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Questions & motivations

Consider a uniform random walk in a braid monoid and
Write braids in your favorite normal form.

“Do the words you write converge?’ (A. Vershik, ~ 2000)

@ It should depend on which normal form you consider!

@ "It works with the Markov-lvanovsky normal form”
(A. Vershik & A. Malyutin, 2007)
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Questions & motivations

Consider a uniform random walk in a braid monoid and
Write braids in your favorite normal form.

“Do the words you write converge?”’ (A. Vershik, ~ 2000)
@ It should depend on which normal form you consider!

@ “It works with the Markov-lvanovsky normal form [but] the stability
problem remains open for the Birman—Ko—Lee normal form and the
Garside normal form, among others”

(A. Vershik & A. Malyutin, 2007)
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Questions & motivations

Consider a uniform random walk in a braid monoid and
Write braids in your favorite normal form.

“Do the words you write converge?”’ (A. Vershik, ~ 2000)
@ It should depend on which normal form you consider!

@ “It works with the Markov-lvanovsky normal form [but] the stability
problem remains open for the Birman—Ko—Lee normal form and the
Garside normal form, among others”

(A. Vershik & A. Malyutin, 2007)

@ "It works with them too!” (V. J. & J. M., this talk)
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Do you like playing boring Tetris?

Viennot heap diagrams

Dimer monoid
Mp =<(S1,...,8, | |i—jl 2 2=SiS; = §;Si)* J
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Do you like playing boring Tetris?

Viennot heap diagrams

Dimer monoid
MEF =(S1,...,Sn | li—jl 22=5;S; =5;S;)" J

Cartier-Foata normal form: S;S3-S51S;-S3-S,S,-S;
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Do you like playing boring Tetris?

Viennot heap diagrams

Dimer monoid
MEF =(S1,...,Sn | li—jl 22=5;S; =5;S;)" J

Left Garside normal form: S1S3-S1S4-S3-S,54-5;
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Do you like playing boring Tetris?

MAGNET

Viennot heap diagrams

Dimer monoid
MEF =(S1,...,Sn | li—jl 22=5;S; =5;S;)" J

Left Garside normal form: S1S3-S1S4-S3-S,54-5;
Right Garside normal form: S3-S;S;-S:S3-S,-S1S4
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Do you like playing boring Tetris with antimatter?’

Viennot heap diagrams
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Do you like playing boring Tetris with antimatter?’

Viennot heap diagrams

Dimer group
M,,=<Sl,...,S,,||i—j|>2:S,-Sj=SjS,-> J
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Do you like playing boring Tetris with antimatter?’

Viennot heap diagrams

Dimer group
M,,=<Sl,...,S,,||i—j|>2:S,-Sj=SjS,-> J

Left Garside normal form: S;l -S4 -S3- 52_15;l - Sy

Vincent Jugé & Jean Mairesse Stabilization of random braids



Do you like playing boring Tetris with antimatter?’

MAGNET

Viennot heap diagrams

Dimer group
M,,=<Sl,...,S,,||i—j|>2:S,-Sj=SjS,-> J

Left Garside normal form: S;l -S4 -S3- 52_15;l - Sy
Right Garside normal form: S3'-S,-S;5-S;t-S;S; !
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Random walk
@ Select i.i.d. generators (Yi)k=0 in {S1,...,Sn}.
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Random walk
@ Select i.i.d. generators (Yi)k=0 in {S1,...,Sn}.

@ Random process (Xk)k=o defined by:
XQ =1 and Xk+1 = XkYk.
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Random walk in dimer monoids

Random walk
@ Select i.i.d. generators (Yi)k=0 in {S1,...,Sn}.

@ Random process (Xk)k=o defined by:
X() =1 and Xk+1 = Xk Yk.

@ Does the random walk (Xy)k=o converge?
@ Do the words Gary (Xk)k=0 and Garg(Xk)k=0 converge?
@ Do their prefixes and suffixes converge?

Theorem [Folklore]

Convergence of the words
Garp (Xk) k=0 | Garr(Xk)k=0
prefix- v v
suffix- X X

v

Vincent Jugé & Jean Mairesse Stabilization of random braids



Random walk in irreducible trace monoids

Random walk
@ Select i.i.d. generators (Yi)k=0 in {S1,...,Sn}.

@ Random process (Xk)k=o defined by:
X() =1 and Xk+1 = Xk Yk.

@ Does the random walk (Xy)k=o converge?
@ Do the words Gary (Xk)k=0 and Garg(Xk)k=0 converge?
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Random walk in dimer monoids

Suffix-divergence

Lemma: for all x e M},

suffix(Garg (x))

S3
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Random walk in dimer monoids

Suffix-divergence

Lemma: for all x e M},

suffix(Gary (x)) < suffix(Garg(x))
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Random walk in dimer monoids

Suffix-divergence

Lemma: for all x e M},

suffix(Gary (x)) < suffix(Garg(x)) = {S; : x > S;}.
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Random walk in dimer monoids

Suffix-divergence

Lemma: for all x e M},
suffix(Gary (x)) < suffix(Garg(x)) = {S; : x > S;}.

Consequence: if Yy = S;jy1 for some S; € suffix(Gary (X)) then

S1
S;3 S3
sl | S4 | Sl | S4 |
S1][Ss | Si|]Ss|
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Random walk in dimer monoids

Suffix-divergence

Lemma: for all x e M},
suffix(Gary (x)) < suffix(Garg(x)) = {S; : x > S;}.

Consequence: if Yy = S;jy1 for some S; € suffix(Gary (X)) then
o suffix(Gary (X)) # suffix(Garg (Xk+1));

distinct | S1

[S2 ][ Sa | suffixes Sz |[S4]

S:|[Ss
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Random walk in dimer monoids

Suffix-divergence

Lemma: for all x e M},
suffix(Gary (x)) < suffix(Garg(x)) = {S; : x > S;}.

Consequence: if Yy = S;jy1 for some S; € suffix(Gary (X)) then
o suffix(Gary (X)) # suffix(Garg (Xk+1));
o suffix(Garg(Xx)) # suffix(Garg(Xk+1))-

MAGNET
.WP g
S, S, [ suffixes
S: || Ss |
S; | Sa4 |
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Random walk in dimer monoids

Suffix-divergence
Lemma: for all x e M},
suffix(Gary (x)) < suffix(Garg(x)) = {S; : x > S;}.

Consequence: if Yy = S;jy1 for some S; € suffix(Gary (X)) then
o suffix(Gary (X)) # suffix(Garg (Xk+1));
o suffix(Garg(Xx)) # suffix(Garg(Xk+1))-

Prefix-convergence of Gary(Xx)i=o0

Lemma: for all xe M}, prefix(Gar_(x)) = {S; : S; < x}.
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Random walk in dimer monoids

Suffix-divergence

Lemma: for all x e M},
suffix(Gary (x)) < suffix(Garg(x)) = {S; : x > S;}.

Consequence: if Yy = S;jy1 for some S; € suffix(Gary (X)) then
o suffix(Gary (X)) # suffix(Garg (Xk+1));
o suffix(Garg(Xx)) # suffix(Garg(Xk+1))-

Prefix-convergence of Gary(Xx)i=o0
Lemma: for all xe M}, prefix(Gar_(x)) = {S; : S; < x}.
Consequence: prefix(Gar(Xk)) < prefix(Gary (Xk+1)).
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Random walk in dimer monoids

Prefix-convergence of Garg(Xk)«=0
Key ingredient: blocking traces T = $1S,...5,S,-1...S1
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Random walk in dimer monoids

Prefix-convergence of Garg(Xk)«=0

Key ingredient: blocking traces T = $1S,...5,S,-1...S1

Lemma: for all x,y € M}, prefix(Garg(xTy)) = prefix(Garg(xT)).

.
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Random walk in dimer monoids

Prefix-convergence of Garg(Xk)«=0
Key ingredient: blocking traces T = $1S,...5,S,-1...S1
Lemma: for all x,y € M}, prefix(Garg(xTy)) = prefix(Garg(xT)).

Consequence: if Yi...Ykion_2 =T then
prefix(Garg(Xx12n—1)) = prefix(Garg(Xy)) for all £ > k + 2n — 1.

=
X ion—1Xe
T
same
Xk < . —= Xk
prefixes | = |
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Random walk in dimer groups

Random walk
Q Select i.i.d. generators (Yi)i=o in {ST*,...,SE}.

@ Random process (Xk)k=o defined by:
XO =1 and Xk+1 = XkYk.
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Random walk in dimer groups

Random walk
Q Select i.i.d. generators (Yi)i=o in {ST*,...,SE}.

@ Random process (Xk)k=o defined by:
XO =1 and Xk+1 = XkYk.

Theorem [Folklore]

Convergence of the words
GarL(Xk)k>o GarR(Xk)k>0
prefix- v v
suffix- X X
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Random walk in dimer groups

Random walk
Q Select i.i.d. generators (Yi)i=o in {ST*,...,SE}.

@ Random process (Xk)k=o defined by:
XO =1 and Xk+1 = XkYk.

Theorem [Folklore]

Convergence of the words
Gar (Xk)k=0 | Garr(Xk)k=0
prefix- v v
suffix- X X

= The proof of suffix-divergence still works!
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Random walk in irreducible trace groups

Random walk
Q Select i.i.d. generators (Yi)i=o in {ST*,...,SE}.

@ Random process (Xk)k=o defined by:
XO =1 and Xk+1 = XkYk.

Theorem [Folklore]

Convergence of the words
Gar (Xk)k=0 | Garr(Xk)k=0
prefix- v v
suffix- X X

= The proof of suffix-divergence still works!

Vincent Jugé & Jean Mairesse Stabilization of random braids



Random walk in dimer groups

Prefix-convergence of Gary(Xy)x=o0

Key ingredient: C;(x) = #{occurrences of SF* or S;—;ll in Garp(x)}.
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Random walk in dimer groups

Prefix-convergence of Gary(Xy)x=o0

Key ingredient: C;(x) = #{occurrences of Sf* or SE!

it1 in Garp(x)}.
Lemma: min; C;(Xy) — +o0
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Random walk in dimer groups

Prefix-convergence of Gary(Xy)x=o0

Key ingredient: C;(x) = #{occurrences of SF* or S;—;ll in Garp(x)}.
Lemma: min; C;(Xy) — +o0
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Random walk in dimer groups

Prefix-convergence of Gary(Xy)x=o0

Key ingredient: C;(x) = #{occurrences of Sf* or SE!

it1 in Garp(x)}.
Lemma: min; C;(Xy) — +o0
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Random walk in dimer groups

Prefix-convergence of Gary(Xy)x=o0
Key ingredient: C;(x) = #{occurrences of SF* or S;—;ll in Garp(x)}.

Lemma: min; C;(Xx) — +o0 (escape rate in free groups)
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Random walk in dimer groups

Prefix-convergence of Gary(Xy)x=o0

Key ingredient: C;(x) = #{occurrences of SF* or S;—:Lll in Garp(x)}.

Lemma: min; C;(Xx) — +o0 (escape rate in free groups)
Lemma 2: for all x e M,, if C;j(x) > 2, then

prefix(Gary(x)) = prefix(Gar, (xSF')).

i

s, I s

Vincent Jugé & Jean Mairesse

Stabilization of random braids



Random walk in dimer groups

Prefix-convergence of Gary(Xy)x=o0
Key ingredient: C;(x) = #{occurrences of SF* or S;—:Lll in Garp(x)}.
Lemma: min; Cj(Xyx) — 400 (escape rate in free groups)
Lemma 2: for all x e M,, if C;(x) = 2, then
prefix(Gary(x)) = prefix(Gar, (xSF')).
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Random walk in dimer groups

Prefix-convergence of Gary(Xy)x=o0

Key ingredient: C;(x) = #{occurrences

of S or S;—:Lll in Garp(x)}.

Lemma: min; C;(Xx) — +o0 (escape rate in free groups)

Lemma 2: for all x e M,, if C;(x) = 2, then

prefix(Gary(x)) = prefix(Gar, (xSF')).

i

prefix
protected
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Gary (X)) = {S1}] > 0
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Gary (Xx)) = {S1}] >0

Xy After £ > K steps,
stable prefix | with proba >0
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Gary (Xx)) = {S1}] >0

Xy After £ > K steps,
stable prefix | with proba >0

TK+1
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Gary (Xx)) = {S1}] >0

Xy After £ > K steps,
stable prefix | with proba >0
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Gary (Xx)) = {S1}] >0

Xy After £ > K steps,
stable prefix | with proba >0

forever
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Garg(Xx)) = {S1}] > 0

Xy After £ > K steps,
stable prefix | with proba >0

MAGNET
<—— forever |
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Garg(Xx)) = {S1}] >0
Lemma 2: #{k > 1 : suffix(Gargr(Xx)) = {S1}} = +©
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Garg(Xx)) = {S1}] >0
Lemma 2: #{k > 1 : suffix(Gargr(Xx)) = {S1}} = +©

S; suffix

T with proba > 0

Xk
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Garg(Xx)) = {S1}] >0
Lemma 2: #{k > 1 : suffix(Gargr(Xx)) = {S1}} = +©

Consequence: prefix(Gargr(Xx))k=o0 converges

MAGNET

TOs Ty« -y Tk
X’Tzk . .
stopping times

old prefix
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Garg(Xx)) = {S1}] >0
Lemma 2: #{k > 1 : suffix(Gargr(Xx)) = {S1}} = +©

Consequence: prefix(Gargr(Xx))k=o0 converges

MAGNET

X TOs Ty« -y Tk
T2kt stopping times

new prefix
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Garg(Xx)) = {S1}] >0
Lemma 2: #{k > 1 : suffix(Gargr(Xx)) = {S1}} = +©

Consequence: prefix(Gargr(Xx))k=o0 converges

MAGNET

TOs Ty« -y Tk
stopping times
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Garg(Xx)) = {S1}] >0
Lemma 2: #{k > 1 : suffix(Gargr(Xx)) = {S1}} = +©

Consequence: prefix(Gargr(Xx))k=o0 converges

MAGNET

1 .
XXt with proba > 0

S <——| forever |

S

X TOs Ty« -y Tk
T2kt2 stopping times
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Garg(Xx)) = {S1}] >0
Lemma 2: #{k > 1 : suffix(Gargr(Xx)) = {S1}} = +©

Consequence: prefix(Gargr(Xx))k=o0 converges
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S <——| forever |
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X TOs Ty« -y Tk
T2kt2 stopping times

stable prefix
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Random walk in dimer groups

Prefix-convergence of Garg(Xk)«=0
Lemma: P[Vk > 1, prefix(Garg(Xx)) = {S1}] >0
Lemma 2: #{k > 1 : suffix(Gargr(Xx)) = {S1}} = +©

Consequence: prefix(Gargr(Xx))k=o0 converges

MAGNET

T2k+3 = +0
XT;lierg with proba > 0

S <——| forever |

S

X TOs Ty« -y Tk
T2kt2 stopping times

stable prefix

Vincent Jugé & Jean Mairesse Stabilization of random braids



Contents

© Random walk in braid monoids
@ Braid monoids & braid groups
@ Random walk in braid monoids

Vincent Jugé & Jean Mairesse Stabilization of random braids



Do you like braiding your hair clockwise?

01

Vincent Jugé & Jean Mairesse Stabilization of random braids



Do you like braiding your hair clockwise?

01 02

Vincent Jugé & Jean Mairesse Stabilization of random braids



Do you like braiding your hair clockwise?
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Do you like braiding your hair clockwise?
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Do you like braiding your hair clockwise?
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Do you like braiding your hair clockwise?

A

\
\_/—/ s

01 02 01 03 02 03 01 01
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Do you like braiding your hair clockwise?

01 02 01 03 02 03 01 01 O1
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Do you like braiding your hair clockwise?

o1 O0p 01 03 02 03 01 01 01 02
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Do you like braiding your hair clockwise?

01 02 01 03 02 03 01 01 01 02 O3
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Do you like braiding your hair clockwise?

01 02 01 03 02 03 01 01 01 02 O3

Artin braid diagrams
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Do you like braiding your hair clockwise?

N

v

01 02 01 03 02 03 01 01 01 02 O3

Artin braid diagrams
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Do you like braiding your hair clockwise?

y\ y% \\
i

02 01 02 03 02 03 01 01 01 02 O3

Artin braid diagrams
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Do you like braiding your hair clockwise?

02 01 02 03 02 03 01 01 01 02 O3

Artin braid diagrams
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Do you like braiding your hair clockwise?

02 01 02 03 02 01 03 01 01 02 O3

Artin braid diagrams
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Do you like braiding your hair clockwise?

o
\_/\;

02 01 02 03 02 01 03 01 01 02 O3

Artin braid diagrams

Braid monoid J

Bt ={(01,...,0n-1 | 0i0i410i = 0i110i0i41,|i — j| = 2 = 0j0j = gjo;)"
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Do you like braiding your hair?

— X X
D /\{X el

-1 —1
o1 93 01 91 02 03

-1 -1 -1
o2 01 0y 03 03

Artin braid diagrams

Braid monoid

Bf ={o1,...,0n-1]| 001410} = 0i110i0i41,|i — j| = 2 = oj0; = 0joi)"

Braid group

B, ={o1,...,0n-1]| 0i0i110; = 0iy10i0i11,|i — j| = 2 = 0;0; = gj0;)
V.
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Do you like braiding your hair?

— X .
//\fix . -

\
1

-1 -1 - -1
02 01 02 0392 0103 1 1 02 03

Artin braid diagrams

Braid monoid

Bf ={o1,...,0n-1]| 001410} = 0i110i0i41,|i — j| = 2 = oj0; = 0joi)"

Braid group

B, ={o1,...,0n-1]| 0i0i110; = 0iy10i0i11,|i — j| = 2 = 0;0; = gj0;)
V.

Vincent Jugé & Jean Mairesse Stabilization of random braids



Do you like braiding your hair?

‘K—/\

-1 -1
o2 01 0 03 ‘72 01 ‘73 o2 03

Artin braid diagrams

Braid monoid

Bf ={o1,...,0n-1]| 001410} = 0i110i0i41,|i — j| = 2 = oj0; = 0joi)"

Braid group

B, ={o1,...,0n-1]| 0i0i110; = 0iy10i0i11,|i — j| = 2 = 0;0; = gj0;)
V.
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Simple braids & Garside normal forms

Theorem [Garside 1969]
B, is a lattice for both orders < and >. J
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Simple braids & Garside normal forms

Theorem [Garside 1969]
B, is a lattice for both orders < and >. J

= The proof of is based on simple braids
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Simple braids & Garside normal forms

Theorem [Garside 1969]
B is a lattice for both orders < and >. J

= The proof of is based on simple braids

Simple braids?

Positive braids where strands never cross twice:
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Simple braids & Garside normal forms

Theorem [Garside 1969]

B is a lattice for both orders < and >

= The proof of is based on simple braids

Simple braids?

Positive braids where strands never cross twice:

I T ) e S

0102 0201 A
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Simple braids & Garside normal forms

Theorem [Garside 1969]

B is a lattice for both orders < and >

= The proof of is based on simple braids

Simple braids?
Positive braids where strands never cross twice:

@ in bijection with &,;

I T ) e S

0102 0201 A
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Simple braids & Garside normal forms

Theorem [Garside 1969]

B is a lattice for both orders < and >

= The proof of is based on simple braids

Simple braids?
Positive braids where strands never cross twice:
@ in bijection with &,;

@ closed under <- and >-divisibility.

I T ) e S

0102 0201 A
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Simple braids & Garside normal forms

Left Garside normal form
Minimal factorisation of the form 8 = 8105 - - - Bk such that

Vi < k,B;i = GCD< (A, BiBiv1 - Bk)

[A

A A )
o X
A 0103 010203

Vincent Jugé & Jean Mairesse
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Simple braids & Garside normal forms

Left Garside normal form
Minimal factorisation of the form 8 = 8105 - - - Bk such that

Vi < k,B; = GCD<(Ap, BiBiv1- - Bk) = Vi < k,L(Bi+1) < R(B;)

<
<€

L(B) = {i: 0i < B}

. e
D

lxi/ DY
A

{1,2,3}
{1,2,3}

Vincent Jugé & Jean Mairesse

o

N N\
A N
\
P
0103 010203
{1,3} {1}
{1,3} {3}

R(B) ={i:B>0ai}
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Simple braids & Garside normal forms

Left Garside normal form
Minimal factorisation of the form 8 = 8105 - - - Bk such that

Vi < k,B; = GCD<(Ap, BiBiv1- - Bk) = Vi < k,L(Bi+1) < R(B;)

Right Garside normal form

Minimal factorisation of the form 3 = 313, --- 3, such that
Vi< {,B; = GCDx(An, 818, B;) © Vi < £,L(B;11) 2 R(B;)

Y

N \
N “ L(B) = {i : 0; < B}
ﬁ 1
AN R =5z
03 01030201 A
L3 (L3 (1,2,3)
R: {3} {1,2} {1,2,3}
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Simple braids & Garside normal forms

Left Garside normal form
Minimal factorisation of the form 8 = 8105 - - - Bk such that

Vi < k,B; = GCD<(Ap, BiBiv1- - Bk) = Vi < k,L(Bi+1) < R(B;)

Right Garside normal form

Minimal factorisation of the form 3 = 313, - - - 3, such that
Vi < k,B; = GCDx(An, 8182 -~ B;) < Vi < k,L(Bj11) 2 R(B;)

Y

N \
N “ L(B) = {i : 0; < B}
ﬁ 1
AN R =5z
03 01030201 A
L3 (L3 (1,2,3)
R: {3} {1,2} {1,2,3}
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Random walk in braid monoids

Random walk
@ Select i.i.d. generators (Yi)k=o0 in {01,...,0n}.
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Random walk in braid monoids

Random walk
@ Select i.i.d. generators (Yi)k=o0 in {01,...,0n}.

@ Random process (Xk)k=o defined by:
X() =1 and Xk+1 = XkYk.
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Random walk in braid monoids

Random walk
@ Select i.i.d. generators (Yi)k=o0 in {01,...,0n}.

@ Random process (Xk)k=o defined by:
XQ =1 and Xk+1 = XkYk.

= Main difference with dimer monoids: o;A = Ac,_;
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Random walk in braid monoids

Random walk
@ Select i.i.d. generators (Yi)k=o0 in {01,...,0n}.

@ Random process (Xk)k=o defined by:
XQ =1 and Xk+1 = XkYk.

= Main difference with dimer monoids: o;A = Ac,_;

Theorem [Folklore]

Convergence of the words
Gar (Xk)k=0 | Garr(Xk)k=0
prefix- v
suffix- X v
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Random walk in braid monoids

Random walk
@ Select i.i.d. generators (Yi)k=o0 in {01,...,0n}.

@ Random process (Xk)k=o defined by:
XQ =1 and Xk+1 = XkYk.

= Main difference with dimer monoids: o;A = Ac,_;

Theorem [Folklore + J. & M. 2016]

Convergence of the words
Gar (Xi)k=0 | Garr(Xk)k=0
prefix- v v
suffix- X v
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Random walk in braid monoids

Suffix-divergence of Gary (Xy)k=o

Lemma: if Yy Yxi1 = ojojs1 for some i € R(suffix(Gar (Xx))) then

0103
l1eR
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Random walk in braid monoids

Suffix-divergence of Gary (Xy)k=o

Lemma: if Yy Yxi1 = ojojs1 for some i € R(suffix(Gar (Xx))) then

suffix(Gary (X)) # suffix(Garp (Xk42)).
A
N
P
N—

0103 0102
1¢R
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Random walk in braid monoids

Suffix-divergence of Gary (Xy)k=o
Lemma: if Yy Yxi1 = ojojs1 for some i € R(suffix(Gar (Xx))) then

suffix(Gary (X)) # suffix(Garp (Xk42)).

Prefix-convergence of Gary(Xy)x=o0

Lemma: prefix(Garp (Xx)) < prefix(Garp (Xi+1)).
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Random walk in braid monoids

Suffix-divergence of Gary (Xy)k=o
Lemma: if Yy Yxi1 = ojojs1 for some i € R(suffix(Gar (Xx))) then

suffix(Gary (X)) # suffix(Garp (Xk42)).

Prefix-convergence of Gary(Xy)x=o0
Lemma: prefix(Garp (Xx)) < prefix(Garp (Xi+1)).

Suffix-convergence of Garg(Xy)i=o

Lemma: for all o, B € B, suffix(Gargr(aAB)) = A.
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Random walk in braid monoids

Suffix-divergence of Gary (Xy)k=o
Lemma: if Yy Yxi1 = ojojs1 for some i € R(suffix(Gar (Xx))) then

suffix(Gary (X)) # suffix(Garp (Xk42)).

Prefix-convergence of Gary(Xy)x=o0

Lemma: prefix(Garp (Xx)) < prefix(Garp (Xi+1)).

Suffix-convergence of Garg(Xy)i=o
Lemma: for all o, B € B, suffix(Gargr(aAB)) = A.

Consequence: if Y ... Y n(ns1)2—1 = A then

suffix(Garg(Xy)) = A for all £ = k + n(n+1)/2.
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Random walk in braid monoids

Suffix-divergence of Gary (Xy)k=o
Lemma: if Yy Yxi1 = ojojs1 for some i € R(suffix(Gar (Xx))) then

suffix(Gary (X)) # suffix(Garp (Xk42)).

Prefix-convergence of Gary(Xy)x=o0

Lemma: prefix(Garp (Xx)) < prefix(Garp (Xi+1)).

Suffix-convergence of Garg(Xy)i=o
Lemma: for all o, B € B, suffix(Gargr(aAB)) = A.

Consequence: if Y ... Y n(ns1)2—1 = A then

suffix(Garg(Xy)) = A for all £ = k + n(n+1)/2.

= Also proves that Gary (Xx)k=0 prefix-converges
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Random walk in braid monoids

Prefix-convergence of Garg(Xk)«=0
Key ingredient: blocking braid B = (3152336405086 such that
e Gar (B) =Gargr(B) =182 83 Pa- Bs - Bs;
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Random walk in braid monoids

Prefix-convergence of Garg(Xk)«=0

Key ingredient: blocking braid B = (3152336405086 such that
o Gar (B) = Garr(B) = f1- B2 B3 - Ba - B5 - Pe;
® #L(Bs) =n—2and B1 = B € {01,...,0n-1}
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Random walk in braid monoids

Prefix-convergence of Garg(Xk)«=0

Key ingredient: blocking braid B = (3152336405086 such that
o Gar (B) = Garr(B) = B1- 82 B3 B4 B5 - Be;
@ #L(Bs) =n—2and 51 = Bs € {01,-..,0n-1}

= There exist blocking braids if n is even:

b1
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Random walk in braid monoids

Prefix-convergence of Garg(Xk)«=0

Key ingredient: blocking braid B = (3152336405086 such that
o Gar (B) = Garr(B) = B1- 82 B3 B4 B5 - Be;
@ #L(Bs) =n—2and 51 = Bs € {01,-..,0n-1}

= There exist blocking braids if n is even:
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Random walk in braid monoids

Prefix-convergence of Garg(Xk)«=0

Key ingredient: blocking braid B = (3152336405086 such that
o Gar (B) = Garr(B) = f1- B2 B3 - Ba - B5 - Pe;
@ #L(Bs) =n—2and 51 = Bs € {01,-..,0n-1}

= There exist blocking braids if n is even:

N/
\/\
\\ /
L5
S
\A N4
B B
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Random walk in braid monoids

Prefix-convergence of Garg(Xk)«=0

Key ingredient: blocking braid B = (3152336405086 such that
o Gar (B) = Garr(B) = B1- 82 B3 B4 B5 - Be;
© #L(B4) =n—2and 81 = P € {01,...,0n-1}.

= There exist blocking braids if n is even:

N,

N,

X'\

\
N,
\

N \/\ ) \ ) .
"¢ /\/ ¢
S— A

Y \, \
/ A\
\ N \ \ .
/\\Y/\_//\-;.é

\

B2

Vincent Jugé & Jean Mairesse
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Random walk in braid monoids

Prefix-convergence of Garg(Xk)«=0

Key ingredient: blocking braid B = (313233840506 such that
o Gar (B) = Garr(B) = (1 B2- B3 Ba - B5 - Bei

© #L(B4) =n—2and 1 = B € {o1,..

-y On—1}-

= There exist blocking braids if n is even:

Y

A

N/ N\, N/T\,
X
DD > y X
/\/ A N - /\ /_X/
¢ S SE—S0x
B P B3 Ba Bs  Be
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Random walk in braid monoids

Prefix-convergence of Garg(Xk)«=0

Key ingredient: blocking braid B = (313233840506 such that
o Gar (B) = Garr(B) = f1- B2 B3 - Ba - B5 - Pe;
@ #L(Bs) =n—2and 51 = Bs € {01,-..,0n-1}

= There exist blocking braids if n is odd:

A

D
N \/\
A~
N
pr B2
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Random walk in braid monoids

Prefix-convergence of Garg(Xy)x=0o — continued

Lemma #1: for all a, 8 € B, if Garg(aB) = Garg(«) - Garg(B) and
(aBg is A-free or S € {01,...,0,}), then

Garg(aBg) = Garg(«) - Gargr(Bp).

e [ 5 |
o 18 1 57 |

Vincent Jugé & Jean Mairesse
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Random walk in braid monoids

Prefix-convergence of Garg(Xy)x=0o — continued

Lemma #1: for all a, 8 € B, if Garg(aB) = Garg(«) - Garg(B) and
(aBg is A-free or S € {01,...,0,}), then

Garg(aBg) = Garg(«) - Gargr(Bp).

Key ingredient #2: C(x) = #{occurrences of a blocking braid in Garg(x)}.

e 1 5 |

o 18 ]} 57 |
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Random walk in braid monoids

Prefix-convergence of Garg(Xy)x=0o — continued

Lemma #1: for all a, 8 € B, if Garg(aB) = Garg(«) - Garg(B) and
(aBg is A-free or S € {01,...,0,}), then

Garg(aBg) = Garg(«) - Gargr(Bp).
Key ingredient #2: C(x) = #{occurrences of a blocking braid in Garg(x)}.
Lemma #2: forall o, 5 € Bf, C(af) < C(v) + C(8) + K (K = constant)

Uses: @ Lemma #1
o Playing with magnets
@ Tricky inductions
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Random walk in braid monoids

Prefix-convergence of Garg(Xy)x=0o — continued

Lemma #1: for all a, 8 € B, if Garg(aB) = Garg(«) - Garg(B) and
(aBg is A-free or S € {01,...,0,}), then

Garg(aBg) = Garg(«) - Gargr(Bp).
Key ingredient #2: C(x) = #{occurrences of a blocking braid in Garg(x)}.
Lemma #2: forall o, 5 € Bf, C(af) < C(v) + C(8) + K (K = constant)
Lemma #3: E[C(Xk)] = O(k)

Uses: @ Lemma #1
e Playing with magnets
o Transience of (Xi)k=0 in B /{A?)
e Ugly calculations
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Random walk in braid monoids

Prefix-convergence of Garg(Xy)x=0o — continued

Lemma #1: for all a, 8 € B, if Garg(aB) = Garg(«) - Garg(B) and
(aBg is A-free or S € {01,...,0,}), then

Garg(aBg) = Garg(«) - Gargr(Bp).
Key ingredient #2: C(x) = #{occurrences of a blocking braid in Garg(x)}.
Lemma #2: for all o, € B, C(af) < C(a)+ C(B) + K (K = constant)
Lemma #3: E[C(Xk)] = ©(k)
Kingman subadditive lemma: C(Xy) ~ E[C(X\)] almost surely
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Random walk in braid monoids

Prefix-convergence of Garg(Xy)x=0o — continued

Lemma #1: for all a, 8 € B, if Garg(aB) = Garg(«) - Garg(B) and
(aBg is A-free or S € {01,...,0,}), then

Garg(aBg) = Garg(«) - Gargr(Bp).
Key ingredient #2: C(x) = #{occurrences of a blocking braid in Garg(x)}.
Lemma #2: for all o, € B, C(af) < C(a)+ C(B) + K (K = constant)
Lemma #3: E[C(Xk)] = ©(k)
Kingman subadditive lemma: C(Xy) ~ E[C(X\)] almost surely

= Mission accomplished! ®
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What is our limit object?
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What is our limit object?

© Limit of an infinite-state Markov chain with L! factors:

A
Y
A
Y
A
Y
A
Y

Ll Ll Ll Ll

Vincent Jugé & Jean Mairesse Stabilization of random braids



What is our limit object?

© Limit of an infinite-state Markov chain with L! factors:

@ Ergodic process;
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What is our limit object?

© Limit of an infinite-state Markov chain with L! factors:
@ Ergodic process;
© Finite penetration distance;
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What is our limit object?

© Limit of an infinite-state Markov chain with L! factors:
@ Ergodic process;
© Finite penetration distance;

@ Maximal linear convergence speed.

I Stable prefix I * I A I

~an = o(n) ~ Bn

Y
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What is our limit object?

© Limit of an infinite-state Markov chain with L! factors:
@ Ergodic process;
© Finite penetration distance;

@ Maximal linear convergence speed.

Theorem [Folklore]

Computing Garg(Xk+1) when knowing Garg(Xx) and Y
in expected time O(k).

Vincent Jugé & Jean Mairesse Stabilization of random braids



What is our limit object?

© Limit of an infinite-state Markov chain with L! factors:
@ Ergodic process;
© Finite penetration distance;

@ Maximal linear convergence speed.

Theorem [Folklore + J. & M. 2016]

Computing Garg(Xk+1) when knowing Garg(Xx) and Y
in expected time o(k).
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Seeking non-trivial limits

Delete As

e Unsatisfactory result: prefix(Gary (Xk))k=o0 and
suffix(Gargr(X)) k=0 must converge (a.s. towards A)
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Seeking non-trivial limits

Delete As

e Unsatisfactory result: prefix(Gary (Xk))k=o0 and
suffix(Gargr(X)) k=0 must converge (a.s. towards A)

Theorem [Folklore + J. & M. 2016]

Convergence of the words
Gary (Xi)k>0 | Garr(Xi)r=0
prefix- v v
suffix- X v
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Seeking non-trivial limits

Delete As

e Unsatisfactory result: prefix(Gary (Xk))k=o0 and
suffix(Gargr(X)) k=0 must converge (a.s. towards A)

o Idea: move to B /(A) (i.e. move As to the right and delete them)

v

Theorem [Folklore + J. & M. 2016]

Convergence of the words
Gary (Xi)k>0 | Garr(Xi)r=0
prefix- v v
suffix- X X
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Seeking non-trivial limits

Delete As
e Unsatisfactory result: prefix(Gary (Xk))k=o0 and
suffix(Gargr(X)) k=0 must converge (a.s. towards A)
o Idea: move to B /(A) (i.e. move As to the right and delete them)
v
Theorem [Folklore + J. & M. 2016]
Convergence of the words
Gar (Xk)k=0 | Garr(Xk)k=0
prefix- v v
suffix- X X
v
Random walk in irreducible trace monoids This |00ks Iike déjé vu. .. Random walk in irreducible trace groups
Theorem [Folklore] Theorem [Folklore]
Convergence of the words Convergence of the words
Gar, (Xi)iz0 | Gar(Xidizo Gan (X iz0
TS
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From braid monoids to other monoids

Key ingredients

@ Length-preserving, left-right symmetric relations
@ Two-way Garside family F: closed under <, >, LCM¢ and LCM>
© Positive escape rate
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From braid monoids to other monoids

Key ingredients

@ Length-preserving, left-right symmetric relations
@ Two-way Garside family F: closed under <, >, LCM¢ and LCM>
© Positive escape rate
© Connectivity of the Charney graph G = (S, E), where:
S = {proper subsets of {o1,...,0,-1}} and
E={(X,Y)|3eFst. X=L(B) and Y = R(p)}.
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From braid monoids to other monoids

Key ingredients

@ Length-preserving, left-right symmetric relations
@ Two-way Garside family F: closed under <, >, LCM¢ and LCM>
© Positive escape rate
© Connectivity of the Charney graph G = (S, E), where:
S = {proper subsets of {o1,...,0,-1}} and
E={(X,Y)|3eFst. X=L(B) and Y = R(p)}.

Extensions to other monoids with Garside families

e Finite family in dual braid monoids (of every spherical type)
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From braid monoids to other monoids

Key ingredients

@ Length-preserving, left-right symmetric relations
@ Two-way Garside family F: closed under <, >, LCM¢ and LCM>
© Positive escape rate
© Connectivity of the Charney graph G = (S, E), where:
S = {proper subsets of {o1,...,0,-1}} and
E={(X,Y)|3eFst. X=L(B) and Y = R(p)}.

Extensions to other monoids with Garside families

Finite family in dual braid monoids (of every spherical type)
Finite family in Artin—Tits monoids of FC type
Infinite family in all Artin-Tits monoids
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From braid monoids to other monoids

Key ingredients

Length-preserving, left-right symmetric relations
Two-way Garside family F: closed under > and LCM¢
Positive escape rate

Connectivity of the Charney graph G = (S, E), where:
S = {proper subsets of {o1,...,0,-1}} and
E={(X,Y)|3eFst. X=L(B) and Y = R(p)}.

0000

Extensions to other monoids with Garside families

Finite family in dual braid monoids (of every spherical type)
Finite family in Artin—Tits monoids of FC type

Infinite family in all Artin-Tits monoids (without elements o2)
Finite, one-way Garside family in all Artin—Tits monoids
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From (dual) braid monoids to groups

Which Garside normal form do we choose?
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From (dual) braid monoids to groups

Which Garside normal form do we choose?
o Left Garside NF: a = AYS with 8 € B in left NF;
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From (dual) braid monoids to groups

Which Garside normal form do we choose?
o Left Garside NF: a = AYB with 8 € B in left NF;
o Left Garside NF4: a = BAY with 8 € B in left NF;
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From (dual) braid monoids to groups

Which Garside normal form do we choose?

o Left Garside NF: a = AYB with 8 € B in left NF;
o Left Garside NF4: a = BAY with 8 € B in left NF;
@ Right Garside NF: a = BAY with 8 € B in right NF;
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From (dual) braid monoids to groups

Which Garside normal form do we choose?

o Left Garside NF: a = AYB with 8 € B in left NF;
o Left Garside NF4: a = BAY with 8 € B in left NF;
@ Right Garside NF: a = BAY with 8 € B in right NF;

e Symmetric Garside NF: o = 871y with 3,7 € B} in left NF.
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From (dual) braid monoids to groups

Which Garside normal form do we choose?

o Left Garside NF: a = AYB with 8 € B in left NF;
o Left Garside NF4: a = BAY with 8 € B in left NF;
@ Right Garside NF: a = BAY with 8 € B in right NF;

e Symmetric Garside NF: o = 871y with 3,7 € B} in left NF.

= Similar or identical results in non-degenerate cases.
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Thank you very much for your attention!

Barka ° N ® (German
Rahmat e e lgbo
Asante ® e Mossi
Imela LN N ® Swabhili
Danke N N\ o Tajik
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Thank you very much for your attention!

Barka ° N ® (German
Rahmat e e lgbo
Asante ® e Mossi
Imela LN N ® Swabhili
Danke N N\ o Tajik

Questions?
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