Growth rates of braid monoids with many generators

Ramoén Flores!, Juan Gonzalez-Meneses®' & Vincent Jugé?

1: Universidad de Sevilla — 2: Université Gustave Eiffel (LIGM)

15/04,/2020

Ramén Flores, Juan Gonzélez-Meneses & Vincent Jugé Growth rates of wide braid monoids



Contents

@ Growth rates of trace monoids

Ramén Flores, Juan Gonzélez-Meneses & Vincent Jugé Growth rates of wide braid monoids



Heaps of pieces vs Trace monoids

Heap of pieces!®

Ss | B

[s. [V vV V] Ss V] Sq

VS [s: TV S: I
V[ Sa | | s:|d S,
S1 VoV 28 S, S1

1'2"3%"4"5" "1 T2t 30 415 172"3%4 057

Ramén Flores, Juan Gonzélez-Meneses & Vincent Jugé Growth rates of wide braid monoids



Heaps of pieces vs Trace monoids
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Heaps of pieces vs Trace monoids

Heap of pieces!® Trace monoid
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o |h| = #piecesin h @ |7| = #tgenerators needed to write T
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Heaps of pieces vs Trace monoids

Heap of pieces!® Trace monoid
S3 4
S;S; =8S;S;
S2 T4 = <51,52,S3,S4 Ifl;Jijl >
S1 Su

1'2"3%4"5
o |h| = #piecesin h @ |7| = #tgenerators needed to write T

® A4k = #heaps of size k ® Ay = #traces of size k
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Heaps of pieces vs Trace monoids

Heap of pieces!® Trace monoid
S3 4
S;S; =S;S;
S2 T4=<S]_,S2,S3,S4 I'FI#_/il >
S1 Su
172"3%4 "5
o |h| = #pieces in h @ |7| = #tgenerators needed to write T

® A4k = #heaps of size k ® Ay = #traces of size k

How does A4, behave when k — +c07

Growth rates of wide braid monoids
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Growth rate of a finitely generated monoid

In a monoid M generated by a finite family F,
@ |7| = Ftgenerators (in F) needed to write 7

e my = #elements of size k
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Growth rate of a finitely generated monoid

In a monoid M generated by a finite family F,
@ |7| = Ftgenerators (in F) needed to write 7

e my = #elements of size k

Lemma: my,, < memy (log my is sub-additive)
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Growth rate of a finitely generated monoid

In a monoid M generated by a finite family F,
@ |7| = Ftgenerators (in F) needed to write 7

e my = #elements of size k

Lemma: my,, < memy (log my is sub-additive)

1/k

Corollary: The sequence m,’" converges!
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Growth rate of a finitely generated monoid

In a monoid M generated by a finite family F,
@ |7| = Ftgenerators (in F) needed to write 7

e my = #elements of size k

Lemma: my,, < memy (log my is sub-additive)

1/k

Corollary: The sequence m,’" converges!

Proof: If m, = 0 for some k > 0, then m; = 0 for all £ > k.
Otherwise, set x, = (log my)/k = 0 and Xy = max{xy, ..., xk}.
For all £ < k and g = 1, we have

it < (kgxic+£x0) /(g k +0) < xic + Xie/g =5

and thus limsup,_, ., Xk < X.

Ramén Flores, Juan Gonzélez-Meneses & Vincent Jugé Growth rates of wide braid monoids



Growth rate of a finitely generated monoid

In a monoid M generated by a finite family F,
@ |7| = Ftgenerators (in F) needed to write 7

e my = #elements of size k

Lemma: my,, < memy (log my is sub-additive)

1/k

Corollary: The sequence m,’" converges!

Proof: If m, = 0 for some k > 0, then m; = 0 for all £ > k.

Otherwise, set x, = (log my)/k = 0 and Xy = max{xy, ..., xk}.
For all £ < k and g = 1, we have

it < (kgxic+£x0) /(g k +0) < xic + Xie/g =5

and thus limsup,_, ., xk < liminfy_, o xk.
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Growth rate of a finitely generated monoid

In a monoid M generated by a finite family F,
@ |7| = Ftgenerators (in F) needed to write 7

e my = #elements of size k

Lemma: my,, < memy (log my is sub-additive)

1/k

Corollary: The sequence m,’" converges towards M'’s growth ratel!

Proof: If m, = 0 for some k > 0, then m; = 0 for all £ > k.

Otherwise, set x, = (log my)/k = 0 and Xy = max{xy, ..., xk}.
For all £ < k and g = 1, we have

it < (kgxic+£x0) /(g k +0) < xic + Xie/g =5

and thus limsup,_, ., xk < liminfy_, o xk.
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Growth rate of trace monoids

S;S; = S;S;

+
T4=<51752,53,54 i+l > Mk =F{T e Ty || =k}

How does A4 precisely behave when k — +007
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Growth rate of trace monoids

S;S; = S;S;

+
T4=<51752,53,54 i+l > Mk =F{T e Ty || =k}

How does A4 precisely behave when k — +007

Generating function

Ga(z) = > Mayzh = ), 27

k=0 T7€T4
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Growth rate of trace monoids

S;S; = S;S;

+
T4=<51752,53,54 i+l > Mk =F{T e Ty || =k}

How does A4 precisely behave when k — +007

Generating function MGobius polynomial
Ga(z) = Z )\4,ka = Z 2"l Pa(z) = Ga(z) ' =1 -4z +32°
k=0 T7€T, . PN(Z)
0 i \/‘ z
0 1 1
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Growth rate of trace monoids

S;S; = S;S;

+
T4=<51752,53,54 i+l > Mk =F{T e Ty || =k}

How does A4 precisely behave when k — +007

Generating function MGobius polynomial
Ga(z) = Z )\4,ka = Z 2"l Pa(z) = Ga(z) ' =1 -4z +32°
k=0 T7€T, . TP4\(Z)
pa=1/3 and Agy ~ k+1_—% 0+ z
Py Pi(ps) 0 1/3\-/i
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Growth rate of trace monoids

S;S; = S;S;

+
T4=<51752,53,54 i+l > Mk =F{T e Ty || =k}

How does A4 precisely behave when k — +007

Generating function MGobius polynomial
Ga(z) = Z )\4,ka = Z 2"l Pa(z) = Ga(z) ' =1 -4z +32°
k=0 T7€T, . TP4\(Z)
pa=1/3 and Agy ~ k+1_—% 0+ z
Py Pi(ps) 0 1/3\-/i

Corollary: /\Lll/f — 1/ps =3

Ramén Flores, Juan Gonzélez-Meneses & Vincent Jugé Growth rates of wide braid monoids



Growth rates of wide trace monoids

How does p, behave when n — +o0?

Recurrence equation

1 Pn(z)
P_1(z) = Po(z) =
Pn(z) = n—1() (2) 0 +——=2m > Z
ifn>1 0 Psp4pap2 P1
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Growth rates of wide trace monoids

How does p, behave when n — +o0?

Recurrence equation

1 Pn(z)
P_1(z) = Po(z) =
Pn(z) = n—1() (2) 0 +——=2m > Z
ifn>1 0 Psp4pap2 P1

Pn = po =0
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Growth rates of wide trace monoids

How does p, behave when n — +o0?

Recurrence equation

1 Pn(2)
P_1(z)=Po(z) =1
Pn(z) = ,-,_1(2) - ZPn—2(Z) 0 T —=T 1 T V4
ifn>1 0 /5 P4p3 P2 p1
= ! =1/4
Pn = 4cos(+15)? Pn = Poo =
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© Growth rates of trace monoids: a first proof
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How did this proof work?
— Part #1: Introducing Mébius polynomials®7 —

@ Define the Mdbius polynomial P,(z)
@ Prove that P,(2)Gn(z) =1
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How did this proof work?

— Part #1: Introducing Mébius polynomials®7 —

Define the Mabius polynomial P,(z)
Prove that P,(z)Gn(z) =1

— Part #2: Computing Mdébius polynomials —

Find induction relation on polynomials P,(z)

Derive a closed-form expression of P,(z)
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How did this proof work?

— Part #1: Introducing Mébius polynomials®7 —

Define the Mabius polynomial P,(z)
Prove that P,(z)Gn(z) =1

— Part #2: Computing Mdébius polynomials —

Find induction relation on polynomials P,(z)

Derive a closed-form expression of P,(z)

— Part #3: Conclusion —

e Compute the limit py of roots p,
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Part #1: Introducing Mobius polynomials (1/2)

A few preliminary properties. . .
@ length is additive: |7| + |o| = |7 - 7|
@ T, is left-cancellative: 7-0=7-0' 0 =0’
@ (T,. <) is a lower-semilattice: GCDs exist (r<71-0)
» Corollary: when a set S has a common multiple, it has a LCM
Q F,={S1,...,Sn} is parabolic: for all 7/ < F,,

» Ty = {7 € T,:all factors S; of 7 belong to F'} is a sub-monoid
» forall S € Tx, if S has a LCM, then LCM(S) € T
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Part #1: Introducing Mobius polynomials (1/2)

A few preliminary properties. . .
@ length is additive: |7| + |o| = |7 - 7|
@ T, is left-cancellative: 7-0=7-0' 0 =0’
@ (T,. <) is a lower-semilattice: GCDs exist (r<71-0)
» Corollary: when a set S has a common multiple, it has a LCM
Q F,={S1,...,Sn} is parabolic: for all 7/ < F,,

» Ty = {7 € T,:all factors S; of 7 belong to F'} is a sub-monoid
» forall S € Tx, if S has a LCM, then LCM(S) € T

and key objects:

O left set of a heap: L(7) = {S;: S; <7}
Q left set of T L, ={X < F,: X hasa LCM} = {L(7): 7€ Tp}
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Part #1: Introducing Mobius polynomials (1/2)

A few preliminary properties. . .
@ length is additive: |7| + |o| = |7 - 7|
@ T, is left-cancellative: 7-0=7-0' 0 =0’
@ (T,. <) is a lower-semilattice: GCDs exist (r<71-0)
» Corollary: when a set S has a common multiple, it has a LCM
Q F,={S1,...,Sn} is parabolic: for all 7/ < F,,

» Ty = {7 € T,:all factors S; of 7 belong to F'} is a sub-monoid
» forall S € Tx, if S has a LCM, then LCM(S) € T

and key objects:

O left set of a heap: L(7) = {S;: S; <7}
Q left set of T L, ={X < F,: X hasa LCM} = {L(7): 7€ Tp}

This also holds in braid monoids!
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Part #1: Introducing Mobius polynomials (1/2)

A few preliminary properties. . .
@ length is additive: |7| + |o| = |7 - 7|
@ T, is left-cancellative: 7-0=7-0' 0 =0’
@ (T,. <) is a lower-semilattice: GCDs exist (r<71-0)
» Corollary: when a set S has a common multiple, it has a LCM
Q F,={S1,...,Sn} is parabolic: for all 7/ < F,,

» Ty = {7 € T,:all factors S; of 7 belong to F'} is a sub-monoid
» forall S € Tx, if S has a LCM, then LCM(S) € T

and key objects:

O left set of a heap: L(7) = {S;: S; <7}
Q left set of T L, ={X < F,: X hasa LCM} = {L(7): 7€ Tp}

This also holds in all Artin-Tits monoids!

Ramén Flores, Juan Gonzélez-Meneses & Vincent Jugé Growth rates of wide braid monoids



Part #1: Introducing Mobius polynomials (2/2)

Theorem: In the ring Z[T,], (Ax =LCM(X))

(S1+S2+2S3)-(S1 —S3) =S?+S5-S1 +2S3- S
—S;-S3—S5-S3— 253
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Part #1: Introducing Mobius polynomials (2/2)

Theorem: In the ring Z[T,], (Ax =LCM(X))

(S1+S2+2S3)-(S1 —S3) =S?+S5-S1 +255-S;
—S;-S3—S,-S3— 253
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Part #1: Introducing Mobius polynomials (2/2)

Theorem: In the ring Z[T,], (Ax =LCM(X))

(S1+S2+253)-(S1 —S3) =S2+S,-S1+53-S;
—S,-S3 253
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Part #1: Introducing Mobius polynomials (2/2)

Theorem: In the ring Z[T,], (Ax =LCM(X))

S (e - R -

XeL, €T,
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Part #1: Introducing Mobius polynomials (2/2)

Theorem: In the ring Z[T,], (Ax =LCM(X))

2 DAk - Y ir = 2 (=D (ax- )

XeL, €T, 7€T, XeL,
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Part #1: Introducing Mobius polynomials (2/2)

Theorem: In the ring Z[T,], (Ax =LCM(X))

2 DAk - Y ir = 2 (=D (ax- )

XeL, €T, 7€T, XeL,

ONCIET

0eTyr XSL(0)
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Part #1: Introducing Mobius polynomials (2/2)

Theorem: In the ring Z[T,], (Ax =LCM(X))

2, DAk - Y ir = 2 (=D (ax )

XeL, €T, 7€T, XeL,

ONCIET

0eTyr XSL(0)

= 2, =g

0T,
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Part #1: Introducing Mobius polynomials (2/2)

Theorem: In the ring Z[T,], (Ax =LCM(X))

2, DAk - Y ir = 2 (=D (ax )

Xel, TeT, Te€T, XeL,
- Z Z DXlg
0eTyr XSL(0)
= 2, lup=gf = 1.
0T,
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Part #1: Introducing Mobius polynomials (2/2)

Theorem: In the ring Z[T,], (Ax =LCM(X))
Corollary: In the ring Z[z],

Z (—1)XIZAxl . Z 2T =1 = P,(2)- Gnl2)

XeL, €T,
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Parts #2 & #3: Computing Mébius polynomials and p.,

Theorem: P_1(z) = Py(z) =1 and Pp(z) = Ph—1(2) — zPp—2(2) if n > 1
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Parts #2 & #3: Computing Mébius polynomials and p.,

Theorem: P_1(z) = Py(z) =1 and Pp(z) = Ph—1(2) — zPp—2(2) if n > 1

Proof: L, ={XeL,:Sp,¢ X} u{Xel,: S,e X}
= Ln—l [ {X ) {S,-,}Z X e Ln_2} and L_1 = Lo = @

Axugs,y = Bx-Spif X S Ly and Ag =1
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Parts #2 & #3: Computing Mébius polynomials and p.,

Theorem: P_1(z) = Py(z) =1 and Pp(z) = Ph—1(2) — zPp—2(2) if n > 1

Proof: L, ={XeL,:Sp,¢ X} u{Xel,: S,e X}
=Lp1 u{XU{Sp}: XelLy}

AXU{SH} =Ax-S,ifX<cL,»

and L_1 = Lo = @
and Ag =1
Computing P,(z) and its roots:

@ For all z € C, the sequence (P,(z))n>—1 is recurrent linear of order 2
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Parts #2 & #3: Computing Mébius polynomials and p.,

Theorem: P_1(z) = Py(z) =1 and Pp(z) = Ph—1(2) — zPp—2(2) if n > 1

Proof: L, ={XelL,:S,¢ X} u{Xel,:S,e X}
=Lp1 u{XU{Sp}: XelLy}

AXU{SH} =Ax-S,ifX<cL,»

and L_1 = Lo = @
and Ag =1
Computing P,(z) and its roots:

@ For all z € C, the sequence (P,(z))n>—1 is recurrent linear of order 2

n+2 _ _ s\n+2
e We find P,(z) = (1+9) 2n+2(51 %) , with § = /1 —4z

and P,(z) = (3n+4)/4" 1 if z =1/4
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Parts #2 & #3: Computing Mébius polynomials and p.,

Theorem: P_1(z) = Py(z) =1 and Pp(z) = Ph—1(2) — zPp—2(2) if n > 1

Proof: L, ={XelL,:S,¢ X} u{Xel,:S,e X}
=Lp1 u{XU{Sp}: XelLy}

AXU{SH} =Ax-S,ifX<cL,»

and L_1 = Lo = @
and Ay =1
Computing P,(z) and its roots:

@ For all z € C, the sequence (P,(z))n>—1 is recurrent linear of order 2

n+2 _ _ s\n+2
e We find P,(z) = (1+9) 2n+2(51 %) , with § = /1 —4z

and P,(z) = (3n+4)/4" 1 if z =1/4

. 1
® Py(z) =0iff z= Tcos(kn/(n T 2))2 for some ke Z  (and z # 1/4)

. 1
Conclusion:

Pn = 4cos(m/(n + 2))2 = P =1/4
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© Growth rates of braid monoids: a first proof
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monoids

(1) %,

.‘. monoids vs ﬁb
KR 5
&

SiSj=S;Siifi#j+1\"_ |
S,‘S,’+1S,‘ = si+lsisi+1 T

T,,=<Sl,...,S,,
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monoids

(1) Ry
.‘. monoids vs ﬁ‘@
KR %
‘ )|

S;S; =S;S; ifi;éjJ_r1>+:A

N N N\
i+1 y /\//\% \
1 VAN N N—
1I \\_/ \_/\;
Si S1 S2 S1 S3 S2 S3 S;1 S1 S1 Sy Ss3

Artin braid diagram
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monoids

(1) Ry
.‘. monoids vs ﬁ‘@
KR %
‘ )|

S;S; =S;S; ifi;éjJ_r1>+:A

N N N\
BVl Zapy e g
1I SR
S; S, S1 S, S3 S, S3 S1 S1 S1 S, S5

Artin braid diagram
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% . ﬁ’* .
& monoids vs ¥¥ monoids

Sy =8;Siifi#j+1\"
S,‘S,’+1S,‘ = Si+lsisi+1 T

T,,=<Sl,...,S,,

i+ 1
I+ix

S; S, S;1 S, S3 S, S3 S;1 S1 S1 Sy S3
Artin braid diagram
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% . ﬁ’* .
& monoids vs ¥¥ monoids

Sy =8;Siifi#j+1\"
S,‘S,’+1S,‘ = Si+lsisi+1 T

T,,=<Sl,...,S,,

n
N X \\

1IN — N\
P P A 2K K
N |/\\
S, S, S1 S, S3 S, S1 S3 S1 S1 Sy Ss

Artin braid diagram
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% _
& monoids vs

@

monoids

X

S;S; = S;S; ifiséjJ_rl>+:A

© pnk =H#{T €A, |T| =k}
© Hn(2) = Yysotnkz" = Qu(z)7!
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... X,
o monoids vs ﬁ‘@ monoids
.... .
&
B S;S;=5;Sjifi#j+1\"
Tn = <51, .. -,Sn Sisi+1s,‘ _ S,‘+1S,‘S,’+1 = An
-1
® fink =H#{TeA,:|T| =k} fnk ~ T
_ k _ -1 dn Qn(qn)
o Hn(z) = Zkzo WnkZ" = Qn(z)
1 4Qa(2)
0 \ '
0 g4 1
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... X,
o monoids vs ﬁ‘@ monoids
.... .
&
_ S;S;=SS;iifi#j+1\"
Tn = <sl) . -,Sn Sisi+1s,‘ _ S,‘+1S,‘S,’+1 = An
-1
® fink =H#{TeA,:|T| =k} fnk ~ T
_ k __ -1 qn Qn(qn)
o Hn(z) = Zkzo WnkZ" = Qn(z)
1 4Qa(2)
0 g4 1
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Mobius polynomials in braid monoids

Theoreml®): Q_;(z) = Qo(z) = 1 and

Qn(2) = D, (~1YZUV2Qu1i(2) ifn>1
=0
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Mobius polynomials in braid monoids

Theoreml®): Q_;(z) = Qo(z) = 1 and

= N (~10RQ, 4 (2 i1

Proof: L, = 27" = | "X U{S;,...,Sn}: XeL;oland L ; =Ly = &
A{S,-,...,Sn} = Sn : Sn—l ce S,' : A{S,-+1,...,S,,} and A@ =1
Ax s;,..s = Bx - Ags, s,y if XS Lio

{g\ — -

9 \/ g

| \ —
S3 S, S S3 S, S3 S; S3

Growth rates of wide braid monoids
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Mobius polynomials in braid monoids
Theoreml®: Q,(z) =0if n < -2, Q_1(z) =1 and

Qn(z) = D (~1YZUTV2Q, 1 j(z) if n =0

j=0

Proof: L, = 27" = | "X U{S;,...,Sn}: XeL;oland L ; =Ly = &

A{S,-,...,Sn} = Sn : Sn—l ce S,' : A{S,-+1,...,S,,} and A@ =1
Ax s;,..s = Bx - Ags, s,y if XS Lio
ah —\ -
a \/ g
< \ N——
S3 S, S; S3 S, S3 S1 S3

Growth rates of wide braid monoids
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Computing Mobius polynomials in braid monoids (1/2)

The sequence (Qn(z))n>—1 is recurrent linear of infinite order, with
Qn(z) =0if n< —2and Q_1(z) =0
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Computing Mobius polynomials in braid monoids (1/2)

The sequence (Qn(z))n>—1 is recurrent linear of infinite order, with
Qn(z) =0if n< —2and Q_1(z) =0

Finite order Infinite order

Equation: Equation:

Qn(z) = Qn-1(2) — 2Qn—2(2) Qn(z) = ngo(_l)jzj(jﬂ)/zQn—l—j(z)
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Computing Mobius polynomials in braid monoids (1/2)

The sequence (Qn(z))n>—1 is recurrent linear of infinite order, with
Qn(z) =0if n< —2and Q_1(z) =0

Finite order Infinite order
Equation: Equation:
Qn(z) = Qn-1(2) — 2Qn—2(2) Qn(z) = ngo(_l)sz(JH)/zQn—l—j(z)
Characteristic polynomial: Characteristic function:
Qx(X) =1 X+ 2X2 Q2(X) = Yoo (- 1Y ZUV2XI
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Computing Mobius polynomials in braid monoids (1/2)

The sequence (Qn(z))n>—1 is recurrent linear of infinite order, with
Qn(z) =0if n< —2and Q_1(z) =0

Finite order Infinite order
Equation: Equation:
Qn(z) = Qn-1(2) — 2Qn—2(2) Qn(z) = ngo(_l)sz(JH)/zQn—l—j(z)
Characteristic polynomial: Characteristic function:
Q,(X)=1—-X+zX? Q(X) = Yjso(—1)/ U= Xi

General expression:

Q:(n) = Qz(rn) =0 (n # n):

Qn(z) = a1r; "+ azr, ", with
aj =-1/r9L(r)

Proof: Cauchy residue formula
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Computing Mobius polynomials in braid monoids (1/2)

The sequence (Qn(z))n>—1 is recurrent linear of infinite order, with
Qn(z) =0if n< —2and Q_1(z) =0

Finite order Infinite order
Equation: Equation:
Qn(z) = Qn-1(2) — 2Qn—2(2) Qn(z) = ngo(_l)sz(JH)/zQn—l—j(z)
Characteristic polynomial: Characteristic function:
Q,(X)=1—-X+zX? Q(X) = Yjso(—1)/ U= Xi
General expression: General expression:
Q:(n) = Qz(r2) =0 (nn # r2): Q,(ri) = 0 (for i = 0):
Qn(z) = a1r; "+ azr, ", with Qn(z) = Xz air; ", with

aj = =1/ Q(ri) aj = —1/rQ(r)

Proof: Cauchy residue formula (because r; ~ z77)
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Computing Mobius polynomials in braid monoids (2/2)

and, some (ugly) computations later. ..

Theorem [10, 11]
goo ~ 0.30904. .. is the least real z > 0 such that Q, has a double root J
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Computing Mobius polynomials in braid monoids (2/2)

and, some (ugly) computations later. ..

Theorem [10, 11]

goo ~ 0.30904. .. is the least real z > 0 such that Q, has a double root

Theorem [11]

The same result holds in monoids of type B and D

A, @@@@ ............. @
B,: 433 ............. @
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@ Growth rates of trace and braid monoids: an algebraic proof
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Pros and cons of our first approach

Pros:
@ Similar techniques work in all cases
@ No need for strong insights: careful computations are enough

o We get a nice, long sought result
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Pros and cons of our first approach

Pros:
@ Similar techniques work in all cases
@ No need for strong insights: careful computations are enough

o We get a nice, long sought result

Cons:
@ Why does the proof work? Is this just random luck?
@ Computations are not so nice
e What then?
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Pros and cons of our first approach

Pros:
@ Similar techniques work in all cases
@ No need for strong insights: careful computations are enough

o We get a nice, long sought result

Cons:
@ Why does the proof work? Is this just random luck?
@ Computations are not so nice
e What then?

Let us find another proof!
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Growth rates of trace monoids: an algebraic proof

Useful tools. ..

Direct limit of monoids: TocTicTrC...C Ty

Enbedding Ty, into Z[z, T]: S & Y 7 < S(z) = . 27!

Shift endomorphism: sh:S; — S;1

Left-constrained traces: LY ={teTh: L(r) < {S1,...,Si}}
(Tn=L7)
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Growth rates of trace monoids: an algebraic proof

Useful tools. ..

Direct limit of monoids: TocT1STrc...C Ty

Enbedding Ty, into Z[z, T]: S & Y 7 < S(z) = . 27!

Shift endomorphism: sh:S; — S;1

Left-constrained traces: LY ={teTh: L(r) < {S1,...,Si}}
(Tn=L7)

and associated results:

o LIH =sh(Ly)- L7t
o L7 =L{+S1-L5
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Growth rates of trace monoids: an algebraic proof

Useful tools. ..

Direct limit of monoids: TocTicTrC...C Ty

Enbedding Ty, into Z[z, T]: S & Y 7 < S(z) = . 27!

Shift endomorphism: sh:S; — S;1

Left-constrained traces: LY ={teTh: L(r) < {S1,...,Si}}
(Tn=L7)

and associated results:

o LI =sh(Lp)- £y
o LT =L{+S1-L]
o L(2) =1+ zLy Y (2)L](2):

L](z) < 1/z when z < py,
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Growth rates of trace monoids: an algebraic proof

Useful tools. ..

Direct limit of monoids: TocTicTrC...C Ty

Enbedding Ty, into Z[z, T]: S & Y 7 < S(z) = . 27!

Shift endomorphism: sh:S; — S;1

Left-constrained traces: LY ={teTh: L(r) < {S1,...,Si}}
(Tn=L7)

and associated results:

o LI =sh(Lr) £yt o p,=rad L] > rad LT
o LT =L{+S1-L]
o L(2) =1+ zLy Y (2)L](2):

» L1(z) <1/z when z < py,
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Growth rates of trace monoids: an algebraic proof

Useful tools. ..

Direct limit of monoids: TocTicTrC...C Ty

Enbedding Ty, into Z[z, T]: S & Y 7 < S(z) = . 27!

Shift endomorphism: sh:S; — S;1

Left-constrained traces: LY ={teTh: L(r) < {S1,...,Si}}
(Tn=L7)

and associated results:

° ﬁf’:ll =sh(L7) - £'1’+1 e p,=rad L] >rad LT
o LT =L{+S1-L] o L7 — LY on (0, px)
o LI(z) =1+ 2L Y2)Lh(2): P LE(2) = (1 -V1-4z2)/2z

L](z) < 1/z when z < py,
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Growth rates of trace monoids: an algebraic proof

Useful tools. ..

Direct limit of monoids: TocTicTrC...C Ty

Enbedding Ty, into Z[z, T]: S & Y 7 < S(z) = . 27!

Shift endomorphism: sh:S; — S;1

Left-constrained traces: LY ={teTh: L(r) < {S1,...,Si}}
(Tn=L7)

and associated results:

o 57:11 = sh(L]) - E'fﬂ ® p, =rad L] > rad LY

o LT =L{+S1-L] o L7 — LY on (0, px)

o L7(z) =1+ 2Ly (2)L](2): » LP(2) = (1-V1-4z)/2z
» L7(z) < 1/z when z < py, @ pp=rad Ly =1/4
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Growth rates of braid monoids: an algebraic proof (1/2)
Adapting previous tools. ..

Direct limit of monoids: Ag S A1 C Ay C...C Ay

Left-constrained traces: L? = {re A,: L(7) < {S1,...,Si}}
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Growth rates of braid monoids: an algebraic proof (1/2)

Adapting previous tools. ..

Direct limit of monoids: Ag S A1 C Ay C...C Ay

Left-constrained traces: L? = {re A,: L(7) < {S1,...,Si}}

and associated results:

o LI =sh(Lr). £7H!
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Growth rates of braid monoids: an algebraic proof (1/2)

Adapting previous tools. ..

Direct limit of monoids: Ag S A1 C Ay C...C Ay
Left-constrained traces: L? = {re A,: L(7) < {S1,...,Si}}
L ={reA,: L(r)={S1,...,Si}}

and associated results:

o LI =sh(Lr). £7H!

o L1 =L)+ L]
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Growth rates of braid monoids: an algebraic proof (1/2)

Adapting previous tools. ..

Direct limit of monoids: Ag S A1 C Ay C...C Ay
Left-constrained traces: L] = {T € A,: L(7) < {Sy,
Z,f' ={reA,: L(r) ={Sy,

and associated results:

o LI =sh(Lr). £7H!
o L1 =L)+ L]

° A{51,~~~,5i} ’ [’7+1 = 27 + Z7+1

.S
S
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Growth rates of braid monoids: an algebraic proof (1/2)

Adapting previous tools. ..

Direct limit of monoids: A AjC Ay C...C Ay
Left-constrained traces: L] = {T € A,: L(7) < {Sy,
Z,f' ={reA,: L(r) ={Sy,

and associated results:

o LI =sh(Lr). £7H!
o L7 =1Ly+ L)
° A{51,~~~,5i} ’ [’7+1 = 27 + Z7+1

o M (—1)As, s 4y LT =0

.S
S
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Growth rates of braid monoids: an algebraic proof (1/2)

Adapting previous tools. ..

Direct limit of monoids: A AjC Ay C...C Ay
Left-constrained traces: L? = {re A,: L(7) < {S1,...,Si}}
={reA,: L(r) ={S1,...,Si}}

and associated results:

° ﬁ,"j_rll =sh(Lp) - £+t @ g, =rad L] > rad LY
° Eif — ES +£1 o Qz([,io( )) = 0 when z<rad£({o

° As,,.5} L1 = Z? + Z7+1
o M (—1) Ay, 8,4y L7 =0
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Growth rates of braid monoids: an algebraic proof (1/2)

Adapting previous tools. ..

Direct limit of monoids: A AjC Ay C...C Ay
Left-constrained traces: L? = {re A,: L(7) < {S1,...,Si}}
={reA,: L(r) ={S1,...,Si}}

and associated results:

° ﬁ,"j_rll =sh(Lp) - £+t @ g, =rad L] > rad LY
° Eif — ES 4 £1 o Qz([,io( )) = 0 when z<rad ,C(io
o A, sy L= Z? +27+1 @ No proof that g, < rad £{°!

o M (—1)As, s 4y LT =0
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1
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Growth rates of braid monoids: an algebraic proof (2/2)
Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1

Lemma: Each T < L, factors uniquely as T = {S1,...,S,_1} L sh*(T)
and max T =max T + k — 17_g
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1
Lemma: Each T < L, factors uniquely as T = {Sy,...,Sk_1} 1 sh*(T)
and max T =max T + k — 17_g
Theorem: Q,(0) - Qx(z) = Q2(0) - X,,500"@n(2) =1
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1
Lemma: Each T < L, factors uniquely as T = {S1,...,S,_1} L sh*(T)
and max T =max T + k — 17_g

Theorem: Q,(0) - Qx(z) = Q2(0) - X,,500"@n(2) =1
Proof:

Q=Y 3 e-1)ar

n=0 TELn_l
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1
Lemma: Each T < L, factors uniquely as T = {S1,...,S,_1} L sh*(T)
and max T =max T + k — 17_g

Theorem: Q,(0) - Qx(z) = Q2(0) - X,,500"@n(2) =1
Proof:

Qo= > o -nTlar= > > e(-1)Tlas

n=0 TelL,_1 TeLyp n=max T
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1
Lemma: Each T < L, factors uniquely as T = {S1,...,S,_1} L sh*(T)
and max T =max T + k — 17_g

Theorem: Q,(0) - Qx(z) = Q2(0) - X,,500"@n(2) =1
Proof:

Qo= > o -nTlar= > > e(-1)Tlas

n=0 TelL,_1 TeLyp n=max T

=14+ > >, oMk ITIAG, s,y -sh(Ay)

k=1 7A'ELOO n=max T
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1
Lemma: Each T < L, factors uniquely as T = {S1,...,S,_1} L sh*(T)
and max T =max T + k — 17_g

Theorem: Q,(0) - Qx(z) = Q2(0) - X,,500"@n(2) =1
Proof:

Qo= > o -nTlar= > > e(-1)Tlas

n=0 TelL,_1 TeLyp n=max T

=14+ > >, oMk ITIAG, s,y -sh(Ay)

k=1 7A'ELOO n=max T

=1- Y (-1 0 A, s, 13 - sh*(Qu)

k=1
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1
Lemma: Each T < L, factors uniquely as T = {Sy,...,Sk_1} 1 sh*(T)
and max T =max T + k — 17_g
Theorem: Q,(0) - Qx(z) = Q2(0) - X,,500"@n(2) =1
Proof:
Q=) > e(-nTar=>3% » e"(-1Tlar

n=0 TelL,_1 TeLyp n=max T

=14+ > >, oMk ITIAG, s,y -sh(Ay)

k=1 7A'ELOO n=max T

=1- Y (-1 0 A, s, 13 - sh*(Qu)

k=1

Qoo(z) —1_ Z(—l)k@kzk(k_l)/ZQoo(Z)

k=1
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1

Theorem: Q,(0) - Qx(z) = Q2(0) - X,,500"@n(2) =1
Corollary: If rad £ < z < Go, then Q,(©) - Qy(z) = 1 for all © € C.

Proof: Py(2)/Pns1(2) = Ln11(2)/L3(2) = L7 (2) — LT (2) = +o0,
hence rad Q, = radg Quy(z) = +0.
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Growth rates of braid monoids: an algebraic proof (2/2)

Go into Z[z,0,Ay] and study Qo = X202 7cL, , on(-nITlAT
set max T = max{/: S; € T} and max g = —1

Theorem: Q,(0) - Qx(z) = Q2(0) - X,,500"@n(2) =1
Corollary: If rad £ < z < Go, then Q,(©) - Qy(z) = 1 for all © € C.

Proof: Py(2)/Pns1(2) = Ln11(2)/L3(2) = L7 (2) — LT (2) = +o0,
hence rad Q, = radg Quy(z) = +0.

Theorem [11]
In monoids of type A, B and D, we have g, = rad £}° ~ 0.30904. .. J
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S;---] =1/4

)\n k
)\n,kfl

S;
i Titl
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S;---] =1/4

+ 4+ + + -+ - — + 4+ + +
— -+ - -+ + + - - + +
-+ -+ + -+ -+ - — +
e s s s S

T 2T 3T ST TV 17,7374 1517
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S;---] =1/4

H++H -+ HHKH+ +
-+ -+ HHH -+
|+ -+ - HHH - -
o] il L] il N~ = v il 52
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S;---] = 1/4

|+ + -+ I+
- -+ [ - + |- -+
t
2

dJd+ -+ -k

S4 |t Sa |t
4t 3t o2t gtol!?

— G+ +

—

Sy
45

w|—> @&
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S;---] =1/4

-+ + - -+ + + -+ + +
— -+ + -+ + -+ - + +
+ 4+ - — + - - — + — — +
S_4 S S

47302 1Tl 1Pl 3t gty
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S =1/4
—|+ + - -+ HH -+
— -+ -+ |+ + +
J[+ —J[+ -]
S_4 S,

47302 1ol Tol3 4'5
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S =1/4
B0 UU UU
+
S_4 S,
S_4 S, S4
4t 3t otaloltrtalszgliagls
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S;---] =1/4

[52] [5] [5]
[ss]| S So | S;
S 4 S S3
S 4 S Sy
403t ottt Tal3lygls
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S;---] = 1/4

[52] [5] [5]
| S5 | S_; So | Ss
S 4 S S3
S 4 S Sy
403t ottt Tal3lygls

@ What about infinitely wide & tall braids? P[S;---] = g ~ 0.30904
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Open problems & future research

o Generating random infinitely wide & tall heaps: P[S;---] =1/4

[52] [5] [5]
| S5 | S_; So | Ss
S 4 S S3
S 4 S Sy
403t ottt Tal3lygls

@ What about infinitely wide & tall braids? P[S;---]| = g ~ 0.30904

@ Investigating other classes of Artin-Tits monoids:
Coincidence or not? Q,(0)- Qx(z) =1 and Q,(L{(z)) =0
Coincidence or not? g, = rad L7’
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Thank you very much for your attention!
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Questions?
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