearly we set pk[X − Y ] = pk[X] − pk[Y ] and
pk[XY ] = pk[X]pk[Y ]. We will also consider the Cauchy element

(2) Ω =
∑
n≥0

∑
λ�n

pλ/zλ =
∑
n≥0

hn

in the completion of Λ. This special element has the property that Ω[X + Y ] = Ω[X]Ω[Y ],
Ω[X − Y ] = Ω[X]/Ω[Y ] and Ω[X] =

∏
i(1 − xi)−1.

Notice that for an arbitrary element c ∈ C, we have pk[cX] = cpk[X]. This implies that
cX does not represent cx1 + cx2 + cx3 + · · · , instead it represents c ‘copies of’ the variables
X. We introduce a special parameter q or t that interacts with the variable set in that
pk[qX] = qkpk[X]. Sometimes this element will be an arbitrary parameter and other times
we will specialize it to values in the base field C. To obtain operations such as replacing
xi by cxi in a symmetric function we use our special parameter q and at the end of our
calculations we specialize this parameter to c. In particular, the operation of replacing xi
by −xi is useful and we will represent it with the notation

(3) P [εX] = P [qX]
∣∣∣
q=−1

.

We also have the relations pk[εX] = (−1)kpk[X], Ω[εX] =
∏

i(1 + xi)−1 and hn[X] =
en[−εX]. Of course if the symmetric function P or the set of variables X already has a
parameter q, the one that is set to −1 is unique and does not interfere with parameters in
P or X.

It follows from the definition of the Schur function and the expansion of the Vander-
monde determinant det|xj−1

i |1≤i,j≤n =
∏

1≤i<j≤n(xi − xj) that sλ[X] =
∏

1≤i<j≤n(1 −
Rij)hλ[X], where Rijhλ[X] = hRijλ[X]. Since the coefficient of zλ in Ω[ZnX] is hλ[X] and
(zj/zi)

−1 zλ = zRijλ, then the Schur function is equal to

(4) sλ[X] = Ω[ZnX]
∏

1≤i<j≤n

(1 − zj/zi)
∣∣∣
zλ
.

Remark: We follow [14] in the use of Rij acing on symmetric functions, however one should
note that these operators are not associative. This issue can be resolved however and is
dealt with in more detail in [1] or [8].

Now for any symmetric function P ∈ Λ define S(z)P [X] := P
[
X − 1

z

]
Ω[zX]. Since we

have that S(z1)S(z2) · · ·S(zn)1 = Ω[ZnX]
∏

1≤i<j≤n(1−zj/zi), then the operator SmP [X] =

S(z)P [X]
∣∣∣
zm

raises the degree of a symmetric function by m and has the property that

Sm(sλ[X]) = s(m,λ)[X] as long as m ≥ λ1. The Sm operators also have the commutation
relations SmSm+1 = 0 and SmSn = −Sn−1Sm+1.

A Young diagram for a partition will be a collection of cells of the integer grid lying in
the first quadrant. For a partition λ, Y (λ) = {(i, j) : 0 ≤ j < �(λ) and 0 ≤ i ≤ λj}. The
reason why we consider empty cells rather than say points is because we wish to consider
fillings of these cells. A tableau is a map from the set Y (λ) to N, this may be represented
on a Young diagram by writing integers within the cells of a graphical representation of a



#55.4 GEANINA TUDOSE AND MICHAEL ZABROCKI

Young diagram (see figure 1). The shape of the tableau is the partition λ. We say that
a tableau T is column strict if T (i, j) ≤ T (i + 1, j) and T (i, j) < T (i, j + 1) whenever the
points (i + 1, j) or (i, j + 1) are in Y (λ). Let mk(T ) represent the number of points p in
Y (λ) such that T (p) = k. The vector (m1(T ),m2(T ), . . .) is the content of the tableau T .

The Pieri rule describes a combinatorial method for computing the product of hm[X]
and sµ[X] expanded in the Schur basis. We will use the notation λ/µ ∈ Hm to represent
that |λ|− |µ| = m and for 1 ≤ i ≤ �(λ), µi ≤ λi and µi ≥ λi+1. It may be easily shown that

(5) hm[X]sµ[X] =
∑

λ/µ∈Hm

sλ[X].

This gives a method for computing the expansion of the hµ[X] basis in terms of the Schur
functions. Consider the coefficients Kλµ defined by the expression

(6) hµ[X] =
∑
λ�|µ|

Kλµsλ[X].

Kλµ are called the Kostka numbers and are equal to the number of column strict tableaux
of shape λ and content µ. Now define a q analog of the {hλ} basis by setting

(7) Hλ[X; q] =
∏
i<j

1 −Rij

1 − qRij
hλ[X] =

∏
i<j

(1 + (q − 1)Rij + (q2 − q)R2
ij + · · · )hλ[X].

Since the coefficient of zλ in Ω[ZkX] is hλ[X], it is clear that we have the formula

(8) Hλ[X; q] = Ω[ZkX]
∏

1≤i<j≤k

1 − zj/zi
1 − qzj/zi

∣∣∣
zλ
.

This leads us to a ‘vertex operator’ definition for these functions. If we define the operation
H(z)P [X] = P

[
X − 1−q

z

]
Ω[zX], then

(9) H(z1)H(z2) · · ·H(zk)1 = Ω[ZkX]
∏

1≤i<j≤k

1 − zj/zi
1 − qzj/zi

,

and therefore defining the operator Hm that raises the degree of a symmetric function by
m as HmP [X] := H(z)P [X]

∣∣∣
zm

, has the property that HmHλ[X; q] = H(m,λ)[X; q] as long
as m ≥ λ1. The vertex operator also satisfies the relations Hm−1Hm = qHmHm−1 and
Hm−1Hn − qHmHn−1 = qHnHm−1 − Hn−1Hm.

The functions Hλ[X; q] interpolate between the functions sλ[X] = Hλ[X; 0] and hλ[X] =
Hλ[X; 1]. The Kostka-Foulkes polynomials are defined as the q-polynomial coefficient of
sλ[X] in Hµ[X; q] and hence we have the expansion analogous to (6).

(10) Hµ[X; q] =
∑
λ�|µ|

Kλµ(q)sλ[X].

The coefficients Kλµ(q) are clearly polynomials in q, but it is surprising to find that the
coefficients of the polynomials are non-negative integers. A defining recurrence can be
derived Kλµ(q) in terms of the Kostka-Foulkes polynomials indexed by partitions of size
|µ| − µ1 using the formula for Hm. This recurrence is often referred to as the ‘Morris
recurrence’ for the Kostka-Foulkes polynomials.

The Kostka-Foulkes polynomials and the generating functions Hµ[X; q] have the follow-
ing important properties which we simply list here so that we may draw a connection to
analogous formulae. For a more detailed reference of these sorts of properties we refer the
interested reader to the excellent survey article [1].
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4 6 7
3 5 5
2 2 3 4 6
1 1 1 1 2 3

5′
3′ 3 4 5

2′ 2 3′ 4′ 4
1′ 1 2′ 2 2 3 3

Figure 1. The diagram on the left represents a column strict tableau of
shape (6, 5, 3, 3) and content (4, 3, 3, 2, 2, 2, 1). The diagram on the right rep-
resents a shifted marked tableau of shape (7, 5, 4, 1) and content (2, 5, 5, 3, 2).
This tableau has labels which are marked on the diagonal.

(1) Kλµ(q) has non-negative integer coefficients.
(2) Kλµ(q) =

∑
T q

c(T ), where the sum is over all column strict tableaux of shape λ and
content µ and c(T ) denotes the charge of a tableau T (see [12]). In addition there is
a combinatorial interpretation for these coefficients in terms of objects called rigged
configurations (see [10]).

(3) The degree in q of Kλµ(q) is n(µ) − n(λ).
(4) Kλµ(0) = δλµ which implies Hµ[X; 0] = sµ[X], Kλµ(1) = Kλµ, so that Hµ[X; 1] =

hµ[X], Kλλ(q) = 1 and K(|µ|)µ(q) = qn(µ). We also have that Kλµ(q) = 0 if λ < µ.

(5) H(1n)[X; q] = en

[
X

1−q

]
(q; q)n where (q; q)n =

∏n
i=1(1 − qi).

(6) If ζ is kth root of unity, Hµ[X; ζ] factors into a product of symmetric functions.
(7) Set K ′

µλ(q) := qn(λ)−n(µ)Kµλ(1/q), then K ′
µλ(q) ≥ K ′

µν(q) for λ ≤ ν.

(8) Kλ+(a),µ+(a)(q) ≥ Kλ,µ(q), where λ + (a) represents the partition λ with a part of
size a inserted into it.

(9) Kλµ(q) =
∑

w∈Sn
sign(w)Pq(w(λ + ρ) − (µ + ρ)) where Pq(α) is the coefficient of

xα in
∏

1≤i<j≤n(1 − qxi/xj)−1, a q analog of the Kostant partition function and
ρ = (�(µ) − 1, �(µ) − 2, . . . , 1, 0).

(10) Hµ[X; q]Hλ[X; q] =
∑

γ d
ν
λµ(q)Hν [X; q], for some coefficients dνλµ(q) with the prop-

erty that if the Littlewood-Richardson coefficient cνλµ = 0 then dνλµ(q) = 0. These
coefficients are a transformation of the Hall algebra structure coefficients.

(11) For the scalar product 〈sλ[X], sµ[X]〉 = δλµ, we have that 〈Hλ[X; q],Hµ[X(1 − q); q]〉 =
0 if λ �= µ.

2.2. Schur’s Q-functions, strict partitions, and marked shifted tableaux. The Q-
function algebra is a sub-algebra of the symmetric functions Γ = C[p1, p3, p5, . . .]. A typical
monomial in this algebra will be pλ, where λ is a partition and λi is odd. A partition λ is
strict if λi > λi+1 for all 1 ≤ i ≤ �(λ)−1 and a partition λ is odd if λi is odd for 1 ≤ i ≤ �(λ).
We will use the notation λ �s n (respectively λ �o n) to denote that λ is a partition of size
n that is strict (respectively odd). Note that the number of strict partitions of size n and
the number of odd partitions of size n is the same (proof: write out a generating function
for each sequence).

The analog of the homogeneous and elementary symmetric functions in Γ are the func-
tions qλ := qλ1qλ2 · · · qλ�(λ)

, where qn =
∑

λ�on
2�(λ)pλ/zλ. Define an algebra morphism

θ : Λ → Γ by the action on the pn generators as θ(pn) = (1− (−1)n)pn. That is θ(pn) = 2pn
if n is odd and θ(pn) = 0 for n even. θ has the property that θ(hn) = θ(en) = qn and
may be represented in our notation as θ(pn[X]) = pn[(1 − ε)X]. Under this morphism, our
Cauchy element may also be considered a generating function for the qn elements since

(11) Ω[(1 − ε)X] =
∑
n≥0

qn[X] =
∏
i

1 + xi
1 − xi

.
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It follows that {pλ}λ�on, {qλ}λ�on, {qλ}λ�sn are all bases for the subspace of Q-functions
of degree n. Another fundamental basis for this space are the Schur’s Q-functions Qλ[X] =
θ(Hλ[X;−1]). These functions hold a similar place in the Q-function algebra that the Schur
functions hold in Λ. In particular, {Qλ[X]}λ�sn is a basis for the Q-functions of degree n.

In analogy with the Schur functions, Qλ[X] may also be defined with a raising operator
formula by setting q = −1 and applying the θ homomorphism to equation (7). We arrive
at the formula:

(12) Qλ[X] =
∏
i<j

1 −Rij

1 + Rij
qλ[X] =

∏
i<j

(1 − 2Rij + 2R2
ij − · · · )qλ[X],

where the operators now act as Rijqλ[X] = qRijλ[X]. Furthermore, they have a formula as
the coefficient in a generating function:

(13) Qλ[X] = Ω[(1 − ε)ZnX]
∏

1≤i<j≤n

1 − zj/zi
1 + zj/zi

∣∣∣
zλ
.

As with Schur functions and the Hall-Littlewood functions, the raising operator formula
leads us to a vertex operator definition. By setting Q(z)P [X] = P

[
X − 1

z

]
Ω[(1 − ε)zX],

it is easily shown that Q(z1)Q(z2) · · ·Q(zn)1 = Ω[(1− ε)ZnX]
∏

1≤i<j≤n
1−zj/zi

1+zj/zi
, and hence

if we set QmP [X] = Q(z)P [X]
∣∣∣
zm

then Qm(Qλ[X]) = Q(m,λ)[X] as long as m > λ1. The
commutation relations for the Qm are

(14) QmQn = −QnQm for m �= −n,

(15) QmQ−m = 2(−1)m − Q−mQm if m �= 0,

(16) Q2
m = 0 if m �= 0 and Q2

0 = 1.

These formulas allow us to straighten the Qµ[X] functions when they are not indexed by a
strict partition.

A shifted Young diagram for a partition will again be a collection of cells lying in the
first quadrant. For a strict partition λ, let Y S(λ) = {(i, j) : 0 ≤ j ≤ �(λ) and j − 1 ≤ i ≤
λj + j − 1}. A marked shifted tableau T of shape λ is a map from Y S(λ) to the set of
marked integers {1′ < 1 < 2′ < 2 < . . .} that satisfy the following conditions

• T (i, j) ≤ T (i + 1, j) and T (i, j) ≤ T (i, j + 1)
• If T (i, j) = k for some integer k (i.e. has an unmarked label) then T (i, j + 1) �= k
• If T (i, j) = k′ for some marked label k′ then T (i + 1, j) �= k′.

We may represent these objects graphically with a diagram representing λ and the cells
filled with the marked integer alphabet. If T is a marked shifted tableau, then we will set
mi(T ) as the number of occurrences of i and i′ in T . The sequence (m1(T ),m2(T ),m3(T ), . . .)
is the content of T .

The combinatorial definition of the marked shifted tableaux is defined so that it reflects
the change of basis coefficients between the qλ and Qµ basis. The rule for computing the
product of qm[X] and Qµ[X] when expanded in the Schur Q-functions is the analog of the
Pieri rule for the Γ space. If λ/µ ∈ Hm then a(λ/µ) will represent 1+ the number of
1 < j ≤ �(λ) such that λj > µj and µj−1 > λj. We may show that

(17) qm[X]Qµ[X] =
∑

λ/µ∈Hm

2a(λ/µ)−�(λ)+�(µ)Qλ[X].
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Denote by Lλµ the number of marked shifted tableaux T of shape λ and content µ (where λ
is a strict partition) such that T (i, i) is not a marked integer. We may expand the function
qµ[X] in terms of the Q-functions using (17) to show

(18) qµ[X] =
∑
λ�|µ|

LλµQλ[X].

3. The Q-Hall-Littlewood basis Gλ(x; q) for the algebra Γ

Note: From here, unless otherwise stated, all partitions are considered strict.

3.1. Raising operator formula. We define the following analog of the Hall-Littlewood
functions in the subalgebra Γ

(19) Gλ[X; q] :=
∏

1≤i<j≤n

(
1 + qRij

1 − qRij

)(
1 −Rij

1 + Rij

)
qλ[X] =

∏
1≤i<j≤n

(
1 + qRij

1 − qRij

)
Qλ[X].

We call the functions Gλ ∈ Γ ⊗C C(q) the Q-Hall-Littlewood functions.
In Γ ⊗ C(q) this family can be expressed in the basis of Q-functions as

(20) Gµ[X; q] =
∑
λ

Lλµ(q)Qλ[X],

which can be viewed as a q-analog of (18). We call the coefficients Lλµ(q) the Q-Kostka
polynomials. We shall see that this family of polynomials shares many of the same properties
with the classical Kostka-Foulkes polynomials. Tables of these coefficients are given in an
Appendix. It follows from (19) that Lλµ(q) have integer coefficients and Lλµ(q) = 0 if
λ < µ. This shows

Proposition 1. The Gλ, λ strict, form a Z-basis for Γ ⊗Z Z(q).

The basis Gλ interpolates between the Schur’s Q-functions and the functions qµ because
Gλ[X; 0] = Qλ[X] and Gλ[X; 1] = qλ[X] as is clear from (19).

Since the coefficient of zλ in Ω[(1 − ε)ZnX] is qλ[X] equation (19) implies

(21) Gλ[X; q] =
∏

1≤i<j≤n

(
1 − zj/zi
1 + zj/zi

)(
1 + qzj/zi
1 − qzj/zi

)
Ω[(1 − ε)ZnX]

∣∣∣
zλ
.

By defining G(z)P [X] = P [X − 1−q
z ]Ω[(1 − ε)zX], we may show that

(22) G(z1)G(z2) · · ·G(zn)1 =
∏

1≤i<j≤n

(
1 − zj/zi
1 + zj/zi

)(
1 + qzj/zi
1 − qzj/zi

)
Ω[(1 − ε)ZnX].

This implies that if we define the operator

(23) GmP [X] = P

[
X − 1 − q

z

]
Ω[(1 − ε)zX]

∣∣∣
zm
,

then
Gλ[X; q] = Gλ1 . . .G�(λ)(1).

The operator Gm satisfies the following commutation relation.

Proposition 2. For all r, s ∈ Z we have

(1−q2)(GrGs+GsGr)+q(Gr−1Gs+1−Gs+1Gr−1+Gs−1Gr+1−Gr+1Gs−1) = 2(−1)r(1−q)2δr,−s.
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For q = 0 in the equation above we recover the commutation relations of the operator Q
given in equations (14), (15) and (16).

We can use formula (23) to derive the action of this operator on the basis of Schur’s
Q-functions.

Proposition 3. For m > 0,

(24) Gm(Qλ[X]) =
∑
i≥0

qi
∑

µ:λ/µ∈Hi

2a(λ/µ)(−1)ε(m+i,µ)Qµ+(m+i)[X],

where µ+(k) denotes the partition formed by adding a part of size k to the partition µ, and
ε(k, µ) + 1 represents which part k becomes in µ + (k). For m ≤ 0 a similar statement can
be made using the commutation relations (14), (15) and (16).

Proof From (23) the action of Gm on a function P [X] ∈ Γ can be written as

GmP [X] = P [X − (1 − q)/z]Ω[(1 − ε)zX]
∣∣∣
zm

=
∑
i≥0

qi(q⊥i P )[X − 1/z]Ω[(1 − ε)zX]
∣∣∣
zm

=
∑
i≥0

qiQm+iq
⊥
i P [X]

where q⊥i is

Q[X + z]
∣∣∣
zi

= q⊥i Qλ[X] =
∑

µ:λ/µ∈Hi

2a(λ/µ)Qµ[X],

and thus equation (24) follows from (14) and (15). �

Example 1. We compute G(3,2,1)[X; q] using the Proposition above. We have

G(3,2,1)[X; q] = G3(G2(Q(1)[X])) = G3


∑

i≥0

∑
(1)/µ∈Hi

2a((1)/µ)(−1)ε(2+i,µ)Qµ+(2+i)[X]




= G3(Q(2,1)) + 2qG3(Q(3)) =
∑
i≥0

∑
(2,1)/µ∈Hi

2a((2,1)/µ)(−1)ε(3+i,µ)Qµ+(3+i)[X]+

+2q


∑

i≥0

∑
(3)/ν∈Hi

2a((3)/ν)(−1)ε(3+i,ν)Qν+(3+i)[X]




= (q020Q(3,2,1) + q121Q(4,2) + q221Q(5,1)) + 2q(q121Q(4,2) + q221Q(5,1) + q321Q(6))

= Q(3,2,1) + (2q + 4q2)Q(4,2) + (2q2 + 4q3)Q(5,1) + 4q4Q(6).

3.2. Properties of the polynomials Lλµ(q). The Q-Kostka polynomials introduced here
have a number of remarkable properties that are very similar to those of Kostka Foulkes
polynomials listed in the previous section. We have already seen the analog of Property 4
holds for Q-Kostka polynomials. In what follows we will consider the other remaining
properties.

An important consequence of equation (24) is a Morris-like recurrence which expresses
the Q-Kostka polynomials Lλµ(q) in terms of smaller ones.



Q-HALL-LITTLEWOOD FUNCTIONS #55.9

Proposition 4. We have the following recurrence

(25) Lα,(n,µ)(q) =
t:αt≥n∑
s=1

(−1)s−1qαs−n
∑

λ:λ/α(s)∈H(αs−n)

2a(λ/α
(s))Lλµ(q),

where n > µ1 and α(s) is α with part αs removed.

Proof If n > µ1 we have that

(26) GnGµ[X; q] = G(n,µ)[X; q] =
∑
α

Lα,(n,µ)(q)Qα[X].

On the other hand Gµ[X; q] =
∑

λ Lλµ(q)Qλ[X] and so

Gn

(∑
λ

Lλµ(q)Qλ[X]

)
=
∑
µ

Lλµ(q)Gn(Qλ[X]).

Using the action in (24) we have

(27) GnGµ[X; q] =
∑
λ

Lλµ(q)
∑
i≥0

qi
∑

ν:λ/ν∈Hi

2a(λ/ν)(−1)ε(n+i,ν)Qν+(n+i)[X].

For α = ν + (n + i), equating the coefficients of Qα in (26) and (27) we get

Lα,(n,µ)(q) =
∑
λ

∑
i≥0

qi2a(λ/α−(n+i))(−1)ε(n+i,α−(n+i))Lλµ(q).

By reindexing i := αs − n for αs − n ≥ 0 we obtain the desired recurrence (25). �

Example 2. Let n = 5 and L(6,2),(5,2,1)(q) = 2q + 4q2. Using the recurrence we have one s
such that αs ≥ 5, i.e. α1 = 6. So

L(6,2),(5,2,1)(q) = q6−5
∑

λ/(2)∈H1

2a(λ/(2))Lλ(2,1)(q)

= q
(
2L(21),(21)(q) + 2L(3),(21)(q)

)
= q(2 + 2 · 2q) = 2q + 4q2.

As a consequence of the Morris-like recurrence we have the following

Corollary 5. Let µ ≤ λ in dominance order.
1. If n > λ1 then L(n,λ),(n,µ)(q) = Lλµ(q).
2. Lλλ(q) = 1 and L(|λ|)λ(q) = 2�(λ)−1qn(λ).
3. 2�(µ)−�(λ) divides Lλµ(q).

Proof 1. There is only one term in the recurrence (25) in this case which is exactly Lλµ(q).
2. The first is a consequence of (1). For the second, we have that the only term on the
right hand side is q|λ|−λ12L(|λ|−λ1)(λ2,...)(q) which by induction is q|λ|−λ1+n((λ2,...))2·2�(λ)−2 =
2�(λ)−1qn(λ). This is the analog of Property 4 for the Kostka-Foulkes polynomials.

3. This property can be easily derived by induction from the recurrence. �

Using the Morris-like recurrence one can obtain a formula for the degree of Lλµ(q) similar
to Property 3 for Kostka-Foulkes.

Proposition 6. If µ ≤ λ in dominance order, we have

degqLλµ(q) = n(µ) − n(λ).
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The property that is most suggestive that these polynomials are analogs of the Kostka-
Foulkes polynomials is

Conjecture 7. The Q-Kostka polynomials Lλµ(q) have non-negative coefficients.

We can prove this conjecture for some particular cases. In general we believe that there
should exist a similar combinatorial interpretation as for the Kostka-Foulkes polynomials.
More precisely there should exist a statistic function d on the set of marked shifted tableaux,
similar to the charge function on column strict tableaux, such that

Lλµ(q) =
∑
T

qd(T )

summed over marked shifted tableaux of shifted shape λ and content µ with diagonal entries
unmarked.

In addition, we conjecture that this function must have the property that if T and S
are two marked shifted tableaux such that by erasing the marks the two resulting tableaux
coincide, then d(T ) = d(S).

For some of the polynomials Lλµ(q), this observation determines completely the statistic
on the tableaux. For instance there are two marked shifted tableaux classes of shape (5, 3)
and content (4, 3, 1) and L(5,3),(4,3,1)(q) = 2q + 4q2. Clearly the tableau with a 3 in the
first row must have statistic 1 and with 3 in the second row has statistic 2. On the other
hand, L(6,2),(4,3,1)(q) = 4q2 + 4q3. This polynomial does not uniquely determine which of
the two tableaux have statistic 2 and 3. We have used the function G(4,3,1)[X; q] to draw
a conjectured tableau poset (similar to the case of column strict tableau) for the marked
shifted tableaux with unmarked diagonals of content (4, 3, 1) in an appendix.

We also note that monotonicity properties, similar to Property 7 and 8, hold for the
Q-Kostka polynomials.

Conjecture 8. Let L′
λµ(q) := qn(µ)−n(λ)Lλµ(q−1). We have

L′
λµ(q) ≥ 2�(ν)−�(µ)L′

λν(q), for µ ≤ ν in dominance order.

We can prove this fact by using induction and the recurrence (25) for the case µ1 = ν1.

Example 3. Let λ = (6, 2), µ = (4, 3, 1), ν = (5, 2, 1). We have n(λ) = 2, n(µ) = 5, and
n(ν) = 4. The L′ polynomials are

L′
λµ = q5−2(4/q2 + 4/q3) = 4 + 4q, L′

λν = q4−2(2/q + 4/q2) = 4 + 2q,

and thus L′
λµ(q) ≥ 23−3L′

λν(q).

Another property of the Kostka-Foulkes polynomials case that seems to hold in our
case refers to the growth of the polynomials L. For the Kostka-Foulkes polynomials the
conjecture is due to Gupta (see [1] and references therein).

Conjecture 9. If r is an integer that is not a part in either partitions λ or µ, then

Lλ+(r),µ+(r)(q) ≥ Lλµ(q).

The case where r > λ1 (which also ensures that r > µ1) is obviously true since L(r,λ),(r,µ)(q) =
Lλµ(q) (see Corollary 5).

Example 4. Let λ = (5, 3), µ = (4, 3, 1) and r = 2. We have

L(5,3,2),(4,3,2,1)(q) − L(5,3),(4,3,1)(q) = 2q + 4q2 + 8q3 − (2q + 4q2) = 8q3.
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The polynomials Lλµ(q) have a similar interpretation to property 9 using an analog of
the q-Kostant partition function. Using the formal inversion from [1], equation (12) may
be written as

(28) qλ[X] =
∏
i<j

(1 −Rij

1 + Rij

)−1
Qλ[X].

In fact if we let ζn :=
∏
i<j

(
1 − xi/xj
1 + xi/xj

)−1

, we have that ζn =
∑

α∈Zn R(α)eα where R(α) =

∑
t at2

t and at counts the number of ways the vector α can be written as a sum of positive
roots of type An−1, t of which are distinct. The positive roots in the root lattice of An−1

are {ei − ej}1≤i<j≤n, where ei = (0, . . . , 1, . . . 0) is the canonical basis of Z
n.

The q-analog of ζn is defined to be

ζn(q) :=
∏
i<j

(
1 − qxi/xj
1 + qxi/xj

)−1

,

and thus ζn(q) =
∑

α∈Zn Rq(α)eα where Rq(α) =
∑

t,k at,k2tqk and at,k counts the number
of ways the vector α can be written as a sum of k positive roots, t of which are distinct.

We can express the Q-Kostka polynomials in terms of Rq(α) as

Lλµ(q) =
∑

α:Qα+µ=±2tQλ

±2tRq(α).

It is possible to express the equation above using the action of the symmetric group on
Schur’s Q-functions, yielding an alternating sum similar to Property 9. Unfortunately the
action of the symmetric group on Schur’s Q-functions indexed by a general integer vector
is not as elegant as for Schur functions (due to relation (15)).
Remark: Most of the properties of the Q-Kostka polynomials Lλµ(q) are analogous to
the Kostka-Foulkes. A few properties for the Kostka-Foulkes polynomials do not have a
corresponding property for the Q-Kostka polynomials.

(1) The analog of Property 6 does not seem to hold since computations of Gλ[X; q]
where q is set to a root of unity do not factor.

(2) There does not seem to exist an elegant relationship between Gλ[X; q] and its dual
basis (Property 11).

(3) A property similar to that of Property 10 does not seem to hold. We do not know
if there is a relationship between Gλ[X; q] and a Hall-like algebra.

(4) The symmetries of the Macdonald symmetric function in Λ cannot hold in Γ and
do not suggest what a two parameter analog of what these functions must be.

3.3. Generalized (parabolic) Q-Kostka polynomials. Shimozono and Weyman [17],
defined a generalization of the Kostka-Foulkes polynomials that are a q-analog of the
Littlewood-Richardson coefficients. They were originally defined as the coefficient of a
Schur function in a symmetrized rational series, however it became clear in later work [18]
that they can be defined as coefficients in families of symmetric functions using formulas
similar to those presented here.

This construction exists in complete analogy within the Q-function algebra. We will cre-
ate a family of functions in Γ which are indexed by a sequence of strict partitions. Let µ∗ =
(µ(1), µ(2), . . . , µ(k)) where µ(i) is a strict partition and set η = (�(µ(1)), �(µ(2)), . . . , �(µ(k))).
Define Rootsη = {(i, j) : 1 ≤ i ≤ η1 + · · · + ηr < j ≤ n for some r} and then define the
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function

(29) Gµ∗ [X; q] =
∏

(i,j)∈Rootsη

1 + qRij

1 − qRij
Qµ̄∗ [X]

A generating function, vertex operator, and a Morris-like recurrence analogous to equations
(21), (23) and (25) may be derived from this definition.

If we set µ̄∗ equal to the concatenation of the partitions in µ∗, then Gµ∗ [X; 0] = Qµ̄∗ [X]
and Gµ∗ [X; 1] = Qµ(1) [X]Qµ(2) [X] · · ·Qµ(k) [X]. Define the polynomials Lλµ∗(q) by the
expansion

(30) Gµ∗ [X; q] =
∑
λ

Lλµ∗(q)Qλ[X].

Computing these coefficients suggests the following remarkable conjecture and indicates that
these coefficients are an important q-analog of the structure coefficients of the Qλ[X] func-
tions in the same way that the parabolic Kostka coefficients are q-analogs of the Littlewood-
Richardson coefficients.

Conjecture 10. For a sequence of partitions µ∗, if µ̄∗ is a partition then Lλµ∗(q) is a
polynomial in q with non-negative integer coefficients.

4. Appendix: Tables of 2�(λ)−�(µ)Lλµ(q) for n = 4, 5, 6, 7, 8, 9


 (3, 1) (4)

1 q

0 1







(3, 2) (4, 1) (5)
1 2 q q2

0 1 q

0 0 1







(3, 2, 1) (4, 2) (5, 1) (6)
1 2 q2 + q 2 q3 + q2 q4

0 1 2 q q2

0 0 1 q

0 0 0 1







(4, 2, 1) (4, 3) (5, 2) (6, 1) (7)
1 q 2 q2 + q 2 q3 + q2 q4

0 1 2 q 2 q2 q3

0 0 1 2 q q2

0 0 0 1 q

0 0 0 0 1
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(4, 3, 1) (5, 2, 1) (5, 3) (6, 2) (7, 1) (8)
1 2 q 2 q2 + q 2 q2 + 2 q3 q3 + 2 q4 q5

0 1 q 2 q2 + q 2 q3 + q2 q4

0 0 1 2 q 2 q2 q3

0 0 0 1 2 q q2

0 0 0 0 1 q

0 0 0 0 0 1







(4, 3, 2) (5, 3, 1) (5, 4) (6, 2, 1) (6, 3) (7, 2) (8, 1) (9)
1 2 q + 4 q2 2 q3 + q2 2 q2 + 4 q3 q2 + 2 q4 + 4 q3 4 q4 + q3 + 2 q5 2 q6 + 2 q5 q7

0 1 q 2 q 2 q2 + q 2 q2 + 2 q3 q3 + 2 q4 q5

0 0 1 0 2 q 2 q2 2 q3 q4

0 0 0 1 q 2 q2 + q 2 q3 + q2 q4

0 0 0 0 1 2 q 2 q2 q3

0 0 0 0 0 1 2 q q2

0 0 0 0 0 0 1 q

0 0 0 0 0 0 0 1




5. Appendix: example of conjectured tableaux poset of content (4, 3, 1)

3
2 2 2

1 1 1 1

3
2 2

1 1 1 1 2∗
2 2 2

1 1 1 1 3∗

2 2 3∗
1 1 1 12∗

2 2
1 1 1 1 2∗3∗

2 3∗
1 1 1 1 2∗ 2

3
1 1 1 1 2∗ 2 2

2
1 1 1 1 2∗ 2 3∗

1 1 1 1 2∗ 2 2 3∗

Figure 2. The cells marked with a k∗ can be labeled with either k or k′, we conjecture
that the statistic is independent of these markings. The value of G(4,3,1)[X; q] determines
the position of each of the shifted tableaux here except for the two of shape (6, 2). The
covering relation is unknown, but the rank function indicates that it is not the same as the
charge statistic.

Acknowledgement: Thank you to Nantel Bergeron for many helpful suggestions on this
research.
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EXCHANGE RELATIONS, DYCK PATHS AND
COPOLYMER ADSORPTION

E. J. JANSE VAN RENSBURG

Abstract. We consider a lattice model of fully directed copolymer adsorption equivalent
to the enumeration of vertex-coloured Dyck paths. For two infinite families of periodic
colourings we are able to solve the model exactly using a type of symmetry we call an
exchange relation. For one of these families we are able to find an asymptotic expression for
the location of the critical adsorption point as a function of the period of the colouring.
This expression describes the effect of a regular inhomogeneity in the polymer on the
adsorption transition. We have found similar results for other directed path models.

Résumé. Nous considérons un modèle dirigé discret d’adsorption de polymères qui est
équivalent à l’énumération de chemins de Dyck colorés aux sommets. Pour deux familles
infinies de colorations périodiques, nous pouvons résoudre le modèle de manière exacte
en utilisant un type de symétrie que nous appelons ‘relation d’échange’. Pour une de ces
familles, nous donnons une expression asymptotique pour le point critique d’adsorption
comme fonction de la période de la coloration. Cette expression décrit l’effet d’une inho-
mogénéité régulière du polymère dans la transition d’adsorption. Nous avons obtenu des
résultats semblables pour d’autres modèles de chemins dirigés.

1. Introduction

One of the most active areas of research at the interface of combinatorics and statistical
mechanics has been the investigation of the physical properties of polymers in solution.
The canonical model of this is the self-avoiding walk [14]. A self-avoiding walk is a path
on a regular lattice that does not intersect itself. By considering additional properties
and restrictions the self-avoiding walk model of polymers can be used to mimic a variety
of physical situations. In this paper we consider polymer adsorption. In particular, the
adsorption of polymers whose component molecules (which are called monomers) have
different properties; such polymers are called copolymers.

Figure 1. From left-to-right; a polymer in its desorbed or free phase, a
polymer in the adsorbed phase, and a self-avoiding walk with vertex-visits
highlighted.

#56.1
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1.1. Polymers and Dyck paths. Consider a long chain polymer in solution close to the
wall of the container (see Figure 1). If there is a weak attractive force between the wall
and the polymer, then the fraction of monomers in contact with the wall will be zero as
the length of the polymer goes to infinity; in this case we say that the polymer is desorbed
or free. If the attractive force is strong, then the limiting fraction of monomers in contact
with the wall will be positive; we say that the polymer is adsorbed. Each of these distinct
behaviours is called a phase, the change between the two phases is called a phase transition,
and the point at which the transition occurs is called a critical point.
A variety of lattice models of polymer adsorption have received much attention in the

literature over the last two decades. Perhaps the most well known model of this type is an
adsorbing self-avoiding walk in a half-space first defined in [9]. In this model configurations
are weighted according to the number of vertices or edges lying in the boundary (which is
the X-axis in two dimensions and XY -plane in three dimensions). We refer to such vertices
and edges as vertex-visits and edge-visits.

Figure 2. An example of a Dyck-path. The horizontal axis can be consid-
ered an adsorbing wall.

Underlying the “physical” properties of the adsorbing self-avoiding walk are its combi-
natorial properties. Unfortunately there are very few rigorous combinatorial results known
for this model [14], and attention is instead focused on directed versions of the above prob-
lem [10], see also references [3, 5, 7, 15, 17]. The problem of adsorbing directed walks is
equivalent to the problem of enumerating Dyck paths [7] according to their half-length and
number of visits. The generating function of this model is given by

D(z, 1) =
1−√1− 4z

2z
,(1)

D(z, v) =
v

1− v
2

(
1−√1− 4z) ,(2)

where z is conjugate to the half-length of the path, and v is conjugate to the number of
vertex-visits.
This model of Dyck paths can be interpreted as a model of homopolymers since each

vertex-visit is given the same weight. In nature one can find many examples of copolymers,
such as DNA, whose monomers (potentially) have different physical and chemical properties.
To study the effect of such inhomogeneity we consider a variation of the Dyck path model
in which different vertex-visits may have different weights. In particular we consider a fixed
colouring of the even vertices1 of Dyck paths, and one wishes to enumerate the number of
vertex-visits of each different colour. See Figure 3.

1If the vertices along the path are labeled sequentially from the left by 0, 1, 2, 3, . . ., then those with even
labels are called “even vertices”. The remaining vertices are “odd” and cannot visit the adsorbing diagonal
— hence we can safely ignore their colour.



EXCHANGE RELATIONS, PATHS AND ADSORPTION #56.3

Figure 3. An example of a vertex-coloured Dyck-path. Every even vertex
is coloured A,B,A,B . . . . There are 4 A-visits and 1 B-visit.

1.2. From generating functions to phase transitions. There is a close relationship
between the statistical mechanics and combinatorics in this model, and we describe its
“physical” behaviour from the behaviour of the generating function. If the numerical value
of v in D(z, v) is increased, then paths with larger numbers of visits will contribute more to
the generating function and, since they are in some sense “more important”, determine the
thermodynamic phase of the model — whether or not it is adsorbed or desorbed. Consider
now the following:

(3) D(z, v) =
∑
n≥0


∑

m≥1

cn,mvm


 zn =

∑
n≥0

Zn(v)zn

where Zn(v) is the partition function of the model and is related to the radius of convergence
of the model by

(4) log zc(v) =
(
lim

n→∞
1
n
logZn(v)

)−1

= −F(v),

where zc(v) is the radius of convergence, and F(v) is the limiting canonical free-energy
density2 [11]. This relation between zc(v) and F(v) explicitly connects the combinatorics
and thermodynamics of the model. The change of phase, from desorbed to adsorbed, is
signalled by a non-analytic point in F(v) and hence also zc(v). Describing the location of
this transition for vertex-coloured Dyck paths is one of the major goals of this paper.
From equation (2) one sees that:

(5) zc(v) =
{

1/4, v ≤ 2
(v − 1)/v2, v > 2 ,

from which the limiting free energy, F(v), can be explicitly computed:

(6) F(v) = − log zc(v) =
{

2 log 2, v ≤ 2
2 log v − log(v − 1), v > 2.

Observe that for v > 0, the free energy is a continuous function of v, but that F(v) is
non-analytic at v = vc = 2. The non-analytic point is interpreted a phase transition in
this model; we refer to this value of v as the critical adsorption point, and denote it by vc.
Since the first derivative of F(v) to log v is also continuous, we call this phase transition a
continuous transition. A phase transition is a first order transition if the first derivative of
F(v) is discontinuous.

2We note that the derivative of the free energy to log(v) is the limiting density of visits, i.e. the limiting
average number of visits per length. The second derivative of the limiting free energy to log(v) is the specific
heat which is a measure of the fluctuations in the density of visits.
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A singularity analysis of this generating function, allows one to compute the mean number
of visits as a function of the length of the path:

(7) mean number of visits(n) ∼



2
2−v + o(1), v < 2√
π
√
n + O(1), v = vc = 2

v−2
v−1 n + O(

√
n), v > 2

This shows that that in the n → ∞ limit, the density of visits is 0 in the desorbed phase
and at the critical point, and is positive in the adsorbed phase. This can also be seen by
an analysis of the free energy (see [11] for details). If v < 2, then all the derivatives of the
free energy, with respect to v, are zero; the density of visits is zero, and the free energy
is determined entirely by a class of Dyck paths which visits the adsorbing line with zero
density. Whereas when v > 2, the first derivative of the free energy is positive and so the
free energy is dominated by a class of Dyck paths which has a non-zero density of visits.
Further analysis shows that the second derivative of F(v) with respect to log(v) (i.e. the
specific heat) is:

(8)
d2F(v)
d(log v)2

=
{

0, v ≤ 2;
v

(v−1)2
, v > 2.

This is a measure of the fluctuations in the number of visits and it is maximised at v =
vc = 2. We expect this to be the case, since when the model is away from the critical point,
typical configurations have roughly the same number of visits, however, when the model is
close to the critical point and there is a change in the behaviour of the model, we expect
that typical configurations will have widely different numbers of visits.
In the next section we describe two commonly used techniques for computing generating

functions of lattice models and demonstrate why they are not practical for the enumeration
of vertex-coloured Dyck paths. We introduce a type of symmetry that we call an exchange
relation that allows us to find generating functions for two infinite families of vertex-coloured
Dyck paths. These generating functions all have a similar form and for one of the two
families we are able to use it to find an asymptotic expression for the location of the
adsorption critical point. In Section 3 we find similar results for other directed models of
copolymers.

2. Exchange relations

Perhaps the two most successful techniques for the enumeration of lattice animals are
the Temperley method and recursive constructions that are sometimes called “wasp-waist”
factorisations. Both of these methods are readily applied to the enumeration of Dyck paths
according to their length and number of visits. We shall quickly review these standard
techniques in order to demonstrate that they are not well suited to the problem of vertex-
coloured Dyck paths, and that one must, in fact, resort to other methods.
The Temperley method is based around the idea that many lattice-animals can be con-

structed column-by-column [2, 16]. One can apply this method to Dyck paths, by con-
structing left-factors of Dyck paths two steps at a time, while keeping track of the number
of visits and the height of the last vertex:
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iseach

h→ h+ 1

h→ h− 1

h→ h

but the following cases must be treated separately.

below wall new visit new visit

Let us write D(s; z, v) as the generating function of left-factors of Dyck paths, where s,
z and v are respectively conjugate to the height of the final vertex, the half-length of the
path, and the number of visits. The above construction translates directly (see for example
[2]) into a linear functional equation:

D(s; z, v) = v+z(s + 2 + 1/s)D(s; z, v)+

z(v − 2− 1/s)D(0; z, v) + z(v − 1)
(
∂D

∂s

) ∣∣∣
s=0

,
(9)

This can then be solved (see [1, 2], for example) to give D(0; z, v) which is the generating
function of Dyck paths given above.
The wasp-waist factorisation, on the other hand, consists of cutting a Dyck path at an

especially thin point into two smaller Dyck paths. More specifically

D(z, 1)

D(z, v) D(z, v)oriseach

This factorisation shows that every adsorbing Dyck path is either a single visit, or has a
prefactor which is a Dyck path with exactly two visits (its first and last vertices), and then
followed by an arbitrary adsorbing Dyck path (which may consist of a single vertex). This
gives:

(10) D(z, v) = v + zvD(z, 1)D(z, v),

which can be solved to recover the Dyck path generating function.

Consider now the enumeration of vertex-coloured Dyck paths for some fixed periodic
colouring with period p:

• To apply the Temperley method one must consider the colour of the vertex being
added and this leads to a system of p equations involving p generating functions
— one for each different half-length modulo p. These equations can be reduced to
a single functional equation which may be interpreted as appending 2p edges to
the end of a left-factor. As p increases, the equation contains higher and higher
derivative order terms which make solving it increasingly difficult.
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• The wasp-waist factorisation given above does not preserve the colouring and one
must take into account the colour of the first and second visit-vertices in the factori-
sation. This leads to a system of p simultaneous equations in p generating functions
— each one counts Dyck-paths whose vertices are coloured starting from a different
point in the period.

For small periods (say up to 4 or 5) these equations may be solved by hand or computer (see
[11, 17]), but beyond this the calculations quickly use up available human perseverance, as
well as computer time and memory.
Though we have not investigated all the techniques that may been used to enumerate

Dyck paths, we expect that similar problems will be encountered — though it would be
interesting to see this problem tackled using other techniques in the literature.
In this paper we have succeeded in solving this problem for two infinite families of periodic

colourings [12, 13]. The key to their solution is a type of symmetry that we call an exchange
relation. This relation establishes a symmetry between D(z, v) and D(z, 1) with respect to
1←→ v. While this equation cannot be used to solve for D(z, v) it does have the advantage
that it also holds for certain vertex-colourings and enables us to find generating functions
and asymptotic expressions for the adsorption critical point.

2.1. Exchange relation in Adsorbing Dyck paths. Let P be a non-empty and un-
weighted Dyck path. Start at the left-most vertex in P at the origin, and weight visits in
P by v in sequence. After a certain arbitrary number of visits have been weighted, but
not all, the situation is as depicted in the top half of Figure 2.1. This configuration factors
into two halves: the left part is a weighted Dyck path, which may be a single vertex and
so is enumerated by D(z, v). The second half is an unweighted Dyck path, which may not
be a single vertex (since the last vertex of P is not weighted), and so is enumerated by(
D(z, 1) − 1).
If the next visit in the path is now weighted then the lower half of Figure 2.1 is obtained.

Again the walk factors into two halves — one weighted and one unweighted. The weighted
part of the walk is longer than before and so cannot be a single vertex, and consequently is
counted by

(
D(z, v)− v

)
. The unweighted half is shorter and may now possibly be a single

vertex, and is counted by D(z, 1). The statistics of this new configuration are the same
as the starting configuration, except that there is exactly one more weighted visit, and so
exactly one extra factor of v.
This construction creates a correspondence between pairs of weighted and unweighted

Dyck paths, and applying it to all possible pairs of weighted and unweighted paths gives
the following functional relation involving D(z, v) and D(z, 1):

(11) vD(z, v)
(
D(z, 1) − 1

)
=

(
D(z, v) − v

)
D(z, 1)

This relation between D(z, v) and D(z, 1) exhibits an exchange symmetry which exchanges
v ←→ 1 between the generating functions of absorbing and free Dyck paths; notice the role
reversal of the generating functions on both sides of the equation.

Solving this equation for D(z, v) gives

(12) D(z, v) =
vD(z, 1)

v + (1− v)D(z, 1)
.

This solution is not identical to the relation in equation (10), but using the fact that
D(z, 1) = 1 + zD(z, 1)2, shows them to be equivalent. Further, it is not possible to solve for
D(z, v) from equation (11); a solution for D(z, 1) is needed as well and cannot be obtained
by setting v = 1 in the above. This indicates that the exchange relation is not equivalent to
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Weighted

Weighted

Unweighted

Unweighted

Figure 4. This is a schematic representation of a partially weighted Dyck
path. Starting from the left and working towards the right, each visit is
weighted v. At some point before the end of the path is reached the situation
is as represented in the top half of the illustration. Proceeding on to the
next visit gives the lower illustration. The correspondence between these
two pictures gives equation (11).

equations (10) and (9), and at the same time, it does not appear to be particularly useful
since D(z, 1) must be computed by some other means.
On the other hand, it establishes a relation which must be satisfied by the generating

functions of certain vertex-coloured Dyck path models, where it proves to be very useful.
It also appears to hold, in very similar forms, for other models (see Section 3).

2.2. Generating Functions of paths coloured by {ABp−1}∗A and {BAp−1}∗B. The
exchange relation in equation (11) can be applied to certain models of vertex-coloured Dyck
paths. We consider a model in which the vertices of the Dyck path are coloured with two
colours A and B, and A-visits are weighted by va and B-visits by vb. In this and subsequent
sections we shall put vb = 1 and va = a.
As described above, applying the Temperley or factorisation methods to this model is not

practical excepting for very short periodic colourings (and we believe that other techniques
in the literature will encounter similar difficulties). The exchange relation we have defined
above does not provide us with results for general colourings, however it proves extremely
useful for two families of periodic colourings; in particular it enables us to find solutions in
the case of walks coloured by the periodic sequence {ABp−1}∗A and the “complementary”
colouring {BAp−1}∗B (for a given fixed period p). Other colourings seem not to be amenable
to the treatment here.
We proceed in much the same manner as above. Consider a weighted Dyck path (all

visits are weighted v), and start colouring its even vertices by the sequence χ = {ABp−1}∗A.
Each A-vertex which is also a visit is given a weight a, while B vertices are ignored. Let
us stop colouring the Dyck path at some A-visit, leaving the remaining part of the path
uncoloured. This configuration factors into two Dyck paths, one part is coloured and has
half-length equal to 0 (mod p), while the other is uncoloured.
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If the path is then labelled up to and including the next A-visit, then the half-length of the
coloured part of the path is increased by a multiple of p again, while the unweighted part of
the path decreases in half-length by the same amount — and again the configuration factors
into a coloured path of half-length 0 (mod p) and an uncoloured path. This construction
forms the exchange relation — and to underline this symmetry we require that both the
coloured and uncoloured parts of the walk have half-length 0 (mod p).
Let us now define the following generating functions, in which z is conjugate to the

half-length, v is conjugate to the total number of visits (coloured or otherwise) and a is
conjugate to the number of A-visits:

Definition 1. Fix p, the period of the colouring. Then:
• U(z, v|p) is the generating function of all uncoloured Dyck paths of half-length
0 (mod p), with visits generated by v;
• L(z, v, a|p) is the generating function of all Dyck paths coloured or labelled by
χ = {ABp−1}∗A, with half-length 0 (mod p), with visits generated by v and A-visits
generated by a.

The exchange relation obtained in the construction above can be written in terms of
U(z, v|p) and L(z, v, a|p):
Theorem 1. For any fixed p, the generating functions U and L satisfy

(13) aL(z, v, a|p)(U(z, v|p) − v
)
=

(
L(z, v, a|p) − va

)
U(z, v|p),

and therefore

(14) L(z, v, a|p) = vaU(z, v|p)
va+ (1− a)U(z, v|p) .

�
Notice that L(z, v, a|p) is not the generating function of all coloured Dyck paths of arbi-

trary half-length; only those paths of half-length 0 (mod p) are counted. This is somewhat
disappointing from the combinatorial point of view, but it is nevertheless enough to describe
the physics of the model. In particular the radius of convergence zc(v, a) of L(z, v, a|p) is
equal to the radius of convergence of the full generating function. Fortunately we are able
to find the full generating function, but first we require two more definitions.

Definition 2. Let F (z, v, a|p) be the full generating function of Dyck paths coloured by
χ = {ABp−1}∗A. Further, let F (z, v|p) = lima→0(F (z, v, a|p)/a), which is the generating
function of these coloured Dyck paths, such that all but the first A-visit are forbidden.

Notice that L(z, v, a|p) is obtained by taking every p-th coefficient of F (z, v, a|p), and that
F (z, v|p) is also the coefficient of a1 in F (z, v, a|p).
Theorem 2. The generating functions F (z, v, a|p) and F (z, v|p) are related by

(15) F (z, v, a|p) = L(z, v, a|p)F (z, v|p)/v.
Consequently

(16) F (z, v, a|p) = L(z, v, a|p)D(z, v)/U(z, 1|p) = vaD(z, v)
va+ (1− a)U(z, v|p)

Proof. Any Dyck path coloured by {ABp−1}∗A may be uniquely factored into a Dyck path
of length 0 (mod p) and a Dyck path with no subsequent A-visits, by cutting it at the
rightmost A-visit. This proves the first equality.
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Setting a = 1 gives F (z, v|p) = F (z, v, 1|p)/L(z, v, 1|p), and back-substitution gives the
main result once we notice that L(z, v, 1|p) = U(z, v|p) and F (z, v, 1|p) = D(z, v). �

By setting v = 1 in the above, F (z, 1, a|p) is obtained. This is the generating function
of Dyck paths coloured by χ = {ABp−1}∗A where A-visits are counted by a. On the other
hand, if we let a → 1/a and v = a instead, then F (z, a, 1/a|p) counts Dyck paths coloured
with the “complementary” colouring χ = {BAp−1}∗B with a conjugate to the number of
A-visits. This gives the following corollary to Theorem 2:

Corollary 3. The generating function of a Dyck path model of adsorbing copolymers
coloured by {ABp−1}∗A is given by F (z, 1, a|p), and of adsorbing copolymers coloured by
{BAp−1}∗B is given by F (z, a, 1/a|p), where a is conjugate to the number of A-visits.

2.3. The Location of the Adsorption Critical Point. Let us first consider the ho-
mopolymer case. The generating function of adsorbing Dyck paths is given by equation (2);
and its radius of convergence zc(w) is given in equation (5). zc(w) is non-analytic at wc = 2.
This point is the intersection of a line of branch points in D(z,w) along z = 1/4 and a line
of simple poles along z = (w − 1)/w2. This may also be interpreted as the location of the
adsorption transition; one can show that the density of average visit vertices in walks of
half-length n is O(1) below this point, O(

√
n) at this point and and O(n) above this point.

Let us now consider Dyck paths coloured by χ = {ABp−1}∗A. The generating function
is given by

(17) F (z, 1, a|p) = aD(z, 1)
a+ (1− a)U(z, 1|p)

where U(z, v|p) the generating function of Dyck paths of length 0 (mod p), and can be
explicitly expressed as

(18) U(z, v|p) = 1
p

p−1∑
j=0

D(βjz, v), where β = e2πi/p.

This expression simplifies to give

(19) U(z, 1|p) = −1
p

p−1∑
j=0

√
1− 4zβj

2zβj
.

One can show that the radius of convergence of F (z, 1, a|p) is very similar to that of
D(z, v) — for small a it is given by z = 1/4, while for larger a it is determined by the simple
pole encountered when the denominator in equation (17) vanishes. These singularities cross
at the adsorption critical point, so that the critical value of a is given by the solution of

(20)
ac

ac − 1 = U(1/4, 1|p), or ac =
U(1/4, 1|p)

U(1/4, 1|p) − 1 .

For short periods (small values of p) it is possible to evaluate U(1/4, 1|p), and hence ac,
exactly (this was done for alternating coloured paths in reference [11]). For larger values
of p this is no longer the case, and instead we explore the asymptotic behaviour of ac as a
function of p.
In order to find an asymptotic form for U(1/4, 1|p) and ac, we find a uniform asymptotic

estimate of the summands of U(z, 1|p) and then sum them together. The starting point for
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this is to note that

D(z, 1) = 1 +
∑
n≥1

(
2n
n

)
zn

n+ 1
, and so(21)

U(1/4, 1|p) = 1 +
∑
n≥1

(
2np
np

)
4−np

np+ 1
.(22)

The uniform asymptotics of the summands of U(1/4, 1|p) may be found from the asymp-
totics of the coefficients of D(z, 1), and may be calculated by evaluating the contour integral
1

2πi

∮
[D(z, 1)/zn+1]dz, with a contour which circles the origin (see [6] for example). This

gives the following lemma:

Lemma 1. There exists M ∈ [0,∞) such that for sufficiently large n,

(23)

∣∣∣∣∣
1

n+ 1

(
2n
n

)√
πn3

4n
−

(
1− 9

8n
+

145
128n2

)∣∣∣∣∣ <
M

n3
.

By replacing the summands in the above expression for U(1/4, 1|p) with their uniform
asymptotic expansions given by the above lemma, we are able to obtain the asymptotic
behaviour of U(1/4, 1|p) for large p, and this in turn gives an asymptotic expression for
the location of ac, the adsorption critical point. This expression gives an idea of how the
adsorption transition is affected by a regular inhomogeneity in the polymer.

Theorem 4. The function U(1/4, 1|p) is (as a function of p) asymptotic to:

(24) U(1/4, 1|p) ∼ 1 + 1√
p3π

(
ζ(3/2) − 9ζ(5/2)

8p
+
145ζ(7/2)
128p2

+O(1/p3)
)
.

Thus the adsorption critical point ac(p) =
U(1/4,1|p)

U(1/4,1|p)−1 is asymptotic to
(25)

ac(p) ∼
√
π

ζ(3/2)
p3/2+

9
√
πζ(5/2)

8ζ(3/2)2
p1/2+1+

√
π

(
162ζ(5/2)2 − 145ζ(7/2)ζ(3/2))

128ζ(3/2)3
p−1/2+O(p−3/2)

Unfortunately when we attempt to apply the above ideas to the analysis of complemen-
tary colouring, χ = {BAp−1}∗B, we encounter some problems. We are able to show that
the radius of convergence has the same general form, but we are unable to find a similar
asymptotic expression for the location of critical point.
We have already shown that the generating function for this model is given by F (z, a, 1/a|p),

which is given more explicitly by:

(26) F (z, a, 1/a|p) = D(z, a)
1 + (1− 1/a)U(z, a|p) ,

with D(z, a) and U(z, a|p) defined as above. The location of the critical point is given (as
was the case above) by the zero of denominator when z = 1/4:

(27) a+ (a− 1)U(1/4, a|p) = 0.
We have been unable to find an asymptotic expression for the solution to this non-linear
equation.
Since we were unable to proceed analytically, we hypothesised a scaling form using nu-

merical data. Using the CLN3 library for c++, we computed ac(p) to 300 significant digits

3The CLN package provides, amongst many other things, arbitrary precision complex
number arithmetic functions for c++. At the time of writing, it was available from
http://clisp.cons.org/~haible/packages-cln.html
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for p from 10 to 400, and then to 1000 digits for p from 1000 to 1100. Plotting this data
and using the techniques described in [4, 8], we reached the following hypothesis for the
asymptotic behaviour of ac(p):

(28) ac(p) ∼ 2 + 1/p+ c1/p
3/2 + c2/p

2 + c3/p
5/2 +O(p−3)

where

c1 = 0.41198(2)
c2 = 0.792(2)
c3 = 0.83(2)

The estimates of the constant in the p−1 term rapidly approach 1 as p is increases, and it
appears not to differ from 1 by more than 10−4. In these circumstances, it is not unrea-
sonable to hypothesise that it is equal to 1. That the first coefficient in the asymptotic
expansion of ac(p) is so close to 1 (if not exactly equal to 1) is quite suggestive that this
leading asymptotic behaviour could perhaps be solved exactly. We also note here that a
similar numerical analysis on F (z, a, 1|p) agrees with the results of Theorem 4.

Period {ABp−1}∗A {BAp−1}∗B
p actual asymptotic actual asymptotic
1 2 1.965 No transition
2 2 +

√
2 3.399 2 +

√
2 5.03

3 5.152712190 5.144 2.631303464 2.99
4 7.165355763 7.159 2.403090211 2.55
5 9.419630950 9.415 2.295052084 2.38
10 23.66348531 23.6618 2.124630022 2.1236
20 63.41544315 63.4148 2.057152564 2.0571
30 114.6142480 114.614 2.036915291 2.0369
40 175.1068722 175.107 2.027215547 2.0272
50 243.6370630 243.637 2.021533738 2.0215
1000 21468.92712 21468.927 2.001013847 2.00101
∞ No transition 2 2

Table 1. A table of the critical adsorption points for vertex-coloured Dyck
paths. For χ = {ABp−1}∗A we have computed ac(p) using equation (20),
while for the complementary colouring, χ = {BAp−1}∗B, we have computed
ac(p) by solving equation (27) numerically using the CLN high-precision
numerics library for c++. For the sake of comparison, we have also included
estimates using the asymptotic expressions in Theorem 4 and equation (28).

3. Extensions to Motzkin paths and bargraphs

A natural extension of this work is to search for similar relations in other coloured path
models. We have found such relations in a number of different models based on Motzkin
paths and bargraphs (see Figure 5). Motzkin paths are a generalisation of Dyck paths, in
which the path is also allowed to step east. Bargraphs are partially directed self-avoiding
walks that lie on or above the horizontal axis. In these two models both edges and vertices
may lie on the axis, and so one may also consider edge-coloured paths as well; i.e. in which
one considers the number of edge-visits rather than vertex-visits.
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Figure 5. (top): a Motzkin path with 5 vertex-visits and 1 edge-visit.
(bottom): a bargraph with 7 vertex-visits and 3 edge-visits.

In the following theorems we have fixed the colouring χ = {ABp−1}∗A, and all the
generating functions are for paths of length 0 (mod p). We have found the following
exchange relations:
Vertex-coloured Motzkin paths behave extremely similarly to vertex-coloured Dyck paths:

Theorem 5. The generating function of vertex-coloured Motzkin paths, M(z, v, a|p), sat-
isfies the following exchange relation:

(29) αM(z, v, a|p)(M(z, v, 1|p) − v) = (M(z, v, a|p) − va)M(z, v, 1|p).
We find that the critical point is given by

(30) ac(p) =
2
√
3π

9ζ(3/2)
p3/2 +

13
√
3πζ(5/2)

24ζ(3/2)2
p1/2 + 1 +O(p−1/2)

On the other hand, the edge-colouring problem is more complicated:

Theorem 6. The generating function of edge-coloured Motzkin paths, M(z,w, α|p), satis-
fies the the exchange relation

αM(z,w, α|p)H(z,w, 1|p)−
(
M(z,w, α|p) −M(z,w, 0|p)

)

=
(
M(z,w, α|p) −M(z,w, 0|p)

)
H(z,w, 1|p)

(31)

where α is conjugate to the number of A-edge-visits and H(z,w, 1|p) is the generating func-
tion of Motzkin paths that end in a horizontal step.

The asymptotic position of the adsorption critical point is given by:

(32) αc(p) ∼ 2
√
3π

3ζ(3/2)
p3/2 +

5ζ(5/2)
√
3π

8ζ(3/2)2
p1/2 + 1 +O(p−1/2).

Notice that limp→∞ αc(p)/ac(p) = 3. We do not, as yet, have a simple explanation of why
this is so.

The edge-coloured bargraph and Motzkin path models behave very similarly and we find
that the exchange relations are the same:
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Theorem 7. The generating function of edge-coloured bargraphs, B(z,w, α|p), satisfies the
following exchange relation:

αB(z,w, α|p)C(z,w, 1|p)−
(
B(z,w, α|p) −B(z,w, 0|p)

)

=
(
B(z,w, α|p) −B(z,w, 0|p)

)
C(z,w, 1|p)

(33)

where C(z,w, 1|p) is the generating function of edge-coloured bargraphs that end in a hori-
zontal step.

The asymptotic position of the critical point is given by

(34) αc(p) ∼
√
ϕπ

ζ(3/2)
p3/2 +

3ζ(5/2)(71
√
2− 100)√π

16
√
ϕ7ζ(3/2)2

p1/2 + 1 +O(p−1/2)

where ϕ =
√
2− 1.

In the case of vertex-coloured bargraphs the exchange relation is complicated by the
presence of two unknown generating functions — one for bargraphs that end in a horizontal
step, X(z, v, a|p), and one for bargraphs that end in a vertical step, Y (z, v, a|p). This
complication does not effect the edge-visit problem since if a bargraph ends in an edge-
visit, then it must end in a horizontal step.

Theorem 8. The generating functions X(z, v, a|p) and Y (z, v, a|p) satisfy the following
exchange relation:

α
(
X(a)

(
X(1)− v

)
+X(a)Y (1)+Y (a)

(
X(1) − v

))
=(

X(a)− va
)
X(1)+

(
X(a) − va

)
Y (1) + Y (a)X(1),

(35)

where we have used X(a) and Y (a) as shorthand for X(z, v, a|p) and Y (z, v, a|p).
Since we have been unable to find an additional relation between these two unknown

generating functions we are unable to proceed on to find an expression for the location of
the critical point.

4. Conclusions

We have found a type of symmetry relation that we call an exchange relation. This
relation allows us to solve two infinite families of vertex-coloured Dyck paths. These can be
interpreted as models of fully directed copolymer adsorption. If the period of the colouring
is short, then we are able to find exact expressions for the location of the adsorption
transition, while for moderately long periods we are able to compute it numerically (see
Table 1). For one of the two families we are also able to find an exact asymptotic expression
for the critical point in terms of the period of the colouring. This expression gives an idea
of the effect of a regular inhomogeneity on the adsorption transition. Unfortunately for
the other family, we are only able to hypothesise an asymptotic form based on numerical
estimates.
Exchange relations have also been found for infinite families of vertex-coloured and edge-

coloured Motzkin paths and bargraphs. Unfortunately, it is not clear that the exchange-
relation technique may be applied to more general colourings, however these models are
certainly worthy of further investigation.
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CRITICAL RESONANCE IN THE NON-INTERSECTING LATTICE

PATH MODEL

RICHARD W. KENYON AND DAVID B. WILSON

Abstract. We study the phase transition in the honeycomb dimer model (equivalently,
monotone non-intersecting lattice path model). At the critical point the system has a
strong long-range dependence; in particular, periodic boundary conditions give rise to a
“resonance” phenomenon, where the partition function and other properties of the system
depend sensitively on the shape of the domain.

1. Introduction

We study a model of monotone non-intersecting lattice paths in Z
2. Applications of this

model include random surfaces [2, 23, 15], magnetic flux lines in superconductors [32, 3],
and a number of other physical phenomena [20, 11, 8], including spin-domain boundaries
of the three-dimensional Ising model at zero temperature [4]. (See also [22, 13].)

Let Rm,n be a domain consisting of the m × n rectangle in Z
2 with periodic boundary

conditions (Rm,n is a graph on a torus). On Rm,n consider configurations consisting of
collections of vertex-disjoint, monotone northeast-going lattice paths (or rather loops, since
the paths are required to eventually close up, possibly after winding several times around
the torus: there are no “free ends”). See Figure 1. We do not restrict the number of disjoint
loops but rather give a configuration an energy EbNb +EcNc where Nb is the total number
of “east” steps of the paths and Nc is the total number of “north” steps of the paths. The
Boltzmann measure µ at temperature T is the probability measure assigning a configuration
a probability proportional to e−(EbNb+EcNc)/T . We study these Boltzmann measures near
the critical temperature T , which is the temperature at which e−Eb/T + e−Ec/T = 1 [14].

Letting b = e−Eb/T and c = e−Ec/T , a configuration has a probability proportional to
bNbcNc .

This process is equivalent to another well-known model, the model of dimers (weighted
perfect matchings) on the honeycomb lattice H [30, 31]. Weight the edges of the honey-
comb lattice a = 1, b, or c according to their direction as in Figure 1. See Figure 1 for
an illustration of the weight-preserving bijection between dimer configurations and lattice
paths.

Let Hm,n be a finite graph which is a quotient of H by the horizontal and vertical
translations of length m,n respectively as in Figure 1. Let µm,n = µm,n(a, b, c) be the
Boltzmann measure on dimer configurations on the toroidal graph Hm,n. This measure

assigns a dimer configuration a probability proportional to aNabNbcNc , where there are Na

edges of weight a, Nb edges of weight b, and Nc edges of weight c. The exact probability
is aNabNbcNc/Z, where the normalizing constant Z is called the partition function of the
system.

As m,n →∞ the measures µm,n(a, b, c) have a unique limiting Gibbs measure µ(a, b, c)
[25, 6]. The measure µ(a, b, c) is a measure on dimer configurations on H, and is well-
understood for all a, b, c [6]. As a, b, c vary the measure µ(a, b, c) undergoes a phase transi-
tion –the “solid-liquid” transition– when one of a, b, or c is equal to the sum of the other
two, for example a = b + c. When a ≥ b + c the system is frozen: with probability 1
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Figure 1. The classical bijection [30] between perfect matchings of the
hexagonal lattice and non-intersecting north-east lattice paths, shown for a
m × n = 7 × 6 region. Edges of type ‘a’ in the hexagonal lattice Hm,n are
contracted to obtain Rm,n. The dimer configuration has weight a16b14c12,
as does the lattice path configuration (when a = 1 or else one introduces a
factor of a for each vertex not in a lattice path).

only edges of weight a are present. See Figure 2. When a, b, c satisfy the strict triangle
inequality (each is less than the sum of the others) dimers of all types are present in a
typical configuration of µ(a, b, c). Likewise in the lattice path model, when a ≥ b + c there
are no lattice paths. When a, b, c satisfy the strict triangle inequality, the lattice paths in
a configuration are dense, that is, on average they lie within a constant distance of one
another.

The finite-volume measures µm,n(a, b, c) are less well understood near a = b + c. When
a = b+c the lattice paths exist but are spread out; the average distance between strands is on
the order of the square root of the system size. The ratio n/m imposes fairly rigid entropic
constraints on the way these loops can join up. Surprisingly these constraints become
stronger with increasing system size, so that the scaling limit has nontrivial structure.

Our main result is a computation of the partition function as a function of a, b, c,m, n,
for parameters near a = b+ c. The partition function Z (normalized by (area)1/4) is largest
when nb/(mc) is rational with small numerator and denominator.

For example we have

Theorem 1. When a = 1, b = c = 1/2 and n/m = p/q in lowest terms we have

log Z =
(mn)1/4ζ(3/2)(1 − 2−1/2)

2
√

π(pq)3/4
(1 + o(1)).

as m and n tend to ∞ while p and q remain fixed (here ζ is the Riemann zeta function).
Furthermore the number Nc of ‘c’-type edges tends to a Gaussian with expectation

〈Nc〉 =
(mn)3/4ζ(1/2)(1 − 21/2)

2
√

π(pq)1/4
(1 + o(1))

and variance

σ2(Nc) =
(mn)5/4(pq)1/4ζ(−1/2)(1 − 23/2)

2
√

π
(1 + o(1)).

(Both ζ(1/2) and ζ(−1/2) are negative.)
We see that the system greatly prefers domains of rational modulus over those with

irrational modulus. Here by rational we mean, a lattice path with average slope c/b will
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Figure 2. The partition function is shown in the upper panels, and the
expected number of edges of type ‘c’ is shown in the lower panels. The solid
and liquid phases are shown in the left panels, and the melting transition
between between these phases is shown in the right panels. The formulas
on the left are derived in [14, 29, 6] and are not used here. The formulas
on the right follow from Theorem 2. The melting transition depends quite
sensitively on the aspect ratio of the region (see Figure 3 and Theorem 1).

close up after winding a small number of times around the torus. In such a case the number
of loops can be large, whereas in an irrational case each loop must wind many times around
before closing up (unless it pays a large entropic cost).
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One can think of the partition function Z, taken as a function of m and n, as an indicator
of rationality of n/m. See Figure 3 which plots log Z/(area)1/4 and 〈Nc〉/(area)3/4 as a
function of log(n/m) near area = 107 for a = 1 and b = c = 1

2 .
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Figure 3. Resonant spikes in log Z (upper panel) and in the edge density
(lower panel) for very large regions when a = 1 and b = c = 1/2. The aspect
ratio is plotted on a log scale.

This is not the only interesting phenomenon in this model. For a rational domain,
there is a non-trivial behavior as we vary a, b, c away from the critical point. Letting
A = (c/(a − b))n, the partition function as a function of A has an infinite number of
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nonanalyticities (in the large-n limit) which correspond to abrupt changes in the winding
number of curves in a typical configuration. That is, the curves “ratchet” at well-defined
values as A increases: see Figure 5 and § 5.4. We did not prove (although we believe)
that at a typical value of A the curves are in a well-defined integer homology class (i.e.,
have well-defined winding number around the torus), and this homology class changes at
discrete values of A. We prove only that the Z2 homology class (winding number modulo 2)
changes at these well-defined points. We also show that, away from these transition points,
the number of such curves is a Gaussian; at the transition it is a mixture of two Gaussians,
coming from a Gaussian for each homology class.

It would be very interesting to study this same model on higher-genus surfaces. On
higher-genus surfaces (with translation structures having conical singularities) it would
be very useful to be able to detect “rationality”, in the form of bands of parallel closed
geodesics: this is an important problem in billiards [26]. Moreover the ratcheting phenom-
enon must be significantly richer in the presence of a non-abelian fundamental group.

2. Review of log Z and the distribution of Nc

The partition function Z is

Z =
∑

configurations

aNabNbcNc .

It contains all the information about the distribution of the total number of edges of each
type. We can view Z as a polynomial in c, where the coefficient of cNc is the weighted sum
of configurations which contain Nc edges of type ‘c’. Thus the expected number of edges
of type ‘c’ is 〈Nc〉 = c

Z
∂Z
∂c . Similarly, the `th moment of the number of edges of type ‘c’ is

given by

〈N `
c 〉 =

1

Z

`
︷ ︸︸ ︷

c
∂

∂c
· · · c ∂

∂c
Z.

The `th cumulant K` is defined by

K` =

`
︷ ︸︸ ︷

c
∂

∂c
· · · c ∂

∂c
log Z,

which we will in effect estimate later. Here we recall several properties of cumulants [7]. Of
course 〈N 1

c 〉 = K1. The variance in the number of edges of type ‘c’ is K2:

c
∂

∂c
c
∂ log Z

∂c
= c

∂

∂c

c

Z

∂Z

∂c

=
c

Z

∂

∂c
c
∂Z

∂c
− c

Z2

∂Z

∂c
c
∂Z

∂c

= 〈N2
c 〉 − 〈Nc〉2 = σ2(Nc).

Later we will use higher moments to show that the number of ‘c’-type edges tends to a
Gaussian, and to this end we express these moments in terms of the K`’s. Since

〈N `+1
c 〉 =

1

Z

c∂

∂c
(Z〈N `

c 〉),

when 〈N `
c 〉 is expressed as a polynomial in the variables K1, . . . ,K`, we may calculate

〈N `+1
c 〉 from 〈N `

c 〉 by replacing each monomial Ki1Ki2 · · ·Kik of 〈N `
c 〉 with

K1Ki1Ki2 · · ·Kik + Ki1+1Ki2 · · ·Kik + Ki1Ki2+1 · · ·Kik + · · · + Ki1Ki2 · · ·Kik+1.
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Thus for example we have

〈N1
c 〉 =K1

〈N2
c 〉 =K2 + K2

1

〈N3
c 〉 =K3 + 3K2K1 + K3

1

〈N4
c 〉 =K4 + 4K3K1 + 3K2

2 + 6K2K
2
1 + K4

1

〈N5
c 〉 =K5 + 5K4K1 + 10K3K2 + 10K3K

2
1 + 15K2

2K1 + 10K2K
3
1 + K5

1 .

(1)

These polynomials 〈N j
c 〉 = Yj(K1,K2, . . . ) are the complete Bell polynomials [7]. We see

that 〈N `
c 〉 contains a monomial for each partition of `, and the coefficient associated with

partition with distinct part sizes s1 > s2 > · · · > sk and ri parts of size si is

(2)
`!

s1!r1r1! · · · sk!rkrk!
.

It will be more useful to work with moments about the mean rather than moments about
the origin. Note that if we replace Z with Z∗ = Zc−µ, then the above derivation shows us
how to express 〈(Nc − µ)`〉 in terms of the K∗

` ’s defined by

K∗
` =

`
︷ ︸︸ ︷

c
∂

∂c
· · · c ∂

∂c
log(Zc−µ) = K` +

`
︷ ︸︸ ︷

c
∂

∂c
· · · c ∂

∂c
log(c−µ).

As K∗
1 = K1− µ and K∗

` = K` for ` > 1, upon substituting µ = 〈Nc〉 = K1 we see that the

`th moment of Nc about the mean may be obtained from the above expressions for 〈N `
c 〉

by deleting all monomials that contain the variable K1.

3. Product form of the partition function

We compute an expression for the partition function as a function of a, b, and c. We
are interested in approximating Z to within 1 + o(1) multiplicative errors when a = 1,
b, c ∈ (0, 1) and b + c is close to a. The interesting range is when (c/(a− b))n is of constant
order, that is, a− b− c = O(1/n). In what follows we always set a = 1, although we keep
using a for notational convenience.

Recall Hm,n, the m× n hexagonal toroidal graph shown in Figure 1. By Kasteleyn [14]
(see also [27, 12, 24, 18, 19] for extensions and further developments), the partition function
Z = Z(a, b, c) for dimer coverings of Hm,n is a sum of four expressions,

(3) Z =
1

2
(−Z00 + Z01 + Z10 + Z11),

where Zστ is the determinant of a signed version of the adjacency matrix of Hm,n, and
counts dimer coverings with a sign according to the homology class (in H1(torus, Z2) ∼= Z

2
2)

of the corresponding system of loops, as follows. Let N(εx̂, εŷ) denote the total weight of
dimer coverings whose corresponding loops have εx̂ mod 2 crossings of the line x = 0 and
εŷ mod 2 crossings of the line y = 0. Each Zστ is a linear combination of the N(εx̂, εŷ) with
coefficients ±1 as follows:

(4)

N(0, 0) N(1, 0) N(0, 1) N(1, 1)
Z00 +1 −1 −1 −1
Z10 +1 +1 −1 +1
Z01 +1 −1 +1 +1
Z11 +1 +1 +1 −1.

Note three important facts, which follow from this table:
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Proposition 1. The sum of any two of −Z00, Z01, Z10, Z11 has only nonnegative coeffi-
cients. The difference between any two of −Z00, Z01, Z10, Z11 is bounded by the sum of the
other two. The difference between the coefficients of aαbβcγ in any two of −Z00, Z01, Z10, Z11

is bounded by the sum of the coefficients of aαbβcγ in the other two.

Kasteleyn [14] evaluated the determinants Zστ by multiplying eigenvalues obtained through
Fourier analysis, giving

Zστ =
∏

(−z)m=(−1)σ

(−w)n=(−1)τ

[a + bz + cw]

=
∏

(−z)m=(−1)σ

[(a + bz)n − (−1)τ cn]

=
∏

(−z)m=(−1)σ

(a + bz)n
∏

(−z)m=(−1)σ

[

1− (−1)τ

(
c

a + bz

)n]

= (am − (−1)σbm)n
∏

(−z)m=(−1)σ

[

1− (−1)τ

(
c

a + bz

)n]

.(5)

We can ignore the bm term which is exponentially smaller than am. When b + c is close
to a, unless z is close to −1, |a + bz| will be greater than c; in particular |a + bz|n is
exponentially larger than cn. So we can ignore the factors in the products for which z is
not close to −1. We will expand the remaining factors near z = −1. As z is a root of unity,
let z = zk = −eiθk , where θk = 2πk/m for k ∈ Zm + σ/2. Of course k ≡ k + m, so when
doing series expansions we can take −m/2 < k ≤ m/2.

Define rk, φk by

1±
(

c

a + bzk

)n

= 1±
(

c

a− b

)n

rke
iφk ,

so that

rk = (a− b)n|a + bzk|−n and φk = arg(a + bzk)
−n.

We make the simplifying assumptions b/a = Θ(1), 1− b/a = Θ(1), and n = Θ(m). Then

rk = exp

(

−nθ2
k

ab

2(a− b)2
+ O(nθ4

k)

)

= exp(−εk2 + O(k4/m3))

where we have defined

ε =
2π2nab

m2(a− b)2
= O(1/m),

and

φk =
nθkb

a− b
+ nO(θ3

k) = φk + O(k3/m2)

where we define

φ =
2πnb

m(a− b)
.

Letting A =
(

c
a−b

)n
, we have

(6) Zστ = (am − (−1)σbm)n
∏

k∈Zm+σ/2

(1− (−1)τArke
iφk).
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In logarithmic form we can write

(7) log Zστ = −
∑

k∈Zm+σ/2

Li1
(
(−1)τArke

iφk
)

+ n log(am − (−1)σbm)
︸ ︷︷ ︸

negligible

where the polylogarithm function Liν is defined by Liν(z) =
∑∞

n=1
zn

nν for |z| < 1 and by
analytic continuation elsewhere (see Appendix A for background on polylogarithms). Here
the second term is essentially zero, and the terms in the summation become negligible when
|k| is larger than Θ(

√
m).

In this expression for log Zστ we need only keep track of its real part: from (6) we see
that (since b < a) Zστ is real and nonnegative if A ≤ 1, and real and nonnegative if A > 1
except for Z00 which is strictly negative. In particular when A > 1 the expression (3) is a
sum of nonnegative terms. When A ≤ 1 we shall see that Z00 is negligible compared to Z
so its sign is irrelevant.

More generally we find, using (7), z d
dz Liν(z) = Liν−1(z), and (c∂/∂c)A = nA, that

`
︷ ︸︸ ︷

c
∂

∂c
· · · c ∂

∂c
log(Zστ ) = −n`

∑

k∈Zm+σ/2

Li1−`

(
(−1)τArke

iφk
)

(+n log(am − (−1)σbm)
︸ ︷︷ ︸

negligible

if ` = 0).

(8)

4. Rational tori

The expressions (8) are non-trivial to evaluate, mostly because they are describing be-
havior which depends sensitively on the parameters defining the system. In this section we
compute the asymptotics of (8) for “nearly rational” domains.

We consider the toroidal hexagonal graph Hm,n to be “nearly rational” when φ/(2π) =
nb

m(a−b) is close to a simple rational p/q, where p and q are relatively prime integers. (Note

that this depends not only on m,n but also on a, b, c.) We keep p and q fixed as m and n
tend to infinity, and by “close” we mean that nb/(mc) − p/q is not too large compared to
1/
√

qn. We will determine the asymptotic shape of the resonant peaks in Figure 3.

4.1. Spokes, spirals, and clouds. For fixed p and q, as the area mn gets large, the terms
1 ±Arke

iφk ≈ 1 ±Arke
2πi(p/q)k accumulate on q different spokes (or radii) of a circle with

radius A centered at 1. If φ/(2π) is only approximately p/q, then each of these spokes
becomes a spiral, which spirals out from 1 when k is negative and increasing, and then
spirals back in towards 1 when k is positive and increasing. If φ/(2π) is far from a simple
rational, then the terms 1±Arke

iφk form a cloud within the disk of radius A centered at 1.
In our analysis for nearly rational tori, we will assume that φ/(2π) is sufficiently close to a
simple enough rational p/q that the terms 1±Arke

iφk form what appear to be q continuous
spokes or spirals (in a sense we define more precisely below). See Figure 4.

It is useful to re-express (8) to reflect the presence of the q spirals. Since φ ≈ 2π p
q , every

qth term lies on a given spiral, so we break the sum apart into q different sums, one for
each spiral. Of course q may not evenly divide m. The most convenient way to re-express
the summation is

∑

k∈Zm+σ/2

f(k) =
1

q

∑

j∈Zq+σ/2

∑

u∈Zm

f(j + qu).

Since spirals are continuous objects rather than discrete sets of points, we wish to ap-
proximate

∑

u∈Zm
with

∫ m
0 du. To this end we subtract 2πpu from φj+qu; then the angle
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Figure 4. The multiplicands for Z00 and Z11 for a domain whose aspect
ratio is (a) simple rational (b) nearly simple rational (c) far from simple
rational. The multiplicands are complex and accumulate towards 1.

(mod 2π) is unchanged for integer u, while for continuous u it is slowly varying so we
can hope that the integral approximates the sum. Thus we re-express (8) as (ignoring the
negligible O(nbm) error term when ` = 0)

`
︷ ︸︸ ︷

c
∂

∂c
· · · c ∂

∂c
log(Zστ )

.
= −n` 1

q

∑

j∈Zq+σ/2

∑

u∈Zm

Li1−`

(
(−1)τArj+quei(φj+qu−2πpu)

)

Later we will quantify the error introduced by approximating these sums with integrals,
and show it to be insignificant so long as the points appear to line up on q spirals which
miss the singularity. For now we proceed with the integral approximation and simplify it:

≈ −n`1

q

∑

j∈Zq+σ/2

∫ m

0
Li1−`

(
(−1)τArj+quei(φj+qu−2πpu)

)
du(9)
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changing variables to k = j + qu and using the fact that the integrand is periodic,

= −n` 1

q2

∫ qm

0

∑

j∈Zq+σ/2

Li1−`

(
(−1)τArke

i(φk−2πkp/q)e2πijp/q)
)
dk

using the replication formula 1
q

∑

ωq=1 Liν(ωz) = 1
qν Liν(z

q) and the fact that gcd(p, q) = 1,

= −(qn)` 1

q2

∫ qm

0
Li1−`

(
(−1)τqAqrq

ke
i(φk−2πkp/q)qe2πi(σ/2)p

)
dk

and again using the periodicity of φk and rk,

= −(qn)`

q

∫ m/2

−m/2
Li1−`

(
(−1)τq+σpAqrq

ke
i(φk−2πkp/q)q

)
dk,(10)

which, as a function of σ and τ , only depends upon the parity of τq + σp. To obtain the

next formula we substitute the estimate rke
iφk ≈ e−ε(k mod m)2eiφ(k mod m) (where we take

k mod m to lie between −m/2 and m/2). Doing this substitution introduces an error, but
we postpone the error analysis until later. Note that we can substitute this approximation
for rke

iφk either in (10) or just prior to the integral approximation (9), since the only
property of rke

iφk that we used in the intervening steps is that it is periodic in k with
period m.

≈ −(qn)`

q

∫ m/2

−m/2
Li1−`

(
(−1)τq+σpAqe−qεk2

ei(φ−2πp/q)qk
)
dk.(11)

We extend the range of integration to all of R, introducing a negligible error,

≈ −(qn)`

q

∫ ∞

−∞
Li1−`

(
(−1)τq+σpAqe−qεk2

ei(φ−2πp/q)qk
)
dk.(12)

To measure the closeness of φ/(2π) to p/q, we define α so that φ/(2π) = p/q(1 + αW ),
where we define W =

√
qε/(πp). Then (φ − 2πp/q)qk = 2πpαWk = 2α

√
qεk. We change

variables to x =
√

qεk to obtain

= − (qn)`

√

q3ε

∫ ∞

−∞
Li1−`

(
(−1)τq+σpAqe2iαx−x2)

dx.(13)

The reader may wonder about the apparent asymmetry in equation (13) (when ` = 0),
e.g. why does q appear but not p, while Z is symmetrical with respect to width and height?
But when b + c ≈ a ≈ 1 and (nb)/(mc) ≈ p/q we have

W =

√
qε

πp
≈

√
2

pmc
≈

√
2

qnb
≈

√
2

(pqmnbc)1/4
,

(14)
1

√

q3ε
=

1

πpqW
≈ (mnbc)1/4

π
√

2(pq)3/4
,

log Aq = nq log
c

a− b
≈ (b + c− a)

nq

c
≈ (b + c− a)

mp

b
,

(qn)` ≈ (pqmnc/b)`/2.

The asymmetry between b and c when ` > 0 should not be unexpected since we differentiated
with respect to c rather than b.
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Referring back to the spirals in Figure 4, q counts the number of spirals, the parameter
A measures the radius of the spirals,

√
ε is a measure of how far apart the points are on the

spiral, and α is a measure of the “spirality”. α is the right parameter against which to plot
the shape of the spikes, making W a measure if their width. When α = 0 the spirals are
spokes, when α gets too large (for a given

√
ε) the spirals break up into a cloud, by which

time the integral approximation (9) breaks down.

4.2. Error analysis. In the interest of simplicity, we only consider the case when p, q, A,
and α are held fixed while m → ∞ and n → ∞. Most of the interesting behavior already
shows up in this case. It is also quite interesting to ask how much these parameters can
vary (e.g. can p and q be as large as n1/3?), but we do not pursue that in this article.

Lemma 1. When we fix p, q, A, and α while m →∞ and n →∞, we have

√

q3ε

(qn)`

`
︷ ︸︸ ︷

c
∂

∂c
· · · c ∂

∂c
log(Zστ ) = −

∫ ∞

−∞
Li1−`

(
(−1)τq+σpAqe2iαx−x2)

dx + o(1),

provided that the curve (−1)τq+σpAqe2iαx−x2

does not contain the point 1. If the curve does
contain 1, then the convergence for ` = 0 is still valid provided that no multiplicand of Zστ

is closer than e−o(
√

n) to 0, in which case the right-hand side is merely an upper bound.

These integrals are explicitly evaluated in § 5.1.

Proof. Much of the proof has already been given in § 4.1, what we have left to do is
justify the approximations that we made in (9) and (11). For this error analysis we do the

rke
iφk ≈ e−εk2+iφk substitution before the integral approximation. With k = j + qu and

j ∈ Zq + σ/2,

Li1−`

(
(−1)τArj+quei(φj+qu−2πpu)

)
= Li1−`

(
(−1)τ e2πijp/qAei(φ−2πp/q)k−εk2+O(k3/m2)

)

= Li1−`

(
(−1)τ e2πijp/qAe2iα

√
ε/q k−εk2+O(k3/m2)

)

using φ − 2πp/q = 2π(p/q)αW = 2α
√

ε/q. Next we use the fact that for integer ` ≥ 0,
d
dz Li1−`(e

z) = Li−`(e
z) is a rational function of ez with a pole at ez = 1 but which is

bounded outside a neighborhood of this pole,

= Li1−`

(
(−1)τ e2πijp/qAe2iα

√
ε/q k−εk2)

+ O(k3/m2)

which is valid as long as (−1)τ e2πijp/qAe2iα
√

ε/q k−εk2

lies outside a neighborhood of 1, and
the O(k3/m2) error term is much smaller than the radius of this neighborhood.

It is not hard to see that the q curves (−1)τ e2πijp/qAe2iα
√

ε/q k−εk2

are bounded away

from 1 if and only if the curve (−1)τq+σpAqe2iαx−x2

avoids 1.
Adding up the errors O(k3/m2) over the range |k| < Θ(

√
n) gives O(1). When |k| �

Θ(
√

n), both rk and its approximation e−εk2

are exponentially decreasing in |k|, so using

Li1−`(z) ≈ z for small z, and rk = e−εk2

(1 + O(k3/m2)) when k ≤ n2/3, we see that doing

the substitution for n1/2 ≤ k ≤ n2/3 also introduces O(1) error, and that the substitution

for k ≥ n2/3 gives o(1) error. Upon multiplying by
√

q3ε/(qn)`, all these errors become
o(1).

For the integral approximation (9), the integrands in (9) are continuous (except at the

branch cut) as long as the curves (−1)τ e2πijp/qAe2iα
√

ε/q k−εk2

avoid the point 1. Moreover
they converge exponentially fast to 0 when |k| → ∞. Therefore they are Riemann summable
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and the error in converting the sums to integrals tends to zero. The error introduced by
extending the range of integration to the reals is exponentially small.

What happens when a curve passes through the singularity? When ` = 0, the integral
in expression (9) for log Zστ converges and is an upper bound for log Zστ : the Riemann
sum for log Zστ converges to its integral on the complement of a small neighborhood of
the singularity, and the Riemann sum near the logarithmic singularity has a negligible
contribution except possibly for the point which is closest to the singularity. If the distance
of the closest point to the singularity is no smaller than e−o(

√
n), then the contribution of

this point is o(
√

n) and so can be ignored. �

4.3. The distribution of the number of edges of type ‘c’. By Lemma 1, to first order
log Zστ only depends on the parity of τq + σp, so we define

Z− =
1

2

∑

σ,τ
τq + σp odd

Zστ and Z+ =
1

2

∑

σ,τ
τq + σp even

εστZστ

where εστ = −1 if σ = 0 and τ = 0, and εστ = 1 otherwise. We have Z = Z− + Z+,
and from Proposition 1, both Z− and Z+ have only nonnegative coefficients, so they can be
interpreted as distributions. Lemma 1 shows that typically one of Z− or Z+ is exponentially
larger than the other one, so the distribution of the number of c edges is governed by
whichever of Z− or Z+ is dominant.

We use the method of moments to determine the distribution of the number Nc of type-
‘c’ edges. We saw in § 2 how to express the `th moment Nc about its mean (call it C`) in

terms of K` =

`
︷ ︸︸ ︷

c
∂

∂c
· · · c ∂

∂c
log Z, but in Lemma 1 we evaluated K`,στ =

`
︷ ︸︸ ︷

c
∂

∂c
· · · c ∂

∂c
log Zστ .

Define C`,στ to be the same expression, except with the K`,στ ’s replacing the K`’s (see also
(15) below), and similarly define the K`,±’s and the C`,±’s.

Lemma 2. Under the assumptions of Lemma 1, if the curve (−1)τq+σpAqe2iαx−x2

does

not contain the point 1 and
∫∞
−∞ Li−1

(
(−1)τq+σpAqe2iαx−x2)

dx 6= 0, then C`,στ /C
`/2
2,στ →

(`− 1)!!. (Here as usual `!! = `(`− 2) · · · (3)(1) when ` is odd and `!! = 0 when ` is even.)

Proof. From Lemma 1 we have Kj,στ = O((qn)j/
√

q3ε), and since the above integral is

nonzero, C2,στ = K2,στ = Θ((qn)2/
√

q3ε). Thus each monomial in the polynomial (1) for

C`,στ has magnitude O((qn)`/(
√

q3ε)degree). Recall that q3ε � 1. The monomial degree is

uniquely maximized by the K
`/2
2,στ term (` even) or the K3,στ K

(`−3)/2
2,στ term (` odd). Thus

when ` is odd, C`,στ/C
`/2
2,στ = O((q3ε)1/4) → 0, and when ` is even, C`,στ/C

`/2
2,στ tends to the

coefficient of the monomial K
`/2
2,στ in C`,στ , which by (2) is (`− 1)(`− 3) · · · (3)(1). �

Thus the C`,στ ’s converge to the moments of a Gaussian, but recall that we cannot view
Zστ as a distribution since it may have some negative coefficients. Next we show that
the moments C`,± of Z± (which are genuine distributions) are close to the corresponding
C`,στ ’s.

Lemma 3. Suppose ` ∈ N, ς = (−1)τ1q+σ1p = (−1)τ2q+σ2p, (σ1, τ1) 6= (σ2, τ2), and either
ς = −1, or else ς = +1 but A ≥ 1. Under the assumptions of Lemmas 1 and 2, if

|K1,σ1τ1 −K1,σ2τ2 | � n5/4 then C`,ς/C
`/2
2,σ1τ1

= (`− 1)!! + o(1).
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Proof. Viewing Zστ as a polynomial in c, Zστ =
∑

ı γı,στ cı, we have

(15) C`,στZστ =
∑

ı

γı,στ (ı−K1,στ )`cı.

As Zς is the average of εσ1τ1Zσ1τ1 and εσ2τ2Zσ2τ2 , we have

C`,ςZς =
1

2

∑

σ,τ

εστ

∑

ı

γı,στ cı(ı−K1,ς)
`

=
1

2

∑

σ,τ

εστ

∑

ı

γı,στ cı
∑̀

j=0

(
`

j

)

(ı−K1,στ )j(K1,στ −K1,ς)
`−j

=
1

2

∑

σ,τ

εστ

∑̀

j=0

(
`

j

)

Cj,στZστ (K1,στ −K1,ς)
`−j .

Since ς = −1 or else ς = +1 but A ≥ 1, εσ1τ1Zσ1τ1 and εσ2τ2Zσ2τ2 have the same sign,
so K1,ς is a convex combination of K1,σ1τ1 and K1,σ2τ2 , and it too can differ by at most

� n5/4 = O(C
1/2
2,στ ) from them. Substituting Cj,στ = ((j − 1)!! + o(1))C

j/2
2,στ we get

C`,ςZς =
1

2

∑

σ,τ

εστ ((`− 1)!! + o(1))C
`/2
2,στ Zστ ,

so C`,ς is a convex combination of ((`− 1)!! + o(1))C
`/2
2,σ1τ1

and ((`− 1)!! + o(1))C
`/2
2,σ2τ2

. �

We have not computed K1,στ to the precision that Lemma 3 would appear to suggest
that we need, but all we really need is that the two relevant K1,στ ’s are quite close.

Lemma 4. Suppose ς = (−1)τ1q+σ1p = (−1)τ2q+σ2p. Under the assumptions of Lemma 1,
if

−
∫ ∞

−∞
Li1(−ςAqe2iαx−x2

) dx < −
∫ ∞

−∞
Li1(ςA

qe2iαx−x2

) dx,

then |K1,σ1τ1 −K1,σ2τ2 | ≤ exp(−Θ(
√

n)).
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Proof. For expository convenience say that the two στ ’s for which (−1)τq+σp = ς are 01
and 10. From Lemma 1, Z01 and Z10 dominate −Z00 and Z11 by a factor of exp(Θ(

√
n)),

and then from Proposition 1, |Z01/Z10 − 1| ≤ exp(−Θ(
√

n)). Writing Zστ as a polynomial
in c, Zστ =

∑

ı γı,στ cı, again from Proposition 1 we have

|γı,01 − γı,10| ≤ −γı,00 + γı,11

|γı,01 ıcı − γı,10 ıcı| ≤ ıcı(−γı,00 + γı,11) ≤ mn(−γı,00 cı + γı,11 cı)
∣
∣
∣
∣
∣

∑

ı

γı,01 ıcı −
∑

ı

γı,10 ıcı

∣
∣
∣
∣
∣
≤ mn

[

−
∑

ı

γı,00 cı +
∑

ı

γı,11 cı

]

|Z01K1,01 − Z10K1,10| ≤ mn(−Z00 + Z11).

As Z01 and Z10 are exponentially close to each other and exponentially dominate −Z00 and
Z11, it must be that K1,01 and K1,10 are exponentially close. �

Theorem 2. When we fix p, q, A, and α while m →∞ and n →∞, we have

(16) log Z =
(mnbc)1/4

π
√

2(pq)3/4

[

max
±

−
∫ ∞

−∞
Li1

(
±Aqe2iαx−x2)

dx + o(1)

]

,

and with the exceptions noted below, the number Nc of edges of type ‘c’ converges in distri-
bution to a Gaussian, with mean

(17) 〈Nc〉 =
(mnc)3/4

π
√

2(pqb)1/4

[

−
∫ ∞

−∞
Li0

(
±Aqe2iαx−x2)

dx + o(1)

]

,

and variance

(18) σ2(Nc) =
(mnc)5/4(pq)1/4

π
√

2b3/4

[

−
∫ ∞

−∞
Li−1

(
±Aqe2iαx−x2)

dx + o(1)

]

,

where the choice of ± in (17) and (18) is the value that maximizes (16). The exceptions
are

(1) When both + and − maximize (16), the distribution of type-‘c’ edges is a mixture
of the two Gaussians defined above, provided that exceptions 2 and 3 do not also
occur. (In the interest of space we omit the proof about the mixture of Gaussians,
but we can supply it to the interested reader upon request.)

(2) If for the dominant choice of ± in (16), the curve ±Aqe2iαx−x2

passes through 1,
we do not say anything about the distribution of type-‘c’ edges. (We have reason to
believe, but have not proved, that this scenario never occurs.)

(3) In the event that the integral in (18) evaluates to 0, the formulas are still valid,
but we no longer claim that the distribution is a Gaussian. (We believe that this
scenario never occurs, Lemma 6 in § 5.2 rules it out when A ≤ 1.)

Proof. Immediate from Lemma 1, Lemma 2, Lemma 3 (with the fact that Lemma 5 shows
the dominant choice of ± to be − when A ≤ 1), Lemma 4, the fact that the moments
are those of a Gaussian random variable, the method of moments, approximation (14) for

1/
√

q3ε, and qn ≈
√

pqmnc/b. �

Theorem 1 follows by plugging into Theorem 2 A = 1 and α = 0, using the explicit
evaluation of the integrals in § 5.1, and using −Li3/2(−1) > −Li3/2(1), −Li−1/2(−1) > 0,

and Liν(−1) = (21−ν − 1)ζ(ν).



CRITICAL RESONANCE IN THE NON-INTERSECTING LATTICES PATHS #58.15

�
� � � �� �� �� �

���
	��������� �����
������ �!� �����#"%$'&)(+*-,�.0/

�
� � � �� �� �� �

1�24365 7���8�9� �����
������)� ����� "%$'&)(+*-,�.0/

�
� � � �� �� �� �

: �  2;3 �<� �����
=�����)�6> �?� ��'�
� �@�?�A"%$'&9(B*C,�.D/

���
	��������� �����
������ �!� �����#"%$'&)(+*-,�.E& FHG  / �

�
� I J K L IJ � K M IJ � K� I J� K� L IJ� � K� M IJ� � K

�N�
	O� ��N�
	O� �
���
	��QP�N��	��QP ���
	�� ����
	�� � �N�
	O� P���
	�� P �N�
	�� ��N�
	O� � ���
	��QP�N��	��QP �N��	�� ����
	�� �

�
R �TSU� K R V �6� K � R �T�T� K � R V � > K � R �T� V K � R V �TS K� R �TSU� K� R V �6� K� � R �T�T� K� � R V � > K� � R �T� V K� � R V �TS K

�
R �TSU� K R V �6� K � R �T�T� K � R V � > K � R �T� V K � R V �TS K� R �TSU� K� R V �6� K� � R �T�T� K� � R V � > K� � R �T� V K� � R V �TS K

WW WW WW WW WW WW

R �TSU� K R V �6� K � R �T�T� K � R V � > K � R �T� V K � R V �TS K� R �TSU� K� R V �6� K� � R �T�T� K� � R V � > K� � R �T� V K� � R V �TS K

1�24365 7���8�9� �@���
������)� ����� "%$H&)(+* , .E&XFYG  / �

: �  2 3 �<� �6���
������)� > ��� ������ ����� "%$'&)(+* , .E& FHG  / �

Figure 5. Anatomy of the resonant spikes. In the upper panel we show the
curves for log Z, 〈Nc〉, and σ2(Nc) as a function of α when A = 1. When
A ≤ 1, Z− is dominant, and all three curves are analytic and unimodal.
The situation is quite different when A > 1. In the next panel we show the
curves for log Z+ and log Z− as a function of α when Aq = exp(1) (log Z is the
max of these two curves). When A > 1 there are singularities in log Z+ and
log Z− that occur when their corresponding spirals cross the singularity, that
is, when α = (π/

√
log Aq)Z for log Z+ and when α = (π/

√
log Aq)(Z + 1/2)

for log Z−. In the lower two panels we show the curves for 〈Nc〉 and σ2(Nc).
These curves were computed using (17) and (18) as explicitly evaluated in
(21) with whichever of Z+ or Z− is significant. The “crossover points”,
where log Z− and log Z+ alternate in significance, are in a sense a phase
transition within a phase transition. At each crossover point, the curve for
log Z is continuous but nonanalytic, the curve for 〈Nc〉 is discontinuous,
and the curve for σ2(Nc) has a delta function. When a spiral hits the
singularity, the corresponding Z± appears to be the insignificant one. The
large-α asymptotics of the curves for log Z, 〈Nc〉, and σ2(Nc) are given in
Theorem 3.
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5. Understanding the resonant spikes

The resonant spikes, an example of which is shown in Figure 5, exhibit nontrivial behav-
ior. We saw already that this behavior is determined by the integrals

∫ ∞

−∞
Liν

(
βe2iαx−x2)

dx,

with ν = 1 governing log Z, ν = 0 governing 〈Nc〉, and ν = −1 governing σ2(Nc). We
start by explicitly evaluating these integrals in § 5.1, and then investigate some of their
properties in § 5.2, § 5.3, and § 5.4. These subsections may be read in any order.

5.1. The integral

∫ ∞

−∞
Liν

(
βe2iαx−x2)

dx. We assume that β ∈ C, α ∈ R, and ν ∈ C,

though later we restrict ν to integers ≤ 1. For convenience we assume α ≥ 0 since the
integral is an even function of α. When |β| > 1 there is a branch cut (Liν(z) has a branch
cut {z ∈ R : z ≥ 1}) that may be encountered when we vary x, so we need to specify
which branch of the polylogarithm we are integrating over. Since the principal branch is

the one for which Liν
(
βe2iαx−x2) → 0 as x → ±∞, we specify that the integrand is the

principal branch of Liν , even though this may make the integrand only piecewise analytic
as a function of x as it ranges from −∞ to ∞. In the event that α = 0 and β is real and

≥ 1, so as to ensure continuity in α, we specify that βe2iαx−x2

lies above the branch cut for
positive x and below the cut for negative x.

We set z = x+iy (x, y ∈ R) and integrate instead within the complex plane. Rather than

integrate Liν
(
βe2iαz−z2)

along the real axis =z = 0, it is more convenient to the integrate
along the line =z = α. When we deform the contour of integration and set z = x + iα we
get

∫ ∞

−∞
Liν

(
βe2iαx−x2)

dx =

∫ ∞

−∞
Liν

(
βe−α2

e−x2)
dx +

terms from the singularities and

branch cuts of Liν
(
βe2iαz−z2)

in
the complex z-plane.

In particular if |β| ≤ 1 there are no singularities or branch cuts encountered when de-
forming the contour of integration, so there are no additional terms. We shall evaluate the

main term in first. For now assume that |β|e−α2

< 1 so that the series expansion of the
polylogarithm is absolutely convergent. This enables us to write

∫ ∞

−∞
Liν

(
βe−α2

e−x2)
dx =

∫ ∞

−∞

∞∑

n=1

(βe−α2

)n

nν
e−nx2

dx

=

∞∑

n=1

(βe−α2

)n

nν

∫ ∞

−∞
e−nx2

dx

=
∞∑

n=1

(βe−α2

)n

nν

√
π√
n

=
√

π Liν+1/2

(
βe−α2)

.

The singularities of Liν
(
βe2iαz−z2)

in the complex z-plane occur when

βe2iαz−z2

= 1

2iαz − z2 = − log β − 2πik

z = iα± i
√

α2 − log β − 2πik
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where k is an integer. Since we are moving the contour between =z = 0 and =z = α (see

Figure 6), the relevant singularities are of the form iα − i
√

α2 − log β − 2πik where the

�������

�������
	�
����
������
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������
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Figure 6. Singularities, branch cuts, and contours of integration for

Liν
(
βe2iαz−z2)

. When pushing the contour from =z = α to =z = 0, the
contour must deform to travel around the singularities and branch cuts, so
these contribute to the integral.

principal square root is taken. (If arg β = 0, α2 < log |β|, and k = 0 then both roots are

relevant.) The branch cuts of the integrand occur where βe2iαz−z2

is real and ≥ 1. With
z = x + iy and x, y ∈ R these are

2αx− 2xy = − arg β − 2πk −2αy − x2 + y2 ≥ − log |β|

x =
1

2

2πk + arg β

y − α
(y − α)2 − x2 ≥ α2 − log |β|

To identify if and where the kth cut intersects the line =z = 0 we set y = 0 and find that
there is an intersection at

−2πk + arg β

2α
provided

(2πk + arg β)2 ≤ 4α2 log |β|.
For the moment suppose that |β|e−α2

< 1 so that there are no singularities or branch
cuts of the integrand on the line =z = α. Push this contour downwards toward the line
=z = 0, except that when a branch cut is encountered, the contour must go around the
branch cut, and travels along the cut upwards on its left side in downwards on its right side

(Figure 6). The integrand increases by (2πi/Γ(ν))(log(βe2iαz−z2

))ν−1 when going from the
left side of the cut to the right side, so the net contribution of this cut to the integral is

2πi

Γ(ν)

∫

C
(log(βe2iαz−z2

))ν−1 dz

(plus another term from the singularity) where the contour C is a branch cut travelling
from the branch point to the point where the branch cut intersects the line =z = 0. For

the kth branch cut the endpoints of integration are iα− i
√

α2 − log β − 2πik and −(2πk +
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arg β)/(2α). When ν = 1 the singularity does not contribute and this integral is easy to
evaluate and we get

2πi

[

−iα + i
√

α2 − log β − 2πik − 2πk + arg β

2α

]

.

Since this term gets added to the integral over =z = 0, when we evaluate the integral over
=z = 0 we subtract this term from the integral over =z = α. Thus

∫ ∞

−∞
Li1

(
βe2iαx−x2)

dx =
√

π Li3/2

(
βe−α2)−

2πi
∑

k∈Z

(2πk+arg β)2≤4α2 log |β|

[

−iα + i
√

α2 − log β − 2πik − 2πk + arg β

2α

]

.

(19)

There is a term in the summation for each time the spiral βe2iαx−x2

encloses the singularity

at 1. This formula is valid when |β|e−α2

< 1, and we would like to show that it is valid
(for real β and α) without this restriction. We can do this via analytic continuation in
(complex) β and α. While both sides of equation (19) are analytic in α (except where the

spiral βe2iαx−x2

crosses the singularity), neither side of (19) is analytic in β. The arg β
terms on the right-hand side are nonanalytic, and the left-hand side is nonanalytic due to
the branch cut in Li1(z) — as arg β is varied, portions of the integrand cross the branch
cut. So long as the spiral avoids the singularity, we can rotate the branch cut as arg β is
changed so as to ensure that the integrand does not cross the moving branch cut for any

x. This re-interpreted integral is then analytic except where the spiral βe2iαx−x2

crosses
the singularity, and the arg β terms on the right-hand side become constant. For a given β

and α, we may continuously decrease |β| and increase α until |β|e−α2

< 1, where we know
that (19) is valid, while keeping the spiral from crossing the singularity, so that both sides

of the re-interpreted (19) remain analytic. (The nonanalyticity in
√

π Li3/2

(
βe−α2)

where

βe−α2

= 1 is cancelled by the nonanalyticity in the k = 0 term in the summation.) Thus
(19) is valid for all complex β and α for which the spiral avoids the singularity. As both
sides of (19) are continuous, (19) is also valid when the spiral contains the singularity. We
revert to the principal branch cut interpretation of the integral, restoring the arg β terms
on the right-hand side of (19).

When β is real, upon summing over k the terms (2πk + arg β)/(2α) cancel: when β < 0
the kth term cancels the (−1− k)th term, and when β > 0 the kth term cancels the −kth
term, while the 0th term does not contribute. For real β we get

(20)

∫ ∞

−∞
Li1

(
βe2iαx−x2)

dx =
√

π Li3/2

(
βe−α2)− 2π

∑

k∈Z

(2πk+arg β)2≤4α2 log |β|

(

α−
√

α2 − log β − 2πik
)

.

When βe−α2

> 1 the k = 0 “branch-cut term” exactly cancels the imaginary part of the
Li3/2 term. Applying β ∂

∂β multiple times to (20) we find for real β and nonpositive integer
ν
(21)

∫ ∞

−∞
Liν

(
βe2iαx−x2)

dx =
√

π Liν+1/2

(
βe−α2)−

√
πΓ(1

2−ν)
∑

k∈Z

(2πk+arg β)2≤4α2 log |β|

[α2 − log β + 2πik]−1/2+ν .
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5.2. Inequalities. To use Theorem 2 we need to know which of Z± is significant. We
already saw that they can alternate in significance (as α is varied) when A > 1. We claim
that when A ≤ 1, or else A > 1 but α = 0, that Z− is the significant one.

Lemma 5. If 0 < β ≤ 1, or else β > 1 but α = 0, then

(22) −
∫ ∞

−∞
Li1

(
βe2iαx−x2)

dx < −
∫ ∞

−∞
Li1

(
− βe2iαx−x2)

dx.

Proof: Under either of the hypotheses, equation (20) simplifies to

∫ ∞

−∞
Li1

(
± βe2iαx−x2)

dx =
√

π Li3/2

(
± βe−α2)

=

∫ ∞

−∞
Li1

(
± βe−α2−x2)

dx,

but
�

−<Li1
(
βe−α2−x2)

= < log
(
1− βe−α2−x2)

< < log
(
1 + βe−α2−x2)

= −<Li1
(
− βe−α2−x2)

.

To show that the distribution of Nc is a Gaussian, we need to know that the integral
expression in (18) (for the dominant choice of ±) is nonzero. The integral clearly cannot
be negative, because it has an interpretation in terms of variance, but a priori it could be
zero, in which case the o(1) error term would control the variance, and we would be unable
to characterize the distribution of Nc. Ideally we would like to show that it always positive,
but we only do this for A ≤ 1, or else A > 1 but α = 0. Recall that under these conditions
Z− is dominant.

Lemma 6. If 0 < β ≤ 1, or else β > 1 but α = 0, then

−
∫ ∞

−∞
Li−1

(
− βe2iαx−x2)

dx > 0.

Proof. As above, under either of the hypotheses, equation (21) simplifies to

∫ ∞

−∞
Li−1

(
− βe2iαx−x2)

dx =
√

π Li−1/2

(
− βe−α2)

=

∫ ∞

−∞
Li−1

(
− βe−α2−x2)

dx,

but −Li−1

(
− βe−α2−x2)

= βe−α2−x2

/
(
1 + βe−α2−x2)2

> 0. �

Lemma 7. The curve for log Z attains its (unique) maximum value when α = 0.

Proof. When 0 < β we have log(1 + βe−x2) ≥ < log(1 ± βe2iαx−x2)
, with strict inequality

when ±e2iαx 6= 1, so −
∫∞
−∞ Li1

(
∓ βe2iαx−x2)

dx ≤ −
∫∞
−∞ Li1

(
− βe−x2)

dx, with strict
inequality unless both α = 0 and ∓ = −. �

In contrast, the curve for 〈Nc〉 does not always attain its maximum value when α = 0.

5.3. Asymptotics for large α. In Figure 3 the curves for log Z and 〈Nc〉 appear to
asymptote out to a positive constant, while the curve for σ2(Nc) decays to 0. The following
theorem gives the large-α asymptotics of these curves which are given by the integrals in
(16), (17), and (18) in Theorem 2.
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Theorem 3. For positive β and real α,

lim
|α|→∞

−
∫ ∞

−∞
Li1

(
± βe2iαx−x2)

dx =

{
4
3(log β)3/2 β ≥ 1

0 β ≤ 1

lim
|α|→∞

−
∫ ∞

−∞
Li0

(
± βe2iαx−x2)

dx =

{

2(log β)1/2 β ≥ 1

0 β ≤ 1

lim
|α|→∞

−α2

∫ ∞

−∞
Li−1

(
± βe2iαx−x2)

dx =

{

(log β)1/2 β ≥ 1

0 β ≤ 1

Proof. These integrals are evaluated in (20) and (21). When |α| → ∞, the main terms in

(20) and (21), −√π Liν+1/2(±βe−α2

) for ν = 1, 0,−1, become negligible. Thus we only have
to compute the “branch-cut terms” when β > 1. For (20) these terms can be approximated
for large α as follows. Let γ = log β − α2. The identity

√

x + iy +
√

x− iy =

√

2
(
x +

√

x2 + y2
)

is easily verified by squaring both sides, and allows us to rewrite the sum in (20) as

∑

|k|<|α|
√

log β/π

2π

(

|α| −
√

(
− γ +

√

γ2 + 4π2k2
)
/2

)

where k is integer for positive β (for Z+) or half-integer for negative β (for Z−).
Suppose |α| � √

log β. Then k, which ranges up to (|α|/π)
√

log β, is much smaller than
|γ| = (1 + o(1))α2, and we have

√
(
− γ +

√

γ2 + 4π2k2
)
/2 =

√−γ

√
(
1 +

√

1 + 4π2k2/γ2
)
/2

=
√−γ

√

1 + (π2 + o(1))k2/γ2

=
√

α2 − log β(1 + (π2/2 + o(1))k2/γ2)

= |α|(1 − (1/2 + o(1)) log β/α2)(1 + (π2/2 + o(1))k2/α4)

= |α| − 1 + o(1)

2|α| (log β − π2k2/α2).

In particular

2π

(

|α| −
√

(
− γ +

√

γ2 + 4π2k2
)
/2

)

=
π + o(1)

|α| (log β − π2k2/α2)

and we sum this over k’s for which the quantity is positive. If |α| � 1/
√

log β then we can
approximate this sum with an integral, and the integral is

π + o(1)

|α|
2

3
log β × 2|α|

π

√

log β = (1 + o(1))
4

3
(log β)3/2.

These are the asymptotics for ν = 1. For integer ν ≤ 0 the range of k is the same as it
is for ν = 1, i.e. up to about |α|√log β/π. Thus we need to evaluate

√
πΓ(1/2 − ν)

∑

|k|<|α|
√

log β/π

[α2 − log β + 2πik]−1/2+ν .

For α �
√

log β, k � α2 so that

[α2 − log β + 2πik]−1/2+ν + [α2 − log β − 2πik]−1/2+ν ≈ 2|α|2ν−1
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and if α � 1/
√

log β the summation is approximately an integral which is asymptotically

2√
π

Γ(1/2 − ν)α2ν
√

log β.

Taking ν = 0 and ν = −1 give the desired results for the 〈Nc〉 and σ2(Nc) integrals. �

5.4. Crossover locations. If A ≤ 1 then Z− always exceeds Z+. But for larger A there
are crossover values for α at which Z− and Z+ alternate in significance. Since Z− and
Z+ count configurations in different Z2-homology classes (see (4)), we conclude that the
crossover values are the places where the typical homology class of a lattice path changes. So
there is a phase transition at these points: the topology of a typical configuration changes.

The crossover values α for a fixed β = Aq satisfy an implicit (and transcendental) equa-
tion. Instead of solving these equations directly we can derive an analytic expression for
the crossover α’s as a function of γ = log β − α2, and then given γ and the crossover α
we can calculate the corresponding β. In this way we can parametrically plot these critical
pairs (β, α) as a function of γ. For example, for the 0th crossover we have

ε1/2q3/2Z− + o(1) = −
√

π Li3/2(−βe−α2

)

ε1/2q3/2Z+ + o(1) = −
√

π Li3/2(βe−α2

) + 2π(α−
√

α2 − log β)

from which we can solve

α =
Li3/2(e

γ)− Li3/2(−eγ)

2
√

π
+
√−γ.

Similarly, for the rth crossover we have

(−1)rα =
Li3/2(e

γ)− Li3/2(−eγ)

2
√

π
+

r∑

k=−r

(−1)k
√

−γ + kπi.

Next let us approximate these crossovers for r fixed and γ large. For large γ we can
substitute ν = 3/2 into the asymptotic series expansions (25) and (26) for Liν(±eγ) to
write

−Li3/2(−eγ) ≈ 4

3
/π1/2γ3/2 +

1

6
π3/2/γ1/2 +

7

480
π7/2/γ5/2 + · · ·

Li3/2(e
γ) ≈ −4

3
/π1/2γ3/2 − 2

√
πi
√

γ +
1

3
π3/2/γ1/2 +

1

60
π7/2/γ5/2 + · · ·
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so that

(−1)rα ≈ π

4
γ−1/2 +

r∑

k=1

(−1)k
[√

−γ + kπi +
√

−γ − kπi
]

=
π

4
γ−1/2 +

r∑

k=1

(−1)k
√

2
(
− γ +

√

γ2 + k2π2
)

≈ π

4
γ−1/2 +

r∑

k=1

(−1)k
√

2(−γ + γ(1 + k2π2/(2γ2)))

=
π

4
γ−1/2 +

r∑

k=1

(−1)k
√

k2π2/γ

=
π

4
γ−1/2 +

r∑

k=1

(−1)kkπ/γ1/2

= (−1)r(r/2 + 1/4)πγ−1/2.

Since α is small, γ ≈ log β, and so the rth crossover occurs at α ≈ (r/2 + 1/4)π/
√

log β.
By comparison the nonanalyticities in the curve for Z− occur exactly at α = π/

√
log β(Z+

1/2), and the nonanalyticities in the curve for Z+ occur exactly at α = π/
√

log βZ.

6. Open problems

Our analysis for of the lattice paths at the critical point is geared to regions whose aspect
ratio is close to a simple rational number, but we do not know how to treat “irrational
domains” which do not have a simple rational approximation. Consider for instance the
case a = 1, b = c = 1/2 when the side lengths m and n are successive Fibonacci numbers.
Then the aspect ratio of the region is very close to the Golden ratio, which is not well
approximated by simple rationals. In this case we believe that the partition function Z is
Θ(1) (about 2.1), so that with Θ(1) probability there are no lattice paths. In the event
that there are lattice paths, we believe that they connect up into Θ(1) loops each of length
Θ(n4/3). We have also found empirically that as one varies the aspect ratio of large regions,
the smallest value that the partition function Z takes on is very close to 2. We do not know
how to prove any of these conjectures.

In Figure 3 we plotted log Z and 〈Nc〉 versus n/m when a = 1, b = c = 1/2. As
predicted there are spikes in log Z and 〈Nc〉 when the aspect ratio n/m is near a simple
rational p/q. But there also appear to be flanking secondary spikes in 〈Nc〉 when n/m ≈ p/q
but |n/m− p/q| � 1/

√
n. We do not understand this phenomenon.

When a = 1, b = c = 1/2 + Θ(1/n) and the aspect ratio is nearly a simple rational
p/q, the partition function and edge density as a function of α are nonanalytic at certain
points. We know that the homology type of the strands changes at these nonanalyticities.
We conjecture that when α = 0 each loop winds around exactly p times horizontally and q
times vertically. For large enough values of α, when one follows a loop for mp+nq steps, one
does not return to the starting point. We conjecture that the number of nonanalyticities
between α and 0 determines how many strands away one ends up after following a loop for
mp + nq steps.

Despite our explicit formulas for log Z± and for the expected value and variance of the
number of edges, there are some basic properties about these functions that we have not
been able to derive. For example, we conjecture that when our formula for log Z− is
nonanalytic, our formula for log Z+ gives a strictly larger value, and vice versa, and that
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the formula for σ2(Nc) is strictly positive. We also conjecture that for A > 1 our formula
for log Z as a function of α always exceeds its limiting value as α →∞. These conjectures
seem fairly evident from the graphs in Figure 5, but it is not obvious how to prove them.
One would also like to determine for fixed A > 1 the maximum and minimum values given
by our formula for 〈Nc〉, since both of these can be different than the limiting α →∞ value.
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Appendix A. Polylogarithms

The polylogarithm function Liν(z) is defined by

Liν(z) =

∞∑

n=1

zn

nν

for |z| < 1 and by analytic continuation elsewhere. We may for instance write Li1(z) =
− log(1− z), Li0(z) = z/(1− z), and Li−1(z) = z/(1− z)2. The polylogarithm function has
the convenient property that

z
∂ Liν(z)

∂z
= Liν−1(z).

Appell’s integral expression

(23) Liν(z) =
1

Γ(ν)

∫ ∞

0

zsν−1 ds

es − z

is valid for <(ν) > 0 and z 6∈ [1,∞), and defines the principal branch of the polylogarithm.
The polylogarithm has an interesting Riemann surface. When one crosses the branch
cut [1,∞) in the positive direction, the polylogarithm increases by 2πi

Γ(ν) (log z)ν−1. (Both

this and the defining series expansion for Liν are readily derived from Appell’s integral
expression.) For nonpositive integer ν this quantity is 0, consistent with the fact that Liν
is a rational function for these values of ν. Unless ν is an integer ≤ 1, the 2πi

Γ(ν) (log z)ν−1

term creates a second branch point at z = 0 off the principal branch. The function Liν(z)
is analytic in both z and ν, except for a singularity at z = 1 (and z = 0 off the principal
branch). For further background see Bateman and Erdélyi et al. [1, Chapt. 1 §11], Truesdell
[28], Dingle [10, 9], and Lewin [16].

When z is on the principal branch and near 1, the series expansion

(24) Liν(z) = Γ(1− ν)(− log z)ν−1 +
∞∑

n=0

ζ(ν − n)
(log z)n

n!

was given by Lindelöf [17, pp. 138–141] (derivations are also given in [28] and [5]), and is
absolutely convergent when | log z| < 2π.

We also use the asymptotic series expansions for Liν(z) when |z| → ∞. For large positive
x these are

(25) Liν(−x) = − cos(πν) Liν(−1/x) + 2

∞∑

k=0

(
1/22k−1 − 1

)
ζ(2k)

Γ(ν + 1− 2k)
(log x)ν−2k
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and

(26) Liν(x) = − cos(πν) Liν(1/x) ± πi
(log x)ν−1

Γ(ν)
+ 2

∞∑

k=0

ζ(2k)

Γ(ν + 1− 2k)
(log x)ν−2k.

Aside from the − cos(πν) Liν(±1/x) terms, the asymptotic series expansions (25) and (26)
were derived by Sommerfeld and Clunie respectively. Rhodes first derived (25) for the case
of integer ν, and for these ν the expansions (25) and (26) have only finitely many nonzero
terms. For noninteger ν the expansions (25) and (26) diverge, and the − cos(πν) Liν(±1/x)
term is dominated by each term in the divergent series expansion, so one may wonder what
role it plays. Dingle [10, eqn 17] [9, eqn 11] showed how to make practical computational use
of these series by truncating the series after finitely many terms and providing convergent
series expansions for the remainder when the − cos(πν) Liν(±1/x) term is present. For
positive x > 1 we are evaluating Liν(x) on the branch cut of the principal branch; the ±
sign is positive when the branch cut is just above the real axis, which is the usual convention.
See also Pickard [21, eqn 3.5] for the asymptotics for large complex values of z.

Appendix B. Notation

a, b, c: weights of edges in the three different directions. a is weight for vertex not being
in a loop, b is weight for horizontal step, and c is weight for vertical step.
m: horizontal length of torus
n: vertical length of torus
Simplifying assumptions: b < a, b/a = Θ(1), 1− b/a = Θ(1), n = Θ(m)
p/q: rational approximation of nb/(mc), gcd(p, q) = 1. Intuitively p is the number of
horizontal windings of loops, and q is the number of vertical windings of loops, but this
intuition is not quite accurate if “ratcheting” takes place.
W =

√
qε/(πp) =

√
2qnab/(pm(a− b)) ≈

√

2/(pmc) ≈
√

2/(qnb)
nbq

mcp
≈ nbq

m(a− b)p
= 1 + αW.

φ = 2πnb
m(a−b)

ε = 2π2nab
m2(a−b)2

A =
(

c
a−b

)n

zk = −eiθk , θk = 2πk/m; k ∈ Zm + σ/2 for Zστ

rk = (a− b)n|a + bzk|−n = e−εk2+O(k4/m3)

φk = arg(a + bzk)
−n = φk + O(k3/m2)
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ON THE AUTOMORPHISM GROUP OF THE SUBMODULE LATTICE
OF A MODULE OVER COMPLETE DISCRETE VALUATION RING

KAN YASUDA

Abstract. The automorphism group AutL(M) of the submodule lattice L(M) of a finite-
length module M over complete discrete valuation ring o is studied. Let λ = (λ1, · · · , λl)
be the type of M . We show that for those M with λ1 = λ2, AutL(M) can be analyzed
by computing a certain subgroup of the bijections on a quotient of the scalar ring o. In
particular, when o is Zp (hence M is a finite abelian p-group) or the ring of Witt vectors
over the finite field Fq, we can compute AutL(M) more explicitly.

Résumé. Étudié est le groupe AutL(M) des automorphismes du réseau L(M) des sous-
modules d’un module M de type fini sur un anneau o de valuation discrète complet.
Soit λ = (λ1, · · · , λl) le type de M . Nous montrons que, pour tels M que λ1 = λ2, le
groupe AutL(M) peut être analysé par un calcul d’un certain sous-groupe du groupe des
permutations dans un quotient de l’anneau o scalaire. En particulier, si o est Zp (et, par
conséquent, M est un p-groupe abelien fini), ou l’anneau de vecteurs de Witt sur un corps
Fq fini, nous pouvons calculer le groupe AutL(M) plus explicitement.

1. Introduction

Let o be a complete discrete valuation ring with the maximal ideal p, a prime element π
and the valuation v. Let M be an o-module of finite length. Then, since o is a principal
ideal domain, M can be written as a sum of cyclic o-submodules:

M ∼= o/pλ1 ⊕ · · · ⊕ o/pλl ,

with λ = (λ1, · · · , λl) being some partition. λ is called the type of M . Let L(M) denote
the set of o-submodules of M . L(M) inherits a lattice structure by inclusion relation. Our
main objective is to compute AutL(M), the automorphism group of the lattice L(M), for
λ with λ1 = λ2 ≥ λ3.

When o = Zp, the ring of p-adic integers, M becomes nothing but a finite abelian p-
group and L(M) the subgroup lattice of M . This can be generalized by considering the
case o = W [Fq], the ring of Witt vectors over the finite field Fq, for W [Fp] ∼= Zp.

We call e = (e1, · · · , el) ∈ M l an ordered basis for M if M =
⊕l

i=1 oei and oei
∼= o/pλi .

Let e be fixed, and let us define a subset F(e) of L(M) by

F(e) = { oe1, . . . , oel } ∪ { o(e1 + e2), . . . , o(e1 + el) }.
Let R(e) denote the element-wise stabilizer of F(e) in AutL(M). In most cases it boils
down to computing R(e) in order to analyze AutL(M), in the sense of the following.

Since an autormophism of o-module M induces an automorphism of the lattice L(M),
we have the natural group homomorphism

ξ : AutM → AutL(M).

It can be shown that Ker ξ ∼= (o/pλ1)× and that AutM can be expressed in matrix form, as
mentioned at the end of this section. Naturally AutL(M) contains a subgroup isomorphic
to AutM/Ker ξ, and we let PAutM denote this subgroup.

#59.1
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These two subgroups R(e) and PAutM are closely related; the subgroup R(e) is a per-
mutable complement of the subgroup PAutM in AutL(M). Namely, we have

R(e) · PAutM = AutL(M)

R(e) ∩ PAutM = 1.

Also, we remark that if e and e′ are ordered base for M , then it is easily checked that
ϕR(e)ϕ−1 = R(e′), where ϕ ∈ PAutM is the lattice automorphism induced by the module
automorphism of M defined by ei → e′i (1 ≤ i ≤ l). Hence the isomorphism type of R(e)
does not depend on the choice of e. We content ourselves with computing R(e) instead of
computing AutL(M) for our purpose.

Let us mention the relation with earlier results. We consider the case when the residue
field of o is the finite field Fp. Let M = o/p⊕ o/p ∼= Fp ⊕Fp. Then AutL(M) is isomorphic
to the symmetric group Sp+1 and PAutM isomorphic to the projective general linear group
PGL(2, p) (Note that |PGL(2, p)| = (p +1)p(p− 1)). In this case, R(e) is a subgroup that
fixes three points and isomorphic to Sp−2.

More generally, for M = Zp/p
λ2Zp ⊕ Zp/p

λ2Zp (o = Zp is the ring of p-adic integers),
Holmes’ result [5] states that AutL(M) is isormorphic to S

�(λ2−1)
p �Sp+1, where S

�n
p means

Sp � · · · �Sp (n times). In this case, PAutM is nothing but PGL2(Zp/p
λ2Zp), and we note

that |PGL2(Zp/p
λ2Zp)| = (p + 1)p(p − 1) · (pλ2−1)3. R(e) is the subgroup that fixes three

points Zp(1, 0), Zp(0, 1) and Zp(1, 1); it is indeed isomorphic to

(S�(λ2−1)
p � Sp−2) ×

{
λ2−2∏
i=0

(S�i
p � Sp−1)

}3

.

Another example is the case when λ1 = λ2 = λ3, which is essentially the well-known result
of Baer [2]. In this case, R(e) becomes isomorphic to the group Aut o of ring automorphisms,
where o = o/pλ2 . More specifically, we have

Aut o � PAutM ∼= AutL(M).

In particular, when λ1 = · · · = λl = 1 (l ≥ 3), M becomes a vector space over the residue
filed k of o, and AutL(M) is isomorphic to PΓL(l, k), the group of projective semi-linear
automorphisms. This result is a variation of so called the Fundamental Theorem of Finite
Projective Geometry.

There have been works to bridge the gap between Holmes’ result and Baer’s. Costantini-
Holmes-Zacher[3] and Costantini-Zacher[4] treated the case of abelian groups in a rather
general framework. Yasuda[11] studied the case of abelian groups for λ1 > λ2 = λ3 with
explicit computation of R(e) and AutL(M). In this work, we shall treat the case λ1 =
λ2 ≥ λ3, in the general setting of finite-length modules over complete valuation ring.

We end this section with the description of the automorphism group AutM of an o-
module M . Let e be fixed. The action of f ∈ AutM is then determined by its action on
e = (e1, · · · , el). Write

f(ej) =
l∑

i=1

aijei

and express f as the matrix (aij)li,j=1. Rewriting λ = (λ1, . . . , λl) = 〈d1
m1 , . . . , dr

mr 〉
(d1 > · · · > dr), AutM can be expressed in matrix form as


GLm1(o/p

d1) · · · Hom((o/pdr )⊕mr , (o/pd1)⊕m1)
... ··· ...

Hom((o/pd1)⊕m1 , (o/pdr )⊕mr ) · · · GLmr(o/pdr )


 ,
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with respect to the ordered basis e. Here, the block matrix in the diagonal

A ∈ GLmi(o/p
di )

is of size mi × mi and has elements of o/pdi in its components, satisfying π � detA. Also,
the block matrix at (i, j)-position (i �= j)

A ∈ Hom((o/pdj )⊕mj , (o/pdi )⊕mi)

is of size mi × mj and in its components has elements of pdi−min(dj ,di)(o/pdi), that is, for
i < j (=⇒ di > dj) elements of pdi−dj (o/pdi), and for i > j (=⇒ di < dj) elements of
o/pdi .

2. Results

2.1. u-crossed automorphisms.

Lemma 1. For ϕ ∈ R(e), there exists a unique bijective map σ : o → o satisfying

ϕ(o(e1 + ae2)) = o(e1 + σ(a)e2).

Note that since λ1 = λ2, (e2, e1, e3, · · · , el) is also an ordered basis for M . Then with
this lemma we also see that there exists a bijection τ ∈ S(o) such that ϕ(o(ae1 + e2)) =
o(τ(a)e1 + e2) for all a ∈ o. Thus we have obtained the map R(e) → S(o) × S(o) (ϕ →
(τ, σ)).

Put p = po ⊂ o. Let u denote the kernel of the natural group homomorphism o× →
(o/pλ3)×. In other words,

u = 1 + pλ3 ⊂ o×.

For a, b ∈ o, we say that a and b are u-similar and write

a
u∼ b

if a ∈ ub. It is easily seen that u∼ defines an equivalence relation on o. We call the bijection
σ ∈ S(o) a u-crossed automorphism of o if σ satisfies the following three conditions:

(1) σ(p) ⊂ p,
(2) σ(a− b) u∼ σ(a) − σ(b) for all a, b ∈ o, and
(3) σ(ab) u∼ σ(a)σ(b) for all a, b ∈ o.

Clearly a ring automorphism σ : o → o is a u-crossed automorphism.

Lemma 2. Let ϕ ∈ R(e) and σ ∈ S(o) the derived map from ϕ as in Lemma 1. Then σ is
a u-crossed automorphism.

We list some basic properties of u-crossed automorphisms.

Lemma 3. Let σ : o → o be a u-crossed automorphism. Then
(1) σ(pi) = pi for all i ≥ 0. That is, we have v(σ(a)) = v(a) for all a ∈ o.
(2) For all a, b ∈ o and i ≥ 0, we have a ≡ b mod pi if and only if σ(a) ≡ σ(b) mod pi.

That is, v(a− b) = v(σ(a) − σ(b)) for all a, b ∈ o.
(3) σ(1) ∈ u. That is, σ(1) u∼ 1.
(4) For all a, b ∈ o, we have a

u∼ b if and only if σ(a) u∼ σ(b). That is, σ(ua) = uσ(a)
for all a ∈ o.

With this lemma, we see that modulo pi (i ≤ λ2) reduction of σ induces a u-crossed au-
tomorphism o/pi → o/pi. In particular, modulo pλ3 reduction induces a ring automorphism
o/pλ3 → o/pλ3 .

Let Autu o denote the set of u-crossed automorphisms of o. Then
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Lemma 4. Autu o forms a subgroup of S(o).

Since a ring automorphism is a u-crossed automorphism, Autu o contains the subgroup
Aut o of ring automorphisms. Also, modulo pλ3 reduction gives us the group homomorphism
Autu o → Aut o/pλ3 .

Thus far we have obtained the group homomorphism R(e) → Autu o × Autu o (ϕ →
(τ, σ)). Next we see that the u-crossed automorphisms τ and σ derived from ϕ are related
as in:

Lemma 5. Let ϕ ∈ R(e) and (τ, σ) ∈ (Autu o)2 be derived from ϕ. Then
(1) τ(a)−1 = σ(a−1) for all a ∈ o \ p,
(2) τ(a) u∼ σ(a) for all a ∈ p.

Now let Autu o1 denote the stabilizer of 1, i.e., Autu o1 = {σ ∈ Autu o | σ(1) = 1}. Also,
define ∆̃(Autuo1)2 to be the set of (τ, σ) ∈ (Autu o1)2 with the properties of Lemma 5.
Then ∆̃(Autu o1)2 forms a subgroup of (Autu o1)2. So we have the group homomorphism
R(e) → ∆̃(Autu o1)2.

Let σ ∈ Aut o. Then ϕ : L(M) → L(M) defined by ϕ(o(
∑l

i=1 aiei)) = o(
∑l

i=1 σ(ai)ei) is
an element of R(e). Thus R(e) contains a subgroup isomorphic to Aut o. Also, ∆̃(Autu o1)2

contains the subgroup ∆(Aut o)2 = {(σ, σ) ∈ Aut o×Aut o}. The diagonal map ∆ : Aut o →
∆(Aut o)2 is compatible with the homomorphism R(e) → ∆̃(Autu o1)2.

2.2. Main isomorphism theorem. We now state our main result:

Theorem 1 (Main isomorphism theorem). We have the isomorphism of groups

R(e) ∼= ∆̃(Autu o1)2.

One direction of the isomorphism

η : R(e) → ∆̃(Autu o1)2

is already described in the previous subsection. To construct the isomorphism in the other
direction

ζ : ∆̃(Autu o1)2 → R(e),

we need to divide the map in two stages. Since every bijective map f ∈ S(M) induces a
bijective map ϕ : 2M → 2M , we can define SR(e)(M) to be the set of bijections f ∈ S(M)
such that the induced map ϕ satisfies ϕ(L(M)) ⊂ L(M) and the lattice automorphism
ϕ |L(M): L(M) → L(M) is an element of R(e). Then SR(e)(M) is a subgroup of S(M),
and we obtain the group homomorphism

ι : SR(e)(M) → R(e).

The other half of the map

ζ ′ : ∆̃(Autu o1)2 → SR(e)(M)

is constructed as follows. We partition M into two disjoint sets, by defining

M≤
e =

{
l∑

i=1

aiei ∈ M ; v(a1) ≤ v(a2)

}
, and

M>
e =

{
l∑

i=1

aiei ∈ M ; v(a1) > v(a2)

}
,
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so that M = M≤
e �M>

e . Given (τ, σ) ∈ ∆̃(Autu o1)2, we shall define the map f ∈ SR(e)(M)
on M≤

e and on M>
e separately. For a ∈ M≤

e , write a = a1e1 +a1ã2e2 +
∑l

i=3 aiei and define

f(a) = τ(a1)e1 + τ(a1)σ(ã2)e2 +
l∑

i=3

τ(ai)ei.

Similarly, for a ∈ M>
e , write a = ã1a2e1 + a2e2 +

∑l
i=3 aiei and define

f(a) = τ(ã1)σ(a2)e1 + σ(a2)e2 +
l∑

i=3

σ(ai)ei.

Lemma 6. The map f : M → M above is well-defined and bijective.

Thus we have the group homomorphism ∆̃(Autu o1)2 → S(M). To prove that the map
ϕ : 2M → 2M induced by f satisfies ϕ(L(M)) ⊂ L(M) and that ϕ |L(M): L(M) → L(M) is
a lattice automorphism, we make a use of the following lemma, which is a slightly modified
variation of a well-known principle in the theory of subgroup lattices (cf. [7]).

Lemma 7. Let R be a unitary commutative ring, M an R-module, and G a subgroup of
the group S(M) of all bijections on M . If every f ∈ G satisfies

f(Ra) ⊂ Rf(a)

f(a + b) ∈ Rf(a) + Rf(b)

for all a, b ∈ M , then every f ∈ G induces a lattice automorphism on L(M).

Also, we have

Lemma 8. The map f : M → M defined by (τ, σ) ∈ ∆̃(Autu o1)2 satisfies the conditions
of Lemma 7 and hence induces a lattice automorphism ϕ : L(M) → L(M). Moreover, thus
induced ϕ is indeed an element of R(e).

Hence we have obtained the group homomorphism ζ ′ : ∆̃(Autu o1)2 → SR(e)(M) and the
series of group homomorphisms

ι ◦ ζ ′ : ∆̃(Autu o1)2 → SR(e)(M) → R(e),

which by letting ζ = ι ◦ ζ ′ gives us the desired isomorphism ζ : ∆̃(Autu o1)2 → R(e).
To show that η and ζ are indeed isomorphisms, we prove that η ◦ ζ = 1 and ζ ◦ η = 1.

The fact η ◦ ζ = 1 is almost clear from the constructions. To see ζ ◦ η = 1, we use the

Lemma 9. Let ϕ ∈ R(e) and (τ, σ) ∈ ∆̃(Autu o1)2 be derived from ϕ. Then we have
(1) ϕ(o(e1 + a2e2 + a3e3 + · · · + alel)) = o(e1 + σ(a2)e2 + σ(a3)e3 + · · · + σ(al)el).
(2) ϕ(o(a2e2 + a3e3 + · · · + alel)) = o(σ(a2)e2 + σ(a3)e3 + · · · + σ(al)el).

Using this lemma, we can show that the action of ζ ◦ η(ϕ) on L(M) is actually the same
as that of ϕ, thus showing ζ ◦ η = 1.

2.3. The case of the ring of Witt vectors over Fq. In this section we apply our main
result to the case o = W [Fq], the ring of Witt vectors over the finite field Fq. Let q = pr.
Recall that we have the group homomorphism

ρ : AutuW [Fq]/(p)λ2
1 → AutW [Fq]/(p)λ3 .

Since we have AutW [Fq]/(p)λ3 ∼= Z/rZ ∼= AutW [Fq]/(p)λ2 , the exact sequence

1 → Ker ρ → AutuW [Fq]/(p)λ2
1 → AutW [Fq]/(p)λ3 → 1
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splits, and we have
AutuW [Fq]/(p)λ2

1
∼= Z/rZ � Ker ρ.

So it remains to compute Ker ρ. When λ1(= λ2) ≤ 2λ3 + 1 ≥ 3, Ker ρ becomes a (finite)
abelian p-group and indeed can be calculated explicitly. When λ1 ≥ 2λ3, Ker ρ is not neces-
sarily abelian, and explicit computation of Kerρ (and of R(e)) becomes more complicated.
The author has obtained two different results in this case, using different approach, and is
currently in the stage of determining which one should be the correct result.
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DEGREE BOUNDS IN QUANTUM SCHUBERT CALCULUS

ALEXANDER YONG

Abstract. Fulton and Woodward [8] have recently identified the smallest degree of q that
appears in the expansion of the product of two Schubert classes in the (small) quantum
cohomology ring of a Grassmannian. We present a combinatorial proof of this result, and
provide an alternative characterization of this smallest degree in terms of the rim hook
formula [2] for the quantum product.

Résumé. Fulton et Woodward ont récenemment identifié le degré minimum de q dans
l’expansion du produit de deux classes de Schubert dans le (petit) anneau de cohomologie
quantique d’une grassmannienne. Nous présentons une démonstration combinatoire de ce
résultat et une characterization du dégrée minimal, en terme de rubans, dans la formule
Bertram, Ciocan-Fontanine et Fulton pour le produit quantique.

1. Introduction and Main Results

Let X = Gr(l,Cn) be the Grassmannian of l-dimensional subspaces in C
n. The classical

cohomology ring H∗(X,Z) has an additive basis of Schubert classes {σλ}, indexed by the
Young diagrams λ (identified with the corresponding partitions) contained in the l × k
rectangle, where k = n − l (we denote this by λ ⊆ l × k). The product of two Schubert
classes in H∗(X,Z) is given by

(1) σλ · σµ =
∑

ν⊆l×k

cν
λ,µσν ,

where cν
λ,µ is the Littlewood-Richardson coefficient (see, e.g., [6, 14]).

The (small) quantum cohomology ring QH∗(X) is a certain deformation of H∗(X,Z) that
has been extensively studied in recent years; see, e.g., [1, 7, 13] and references therein. This
ring is canonically isomorphic to the Verlinde algebra of sll at level k (see, e.g., [2, 15]);
consequently, the results presented here can be reformulated in representation theoretic
language.

The additive structure of QH∗(X) is essentially the same as that of H∗(X,Z): the Schu-
bert classes form a basis of QH∗(X) as a free module over Z[q], where q is an indeterminate.
The multiplicative structure of QH∗(X) is defined by

(2) σλ ∗ σµ =
∑

ν⊆l×k

∑
d≥0

qd〈λ, µ, ν∨〉dσν ,

where ν∨ = (k−νl, . . . , k−ν1) is the complement of ν in the l×k rectangle, and 〈λ, µ, ν∨〉d is a
three-point, genus-zero Gromov-Witten invariant of X. Note that we use “∗” to distinguish
the quantum multiplication from the product in the classical cohomology ring. Setting
q = 0 recovers (1) because cν

λ,µ = 〈λ, µ, ν∨〉0.

1991 Mathematics Subject Classification. Primary 14M15; Secondary 05E05, 14N10.
Key words and phrases. Gromov-Witten invariants, quantum cohomology, Grassmannian, Schubert

calculus.
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Figure 1. Legal and illegal rim hooks for λ = (10, 9, 7, 4, 3, 2, 2)

Bertram, Ciocan-Fontanine and Fulton [2] have given a combinatorial rule to compute
σλ ∗ σµ and thus the Gromov-Witten invariants 〈λ, µ, ν∨〉d. To describe this rule, we need
some terminology and notation. An n-rim hook of a Young diagram λ is a connected subset
of n boxes of λ that does not contain a 2 × 2 square. The width of an n-rim hook is the
number of columns it occupies. An n-rim hook is legal if removing it from a Young diagram
gives a valid Young diagram (see Figure 1). For a partition ρ, we define its n-core, denoted
coren(ρ), to be the partition corresponding to the Young diagram obtained by repeatedly
removing legal n-rim hooks from ρ until further removals are not possible. It is well known
(see, e.g., [9]) that this procedure defines coren(ρ) uniquely. Let rn(ρ) =

|ρ|−|coren(ρ)|
n be the

number of n-rim hooks removed in this process, and set ε(ρ) = (−1)
∑

(k−width(Ri)), where
R1, . . . , Rrn(ρ) are these n-rim hooks. With this notation, the rule obtained in [2] is as
follows:

(3) σλ ∗ σµ =
∑

ν⊆l×k

∑
cρ
λ,µ �=0

ρ1≤k

coren(ρ)=ν

qrn(ρ)ε(ρ)cρ
λ,µσν .

The Gromov-Witten invariants 〈λ, µ, ν∨〉 are known to be nonnegative; thus the coeffi-
cient of each term qdσν in the right-hand side of (3) is nonnegative. It remains an open
problem to find a direct combinatorial proof of this statement; such a proof would provide
a generalization of the Littlewood-Richardson rule to the quantum Schubert calculus of the
Grassmannian.

Let dmin denote the smallest degree of q such that qdmin appears in (2) with nonzero
coefficient. The following theorem provides an affirmative answer to a question posed by
A. Ram (private communication).
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Theorem 1.1. Let λ, µ ⊆ l × k. Among all ρ with ρ1 ≤ k and
cρ
λ,µ �= 0, pick those with the largest n-core (equivalently, the smallest value of rn(ρ)).

Then their contributions to (3) do not cancel each other out. In other words, dmin equals
the smallest degree of q that appears in the right-hand side of (3) (before cancellations).

Our proof of Theorem 1.1 will also prove a recent result of Fulton and Woodward (see
Theorem 1.2 below). For partitions λ, µ ⊆ l×k, place λ against the upper left corner of the
rectangle. Then rotate µ 180 degrees and place it in the lower right corner (see Figure 2).
We will refer to rotate(µ) as the resulting subshape of l × k. Let d be the side length of
the largest square that fits inside λ∩ rotate(µ). The following theorem was conjectured by
Fulton, and later proved by Fulton and Woodward [8], using moduli spaces.1

Theorem 1.2. [8] dmin = d.

λ

�
�

��

�
�

�

�
��

�
���
���

�
�

�

�
��

�
��

�
�
�� rotate(µ)

d

d

Figure 2. λ, rotate(µ) and d × d

An alternative proof of Theorem 1.2 was later given by A. Buch [3], using an elegant
geometric argument combined with combinatorics. We will utilize the combinatorial part
of Buch’s proof below.

Let us now describe our proof of Theorems 1.1 and 1.2. The proof is entirely combina-
torial once the nonnegativity of the Gromov-Witten invariants and the fact that QH∗(X)
is an associative ring [10, 12] are granted. Our argument is based on the following result.

Theorem 1.3. Let a × A, b × B and c × C be rectangular Young diagrams contained in
l × k. Then the following are equivalent:

(I) there exist Young diagrams λ, µ, ν ⊆ l × k containing a × A, b × B and c × C,
respectively, such that σλ · σµ · σν �= 0;

(II) σa×A · σb×B · σc×C �= 0;
(III) all of the five conditions below hold:

(i) a+ b ≤ l or A+B ≤ k;
(ii) a+ c ≤ l or A+ C ≤ k;
(iii) b+ c ≤ l or B + C ≤ k;
(iv) a+ b+ c ≤ l or A+B + C ≤ 2k;
(v) a+ b+ c ≤ 2l or A+B + C ≤ k.

1Actually, Fulton and Woodward proved a more general result that applies to any homogeneous space
X = G/P , where G is a simply connected complex semisimple Lie group and P its parabolic subgroup.
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A combinatorial proof of Theorem 1.3 is given in Section 2. S. Fomin (private commu-
nication) has observed that the necessity of the conditions (i)-(v) can be derived from the
Horn inequalities describing the “Klyachko cone” {(λ, µ, ν) | cν

λ,µ �= 0}; specifically see [5,
(11)].

Corollary 1.4. Let λ, µ, ρ be partitions such that λ, µ ⊆ l×k and ρ1 ≤ k. If cρ
λ,µ �= 0, then

(l + d)× d ⊆ ρ.

Proof. Suppose cρ
λ,µ �= 0 but (l + d) × d �⊆ ρ. Choose any positive integer L ≥ l such that

ρ ⊆ L× k. Then we have σλ · σµ · σρ∨ �= 0. Notice that (L− (l+ d) + 1)× (k− d+1) ⊆ ρ∨.
By the definition of d, there exist rectangles a×A ⊆ λ and b×B ⊆ µ such that a+b ≥ l+d
and A+B ≥ k+d. Set ν = ρ∨, c = L− (l+d)+1 and C = k−d+1, then it is easy to check
that both corresponding inequalities (iv) are violated, a contradiction of Theorem 1.3 (see
Figure 3 below). �

d

❄

✻

l

❄

✻

k ✲✛
d✛ ✲

C ✲✛

c

✻

❄

ρ

✻

❄

L

�
�������

Figure 3. Proof of Corollary 1.4.

Proof of Theorems 1.1 and 1.2. Let ρ be a partition whose first part is at most k and whose
n-core is contained in l × k. If cρ

λ,µ �= 0, then Corollary 1.4 gives (l + d) × d ⊆ ρ, implying
that at least d rim hook removals are needed to obtain coren(ρ). Hence the smallest degree
of q that occurs in (3), and therefore dmin, is at least d.

To complete the proofs, it remains to show that dmin and thus the smallest degree of q
that appears in (3) is at most d. To this end, we borrow an argument of A. Buch [3], used
in his own proof of Theorem 1.2. We reproduce his argument below:

Let λ̃ and λ be the partitions obtained by removing the leftmost d columns and the
top d rows of λ, respectively. Also, let λ̃ be the partition obtained by removing both the
leftmost d columns and the top d rows of λ. Set α = (k + d − λd, . . . , k + d − λ1) and let
βi = max(d − λl+1−i, 0) for 1 ≤ i ≤ l. In other words, α is the complement of the bottom
d rows of rotate(λ) in l × (k + d), and β is the complement of rotate(λ) in the rightmost d
columns (see Figure 4 below).
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It follows from the Littlewood-Richardson rule that the expansion of σλ ∗ σβ contains
the class σ

(dl)+λ̃
= σ(dl) ∗ σ

λ̃
. It also follows that σ

λ̃
∗ σα contains σ

(kd),λ̃
= σ(kd) ∗ σ

λ̃
.

It is not hard to check directly from (3) that σ(dl) ∗ σ(kd) = qd. By the nonnegativity of
the Gromov-Witten invariants and the associativity of QH∗(X), σλ ∗ σβ ∗ σα contains the

product σ(dl) ∗ σ(kd) ∗ σ
λ̃
= qdσ

λ̃
. Note that λ̃ ∩ rotate(µ) = ∅, which is well known to be

equivalent to σ
λ̃
· σµ �= 0. Thus we conclude that σλ ∗ σµ ∗ σα ∗ σβ contains qd times some

Schubert class. Therefore, the product σλ ∗ σµ must have a term involving a degree of q
less than or equal to d, and we are done. �

A ∪B ∪ C ∪D = rotate(λ)

A ∪B = rotate(λ)

A ∪ C = rotate(λ̃)

A = rotate(λ̃)

D = rotate(d × d)

l

k

d

α

d

d

β

A

C

B

D

Figure 4. Proof of Theorems 1.1 and 1.2

2. Proof of Theorem 1.3

For α, β ⊆ l × k, define κ(α, β) to be the intersection of all Young diagrams γ ⊆ l × k
such that cγ

α,β �= 0. In the event the set of such γ is empty, we set κ(α, β) = l × k by
convention. We will make use of the following observation, which follows immediately from
this definition:

Lemma 2.1. Let α, β,m × M ⊆ l × k. Then σα · σβ · σm×M �= 0 if and only if κ(α, β) ∩
rotate(m×M) = ∅.

Our proof of Theorem 1.3 also uses the following two lemmas.2

Lemma 2.2. Let α, β, λ, µ ⊆ l× k be such that α ⊆ λ and β ⊆ µ. Then κ(α, β) ⊆ κ(λ, µ).

Proof. It suffices to prove the case when λ = α and µ \ β is a single box. Since every
term of (σα · σβ) · σ1 is indexed by a partition containing κ(α, β), the same is true for
σα · (σβ · σ1) = σλ · (σµ + nonnegative terms). The claim follows. �

The next lemma is proved by a straightforward application of the Littlewood-Richardson
Rule. Details are left to the reader.

2Although we will not need it here, this Lemma 2.2 generalizes to a statement about the cohomology of
any homogeneous space G/P . The proof is analogous to the one given above.
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Lemma 2.3. Let m×M,n×N ⊆ l×k. If σm×M ·σn×N = 0, then κ(m×M,n×N) = l×k.
Otherwise,

κ(m×M,n×N) = (m×M) ∪ (n×N)
∪((m+ n)× (M +N − k))
∪((m+ n− l)× (M +N)),

where each of the last two rectangles in the right-hand side is understood to be empty if one
of its dimensions is negative, or if it does not fit inside l × k.

Proof of Theorem 1.3. Suppose (I) holds. Then there exists ρ ⊆ l × k with cρ
λ,µ �= 0 and

ρ ∩ rotate(ν) = ∅. Hence κ(λ, µ) ∩ rotate(ν) = ∅ which by Lemma 2.2 implies

(4) κ(a×A, b×B) ∩ rotate(c× C) = ∅.
By Lemma 2.1, (4) is equivalent to (II), which itself trivially implies (I). Lastly, it follows
from Lemma 2.3 that (4) is equivalent to (III). �

3. An Upper Bound, Open Problems and Conjectures

It is an open problem to determine dmax, the largest degree of q such that qdmax appears
in (2) with nonzero coefficient. In particular, dmax is not equal to the largest degree of q
appearing in (3). Next, we present a simple upper bound for dmax. For a Young diagram
α, let diag(α) be the size of the largest square contained in α.

Proposition 3.1. dmax ≤ min(diag(λ),diag(µ)).

We note that for a large class of pairs (λ, µ), this inequality is sharper than the obvious
upper bound dmax ≤ |λ|+|µ|

n .

Proof of Proposition 3.1 Let λ be a Young diagram and
λ = (α1, . . . αt | β1, . . . , βt) its Frobenius notation; the following is a well known identity for
Schur functions (see, e.g. [11]):

(5) sλ = det(s(αi|βj))1≤i,j≤t.

From (5) and our description of QH∗(X) it follows that

(6) σλ = det(σ(αi|βj))1≤i,j≤t.

It is easy to check from the Littlewood-Richardson rule that for any (α | β), λ ⊆ l × k, the
largest degree of q that appears in σ(α|β) · σλ is 1. By (6) we have

σλ ∗ σµ = det(σ(αi|βj))1≤i,j≤t ∗ σµ =
∑
τ∈Sn

sign(τ)(
t∏

i=1

σ(αi|βτ(i))) ∗ σµ.

Thus M ≤ diag(λ). Switching the roles of λ and µ gives M ≤ diag(µ). �
It is an interesting problem to determine precisely which degrees of q appear in the

product σλ ∗ σµ. Based on extensive computational evidence, we conjecture:

Conjecture 3.2. The product σλ ∗ σµ involves qd for any d∈ [dmin,dmax].

More seems to be true.

Conjecture 3.3. Let d ≥ 1 be an integer. If 〈λ, µ, ν〉d �= 0, then either there exists α ⊇ ν
such that 〈λ, µ, α〉d−1 �= 0, or else 〈λ, µ, α〉j = 0 for all α ⊆ l × k and all 0 ≤ j ≤ d− 1.
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q AND q, t-ANALOGS OF NON-COMMUTATIVE SYMMETRIC
FUNCTIONS

MICHAEL ZABROCKI

Abstract. We introduce two families of non-commutative symmetric functions that have
analogous properties to the Hall-Littlewood and Macdonald symmetric functions.

Résumé. Nous présentons deux familles des fonctions symétriques non-commutatives qui
ont les propriétés analogues aux fonctions symétriques de Hall-Littlewood et de Macdon-
ald.

1. Introduction

It was noticed in [16] that many q and q, t analogs that are commonly studied in the
space of symmetric functions arise from an unusual q-twisting of the symmetric function
found by setting q = 0. In particular we see that the Hall-Littlewood and Macdonald [10]
symmetric functions arise from this construction by taking a q-analog of operators that add
a row on the Schur basis or a column on the Hall-Littlewood symmetric functions.
The q-twisting that was given in that article may easily be expressed in terms of the

notation of Hopf algebras (since the symmetric functions form a commutative and co-
commutative Hopf algebra structure). Within this context it can be seen that this may
be generalized to any graded Hopf algebra. It is not clear when or if this q-analog will be
interesting in another setting, but it creates a context for looking for ‘natural’ examples of
q-analogs within other spaces.
The non-commutative symmetric functions [5] form such a graded Hopf algebra and are

an obvious place to begin searching for such examples. The natural analog of the Schur
functions within this space are the ribbon Schur functions.
In a manner analogous to that in the symmetric functions, it is possible to define operators

that add a row to the ribbon Schur functions. The q-analog of these operators are a
natural analog of the operators that add a row to the Hall-Littlewood symmetric functions.
Remarkably, we see that this action gives rise to a family of non-commutative symmetric
functions that when expanded in terms of ribbon Schur functions have coefficients that are
a power of q.
These NC-symmetric functions have properties that suggest they are an analog of the

Hall-Littlewood symmetric functions, but they are not equivalent to the non-commutative
Hall-Littlewood symmetric functions of Hivert [7]. They do however share some of the same
properties of Hivert’s NC-Hall-Littlewoods including a factorization property by setting q
equal to a root of unity (Proposition 13). It should be remarked that the differences
between the factorization properties of these and the Hivert functions suggest that the
Hivert functions are associated to the length statistic on compositions in the same way
that the Hall-Littlewood functions presented here are associated to the size statistic on
compositions.
This family of NC-symmetric functions {Hq

α}α have the following distinguishing proper-
ties.

#61.1
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1. They are triangularly related to the ribbon Schur basis. Namely, we have

Hq
α = sα +

∑
β>α

cqαβsβ .

2. The coefficient of a single ribbon function in Hq
α is either 0 or a power of q. The

coefficient of the ribbon function indexed by a single part in Hq
α is q

n(α) where n(α) =
∑

i i
where the sum is over all i which are descents of α.

3. When q = 1, Hq
α becomes hα, the non-commutative analogs of the homogeneous sym-

metric functions. When q = 0, Hq
α specializes to the ribbon Schur function sα. When q is

a root of unity then Hq
α specializes to a product of non-commutative symmetric functions.

Considering the morphism χ that sends the non-commutative symmetric function hα

to the commutative version hα, the image of the functions Hq
α are the commutative Hall-

Littlewood functions whenever the composition α represents a partition (i.e. when α is a
hook). That is,

4. (Proposition 9) χ(Hq
(1a,b)) = Hq

(b,1a) where H
q
λ =

∑
µKµλ(q)sµ.

We introduce an inner product on the space of non-commutative symmetric functions by
setting the ribbon Schur functions as ‘semi-self’ dual in the following manner

〈sα, sβ〉 = (−1)|α|+�(α)δαβc .

This inner product does not seem to appear elsewhere in the literature, but does share
similar properties with the inner product of the symmetric functions and can be a useful
tool for calculation within this space. The surprising property that we observe is that
the non-commutative analogs of the elementary, homogeneous and Hall-Littlewood bases
also share this ‘semi-self’ duality property. That is, we have in addition to the properties
mentioned above,

5. (Proposition 8) 〈
Hq

α,H
q
β

〉
= (−1)|α|+�(α)δαβc .

Most of these properties are analogous to ones that exist for the non-commutative Hall-
Littlewood analogues of Hivert [7], however this last property is not shared by Hivert’s
noncommutative Hall-Littlewood functions.
Next, we consider a q, t-analog of the non-commutative symmetric functions where we

look for properties that are analogous to the Macdonald symmetric functions. Of course,
many q, t-analogues are possible and we consider one that that has properties which general-
ize those for our version of the non-commutative Hall-Littlewood and seem to be analogous
to the Macdonald symmetric functions. The family {Hqt

α }α has the following important
properties:

1. There is a triangular relation between the family {Ht
α}α and {Hqt

α }α.
Hqt

α =
∑
β≤α

cqtαβH
t
β.

2. The coefficient of a single ribbon function in Hqt
α is of the form qatb (with a, b ≥ 0). The

coefficient of a ribbon Schur function indexed by a single part in Hqt
α is t

n(α), the coefficient
of a ribbon Schur function indexed by a composition of 1s is qn(α′).

3. We have the specialization H0t
α = Ht

α, and H1t
α is a product of non-commutative sym-

metric functions (Proposition 16).
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4. The Hqt
α satisfy the following two relations

Htq
α = ω′Hqt

α′ ,

qn(α′)tn(α)H
1
q

1
t

α = ωcHqt
α .

5. (Proposition 20) χ(Hqt
(1a,b)) = Hqt

(b,1a), where H
qt
λ =

∑
µKµλ(q, t)sµ.

6. (Proposition 17) 〈
Hqt

α ,H
qt
β

〉
= (−1)|α|+�(α)δαβc

n−1∏
i=1

(1− qitn−i).

The most remarkable property that arises from these functions is the existence of an
operator ∇ that has the NC-Macdonald functions as eigenfunctions. That is, if we set

∇H̃
qt

α = qn(α′)tn(α)H̃
qt

α ,

where H̃
qt

α = tn(α)H
q 1

t
α , then this operator has an elegant action on the ribbon Schur func-

tions and shares many of the same properties that exist in the commutative case [3]. Unlike
in the commutative case however, formulas for this operator are immediately solvable. In a
beautiful analogy, where the commutative version of the operator ∇ produced a q, t grading
of the space of parking functions, the non-commutative ∇ produces a grading of the space
of preferential arrangements.
In searching for an interesting non-commutative analog of the Macdonald symmetric

functions, we considered many possibilities (including the analog considered in [8]). None
of the functions except for the one we discuss here had an equivalent ∇ operator and it was
this property that indicated to us that these functions are indeed remarkable.
It is not known yet if this family has a representation theoretical model analogous to the

n!-conjecture or the diagonal harmonics that motivate the existence of these functions. We
do see however that the non-commutative versions of these functions and operators share
many of the same properties with the commutative case. Independent of their own interest,
it is at least hopeful that they will give some insight into why the some of the conjectures
for the commutative case are true.

2. Notation for compositions, partitions, Hopf algebras, symmetric,

NC-symmetric, and Quasi-symmetric functions

2.1. Compositions. We will say that α is a composition of n and write α |= n if α is a
sequence of positive integers such that α1 + α2 + · · · + α�(α) = |α| = n. The length of the
sequence is denoted by the symbol �(α).
For any two compositions α and β, define the concatenate and the attach of α and β to

be the compositions (respectively)

(1) α·β = (α1, α2, . . . , α�(α), β1, β2, . . . , β�(β))

and

(2) α|β = (α1, α2, . . . , α�(α) + β1, β2, . . . , β�(β)).

For a composition α of n define the descent set of α to be the subset of {1, 2, 3, . . . , n−1}
as D(α) = {α1, α1 + α2, . . . , α1 + α2 + · · · + α�(α)−1}. The size of the descent set of α is
one less than it’s length and it is easily seen that the compositions of n are in one-to-one
correspondence with the subsets of {1, 2, . . . , n − 1}.
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Figure 1. Images of the three involutions. If α = (2, 4, 3, 1), then α =
(1, 3, 4, 2), αc = (1, 2, 1, 1, 2, 1, 2) and α′ = (2, 1, 2, 1, 1, 2, 1) .

There is a natural partial order on the compositions of n. Say that a composition α is finer
than a composition β (or β is coarser than α) and write α≤β if there exists compositions
γ(1), γ(2), . . . , γ(k) such that α = γ(1)·γ(2)· . . . ·γ(k) and β = γ(1)|γ(2)| . . . |γ(k). Alternatively,
in terms of descent sets we say that α≤β if and only if D(β) ⊆ D(α).
There are three standard involutions on the set of compositions. The first involution

reverses the order of the sequence. We set ←−α = (α�(α), α�(α)−1, . . . , α1). If the descent set
of α is D(α) = {i1, i2, . . . , ik} then D(←−α ) = {|α| − i1, |α| − i2, . . . , |α| − ik}.
The second involution corresponds to taking the complement of the descent set. Define

αc to be the composition with D(αc) = {1, 2, . . . , |α| − 1} − D(α). Notice that if α is a
composition of length k then αc is a composition of length n+ 1− k.
Finally, the third involution is the composition of the previously two defined. Let α′ =←−

αc =←−α c. The composition α′ also has length n+ 1− k.
For some formulas we will need a total order on the compositions of size n. We set

φ(α) =
∑

i∈D(α) 2
i−1. This map associates each composition with an integer between 0 and

2n−1−1. This map induces a total order from the integers on this set which is a refinement
of the partial order defined above.
For the composition α, there is a standard statistic we will use frequently given by

n(α) =
∑

i∈D(α) i.

2.2. Partitions. A partition λ of n is a composition of n with the property that λ1 ≥ λ2 ≥
· · · ≥ λ�(λ). We will indicate that λ is a partition by the notation that λ  n. We say that
a partition µ is contained in a partition λ and write that µ ⊆ λ if �(µ) ≤ �(λ) and µi ≤ λi
for all 1 ≤ i ≤ �(µ). Define then a skew partition to be represented by λ/µ where λ and µ
are partitions such that µ ⊆ λ.
There is a partial order on the set of partitions. We will say that the partition λ ≥ µ if

λ1 + λ2 + · · ·+ λi ≥ µ1 + µ2 + · · ·+ µi for all i ≥ 1.
Partitions will sometimes be represented by Ferrers diagrams, a graphical representation

of a partition formed by placing rows of square cells aligned on the left hand edge with λi
cells in the ith row. We will use the cartesian convention where we place the 1st row of cells
on the bottom of the diagram (the matrix convention is to place the 1st row of cells on the
top). A skew Ferrers diagram for a skew partition λ/µ is Ferrers diagram for the partition
λ where the cells that correspond to the partition µ are not drawn.
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Define the conjugate partition to λ to be the partition λ′ such that λ′i is the number
of parts of λ that have size greater than or equal to i. This corresponds to the partition
formed by flipping λ across the line x = y.
Any composition of n may be associated with a ‘ribbon,’ a skew partition with no 2× 2

sub-diagrams. This ribbon is usually represented by a skew-Ferrers diagram. The compo-
sition α  n is mapped to the skew partition (α1 + α2 + · · · + α�(α) − �(α) + 1, α1 + α2 +
· · ·+α�(α)−1− �(α)+2, . . . , α1)/(α1+α2+ · · ·+α�(α)−1− �(α)+1, α1+α2+ · · ·+α�(α)−2−
�(α) + 2, . . . , α1 +α2 − 2, α1 − 1). For the example in Figure 1, α = (2, 4, 3, 1) is associated
to the skew partition (7, 7, 5, 2)/(6, 4, 1).
We will label the cells of the x, y-coordinate lattice and say that a point (i, j) is in the

diagram of a partition µ if 1 ≤ i ≤ µj . The arm of the cell s = (i, j) in a partition µ is
denoted by aµ(s) := µj − i. The leg will be denoted by the value lµ(s) := aµ′(j, i).

2.3. Hopf algebras. For general facts about Hopf algebras, we refer the reader to [1] or
[12].
Let R be a commutative ring and H an R module. We say that H is an algebra if there

are maps µ : H ⊗H → H (multiplication) and η : R→ H (unit) that satisfy the following
two conditions:
1) µ ◦ (id⊗ µ) = µ ◦ (µ⊗ id)
2) µ ◦ (η ⊗ id) = id = µ ◦ (id⊗ η)
We say that H has a co-algebra structure if there are maps ∆ : H → H ⊗H (comulti-

plication) and ε : H → R (counit) that satisfy the following two conditions:
1) (∆⊗ id) ◦∆ = (id⊗∆) ◦∆
2) (ε⊗ id) ◦∆ = id = (id⊗ ε) ◦∆
If H has at the same time an algebra and a co-algebra structure (H,µ, η) and (H,∆, ε)

and ∆ is a homomorphism of algebras then we call H together with these corresponding
operations, (H,µ, η,∆, ε), a bialgebra. H is called a Hopf algebra if it is a bialgebra with
a map S : H → H that satisfies the following identity:
1) µ ◦ S ⊗ id ◦∆ = µ ◦ id⊗ S ◦∆ = η ◦ ε
If we define the map τ : H ⊗ H → H ⊗ H by τ(a ⊗ b) = b ⊗ a then we say that an

algebra H is commutative if µ ◦ τ = µ and we say that a co-algebra H is co-commutative
if τ ◦∆ = ∆. It may be shown that for any Hopf algebra ∆ ◦ S = S ⊗ S ◦ τ ◦∆.
If the Hopf algebra is either commutative or co-commutative, then it follows that S is

an involution.
An important operation that arises in this setting is the convolution of two operators

f, g ∈ Hom(H,H). We set f ∗ g = µ ◦ f ⊗ g ◦ ∆. Convolution is an associative binary
operation and the element ηε serves as the identity. That is, we have for V ∈ Hom(H,H)

(3) ηε ∗ V = V ∗ ηε = V.

In addition, it follows from the defining property of the antipode that id ∗ S = S ∗ id = ηε.

2.4. Symmetric functions. We refer the reader to [10] for basic facts about the symmetric
functions.
Consider the space of symmetric functions as the polynomial ring Λ = Q[p1, p2, . . .] in

the commuting set of variables {p1, p2, p3, . . .}. The pi are the simple power symmetric
functions and represent the symmetric formal series pk = xk1 + xk2 + xk3 + · · · (although
in this context we need not consider the variables {x1, x2, x3, . . .}). Define the degree of
the power symmetric function pk within this space to have degree k. Let Λn represent the
subspace of polynomials of degree n. Since the pk commute, we see that Λn is spanned by
the set of monomials pλ := pλ1pλ2 · · · pλ�(λ) where λ is a partition of n.
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Let ni(λ) represent the number of parts of size i in the partition λ, then define zλ =∏
i≥1 i

ni(λ)ni(λ)!. The simple elementary symmetric functions are defined to be ek =∑
λ�k(−1)k−�(λ)pλ/zλ and the simple homogeneous symmetric functions are defined to be

hk =
∑

λ�k pλ/zλ. Set eλ = eλ1eλ2 · · · eλ�(λ)
and hλ = hλ1hλ2 · · ·hλ�(λ)

. The Schur symmet-
ric functions are defined to be sλ = det|hλi+i−j | = det|eλ′

i+i−j|.
There is a natural scalar product defined on this space that is defined on the power

symmetric functions by 〈pλ, pµ〉 = zλδλµ. It may be shown that the Schur functions are
self-dual with respect to the scalar product, that is, 〈sλ, sµ〉 = δλµ.
We are interested in finding analogs for the two families of symmetric functions Hq

µ :=∑
λ�|µ|Kλµ(q)sλ and Hqt

µ :=
∑

λ�|µ|Kλµ(q, t)sλ (the Hall-Littlewood and Macdonald sym-
metric functions). For a definition of Kλµ(q) and Kλµ(q, t) and their associated properties,
we refer the interested reader to [10].

2.5. Non-commutative symmetric functions. For a more detailed reference about the
non-commutative symmetric functions, we refer the reader to [5].
Consider the space of non-commutative symmetric functions as the polynomial ring

NCΛ = Q < h1,h2, . . . > in the non commuting set of variables {h1,h2,h3, . . .} . The de-
gree of a monomial hi1hi2 · · ·hi� will be the sum of the indices i1+ i2+ · · ·+ i�. The span of
the monomials of NCΛ of degree n will be denoted by NCΛn so that NCΛ =

⊕
n≥0 NCΛn

is a graded ring.
We will define ek =

∑
α|=k(−1)k−�(α)hα. These are the analogs of the basic homogeneous

and elementary symmetric functions. For any composition we define hα = hα1hα2 · · ·hα�(α)

and eα = eα1eα2 · · · eα�(α)
. The sets {hα}α|=n and {eα}α|=n are all bases for the space of

non-commutative symmetric functions of degree n.
The ribbon Schur functions are defined to be sα =

∑
β≥α(−1)�(α)−�(β)hβ. It is well

known that the set {sα}α|=n also defines a basis for NCΛn. It is normal to define a pairing
of the NC-symmetric functions with the Quasi-symmetric functions. Instead here we define
a scalar product on this space such that the ribbon Schur functions are self-dual, that is,

(4) 〈sα, sβ〉 = (−1)|α|+�(α)δαβc .

We remark that this product has the property that 〈f, g〉 = (−1)deg(f)+1 〈g, f〉. This
follows from the relation �(α) + �(αc) = |α| + 1. We will prove in full generality in later
sections (although it is not difficult to show) that we have the following relations

Proposition 1.

(5) 〈sα, sβ〉 = 〈hα,hβ〉 = 〈eα, eβ〉 = (−1)|α|+�(α)δαβc .

Corollary 2. For any f ∈ NCΛn, we have

(6) f =
∑
α|=n

(−1)�(α)+1 〈sαc , f〉 sα =
∑
α|=n

(−1)|α|+�(α) 〈f, sαc〉 sα.

A similar statement can be made for the hα and eα bases.
There is a co-commutative Hopf algebra structure on the space of non-commutative

symmetric functions. Multiplication µ, the unit η and the counit ε as defined in the usual
manner. The comultiplication is defined as the algebra homomorphism that sends ∆(hk) =∑k

i=0 hi⊗hk−i and ∆(ek) =
∑k

i=0 ei⊗ek−i. The antipode is defined by S(sα) = (−1)|α|sα′ ,
S(hα) = (−1)|α|e←−α and S(eα) = (−1)|α|h←−α . Elementary properties of the antipode and
the scalar product show that 〈S(f), S(g)〉 = 〈g, f〉.
There are three standard involutions that correspond to those that exist for the compo-

sitions. Set ω′(sα) = sα′ , ←−ω (sα) = s←−α and ωc(sα) = sαc . It is important to note that we
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have the relations ω′←−ω =←−ω ω′ = ωc. These operations may be expressed on other bases as
well yielding the following expressions:

ω′(hα) = e←−α ω′(eα) = h←−α
←−ω (hα) = h←−α

←−ω (eα) = e←−α(7)

ωc(hα) = eα ωc(eα) = hα

Of course we also see that 〈←−ω f,←−ω g〉 = 〈f, g〉 and 〈ω′f, ω′g〉 = 〈ωcf, ωcg〉 = 〈g, f〉.
We will sometimes wish to look at the commutative versions of the non-commutative

symmetric functions. To this end, we introduce the surjection χ : NCΛ → Λ which sends
hα to the symmetric function hα1hα2 . . . hαk

.

2.6. The quasi-symmetric functions. Consider the space of polynomials in the com-
muting set of variables x1, x2, x3, . . . , xn. The quasi-symmetric functions will be denoted
by Qsym which will be the subspace of polynomials spanned by the functions

(8) Mα =
∑
f

xα1

f(1)x
α2

f(2) · · · x
α�(α)

f(�(α)),

where the sum is over all functions f : [�(α)]→ [n] such that f(i) < f(i+ 1).
These functions are the analogs of the monomial symmetric functions within the space

of symmetric functions. There is a standard pairing between the quasi-symmetric functions
and space of non-commutative symmetric functions. This pairing is defined by setting non-
commutative homogeneous symmetric functions as dual to theMα basis, that is [Mα,hβ] =
δαβ . This is the pairing that makes Qsym and NCΛ graded dual Hopf algebras [11].
The ribbon quasi-symmetric functions, Fα are then defined as the elements of Qsym such

that [Fα, sβ] = δαβ . Clearly, any A ∈ Qsym may be expanded in these bases by using the
formula

(9) A =
∑

β|=deg(A)

[A, sβ]Fβ =
∑

β|=deg(A)

[A,hβ]Mβ .

Similarly, for any element A ∈ NCΛ, A may be expanded in terms of the sβ and hβ bases
if we know the pairing between A and Fβ or Mβ .

(10) A =
∑

β|=deg(A)

[Fβ ,A] sβ =
∑

β|=deg(A)

[Mβ ,A]hβ

There is a simple relation between the Qsym/NCΛ pairing and the scalar product on
NCΛ. This is expressed with the following proposition.

Proposition 3. A ∈ Qsym and A ∈ NCΛ are such that for all B ∈ NCΛ

[A,B] = 〈A,B〉 ,
if and only if A and A have the following relationship

A =
∑
β|=n

(−1)�(β)+1 [A, sβ] sβc =
∑
β|=n

(−1)�(β)+1 [A,hβ ]hβc ,

(11) A =
∑
β|=n

〈A, sβ〉Fβ =
∑
β|=n

〈A,hβ〉Mβ .
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Proof. By applying Corollary 2,

〈A,B〉 =
〈∑

β|=n

(−1)�(β)+1 [A, sβ] sβc ,B

〉
(12)

=

A,
∑
β|=n

(−1)�(β)+1 〈sβc ,B〉 sβ

 = [A,B] .

�

This last proposition implies that for a basis Aα such that 〈Aα,Aβ〉 = (−1)n+�(α)δαβc ,
then to compute its dual basis in Qsym it is sufficient to calculate the values of the scalar
products 〈Aα, sβ〉, since by equation (11), we have that[
(−1)n+�(αc)

∑
β|=n 〈Aαc , sβ〉Fβ ,Aβ

]
= (−1)n+�(αc) 〈Aαc ,Aβ〉 = δαβ.

3. q-Analog bases

3.1. Scrambled Hopf algebra operators. Consider the following transformation on
Hom(A,A) that seems to arise in a natural way when considered as an operation on
symmetric functions [17]. If A is a Hopf algebra, then for V ∈ Hom(A,A) we define
V = µ ◦ id⊗ (V S)◦∆ = id ∗ (V S). We may show that in any co-commutative Hopf algebra
A, the bar operation on V ∈ Hom(A,A) is an involution. That is, we have

Proposition 4. For any V ∈ Hom(A,A) with (A,µ, η,∆, ε, S) a co-com-mutative Hopf
algebra, we have that V = V .

Our q-analog arises by starting with a graded co-commutative Hopf algebra with a func-
tion Rq such that for any element f ∈ A that is of homogeneous degree Rq(f) = qdeg(f)f .
The important properties of this function are that Rq

∣∣
q=0
= ηε and Rq

∣∣
q=1
= id. Now for

any V ∈ Hom(A,A), we set

(13) Ṽ q = V Rq.

It is not at all obvious that the effect on V will be necessarily interesting. We do
however have many examples of where this q-analog arises within the theory of symmetric
functions [16]. One may only hope that within other co-commutative Hopf algebras that
this operation is also interesting. In this exposition we will show that there is an application
of this q-analog within the non-commutative symmetric functions.

Proposition 5. Let A be a Hopf algebra, with the property that V := id∗V S is an involution
for all V ∈ Hom(A,A). Also assume that there is an operator Rq such that Rq

∣∣
q=0
= ηε

and Rq
∣∣
q=1
= id. If V does not depend on q, then the operator Ṽ q = V Rq is a q-analog of

V (recovered by setting q = 0) and V ηε (by setting q = 1).

Proof. Since id ∗ S = ηε, we have that id = ηε. It follows then that

(14) Ṽ q
∣∣
q=0
= V ηε = V = V,

(15) Ṽ q
∣∣
q=1
= V id = V ηε.

�
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3.2. A q-twisting of NCΛ operators. Define an operator Aα that sends the ribbon
Schur function sβ to the ribbon Schur function sβ·α (the concatenate operation) and then
extend this operator linearly to the space NCΛ. Similarly define an operator Bα that sends
the ribbon Schur function sβ to the ribbon Schur function sβ|α (the attach operation) and
extend the function linearly.
Define Ãα

q
as the q-analog of the operator Aα using equation (13). From Proposition 5,

Ãα
q
has the property that when q = 0 it is Aα. When q = 1 we see that

(16) Ãα
q
(sβ)

∣∣
q=1
= Aαηε(sβ) = id ∗ (AαηεS)(sβ) = sβAα(1).

It is easily shown that Aα(1) = sα, hence we see that Ãα
q
(sβ)

∣∣
q=1
= sβsα = Aα(sβ) +

Bα(sβ). In fact we may derive that there is an simple formula for the action of Ãα
q
.

Proposition 6. Let β be a composition of n > 0, then

Ãα
q
(sβ) = Aα(sβ) + qnBα(sβ).

Also Ãα
q
(1) = sα.

Proof. Define the numbers Cαβγ as the coefficients that arise in the coproduct ∆(sα) =∑
β,γ Cαβγsβ ⊗ sγ . From the defining property of the antipode we have the relation

(17)
∑
βγ

(−1)|β|Cαβγsβ′ ⊗ sγ =
∑
βγ

(−1)|γ|Cαβγsβ ⊗ sγ′ = 0

as long as α is not the empty composition.
The notation for the q analog of any operator is given in equation (13). To show that the

q-analog of Aα satisfies the proposition we must give a definition in terms of Hopf algebra
operations and then demonstrate that the action reduces dramatically. For any operator,
(13) may be restated as

(18) Ṽ q = µ(1⊗ V )(µ⊗ S)(1⊗∆)(1⊗ µ)(1⊗ S ⊗Rq)(1⊗∆)∆.
At this point it is a direct computation within the Hopf algebra of the non-commutative

symmetric functions using relation (17) and the definition of Aα to arrive at the formula
stated in the proposition. Since the computation is detailed and not necessary for the
remainder of this exposition, we leave it to the reader as an exercise. �

3.3. An example of q-non-commutative symmetric functions. Define for a pair of
compositions α, β |= n the statistic c(α, β) =

∑
i∈D(α)∩D(β) i.

Proposition 7. Let Hq
α =

∑
β q

c(α,βc)sβ where the sum is over all compositions β of |α|
such that α≤β then

Hq
α = Ãα�(α)

q
Ãα�(α)−1

q · · · Ãα1

q
1.

Notice that when q = 0, then H0
α = sα. We also have that when q = 1, then H1

α = hα.
We will think of this family as a non-commutative analog of the Hall-Littlewood symmetric
functions because of the following two properties. The first says that this family shares
a sort of self-duality property similar to the s, h and e bases of NCΛ, the second says
that the commutative versions of these symmetric functions agree with the Hall-Littlewood
symmetric functions when indexed by a composition that is equivalent to a partition.

Proposition 8.

(19)
〈
Hq

α,H
q
β

〉
= (−1)|α|+�(α)δαβc .
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Proof. Relation (19) will follow from Proposition 17 by setting t = q and q = 0. �

We also have the following remarkable connection with the Hall-Littlewood basis, Hq
λ.

Proposition 9. If α = (1a, b), then

χ(Hq
α) = Hq

(b,1a).

Proof. Due to the rule given in ([10], (5.7), p. 228) we have the following important
recurrence for the Hall-Littlewood symmetric functions indexed by a hook.

(20) hbH
q
(1a) = Hq

(b,1a) + (1− qa)Hq
(b+1,1a−1)

Also consider the recurrence that we have developed for these non-commutative symmetric
functions.

Hq
(1a)hb = (A(b) + qaB(b) + (1− qa)B(b))(H

q
(1a))

= Hq
(1a,b) + (1 − qa)B(b)(H

q
(1a))(21)

We also have that Hq
(1a) = (A(1)+qa−1B(1))(H

q
(1a−1)

). Since we have that B(r)B(s) = B(r+s)

and B(r)A(s) = A(r+s), then we see B(b)(H
q
(1a)) = Hq

(1a−1,b+1)
.

This implies

(22) Hq
(1a)hb = Hq

(1a,b) + (1− qa)Hq
(1a−1,b+1)

.

By induction on the length of the hook we see that χ(Hq
α) = Hq

(b,1a) (which is obviously
true when either a = 0 or b = 1). �

Using Proposition 8 we are able to derive an equation for the basis in Qsym dual to the
Hq

α. We notice that δαβ = (−1)�(α)+1
〈
Hq

αc ,Hq
β

〉
. This implies that if

(23)
[
P q
α,H

q
β

]
= δαβ ,

then P q
α =

∑
β|=|α|

〈
(−1)�(α)+1Hq

αc , sβ
〉
Fβ. A simple calculation using Proposition 3 implies

that

Corollary 10.

(24) P q
α =

∑
β≤α
(−1)�(β)−�(α)qc(α

c,β)Fβ

is the basis of Qsym which is dual to the family Hq
α with respect to the Qsym/NCΛ pairing.

We remark that these non-commutative symmetric functions are not equivalent to those
defined in [7]. They are however remarkably similar and do agree for α = (1a, b). We show
this in the following proposition.
Say that D(α) = {a1 < a2 < . . . < a�(α)−1} and D(β) = {b1 < b2 < . . . < b�(β)−1}. Let

Bre(α, β) be the composition of �(α) with the descent set equal to D(Bre(α, β)) = {#{aj :
aj ≤ bi} : 1 ≤ i ≤ �(β)− 1}. Let

Wq
α =

∑
β≥α

qn(Bre(α,β)c)sβ .

This is the definition of the non-commutative analogs of the Hall-Littlewood symmetric
functions given in Theorem 6.13 of [7]. We may easily see that the familyWq

α satisfies the
following recurrence
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Proposition 11.

(25) Wq
α·(m) = A(m)(W

q
α) + q�(α)B(m)(W

q
α)

Proof. D(Bre(α·(m), β·(m))) = D(Bre(α, β)) ∪ {|α|}. At the same time we have
D(Bre(α·(m), β|(m))) = D(Bre(α, β)). Both Bre(α·(m), β·(m)) and Bre(α·(m), β|(m))
are compositions of �(α) + 1, hence the proposition follows. �

This proposition should be compared to Proposition 6. This also shows the following
corollary.

Corollary 12. For α = (1a, b) we have

Wq
α = Hq

α.

One open question that arises from this definition is: Is there a Hecke algebra action on
Qsym such that the functions P q

α are invariants under its action? This is the case of the
functions of Hivert that are dual to the non-commutative symmetric functionsWq

α and are
given by the formula:

(26) Gq
α =

∑
β≤α
(−1)�(β)−�(α)qn(

←−−−−−−
Bre(β,α))Fβ.

The functions Hq
α have a factorization property that is very similar to that held by the

functions of Hivert Wq
α and the commutative Hall-Littlewood symmetric functions [7].

Theorem 13. Let ζ be an rth root of unity. Then

Hζ
α = Hζ

α(1)H
ζ

α(2) · · ·Hζ

α(k)

for any decomposition α = α(1)·α(2)· · · · ·α(k), where for 1 ≤ i ≤ k− 1, α(i) is a composition
of a multiple of r.

This theorem follows from the following derivation of the product rule for these functions
and then evaluating q at a root of unity.

Proposition 14.

(27) Hq
αH

q
β =

∑
γ≥β

fγ
αβ(q)(H

q
α·γ + (1− q|α|)Hq

α|γ),

where

(28) fγ
αβ(q) = qc(β,γ

c)(1− q|α|)�(β)−�(γ).

Before proceeding with the proof we introduce the following lemma.

Lemma 15.

(29) Hq
αsβ =

∑
γ≥β

gγαβ(q)(H
q
α·γ + (1− q|α|)Hq

α|γ),

where

(30) gγαβ(q) = (−1)�(β)−�(γ)qc(α·β,(α·γ)c).
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Proof. Let n = |α|+|β|. We will take the scalar product defined in equation (4) ofHq
αsβ and

Hq
θc . This will give the coefficient of (−1)�(θ)+nHq

θ in the expression Hq
αsβ . By expanding

Hq
α in terms of sγ and using that

〈
sα,H

q
β

〉
= (−1)|α|+�(α)qc(α,β)χ(α≤βc), we see

(−1)�(θ)+n
〈
Hq

αsβ,H
q
θc

〉
= (−1)�(θ)+n

∑
γ≥α

qc(α,γ
c)
〈
sγ·β + sγ|β,H

q
θc

〉
=
∑
γ≥α

qc(α,γ
c)(−1)�(θ)+�(γ·β)qc(γ·β,θ

c)χ(γ·β≤θ)(31)

+
∑
γ≥α

qc(α,γ
c)(−1)�(θ)+�(γ|β)qc(γ|β,θ

c)χ(γ|β≤θ).

Break the composition θ into the composition consisting of the first |α| ‘cells’ of θ:
µ = θ

∣∣
1...|α|, and the last |β| ‘cells:’ ν = θ

∣∣
|α|+1...n

, so that either θ = µ·ν or θ = µ|ν.
If ν<β or µ<α then clearly both sums will be 0.
If µ>α then D(µc) ∩D(α) is non empty and contains at least one element a. For each

γ in the sums, either D(γ) contains a or it doesn’t. The terms with γ such that a ∈ D(γ)
are of opposite sign but the same q coefficient as those γ such that a /∈ D(γ). Therefore
the two sums will again be 0.
We need only consider the θ where µ = α and ν≥β. If θ = α·ν, then the second sum is

clearly 0 and first sum contains only 1 term, (−1)�(ν)+�(β)qc(α·β,θc) (which agrees with the
statement of the lemma). If θ = α|ν, then both sums have exactly one non-zero term, and
the scalar product is

(−1)�(ν)+�(β)−1qc(α·β,(α|ν)c) + (−1)�(ν)+�(β)qc(α|β,(α|ν)c)(32)

= (−1)�(ν)+�(β)qc(α|β,(α|ν)c)(1− q|α|).

�

Proof of Proposition 14. Expanding Hq
β in terms of sγ and using Lemma 15, yields

(−1)�(θ)+n
〈
Hq

αH
q
β,H

q
θc

〉
= (−1)�(θ)+n

∑
γ≥β

∑
µ≥γ

qc(β,γ
c)
〈
gµαγ(q)(H

q
α·µ + (1− q|α|)Hq

α|µ),H
q
θc

〉
(33)

=
∑
γ≥β

∑
µ≥γ

qc(β,γ
c)gµαγ(q)δα·µ,θ + qc(β,γ

c)gµαγ(q)(1 − q|α|)δα|µ,θ.

Now if |α| is in D(θ) then the inner product is

=
∑

µ≥γ≥β
qc(β,γ

c)(−1)�(γ)−�(µ)qc((α·γ),(α·µ)c)

=
∑

µ≥γ≥β
qc(β,γ

c)+c(γ,µc)(−q|α|)�(γ)−�(µ)(34)

= qc(β,µ
c)(1− q|α|)�(β)−�(µ).

This agrees with the formula given for fµ
αβ(q). If |α| is not in D(θ), the result is (1 − q|α|)

times this result. �
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4. q, t-Analogs of non-commutative symmetric functions

Define the following q, t-non commutative symmetric function.

(35) Hqt
α =

∑
β|=|α|

tc(α,β
c)qc(α

′,
←−
β )sβ

Clearly from this definition, if q = 0 and t = q, then all terms such that D(α′) ∩D(
←−
β )

is non empty vanish and we have H0q
α = Hq

α. Therefore we also have the specializations,
H00

α = sα and H01
α = hα, and H10

α = eαc .
Moreover, Hqt

α satisfies the following relations which are similar to those held by the
Macdonald symmetric functions in the commutative case:

(36) Htq
α = ω′Hqt

α′ .

(37) qn(α′)tn(α)H
1
q

1
t

α = ωcHqt
α .

When we set q = 1, the H1t
α become products of some non-standard non-commutative

symmetric functions, as seen in the following proposition.

Proposition 16. Define the non-commutative symmetric functions
Hq(i)

(m) =
∑

β|=m q(�(β)−1)i+n(
←−
β )sβ. For a composition α such that k = �(α), we have

(38) Hq1
α =H

q(
∑

i>1 αi)

(α1) H
q(
∑

i>2 αi)

(α2) · · ·Hq(0)
(αk).

Proof. Fix α and for 1 ≤ i ≤ �(α) let γ(i) be a composition of αi. The coefficient of
sγ(1)sγ(2) · · · sγ(�(α)) in the right hand side of equation (38) is q raised to the power of

(39)
∑
i

n(
←−
γ(i)) +

∑
i

(�(γ(i))− 1)
∑
j>i

αi =
∑
i

 ∑
d∈D(

←−−
γ(i))

i+
∑
j>i

αi

 .

This agrees with c(α′,
←−
β ) where β is attach and concatenate of the γ(i) and hence agrees

with the q coefficient on the left hand side of equation (38). �
We also have the following two additional Propositions that lead us to believe that it is

an interesting generalization of the family Hq
α.

Proposition 17. Let α |= n, then

(40)
〈
Hqt

α ,H
qt
β

〉
= (−1)|α|+�(α)δαβc

n−1∏
i=1

(1− qitn−i).

Proof. 〈
Hqt

α ,H
qt
β

〉
=
∑
γ

∑
θ

tc(α,γ
c)+c(β,θc)qc(α

′,←−γ )+c(β′,
←−
θ ) 〈sγ , sθ〉(41)

=
∑
γ

(−1)n+�(γ)tc(α,γ
c)+c(β,γ)qc(α

′,←−γ )+c(β′,γ′).

If α �= βc, then (D(α)∩D(β))∪ (D(αc)∩D(βc)) is non empty. Take the smallest element i
of this set (although any will do) and consider the involution φ on the set of compositions
such that the compositions that contain i in the descent set are sent to the compositions
that do not contain the element i (in the most natural manner). For each γ |= n, the terms
corresponding to γ and φ(γ) have the same weight but opposite sign, hence the sum is 0.
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If α = βc, then the sum reduces to

=
∑
γ

(−1)n+�(γ)tc(α,γ
c)+c(αc,γ)qc(α

′,←−γ )+c(←−α ,γ′)(42)

=
∑

S⊆{1,...,n}
(−1)n+|S∩D(αc)|+|Sc∩D(α)|+1t

∑
i∈S iq

∑
i∈S n+1−i,

where the subsets S represent the sets (D(α) ∩ D(γc)) ∪ (D(αc) ∩ D(γ)). This is clearly
equal to the product stated in the proposition. �

Corollary 18. The family

(43) P qt
α =

n−1∏
i=1

1
1− qitn−i

∑
β

(−1)�(β)−�(α)tc(α
c,β)qc(

←−α ,β′)Fβ,

has the property that
[
P qt
α ,Hqt

β

]
= δαβ .

Proof. If we wish that
[
P qt
α ,Hqt

β

]
= δαβ , then using equation (11),

P qt
α =

∑
β|=|α|

〈A, sβ〉Fβ,

where A = (−1)�(α)+1
∏n−1

i=1
1

1−qitn−i H
qt
αc , since

(44) δαβ = (−1)�(α)+1
n−1∏
i=1

1
1− qitn−i

〈
Hqt

αc ,Hqt
β

〉
.

A simple calculation yields the equation stated in the corollary. �

There is a characterization of the non-commutative q, t analogs Hqt
α in terms of properties

that are similar to those shared by the Macdonald symmetric functions. This characteriza-
tion is not particularly important for our treatment, but it should not be ignored because
of the similarities that it shares with the commutative case.
Define a family of non-commutative symmetric functions Pqt

α by the following three
conditions.

1. Pqt
α = Ht

α +
∑

β<α cαβ(q, t)H
t
β for some coefficients cαβ(q, t) that are rational functions

in the parameters q and t.

2. ω′Pqt
α = aα(q, t)P

tq
α′ for some coefficients aα(q, t).

3.
〈
Pqt

α ,P
qt
β

〉
= 0 if α �= βc.

Theorem 19. The family Pqt
α are defined by the three conditions listed above and, moreover,

Pqt
α = rαHqt

α where rα = 1/
∏

i∈D(αc)(1− qn−iti). The coefficients cαβ(q, t) are given by the
formula

cαβ(q, t) =
∏

i∈D(αc)∩D(β)

qn−i/(1 − tiqn−i).

The coefficients aα(q, t) mentioned in the second condition are given by the formula aα(q, t) =∏
i∈D(α)(1− qn−iti)/

∏
i∈D(αc)(1− qn−iti).
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Proof. The proof proceeds by induction, for there is a method of calculating the coefficients
cαβ(q, t) from ones preceding it in some order. Say that Pqt

α =
∑

β≤α cαβ(q, t)H
t
β where we

assume that cαα(q, t) = 1 and that this family satisfies the three conditions given above.
Assume that the coefficients cγδ(q, t) are known and given by the formula stated in the

theorem for all γ such that |D(γ)| > |D(α)| or for γ = α and δ > β. To determine
cαβ(q, t) we take the scalar product of Pqt

α and ω′Ptq←−
β
since β < α, |D(←−β )| > |D(α)| and all

coefficients in Pqt←−
β
have been calculated already. Since ω′Ptq←−

β
= Pqt

βc =
∑

θ≤βc cβcθ(q, t)Ht
θ,

hence we have the expression

〈
Pqt

α , ω
′Ptq←−

β

〉
=
〈
Pqt

α , a←−β (t, q)P
qt
βc

〉
= 0

= a←−
β
(t, q)

∑
α≥θ≥β

cαθ(q, t)cβcθc(q, t)(−1)n+�(θ)

= a←−
β
(t, q)cαβ(q, t)(−1)n+�(β)+

a←−
β
(t, q)

∑
α≥θ>β

cαθ(q, t)cβcθc(q, t)(−1)n+�(θ).

Those values of cβcθ(q, t) may be calculated from what we have already determined since

cβcθc(q, t) =
〈
Ht

θ,P
qt
βc

〉
(−1)n+�(θ) =

〈
Ht

θ, ω
′Ptq←−

β

〉
/a←−

β
(t, q)(−1)n+�(θ).

Hence we see that

cαβ(q, t) =
(−1)n+1+�(β)

a←−
β
(t, q)

∑
α≥θ>β

cαθ(q, t)
〈
Ht

θ, ω
′Ptq←−

β

〉
.

In addition we may calculate a←−
β
(t, q) since

〈
Ht

β, ωPtq←−
β

〉
=
〈
Ht

β, a←−β (t, q)P
qt
βc

〉
= a←−

β
(t, q)(−1)n+�(β).

Although we may use these formulas to calculate the coefficients, the only conclusion that
we are going to draw from them is that the coefficients cαβ(q, t) are determined by assuming
that the defining conditions are true, hence the family Pqt

α which satisfies these conditions
is unique.
It remains to show then that Pqt

α = Hqt
α /

∏
i∈D(αc)(1 − qn−iti) satisfies the conditions

listed above. Clearly they satisfy conditions 2 and 3. It remains to show that the Hqt
α have

the correct expansion in terms of Ht
α.
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〈
Ht

αc ,Hqt
α

〉
=

∑
β≥αc

tc(α
c,βc)

〈
sβ,Hqt

α

〉
=

∑
β≥αc

(−1)n+�(β)tc(α,β)+c(αc,βc)qc(α
′,β′)

=
∑
β≥αc

(−1)n+�(β)tc(α
c,βc)qc(α

′,β′)

=
∑

S⊆D(αc)

(−1)n+1+|S|t
∑

i∈S iq
∑

i∈S n−i

= (−1)n+�(αc)
∏

i∈D(αc)

(1− qn−iti)

We also see for β is not strictly smaller than α then D(α) ∩D(βc) is non-empty and〈
Ht

βc ,Hqt
α

〉
=

∑
γ≥βc

tc(β
c,γc)

〈
sγ ,Hqt

α

〉
=

∑
γ≥βc

tc(β
c,γc)tc(α,γ)qc(α

′,γ′)(−1)n+�(γ).

Since there is some element a inD(α)∩D(βc), every composition γ ≥ βc either has a ∈ D(γ)
or a ∈ D(γc). There is an obvious involution between these two sets of compositions and
they have the same weight but opposite sign, hence the sum is 0 in this case. �

As in the case of the family with one parameter, when the functions are indexed by
composition representing a partition (i.e. a hook), then they are a generalization of the
Macdonald symmetric function.

Proposition 20. If α = (1a, b), then

(45) χ(Hqt
α ) = Hqt

(b,1a).

Proof. Idea: same as in q case. Show that

(46) Hqt
(1a)H

qt
(b) =

1− ta

1− qbta
Hqt

(1a−1,b+1)
+
1− qb

1− qbta
Hqt

(1a,b)

and by a formula ([10] eq. (6.24) p. 340) we have the same recurrence in the commutative
case. That is,

(47) Hqt
(1a)H

qt
(b) =

1− ta

1− qbta
Hqt

(b+1,1a−1)
+
1− qb

1− qbta
Hqt

(b,1a).

By induction this implies that the commutative versions agree on hooks.
Consider the product Hqt

(1a)H
qt
(b). This is equal to

Hqt
(1a)H

qt
(b) =

∑
γ|=a

∑
θ|=b

tn(γc)qn(
←−
θ )sγsθ(48)

=
∑
γ|=a

∑
θ|=b

tn(γc)qn(
←−
θ )(Aθ(sγ) +Bθ(sγ)).
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We also have since (1a, b)′ = (1b−1, a+ 1).

Hqt
(1a,b) =

∑
β|=a+b

tc((1
a,b),βc)qc((1

b−1,a+1),
←−
β )sβ(49)

=
∑
γ|=a

∑
θ|=b

tn(γc)qn(
←−
θ )(Aθ(sγ) + taBθ(sγ)).

While at the same time

Hqt
(1a−1,b+1)

=
∑

β|=a+b

tc((1
a−1,b+1),βc)qc((1

b,a),
←−
β )sβ(50)

=
∑
γ|=a

∑
θ|=b

tn(γc)qn(
←−
θ )(qbAθ(sγ) +Bθ(sγ)).

From here is easily shown that

(51) (1− qbta)Hqt
(1a)H

qt
(b) = (1− qb)Hqt

(1a,b) + (1− ta)Hqt
(1a−1,b+1)

.

�
These two properties are only an indication that Hqt

α are an important generalization of
the Macdonald symmetric functions. The first property does not occur in many families
of non-commutative symmetric functions, the second, however, could appear for many
different families (since the functions of Hivert also have the same property that they have
the ’correct’ statistic on hooks).
The most important indication that the family Hqt

α is indeed an important analog to the
Macdonald symmetric functions is the appearance of an operator ‘nabla’ that is analogous
to the operator introduced in [2] for the symmetric functions.

First we define the analog H̃
qt

α = tn(α)H
q 1

t
α =

∑
β|=|α| t

c(α,β)qc(α
′,
←−
β )sβ. Next, define ∇

to be a linear operator with the property that ∇(H̃qt

α ) = tn(α)qn(α′)H̃
qt

α . For our scalar
product, we have that

(52) 〈∇(f),∇(g)〉 = q(
n
2)t(

n
2) 〈f, g〉 .

As we will see, this operator has many properties that are analogous to those seen in the
commutative case. In the non-commutative case the situation is somewhat simpler and we
are able to state precisely the action of the operator on the ribbon basis.

Proposition 21. If α |= n, then

(53) ∇(sα) = (−1)n+�(α)qn(α′)tn(αc)
∑
β≤αc

∏
i∈D(α)∩D(β)

(ti + qn−i)sβ.

To prove this formula we will need several lemmas for the action of these operators on
various bases. By choosing good notation for these operators, the proofs become almost
transparent. We will order the ribbons by their descent sets using the total order described
section 2.1.
For a tensor product of two matrices with B = [bij]1≤i,j≤n we will use the convention

that

(54) A⊗B = [bijA]1≤i,j≤n .

That is, the (r, s) entry in this matrix is

b(r div n)+1,(s div n)+1a(r mod n)+1,(s mod n)+1.
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Lemma 22. Let s be a column vector of sα and H̃ is a column vector of H̃
qt

α (both using
the total order of section 2.1), then

(55) H̃ =
[
1 qn−1

1 t

]
⊗
[
1 qn−2

1 t2

]
⊗ · · · ⊗

[
1 q
1 tn−1

]
s.

This lemma follows by realizing that if φ(α) = k, then the entries in the kth row of the
tensor product matrix agrees with the formula for the coefficients of sβ in H̃

qt

α . By taking
the inverse of this tensor product matrix we derive the inverse relation.

Corollary 23. Let s be a column vector of sα and H̃ is a column vector of H̃
qt

α , then

(56) s =

(
n−1∏
i=1

1
ti − qn−i

)[
t −qn−1

−1 1

]
⊗
[
t2 −qn−2

−1 1

]
⊗ · · · ⊗

[
tn−1 −q
−1 1

]
H̃.

Lemma 24. Let H̃ be a column vector of H̃
qt

α , then

(57) ∇H̃ =
[
qn−1 0
0 t

]
⊗
[
qn−2 0
0 t2

]
⊗ · · · ⊗

[
q 0
0 tn−1

]
H̃.

The proof of this lemma again follows by calculating the entry in the row indexed by
φ(α).

Proof. (of Proposition 21) We calculate the action of ∇ on the column vector s. This follows
by first expressing s in terms of H̃ using equation (56), then using the action of ∇ on H̃,
then reexpressing the answer in terms of s using (55). We calculate that

(58)
1

ti − qn−i

[
ti −qn−i
−1 1

] [
qn−i 0
0 ti

] [
1 qn−i
1 ti

]
=
[
0 −qn−iti
1 (ti + qn−i)

]
.

Therefore we see that the action of ∇ on s is given by the equation

(59) ∇(s) =
[
0 −qn−1t
1 (t+ qn−1)

]
⊗
[
0 −qn−2t2

1 (t2 + qn−2)

]
⊗ · · · ⊗

[
0 −qtn−1

1 (tn−1 + q)

]
s.

Now translate this tensor product directly to the action on the sα basis to arrive at the
formula stated in equation (53). �
Interesting connections arise with combinatorics and representation theory that are anal-

ogous to the commutative case. Recall that for the standard symmetric functions we have
that 〈∇(en), h1n〉 is a q, t analog of the number (n+1)n−1, which is the number of parking
functions (a function f : [n]→ [n] is a parking function if the sequence (f(1), f(2), . . . , f(n))
when sorted in increasing order (a1, a2, . . . , an) satisfies ai ≤ i). We also know that
∇(en)

∣∣
t=1
is a graded Frobenius series for the parking function module [6]. Moreover, the

top component ∇(en)
∣∣
en
is known to be a q, t-analog of the number of increasing parking

functions which is given by the Catalan numbers [4].
In the non-commutative case, these statements occur with exact analogy. We will see

that analogs of the parking functions are the preferential arrangements ([13] p. 146). An
exponential generating function for the number of preferential arrangements is given by
(2− ex)−1 and the number of increasing preferential arrangements is 2n−1.

Proposition 25. The quantity 〈χ(∇(en)), h1n〉 is a q, t analog for the number of preferential
arrangements (the maps f : [n] → [k] where 1 ≤ k ≤ n which are onto for some k).
Moreover, the quantity 〈χ(∇(en)), en〉 =

∏n−1
i=1 (q

n−i + ti) is a q, t analog of 2n−1.

This proposition is a consequence of the statement that appears in full generality just
below. For the moment we will provide the following example:
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Example 26. At n = 4, there are 125 = (4 + 1)4−1 parking functions, and 14 = C4

weakly increasing parking functions represented by the following list. The first number is
the number of parking functions such that (f(1), f(2), f(3), f(4)) when sorted is the adjacent
sequence. The sum of these numbers is 125.

1× 1111 4× 1112 4× 1113 12× 1223 12 × 1134 12× 1123 12× 1124

4× 1222 4× 1114 6× 1133 6× 1122 12× 1224 12× 1233 24× 1234

75 = (2− ex)−1
∣∣
x44! of the parking functions do not ‘skip’ an integer, these are the prefer-

ential arrangements. Exactly 8 = 23 of the preferential arrangements are weakly increasing,
those given by the following list:

1111 1112 1122 1123 1222 1223 1233 1234

We remark that every preferential arrangement is also a parking function. This is a
natural subset of the parking functions which we will denote by Prefn. Just as in the case
of the parking functions, there is a natural Sn action on this set formed by permuting the
values of the function (that is (σf)(i) = f(σi)) and hence Prefn forms an Sn module by
defining a vector space with Prefn as the basis.
Let f be a preferential arrangement and define the content of a preferential arrangement

to be the composition α(f) such that the ith component is |f−1(i)|. We remark that two
preferential arrangements are in the same Sn-orbit if α(f) = α(g). The Frobenius series
of the Sn module generated by the preferential arrangements of content α is given by the
homogeneous symmetric function hα.
It follows that the preferential arrangement module may be graded by a statistic on the

content of the preferential arrangements. If we choose our grading to be qn(α′) (this agrees
with the ‘area’ statistic on Dyck paths), then clearly the Frobenius series for the module of
preferential arrangements is given by

(60) FPrefn(q) =
∑
α|=n

qn(α′)hα.

In the commutative case it is known that

(61) ∇(en)
∣∣
t=1
=

∑
µ⊆δn

q(
n
2)−|µ|eλ(µ),

where δn = (n − 1, n − 2, . . . , 1, 0) and λ(µ) is the sequence (m1(µ), . . . ,mn−1(µ), n −∑n−1
i=1 mi(µ)) and mi(µ) is the number of parts of size i in the partition µ. This is related to

the Frobenius series for the module of parking functions by an application of the involution
ω. In exact analogy with the commutative case we have the following proposition.

Proposition 27. Set t = 1 in the equation for the action of ∇ on en, then

(62) ∇(en)
∣∣
t=1
=

∑
α|=n

qn(α′)eα.
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Proof. With t = 1 the action of ∇ on s(1n) is given from equation (53)

∇(en) =
∑
β

∏
i∈D(

←−
β )

(1 + qi)sβ

=
∑
β

∑
γ≥←−β

qn(γ)sβ(63)

=
∑
γ

∑
←−
β ≤γ

qn(γ)sβ

=
∑
γ

qn(γ)eγ′ =
∑
γ

qn(γ′)eγ .

�

This may be used to show that the quantity ∇(en)
∣∣
t=1
− χ(∇(en))

∣∣
t=1
is e-positive (the

coefficients are polynomials in q with non-negative integer coefficients when the expression
is expressed in the elementary basis.
We may use property (52) and (53) to calculate the inverse of this function as well.

Proposition 28.

(64) ∇−1(sα) = (−1)�(α)+1
∑
αc≤β

q−n(β′)t−n(βc)
∏

i∈D(βc)∩D(αc)

(ti + qn−i)sβ .

Proof.

∇−1(sα) =
∑
β|=n

(−1)n+�(β)
〈∇−1(sα), sβc

〉
sβ

=
∑
β|=n

(−1)n+�(β)q−(
n
2)t−(

n
2) 〈sα,∇(sβc)〉 sβ

=
∑
β|=n

∑
γ≤β
(−1)�(β)+�(βc)qn(

←−
β )−(n2)(65)

tn(β)−(n2)
∏

i∈D(βc)∩D(γ)

(ti + qn−i) 〈sα, sγ〉 sβ

=
∑
αc≤β

(−1)�(α)+1q−n(β′)t−n(βc)
∏

i∈D(βc)∩D(αc)

(ti + qn−i)sβ.

�

5. Appendix: Transition matrices between Hq
α and sβ

[
2 1 0

11 q 1

]

3 1 0 0 0

12 q 1 0 0

21 q2 0 1 0

111 q3 q2 q 1
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4 1 0 0 0 0 0 0 0

13 q 1 0 0 0 0 0 0

22 q2 0 1 0 0 0 0 0

112 q3 q2 q 1 0 0 0 0

31 q3 0 0 0 1 0 0 0

121 q4 q3 0 0 q 1 0 0

211 q5 0 q3 0 q2 0 1 0

1111 q6 q5 q4 q3 q3 q2 q 1



6. Appendix: Transition matrices between H̃
qt

α and sβ

[
2 1 q

11 1 t

]

3 1 q2 q q3

12 1 t q tq

21 1 q2 t2 t2q2

111 1 t t2 t3




4 1 q3 q2 q5 q q4 q3 q6

13 1 t q2 tq2 q tq q3 tq3

22 1 q3 t2 t2q3 q q4 t2q t2q4

112 1 t t2 t3 q tq t2q t3q

31 1 q3 q2 q5 t3 t3q3 t3q2 t3q5

121 1 t q2 tq2 t3 t4 t3q2 t4q2

211 1 q3 t2 t2q3 t3 t3q3 t5 t5q3

1111 1 t t2 t3 t3 t4 t5 t6



7. Appendix: Transition matrices between ∇(sα) and sβ

[
2 0 −qt
11 1 t+ q

]

3 0 0 0 q3t3

12 0 0 −qt2 − (t+ q2
)
qt2

21 0 −q2t 0 − (t2 + q
)
q2t

111 1 t+ q2 t2 + q
(
t+ q2

) (
t2 + q

)
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THE NUMBER OF SPANNING TREES IN GRAPHS RELATED TO
CIRCULANT GRAPHS

(EXTENDED ABSTRACT)∗

YUANPING ZHANG† AND MORDECAI J. GOLIN

Abstract. In this paper we consider the number of spanning trees in the complete graph
with circulant graphs deleted (added) from (to) it. By using the properties of Chebyshev
polynomials, we derive closed formulae for the number of spanning trees in many classes
of such graphs.

Résumé. Dans cet article, nous considérons le nombre d’arbres couvrants d’un graphe
complet auquel on ajoute ou on retranche des graphes circulants. En utilisant des pro-
priétés des polynômes de Tchebicheff, nous obtenons des formules closes pour le nombre
d’arbres couvrants d’un grand nombre de classes de tels graphes.

1. Introduction

An undirected graph G is a pair (V,E), in which V is the vertex set and E ⊆ V × V
is the edge set. In a graph, a (self-)loop is an edge joining a vertex to itself and multiple
edges are several edges joining the same two vertices. All graphs considered in this paper
are finite, and undirected with self-loops and multiple edges permitted.
The complete graph on n vertices, denoted by Kn, has one edge between each pair of

distinct vertices. Let S be a subset of the edge set of Kn (or S be a subgraph of Kn). We
denote by Kn − S the graph remaining when all edges in S are removed from Kn. If S is
a subgraph of Kn, Kn − S is called the complement graph of S in Kn, and also denoted
as S. For an edge set S, we denote by Kn + S the graph Kn with all edges in S added to
it; if S is nonempty then Kn + S is a graph containing some multiple edges. In Figure 1
we give examples of two graphs, one is the graph K6 −C4 which is the complete graph K6

with a cycle of 4 edges C4 deleted from it; another is the graph K6 + C4 which is K6 with
a cycle C4 added to it. In the graph K6 − C4, the dashed lines are edges deleted; in the
graph K6 + C4, the dashed lines are edges added.
A spanning tree in a graph G is a tree which has the same vertex set with G. The

number of spanning trees in a graph (network) G is an important quantity to measure the
reliability of G [8]. For graph G, the number of spanning trees in G is denoted as T (G).
The problem of calculating T (Kn −S) has already been studied for many different types of
S. The initial work seems to have been by Weinberg [18] who gave formulae for T (Kn − S)
when all edges in S are not adjacent or are adjacent at one vertex. Subsequently, in a series
of papers [1, 2, 3, 4], Bedrosian extended this to show how to calculate T (Kn −S) when all
edges in S are not adjacent or adjacent at one vertex, or form a path, a cycle, a complete
graph, or are some combination of these configurations. Weinberg’s results have also been
generalized in [15]. Closed formulae also exist for the cases where S is a star [14], a complete
K-partite graph [16], a multi-star [13, 19], and so on. The number of spanning trees in

∗ This work was supported by Hong Kong CERG grants HKUST6082/97E, HKUST6137/98E,
HKUST6162/00E and HKUST DAG98/99.EG23.

† Also at the Department of Mathematics, Hunan Normal University, Changsha, 410081, PRC.
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−K6 C4 C4K6 +1 1

Figure 1. Two examples of graphs.

the complement graph is investigated in [9, 11] when the graph with maximal number of
spanning trees is studied. The formulae for the number of spanning trees in the complement
graphs of a disjoint union of cycles or paths are given in generic forms in [9]. Not as much
is known about T (Kn + S); Bedrosian [2] considered it for some simple configurations S,
i.e., all edges in S form a cycle, complete graph, or |S| is quite small but much more does
not seem to be known.
In this paper we describe how to calculate T (Kn ± S) where S is a circulant graph.

Let 1 ≤ s1 < s2 < · · · < sk. The undirected circulant graph, C
s1,s2,··· ,sk
n , has n vertices

labeled 0, 1, 2, · · · , n − 1, with each vertex i (0 ≤ i ≤ n − 1) adjacent to 2k vertices
i± s1, i± s2, · · · , i± sk mod n. Note that as a special case, C1

n is simply the n node cycle.
More generally, if (n, s) = 1 then Cs

n is the n node cycle while if (n, s) = d > 1 then Cs
n is

the disjoint union of d cycles C1
n/d.

The number of spanning trees in circulant graphs has been well-studied (see [20] for
exposition). But, other than for the graphs Kn − S as mentioned above where S is a cycle
or a disjoint union of cycles, there does not seem to have been any other work about the
number of spanning trees in a complete graph with a circulant graph deleted (added) from
(to) it, especially, no closed formulae for the number of spanning trees in a complete graph
with a arbitrary circulant graphs deleted (added) from (to) it. This is the problem to be
considered in this paper.
In Section 2 we state some lemmas about T (G) and review some properties of Chebyshev

polynomials. In Section 3 we use these lemmas and properties to derive a series of formulae
for the numbers of spanning trees in the complete graphs with circulant graphs deleted
(added) from (to) them. Our approach is to first start by developing a new approach
to deriving a closed form for T (Kn − Cs

m), where C
s
m is a cycle or union of cycles (a

closed form for this was previously derived using different techniques in [9]). We then
continue by showing that it is easy to generalize this approach to getting a formula for
T (Kn ± Cs1,s2,··· ,sk

m ). In the case that all of the si ≤ 4 we will actually be able to derive
a simple closed form function g(n,m; s1, s2, · · · , sk) = T (Kn ± Cs1,s2,··· ,sk

m ) of n, m. We
conclude in Section 4 by describing extensions and limitations of our technique.

2. Basic concepts and lemmas

For graph G, we denote by A(G) or A the adjacency matrix of G = (V,E). If V =
{v1, v2, · · · , vn}, A is the n × n matrix with ai,j being the number of edges connecting
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vi and vj. The degree, di, of vertex vi is
∑n

j=1 ai,j, the number of edges adjacent to vi.
Let B denote the diagonal matrix with {d1, d2, · · · , dn} as diagonal entries. The classic
result known as the Matrix Tree Theorem [12] states that, the Kirchhoff matrix H defined
as H = B − A has all its co-factors1 equal to T (G). For example, the Kirchhoff matrix H
of the graph K6 − C4 shown in Figure 1 is

H =




3 0 −1 −1 0 −1
0 3 −1 0 −1 −1
−1 −1 5 −1 −1 −1
−1 0 −1 3 0 −1
0 −1 −1 0 3 −1
−1 −1 −1 −1 −1 5



,

all its co-factors are 192 which is the number of spanning trees in K6 − C4.
The number of spanning trees in graph G also can be calculated from the eigenvalues of

the Kirchhoff matrix H. All eigenvalues of a real symmetric matrix are real. Even more,
by basic knowledge of linear algebra, all eigenvalues of the Kirchhoff matrix H of a graph
with n nodes are non-negative, and 0 is one of its eigenvalues because all its row vectors
add up to 0 vector. So we can let µ1 ≥ µ2 ≥ · · · ≥ µn(= 0) denote all eigenvalues of H.
Kel’mans and Chelnokov [11] have shown that

(1) T (G) =
1
n

n−1∏
j=1

µj.

In order to use this equation we will need to know the eigenvalues of the Kirchhoff
matrices of the appropriate graphs. This will require the following lemmas:

Lemma 1. (Biggs [5], Page 16) The Kirchhoff matrix of the circulant graph Cs1,s2,··· ,sk
n has

n eigenvalues as 2k− ε−s1j − · · · − ε−skj − εs1j − · · · − εskj, 1 ≤ j ≤ n− 1 and 0, where ε−j

is the conjugate of εj , ε = e
2πi
n .

Lemma 2. ([11]) Let G be a graph with n vertices and G the complement graph of G in Kn.
If the Kirchhoff matrix of G has eigenvalues µ1, µ2, · · · , µn−1 and 0, then the Kirchhoff
matrix of G has eigenvalues n− µ1, n− µ2, · · · , n− µn−1 and 0.

Using basic multilinear algebra the following lemma can be proven in a way similar to
that of the proof of Lemma 2.

Lemma 3. G is a graph with same vertex set as Kn. If the Kirchhoff matrix of G has
eigenvalues µ1, µ2, · · · , µn−1 and 0, then the Kirchhoff matrix of Kn +G has eigenvalues
n+ µ1, n+ µ2, · · · , n+ µn−1 and 0.

Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs with disjoint vertex sets. The
join G = G1

⊕
G2 is defined as the graph with vertex set V = V1 ∪ V2 and edge set

E = E1 ∪ E2 ∪ {uv|u ∈ V1, v ∈ V2} [7]. (Please note that in this paper we use “
⊕

” to
denote the join graph instead of “+” as used in some other references. This is because
we are already using “+” to denote the graph that results by adding edges to some other
graph.) The following lemma describes the relation of the eigenvalues of the Kirchhoff
matrix of the join graph and the eigenvalues of Kirchhoff matrices of the original graphs.

Lemma 4. ([10, 11]) If the Kirchhoff matrix of graph G1 with n vertices has eigenvalues
λ1, λ2, · · · , λn(= 0) and that of graph G2 with m vertices has eigenvalues µ1, µ2, · · · ,

1The (i, j)th cofactor of A is the determinant of the (n − 1) × (n − 1) matrix that results from deleting
the ith row and jth column from A.
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µm(= 0), then the Kirchhoff matrix of the join G1
⊕
G2 has eigenvalues m + n, λ1 +m,

· · · , λn−1 +m and µ1 + n, · · · , µm−1 + n, 0.

Let C
s11 ,s21 ,··· ,sk1
m1 , C

s12 ,s22 ,··· ,sk2
m2 , · · · , Cs1l

,s2l
,··· ,skl

ml be a collection of circulant graphs, and
l⋃

u=1

C
s1u ,s2u ,··· ,sku
mu be their disjoint union. For each u, 1 ≤ u ≤ l, suppose mu > 2sku and

let Cs1u ,s2u ,··· ,sku
mu be the complement graph of Cs1u ,s2u ,··· ,sku

mu in Kmu . Note that, for any n,
n ≥∑l

u=1mu,

Kn −
l⋃

u=1

C
s1u ,s2u ,··· ,sku
mu

=
(
Kn−∑l

u=1 mu

)⊕(
Km1 −C

s11 ,s21 ,··· ,sk1
m1

)⊕
· · ·
⊕(

Kml
−C

s1l
,s2l

,··· ,skl
ml

)
=
(
Kn−∑l

u=1 mu

)⊕
C

s11 ,s21 ,··· ,sk1
m1

⊕
· · ·
⊕

C
s1l

,s2l
,··· ,skl

ml .

So, by Lemma 1, Lemma 2, Lemma 4 and (1), we have the following result.

Corollary 1. For n ≥∑l
u=1mu and for each u, 1 ≤ u ≤ l, mu > 2sku,

T (Kn −
l⋃

u=1

Cs1u,s2u,··· ,sku
mu

)

= nn−∑l
u=1 mu+l−2

l∏
u=1

mu−1∏
j=1

(n− 2ku + ε
−s1u j
u + · · ·+ ε

−skuj
u + ε

s1u j
u + · · · + εskuj

u ),

where εu = e
2πi
mu , for each u, 1 ≤ u ≤ l.

In a similar fashion, the following corollary can be derived from Lemma 1, Lemma 3,
Lemma 4 and (1):

Corollary 2. For n ≥∑l
u=1mu,

T (Kn +
l⋃

u=1

Cs1u,s2u,··· ,sku
mu

)

= nn−∑l
u=1 mu+l−2

l∏
u=1

mu−1∏
j=1

(n+ 2ku − ε
−s1u j
u − · · · − ε

−skuj
u − ε

s1u j
u − · · · − ε

skuj
u ),

where εu = e
2πi
mu , for each u, 1 ≤ u ≤ l.

In order to evaluate these products we will show how to transform them into functions of
Chebyshev polynomials; to do this we will need some special properties of these polynomials
[6, 17]. The properties, listed below, are taken from [6] which used them to derive the
number of spanning trees of some special classes of graphs, e.g., wheels, fans, ladders,
Moebius ladders, squares of cycles and complete prisms.
The properties of the Chebyshev polynomials [6, 17] are used also in this paper. The

following definitions and derivations are from [6]. For positive integer m, the Chebyshev
polynomials of the first kind are defined by

Tm(x) = cos(m arccos x).(2)
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The Chebyshev polynomials of the second kind are defined by

Um−1(x) =
1
m

d

dx
Tm(x) =

sin(m arccos x)
sin(arccos x)

.(3)

It’s easily verified that

Um(x)− 2xUm−1(x) + Um−2(x) = 0.(4)

Solving this recursion by using standard methods, the following explicit formula is obtained

Um(x) =
1

2
√
x2 − 1

[(x+
√
x2 − 1)m+1 − (x−

√
x2 − 1)m+1].(5)

The definition of Um(x) easily yields its zeros and it’s verified that

Um−1(x) = 2m−1
m−1∏
j=1

[x− cos(jπ/m)].(6)

Further one notes that

Um−1(−x) = (−1)m−1Um−1(x).(7)

These two results yield another formula for Um(x)

U2
m−1(x) = 4m−1

m−1∏
j=1

[x2 − cos2(jπ/m)].(8)

3. Results

We are now ready to derive the main result of this paper, a way to calculate T (Kn ± S)
when S is a circulant graph. We start by assuming that S = Cs

m. As previously noted, if
(m, s) = 1 this is just the m-cycle and if (m, s) = d > 1 this is the disjoint union of d cycles,
each of length m/d.
Before proceeding we note that Gilbert and Myrvold [9] already gave a formula for the

number of spanning trees in the graph Kn − S where S is the disjoint union of cycles. The
following theorem can actually be derived from Gilbert and Myrvold’s formula. The proof
here is new, though; we derive it since it provides a ‘pure’ way of illustrating the techniques
we will use later.

Theorem 5. For n ≥ m > 2s, if (m, s) = d, then

T (Kn − Cs
m) = nn−m−2


(√n

4
+

√
n− 4
4

)m/d

−
(
−
√
n

4
+

√
n− 4
4

)m/d



2d

.
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Proof. Let ε1 = e
2dπi

m . If (m, s) = d, then Cs
m is the disjoint union of d cycles C1

m/d. So,
by Corollary 1, we have

T (Kn − Cs
m) = T (Kn −

d⋃
u=1

C1
m/d)

= nn−m+d−2
d∏

u=1

m
d
−1∏

j=1

(n− 2 + ε−j
1 + εj1)

= nn−m+d−2
d∏

u=1

m
d
−1∏

j=1

(n− 2 + 2 cos(2djπ/m))

= nn−m+d−2
d∏

u=1


(−4)m

d
−1

m
d
−1∏

j=1

(−n+ 4
4

− cos2(djπ/m)
) ,

where we are using the fact that 1 + cos(2x) = 2 cos2 x.
Applying the formulas (8) and then (5) yields the required

T (Kn − Cs
m) = nn−m+d−2

d∏
u=1

[
(−1)m

d
−1U2

m
d
−1

(√
−n+ 4

4

)]

= nn−m−2



(√

n

4
+

√
n− 4
4

)m/d

−
(
−
√
n

4
+

√
n− 4
4

)m/d



2d

.

�

As a first consequence of Theorem 5 we can easily derive:

Corollary 3.

T (Kn − C1
3 ) = nn−4(n− 3)2, n ≥ 3;

T (Kn − C1
4 ) = nn−5(n− 2)2(n− 4), n ≥ 4;

T (Kn − C1
5 ) = nn−6(n2 − 5n+ 5)2, n ≥ 5;

T (Kn − C1
6 ) = nn−7(n− 1)2(n− 3)2(n− 4), n ≥ 6;

T (Kn − C2
6 ) = nn−6(n− 3)4, n ≥ 6.

The first four formulae of the above corollary already appear in [4] where they are given in
generic forms and derived from Kel’mans and Chelnokov’s result (1) by direct computation.
The proof above illustrates our general tools. We now see how to apply them when

looking at the complement of a more complicated circulant graph.

Theorem 6. For n ≥ m > 4,

T (Kn − C1,2
m ) = nn−m−2

[(
x1 +

√
x2

1 − 1
)m

−
(
x1 −

√
x2

1 − 1
)m]2

·
[(
x2 +

√
x2

2 − 1
)m

−
(
x2 −

√
x2

2 − 1
)m]2

,

where x1 =
√

3
8 +

1
8

√
25− 4n, x2 =

√
3
8 − 1

8

√
25− 4n.
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Proof. We use a very similar technique to the proof of Theorem 5. In this proof let ε1 = e
2πi
m ,

and x1, x2 be defined as above. Then

T (Kn − C1,2
m ) = nn−m−1

m−1∏
j=1

(n− 4 + ε−j
1 + ε−2j

1 + εj1 + ε2j
1 )

= nn−m−1
m−1∏
j=1

(n− 4− 12 cos2(jπ/m) + 16 cos4(jπ/m))

= nn−m−116m−1
m−1∏
j=1

(x2
1 − cos2(jπ/m))((x2

2 − cos2(jπ/m))

= nn−m−1U2
m−1(x1)U2

m−1(x2).

The closed formula in the theorem statement follows from (8) and then (5).
�

As an application, Theorem 6 can directly implies the following formulae.

Corollary 4.

T (Kn − C1,2
5 ) = nn−6(n− 5)4, n ≥ 5;

T (Kn − C1,2
6 ) = nn−7(n− 6)2(n− 4)3, n ≥ 6;

T (Kn − C1,2
7 ) = nn−8(n3 − 14n2 + 63n − 91)2, n ≥ 7.

We now examine the complement of a slightly more complicated circulant graph.

Theorem 7. For n ≥ m > 8, if m is odd, then

T (Kn − C2,4
m ) = T (Kn − C1,2

m );

Otherwise, if m is even, then

T (Kn − C2,4
m ) = nn−m−2

[(
x1 +

√
x2

1 − 1
)m/2

−
(
x1 −

√
x2

1 − 1
)m/2

]4

·
[(
x2 +

√
x2

2 − 1
)m/2

−
(
x2 −

√
x2

2 − 1
)m/2

]4

,

where x1 and x2 are as defined in Theorem 6.

Proof. If m is odd then C2,4
m is isomorphic to C1,2

m so the result of Theorem 6 applies. If m
is even C2,4

m is the disjoint union of 2 circulant graphs C1,2
m/2. The proof in this case is just

to combine Corollary 1 and the proof of Theorem 6. When m is even then let ε2 = e
4πi
m ,
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we have

T (Kn − C2,4
m ) = T (Kn − C1,2

m/2

⋃
C1,2

m/2)

= nn−m




m
2
−1∏

j=1

(n− 4 + ε−j
2 + ε−2j

2 + εj2 + ε2j
2 )




2

= nn−m




m
2
−1∏

j=1

(n− 4− 12 cos2(2jπ/m) + 16 cos4(2jπ/m))




2

= nn−m


16m

2
−1

m
2
−1∏

j=1

(x2
1 − cos2(2jπ/m))((x2

2 − cos2(2jπ/m))




2

= nn−mU4
m
2
−1(x1)U4

m
2
−1(x2).

�

Corollary 5.

T (Kn − C2,4
9 ) = nn−10(n− 6)2(n3 − 12n2 + 45n− 51)2, n ≥ 9;

T (Kn − C2,4
10 ) = nn−10(n− 5)8, n ≥ 10;

T (Kn − C2,4
11 ) = nn−12(n5 − 22n4 + 187n3 − 759n2 + 1441n − 979)2, n ≥ 11.

We now discuss the general technique for calculating T (Kn − Cs1,s2,··· ,sk
m ) when

gcd(s1, s2, · · · , sk,m) = 1 (the case gcd(s1, s2, · · · , sk,m) �= 1 can then be dealt with simi-
larly to the case “m is even” in the proof of Theorem 7). In the following paragraphs let
ε = e

2πi
m , then from Corollary 1,

T (Kn − Cs1,s2,··· ,sk
m )

= nn−m−1
m−1∏
j=1

(n− 2k + ε−s1j + ε−s2j + · · · + ε−skj + εs1j + εs2j + · · ·+ εskj)

= nn−m−1
m−1∏
j=1

(n− 2k + 2cos(2s1π/m) + 2 cos(2s2π/m) + · · ·+ 2cos(2skπ/m)).

It is easy to prove by induction that cos(kx) can be expressed as a polynomial in cos x
of order k. Using this fact, for any integer s, cos(2sjπ/m) can be written as a polynomial
in cos2(jπ/m) of order s. So,

T (Kn − Cs1,s2,··· ,sk
m ) = nn−m−1

m−1∏
j=1

(n− 2k + g(cos2(jπ/m))),

where g(x) is a polynomial of order sk. Thus,

T (Kn − Cs1,s2,··· ,sk
m ) = nn−m−1

m−1∏
j=1

f(cos2(πj/m)),

where f(x) is a polynomial with degree sk and the constant term is a linear function of n.
Even more, by explicit calculation we can see that the coefficient of xsk in f(x) is 4sk . We
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can therefore write

f(x) = (−4)sk

sk∏
i=1

(xi − cos2(πj/m)),

where x1, x2, · · · , xk are zeros of f(x). Then, combining formula (8) with last two equations
we have

T (Kn − Cs1,s2,··· ,sk
m ) = (−1)sknn−m−1

sk∏
i=1

U2
m−1(

√
xi).

From this equation the exact formula for T (Kn − Cs1,s2,··· ,sk
m ) can be derived from the

properties of Chebyshev polynomials.
In the special cases sk ≤ 4, the polynomial f(x) can be explicitly factored and an exact

formula for the number of spanning trees in Kn − Cs1,s2,··· ,sk
m as a function of n, m can

therefore be derived. We have done this and the details are included in the full paper; in
this extended abstract we omit these formulae.

From Corollary 2 and the properties of Chebyshev polynomials, we also can derive the fol-
lowing closed formulae for the numbers of spanning trees in complete graphs with circulant
graphs added. As before we start by adding Cs

m.

Theorem 8. For n ≥ m, if (m, s) = d, then

T (Kn + Cs
m) = nn−m−2


(√n+ 4

4
+
√
n

4

)m/d

−
(√

n+ 4
4

−
√
n

4

)m/d



2d

.

Proof. It’s similar to the proof of Theorem 5. By Corollary 2, we have

T (Kn + Cs
m) = T (Kn +

d⋃
u=1

C1
m/d)

= nn−m+d−2
d∏

u=1

m
d
−1∏

j=1

(n+ 2− ε−j
1 − εj1)

= nn−m+d−2
d∏

u=1

m
d
−1∏

j=1

(n+ 2− 2 cos(2djπ/m))

= nn−m+d−2
d∏

u=1


4m

d
−1

m
d
−1∏

j=1

(
n+ 4
4

− cos2(djπ/m)
) .

By using the formulae (8) and then (5),

T (Kn + Cs
m) = nn−m+d−2

d∏
u=1

[
U2

m
d
−1

(√
n+ 4
4

)]

= nn−m−2


(√n+ 4

4
+
√
n

4

)m/d

−
(√

n+ 4
4

−
√
n

4

)m/d



2d

.

�
This then immediately gives us, for example,
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Corollary 6.

T (Kn + C1
2 ) = nn−3(n + 4), n ≥ 2;

T (Kn + C1
3 ) = nn−4(n + 3)2, n ≥ 3;

T (Kn + C1
4 ) = nn−5(n + 4)(n + 2)2, n ≥ 4;

T (Kn + C2
4 ) = nn−4(n + 4)2, n ≥ 4;

T (Kn + C1
5 ) = nn−6(n2 + 5n+ 5)2, n ≥ 5.

We can also derive results for general Kn + Cs1,s2,··· ,sk
m that are analogous to the ones

previously derived for Kn − Cs1,s2,··· ,sk
m . Since the proofs are so similar, we omit them.

Theorem 9. For n ≥ m,

T (Kn + C1,2
m ) = (−1)mnn−m−2

[(
x1 +

√
x2

1 − 1
)m

−
(
x1 −

√
x2

1 − 1
)m]2

·
[(
x2 +

√
x2

2 − 1
)m

−
(
x2 −

√
x2

2 − 1
)m]2

,

where x1 =
√

3
8 +

1
8

√
25 + 4n, x2 =

√
3
8 − 1

8

√
25 + 4n.

Corollary 7.

T (Kn + C1,2
3 ) = nn−4(n+ 6)2, n ≥ 3;

T (Kn + C1,2
4 ) = nn−5(n+ 4)(n + 6)2, n ≥ 4;

T (Kn + C1,2
5 ) = nn−6(n+ 5)2, n ≥ 5;

T (Kn + C1,2
6 ) = nn−7(n+ 6)2(n+ 4)3, n ≥ 6;

T (Kn + C1,2
7 ) = nn−8(n3 + 14n2 + 63n + 91)2, n ≥ 7.

Theorem 10. For n ≥ m, if m is odd, then

T (Kn + C2,4
m ) = T (Kn + C1,2

m );

Otherwise m is even, then

T (Kn + C2,4
m ) = nn−m−2

[(
x1 +

√
x2

1 − 1
)m/2

−
(
x1 −

√
x2

1 − 1
)m/2

]4

·
[(
x2 +

√
x2

2 − 1
)m/2

−
(
x2 −

√
x2

2 − 1
)m/2

]4

,

where x1 and x2 are defined as in Theorem 9.

Corollary 8.

T (Kn + C2,4
6 ) = nn−6(n+ 6)4, n ≥ 6;

T (Kn + C2,4
7 ) = nn−8(n3 + 14n2 + 63n+ 91)2, n ≥ 7;

T (Kn + C2,4
8 ) = nn−8(n+ 4)2(n+ 6)4, n ≥ 8;

T (Kn + C2,4
9 ) = nn−10(n+ 6)2(n3 + 12n2 + 45n + 51)2, n ≥ 9.
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4. Conclusion

In this paper we discussed how to use properties of Chebyshev polynomials to derive
closed formulae for the number of spanning trees in Kn ± S where S = Cs1,s2,··· ,sk

m is a
circulant graph. Our key step was to factorize a polynomial of order sk and then express
the number of spanning trees in terms of Chebyshev polynomials evaluated at functions of
the roots of the polynomial. In particular, when sk ≤ 4, we could explicitly factorize the
polynomial and derive a“closed” form for the number of spanning trees.
One last thing that we should point it is that, in all the formulae we derived, we assumed

that s1 < s2 < · · · < sk. This was just for the sake of convenience, though, and was not
necessary for our proofs. The technique still works for reapeated si values, e.g., we could
use it to evaluate T (Kn + C1,1

m ) (m ≤ n) where C1,1
m is the doubly-linked cycle.

References

[1] S. D. Bedrosian, Formulas for the number of trees in a networks, CT-8, (1961) 363-364.
[2] S. D. Bedrosian, Generating formulas for the number of trees in a graph, J. Franklin Inst., 277 (1964)

313-326.
[3] S. D. Bedrosian, Formulas for the number of trees in certain incomplete graphs, J. Franklin Inst., 289

(1970) 67-69.
[4] S. D. Bedrosian, Tree counting polynomials for labelled graphs, J. Franklin Inst., 312 (1981) 417-430.
[5] N. Biggs, Algebraic Graph Theory, London: Cambridge University Press, Second Edition, 1993.
[6] F. T. Boesch, H. Prodinger, Spanning Tree Formulas and Chebyshev Polynomials, Graph and Combi-

natorics 2 (1986) 191-200.
[7] G. Chartrand, L. Lesniak, Graphs & digraphs, 3rd edition, Chapman & Hall, 1996.
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