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Chapter 1Text data 
ompression algorithms
Maxime Cro
hemore, Gaspard Monge Institute, Universit�e de Marne-la-Vall�ee, Fran
eand King's College London, UKThierry Le
roq, Laboratoire d'Informatique, de Traitement de l'Information et desSyst�emes, Universit�e de Rouen, Fran
e1.1 Text 
ompressionThe 
hapter des
ribes a few algorithms that 
ompress texts. Compression serves both to savestorage spa
e and to save transmission time. We shall assume that the text is stored in a �le.The aim of 
ompression algorithms is to produ
e a new �le, as short as possible, 
ontainingthe 
ompressed version of the same text. Methods presented here redu
e the representation oftext without any loss of information, so that de
oding the 
ompressed text restores exa
tly theoriginal data.The term \text" should be understood in a wide sense. It is 
lear that texts 
an bewritten in natural languages or 
an be texts usually generated by translators (like various typesof 
ompilers). But texts 
an also be images or other kinds of stru
tures as well provided thedata are stored in linear �les. Texts 
onsidered here are sequen
e of 
hara
ters from an �nitealphabet � of size �.The interest in data 
ompression te
hniques remains important even if mass storagesystems improve regularly be
ause the amount of data grows a

ordingly. Moreover, a 
on-5



6 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSsequen
e of the extension of 
omputer networks is that the quantity of data they ex
hangegrows exponentially. So, it is often ne
essary to redu
e the size of �les to redu
e proportionallytheir transmission times. Other advantages in 
ompressing �les regard two 
onne
ted issues:integrity of data and se
urity. While the �rst is easily a

omplished through redundan
y 
he
ksduring the de
ompression phase, the se
ond often requires data 
ompression before applying
ryptography.This 
hapter 
ontains three 
lassi
al text 
ompression algorithms. Variants of thesealgorithms are implemented in pra
ti
al 
ompression software, in whi
h they are often 
ombinedtogether or with other elementary methods. Moreover, we present all-purpose methods, thatis, methods in whi
h no sophisti
ated modeling of the statisti
s of texts is done. An adequatemodeling of a well-de�ned family of texts may in
rease signi�
antly the 
ompression when
oupled with the 
oding algorithms of this 
hapter.Compression ratios of the methods depend on the input data. However, most often,the size of 
ompressed text vary from 30% to 50% of the size of the input. At the end ofthis 
hapter, we present ratios obtained by the methods on several example texts. Resultsof this type 
an be used to 
ompare the eÆ
ien
y of methods in 
ompressing data. But, theeÆ
ien
y of algorithms is also evaluated by their running times, and sometimes by the amountof memory spa
e they require at run time. These elements are important 
riteria of 
hoi
ewhen a 
ompression algorithm is to be implemented in a tele
ommuni
ation software.Two strategies are applied to design the algorithms. The �rst strategy is a statisti
almethod that takes into a

ount the frequen
ies of symbols to build a uniquely de
ipherable
ode optimal with respe
t to the 
ompression (Se
tions 1.2 and 1.3). Se
tion 1.4 presents are�nement of the 
oding algorithm of Hu�man based on the binary representation of numbers.Hu�man 
odes 
ontain new 
odewords for the symbols o

urring in the text. In this method�xed-length blo
ks of bits are en
oded by di�erent 
odewords. A 
ontrario the se
ond strategyen
odes variable-length segments of the text (Se
tion 1.5). To put it simply, the algorithm,



1.2. STATIC HUFFMAN CODING 7while s
anning the text, repla
es some already read segments by just a pointer to their �rsto

urren
es. This se
ond strategy often provides better 
ompression ratios.1.2 Stati
 Hu�man 
odingThe Hu�man method is an optimal statisti
al 
oding. It transforms the original 
ode used for
hara
ters of the text (ASCII 
ode on 8 bits, for instan
e). Coding the text is just repla
ingea
h symbol (more exa
tly ea
h o

urren
e of it) by its new 
odeword. The method worksfor any length of blo
ks (not only 8 bits), but the running time grows exponentially with thelength. In the following, we assume that symbols are originally en
oded on 8 bits to simplifythe des
ription.The Hu�man algorithm uses the notion of pre�x 
ode. A pre�x 
ode is a set of words
ontaining no word that is a pre�x of another word of the set. The advantage of su
h a 
ode isthat de
oding is immediate. Moreover, it 
an be proved that this type of 
ode does not weakenthe 
ompression.A pre�x 
ode on the binary alphabet f0;1g 
orresponds to a binary tree in whi
h thelinks from a node to its left and right 
hildren are labeled by 0 and 1 respe
tively. Su
h atree is 
alled a (digital) trie. Leaves of the trie are labeled by the original 
hara
ters, andlabels of bran
hes are the words of the 
ode (
odewords of 
hara
ters). Working with pre�x
ode implies that 
odewords are identi�ed with leaves only. Moreover, in the present method
odes are 
omplete: they 
orrespond to 
omplete tries, i.e. tree in whi
h internal nodes haveall exa
tly two 
hildren.In the model where 
hara
ters of the text are given new 
odewords, the Hu�man algo-rithm builds a 
ode that is optimal in the sense that the 
ompression is the best possible (ifthe model of the sour
e text is a zero-order Markov pro
ess, that is if the probability of symbolo

urren
e are independent). The length of the en
oded text is minimum. The 
ode dependson the input text, and more pre
isely on the frequen
ies of 
hara
ters in the text. The most



8 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSH-Count (�n)1 for ea
h 
hara
ter a 2 �2 do freq(a) 03 while not end of �le �n and a is the next symbol4 do freq(a) freq(a) + 15 freq(END) 1 Figure 1.1: Counts the 
hara
ter frequen
ies.frequent 
hara
ters are given shortest 
odewords while the least frequent symbols 
orrespondto the longest 
odewords.1.2.1 En
odingThe 
omplete 
ompression algorithm is 
omposed of three steps: 
ount of 
hara
ter frequen
ies,
onstru
tion of the pre�x 
ode, en
oding of the text. The last two steps use information
omputed by their pre
eding step.The �rst step 
onsists in 
ounting the number of o

urren
es of ea
h 
hara
ter in theoriginal text (see Figure 1.1). We use a spe
ial end marker, denoted by END, whi
h virtuallyappears only on
e at the end of the text. It is possible to skip this �rst step if �xed statisti
s onthe alphabet are used. In this 
ase however the method is optimal a

ording to the statisti
s,but not ne
essarily for the spe
i�
 text.The se
ond step of the algorithm builds the tree of a pre�x 
ode, 
alled a Hu�man tree,using the 
hara
ter frequen
y freq(a) of ea
h 
hara
ter a in the following way:� 
reate a one-node tree t for ea
h 
hara
ter a, setting weight(t) = freq(a) and label(t) = a,� repeat{ Extra
t the two least weighted trees t1 and t2,{ Create a new tree t3 having left subtree t1, right subtree t2, and weight weight(t3) =weight(t1) + weight(t2),



1.2. STATIC HUFFMAN CODING 9H-Build-Tree1 for ea
h a 2 � [ fENDg2 doif freq(a) 6= 03 then 
reate a new node t4 weight(t) freq(a)5 label(t) a6 lleaves  list of all 
reated nodes in in
reasing order of weight7 ltrees  empty list8 while Length (lleaves) + Length (ltrees) > 19 do (`; r) extra
t two nodes of smallest weight (among the two nodes at thebeginning of lleaves and the two nodes at the beginning of ltrees)10 
reate a new node t11 weight(t) weight(`) + weight(r)12 left(t) `13 right(t) r14 insert t at the end of ltrees16 return t Figure 1.2: Builds the Hu�man 
oding tree.� until only one tree remains.The tree is 
onstru
ted by the algorithm H-Build-Tree in Figure 1.2. The implementationuses two linear lists. The �rst list, lleaves , 
ontains the leaves of the future tree asso
iatedea
h with a symbol. The list is sorted in in
reasing order of weights of leaves (frequen
ies ofsymbols). The se
ond list, ltrees , 
ontains the newly 
reated trees. The operation of extra
tingthe two least weighted trees is done by 
he
king the two �rst trees of the list lleaves and thetwo �rst trees of the list ltrees . Ea
h new tree is inserted at the end of the list of the trees.The only tree remaining at the end of the pro
edure is the 
oding tree.After the 
oding tree is built, it is possible to re
over the 
odewords asso
iated with
hara
ters by a simple depth-�rst-sear
h of the tree (see Figure 1.3); 
odeword (a) denotes thebinary 
odeword asso
iated with the 
hara
ter a.In the third step, the original text is en
oded. Sin
e the 
ode depends on the originaltext, in order to be able to de
ode the 
ompressed text, the 
oding tree and the original



10 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSH-Build-Code (t; length)1 if t is not a leaf2 then temp[length ℄ 03 H-Build-Code (left(t); length + 1)4 temp[length ℄ 15 H-Build-Code (right(t); length + 1)6 else 
odeword (label (t)) temp[0::length � 1℄Figure 1.3: Builds 
hara
ter 
odewords from the 
oding tree.H-En
ode-Tree (fout ; t)1 if t is not a leaf2 then write a 0 in the �le fout3 H-En
ode-Tree (fout ; left(t))4 H-En
ode-Tree (fout ; right(t))5 else write a 1 in the �le fout6 write the original 
ode of label(t) in the �le foutFigure 1.4: Stores the 
oding tree in the 
ompressed �le.
odewords of symbols must be stored together with the 
ompressed text.This information is pla
ed in a header of the 
ompressed �le, to be read at de
oding timejust before the de
ompression starts. The header is written during a depth-�rst traversal of thetree. Ea
h time an internal node is en
ountered a 0 is produ
ed. When a leaf is en
ountereda 1 is produ
ed followed by the original 
ode of the 
orresponding 
hara
ter on 9 bits (so thatthe end marker 
an be equal to 256 if all the 8-bit 
hara
ters appear in the original text). Thispart of the en
oding algorithm is shown in Figure 1.4.After the header of the 
ompressed �le is made, the en
oding of the original text isrealized by the algorithm of Figure 1.5.A 
omplete implementation of the Hu�man algorithm, 
omposed of the three stepsdes
ribed above, is given in Figure 1.6.Example 1.1:



1.2. STATIC HUFFMAN CODING 11H-En
ode-Text (�n; fout)1 while not end of �le �n and a is the next symbol2 dowrite 
odeword (a) in the �le fout3 write 
odeword (END) in the �le foutFigure 1.5: En
odes the 
hara
ters in the 
ompressed �le.
H-En
oding (�n; fout)1 H-Count (�n)2 t H-Build-Tree3 H-Build-Code (t; 0)4 H-En
ode-Tree (fout ; t)5 H-En
ode-Text (�n ; fout)Figure 1.6: Complete fun
tion for Hu�man en
oding.
y = ACAGAATAGAGALength of y = 12� 8 = 104 bits (assuming an 8-bit 
ode)Chara
ter frequen
ies: A C G T END7 1 3 1 1Di�erent steps during the 
onstru
tion of the 
oding tree:1 1 1 3 7 1 2 3 7C T END G A END 1 1 G AC T3 3 7 6 71 2 G A 3 3 AEND 1 1 1 2 GC T END 1 1C T



12 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMS136 73 3 A1 2 GEND 1 1C T 
hara
ter 
odewords: A C G T END1 0010 01 0011 000
En
oded tree: 0001binary(END,9)01binary(C,9)1 binary(T,9)1binary(G,9)1binary(A,9),whi
h produ
es a header of length 54 bits:0001 100000000 01 001000011 1 001010100 1 001000111 1 001000001En
oded text:1|{z} 0010| {z } 1|{z} 01|{z} 1|{z} 1|{z} 0011| {z } 1|{z} 01|{z} 1|{z} 01|{z} 1|{z} 000|{z}A C A G A A T A G A G A ENDof length 24 bitsTotal length of the 
ompressed �le: 78 bits. 2The 
onstru
tion of the tree takes O(� log �) time if the sorting of the list of the leavesis implemented eÆ
iently. The rest of the en
oding pro
ess runs in time linear in the sum ofthe sizes of the original and 
ompressed texts.1.2.2 De
odingDe
oding a �le 
ontaining a text 
ompressed by Hu�man algorithm is a mere programmingexer
ise. First, the 
oding tree is rebuilt by the algorithm of Figure 1.7. Then, the originaltext is re
overed by parsing the 
ompressed text with the 
oding tree. The pro
ess begins atthe root of the 
oding tree, and follows a left edge when a 0 is read or a right edge when a 1 isread. When a leaf is en
ountered, the 
orresponding 
hara
ter (in fa
t the original 
odewordof it) is produ
ed and the parsing resumes at the root of the tree. The pro
ess ends when the
odeword of the end marker is en
ountered. An implementation of the de
oding of the text is



1.2. STATIC HUFFMAN CODING 13
H-Rebuild-Tree (�n ; t)1 read bit b from �n2 if b = 13 then make t a leaf4 label (t) symbol 
orresponding to the 9 next bits read from �n5 else 
reate a new node `6 left(t) `7 H-Rebuild-Tree (�n; `)8 
reate a new node r9 right(t) r10 H-Rebuild-Tree (�n; r)Figure 1.7: Rebuilds the tree from the header of 
ompressed �le.

H-De
ode-Text (�n; fout ; root )1 t root2 while label(t) 6= END3 do if t is a leaf4 then write label(t) in the �le fout5 t root6 else read bit b from �n7 if b = 18 then t right(t)9 else t left(t)Figure 1.8: Re
overs the original text.



14 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSH-De
oding (�n; fout)1 
reate a new node root2 H-Rebuild-Tree (�n ; root )3 H-De
ode-Text (�n ; fout ; root )Figure 1.9: Complete fun
tion for Hu�man de
oding.presented in Figure 1.8.The 
omplete de
oding program is given in Figure 1.9. It 
alls the pre
eding fun
tions.The running time of the de
oding program is linear in the sum of the sizes of the texts itmanipulates.1.3 Dynami
 Hu�man 
odingThe two main drawba
ks of the stati
 Hu�man method are: �rst, if the frequen
ies of 
hara
-ters the sour
e text are not known a priori, the sour
e text has to be read twi
e; se
ond, the
oding tree must be in
luded in the 
ompressed �le. This is avoided by a dynami
 methodwhere the 
oding tree is updated ea
h time a symbol is read from the sour
e text. The 
urrenttree is a Hu�man tree related to the part of the text that is already treated. The tree evolvesexa
tly in the same way during the de
oding pro
ess. The eÆ
ien
y of the method is based ona 
hara
terization of Hu�man trees, known as the siblings property.Siblings property: Let T be a Hu�man tree with n leaves (a 
omplete binary weighted treebuilt by the pro
edure H-Build-Tree in whi
h all leaves have positive weights). Then thenodes of T 
an be arranged in a sequen
e (x0; x1; : : : ; x2n�2) su
h that:1. the sequen
e of weights (weight(x0);weight(x1); : : : ;weight(x2n�2)) is in de
reasing order;2. for any i (0 � i � n� 2), the 
onse
utive nodes x2i+1 and x2i+2 are siblings (they havethe same parent).



1.3. DYNAMIC HUFFMAN CODING 15The 
ompression and de
ompression pro
esses initialize the dynami
 Hu�man tree bya one-node tree that 
orrespond to an arti�
ial 
hara
ter, denoted by ART. The weight of thissingle node is 1.1.3.1 En
odingEa
h time a symbol a is read from the sour
e text, its 
odeword in the tree is sent. Howeverthis happens only if a appeared previously. Otherwise the 
ode of ART is sent followed by theoriginal 
odeword of a. Afterwards, the tree is modi�ed in the following way: �rst, if a nevero

urred before, a new internal node is 
reated and its two 
hildren are a new leaf labeled by aand the leaf ART; then, the tree is updated (see below) to get a Hu�man tree for the new pre�xof text.ImplementationEa
h node is identi�ed with an integer n, the root is the integer 0. The invariant of 
ompressionand de
ompression algorithms is that, if the tree has m nodes, the sequen
e of nodes (m �1; : : : ; 1; 0) satis�es the siblings property. The tree is stored in a table, and we use the nextnotations, for a node n:� parent (n) is the parent of n (parent (root ) = UNDEFINED),� 
hild (n) is the left 
hild of n (if n is an internal node, otherwise 
hild (n) = UNDEFINED),and 
hild(n) + 1 is its right 
hild (this is useful only at de
oding time),� label (n) is the symbol asso
iated with n when n is a leaf,� weight(n) is the weight of n (it is the frequen
y of label(n) if n is a leaf).Indeed, the 
hild link is useful only at de
oding time so that the implementation may di�erbetween the two phases of the algorithm. But, to simplify the des
ription and give a uniformtreatment of the data stru
ture, we assume the same implementation during the en
oding andthe de
oding steps. Weights of nodes are handled by the pro
edure DH-Update.



16 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSDH-Init1 root  02 
hild(root ) UNDEFINED3 weight(root ) 14 parent(root ) UNDEFINED5 for ea
h letter a 2 � [ fENDg6 do leaf [a℄ UNDEFINED7 leaf [ART℄ root Figure 1.10: Initializes the dynami
 Hu�man tree.DH-En
oding (�n ; fout)1 DH-Init2 while not end of �le �n and a is the next symbol3 do DH-En
ode-Symbol (a; fout)4 DH-Update (a)5 DH-En
ode-Symbol (END; fout)Figure 1.11: Complete fun
tion for dynami
 Hu�man en
oding.The 
orresponden
e between symbols and leaves of the tree is done by a table 
alledleaf : for ea
h symbol a 2 � [ fENDg, leaf [a℄ is the 
orresponding leaf of the tree, if any.The 
oding tree initially 
ontains only one node labeled by symbol ART. The initializa-tion is given in Figure 1.10.En
oding the sour
e text is a su

ession of three steps: read a symbol a from the sour
etext, en
ode the symbol a a

ording to the 
urrent tree, update the tree. It is des
ribed inFigure 1.11.En
oding a symbol a already en
ountered 
onsists in a

essing its asso
iated leaf leaf [a℄,then 
omputing its 
odeword by a bottom-up walk in the tree (following the parent links upto the root). Ea
h time a node n (6= root) is en
ountered if n is odd a 1 is sent (n is the right
hild of its parent), and if n is even a 0 is sent (n is then the left 
hild of its parent). As the
odeword of a is read in reverse dire
tion a sta
k S is used to temporarily store the bits and



1.3. DYNAMIC HUFFMAN CODING 17
DH-En
ode-Symbol (a; fout)1 S  empty sta
k2 n leaf [a℄3 if n = UNDEFINED4 then n leaf [ART℄5 while n 6= root6 do if n is odd7 then Push (S;1)8 else Push (S;0)9 n parent (n)10 Send (S; fout)11 if leaf [a℄ = UNDEFINED12 then write in fout the original 
odeword of a on 9 bits13 DH-Add-Node (a)Figure 1.12: En
odes one symbol.

DH-Add-Node (a)1 transform leaf [ART℄ into2 an internal node of weight 1 with3 a left 
hild of weight 0 for leaf [a℄,4 a right 
hild of weight 1 for leaf [ART℄.Figure 1.13: Adds a new symbol in the tree.



18 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSDH-De
oding (�n; fout)1 DH-Init2 a DH-De
ode-Symbol (�n)3 while a 6= END4 do write a in fout5 DH-Update (a)6 a DH-De
ode-Symbol (�n)Figure 1.14: Complete fun
tion for dynami
 Hu�man de
oding.send them properly. The pro
edure Send (S; fout) send the bits of the sta
k S in the 
orre
torder to the �le fout .If a has not been en
ountered yet, then the 
ode of ART is sent followed by the original 
odewordof a on 9 bits, and a new leaf is 
reated for a (see Figures 1.12 and 1.13).1.3.2 De
odingAt de
oding time the 
ompressed text is parsed with the 
oding tree. The 
urrent node isinitialized with the root like in the en
oding algorithm, and then the tree evolves symmetri
ally.Ea
h time a 0 is read from the 
ompressed �le the walk down the tree follows the left link, andit follows the right link if a 1 is read. When the 
urrent node is a leaf, its asso
iated symbolis written in the output �le and the tree is updated exa
tly as it is done during the en
odingphase.ImplementationAs for the en
oding pro
ess the 
urrent Hu�man tree is stored in a table, and it is initializedwith the arti�
ial symbol ART. The same elements of the data stru
ture are used during thede
ompression. Note that the next node when parsing a bit b from node n is just 
hild(n) + bwith the 
onvention on left-right links and 0-1 bits. The tree is updated by the pro
edureDH-Update used previously and that is des
ribed in the next se
tion. Figures 1.14 and 1.15display the de
oding me
hanism.



1.3. DYNAMIC HUFFMAN CODING 19DH-De
ode-Symbol (�n)1 n root2 while 
hild(n) 6= UNDEFINED3 do read bit b from �n4 n 
hild (n) + b5 a label(n)6 if a = ART7 then a symbol 
orresponding to the next 9 bits read from �n8 DH-Add-Node (a)9 return (a) Figure 1.15: De
odes one symbol from the input �le.DH-Update (a)1 n leaf [a℄2 while n 6= root3 do weight(n) weight(n) + 14 m n5 while weight(m� 1) < weight(n)6 do m m� 17 DH-Swap-Nodes (m;n)8 n parent (m)9 weight(root ) weight(root ) + 1Figure 1.16: Updates the 
urrent Hu�man tree.1.3.3 UpdatingDuring en
oding and de
oding phases the 
urrent tree has to be updated to take into a

ountthe 
orre
t frequen
y of symbols. When a new symbol is 
onsidered the weight of its asso
iatedleaf is in
remented by 1, and the weights of an
estors have to be modi�ed 
orrespondingly. Thepro
edure that realizes the operation is shown in Figures 1.16. Its proof of 
orre
tness is basedon the siblings property.We explain how the pro
edure DH-Update works. First, the weight of the leaf n
orresponding to a is in
remented by 1. Then, if point 1 of the siblings property is no longersatis�ed, node n is ex
hanged with the 
losest nodem (m < n) in the list su
h that weight(m) <



20 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSweight(n). Doing so, the nodes remain in de
reasing order of their weights. It is importanthere that leaves have positive weights be
ause this guarantees that m is not a parent nor anan
estor of node n. Afterwards, the same operation is repeated on the parent of n until theroot of the tree is rea
hed.The aim of pro
edureDH-Swap-Nodes used in Figures 1.16 is to ex
hange the subtreesrooted at its input nodes m and n. In 
on
rete terms, this remains to ex
hange the re
ordsstored at the two nodes in the table. It is meant that nothing is to be done if m = n.Example 1.2:y = ACAGAATAGAGAInitial tree: 1 0ARTNext symbol is A:The ASCII 
ode of A is sent on 9 bits;Bits sent: 001000001 2 01 1 1 2A ARTNext symbol is C:The 
ode of ART is sent followed by the ASCII 
ode of C on 9 bits;Bits sent: 1 001000011Nodes 1 and 2 are swapped.



1.3. DYNAMIC HUFFMAN CODING 212 0 3 01 1 2 2 ! 2 1 1 2A A1 3 1 4 1 3 1 4C ART C ARTNext symbol is A:The 
ode of A is sent;Bit sent: 1 4 02 1 2 2A1 3 1 4C ARTNext symbol is G:The 
ode of ART is sent followed by the ASCII 
ode of G on 9 bits;Bits sent: 01 001000111Nodes 3 and 4 are swapped.4 0 5 02 1 2 2 3 1 2 2A ! A1 3 2 4 2 3 1 4C C1 5 1 6 1 5 1 6G ART G ARTFinally, the entire sequen
e of bits sent is the following:001000001| {z } 1|{z} 001000011| {z } 1|{z} 01|{z} 001000111| {z } 1|{z} 1|{z} 101|{z}A ART C A ART G A A ART001010100| {z } 0|{z} 100|{z} 0|{z} 100|{z} 0|{z} 111|{z} 100000000| {z }T A G A G A ART ENDThe total length of the 
ompressed text is 66. 2



22 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSAR-En
ode (�n)1 ` 02 h 13 while not end of �le �n and ai is the next symbol4 do ` `+ (h� `) � `i5 h `+ (h� `) � hi6 return(`) Figure 1.17: Basi
 arithmeti
 en
oding.1.4 Arithmeti
 
oding1.4.1 En
odingThe basi
 idea of arithmeti
 
oding is to 
onsider symbol as digits of a numeration system, andtexts as de
imal parts of numbers between 0 and 1. The length of the interval attributed to adigit (it is 0:1 for digits in the usual base 10 system) is made proportional to the frequen
y ofthe digit in the text. The en
oding is thus assimilated to a 
hange in the base of a numerationsystem. To 
ope with pre
ision problems, the number 
orresponding to a text is handled via alower bound and an upper bound, whi
h remains to asso
iate with a text a sub-interval of [0; 1[.The 
ompression 
omes from the fa
t that large intervals require less pre
ision to separate theirbounds.More formally, the interval asso
iated with ea
h symbol ai 2 � (1 � i � �) is denotedI(ai) = [`i; hi[. The intervals satisfy the 
onditions: `1 = 0, h� = 1, and `i = hi�1 for 1 < i � �.Note that I(ai) \ I(aj) = ; if ai 6= aj.The en
oding phase 
onsists in 
omputing the interval 
orresponding to the input text.The basi
 step that deals with a symbol ai of the sour
e text transforms the 
urrent interval[`; h[ into [`0; h0[ where `0 = ` + (h � `) � `i and h0 = ` + (h � `) � hi, starting with the initialinterval [0; 1[ (see Figure 1.17). Indeed, in a theoreti
al approa
h, ` only is needed to en
odethe input text.



1.4. ARITHMETIC CODING 23AR-De
ode (`; fout)1 while ` 6= 02 do �nd ai su
h that ` 2 I(ai)3 write ai in �le fout4 ` (`� `i)=(hi � `i)Figure 1.18: Basi
 arithmeti
 de
oding.Example 1.3:� = fA;C;G;Tg, � = 4I(A) = [0:5; 1[; I(C) = [0:4; 0:5[; I(G) = [0:1; 0:4[; I(T) = [0; 0:1[En
oding ACAG gives: symbol ` h0 1A 0.5 1C 0.7 0.75A 0.725 0.75G 0.7275 0.735
A C A G0

1 0.72750.735
21.4.2 De
odingThe reverse operation of de
oding a text 
ompressed by the previous algorithm theoreti
allyrequires only the lower bound ` of the interval. De
oding the number ` is done as follows: �rst�nd the symbol ai su
h that ` 2 I(ai), produ
ed the symbol ai, and then repla
e ` by `0 de�ned



24 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSby: `0  `� `ihi � `i :The same pro
ess is repeated until ` = 0 (see Figure 1.18). Indeed, the implementation of thede
oding phase simulates what is done on the 
urrent interval 
onsidered at en
oding time.Example 1.4:� = fA;C;G;Tg, � = 4I(A) = [0:5; 1[; I(C) = [0:4; 0:5[; I(G) = [0:1; 0:4[; I(T) = [0; 0:1[De
oding ` = 0:7275: ` ai0.7275 A0.455 C0.55 A0.1 G0 21.4.3 ImplementationThe main problem when implementing the arithmeti
 
oding 
ompression algorithm is to 
opewith pre
ision on real numbers operations. The [0; 1[ interval of real numbers is substituted bythe interval of integers [0; 2N � 1[, where N is a �xed integer.So, the algorithms work with integral values of size N . During the pro
ess, ea
h timethe binary representation of bounds ` and h have a 
ommon pre�x this pre�x is sent and ` isshifted to the left and �lled with 0's while h is shifted to the left and �lled with 1's.The intervals asso
iated with symbols of the alphabet are 
omputed with the help ofsymbol frequen
ies, in a dynami
 way: ea
h 
hara
ter frequen
y is initialized with 1 and isin
remented ea
h time the symbol is en
ountered.



1.4. ARITHMETIC CODING 25AR-En
oding (�n ; fout)1 Initialize tables freq and 
um-freq2 ` 03 h 2N � 14 waiting-
ounter  05 while not end of �le �n and ai is the next symbol6 do AR-En
ode-Symbol (ai)7 Update tables freq and 
um-freq8 Maintain symbols in de
reasing order of frequen
ies9 AR-En
ode-Symbol (END)10 waiting-
ounter  waiting-
ounter + 111 AR-Send-Bit (leftmost bit of h)Figure 1.19: Complete arithmeti
 en
oding fun
tion.AR-En
ode-Symbol (ai)1 ` `+ ((h� `+ 1) � 
um-freq [i℄)=
um-freq [0℄2 h `+ ((h � `+ 1) � 
um-freq [i� 1℄)=
um-freq [0℄� 13 repeat4 if leftmost bit of ` = leftmost bit of h5 then AR-Send-Bit (leftmost bit of h)6 ` 2 � `7 h 2 � h+ 18 else if h� ` < 
um-freq [0℄9 then ` 2 � (`� 2N�2)10 h 2 � (h� 2N�2) + 111 waiting-
ounter  waiting-
ounter + 112 until leftmost bit of ` 6= leftmost bit of h and h� ` � 
um-freq [0℄Figure 1.20: En
odes one symbol.AR-Send-Bit (bit ; fout)1 write bit in fout2 while waiting-
ounter > 03 do if bit = 04 then write 1 in fout5 write 0 in fout6 waiting-
ounter  waiting-
ounter � 1Figure 1.21: Sends one bit followed by the waiting bits, if any.



26 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSWe denote by freq [i℄ the frequen
y of symbol ai of the alphabet. We also 
onsider the
umulative frequen
y of symbols, and set 
um-freq [i℄ = P�j=i+1 freq [j℄. Then 
um-freq [0℄ is the
umulative frequen
y of all symbols. Note that 
um-freq [0℄���1 is the length of the pre�x ofthe input s
anned so far. The symbols are maintained in de
reasing order of their frequen
ies.This obviously save on the expe
ted number of operations to update the table 
um-freq .Then when a symbol ai is read from the sour
e text, the 
urrent interval [`; h[ is updatedin the following way: ` `+ (h� `+ 1) � 
um-freq [i℄
um-freq [0℄h `+ (h� `+ 1) � 
um-freq [i� 1℄
um-freq [0℄ � 1The 
ommon pre�x (if any) of ` and h is sent and ` and h are shifted and �lled (respe
tivelywith 0's and 1's). At this point, if the interval is too short (if h�` < 
um-freq [0℄) it is extendedto [2 � (`� 2N�2); 2 � (h� 2N�2) + 1[ and a waiting 
ounter is in
remented by 1. And the sameoperation is repeated as long as the interval is too short. After that, when a bit is sent, thereverse bit is sent the number of times indi
ated by the waiting 
ounter.Example 1.5:� = fA;C;G;Tg, N = 8A C G T ENDi 0 1 2 3 4 5
um-freq 5 4 3 2 1 0freq 0 1 1 1 1 1[0; 255[ A�! [0 + (255�0+1)�45 ; 0 + (255�0+1)�55 � 1[= [204; 255[= [110011002; 111111112[11 is sent and [001100002; 111111112[= [48; 255[ is the next interval;A C G T ENDi 0 1 2 3 4 5
um-freq 6 4 3 2 1 0freq 0 2 1 1 1 1[48; 255[ C�! [96; 231[= [100110002; 101110012[



1.4. ARITHMETIC CODING 2710 is sent and [011000002; 111001112[= [96; 231[ is the next interval;A C G T ENDi 0 1 2 3 4 5
um-freq 7 5 3 2 1 0freq 0 2 2 1 1 1[96; 231[ A�! [193; 231[= [110000012; 111001112[11 is sent and [000001002; 100111112[= [4; 159[ is the next interval;Next symbol is G: 001 is sent;Next symbol is A: 1 is sent;Next symbol is A: 1 is sent;Next symbol is T: 0111 is sent;Next symbol is A: 10 is sent;Next symbol is G: nothing is sent and the 
urrent interval be
omes [111; 139[;[111; 139[ A�! [127; 139[= [011111112; 100010112[, nothing is sentThe interval is too short and repla
ed by [2 � (127 � 2N�2); 2 � (139 � 2N�2) + 1[= [126; 151[and one bit is waiting, [01111110; 10010111[= [126; 151[ is the next interval;[126; 151[ G�! [134; 138[= [100001102; 100010102[1+0+000 are sent and [011000002; 101011112[= [96; 175[ is the next interval;[96; 175[ A�! [141; 175[= [100011012; 101011112[10 is sent and [001101002; 101111112[= [52; 191[ is the next interval;[52; 191[END�! [52; 59[= [001101002; 001110112[0011 is sent;



28 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSAR-De
oding (�n ; fout)1 Init the tables freq and 
um-freq2 value  03 for i  1 to N4 do read bit b from �n5 value  2 � value + b6 ` 07 h 2N � 18 repeat9 i AR-De
ode-Symbol (�n)10 if ai 6= END11 then write ai in fout12 Update the tables freq and 
um-freq13 Maintain symbols in de
reasing order of frequen
ies14 until ai = END Figure 1.22: Complete arithmeti
 de
oding fun
tion.1+0 are sent in order to �nish the en
oding pro
ess. 2The de
oding pro
ess is exa
tly the reverse of the 
oding pro
ess. It uses a window ofsize N on the 
ompressed �le. First, the window is �lled with the �rst N bits of the 
ompressed�le and value is the 
orresponding base 2 number. The 
urrent interval is initialized with ` = 0and h = 2N � 1.Then, the symbol ai to be produ
ed is the �rst 
hara
ter su
h that:
um-freq [i℄ > (value � `+ 1) � 
um-freq [0℄� 1)h� `+ 1 ;and ` and h are then updated exa
tly in the same way than during the 
oding pro
ess. If thebinary representations of ` and h have a 
ommon pre�x of length p they are both shifted p binaryposition to the left and ` is �lled by 0's, h is �lled with 1's. The window on the 
ompressed�le is shifted p symbols to the right and the variable value is updated 
orrespondingly. Thetables freq and 
um-freq are updated and the symbols are maintained in de
reasing order ofthe frequen
ies as in the 
oding pro
ess.
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AR-De
ode-Symbol (�n)1 
um  ((value � `+ 1) � 
um-freq [0℄ � 1)=(h � `+ 1)2 i 13 while 
um-freq [i℄ > 
um4 do i i+ 15 ` `+ ((h� `+ 1) � 
um-freq [i℄)=
um-freq [0℄6 h `+ ((h � `+ 1) � 
um-freq [i� 1℄)=
um-freq [0℄� 17 repeat8 if leftmost bit of ` = leftmost bit of h9 then ` 2 � `10 h 2 � h+ 111 read bit b from �n12 value  2 � value + b13 else if h� ` < 
um-freq [0℄14 then ` 2 � (`� 2N�2)15 h 2 � (h� 2N�2) + 116 read bit b from �n17 value  2 � (value � 2N�2) + b18 until leftmost bit of ` 6= leftmost bit of h and h� ` � 
um-freq [0℄19 return i Figure 1.23: De
odes one symbol.



30 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSThis is repeated until the symbol END is produ
ed.Example 1.6:De
oding the text 111011001110111101000010001110� = fA;C;G;Tg A C G T ENDi 0 1 2 3 4 5
um-freq 5 4 3 2 1 0freq 0 1 1 1 1 1value = 236 = 111011002
um = 4[0; 255[A! [204; 255[= [110011002; 111111112[ : shift by 2The next interval is [001100002; 111111112[ and value = 101100112 = 179A C G T ENDi 0 1 2 3 4 5
um-freq 6 4 3 2 1 0freq 0 2 1 1 1 1value = 179 = 101100112
um = 3[48; 255[C! [152; 185[= [100110002; 101110012[ : shift by 2The next interval is [011000002; 111001112[ and value = 110011102 = 206A C G T ENDi 0 1 2 3 4 5
um-freq 7 5 3 2 1 0freq 0 2 2 1 1 1value = 206 = 110011102
um = 5[96; 231[A! [193; 231[= [110000012; 111001112[ : shift by 2The next interval is [000001002; 100111112[ and value = 001110112 = 59
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Next symbols are GAATAG and the 
urrent interval be
omes [111; 139[ and value = 132 =100001002
um = 10[111; 139[A! [127; 139[= [011111112; 100010112[ : no shiftThe interval is too short and is repla
ed by [011111102; 100101112[ and value = 100010002 =136value = 136 = 100010002
um = 6[126; 151[G! [134; 138[= [100001102; 100010102[ : shift by 4The next interval is [011000002; 101011112[ and value = 100011102 = 142value = 142 = 100011102
um = 9[96; 175[A! [141; 175[= [100011012; 101011112[ : shift by 2The next interval is [001101002; 101111112[ and value = 001110002 = 56value = 56 = 001110002
um = 0The symbol is END, the de
oding pro
ess is over. 2Maintaining the symbols in de
reasing order of frequen
ies 
an be done in O(log �)using a suitable data stru
ture (see Fenwi
k 1994).



32 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMS1.5 LZW CodingZiv and Lempel designed a 
ompression method using en
oding segments. These segments ofthe original text are stored in a di
tionary that is built during the 
ompression pro
ess. Whena segment of the di
tionary is en
ountered later while s
anning the text it is substituted by itsindex in the di
tionary. In the model where portions of the text are repla
ed by pointers onprevious o

urren
es, the Ziv-Lempel 
ompression s
heme 
an be proved to be asymptoti
allyoptimal (on large enough texts satisfying good 
onditions on the probability distribution ofsymbols).The di
tionary is the 
entral point of the algorithm. It has the property of beingpre�x-
losed (every pre�x of a word of the di
tionary is in the di
tionary), so that it 
an beimplemented eÆ
iently as a trie. Furthermore, a hashing te
hnique makes its implementationeÆ
ient. The version des
ribed in this se
tion is 
alled the Lempel-Ziv-Welsh method afterseveral improvements introdu
ed by Welsh. The algorithm is implemented by the 
ompress
ommand existing under the UNIX operating system.1.5.1 En
odingWe des
ribe the s
heme of the 
oding method. The di
tionary is initialized with all strings oflength 1, the 
hara
ters of the alphabet. The 
urrent situation is when we have just read asegment w of the text. Let a be the next symbol (just following the given o

urren
e w). Thenwe pro
eed as follows:� If wa is not in the di
tionary, we write the index of w in the output �le, and add wa tothe di
tionary. We then reset w to a and pro
ess the next symbol (following a).� If wa is in the di
tionary we pro
ess the next symbol, with segment wa instead of w.Initially, the segment w is set to the �rst symbol of the sour
e text, so that it is 
lear that \wbelongs to the di
tionary" is an invariant of the operations des
ribed above.



1.5. LZW CODING 33Example 1.7:The alphabet is the 8-bit ASCII alphabet, y = ACAGAATAGAGAThe di
tionary initially 
ontains the ASCII symbols, their indexes are their ASCII 
odewords.A C A G A A T A G A G A w written added" A 65 AC, 257" C 67 CA, 258" A 65 AG, 259" G 71 GA, 260" A 65 AA, 261" A 65 AT, 262" T 84 TA, 263" A" AG 259 AGA, 264" A" AG" AGA 264256 21.5.2 De
odingThe de
oding method is symmetri
 to the 
oding algorithm. The di
tionary is re
overed whilethe de
ompression pro
ess runs. It is basi
ally done in this way:� read a 
ode 
 in the 
ompressed �le,� write in the output �le the segment w having index 
 in the di
tionary,� add the word wa to the di
tionary where a is the �rst letter of the next segment.In this s
heme, the di
tionary is updated after the next segment is de
oded be
ause we needits �rst symbol a to 
on
atenate at the end of the 
urrent segment w. So, a problem o

urs ifthe next index 
omputed at en
oding time is pre
isely the index of the segment wa. Indeed,this happens only in a very spe
ial 
ase, in whi
h the symbol a is also the �rst symbol of witself. This arises if the rest of the text to en
ode starts with a segment azazax (a a symbol,z a string) for whi
h az belongs to the di
tionary but aza does not. During the 
ompressionpro
ess the index of az is output, and aza is added to the di
tionary. Next, aza is read and



34 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSits index is output. During the de
ompression pro
ess the index of aza is read while the �rsto

urren
e of az has not been 
ompleted yet, the segment aza is not already in the di
tionary.However, sin
e this is the unique 
ase where the situation o

urs, the segment aza is re
overedby taking the last segment az added to the di
tionary 
on
atenated with its �rst letter a.Example 1.8:De
oding the sequen
e 65, 67, 65, 71, 65, 65, 84, 259, 264, 256The di
tionary initially 
ontains the ASCII symbols, their indexes are their ASCII 
odewords.read written added65 A67 C AC, 25765 A CA, 25871 G AG, 25965 A GA, 26065 A AA, 26184 T AT, 262259 AG TA, 263264 AGA AGA, 264256The 
riti
al situation o

urs when reading the index 264 be
ause, at that moment, no word ofthe di
tionary has this index. 21.5.3 ImplementationWe des
ribe how the di
tionary, whi
h is the main data stru
ture of the method, 
an be imple-mented. It is natural to 
onsider two implementations adapted for the two phases respe
tivelybe
ause the di
tionary is not manipulated in the same manner during these phases. They havein 
ommon a di
tionary implemented as a trie stored in a table D. A node p of the trie is justan index on the table D. It has the three following 
omponents:� parent (p), a link to the parent node of p,� label (p), a 
hara
ter,� 
ode(p), the 
odeword (index in the di
tionary) asso
iated with p.



1.5. LZW CODING 35LZW-Coding (�n; fout)1 
ount  �12 for ea
h 
hara
ter a 2 �3 do
ount  
ount + 14 Hash-Insert (D; (�1; a; 
ount ))5 
ount  
ount + 16 Hash-Insert (D; (�1; END; 
ount))7 p �18 while not end of �le �n and a is the next symbol9 q  Hash-Sear
h (D; (p; a))10 if q = NIL11 then write 
ode(p) on 1 + log(
ount) bits in fout12 
ount  
ount + 113 Hash-Insert (D; (p; a; 
ount ))14 p Hash-Sear
h (D; (�1; a))15 else p q16 write p on 1 + log(
ount) bits in fout17 write 
ode(Hash-Sear
h (D; (�1; END)) in 1 + log(
ount) bits in foutFigure 1.24: LZW en
oding algorithm.In the 
ompression algorithm shown in Figure 1.24, for a node p we need to 
omputeits 
hild a

ording to some letter a. This is done with by hashing, with a hashing fun
tionde�ned on pairs in the form (p; a). This provides a fast a

ess to the 
hildren of a node.The fun
tion Hash-Sear
h, with input (D; (p; a)), returns the node q su
h thatparent (q) = p and label(q) = a, if su
h a node exists and NIL otherwise. The pro
edure Hash-Insert, with input (D; (p; a; 
)), inserts a new node q in the di
tionary D with parent (q) =p; label(q) = a and 
ode(q) = 
.For the de
ompression algorithm, no hashing te
hnique is ne
essary on the table rep-resentation of the trie that implements the di
tionary. Having the index of the next segment,a bottom-up walk in the trie produ
es the mirror image of the expe
ted segment. A sta
k isthen used to reverse it. We assume that the fun
tion string(
) performs this spe
i�
 work fora 
ode 
. The bottom-up walk follows the parent links of the data stru
ture. The fun
tion�rst(w) gives the �rst 
hara
ter of the word w. These features are part of the de
ompression
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LZW-De
oding (�n ; fout)1 
ount  �12 for ea
h 
hara
ter a 2 �3 do
ount  
ount + 14 Hash-Insert (D; (�1; a; 
ount ))5 
ount  
ount + 16 Hash-Insert (D; (�1; END; 
ount))7 
 �rst 
ode on 1 + log(
ount) bits from �n8 write string(
) in fout9 a �rst(string(
))10 repeat11 d next 
ode on 1 + log(
ount) from �n12 if d > 
ount13 then 
ount  
ount + 114 parent(
ount) 
15 label(
ount) a16 write string(
)a in fout17 
 d18 else a �rst(string(d))19 if a 6= END20 then 
ount  
ount + 121 parent (
ount) 
22 label(
ount) a23 write string(d) in fout17 
 d24 else exit25 forever Figure 1.25: LZW de
oding algorithm.



1.6. MIXING SEVERAL METHODS 37algorithm displayed in Figure 1.25.The Ziv-Lempel 
ompression and de
ompression algorithms run both in time linear inthe sizes of the �les provided the hashing te
hnique is implemented eÆ
iently. Indeed, it isvery fast in pra
ti
e, ex
ept when the table be
omes full and should be reset. In this situation,usual implementations also reset the whole di
tionary to its initial value.The main advantage of Ziv-Lempel 
ompression method, 
ompared to Hu�man 
od-ing, is that it 
aptures long repeated segments in the sour
e �le and thus often yields better
ompression ratios.1.6 Mixing several methodsWe des
ribe simple 
ompression methods and then an example of a 
ombination of several ofthem, basis of the popular bzip software.1.6.1 Run Length En
odingThe aim of Run Length En
oding (RLE) is to eÆ
iently en
ode repetitions o

urring in theinput data. Let us assume that it 
ontains a good quantity of repetitions of the form aa : : : afor some 
hara
ter a (a 2 �). A repetition of k 
onse
utive o

urren
es of letter a is repla
edby &ak, where the symbol & is a new 
hara
ter (& =2 �).The string &ak that en
odes a repetition of k 
onse
utive o

urren
es of a is itselfen
oded on the binary alphabet f0; 1g. In pra
ti
e, letters are often represented by theirASCII 
ode. Therefore, the 
odeword of a letter belongs to f0; 1gk with k = 7 or 8. Generallythere is no problem in 
hoosing or en
oding the spe
ial 
hara
ter &. The integer k of the string&ak is also en
oded on the binary alphabet, but it is not suÆ
ient to translate it by its binaryrepresentation, be
ause we would be unable to re
over it at de
oding time inside the streamof bits. A simple way to 
ope with this is to en
ode k by the string 0`bin(k), where bin(k) isthe binary representation of k, and ` is the length of it. This works well be
ause the binaryrepresentation of k starts with a 1 so there is no ambiguity to re
over ` by 
ounting during



38 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSthe de
oding phase. The size of the en
oding of k is thus roughly 2 log k. More sophisti
atedinteger representations are possible, but none is really suitable for the present situation. Simplersolution 
onsists in en
oding k on the same number of bits as other symbols, but this boundsvalues of ` and de
reases the power of the method.1.6.2 Move To FrontThe Move To Front (MTF) method may be regarded as an extension of Run Length En
odingor a simpli�
ation of Ziv{Lempel 
ompression. It is eÆ
ient when the o

urren
es of letters inthe input text are lo
alized into relatively short segment of it. The te
hnique is able to 
apturethe proximity between o

urren
es of symbols and to turn it into a short en
oded text.Letters of the alphabet � of the input text are initially stored in a list that is manageddynami
ally. Letters are represented by their rank in the list, starting from 1, rank that isitself en
oded as des
ribed above for RLE.Letters of the input text are pro
essed in an on-line manner. The 
lue of the method isthat ea
h letter is moved to the beginning of the list just after it is translated by the en
odingof its rank.The e�e
t of MTF is to redu
e the size of the en
oding of a letter that reappears soonafter its pre
eding o

urren
e.1.6.3 Integrated exampleMost 
ompression software 
ombine several methods to be able to 
ompress eÆ
iently a largerange of input data. We present an example of this strategy, implemented by the UNIX
ommand bzip.Let y = y[0℄y[1℄ � � � y[n � 1℄ be the input text. The k-th rotation (or 
onjugate) of y,0 � k � n� 1, is the string yk = y[k℄y[k + 1℄ � � � y[n� 1℄y[0℄y[1℄ � � � y[k � 1℄.We de�ne the BW transformation as BW (y) = y [p0 ℄y [p1 ℄ � � � y [pn�1 ℄, where pi + 1 issu
h that ypi+1 has rank i in the sorted list of all rotations of y.
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?Figure 1.26: Example of text y = ba

ara. Top line is BW (y) and bottom line the sorted listof letters of it. Top-down arrows 
orrespond to su

ession of o

urren
es in y. Ea
h bottom-uparrow links the same o

urren
e of a letter in y. Arrows starting from equal letters do not
ross. The 
ir
ular path is asso
iated with rotations of the string y. If the starting point isknown, the only o

urren
e of letter b here, following the path produ
es the initial string y.Sour
e texts Fren
h C sour
es Alphabet RandomSizes in bytes 62816 684497 530000 70000Hu�man 53.27% 62.10% 72.65% 55.58%Ziv-Lempel 41.46% 34.16% 2.13% 63.60%Fa
tor 47.43% 31.86% 0.09% 73.74%Figure 1.27: Sizes of texts 
ompressed with three algorithms.It is remarkable that y 
an be re
overed from both BW (y) and a position on it, startingposition of the inverse transformation (see Figure 1.26). This is possible due to the followingproperty of the transformation. Assume that i < j and y[pi℄ = y[pj℄ = a. Sin
e i < j, thede�nition implies ypi+1 < ypj+1. Sin
e y[pi℄ = y[pj℄, transferring the last letters of ypi+1 andypj+1 to the beginning of these words does not 
hange the inequality. This proves that the twoo

urren
es of a in BW (y) are in the same relative order as in the sorted list of letters of y.Figure 1.26 illustrates the inverse transformation.Transformation BW obviously does not 
ompress the input text y. But BW (y) is
ompressed more eÆ
iently with simple methods. This is the strategy applied for the 
om-mand bzip. It is a 
ombination of the BW transformation followed by MTF en
oding andRLE en
oding. Arithmeti
 
oding, a method providing 
ompression ratios slightly better thanHu�man 
oding, may also be used.



40 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMS1.7 Experimental resultsThe table of Figure 1.27 
ontains a sample of experimental results showing the behavior of
ompression algorithms on di�erent types of texts. The table is extra
ted from (Zipstein,1992). The sour
e �les are: Fren
h text, C sour
es, Alphabet, and Random. Alphabet is a �le
ontaining a repetition of the line ab
...zABC...Z. Random is a �le where the symbols havebeen generated randomly, all with the same probability and independently of ea
h others.The 
ompression algorithms reported in the table are: the Hu�man algorithm of Se
-tion 1.2, the Ziv-Lempel algorithm of Se
tion 1.5, and a third algorithm 
alled Fa
tor. Thislatter algorithm en
odes segments of the sour
e text as Ziv-Lempel algorithm does. But thesegments are taken among all segments already en
ountered in the text before the 
urrent po-sition. The method gives usually better 
ompression ratio but is more diÆ
ult to implement.Compression based on arithmeti
 as presented in this 
hapter gives 
ompression ratios slightlybetter than Hu�man 
oding.The table of Figure 1.27 gives in per
entage the sizes of 
ompressed �les. Resultsobtained by Ziv-Lempel and Fa
tor algorithms are similar. Hu�man 
oding gives the bestresult for the Random �le. Finally, experien
e shows that exa
t 
ompression methods oftenredu
e the size of data to 30%{50% of their original size.Table 1.1 
ontains a sample of experimental results showing the behavior of 
ompressionalgorithms on di�erent types of texts from the Calgary Corpus: bib (bibliography), book1(�
tion book), news (USENET bat
h �le), pi
 (bla
k and white fax pi
ture), prog
 (sour
e
ode in C) and trans (trans
ript of terminal session).The 
ompression algorithms reported in the table are: the Hu�man 
oding algorithmimplemented by pa
k, the Ziv{Lempel algorithm implemented by gzip-b and the 
ompressionbased on the BW transform implemented by bzip2-1.Additional 
ompression results 
an be found at http://
orpus.
anterbury.a
.nz.



1.8. RESEARCH ISSUES AND SUMMARY 41Sizes in bytes 111; 261 768; 771 377; 109 513; 216 39; 611 93; 695Sour
e Texts bib book1 news pi
 prog
 trans Averagepa
k 5.24 4.56 5.23 1.66 5.26 5.58 4.99gzip-b 2.51 3.25 3.06 0.82 2.68 1.61 2.69bzip2-1 2.10 2.81 2.85 0.78 2.53 1.53 2.46Table 1.1: Compression results with three algorithms: Hu�man 
oding (pa
k), Ziv{Lempel
oding (gzip-b) and Burrows-Wheeler 
oding (bzip2-1). Figures give the number of bits usedper 
hara
ter (letter). They show that pa
k is the least eÆ
ient method and that bzip2-1
ompresses slightly more than gzip-b.1.8 Resear
h Issues and SummaryThe statisti
al 
ompression algorithm is from Hu�man (1951). The UNIX 
ommand pa
kimplements the algorithm.The dynami
 version was dis
overed independently by Faller (1973) and Gallager (1978).Pra
ti
al versions were given by Corma
k and Horspool (1984) and Knuth (1985). A pre
iseanalysis leading to an improvement was presented in (Vitter, 1987). The 
ommand 
ompa
tof UNIX implements the dynami
 Hu�man 
oding.It is un
lear to whom pre
isely should be attributed the idea of data 
ompression usingarithmeti
 
oding. It is sometimes refer to Elias (1963), and has be
ome popular after thepubli
ation of the arti
le of Witten, Neal, and Cleary. An eÆ
ient data stru
ture for thetables of frequen
ies is due to Fenwi
k (1994). The main interest in arithmeti
 
oding for text
ompression is that the two di�erent pro
esses \modeling" the statisti
s of texts and \
oding"
an be made independent modules.Several variants of the Ziv-Lempel algorithm exist. The reader 
an refer to the booksof Bell, Cleary, and Witten (1990) or Storer (1988) for a dis
ussion on them.The BW transform is from Burrows and Wheeler (1994).The books of Held (1991) and Nelson (1992) present pra
ti
al implementations of var-ious 
ompression algorithms, while the book of Cro
hemore and Rytter (2002) over
ows thestri
t topi
 of text 
ompression and des
ribed more algorithms and data stru
tures related to



42 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMStexts manipulations.1.9 De�ning TermsCodeword: sequen
e of bits of a 
ode 
orresponding to a symbol.Pre�x: a word u 2 �� is a pre�x of a word w 2 �� if w = uz for some z 2 ��.Pre�x 
ode: set of words su
h that no word of the set is a pre�x of another word 
ontainedin the set. A pre�x 
ode is represented by a 
oding tree.Segment: a word u 2 �� is a segment of a word w 2 �� if u o

urs in w, i.e. w = vuz for twowords v; z 2 ��. (u is also referred to as a fa
tor or a subword of w)Trie: tree in whi
h edges are labeled by letters or words.
1.10 Referen
esCorma
k, G.V., Horspool, R.N.S. 1984. Algorithms for adaptive Hu�man Codes. Inf. Pro
ess.Lett. 18(3):159{165.Faller, N. 1973. An adaptive system for data 
ompression. In Re
ord of the 7th AsilomarConferen
e on Cir
uits, Systems, and Computers. 593-597.Fenwi
k, P.M. 1994. A new data stru
ture for 
umulative frequen
y tables. Software|Pra
ti
eand Experien
e. 24(7):327{336.Gallager, R.G. 1978. Variations on a theme by Hu�man. IEEE Trans. Inf. Theory. 24(6):668{674.Hu�man, D.A. 1951. A method for the 
onstru
tion of minimum redundan
y 
odes. Pro
eed-ings of the I.R.E. 40:1098{1101.Knuth, D.E. 1985. Dynami
 Hu�man 
oding. J. Algorithms. 6(2):163{180.Vitter, J.S. 1987. Design and analysis of dynami
 Hu�man 
odes. J. ACM. 34(4):825{845.



1.11. FURTHER INFORMATION 43Wel
h, T.A. 1984. A te
hnique for high-performan
e data 
ompression. IEEE Computer.17(6):8-19.Witten, I.H., Neal, R., Cleary, J.G. 1987. Arithmeti
 
oding for data 
ompression. Comm.ACM. 30(6):520{540.Ziv, J., Lempel, A. 1977. A universal algorithm for sequential data 
ompression. IEEE Trans.Inf. Theory. 23(3):337{343.1.11 Further InformationThe set of algorithms presented in this 
hapter provides the basi
 methods for data 
ompression.In 
ommer
ial software they are often 
ombined with other more elementary te
hniques thatare des
ribed in textbooks. A wider panorama of data 
ompression algorithms on texts maybe found in several books su
h as:� Bell, T.C., Cleary, J.G., and Witten, I.H. 1990. Text Compression, Prenti
e Hall, Engle-wood Cli�s, New Jersey.� Cro
hemore, M., and Rytter, W. 2002. Jewels of Stringology, World S
ienti�
 Publishing.� Held, G. 1991. Data Compression, John Wiley & Sons.� Nelson, M. 1992. The Data Compression Book, M&T Books.� Storer, J.A. 1988. Data Compression: Methods and Theory, Computer S
ien
e Press.Resear
h papers in text data 
ompression are disseminated in a few journals, amongwhi
h are: Communi
ations of the ACM, Journal of the ACM, Theoreti
al Computer S
ien
e,Algorithmi
a, Journal of Algorithms, Journal of Dis
rete Algorithms, SIAM Journal on Com-puting, IEEE Trans. Information Theory.An annual 
onferen
e presents the latest advan
es of this �eld of resear
h:� Data Compression Conferen
e, whi
h is regularly held at Snowbird (Utah) in spring.



44 CHAPTER 1. TEXT DATA COMPRESSION ALGORITHMSTwo other 
onferen
es on pattern mat
hing also present resear
h issues in this domain:� Combinatorial Pattern Mat
hing (CPM), whi
h started in 1990 and was held in Paris(Fran
e), London (England), Tu
son (Arizona), Padova (Italy), Asilomar (California),Helsinki (Finland), Laguna Bea
h (California), Aarhus (Denmark), Pis
ataway (NewJersey), Warwi
k University (England), Montreal (Canada), Jerusalem (Israel), Fukuoka(Japan), Morelia, Mi
ho
�an (Mexi
o), Istanbul (Turkey), Jeju Island (Korea), Bar
elona(Spain), and London, Ontario (Canada).� Workshop on String Pro
essing (WSP), whi
h started in 1993 and was held in BeloHorizonte (Brasil), Valparaiso (Chile), Re
ife (Brasil), and Valparaiso (Chile) and be
ameString Pro
essing and Information Retrieval (SPIRE) in 1998 and was held in SantaCruz (Bolivia), Can
un (Mexi
o), A Coru~na (Spain), Laguna de San Rafael (Chile),Lisbon (Portugal), Manaus (Brazil), Padova (Italy), Buenos Aires (Argentina), Glasgow(S
otland), and Santiago (Chile),And general 
onferen
es in 
omputer s
ien
e often have sessions devoted to data 
om-pression algorithms.


