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What does this title mean?

Our goal today:

Find simple deterministic algorithms for computing sequences (un)n>0

that share similarities with i.i.d. symbol sequences
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What does this title mean?

Our goal today:

Find simple deterministic algorithms for computing sequences (un)n>0

(un)n>0 generated by finite automata

that share similarities with i.i.d. symbol sequences
terms (up)n>0 should be equidistributed
pairs (Up, Unt+a)n=0 should be equidistributed

triples (up, Un+a, Unta+b)n>0 should be equidistributed
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Automatic sequences?

Example #1: Thue—Morse sequence

) 0 if the binary digit expansion of n contains an even number of 1s
! 1 otherwise

u,=0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0,1,1,0, ...
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Automatic sequences?

Example #1: Thue—Morse sequence

) 0 if the binary digit expansion of n contains an even number of 1s
! 1 otherwise

u,=0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0,1,1,0, ...

Computing up3 with an automaton:
@ Write 23 in base 2 (little-endian convention): (23), = 111010000. ..
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Automatic sequences?

Example #1: Thue—Morse sequence

) 0 if the binary digit expansion of n contains an even number of 1s
! 1 otherwise

u,=0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0,1,1,0, ...

Computing up3 with an automaton:
@ Write 23 in base 2 (little-endian convention): (23), = 111010000. ..

@ Feed (23), to the Thue—Morse automaton and output the state
label you get stuck seeing

start —
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Automatic sequences?

Example #1: Thue—Morse sequence

) 0 if the binary digit expansion of n contains an even number of 1s
! 1 otherwise

u,=0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0,1,1,0, ...

Computing up3 with an automaton:
@ Write 23 in base 2 (little-endian convention): (23), = 111010000. ..

@ Feed (23), to the Thue—Morse automaton and output the state
label you get stuck seeing

start —
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Automatic sequences?

Example #1: Thue—Morse sequence 2-automatic

) 0 if the binary digit expansion of n contains an even number of 1s
! 1 otherwise

u,=0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0,1,1,0, ...

Computing w3 with an automaton: wp3 =0
@ Write 23 in base 2 (little-endian convention): (23), = 111010000. ..

@ Feed (23), to the Thue—Morse automaton and output the state
label you get stuck seeing

start —
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Automatic sequences

Example #2: Mod2

0 if nis even
up = )
1 otherwise

u, =0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1, ...
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Automatic sequences

Example #2: Mod2 2-automatic

0 if nis even
Up, = _
1 otherwise

u, =0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,...
Computing u, with an automaton:

@ Write n in base 2 (little-endian convention)

@ Feed (n); to the following automaton and output the state label you
get stuck seeing

0,1 start 01
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Automatic sequences
Example #3: Powers of 3

_ )1 if nisa power of 3
"] 0 otherwise

u, =0,1,0,1,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1,0, ...
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Automatic sequences
Example #3: Powers of 3 3-automatic

_ )1 if nisa power of 3
"] 0 otherwise

u, =0,1,0,1,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1,0, ...

Computing u, with an automaton:
@ Write n in base 3 (little-endian convention)

@ Feed (n)3 to the following automaton and output the state label you
get stuck seeing

0 0 0,12

start —
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Automatic sequences: Big-endian variant
Computing u, with an automaton:
@ Write n in base k (big-endian convention): ((23))> = ...000010111

@ Feed ((n)« to your favourite automaton and output the last state

label you see
0 1 0 0 1 1
1 0
0 1 0 12 0,1,2
start — &/—\&
Powers of 3
2
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Automatic sequences and block-additive sequences?®”]

Example #1: Thue—Morse sequence (in Z3)

0 ifn=0
Un = 4 U|n/2 if n>1is even
u[n/2j+1 if n>11is odd

u,=0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0,1,1,0, ...
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Automatic sequences and block-additive sequences?®”]

Example #1: Thue—Morse sequence (in Z3)

0 ifn=0
Un = 4 U|n/2 if n>1is even
Ulp2) +1 if n>11is odd

v, =0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0, 1, 1,0, ...

Computing w3 with a sliding window:
© Write 23 in base 2 (little-endian convention)
@ Feed (23) to the size-1 window with function f: x — x

23)=[1]1 1 0 1 0 0 0 0

Vincent Jugé & Iréne Marcovici Finding automatic sequences with few correlations



Automatic sequences and block-additive sequences?®”]

Example #1: Thue—Morse sequence (in Z3)

0 ifn=0
Un = 4 U|n/2 if n>1is even
Ulp2) +1 if n>11is odd

v, =0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0, 1, 1,0, ...

Computing w3 with a sliding window:
© Write 23 in base 2 (little-endian convention)
@ Feed (23) to the size-1 window with function f: x — x

23= 1[1]1 0 1 0 0 0 0
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Automatic sequences and block-additive sequences?®”]

Example #1: Thue—Morse sequence (in Z3)

0 ifn=0
Un = 4 U|n/2 if n>1is even
Ulp2) +1 if n>11is odd
u,=0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0,1,1,0,...

Computing w3 with a sliding window:
© Write 23 in base 2 (little-endian convention)
@ Feed (23) to the size-1 window with function f: x — x

23= 1 1[1]o 1 0 0 0 0
fl

up3 = 1+1+1+
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Automatic sequences and block-additive sequences?®”]

Example #1: Thue—Morse sequence (in Z3)

0 ifn=0
Un = 4 U|n/2 if n>1is even
Ulp2) +1 if n>11is odd

v, =0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0, 1, 1,0, ...

Computing w3 with a sliding window:
© Write 23 in base 2 (little-endian convention)
@ Feed (23) to the size-1 window with function f: x — x

23),= 1 1 1[0]1 0 0 0 0
|
w3 = 1+1+140+
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Automatic sequences and block-additive sequences?®”]

Example #1: Thue—Morse sequence (in Z3) rank-1 block-additive

0 ifn=0
Un = 4 U|n/2 if n>1is even
Ulp2) +1 if n>11is odd
u,=0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,1,0,0,1,0,1,1,0,0,1,1,0,...

Computing w3 with a sliding window: up3 =0
© Write 23 in base 2 (little-endian convention)
@ Feed (23) to the size-1 window with function f: x — x

23)= 1 1 1 of1]o 0o o0 o

Uy = 1+1+14+0+1
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Automatic sequences and block-additive sequences

Example #2: Generalised Golay—Rudin—Shapiro sequence (in Z,)

0 ifn=20
u, =
! Uln/p) + i if n>1and n=i+ pj mod p?

u, =0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,0,0,0,1,0,0,0,1,1,1,1,0,1,...
forp=2
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Automatic sequences and block-additive sequences

Example #2: Generalised Golay—Rudin—Shapiro sequence (in Z,)

0 ifn=0
= {uLn/pJ+U if n>1and n=i+ pj mod p?
u, =0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,0,0,0,1,0,0,0,1,1,1,1,0, 1, ...
forp=2
Computing u»3 with a sliding window:
© Write 23 in base 2 (little-endian convention)
@ Feed (23)> to the size-2 window with function f: (x,y) — xy

23,=|1 1|1 0 1 0 0 0 O

usz = 1+
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Automatic sequences and block-additive sequences

Example #2: Generalised Golay—Rudin—Shapiro sequence (in Z,)

0 ifn=0
= {uLn/pJ+U if n>1and n=i+ pj mod p?
u, =0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,0,0,0,1,0,0,0,1,1,1,1,0, 1, ...
forp=2
Computing u»3 with a sliding window:
© Write 23 in base 2 (little-endian convention)
@ Feed (23)> to the size-2 window with function f: (x,y) — xy

(23)= 11 10 1 0 0 0 O

ur3 = 1+1+
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Automatic sequences and block-additive sequences

Example #2: Generalised Golay—Rudin—Shapiro sequence (in Z,)

0 ifn=0
= {uLn/pJ+U if n>1and n=i+ pj mod p?
u, =0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,0,0,0,1,0,0,0,1,1,1,1,0, 1, ...
forp=2
Computing u»3 with a sliding window:
© Write 23 in base 2 (little-endian convention)
@ Feed (23)> to the size-2 window with function f: (x,y) — xy

23)= 1 1|1 0o]1 0 0 0 ©

usz = 1+1+0+
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Automatic sequences and block-additive sequences

Example #2: Generalised Golay—Rudin—Shapiro sequence (in Z,)

0 ifn=0
= {uLn/pJ+U if n>1and n=i+ pj mod p?
u, =0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,0,0,0,1,0,0,0,1,1,1,1,0, 1, ...
forp=2
Computing u»3 with a sliding window:
© Write 23 in base 2 (little-endian convention)
@ Feed (23)> to the size-2 window with function f: (x,y) — xy

(23)= 1 1 1[0 1|0 0 0 0O

usz = 1+1+0+0+
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Automatic sequences and block-additive sequences

Example #2: Generalised Golay—Rudin—Shapiro sequence (in Z,)
rank-2 block-additive

0 ifn=0
= {uLn/pJ+U if n>1and n=i+ pj mod p?
u, =0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,0,0,0,1,0,0,0,1,1,1,1,0, 1, ...
forp=2
Computing u»3 with a sliding window: wuy3 = 0
© Write 23 in base 2 (little-endian convention)
@ Feed (23)> to the size-2 window with function f: (x,y) — xy

23)= 1 1 1 0{1 0|0 0 O

ugz = 1+1+0+0+0
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Automatic sequences and block-additive sequences
Example #3: Mod2 (in Z3)

0 if n=0
Un = { Un/2 if n>1and n=0or 3 mod 4
Upp)+1ifn>1and n=1or2mod4

u, =0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1, ...
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Automatic sequences and block-additive sequences
Example #3: Mod2 (in Z3)

0 if n=0
Un = 4 U|n/2] if n>1and n=0 or 3 mod 4
Upp)+1ifn>1and n=1o0r2mod 4

u, =0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1, ...

Computing w3 with a sliding window:
@ Write 23 in base 2 (little-endian convention)
@ Feed (23); to the size-2 window with function f: (x,y) — x+y

23,=|1 1|1 0 1 0 0 0 O
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Automatic sequences and block-additive sequences
Example #3: Mod2 (in Z3)

0 if n=0
Un = 4 U|n/2] if n>1and n=0 or 3 mod 4
Upp)+1ifn>1and n=1o0r2mod 4

u, =0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1, ...

Computing w3 with a sliding window:
@ Write 23 in base 2 (little-endian convention)
@ Feed (23); to the size-2 window with function f: (x,y) — x+y

23)= 11 10 1 0 0 0 O
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Automatic sequences and block-additive sequences
Example #3: Mod2 (in Z3)

0 if n=0
Un = 4 U|n/2] if n>1and n=0 or 3 mod 4
Upp)+1ifn>1and n=1o0r2mod 4

u, =0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1, ...

Computing w3 with a sliding window:
@ Write 23 in base 2 (little-endian convention)
@ Feed (23); to the size-2 window with function f: (x,y) — x+y

23)= 1 1|1 0ol]1 0 0 0 ©
d

up3 = 0+0+1+
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Automatic sequences and block-additive sequences
Example #3: Mod2 (in Z3)

0 if n=0
Un = 4 U|n/2] if n>1and n=0 or 3 mod 4
Upp)+1ifn>1and n=1o0r2mod 4

u, =0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1, ...

Computing w3 with a sliding window:
@ Write 23 in base 2 (little-endian convention)
@ Feed (23); to the size-2 window with function f: (x,y) — x+y

(23)= 1 1 1[0 1|0 0 0 0O
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Automatic sequences and block-additive sequences

Example #3: Mod2 (in Z5) rank-2 block-additive
0 if n=0
Un = 4 U|n/2] if n>1and n=0 or 3 mod 4

Upp)+1ifn>1and n=1o0r2mod 4

u, =0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1, ...

Computing w3 with a sliding window: wp3 =1
@ Write 23 in base 2 (little-endian convention)
@ Feed (23); to the size-2 window with function f: (x,y) — x+y

23)= 1 1 1 0 {1 0|0 0 O
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Automatic sequences: Take-away home. . .

Automatic sequence

A sequence (up)n>0 is k-automatic if there exists a labelled DFA that,
upon reading the base-k digits of n, gets stuck in states labelled u,,.
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Automatic sequences: Take-away home. . .
Automatic sequence

A sequence (up)n>0 is k-automatic if there exists a labelled DFA that,
upon reading the base-k digits of n, gets stuck in states labelled u,,.

Examples: Thue—Morse, Mod2, Powers of 3, Generalised GRS

Counter-examples: Squares, Primes
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Automatic sequences: Take-away home. . .
Automatic sequence

A sequence (up)n>0 is k-automatic if there exists a labelled DFA that,
upon reading the base-k digits of n, gets stuck in states labelled u,,.

Examples: Thue—Morse, Mod2, Powers of 3, Generalised GRS

Counter-examples: Squares, Primes

Block-additive sequence

A sequence (up)n>0 is rank-r block-additive in Z if there exists a function
@: Zyr — Zy such that 0 ifn=0

= Uln/k) +@(n mod k) if n>0
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Automatic sequences: Take-away home. ..

Automatic sequence

A sequence (up)n>0 is k-automatic if there exists a labelled DFA that,
upon reading the base-k digits of n, gets stuck in states labelled u,,.

Examples: Thue—Morse, Mod2, Powers of 3, Generalised GRS

Counter-examples: Squares, Primes

Block-additive sequence

A sequence (up)n>0 is rank-r block-additive in Z if there exists a function
@: Zyr — Zy such that 0 ifn=0

= Uln/k) +@(n mod k) if n>0

Examples: Mod2, Thue-Morse, Generalised GRS, Non-multiples of 3
Counter-examples: Powers of 3, Multiples of 3

Proposition: Every block-additive sequence is automatic.
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What makes a deterministic sequence look random?

You should have no idea of what you will find!
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What makes a deterministic sequence look random?

You should have no idea of what you will find!

Equidistributed terms

A sequence (up)ns0 € SN is 1-uncorrelated if
IS| - {k < n:ux=s} ~n
for all symbols s € S.
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What makes a deterministic sequence look random?

You should have no idea of what you will find!

Equidistributed terms

A sequence (up)ns0 € SN is 1-uncorrelated if
IS| - {k < n:ux=s} ~n
for all symbols s € S.

Examples:

Mod?2 0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,.
Thue-Morse 0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0,
Generalised GRS (for all p) 0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,.
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What makes a deterministic sequence look random?

You should have no idea of what you will find!

Equidistributed terms
A sequence (up)ns0 € SN is 1-uncorrelated if

IS| - {k < n:ug=s} ~n
for all symbols s € S.

Examples:

Mod2 0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1, ...
Thue-Morse 0,1,1,0,1,0,0,1,1,0,0,1,0,1,1,0, ...
Generalised GRS (for all p) 0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,.
Counter-examples:

Squares 1,1,0,0,1,0,0,0,0,1,0,0,0,0,0,0,
Multiples of 3 1,0,0,1,0,0,1,0,0,1,0,0,1,0,0,1,
Non-multiples of 3 0,1,1,0,1,1,0,1,1,0,1,1,0,1,1,0,
Odd number of digits 1,1,0,0,1,1,1,1,0,0,0,0,0,0,0,0,...
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What makes a deterministic sequence look random?

No single past observation should help you!
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What makes a deterministic sequence look random?

No single past observation should help you!

Equidistributed pairs
A sequence (up)n=0 € S is 2-uncorrelated if
S| - I{k < n: (uk, ukra) = (s, 8)}| ~ n

for all symbols s, t € S and integers a > 0.
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What makes a deterministic sequence look random?

No single past observation should help you!

Equidistributed pairs
A sequence (up)n=0 € S is 2-uncorrelated if
S| - I{k < n: (uk, ukra) = (s, 8)}| ~ n

for all symbols s, t € S and integers a > 0.

Examples:
Generalised GRS (for all p) 0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,...
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What makes a deterministic sequence look random?

No single past observation should help you!

Equidistributed pairs
A sequence (up)n=0 € S is 2-uncorrelated if
S| - I{k < n: (uk, ukra) = (s, 8)}| ~ n

for all symbols s, t € S and integers a > 0.

Examples:

Generalised GRS (for all p) 0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,...
Counter-examples:

Mod2 P[01] = 1/2
Thue-Morse P[00] =1/3
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What makes a deterministic sequence look random?
No finite-horizon observation should help you!

Equidistributed tuples
A sequence (up)ns0 € SV is £-uncorrelated if
|S£| : |{k < n: (uk+317 Uk+taps -+ Uk—i—ag) = (517527 s 754)}| ~n

for all symbols s1,5,...,5 € S and integers 0 = a1 < a» < ... < ay.
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What makes a deterministic sequence look random?
No finite-horizon observation should help you!

Equidistributed tuples
A sequence (up)ns0 € SV is £-uncorrelated if
|S£| : |{k < n: (uk+317 Uk+taps -+ uk+az) = (517527 s 754)}| ~n

for all symbols s1,5,...,5 € S and integers 0 = a1 < a» < ... < ay.

Example for ¢ = 3:
Generalised GRSI®! (for p = 2) 0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,...

Counter-example for £ = 3:
Generalised GRS (for p = 3) P[000] = 5/81
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What makes a deterministic sequence look random?
No finite-horizon observation should help you!

Equidistributed tuples
A sequence (up)ns0 € SV is £-uncorrelated if
|S£| : |{k < n: (uk+317 Uk+taps -+ uk+az) = (517527 s 754)}| ~n

for all symbols s1,5,...,5 € S and integers 0 = a1 < a» < ... < ay.

Example for ¢ = 3:
Generalised GRSI®! (for p = 2) 0,0,0,1,0,0,1,0,0,0,0,1,1,1,0,1,...

Counter-example for £ = 3:
Generalised GRS (for p = 3) P[000] = 5/81

Counter-example for ¢ = 4:
Generalised GRS (for p = 2) [P[0000] = 3/32
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Avoiding small-¢ correlations

Theorem!?

Every non-constant k-automatic sequence with an s-state big-endian DFA
is ks*1-correlated.
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Avoiding small-¢ correlations

Theorem!?

Every non-constant k-automatic sequence with an s-state big-endian DFA
is kST1-correlated.

Proof:

Let £ = k1. Our sequence (u,)n=0 has at most £s? distinct subsequences
of length ¢ :
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Avoiding small-¢ correlations

Theorem!?

Every non-constant k-automatic sequence with an s-state big-endian DFA
is kST1-correlated.

Proof:
Let £ = k1. Our sequence (u,)n=0 has at most £s? distinct subsequences
of length ¢ :
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¢ terms
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Avoiding small-¢ correlations

Theorem!?

Every non-constant k-automatic sequence with an s-state big-endian DFA
is kST1-correlated.

Proof:
Let £ = k1. Our sequence (u,)n=0 has at most £s? distinct subsequences

of length ¢ :

s+ 1 steps

¢ terms
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Avoiding small-¢ correlations

Theorem!?

Every non-constant k-automatic sequence with an s-state big-endian DFA
is kST1-correlated.

Proof:

Let £ = k1. Our sequence (u,)n=0 has at most £s? distinct subsequences
of length ¢ :

s+ 1 steps

¢ terms

Thus, at least one of the k¢ > 2¢ > ¢s? sequences of length ¢ is missing.
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Avoiding small-¢ correlations

Theorem!®!

Every 2/-uncorrelated block-additive sequence in Z, is also
(2¢ + 1)-uncorrelated.
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Avoiding small-¢ correlations

Theorem!®!

Every 2/-uncorrelated block-additive sequence in Z, is also
(2¢ + 1)-uncorrelated.

Good side:

Many known 3-uncorrelated block-additive sequences in Zj!
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Avoiding small-¢ correlations

Theorem!®!

Every 2/-uncorrelated block-additive sequence in Z, is also
(2¢ + 1)-uncorrelated.

Good side:
Many known 3-uncorrelated block-additive sequences in Zj!

Bad sides:
Statement fails in Z, for p > 3.
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Avoiding small-¢ correlations

Theorem!®!

Every 2/-uncorrelated block-additive sequence in Z; is also
(2¢ + 1)-uncorrelated.

Good side:
Many known 3-uncorrelated block-additive sequences in Zj!

Bad sides:
Statement fails in Z, for p > 3.
No 4-uncorrelated block-additive sequences in Z; are yet known.
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Avoiding small-¢ correlations

Theorem!®!

Every 2/-uncorrelated block-additive sequence in Z; is also
(2¢ + 1)-uncorrelated.

Good side:
Many known 3-uncorrelated block-additive sequences in Zj!

Bad sides:
Statement fails in Z, for p > 3.
No 4-uncorrelated block-additive sequences in Z; are yet known.

Results so far:

Simple criteria for 2-/3-uncorrelated rank-3 block-additive sequences in Z,.
Rank-5 block-additive sequences in Z, are 4-correlated.

Rank-3 block-additive sequences in Z3 are 3-correlated.
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What is coming next?

Extending our criteria to all 2-uncorrelated block-additive sequences in Z.

Finding a 4-uncorrelated block-additive sequence or proving none exists.

Finding a 4-uncorrelated automatic sequence or proving none exists.

Deciding whether an automaton A gives an f-uncorrelated sequence.
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