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Multiplying braids

What are braids?
@ Intertwined strands
@ Intertwined strands up to isotopy, endowed with a product
’

\ /\
X XK T XK T T

Useful notations:

4 \\ _//'
3 -
5 ]
1 \
o1| o3| |o2| |05t
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Multiplying braids

What are braids?
@ Intertwined strands

@ Intertwined strands up to isotopy, endowed with a product

/

\ /\
X XK T XK T T

What properties for this product?

© Simplifications 3—-3=0and3+3=1

@ Partial commutativity 2x3=3x2and2+3=3+2
: \ \L
3 3

2 w = - / /

N T 2\, — — 2\ #
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What are braids?
@ Intertwined strands

@ Intertwined strands up to isotopy, endowed with a product
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What properties for this product?
© Simplifications 3—-3=0and3+3=1
@ Partial commutativity 2x3=3x2and2+3=3+2
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Multiplying braids

What are braids?
@ Intertwined strands

@ Intertwined strands up to isotopy, endowed with a product

/

\ /\
X XK T

XX

What properties for this product?
© Simplifications
@ Partial commutativity
© Braid relations

4—

2 3% L
XX = T e
o 1 17 N\—
Lo € 0103

N\
N—

2
X 17

3—3=0and3+-3=1
2x3=3x2and2+3=3+2

3

! 010201 020102

Vincent Jugé (CNRS, LSV & ENS Paris-Saclay)

Combinatorics of braids and Garside normal forms




Positive braids and permutations

What are positive braids?

© Braids with o; moves only
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Positive braids and permutations

What are positive braids?

@ Braids with o; moves only

%

/
AN

\ (€

What are permutations?
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Positive braids and permutations

What are positive braids?

@ Braids with o; moves only

/
AN

\ (€

N %

X

What are permutations?

@ Braids where we do not know which strand is in the foreground

(0i =071
X
125 5:( &

Vincent Jugé (CNRS, LSV & ENS Paris-Saclay) Combinatorics of braids and Garside normal forms



Divisibility and positive braids

Divisibility in non-negative integers: a| b J

An integer a divides an integer b iff 3 an integer ¢ such that b= a x c.

3/12,2(14,7|0and 0|0 but 417
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Divisibility and positive braids

Divisibility in non-negative integers: a| b J

An integer a divides an integer b iff 3 an integer ¢ such that b= a x c.

3|12,2[14,7(0and 0|0 but 417

Divisibility in positive braids: a <, 5 and >, «
@ The braid « left-divides the braid 3 iff 3 a braid v s.t. 8=« x 7.
@ The braid « right-divides the braid 3 iff 3 a braid v s.t. 8=~ x a.

01 <y 010201, 01 <p 020102, 010201 =, 01 and oo <y 0p07 but
o1 €4 0201
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Divisibility diagrams: GCD and LCM

In non-negative integers: and LCM(3,5) = 15
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Divisibility diagrams: GCD and LCM

In 4-strand positive braids (left division):
and LCM(O’l,(TQ) = 010201
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Showing that there exist GCDs and LCMs: simple braids

What are simple braids?

Braids whose strands cross at most once.

= x 2 DS

€ 01 02 0102 0201 010201
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What are simple braids?

Braids whose strands cross at most once.
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Showing that there exist GCDs and LCMs: simple braids

What are simple braids?

Braids whose strands cross at most once.

= x 2 D

5 o1 (o)) J102 0201 A3
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Showing that there exist GCDs and LCMs: simple braids

What are simple braids?

Braids whose strands cross at most once.

— 5 C 58 B K

€ o1 0o 0102 0201 Az

The set of simple braids is:
@ closed by left and right divisions
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Showing that there exist GCDs and LCMs: simple braids

What are simple braids?

Braids whose strands cross at most once.

€ o1 0o 0102 0201 Az

The set of simple braids is:

@ closed by left and right divisions
@ in bijection with permutations

4

3 3
2

1 1
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Showing that there exist GCDs and LCMs: simple braids

What are simple braids?

Braids whose strands cross at most once.

€ o1 0o 0102 0201 Az

The set of simple braids is:

@ closed by left and right divisions
@ in bijection with permutations

4
3\
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Showing that there exist GCDs and LCMs: simple braids

What are simple braids?

Braids whose strands cross at most once.

€ o1 0o 0102 0201 Az

The set of simple braids is:

@ closed by left and right divisions
@ in bijection with permutations
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Divisibility of simple braids

For a simple 8, let £(8) = {(i,j) : i <j,strand;_, crosses strand;_,}.
If you please — draw me a £L(f)

The set S belongs to {L£(5) | § is simple} if and only if, for all i < j < k:
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Divisibility of simple braids
For a simple 3, let £(8) = {(i,j) : i <j,strand;_, crosses strand;_,}

If you please — draw me a £L(f)

The set S belongs to {L£(5) | § is simple} if and only if, for all i < j < k:
o (i,j)eSand (j,k)eS = (i,k) €S, and

° (i,j)¢Sand (j,k) ¢S = (i,k)¢S.
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Divisibility of simple braids
For a simple 3, let £(8) = {(i,j) : i <j,strand;_, crosses strand;_,}

If you please — draw me a £L(f)

The set S belongs to {L£(5) | § is simple} if and only if, for all i < j < k:
o (i,j)eSand (j,k)eS = (i,k) €S, and

° (i,j)¢Sand (j,k) ¢S = (i,k)¢S.

@ Choose a pair (i,i+1)in S.

S= {(17 2)a (174)a (3’4)}
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Divisibility of simple braids
For a simple 3, let £(8) = {(i,j) : i <j,strand;_, crosses strand;_,}

If you please — draw me a £L(f)

The set S belongs to {L£(5) | § is simple} if and only if, for all i < j < k:
o (i,j)eSand (j,k)eS = (i,k) €S, and

° (i,j)¢Sand (j,k) ¢S = (i,k)¢S.

@ Choose a pair (i,i+ 1) in S and delete it.

§' = {(174)7 (374)}
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Divisibility of simple braids
For a simple 3, let £(8) = {(i,j) : i <j,strand;_, crosses strand;_,}

If you please — draw me a £L(f)

The set S belongs to {L£(5) | § is simple} if and only if, for all i < j < k:
o (i,j)eSand (j,k)eS = (i,k) €S, and

° (i,j)¢Sand (j,k) ¢S = (i,k)¢S.

@ Choose a pair (i,i+ 1) in S and delete it.
@ Swap i'sand (i +1)'s.

§" = {(274)7 (374)}
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Divisibility of simple braids
For a simple 3, let £(8) = {(i,j) : i <j,strand;_, crosses strand;_,}

If you please — draw me a £L(f)

The set S belongs to {L£(5) | § is simple} if and only if, for all i < j < k:
o (i,j)eSand (j,k)eS = (i,k) €S, and

° (i,j)¢Sand (j,k) ¢S = (i,k)¢S.

@ Choose a pair (i,i+ 1) in S and delete it.
@ Swap i'sand (i +1)'s.

© Build a braid ~ by induction on |S|.

§" = {(274)7 (374)}

%
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Divisibility of simple braids

For a simple 3, let £(8) = {(i,j) : i <j,strand;_, crosses strand;_,}.

If you please — draw me a £L(f)

The set S belongs to {L£(5) | § is simple} if and only if, for all i < j < k:
o (i,j)eSand (j,k)eS = (i,k) €S, and
° (i,j)¢Sand (j,k) ¢S = (i,k)¢S.

@ Choose a pair (i,i+ 1) in S and delete it.
@ Swap i'sand (i +1)'s.

© Build a braid ~ by induction on |S|.

Q@ We have S = L(o7)!

= {(17 2)a (174)a (374)}

.
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Divisibility of simple braids

For a simple 3, let £(8) = {(i,j) : i <j,strand;_, crosses strand;_,}.

If you please — draw me a £L(f)

The set S belongs to {L£(5) | § is simple} if and only if, for all i < j < k:
o (i,j)eSand (j,k)eS = (i,k) €S, and
° (i,j)¢Sand (j,k) ¢S = (i,k)¢S.

@ Choose a pair (i,i+ 1) in S and delete it.
@ Swap i'sand (i +1)'s.

© Build a braid ~ by induction on |S|.

Q@ We have S = L(o7)!

Bonus:

B <oy ift LIB) < L(7)
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Obtaining GCDs and LCMs 1/3

GCDs and LCMs for simple braids
© Simple braids have LCMs.
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Obtaining GCDs and LCMs 1/3

GCDs and LCMs for simple braids
@ Simple braids have LCMs: L(LCM(3,7v)) = cl(L(8) u L(7)).
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Obtaining GCDs and LCMs 1/3

GCDs and LCMs for simple braids
@ Simple braids have LCMs: L(LCM(3,7v)) = cl(L(8) u L(7)).

@ Simple braids have GCDs:
GCD(8,7) = LCM({5 | § < B and § <; 7}).
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Obtaining GCDs and LCMs 2/3

The greatest simple divisor 8 and v are simple braids
@ Complement C(5,7)

o @
=Y
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@ Complement C(5,7)
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Obtaining GCDs and LCMs 2/3
The greatest simple divisor 8 and v are simple braids
@ Complement C(3,v) = B(y A d3) = \/{x simple | B <; x < 57}
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Obtaining GCDs and LCMs 2/3

The greatest simple divisor X1, X2, .., Xk, and ~ are simple braids
© Complement C(5.7) = B(7 A 35) = \/{x simple | B < x <¢ 47}
Q Head H(X1,X2, 600 ,Xk) = C(Xl, H(Xz, a0 ,Xk)) H() =Ee
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Obtaining GCDs and LCMs 2/3

The greatest simple divisor X1,X2, ..., Xk, 3 and 7 are simple braids
@ Complement C(3,v) = B(y A d3) = \/{x simple | B <; x < 57}
@ Head H(xy,x2,...,xk) = C(x,H(x, ..., xx)) H() = ¢
Lemma: H(xy,x2, ..., xk) z H(x1x0 - - - X
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Obtaining GCDs and LCMs 2/3
The greatest simple divisor X1,X2, ..., Xk, 3 and 7 are simple braids

@ Complement C(3,v) = B(y A d3) = \/{x simple | B <; x < 57}
Q Head H(X1,X2, 000 ,Xk) = C(Xl, H(Xz, 000 ,Xk)) H() =&

Lemma: H(x,y, z) z H(xy, z) if xy is simple

>Q H(x,y, z)

o @

H(x,y,z)
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Obtaining GCDs and LCMs 2/3

The greatest simple divisor X1,X2, ..., Xk, (3 and ~ are simple braids
© Complement C(3.7) = (7 A 35) = \/{x simple | B < x <¢ 7}
Q Head H(Xl,XQ, 600 ,Xk) = C(Xl, H(Xg, a0 ,Xk)) H() =Ee
Lemma: H(x,y,z) = x(dx A y(0, A 2)) if xy is simple
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Obtaining GCDs and LCMs 2/3

The greatest simple divisor X1,X2, ..., Xk, (3 and ~ are simple braids
@ Complement C(3,v) = B(y A d3) = \/{x simple | B <; x < 57}
Q Head H(Xl,XQ, 000 ,Xk) = C(Xl, H(Xg, 000 ,Xk)) H() =&
Lemma: H(x,y,z) = x(y0xy A ¥(Oxy0s, A 2)) if xy is simple
A, 2o,
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Obtaining GCDs and LCMs 2/3

The greatest simple divisor X1,X2, ..., Xk, (3 and ~ are simple braids
© Complement C(3.7) = (7 A 35) = \/{x simple | B < x <¢ 7}
Q Head H(Xl,XQ, 000 ,Xk) = C(Xl, H(Xg, 000 ,Xk)) H() =&
Lemma: H(x,y,z) = xy(0xy A Oxy0a, A 2) if xy is simple
A, 0o,
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Obtaining GCDs and LCMs 2/3

The greatest simple divisor X1,X2, ..., Xk, (3 and ~ are simple braids
© Complement C(3.7) = (7 A 35) = \/{x simple | B < x <¢ 7}
Q Head H(Xl,XQ, 000 ,Xk) = C(X]_, H(Xg, 000 ,Xk)) H() =&
Lemma: H(x,y,z) = xy(0xy A 2) if xy is simple
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Obtaining GCDs and LCMs 2/3

The greatest simple divisor X1,X2, ..., Xk, (3 and ~ are simple braids
@ Complement C(5,7) = B(y A 35) = \/{x simple | 8 <, x <¢ 1)
Q Head H(Xl,XQ, 600 ,Xk) = C(X]_, H(Xg, a0 ,Xk)) H() =Ee
Lemma: H(x,y,z) = H(xy, z) if xy is simple
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Obtaining GCDs and LCMs 3/3

GCDs and LCMs for everybody
@ Positive braids have GCDs.

~®
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GCDs and LCMs for everybody
@ Positive braids have GCDs.

o

~®

Vincent Jugé (CNRS, LSV & ENS Paris-Saclay) Combinatorics of braids and Garside normal forms



Obtaining GCDs and LCMs 3/3

GCDs and LCMs for everybody
@ Positive braids have GCDs.

A, AV B
>®
ApABAY
>®
€ FAVRNES' v
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GCDs and LCMs for everybody
@ Positive braids have GCDs.
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Obtaining GCDs and LCMs 3/3

GCDs and LCMs for everybody
@ Positive braids have GCDs.
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Obtaining GCDs and LCMs 3/3

GCDs and LCMs for everybody
@ Positive braids have GCDs.
@ Positive braids have LCMs: LCM(8,7v) = GCD({0 | 8 <¢ 6,7 <¢ d}).

Three lemmas

Q oA A, = ApApo; forall i
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GCDs and LCMs for everybody
@ Positive braids have GCDs.
@ Positive braids have LCMs: LCM(8,7v) = GCD({0 | 8 <¢ 6,7 <¢ d}).

Three lemmas

9 O'iAnAn = AnAnU,' for all i
Q BA2 = A28 for all 3

01030201A% = 010302A301 =...= A%alagazal
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Obtaining GCDs and LCMs 3/3

GCDs and LCMs for everybody
@ Positive braids have GCDs.
@ Positive braids have LCMs: LCM(8,7v) = GCD({0 | 8 <¢ 6,7 <¢ d}).

Three lemmas
9 O','AnAn = AnAnU,' for all i
Q BA2 = A28 for all 3
Q By A28 for all B

01030201 <y O'10'30'2A% = A%0'1030'2 <y A3010'3A% <p - <y A?,

Vincent Jugé (CNRS, LSV & ENS Paris-Saclay) Combinatorics of braids and Garside normal forms



Thank you!
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