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Petri nets and dependency graphs

Consider your favorite one-bounded Petri net with . ..
@/E‘\ @ Set of transitions: ¥ = {a, b, ¢, d}
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Petri nets and dependency graphs

Consider your favorite one-bounded Petri net with . ..

@ Set of transitions: ¥ = {a, b, ¢, d}

@/ /O @ Set of infinite sequential executions: S < ¥*, with

od
@/\E/o
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Petri nets and dependency graphs

Consider your favorite one-bounded Petri net with . ..

E‘\ @ Set of transitions: ¥ = {a, b, ¢, d}
@/ /O @ Set of infinite sequential executions: S < ¥*, with

S = (wx +y)“ + (wx +y)*wz”, and

@\ W = ac + ca, x = bd + db, y = cdab, z = badc
C

@/\E/o
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Petri nets and dependency graphs

Consider your favorite one-bounded Petri net with . ..

El\ @ Set of transitions: ¥ = {a, b, ¢, d}
@/ /O @ Set of infinite sequential executions: S < X, with
:]ZI S = (wx +y)“ + (wx +y)*wz”, and
W = ac + ca, x = bd + db, y = cdab, z = badc

@//O @ Set of infinite concurrent executions: S € X%/ =, with
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Petri nets and dependency graphs

Consider your favorite one-bounded Petri net with . ..

El\ @ Set of transitions: ¥ = {a, b, ¢, d}
@/ /O @ Set of infinite sequential executions: S < ¥*, with

S = (wx +y)“ + (wx +y)*wz”, and

W = ac + ca, x = bd + db, y = cdab, z = badc

c e , .
@ Set of infinite concurrent executions: S € X%/ =, with

@/\IZI/O ac = ca, ad = da, bd = db
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Petri nets and dependency graphs

Consider your favorite one-bounded Petri net with . ..

El\ @ Set of transitions: ¥ = {a, b, ¢, d}
@/ /O @ Set of infinite sequential executions: S < X, with
:]ZI S = (wx +y)“ + (wx +y)*wz”, and
W = ac + ca, x = bd + db, y = cdab, z = badc

@//O @ Set of infinite concurrent executions: S € X%/ =, with

quVU©(.uuu.)ﬁ(.VUV.):@
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Petri nets and dependency graphs

Consider your favorite one-bounded Petri net with . ..

El\ @ Set of transitions: ¥ = {a, b, ¢, d}
@/ /O @ Set of infinite sequential executions: S < ¥*, with

S = (wx +y)“ + (wx +y)*wz”, and
@ o W = ac + ca, x = bd + db, y = cdab, z = badc
, @ Set of infinite concurrent executions: S € X%/ =, with
\E‘ w=w<es (‘uvu )n(vuvt)=¢g

Independence relation: | = {(u,v) | (*uvvu®)n(*vuv® )=}

I = {(a,c), (c.a), (a,d), (d, a), (b,d), (d. b)}
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Petri nets and dependency graphs

Consider your favorite one-bounded Petri net with . ..

EI @ Set of transitions: ¥ = {a, b, ¢, d}
@ Set of infinite sequential executions: S < X, with
[b:l S = (wx +y)“ + (wx +y)*wz”, and
W = ac + ca, x = bd + db, y = cdab, z = badc
[C:I @ Set of infinite concurrent executions: S € X%/ =, with
Izl w=w<es (‘uvu )n(vuvt)=¢g

Independence relation: | = {(u,v) | (*uvvu®)n(*vuv® )=}

I = {(a,c), (c.a), (a,d), (d, a), (b,d), (d. b)}
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Petri nets and dependency graphs

Consider your favorite full, symmetric one-bounded Petri net with ...

@ Set of transitions: X = {a, b, ¢, d}
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Petri nets and dependency graphs

Consider your favorite full, symmetric one-bounded Petri net with ...

@ Set of transitions: X = {a, b, ¢, d}

@ Set of infinite sequential executions: § = X%
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Petri nets and dependency graphs

Consider your favorite full, symmetric one-bounded Petri net with ...
@ Set of transitions: X = {a, b, ¢, d}

@ Set of infinite sequential executions: § = X%

@ Set of infinite concurrent executions: S = X%/ =, with

w=vusunvi=g
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Petri nets and dependency graphs

Consider your favorite full, symmetric one-bounded Petri net with ...

@ Set of transitions: X = {a, b, ¢, d}

@ Set of infinite sequential executions: § = X%

@ Set of infinite concurrent executions: S = X%/ =, with

w=vusunvi=g

Independence relation: | = {(u,v) | (*vvu®)n(*vuv®) =}

I = {(a,c), (c.a), (a,d), (d. a), (b,d), (d, b)}
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Petri nets and dependency graphs

Consider your favorite full, symmetric one-bounded Petri net ...

Can you pick one of its infinite concurrent exectutions
uniformly at random?
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Petri nets and dependency graphs

Consider your favorite full, symmetric one-bounded Petri net ...

Can you pick one of its infinite concurrent exectutions
uniformly at random?

@ Define your preferred notion of trace length
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Petri nets and dependency graphs

Consider your favorite full, symmetric one-bounded Petri net ...

Can you pick one of its infinite concurrent exectutions
uniformly at random?

@ Define your preferred notion of trace length

@ Study uniform distributions on traces of length k
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Petri nets and dependency graphs

Consider your favorite full, symmetric one-bounded Petri net ...

Can you pick one of its infinite concurrent exectutions
uniformly at random?

@ Define your preferred notion of trace length
@ Study uniform distributions on traces of length k

© Look for suitable convergence properties when
k — +o0
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© Trace monoids and heaps
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Heaps of pieces and trace monoids

Heap of pieces Trace monoid

@ Pieces: o Alphabet:
lal 1b] fcl 1d] T—{a,b.c,d}
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Heaps of pieces and trace monoids

Heap of pieces Trace monoid
@ Pieces: o Alphabet:
lal [b] fc] 1d] T—{ab.c.d)
@ Purely vertical heaps: e Free monoid:
d a C b Y *={1,a,b,c,d,a?,ab,ac,ad,ba,...}
a d d a
C c b a
a b c d

S. Abbes, S. Gouézel, V. Jugé & J. Mairesse Drawing heaps uniformly at random



Heaps of pieces and trace monoids

Heap of pieces Trace monoid
@ Pieces: o Alphabet:
lal [b] fc] 1d] T—{ab.c.d)
@ Purely vertical heaps: e Free monoid:
d a C b Y *={1,a,b,c,d,a?,ab,ac,ad,ba,...}
2 d d a @ Independence relation:
c C b a
a b c d I={(a,c),(c,a),(a,d),(d,a),(b,d),(d,b)}

@ Horizontal layout:

2], 2
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Heaps of pieces and trace monoids

Heap of pieces Trace monoid
@ Pieces: o Alphabet:
lal [b] fc] 1d] T—{ab.c.d)
@ Vertical heaps: @ Free monoid:

| d | IZ' Y *={1,a,b,c,d,a?,ab,ac,ad,ba,...}
} Vo [d]

e | @ Independence relation:
c

b 1={(a,¢),(c;a),(a,d),(d,a),(b,d),(d,b)}
' @ Trace monoid:

|
C
R

@ Horizontal layout:

1u |<|v

M(X,1)=(a,b,c,d|ac=ca,ad=da,bd=db)™

e

Dependency graph

a

HH
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Heaps of pieces and trace monoids

Heap of pieces Trace monoid
@ Pieces: o Alphabet:
lal [b] fc] 1d] T—{ab.c.d)
@ Vertical heaps: @ Free monoid:

Y *={1,a,b,c,d,a?,ab,ac,ad,ba,...}

@ Independence relation:

l={(a,c)7(c,a),(a,d),(d,a),(b,d),(d,b)}
@ Trace monoid:

a| |
alc

d |
|

@ Horizontal layout: .
M(X,1)={a,b,c,d|ac=ca,ad=da,bd=db
lTl m (Z,hH=( | %

L 1
3 a (B —lb—{cj—d

Dependency graph
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Heaps of pieces and trace monoids

Heap of pieces Dimer monoid
@ Pieces: o Alphabet:
lal [b] fc] 1d] T—{ab.c.d)
@ Vertical heaps: @ Free monoid:

Y *={1,a,b,c,d,a?,ab,ac,ad,ba,...}

@ Independence relation:

l={(a,c)7(c,a),(a,d),(d,a),(b,d),(d,b)}
e Dimer monoid:

a| |
alc

d |
|

@ Horizontal layout: .
M(XZ,1)={a,b,c,d|ac=ca,ad=da,bd=db
lTl m (Z,hH=( | %

L 1
3 a e —lb—{cj—d

Dependency graph
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Heaps of pieces viewed from their places

Petri net Heap of pieces
@ Vertical heaps of pieces:
a| c | | c
b d
a d a |
a c b |
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Heaps of pieces viewed from their places

Petri net Heap of pieces

@ Vertical heaps of pieces:

a| C | | c
b d

a d al ¢

a| ¢ b_|

1 2 3 1 2 3

o Place views:

a

blc|c c|c

albl|d alcld

alc]c b.b.c.

1 2 3 1 2 3
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Heaps of pieces viewed from their places

Petri net Heap of pieces

@ Vertical heaps of pieces:

a| C | | c
b d

a d al ¢

a| ¢ b_|

1 2 3 1 2 3

o Place views:

a

blc|c c|c

albl|d alcld

alc]c b.b.c.
1 2 3 1 2 3

Heap of pieces <+ Consistent place views
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Heaps of pieces viewed from their places

Petri net Heap of pieces

@ Vertical heaps of pieces:

12 3 1 2 3"

o Place views:

a “ 7] c
12 3 1 2 3"

Heap of pieces <+ Consistent place views
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Heaps of pieces viewed from their places

Petri net Heap of pieces

@ Vertical heaps of disconnected pieces:

2*
[2°]
20
1

o Place views:

a

a d

a dla alclc|d
alclc]a b.b.d.a.
1 2 3 4 1 2 3 4

Heap of pieces <+ Consistent place views

S. Abbes, S. Gouézel, V. Jugé & J. Mairesse Drawing heaps uniformly at random



Heaps of pieces viewed from their places

Petri net Heap of pieces

@ Vertical heaps of disconnected pieces:

H "1 2 3 4 1 2 3 4°
o Place views:
@ n ©,

alblcld blcld
"1 2 3 4 1 2 3

Heap of pieces <+ Consistent place views
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Heaps of pieces and Cartier-Foata normal forms

Heap of pieces

@ Vertical heaps of pieces:
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Heaps of pieces and Cartier-Foata normal forms

Heap of pieces

@ Vertical heaps of pieces:

I%I__c_l
b
a d |
alc]

o Cartier-Foata factorisations:

ac c
b d
ad ac
ac b

S. Abbes, S. Gouézel, V. Jugé & J. Mairesse Drawing heaps uniformly at random



Heaps of pieces and Cartier-Foata normal forms

Heap of pieces Cliques (C)

@ Vertical heaps of pieces: @ Horizontal heaps:

g}l}_?_l

2] 1d]
alc] [ac], [2][d]
o Cartier-Foata factorisations: . | b | d | . ......

ac c

b d

ad ac

ac b
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Heaps of pieces and Cartier-Foata normal forms

Heap of pieces Cliques (C)

@ Vertical heaps of pieces: @ Horizontal heaps:

0 A M

a d |
al c|

[a]c] [a][d]

1
' ]

o Cartier-Foata factorisations:

ac c

b d @ Local conditions on

ad a[;: consecutive cliques in heaps
ac
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Heaps of pieces and left divisibility

Heap of pieces
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Heaps of pieces and left divisibility

Heap of pieces Place views

|%|c| a

[ 5] < b b <|b|lc]c
a a d | alb alb|d
alcl| alc]| alclc alc|c
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Heaps of pieces and left divisibility

Heap of pieces Place views

L
L
L
o

0 o 0O
0 Q0

]
N
o
1 o
=
o
N
L L T L

Cartier-Foata

1 < ac

b < b

a < ad
ac < ac

+ upper commutativity
(bd €C)
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Heaps of pieces and left divisibility

Heap of pieces Place views
c a
[b] < b b <|b|lc|c
a a d | alb alb|d
alcl| alc]| alclc alc|c
Cartier-Foata Combinatorial properties
T < Py @ a A b (and a v b) exist
b < b e h(a)< k= aeCk
a < ad e maximality criterion:
ac < ac
+ upper commutativity a
(bd €C)
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Heaps of pieces and left divisibility

Heap of pieces Place views
c a
[b] < b b <|b|lc|c
a a d | alb alb|d
alcl| alc]| alclc alc|c
Cartier-Foata Combinatorial properties
T < P @ a A b (and a v b) exist
b < b e h(a)< k= aeCk
a < ad e maximality criterion:
ac < ac
+ upper commutativity ¢
(bd € C) ki | V{x<a:h(x) <k}
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Heaps of pieces and left divisibility

Heap of pieces Place views
c a
[b] < b b <|b|lc|c
a a d | alb alb|d
alcl| alc]| alclc alc|c
Cartier-Foata Combinatorial properties
T < P @ a A b (and a v b) exist
b < b e h(a)< k= aeCk
a < ad e maximality criterion:
ac < ac
+ upper commutativity ¢
(bd € C) k C*(a)
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© First convergence results
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Probabilistic and topological setting

Probabilistic setting

Two notions of length:
Q # pieces: |a|
@ # floors: h(a)

M = {heaps of size k}
~ regular language < ¥*
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Probabilistic and topological setting

Probabilistic setting Topological setting
Two notions of length: pk — poo < Py la< x] - Py [a<x]
Q # pieces: |a|

@ # floors: h(a)
M = {heaps of size k}
~ regular language < ¥*
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Probabilistic and topological setting

Probabilistic setting Topological setting
Two notions of length: pk — poo < Py la< x] - Py [a<x]
Q # pieces: |a| < k(@) = peo(f a)
@ # floors: h(a) with ffa = {x:a < x}

M = {heaps of size k}
~ regular language < ¥*
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Probabilistic and topological setting

Probabilistic setting Topological setting
Two notions of length: pk — poo < Py la< x] - Py [a<x]
Q # pieces: |a| e le(ﬂ a) = pe(f a)
@ # floors: h(a) with fa = {x:a < x}
M = {heaps of size k} e Embed M™ with the topology {{} a}
~ regular language < X* e Make M™ complete
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Probabilistic and topological setting

Probabilistic setting Topological setting
Two notions of length: [k — pop = Py la<x] > P, [a<x]
Q # pieces: |a| e le(ﬂ a) = pe(f a)
@ # floors: h(a) with fa = {x:a < x}
M = {heaps of size k} e Embed M™ with the topology {{} a}
~ regular language < X* e Make M™ complete
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Probabilistic and topological setting

Probabilistic setting Topological setting
Two notions of length: [k — pop = Py la<x] > P, [a<x]
Q # pieces: |a| e le(ﬂ a) = pe(f a)
@ # floors: h(a) with fa = {x:a < x}
M = {heaps of size k} e Embed M™ with the topology {{} a}
~ regular language < X* e Make M™ complete

Theorem (S. Abbes & J. Mairesse 2015)

The uniform distribution on My converges weakly in M+ when kK —» 4+

|
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Weak convergence: length(a) = |a|

Generating series and Mdbius polynomial

G(2) = Ypem+ zlel = 20 Az and H(z) = Z'yec’(_z)h'

Proposition (P. Cartier & D. Foata 1969)
G(z)H(z) =1 J
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Weak convergence: length(a) = |a|

Generating series and Mdbius polynomial

G(2) = Ypem+ zlel = 20 Az and H(z) = Z'ye(,’(_z)h'

Proposition (P. Cartier & D. Foata 1969)
G(z)H(z) =1 J
Proof

G(2)H(z) = Ypepm+ 2 'quc(—z)h‘
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Weak convergence: length(a) = |a|

Generating series and Mdbius polynomial

G(2) = Ypem+ zlel = 20 Az and H(z) = Z'ye(,’(_z)h'

Proposition (P. Cartier & D. Foata 1969)
G(z)H(z) =1 J
Proof

G(2)H(z) = Ypem+ Zyec(—l)h‘zh‘l'
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Weak convergence: length(a) = |a|

Generating series and Mdbius polynomial

G(2) = Ypem+ zlel = 20 Az and H(z) = Zyec(_z)m

Proposition (P. Cartier & D. Foata 1969)
G(z)H(z) =1 J
Proof

9(2)H(z) = Zacm+ Zyec(—l)h‘zhﬂ
= 29€M+ Zyec lyge(—l)l7|z|9|

where 6 = va
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Weak convergence: length(a) = |a|

Generating series and Mdbius polynomial

G(2) = Ypem+ zlel = 20 Az and H(z) = Z’ye(,’(_z)h'

Proposition (P. Cartier & D. Foata 1969)
G(z)H(z) =1 J
Proof

G(H(z2) = Zaemr Zyec(—l)h‘zhﬂ
= 29€M+ Zyec lyge(—l)l7|z|9|
= ZQEM+ P4 ZSQL(G)(_]-)'SI

where = va, L(f) = {xeX:x<f}andy=\/$S
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Weak convergence: length(a) = |a|

Generating series and Mdbius polynomial

G(2) = Ypem+ zlel = 20 Az and H(z) = Z’ye(,’(_z)h'

Proposition (P. Cartier & D. Foata 1969)
G(z)H(z) =1 J
Proof

G(2)H(z) = Dpem+ ZWGC(_l)leval
= Ygertt Dee Ly<o(=1)N1Z17)
= Ypetr 210)=g
where § = va, L(f) = {xeX:x<f}andy=\/$S
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Weak convergence: length(a) = |a|

Generating series and Mdbius polynomial

G(2) = Ypem+ zlel = 20 Az and H(z) = Zyec(_z)m

Proposition (P. Cartier & D. Foata 1969)
G(z)H(z) =1 J
Proof

G(2)H(z) = Dpem+ Zyec(—l)h‘zh’l'
= Yoert+ 2ec Ly<o(—1)112l7
= Dpen 291161
where = va, L(f) = {xeX:x<f}andy=\/$S
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Weak convergence: length(a) = |a|

Generating series and Mdbius polynomial

G(2) = Ypem+ zlel = 20 Az and H(z) = Z’ye(,’(_z)h'

Proposition (P. Cartier & D. Foata 1969)
G(z)H(z) =1 J
Proof

G(2)H(z) = Dpem+ ZWGC(_l)leval
= Yoert+ 2ec Ly<o(—1)112l7
=Yg+ 291921 = 1
where = va, L(f) = {xeX:x<f}andy=\/$S
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Weak convergence: length(a) = |a|

Generating series and Mdbius polynomial

G(2) = Xoem+ zlol = Zk;o Akz" and H(z) = quc(—z)h|

Proposition (P. Cartier & D. Foata 1969)
G(z2)H(z) =1

Corollary (D. Krob, J. Mairesse & |. Michos 2001)
H(z) has a smallest positive root p such that:

o (H(z)=0nlzl<p)=z—p

e 0<p«l
and there exists constants A > 0 and £ € N such that A\, ~ Ap~ k¢
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Weak convergence: length(a) = |a|

Proof of the theorem — length(a) = |a|

SnM
euk:SH#(;\\k k)
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Weak convergence: length(a) = |a|

Proof of the theorem — length(a) = |a|

SnM
eﬂk:s'_’#(;k k)

© x +— ax maps My to (f a) N My q bijectively
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Weak convergence: length(a) = |a|

Proof of the theorem — length(a) = |a|

SnM
eﬂk:s'_’#(;k k)

© x +— ax maps My to (f a) N My q bijectively

Meia _
© 1u(fa) =52 — ph
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Weak convergence: length(a) = |a|

Proof of the theorem — length(a) = |a|

SnM
euk:SH#(;\k k)

© x +— ax maps My to (f a) N My q bijectively

Q iu(fa) = 2l - pla
Q@ M is compact and {&} U {1 a} is closed under N
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Weak convergence: length(a) = |a| and length(a) = h(a)

Proof of the theorem — length(a) = |a|

SnM
euk:SH#(;\k k)

© x +— ax maps My to (f a) N My q bijectively

Q iu(fa) = 2l - pla
Q@ M is compact and {&} U {1 a} is closed under N

Proof of the theorem — length(a) = h(a)
@ Split 1 a into sets M*(b) = {x : b = CM(x)}

S. Abbes, S. Gouézel, V. Jugé & J. Mairesse Drawing heaps uniformly at random



Weak convergence: length(a) = |a| and length(a) = h(a)

Proof of the theorem — length(a) = |a|
(1) L S #(SaMy)

Ak

© x +— ax maps My to (f a) N My q bijectively

Q iu(fa) = 2l - pla
Q@ M is compact and {&} U {1 a} is closed under N

Proof of the theorem — length(a) = h(a)

@ Split 1 a into sets M*(b) = {x: b = C"@(x)}
O Prove that #(M™(b) n M) ~ Apgfk® for some Ay, gy and 4,
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Weak convergence: length(a) = |a| and length(a) = h(a)

Proof of the theorem — length(a) = |a|

SnM
e,uk:s'_’#(;k k)

© x +— ax maps My to (f a) N My q bijectively

Q iu(fa) = 2l - pla
Q@ M is compact and {&} U {1 a} is closed under N

Proof of the theorem — length(a) = h(a)

@ Split 1 a into sets M*(b) = {x : b = CM(x)}
O Prove that #(M™(b) n M) ~ Apgfk® for some Ay, gy and 4,
@ Complete the proof as above

Caution: lim pk(ft @) does not depend only on h(a)!
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Bernoulli distributions

A distribution ;zon M™T is ...

Bernoulli if

o u(fab) = u(f a)u(f b)
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Bernoulli distributions

A distribution ;zon M™T is ...

Bernoulli if

o u(fab) = u(f a)u(f b)

o u(f arax...ak) = VayVay ... Vs,
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Bernoulli distributions

A distribution i on M™ is

Bernoulli if

o u(fab) = u(f a)u(f b)

o u(f arax...ak) = VayVay ... Vs,

Uniform Bernoulli if

o u(fa) =Pl
QU =V=...=V
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Bernoulli distributions

A distribution ;zon M™T is ...

Bernoulli if

o u(fab) = u(f a)u(f b)

o u(f arax...ak) = VayVay ... Vs,

Uniform Bernoulli with parameter v if

o u(fa) =Pl
QU =V=...=V
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Bernoulli distributions

A distribution ;zon M™T is ...

Bernoulli if
o u(fab) = u(f a)u(f b)
o u(f arax...ak) = VayVay ... Vs,

Uniform Bernoulli with parameter v if

o u(fa) =Pl
QU =V=...=V

Finite uniform Bernoulli if
ev<p
e H(z) > 0 for all z€ (0, p)
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Bernoulli distributions

A distribution ;zon M™T is ...

Bernoulli if

o u(fab) = u(f a)u(f b)

o u(f arax...ak) = VayVay ... Vs,

Uniform Bernoulli with parameter v if

o u(fa) =Pl
QU =V=...=V

Finite uniform Bernoulli if

ev<p
e H(z) > 0 for all z€ (0, p)
® u(dM*) =0

o u({a}) = H(w)H

S. Abbes, S. Gouézel, V. Jugé & J. Mairesse

Drawing heaps uniformly at random



Bernoulli distributions

Proving that finite uniform < p({x}) = H(v)v
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Bernoulli distributions
Proving that finite uniform < p({x}) = H(v)v

= p(ftx) =H(v) 2, Pl =yl (v) 2 vl = vXH ()G (v)
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Bernoulli distributions
Proving that finite uniform < p({x}) = H(v)v

= p(ftx) =H(v) 2, Pl =yl (v) 2 vl = vXH ()G (v)

= Proof #1: At most one measure works!
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Bernoulli distributions
Proving that finite uniform < p({x}) = H(v)v

%) = M) X, vl = oK) Y o1 = oM ()G ()
= Proof #1: At most one measure works!
= Proof #2: Using inclusion-exclusion:

p({x}) =
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Bernoulli distributions
Proving that finite uniform < p({x}) = H(v)v

%) = M) X, vl = oK) Y o1 = oM ()G ()
= Proof #1: At most one measure works!
= Proof #2: Using inclusion-exclusion:

p({x}) = v(1 %)
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Bernoulli distributions
Proving that finite uniform < p({x}) = H(v)v

%) = M) X, vl = oK) Y o1 = oM ()G ()
= Proof #1: At most one measure works!
= Proof #2: Using inclusion-exclusion:

u({x}) = v(1 x)—v(fh xa) — v(f xb) — v(fl xc) — v(f xd)
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Bernoulli distributions
Proving that finite uniform < p({x}) = H(v)v

%) = M) X, vl = oK) Y o1 = oM ()G ()
= Proof #1: At most one measure works!
= Proof #2: Using inclusion-exclusion:

u({x}) = v(f x)=v(f xa) —v(f xb) = v(ft xc) —v(f xd)+
v(f xac) + v(f xad) + v(f xbd)

(a9 a9 od
G () () ()
()
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Bernoulli distributions
Proving that finite uniform < p({x}) = H(v)v

= p(ftx) =H(v) 2, Pl =yl (v) 2 vl = vXH ()G (v)
= Proof #1: At most one measure works!

= Proof #2: Using inclusion-exclusion:
/‘L({X}) = 1/|x|(1 — 1/|a| _— y|b| — ]/IC| — y|d| —+
V|ac| —+ V|ad| —+ V|bd|)

(a9 a9 od
G () () ()
()
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Bernoulli distributions
Proving that finite uniform < p({x}) = H(v)v

= p(ftx) =H(v) 2, Pl =yl (v) 2 vl = vXH ()G (v)
= Proof #1: At most one measure works!

= Proof #2: Using inclusion-exclusion:
/‘L({X}) = 1/|x|(1 — 1/|a| _— y|b| — ]/IC| — y|d| —+
V|ac| —+ V|ad| —+ V|bd|) = V|X‘H(l/)

(a9 a9 od
G () () ()
()
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Simulating finite, uniform Bernoulli distributions
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Simulating finite, uniform Bernoulli distributions

Approach #1: Pick the length first

o Pick a target length k with probability A\ (v)
@ Pick a trace uniformly at random in {a € M™ | |a|] = k}
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Simulating finite, uniform Bernoulli distributions

Approach #1: Pick the length first

Pick a target length k with probability A\ v/*H(v)
Pick a trace uniformly at random in {a € M* | |a] = k}

Approach #2: Pick the ground floor first

Order the generators from gy to g, and choose whether g; < a

Pick the upper floors recursively
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Simulating finite, uniform Bernoulli distributions

Approach #1: Pick the length first

o Pick a target length k with probability A\ (v)
@ Pick a trace uniformly at random in {a € M™ | |a|] = k}

Approach #2: Pick the ground floor first

@ Order the generators from gi to g, and choose whether g; < a
(based on {gj | 1 < j < i,gj < a} and on the previous floor)

@ Pick the upper floors recursively
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Simulating Bernoulli distributions

Approach #1: Pick the length first

o Pick a target length k with probability A\ (v)
@ Pick a trace uniformly at random in {a € M™ | |a|] = k}

Approach #2: Pick the ground floor first (Markov chain)

@ Order the generators from gi to g, and choose whether g; < a
(based on {gj | 1 < j < i,gj < a} and on the previous floor)

@ Pick the upper floors recursively

S. Abbes, S. Gouézel, V. Jugé & J. Mairesse Drawing heaps uniformly at random



Finite uniform Bernoulli distributions as Markov chains
Monoid cylinder Cartier-Foata cylinder

fa={beM"|a<hb} ta={beM*|a=C"(b)}
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Finite uniform Bernoulli distributions as Markov chains
Monoid cylinder Cartier-Foata cylinder

fa={beM"|a<hb} ta={beM*|a=C"(b)}

Mobius inversion formula and Markov simulation

1a=Ua<bh@—nwp TP
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Finite uniform Bernoulli distributions as Markov chains
Monoid cylinder Cartier-Foata cylinder
fa={beM" [a<b} ta={beM"|a=C"(b)}

Mobius inversion formula and Markov simulation

1@ =Uasbn@)=hm) 1P
vl = 37 (1 b)lach h(@)=n(b)
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Finite uniform Bernoulli distributions as Markov chains
Monoid cylinder Cartier-Foata cylinder
fa={beM" [a<b} ta={beM"|a=C"(b)}

Mobius inversion formula and Markov simulation

taz Uagb,h(a)=h(b) b w(ta) = Z7ec(—1)l“/|lh(a):h(av)ylawl
vl = 37 (1 b)lach h(@)=n(b)
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Finite uniform Bernoulli distributions as Markov chains
Monoid cylinder Cartier-Foata cylinder
fa={beM" [a<b} ta={beM"|a=C"(b)}

Mobius inversion formula and Markov simulation

1@ = Ua<bih(a)—h(o) T b #(1 @) = (=) L@y —pan ™
vl = 3 1(1 b)lash h(a)=hev) = VP13 (= 1) Lna)=hian
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Finite uniform Bernoulli distributions as Markov chains
Monoid cylinder Cartier-Foata cylinder

fa={beM"|a<hb} ta={beM*|a=C"(b)}

Mobius inversion formula and Markov simulation

18 = Uacbha)h) 1 b it a) = Xoce (=1 Ly nay ™
vl = 3 j(1 b)Lach h(a)=h(b) = VY e (=) (a) e
= y|a|Ha(1/)
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Finite uniform Bernoulli distributions as Markov chains
Monoid cylinder Cartier-Foata cylinder

fa={beM"|a<hb} ta={beM*|a=C"(b)}

Mobius inversion formula and Markov simulation

1@ = Ua<bih(a)—h(o) T b i1 @) = Yo (1) @) (an) V™!
vl = 3 1(1 b)lash h(a)=hev) = V13 (= 1)1 a)=hian
- yla\'Hah(a)(V)
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Finite uniform Bernoulli distributions as Markov chains
Monoid cylinder Cartier-Foata cylinder

fa={beM"|a<hb} ta={beM*|a=C"(b)}

Mobius inversion formula and Markov simulation

18 = Uacbha)h) 1 b it a) = Xoce (=1 Ly nay ™
VAl =37 (1 b)Lach h(a)—h(b) = V3 e (=)L @) —payy v
- yla\'Hah(a)(V)
=P[O] = a1,...,6} ) = aha)]

P[OY = a] = vIAH,(v)

3h(a) POy, = b| ©F = a] = vt 21, ,
. _
a b
El a—>be p < a=_C(ab)

S. Abbes, S. Gouézel, V. Jugé & J. Mairesse Drawing heaps uniformly at random



Infinite uniform Bernoulli distributions as Markov chains

Critical parameter: v = p
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Infinite uniform Bernoulli distributions as Markov chains

Critical parameter: v = p
Convergence of (©7) when v — p, with limit

P[0F = a] = pl#I%4, (p)

P[OF,, = b| ©F = a] = pltI 2B, 115 ;)0
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Infinite uniform Bernoulli distributions as Markov chains

Critical parameter: v = p

Convergence of (©7) when v — p, with limit

P[0F = a] = pl#I%4, (p)

P[OF,, = b| ©F = a] = pltI 2B, 115 ;)0

Trivial supercritical parameter: v =1

Possible only if M* =N" (ie. p=1)...
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Infinite uniform Bernoulli distributions as Markov chains

Critical parameter: v = p

Convergence of (©7) when v — p, with limit

P[0F = a] = pl#I%4, (p)

P[OF,, = b| ©F = a] = pltI 2B, 115 ;)0

Trivial supercritical parameter: v =1

Possible only if M* =N" (ie. p=1)...

Non-trivial supercritical parameter: p<v <1

No such distribution exists!
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Infinite uniform Bernoulli distributions as Markov chains

Critical parameter: v = p

Convergence of (©7) when v — p, with limit

P[0F = a] = pl#I%4, (p)

P[@fﬂ =b| @? =a| = p!®! Z,{["E,’ig a—b121,(p)0

Trivial supercritical parameter: v =1

Possible only if M* =N" (ie. p=1)...

Non-trivial supercritical parameter: p<v <1
No such distribution exists!

o Consider the Garside matrix M” with M¥ b= = 1,00
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Infinite uniform Bernoulli distributions as Markov chains

Critical parameter: v = p

Convergence of (©7) when v — p, with limit

P[0F = a] = pl#I%4, (p)

P[OF,, = b| ©F = a] = pltI 2B, 115 ;)0

Trivial supercritical parameter: v =1

Possible only if M* =N" (ie. p=1)...

Non-trivial supercritical parameter: p<v <1
No such distribution exists!
@ Consider the Garside matrix MY with My, = 1, v/
e 1> pu(Mh)=H()G(v) =0, hence H(v) =0 and p(dM™) =1

S. Abbes, S. Gouézel, V. Jugé & J. Mairesse Drawing heaps uniformly at random



Infinite uniform Bernoulli distributions as Markov chains

Critical parameter: v = p

Convergence of (©7) when v — p, with limit

P[0} = 2] = pHy(p)

IP’[@ =b | ep = a] = P|b|H EP; a—’bl'Ha(P);ﬁO

Trivial supercritical parameter: v =1

Possible only if M* =N" (ie. p=1)...

Non-trivial supercritical parameter: p<v <1
No such distribution exists!
@ Consider the Garside matrix MY with My, = 1, v/
> pu(M*) =H()G(v) =0, hence H(v) =0 and p(oM™) =1

@ MY and MP are stochastic Perron matrices if M is irreducible
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From uniform to non-uniform Bernoulli measures
Generalisations from the uniform case

o Collection of parameters: (v,) € (0,1]"
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From uniform to non-uniform Bernoulli measures
Generalisations from the uniform case

o Collection of parameters: (v,) € (0,1]"
e Multiplicative function: U : ay...ax — Vay ...V,
® M&bius polynomial: Ha(v) = 3., Lorec(—=1)NT(7)
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From uniform to non-uniform Bernoulli measures
Generalisations from the uniform case

Collection of parameters: (v,) € (0, 1]"

Multiplicative function: 7 : aj...ax = Vs, ... Vs,

Mé&bius polynomial: H,(v) = Z Lorec(—=1)NT(7)
Subcritical domain: D = {v | X (XI/) > 0 when 0 < x < 1}

Critical domain: 0D n (0, 1]"
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From uniform to non-uniform Bernoulli measures

Vp

0
N

Generalisations from the uniform case

Collection of parameters: (v,) € (0, 1]"

Multiplicative function: 7 : aj...ax = Vs, ... Vs,
Mé&bius polynomial: H,(v) = 3., Lorec(—=1)NT(7)
Subcritical domain: D = {v | H1(xv) > 0 when 0 < x < 1}

={v|
Critical domain: 0Dm( 1"

Markov chain: P[©} = a] =7(a)Ha(

14

P[OY,, = b|©} = 2] = o
Vb
14
Va > Va
1 0 1
#* N = (a, by* N2 = (a,b | ab = ba)*
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From uniform to non-uniform Bernoulli measures
Generalisations from the uniform case

Collection of parameters: (v,) € (0,1]"
Multiplicative function: 7 : aj...ax = Vs, ... Vs,
M&bius polynomial: H,(v) = Zw lavec(—l)wﬁ(fy)
Subcritical domain: D = {v | H1(xv) > 0 when 0 < x < 1}
Critical domain: 0D n (0, 1]"
Markov chain: P[®Y = a] = T(a)H.(v)
P[0, = b | ©F = a] = 7(b) 32415 b 13,040
o No supercritical Bernoulli measures!

Vp Vp
) 4
Vg >V,
0 1 0 1
N+N=(a, b)* N2 = (a, b | ab = ba)"
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From weak convergence to central limit theorems

Some key ingredients:

o v: tuple (v1,...,v,) € (0,400)"
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From weak convergence to central limit theorems

Some key ingredients:
e v: tuple (v1,...,vy) € (0, +0)"

@ sk v-uniform distribution on {x € M™ | |x| = k}
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From weak convergence to central limit theorems

Some key ingredients:
e v: tuple (v1,...,vy) € (0, +0)"
@ sk v-uniform distribution on {x € M™ | |x| = k}

@ |[Ix||s: # occurrences of a in the Cartier-Foata word of x
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From weak convergence to central limit theorems

Some key ingredients:
e v: tuple (v1,...,vy) € (0, +0)"
@ gk v-uniform distribution on {x € M™ | |x| = k}
@ ||x|a: # occurrences of a in the Cartier-Foata word of x

o Ag: law of |x|, when x is distributed according to pux
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From weak convergence to central limit theorems

Some key ingredients:

v: tuple (v1,...,vp) € (0,400)"
pk: v-uniform distribution on {x € M* | |x| = k}

[x|a: # occurrences of a in the Cartier-Foata word of x

Ai: law of |x], when x is distributed according to 4

Central limit Theorem (S.A.,S.G.,V.J. & J. M. 2016™)

There exists constants p and 02 > 0 such that

Q vk (% — p) £, N(0,0?) if M™ is irreducible
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From trace monoids to Artin—Tits and left-Garside monoids

@

e Dimer monoid: {o; | i # j+ 1= ojo; = gjoi)*"
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From trace monoids to Artin—Tits and left-Garside monoids

@)

e Dimer monoid: (0; | i # j + 1= oioj; = gjo;)*

e Braid monoid: {(o; | i # j £ 1= 0i0; = 0j0,0i01410; = 0i410/0j4+1)"
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From trace monoids to Artin—Tits and left-Garside monoids

Artin—Tits

e Dimer monoid: (0; | i # j + 1= oioj; = gjo;)*
e Braid monoid: {(o; | i # j £ 1= 0i0; = 0j0,0i01410; = 0i410/0j4+1)"
e Artin—Tits monoid: {(o; | [00;]*(¥) = [gjo;]*) )+

U(i,j) =2 = ojoj = gjo;
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From trace monoids to Artin—Tits and left-Garside monoids

Artin—Tits

e Dimer monoid: (0; | i # j + 1= oioj; = gjo;)*
e Braid monoid: {(o; | i # j £ 1= 0i0; = 0j0,0i01410; = 0i410/0j4+1)"
e Artin—Tits monoid: {(o; | [00;]*(¥) = [gjo;]*) )+

Ui, j) =3 = ojojo; = 0joio;
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From trace monoids to Artin—Tits and left-Garside monoids

Artin—Tits

e Dimer monoid: (0; | i # j + 1= oioj; = gjo;)*
e Braid monoid: {(o; | i # j £ 1= 0i0; = 0j0,0i01410; = 0i410/0j4+1)"
e Artin—Tits monoid: {(o; | [00;]*(¥) = [gjo;]*) )+

g(i,_j) =4 = 0j0j0i0j = 0;0[0;0;
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From trace monoids to Artin—Tits and left-Garside monoids

Artin—Tits

e Dimer monoid: (0; | i # j + 1= oioj; = gjo;)*
e Braid monoid: {(o; | i # j £ 1= 0i0; = 0j0,0i01410; = 0i410/0j4+1)"
e Artin—Tits monoid: {(o; | [00;]*(¥) = [gjo;]*) )+

0(i,j) = + o0 = no relation!
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From trace monoids to Artin—Tits and left-Garside monoids

Artin—Tits

Dimer monoid: {o; | i #j+ 1= 0i0; = gjo;)*
Braid monoid: <0’,‘ | i#jt1l= 0i0j = 0j0;,0i0j+10; = 0','+10','0','+1>+
Artin—Tits monoid: (o; | [0;0;]*Y) = [o;0;]/0) )+

Trace monoid: Artin—Tits with £(i, j) € {2, +o0}
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From trace monoids to Artin—Tits and left-Garside monoids

Left-Garside
Artin—Tits

e Dimer monoid: {o; | i #j+ 1= oj0; = gjo;)"

e Braid monoid: {o; | i # j + 1 = 0j0; = 0j0;,0/0,410; = 0i410i0j4+1)"

e Artin—Tits monoid: {(o; | [00;](¥) = [gj0;]0) )+

e Trace monoid: Artin-Tits with £(i, ) € {2, +o0}

o Left-Garside monoid: cancellative, <-lower semi-lattice, finite generating
family X closed under suffix and under v
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From trace monoids to Artin—Tits and left-Garside monoids

Left-Garside
Artin—Tits

Theorem (— 20167)
@ Weak conv. in all A=T monoids
@ CLT 1 in all AT monoids
@ CLT 2 in irreducible A~T monoids

+some extensions to
left-Garside monoids

e Dimer monoid: {o; | i # j+ 1= oj0; = ojo;)"

e Braid monoid: {o; | i #j + 1 = 0j0; = 0j0;,0/0/410; = 0i410i0j4+1)"

e Artin—Tits monoid: {(o; | [070;]¥) = [g;0;]0))*+

e Trace monoid: Artin-Tits with £(i,}) € {2, +o0}

o Left-Garside monoid: cancellative, <-lower semi-lattice, finite generating
family X closed under suffix and under v
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And then?

Some directions of research

Generalisation to all left-Garside monoids
Generalisation to trace groups
Sampling elements in regular languages L n M instead of M

Identifying nice Markov chains when length(a) = h(ba)

Your favorite one (tell me now!)

S. Abbes, S. Gouézel, V. Jugé & J. Mairesse Drawing heaps uniformly at random



	Introduction
	Trace monoids and heaps
	First convergence results
	Bernoulli distributions
	Going beyond…

