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Braid Groups

What are braids?
@ Intertwined strands

@ Isotopy group of braid diagrams
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Braid Groups

What are braids?
@ Intertwined strands
@ Isotopy group of braid diagrams
© Isotopy group of homeomorphisms of C
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Braid Groups

What are braids?
@ Intertwined strands
@ Isotopy group of braid diagrams
© Isotopy group of homeomorphisms of C that fix dD pointwise
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Braid Groups

What are braids?
@ Intertwined strands
@ Isotopy group of braid diagrams

@ Isotopy group of homeomorphisms of C that fix /D pointwise and
let P, globally invariant
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Braid Groups

What are braids?
@ Intertwined strands
@ Isotopy group of braid diagrams
@ Isotopy group of homeomorphisms of C that fix /D pointwise and

let P, globally invariant: B, = é{:&(&%z’;”lfdﬁ))-
»hn n,
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Braid Groups

What are braids?
@ Intertwined strands
@ Isotopy group of braid diagrams
@ Isotopy group of homeomorphisms of C that fix 0D pointwise and

_ Hom(C,Pr—Pp,Idsp)
~ Homo(C,Pr—Pn,dyp) -

let P, globally invariant: B,
@ Finitely presented group
n = <017- -y 0n-1 | 0i0i+10; = 0j+10j0j+1,0,0; = 00| if =i+ 2>
o; . Artin Generators
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Braid Groups

What are braids?
@ Intertwined strands
@ Isotopy group of braid diagrams
@ Isotopy group of homeomorphisms of C that fix 0D pointwise and

_ Hom(C,Pr—Pp,Idsp)
~ Homo(C,Pr—Pn,dyp) -

let P, globally invariant: B,
@ Finitely presented group
n={01,...,0n-1]| 0i0j110; = 0i410i0i+1,0i0; = gjoj if =i+ 2).
o; . Artin Generators

Coxeter Group:

2 o o .
6,, = <O’1,...,0',,_1 | o = 1,0’;0’;+10’; = 0i410i0i41,0{0; = 00 Sl | = +2>.
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Complexity of a Braid

What is a complex braid?
Idea #1: a braid with lots of crossings
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Complexity of a Braid

What is a complex braid?
Idea #1: a braid with lots of crossings
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Complexity of a Braid

What is a complex braid?
Idea #1: a braid with lots of crossings

simple complex complex?

@ [|a| = minimal number of crossings
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Complexity of a Braid

What is a complex braid?
Idea #1: a braid with lots of crossings

X o)
S K
simple complex complex?

@ [|a| = minimal number of crossings

o || = distance to ¢ in a Cayley graph: [|a- 3| < || + | 5]
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Complexity of a Braid

What is a complex braid?
Idea #1: a braid with lots of crossings

SO 5SS
A
simple complex complex?
@ || = minimal number of crossings

o || = distance to ¢ in a Cayley graph: [|a- 3| < || + | 5]

e Computing |«f|: very hard
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Complexity of a Braid

What is a complex braid?
Idea #1: a braid with lots of crossings

SO 5SS
A
simple complex complex?
@ || = minimal number of crossings

o || = distance to ¢ in a Cayley graph: [|a- 3| < || + | 5]

e Computing |a: very hard (easy up to a multiplicative factor n!)
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Complexity of a Braid

What is a complex braid?
Idea #1: a braid with lots of crossings

/\ 7/ \
S K

simple complex complex?
||| = minimal number of crossings

|ae| = distance to € in a Cayley graph: |« - 8] < |laf + | 8]

Computing |a|: very hard (easy up to a multiplicative factor n!)

Computing NK) = #{a : |al| = k}: seems very hard

Vincent Jugé (Mines Paris & Paris 7 — LIAFA) Counting Braids and Laminations



Complexity of a Braid

What is a complex braid?
Idea #2: distance to ¢ in another Cayley graph
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Complexity of a Braid

What is a complex braid?
Idea #2: distance to ¢ in another Cayley graph

generated by simple braids
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Complexity of a Braid

What is a complex braid?
Idea #2: distance to ¢ in another Cayley graph

generated by simple braids

@ |allz = distance to ¢ in a Cayley graph: |- B2 < [laf2 + | 3]2
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Complexity of a Braid

What is a complex braid?
Idea #2: distance to ¢ in another Cayley graph

generated by simple braids

@ |allz = distance to ¢ in a Cayley graph: |- B2 < [laf2 + | 3]2
o Computing |a2: easy
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Complexity of a Braid

What is a complex braid?
Idea #2: distance to ¢ in another Cayley graph

generated by simple braids

@ |||z = distance to ¢ in a Cayley graph: [la - 8|2 < |afl2 + [|8]2
o Computing Ha”2 easy

e Computing N2 = #{a: |all2 = k}: easy
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Complexity of a Braid

What is a complex braid?
Idea #2: distance to ¢ in another Cayley graph

generated by simple braids

@ |||z = distance to ¢ in a Cayley graph: [la - 8|2 < |afl2 + [|8]2
o Computing Ha”2 easy

e Computing N2 = #{a: |af2 = k}: easy (X0 N( )7k is rational)

v
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What are Band Laminations?

Trivial band lamination:
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What are Band Laminations?

Non-trivial band lamination:
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What are Band Laminations?

Braid acting on a band lamination:

02
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What are Band Laminations?

Braid acting on a band lamination:

OO?
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What are Band Laminations?

Braid acting on a band lamination:
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What are Band Laminations?

Braid acting on a band lamination:
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What are Band Laminations?

Braid acting on a band lamination:
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What are Band Laminations?

Braid acting on a band lamination:
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Braid Acting on a Band Lamination

Braid = Band lamination

B, acts faithfully and transitively on £5 :

B, = {n-strand braids}
L5 = {band laminations with n holes}
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Braid Acting on a Band Lamination

Braid = Band lamination

B, acts faithfully and transitively on £5 :
B, = Lb
a - alLh)

B, = {n-strand braids}
L5 = {band laminations with n holes}
L2 = trivial band lamination
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Braid Acting on a Band Lamination

Braid = Band lamination

B, acts faithfully and transitively on £5 :
B, = Lb
a - all?)

B, = {n-strand braids}
LP = {band laminations with n holes}
L2 = trivial band lamination

€ af10;103 agaflaglagg
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Laminations and Complexity

What is a complex braid?

Idea #3: a band lamination whose arcs often cross R
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Laminations and Complexity

What is a complex braid?

Idea #3: a band lamination whose arcs often cross R

Complex braid
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Laminations and Complexity

What is a complex braid?

Idea #3: a band lamination whose arcs often cross R

Complex braid

o |||z = cardinality of a(LS) n R
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Laminations and Complexity

What is a complex braid?

Idea #3: a band lamination whose arcs often cross R

Complex braid o105t

o |||z = cardinality of a(LS) n R
o (o105 5 ~ 2*
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Laminations and Complexity

What is a complex braid?

Idea #3: a band lamination whose arcs often cross R

Complex braid o105t

o |||z = cardinality of a(LS) n R
o [(0103 1) s ~ 2% Jla- Blls % [lalls + 15l
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Laminations and Complexity

What is a complex braid?

Idea #3: a band lamination whose arcs often cross R

Complex braid o105t

o |||z = cardinality of a(LS) n R

o [(0103 1) s ~ 2% Jla- Blls % [lalls + 15l
o Computing |al|3: easy
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Laminations and Complexity

What is a complex braid?

Idea #3: a band lamination whose arcs often cross R

—
, XA
Complex braid 01051
o |||z = cardinality of a(LS) n R
o [(o105 ) s ~ 2% |- Blls < ells + B3
o Computing |al|3: easy

Computing Nék) = #{a: |al|3 = k}: not obvious. ..
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What are Radial Laminations?

Trivial radial lamination:
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What are Radial Laminations?

Non-trivial radial lamination:

Q
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What are Radial Laminations?

Braid acting on a radial lamination:

@
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What are Radial Laminations?

Braid acting on a radial lamination:
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What are Radial Laminations?

Braid acting on a radial lamination:

2
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What are Radial Laminations?

Braid acting on a radial lamination:

QL/ A

0
0
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What are Radial Laminations?

Braid acting on a radial lamination:

QL/ @

©
®
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What are Radial Laminations?

Braid acting on a radial lamination:

3| X — LI
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Braid Acting on a Radial Lamination

Braid = Radial lamination
B, acts faithfully and transitively on LI :

B, = {n-strand braids}
L = {radial laminations with n holes}
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Braid Acting on a Radial Lamination

Braid = Radial lamination

B, acts faithfully and transitively on LI :
B, = L]
a — oL))

B, = {n-strand braids}
L = {radial laminations with n holes}
L. = trivial radial lamination
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Braid Acting on a Radial Lamination

Braid = Radial lamination

B, acts faithfully and transitively on L/ :
B, = LI

a = ol

B, = {n-strand braids}
LI = {radial laminations with n holes}
L. = trivial radial lamination
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Laminations and Complexity

What is a complex braid?

Idea #4: a lamination whose ray often crosses L?
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Laminations and Complexity

What is a complex braid?

Idea #4: a lamination whose ray often crosses L?

OEE

Complex braid
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Laminations and Complexity

What is a complex braid?

Idea #4: a lamination whose ray often crosses L2

OEE

Complex braid

o |af4 = cardinality of a(LL) N LE
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Laminations and Complexity

What is a complex braid?

Idea #4: a lamination whose ray often crosses L2

OEE

Complex braid

o |lafs = cardinality of a(Lf) nLE

e Computing N = #{a: |allsa = k}
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Laminations and Complexity

What is a complex braid?

Idea #4: a lamination whose ray often crosses L2

OEE

Complex braid

o |als = card|na||ty of a(Ll) nLE= Ha‘1]|3

e Computing N =H#{a:|alla =k} = ): not so hard. ..
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Laminations and Complexity

Why do we have ||al; = |a7]3?
Pull a's ray tight!
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Laminations and Complexity

Why do we have |a, = [|a71]3?
Pull a's ray tight!

o =P

@ U—e

jo20y H(LE) N LE|
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Laminations and Complexity

Why do we have |a, = [|a71]3?
Pull a's ray tight!

(if_/D Q
e Oe o0 f0e

o207 (L) A L2 = oy (LE) nop (LD
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Laminations and Complexity

Why do we have |afs = [a71]5?
Pull a's ray tight!

(II/D Q
e Oe o0 f0e

o207 (L) A L2 = oy (LE) nop (LD
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Counting Laminations

How can we count (radial) laminations?

G==1)
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Counting Laminations

How can we count (radial) laminations?

© Identify mirrors

Tr
[o!
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Counting Laminations

How can we count (radial) laminations?

@ Identify mirrors and their periscopes

I
LOiofe[ 18
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Counting Laminations

How can we count (radial) laminations?

@ Identify mirrors and their periscopes and transparent holes

)
loig 81,
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Counting Laminations

How can we count (radial) laminations?
@ Identify mirrors and their periscopes and transparent holes
@ Check that the ray is connected!

o]

itel
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Counting Laminations

How can we count (radial) laminations?

@ Identify mirrors and their periscopes and transparent holes
@ Check that the ray is connected!

n

~N

Oy /
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2
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Counting laminations: 1 or 2 strands

1-strand braids:
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Counting laminations: 1 or 2 strands

1-strand braids: N‘Ek) =140

O
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Counting laminations: 1 or 2 strands

1-strand braids: Nik) =140

O

2-strand braids: Nﬁk) =14

eovloe
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Counting laminations: 1 or 2 strands

1-strand braids: Nik) =140

O

2-strand braids: Nik) =141+ 2 1rconys
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Counting laminations: 1 or 2 strands

1-strand braids: Nik) =140

O

2-strand braids: Nik) =141+ 2 1rconys

\ /
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Counting laminations: 3 strands

3-strand braids:
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Counting laminations: 3 strands

3-strand braids:
N = 1o+ 20(k/2 + 1) - 1econaa
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Counting laminations: 3 strands

3-strand braids:

k
NSO = 10+ 20(k/2 + 1) - Liconaa — 2 - Lican6
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Counting laminations: 3 strands

3-strand braids:

k
Nﬁ ) = 1,5+ 2(p(k/2 == 1) Lreonta — 2 lkeanie +
k/4
4% o(k/2+4—2i)  Lrcania
i=2
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Counting laminations: 3 strands

3-strand braids:

k
Nﬁ ) = 1,5+ 2(p(k/2 == 1) Lreonta — 2 lkeanie +
k/4
4% o(k/2+4—2i)  Lrcania
i=2

Nﬁk) ~  (Lkean + Lieanto)k?/m2
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Counting laminations: 3 strands

3-strand braids:

k
Nﬁ ) = 1,5+ 2(p(k/2 == 1) Lreonta — 2 lkeanie +
k/4
4% o(k/2+4—2i)  Lrcania
i=2

Nik) ~  (Lkean + Lieanto)k?/m2

W)k Al+222—2* on Z2(1 —3z%)
ZN4 75 = 2—22(1_24) Zgo(n)z T

n=3
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Counting laminations: 3 strands

3-strand braids:

k
N‘E ) = 1,5+ 2(,0(/(/2 == 1) Lreonta — 2 lkeanie +
k/4
4% o(k/2+4—2i)  Lrcania
i=2

Nﬁ“ ~ (Lkeon + lieany2)k
1+22% -7 2(1—-32%)
N(k) k — 2
Z 42 72(1—z%) i 1—z4
n>3

Typical cases:
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Counting laminations: 4 strands or more
n-strand braids:

° N‘Ek)¢0©ke2N+n—1
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Counting laminations: 4 strands or more
n-strand braids:

° N‘Ek)¢0©ke2N+n—1

My = N[En—l-ﬁ-%)
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Counting laminations: 4 strands or more
n-strand braids:

° N‘Ek);«éO(i)keZN—i-n—l
-} Mg=0(€2n_4)

My = Nﬁn—l-ﬁ-%)

Vincent Jugé (Mines Paris & Paris 7 — LIAFA)

[m]

Counting Braids and Laminations



Counting laminations: 4 strands or more

n-strand braids:
o N 0o ke2N+n—1  — M, =N
o My = 0(62"_4)
o ("2 = O(M,)
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Counting laminations: 4 strands or more

n-strand braids:
o N¥ £0e ke2N+n—1  — M =nN""
o My = 0(62"_4)
o (Bn=5)/2] — O(M,)
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Counting laminations: 4 strands or more
n-strand braids:

o MW 20 ke2N+n—1  — M, =N 2
o My = 0(62"_4)
o (Bn=5)/2] — O(M,)

Conjecture
M, =© (42"_4)
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Counting laminations: 4 strands or more

n-strand braids:
o MW 20 ke2N+n—1  — M, =N 2
o My = (’)(@2"_4)
o (Bn=5)/2] — O(M,)

Conjecture
M, =© (£2n—4)

Is this permutation cyclic?
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Conclusion

Next goals
@ Prove the conjecture

@ Look at the combinatorial structure of laminations
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Conclusion

Next goals
@ Prove the conjecture

@ Look at the combinatorial structure of laminations

Thank you!
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