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| ocal Period

Definition 1 Letw =uv, and §] =I. We say that a
non-empty square is centered at positiarof w (or
matchesw at central position) iff the following
conditions hold:

() tIs a suffix ofu, oru is a suffix oft,
(1) tis a prefix ofv, orvis a prefix oft.



Internal square

u \Y

right external square

u Vv

right and left external square



| ocal Period

Definition Z The smallest square centered at a
positioni of w is called the minimal local square
centered at The local period at positiarof w,
denoted_P,(i), Is the period of the minimal square
centered at

Note that < LP, (1) < |w].



Critical Factorization Theorem

Theorem For each wordv, there exists a positian
(and the corresponding factorizatir= uv with [u| =1)
such thatP,[(1) = per(w). Moreover, such a position
exists among anger(w) consecutive positions .



s-factorization

Definition 3. Thes-factorization ofw without copy
overlap Is the factorizatiow =f,f,.. f , wheref's are
defined inductively as follows:

(1) T, =w(1],

(i) assume we have computgfl..f , (I = 2), and
letw[b] be the letter immediately followmgf

(l.e.b, = ff,..f ,|+1). Ifw[b] does not occur |n
f,f,. fI »» thenf, =w[b], otherW|sef IS the longest
subword starting at positidm, which has another
occurrence ir,f,.. f ;.



Extension functions

. W=w,[1.mw,[1..n]

. pref(i) = max {j [W,[1.J] =w,[I..I4+]-1] } for2<i1<n
andpref(n+1) =0

pref(i)



Extension functions

- W =w,[1.mw,[1..n]

- suf(l) = max {] | wy[m-+1.m|] = w,[i-J+1.1] } for
1<i<n

I

]

w, [
<+“————>

suf(i)




- Then there exists a square with perpoéf

+ Sui(p) + pref(p+l)=p

Main 1989
m p pt+l

W, Wy

m-suf(p)+p

m+pref(p+1)




If at each positiom
suf(p) + pref(pt+1)=p
IS verified

then there Is a run of squares centered at each
position in the interva

[m - suf(p) + p, m+ pref(p+l)] .

This run is a maximal repetition w [Kolpakov &
Kucherov1999.




General idea for computing all the
local periods

Two steps
. computation of the internal minimal squares
. computation of the external minimal squares



General idea for computing all the
minimal internal squares

. compute thes-factorization and process factors
one-by-one from left to right;

. for each factof. we consider separately the
sguares:

- which occur completely inside
- which end inf, and cross the boundary with



. FIrst we compute thgfactorization ofw without
copy overlap and we keep for each factar
reference to its non overlapping left copy.

. The algorithm processes all factrérom left to
right and computes for each factoall minimal

squaresndingin f..

. For each internal minimal square found centered
at positioni, LP,(1) Is set.



Squares occurring completely inside

. Letf. =w|m+ 1 ..m+ K] be the current factor and
w[] + 1 ..] +K] be its left factorj(+ k< m)

J+1 ]tk m+1 Mk




Squares occurring completely inside

- If for some positiom + 1 (1 <1 <k) the minimal
sqguare centered at+ 1 occurs entirely inside the
factorf, (l.eLP,(m+1)smin{i,k-1})

J+1 ]tk m+1 M+ Mk




Squares occurring completely inside

. then
LP,(m+1) =LP,] +1)

j+1 jH j+k m+1 M+ mtk

- LP,(] +1) has already been computed thus we can
compute all valueBP,(m+1)<min{i,k-1}In
time O(f,|)-



. The squares which endfinand cross the
boundary withf,_; are computed using the
extension functions and a lemma stating that
squares cannot extend to the left by more thjan |
+ 2[ | letters Main 1989 = O(ff._,| + F.|)-

. We divide those squares into 2 categories:

- those centered I
- those centered to the left ©f



m m+l Mk

W frq f

. We concentrate on squares centered at positions In
[m, m+ Kk - 1] starting at positions m and ending
insidef..

. We compute all such squares in increasing order
of periods using extension functions.

. Foreachp O[1, k- 1] we compute the run of all
sqguares of period centered at positions In

[m, m+ Kk - 1] starting at positions m and ending
insidef..



Assume that :

. we have computed a run of such squares of period
P

. g <pIs the maximal period for which squares
have been previously foundfin



p = 2q

. If p= 29 then we check each square of the run
whether it is minimal or not by checking the value
LP,(1).

. If this square Is not minimal, then its cent@as
already been assigned a vallig (i).

. If no value has previously been assigned then we
have found the minimal square centered at



. There are at mogtsuch squares of perigd(their
centers belong tan}, m+ p - 1])

. Checking all of them takes at mosp=)
Individual checks (sincg < p/2 andp-q = p/2)



p<q

. consider a squa =w[] -q + 1 ..] +q] of period
g and centey

. We claim that we need to check for minimality
only the squares, of periodp which have their
centerh verifying one of the following
Inequalities:

h-j|<p-qgor
_q2j+q

his located either within distan@e- g from| or
beyond the end of squase




. Proof by contradiction: assume that
|h-J|>p-gandh<]+q

. 2 symmetrical caseb:>| orh <]

. h>]




. Proof by contradiction: assume that
|[h-][>p-qandh<]+q

. 2 symmetrical casel:>| orh <}

. h>]




. Proof by contradiction: assume that
|[h-][>p-qandh<]+q

. 2 symmetrical casel:>| orh <}

. h>]




. Proof by contradiction: assume that
|[h-][>p-qandh<]+q

. 2 symmetrical casel:>| orh <}

. h>]




. Proof by contradiction: assume that
|[h-][>p-qandh<]+q

. 2 symmetrical casel:>| orh <}

. h>]




. Proof by contradiction: assume that
|[h-][>p-qandh<]+q

. 2 symmetrical casel:>| orh <}

. h>]




. there are at most [2(q) squares, verifying
|lh-]|sp-g

. there are at mogt- g squares, verifyingh =] + ¢
becauses, must start beforen (h < m + p)

. there are at most 3¢ ) squares of periogto
check for minimality

. there are at most @) squares to check for the
current factor



. A similar argument applies to the square centered
on the left off,

. O(ff._,| + F|) checks for squares crossing the
border betweeh_; andf,

. O([f.]) for squares inside



After the whole word has been processed, positions
whose value&P, (1) have not been assigned are
those for which no internal square centerad at
exists and_P,(i) Is computed with another
technigue.



Simplified Boyer-Moore shift
function

Definition 4; For a wordw of lengthn the simplified
Boyer-Moore shift function is defined as follows:

d,()=min{k|k=1andlj,i<j<sn,kz]or
W[j] =wlJ-K] }

i d,(i)
- -
.

- %)




Lemma 1 Letw =uv with |u| = |v|. If there is no
Internal square centerediat u|, then the minimal
right external square has peridgdi).



Proof:
2 cases

. d, (1) <
’ dw(|)>




| d,(1)

d,(1) < |ul










































> <

LP,(1) =d, (1) LP,(1) =d,(i) ]



Theorem In a wordw of lengthn, all local periods
LP,(1) can be computed in time Q)(



Conclusion

- computation of all local periods of a word can be
done In linear time

- Includes the computation of the global period of
a word (Critical Factorization Theorem)

. enables to find all the critical factorizationseof

word



Future works

- studying the combinatorics of all the possible
sets of local periods

- extension to local periods under the Hamming
distance



