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A non-empty word w of fa; bg is a Lyndon word if and
only if it is stri tly smaller for the lexi ographi al order than any of its
proper suÆxes. Su h a word w is either a letter or admits a standard
fa torization uv where v is its smallest proper suÆx. For any Lyndon
word v , we show that the set of Lyndon words having v as right fa tor of the standard fa torization is rational and ompute expli itly the
asso iated generating fun tion. Next we establish that, for the uniform
distribution over the Lyndon words of length n, the average length of
the right fa tor v of the standard fa torization is asymptoti ally 3n=4.
Finally we present algorithms on Lyndon words derived from our work
together with experimental results.
Abstra t.
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Introdu tion

Given a totally ordered alphabet A, a Lyndon word is a word that is stri tly
smaller, for the lexi ographi al order, than any of its onjugates (i.e., all words
obtained by a ir ular permutation on the letters). Lyndon words were introdu ed by Lyndon [Lyn54℄ under the name of \standard lexi ographi sequen es"
in order to give a base for the free Lie algebra over A; the standard fa torization
plays a entral role in this framework (see [Lot83℄, [Reu93℄, [RSar℄).
One of the basi properties of the set of Lyndon words is that every word
is uniquely fa torizable as a non in reasing produ t of Lyndon words. As there
exists a bije tion between Lyndon words over an alphabet of ardinality k and
irredu ible polynomials over F k [Gol69℄, lot of results are known about this
fa torization: the average number of fa tors, the average length of the longest
fa tor [FGP01℄ and of the shortest [PR01℄.
Several algorithms deal with Lyndon words. Duval gives in [Duv83℄ an algorithm that omputes, in linear time, the fa torization of a word into Lyndon
words; he also presents in [Duv88℄ an algorithm for generating all Lyndon word
up to a given length in lexi ographi al order. This algorithm runs in a onstant
average time (see [BP94℄).

In Se tion 2, we de ne more formally Lyndon words and give some enumerative properties of these sets of words. Then we introdu e the standard fa torization of a Lyndon word w whi h is the unique ouple of Lyndon words u, v
su h that w = uv and v is of maximal length.
In Se tion 3, we study the set of Lyndon words of fa; bg having a given right
fa tor in their standard fa torization and prove that it is a rational language.
We also ompute its asso iated generating fun tion. But as the set of Lyndon
words is not ontext-free [BB97℄, we are not able to dire tly derive asymptoti
properties from these generating fun tions. Consequently in Se tion 4 we use
probabilisti te hniques and results from analyti ombinatori s (see [FS02℄) in
order to ompute the average length of the fa tors of the standard fa torization
of Lyndon words.
Se tion 5 is devoted to algorithms and experimental results. We give an
algorithm to generate randomly for uniform distribution a Lyndon word of a
given length and another one related to the standard fa torization of a Lyndon
word whi h is based on the proof of Theorem 2 of Se tion 3. To the best of our
knowledge these algorithms, although simple and not ne essarily new, are not
found elsewhere. Finally experiments are given whi h on rm our results and
give hints of further studies.
The results ontained in this paper onstitute a rst step in the study of the
average behavior of the binary Lyndon trees obtained from Lyndon words by a
re ursive appli ation of the standard fa torization.
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Preliminary

We denote A the free monoid over the alphabet A = fa; bg obtained by all
nite on atenations of elements of A. The length jwj of a word w is the number
of the letters w is produ t of, jwja is the number of o urren es of the letter a
in w. We onsider the lexi ographi al order < over all non-empty words of A
de ned by the extension of the order a < b over A.
We re ord two properties of this order

(i) For any word w of A , u < v if and only if wu < wv.
(ii) Let x; y 2 A be two words su h that x < y. If x is not a pre x of y then for
every x0 ; y 0 2 A we have xx0 < yy 0 .
By de nition, a Lyndon word is a primitive word (i.e, it is not a power of
another word) that is minimal, for the lexi ographi al order, in its onjugate
lass (i.e, the set of all words obtained by a ir ular permutation). The set of
Lyndon words of length n is denoted by Ln and L = [n Ln .

L = fa; b; ab; aab; abb; aaab; aabb; abbb;

aaaab; aaabb; aabab; aabbb; ababb; abbbb; : : : g

Equivalently, w 2 L if and only if

8u; v 2 A

+

;

w = uv ) w < vu:

A non-empty word is a Lyndon word if and only if it is stri tly smaller than any
of its proper suÆxes.

Proposition 1 A word w 2 A+ is a Lyndon word if and only if either w 2 A
or w = uv with u; v 2 L, u < v .

Theorem 1 (Lyndon) Any word w

in reasing produ t of Lyndon words:

w = l1 l2 : : : ln ;

2A

an be written uniquely as a non-

+

li 2 L;

l1  l2      ln :

Moreover, ln is the smallest suÆx of w.

The number Card(Ln ) of Lyndon words of length n over A (see [Lot83℄) is
1X
Card(Ln ) =
(d) Card(A)n=d ;
n djn

where  is the Moebius fun tion de ned on N n f0g by (1) = 1, (n) = ( 1)i
if n is the produ t of i distin t primes and (n) = 0 otherwise.
When Card(A) = 2, we obtain the following estimate


2n 
Card(Ln ) =
1 + O 2 n=2 :
n
De nition 1 (Standard fa torization). For w 2 L n A a Lyndon word not
redu ed to a letter, the pair (u; v), u; v 2 L su h that w = uv and v of maximal
length is alled the standard fa torization. The words u and v are alled the left
fa tor and right fa tor of the standard fa torization.
Equivalently, the right fa tor v of the standard fa torization of a Lyndon
word w whi h is not redu ed to a letter an be de ned as the smallest proper
suÆx of w.
Examples.
aaabaab = aaab
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aab;

aaababb = a



aababb;

aabaabb = aab



aabb:

Counting Lyndon words with a given right fa tor

In this se tion, we prove that the set of Lyndon words with a given right fa tor
in their standard fa torization is a rational language and ompute its generating
fun tion. The te hniques used in the following basi ally ome from ombinatori s
on words.
Let w = vabi be a word ontaining one a and ending with a sequen e of b.
The word R(w) = vb is the redu ed word of w.
For any Lyndon word v, we de ne the set

Xv = fv = v; v = R(v); v = R (v); : : : ; vk = Rk (v)g:
where k = jv ja is the number of o urren es of a in v. Note that Card (Xv ) =
jvja + 1 and vk = b.
0

Examples.

1

2

2

1. v = aabab: Xaabab = faabab; aabb; ab; bg.
2. v = a: Xa = fa; bg.
3. v = b: Xb = fbg.

By onstru tion, v is the smallest element of Xv+ for the lexi ographi al order.

Lemma 1 Every word x 2 Xv is a Lyndon word.

Proof. If v = a, then Xv = fa; bg, else any element of Xv ends by a b. In this
ase, if x 2= L, there exists a de omposition x = x1 x2 b su h that x2 bx1 
x1 x2 b and x1 6= ". Thus x2 a is not a left fa tor of x1 x2 b and x2 a < x1 x2 a. By
onstru tion of Xv , as x 6= v, there exists a word w su h that v = x1 x2 aw. We
get that x2 awx1 < x1 x2 aw. This is impossible sin e v 2 L.

A ode C over A is a set of non-empty words su h any word w of A an
be written in at most one way as a produ t of elements of C. A set of words is
pre x if none of its elements is the pre x of another one. Su h a set is a ode,
alled a pre x ode. A ode C is said to be ir ular if any word of A written
along a ir le admits at most one de omposition as produ t of words of C. These
odes an be hara terized as the bases of very pure monoids, i.e., if wn 2 C 
then w 2 C  . For a general referen e about odes, see [BP85℄.

Proposition 2 The set Xv is a pre x ir ular ode.

Proof. If x; y 2 Xv with jxj < jy j, then, by onstru tion of Xv , x > y. So x is
not a left fa tor of y and Xv is a pre x ode.
Moreover, for every n  1, if w is a word su h that wn 2 Xv then w 2 Xv .
Indeed if w 2= Xv , then either w is a proper pre x of a word of Xv or w has a
pre x in Xv . If w is a proper pre x of a word of Xv , it is a pre x of v and it
is stri tly smaller than any word of Xv . As wn 2 Xv , w or one of its pre x is a
suÆx of a word of Xv . But all elements of Xv are Lyndon words greater than v,
so their suÆxes are stri tly greater than v and w an not be a pre x of a word
of Xv .
Now if w = w1 w2 where w1 is the longest pre x of w in Xv+ , then w2 is a
non-empty pre x of a word Xv , so w2 is stri tly smaller than any word of Xv .
As wn 2 Xv , w2 or one of its pre x is a suÆx of a word of Xv , but all elements
of Xv are Lyndon words greater than v, so their suÆxes are stri tly greater
than v and w an not have a pre x in Xv+ .
As a on lusion, sin e Xv is a ode and for every n  1, if wn 2 Xv then wn 2

Xv , Xv is ir ular ode.

Proposition 3 Let l 2 L be a Lyndon word, l  v if and only if l 2 Xv+ .
Proof. If l  v, let l1 be the longest pre x of l whi h belongs to Xv , and l2 su h

that l = l1 l2 . If l2 6= ", we have the inequality l2 l1 > l  v, thus l2 l1 > v. The00
word v is not a pre x of l2 sin e l2 has no pre x in Xv , hen e we have l2 = l20 bl2
and v = l20 av 00 . Then, by onstru tion of Xv , l20 b 2 Xv whi h is impossible.
Thus l2 = " and l 2 Xv+ .
Conversely, if l 2 Xv+ , as a produ t of words greater than v, l  v.

Theorem 2 Let v 2 L and w 2 A . Then awv is a Lyndon word with aw  v
as standard fa torization if and only if w 2 Xv n (a 1 Xv )Xv . Hen e the set Fv
of Lyndon words having v as right standard fa tor is a rational language.
Proof. Assume that awv is a Lyndon word and its standard fa torization is aw
v. By Theorem 1, wv an be written uniquely as

wv = l1 l2 : : : ln ;

li 2 L;



l1  l2      ln :

As v is the smallest (for the lexi ographi al order) suÆx of awv, and onsequently
of wv, we get ln = v; if w = ", then n = 1, else n  2 and for 1  i  n 1, li  v.
Thus, w 2 Xv .
Moreover if w 2 (a 1 Xv )Xv , then aw 2 Xv+ \ L. Hen e aw  v whi h is
ontradi tory with the de nition of the standard fa torization. So w 2 Xv n
(a 1 Xv )Xv .
Conversely, if w 2 Xv n (a 1 Xv )Xv , then
w = x1 x2 : : : xn ;

xi 2 Xv and aw 2= Xv+ :

>From Proposition 1, the produ t ll0 of two Lyndon words su h that l < l0 is a
Lyndon word. Repla ing as mu h as possible xi xi+1 by their produ t when xi <
xi+1 , w an be rewritten as
w = y1 y2 : : : ym ;

yi 2 Xv+ \ L;

y1  y2      ym :

As aw 2= Xv+ , for any integer 1  i  m, ay1 : : : yi 2= Xv+ .
Now we prove by indu tion that aw 2 L. As y1 2 L and a < y1 , ay1 2 L.
Suppose that ay1 : : : yi 2 L. Then, as yi+1 2 L\Xv+ , and ay1 : : : yi 2 LnXv+ , from
Proposition 3, we get ay1 : : : yi < v  yi+1 . Hen e ay1 : : : yi+1 2 L. So, aw 2 L.
As aw 2 L n Xv+ , aw < v and awv 2 L. Setting v = ym+1 , we have
wv = y1 y2 : : : ym ym+1 ;

yi 2 Xv \ L;

y1  y2  : : :  ym+1 :

Moreover any proper suÆx s of awv is a suÆx of wv and an be written
as s = yi0 yi+1 : : : ym+1 where yi0 is a suÆx of yi . As yi 2 L, yi0  yi . As yi 2
Xv+ , yi  v and thus s  v. Thus, v is the smallest suÆx of awv and aw  v is
the standard fa torization of the Lyndon word awv.
Finally as the set of rational languages is losed by omplementation, onatenation, Kleene star operation and left quotient, for any Lyndon word v, the
set Fv of Lyndon words having v right standard fa tor is a rational language.
Remark. The proof of Theorem 2 leads to a linear algorithm that omputes the
right fa tor of a Lyndon word using the fa t that the fa torization of Theorem 1
an be a hieved in linear time and spa e (by an algorithm of Duval [Duv83℄, see
Se tion 5).
We de ne the generating fun tions Xv (z) of Xv and Xv (z) of Xv :

Xv (z) =

X

w2Xv

z jwj and Xv (z) =

X

w2Xv

z jwj:

As the set Xv is a ode, the elements of Xv are sequen es of elements of Xv (see
[FS02℄):
1
Xv (z) =
:
1 Xv (z)
Denote by Fv (z) =

P

x2Fv

z jxj the generating fun tion of the set

Fv = fawv 2 L j aw 

v is the standard fa torizationg:

Theorem 3 Let v be a Lyndon word. The generating fun tion of the set
Lyndon words having a right standard fa tor v an be written




2z
Fv (z) = z jvj 1 +
1

Fv of

1
:
Xv (z)

Proof. First of all, note that any Lyndon word of fa; bg whi h is not a letter
ends with the letter b, so Fa (z) = 0. And as Xa = fa; bg, the formula given
for Fv (z) holds for v = a.
Assume that v 6= a. From Theorem 2, Fv (z) an be written as

Fv (z) = z javj

X

w2Xvna

1 Xv+

z jw j :

In order to transform this ombinatorial des ription involving Xv n a 1 Xv+
into an enumerative formula of the generating fun tion Fv (z), we prove rst
that a 1 Xv+  Xv and, next that the set a 1 Xv+ an be des ribed as a disjoint
union of rational sets.
If x 2 Xv n fbg, then x is greater than v and as x is a Lyndon word, its
proper suÆxes are stri tly greater than v; onsequently, writing a 1 x as a nonin reasing sequen e of Lyndon word l1 ; : : : ; lm , we get, sin e lm  v, that for
all i, li is greater than v. Consequently from Proposition 3, for all i, li 2 Xv and
as a produ t of elements of Xv+ , a 1 x 2 Xv+ . Therefore a 1 (Xv n fbg) Xv  Xv .
Moreover if x1 ; x2 2 Xv and x1 6= x2 , as Xv is a pre x ode,
a 1 x1 Xv \ a 1 x2 Xv = ;:



Thus a 1 (Xv n fbg) Xv is the disjoint union of the sets a 1 xi Xv when xi
ranges over Xv n fbg. Consequently the generating fun tion of the set Fv of
Lyndon words having v as right fa tor satis es
Fv (z) = z jvj+1

1 Xv (zz) z
1 Xv (z)

and nally the announ ed equality.
Note that the fun tion Fv (z) is rational for any Lyndon word v. But the right
standard fa tor runs over the set of Lyndon words whi h is not ontext-free
[BB97℄. Therefore in order to study the average length of the fa tors in the
standard fa torization of Lyndon words, we adopt another point of view.
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Main result

Making use of probabilisti te hniques and of results from analyti ombinatori s
(see [FS02℄), we establish the following result.

Theorem 4 The average length for the uniform distribution over the Lyndon
words of length n of the right fa tor of the standard fa torization is asymptoti ally




3n
log3 n
1+O
4
n



:

Remark: The error term omes from su essive approximations at di erent steps
of the proof and, for this reason, it is probably overestimated (see experiments
in Se tion 5).
First we partition the set Ln of Lyndon words of length n in the two following
subsets: aLn 1 and L0n = Ln n aLn 1 .
Note that aLn 1  Ln (that is, if w is a Lyndon word then aw is also a
Lyndon word). Moreover if w 2 aLn 1 , the standard fa torization is w = a  v
with v 2 Ln 1 . As

Card (Ln 1 ) =


2n 1 
1+O 2
n 1

n=2



;

the ontribution of the set aLn 1 to the mean value of the length of the right
fa tor is

 
Card (aLn 1 ) n
1
(n 1) 
1+O
:
=
Card (Ln )
2
n
The remaining part of this paper is devoted to the standard fa torization of
the words of L0n whi h requires a areful analysis.

Proposition 4 The ontribution of the set L0n to the mean value of the length
of right fa tor is





log3 n
n
1+O
4
n



:

This proposition basi ally asserts that in average for the uniform distribution
over L0n , the length of the right fa tor is asymptoti ally n=2.
The idea is to build a transformation ', whi h is a bije tion on a set Dn  L0n ,
su h that the sum of the lengths of standard right fa tors of w and '(w) is
about jwj the length of w. Indeed with su h a relation we an ompute the ontribution of Dn to the expe tation of parameter right. Then if the ontribution
of L0n n Dn to the parameter right is negligible we are able to on lude for the
expe tation of parameter right.
It remains to exhibit/ onstru t su h a bije tion ' and determine a \good"
set Dn . This is done in the following way: assume that w is a Lyndon word in Ln n
aLn 1 . Let us denote by k the length of the rst run of a's of the standard right

fa tor. We partition the set Ln n aLn 1 in two depending on the fa torization.
Indeed the standard fa torization of w an only be one of the following

w = ak+1 b u  ak b v ( rst kind)
w = ak b u  ak b v (se ond kind):
This means that the left fa tor of a Lyndon word w an only begin by ak+1 b
or ak b when we know that the right fa tor begin by ak b (otherwise w annot
be in Ln n aLn 1 ). Let us x a integer parameter  2 Z + . Then the words u; v
of Xk an be uniquely written as u = u0 u00 and v = v 0 v 00 where u0 and v 0 are
the smallest pre xes of u and v of length greater than  and ending by a b
(there is always su h a symbol b if these words are not empty sin e then u and v
end with a b). When juj; jv j   we de ne '(w) for a word w = ak b u  ak b v
(resp. w = ak+1 b u  ak b v) by
'(w) = ak b u0 v 00 ak b v 0 u00

(resp. ak+1 b u0 v 00 ak b v 0 u00 ):

For example, onsidering w = ak b abb  ak b baab ak b bbb, if we hoose  = 2
and so u0 = ab; u00 = b; v 0 = baab; v 00 = ak b bbb then we get '(w) = ak b aabak b bbb 
ak b ab 2 L. Here jwj = j'(w)j = 3k + 13 and the length of the right standard
fa tor are 2k + 9 and k + 3 respe tively.
Some words give hints of what we must be areful about if we want '(w) to
be a Lyndon word.
{ If we want the appli ation ' to be well de ned, the parameter  must be
greater or equal to 1. So the longest runs of a's have to be separated by
non-empty words. If w = ak b  ak b b, then u = " is the empty word. The
appli ation ex hanging u and v gives a words whi h is no longer a Lyndon
word.
{ If w = ak b ab  ak b abb, then u = ab and it is a pre x of v. For any hoi e
of , '(w) is not a Lyndon word. So the longest runs of a's have to be
separated by words having distin t pre xes to ensure that '(w) is a Lyndon
word.
{ If w = ak b bab  ak b bbab, then if we hoose  = 1, we get '(w) =
ak b bbabak b bab 2= L (sin e u0 = v 0 and u0 v 00 = bbab > v 0 u00 = bab). Thus
we have to take are, when we apply the transformation that '(w) is still
smaller than its proper suÆxes (this is ensured if u0 6= v 0 ).
The appli ation ' and set Dn are dependent and to suit our needs they are
impli itly determined by the following onstraints
1. The fun tion ' is an involution on Dn : '('(w)) = w.
2. The standard fa torization of '(w) for w 2 Dn is
'(w) = ak+1 b u0 v 00  ak b v 0 u00 ( rst kind)
'(w) = ak b u0 u00  ak b v 0 v 00 (se ond kind):

3. The lengths of right fa tors of w and '(w) satisfy

jright(w)j + jright('(w))j = jwj

(1 + o(jwj)) :

4. The set Dn \ aptures" most of the set L0n in an asymptoti way when n
grows to 1, that is
Card(Dn )
= 1 o(1):
Card(L0n )
Most of these onditions are related to the properties of the longest runs of a's.
Hen e, in the following parts, we study some ombinatorial properties of the
longest runs of a's in Lyndon words to hara terize ' and Dn pre isely.
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Algorithms and experimental results

In this se tion we give an algorithm to generate random Lyndon words of a given
length n and use it to establish some experimental results about the length of
the right fa tor in the standard fa torization.
12000
3*x/4

length of the right factor
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Fig. 1. Average length of the right fa tor of random Lyndon words with lengths
from 1; 000 to 10; 000. Ea h plot is omputed with 1; 000 words. The error bars represents the standard deviation.

Our algorithms use Duval's algorithm [Duv83℄, whi h omputes in linear time
the de omposition of a word into de reasing Lyndon words (see Theorem 1). So

we assume that we have a algorithm named Duval(u) whi h produ e the Lyndon
words l1  l2      lk su h that
u = l1 l2 : : : lk :
Let the fun tion Duval(string u, int k, array pos) be the fun tion whi h
omputes the Lyndon de omposition of u by storing in an array pos of size k
the positions of the fa tors.
There exists an algorithm SmallestConjugate(u), proposed by Booth [Lot03,?℄,
that omputes the smallest onjugate a random lyndon word of length n in linear time. We use it to make a reje t algorithm whi h is eÆ ient to generate
randomly a Lyndon word of length n:
RandomLyndonWord(n)
string u, v;
do
u = RandomWord(n);
v = SmallestConjugate(u);
until (length(v) == n);
return v;

// return a random Lyndon word
//
//
//

u
v
v

is a random word of An
is the smallest onjugate of u
is primitive

The algorithm RandomLyndonWord omputes uniformly a Lyndon word.

Lemma 2 The average omplexity of RandomLyndonWord(n) is linear.
Proof. Ea h exe ution of the do ... until loop is done in linear time. The
ondition is not satis ed when u is a onjugate of a power v p with p > 1. This
n ). Thus the loop is exe uted a bounded number
happens with probability O( 2n=
2
of times in the average.

Lemma 3 Let l = au be a Lyndon word of length greater or equals to 2 starting
with a letter a. Let l1 : : : lk be the Lyndon fa torization of u. The right fa tor
of l in its standard fa torization is lk .
Proof. By Theorem 1, lk is the smallest suÆx of u, thus it is the smallest proper
suÆx of l.

The algorithm to ompute the right fa tor of a Lyndon word l su h that jlj 
2 is the following:

RightFa tor(string l[1..n℄)
array pos;
int k;
pos = Duval(l[2..n℄, k, pos); // omit the first letter a and apply Duval's algorithm.
return l[pos[k℄..n℄; // return the last fa tor

This algorithm is linear in time sin e Duval's algorithm is linear.
Figures 1 and 2 present some experimental results obtained with our algorithms.
Open problem The results obtained in this paper are only the rst step toward
the average ase-analysis of the Lyndon tree. The Lyndon tree T (w) of a Lyndon
word w is re ursively built in the following way

2000
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0
0

500

1000

1500
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3500
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4500

5000

size of the right factor

Fig. 2. Distribution of the length of the right fa tor. We generated 100; 000 random
Lyndon words of length 5; 000.

{ if w is a letter, then T (w) is a external node labeled by the letter.
{ otherwise, T (w) is an internal node having T (u) and T (v) as hildren where
the standard fa torization of w is u  v.
This stru ture en odes a nonasso iative operation, either a ommutator in the
free group [CFL58℄, or a Lie bra keting [Lot83℄; both onstru tions leads to bases
of the free Lie algebra.
In order to study the height of the tree obtained from a Lyndon word by su essive standard fa torizations, it would be very interesting to get more pre ise
informations about the distribution of the right fa tors of words of L0n . Fig. 2
hints a very strong equi-repartition property of the length of the right fa tor
over this set. This suggests a very parti ular subdivision pro ess at ea h node of
the fa torization tree whi h needs further investigations.
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