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Abstract. An α-gapped palindromic factor of a word is a factor of the
form uvu, where u is the reversal of u and where |uv| ≤ α|u| for some
fixed α ≥ 1. We give an asymptotic estimate of the expected number of
distinct palindromic factors in a random word for a memoryless source,
where each letter is generated independently from the other, according
to some fixed probability distribution on the alphabet.
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Introduction

An α-gapped palindrome is a word of the form uvu, where u is the reversal3 of
u and where |uv| ≤ α|u|, for some fixed α ≥ 1. Initially motivated by applications to bioinformatics, several articles in the literature focus on studying the
α-gapped palindromic factors that occur in a given word [7, 5]. Different directions were taken in these studies, and it is now known that there are at most a
linear number of distinct α-gapped palindromic factors in a word [1, 5], and that
they can be computed in linear time [8, 13, 6].
In this paper, we are interested in the probabilistic properties related to
this notion: if w is a random word of length n, what can be said about its αgapped palindromic factors? To answer this kind of question, the probabilistic
model must be specified. In the sequel, we will consider words generated using a
memoryless source: each letter is chosen independently from each other, following
a fixed probability distribution on the alphabet. Together with C. Pivoteau,
we gave several results in [4]: the expected number of α-gapped palindromic
factors and the expected length of the longest such factor. These were obtained
using classical techniques from analytic combinatorics, together with elementary
discrete probabilities. We also adapted, almost readily, a result by M. Rubinchik
and A. Shur [11] on the expected number of distinct palindromic factors when
the distribution is the uniform distribution, to distinct α-gapped palindromic
factors. But this technique fails to work when the distribution is not uniform.
We aim at completing the works [11, 4] by studying the number of distinct αgapped palindromic factors in a random word generated by a memoryless source.
Beside the combinatorial and probabilistic motivations, note that knowledge on
3

The reversal of u = u1 · · · un is u = un · · · u1 .

the typical number of distinct factors can be useful in the design of data structures, as it can give hints on the likely memory size needed for a typical input.
For instance, the number of vertices of the graph eertree
√ introduced in [12] is
the number of distinct palindromic factors, which is in Θ( n) in expectation for
the uniform distribution [11].
The classical techniques we used in [4] are not well suited to handle distinct
factors. This is why we propose in [3] a probabilistic process that focuses on the
notion of distinctness, in order to develop useful methodologies. The process we
studied is the following: generate N random words of length L, independently,
and remove duplicates. What does the resulting random set S looks like? We
gave a precise characterization of the typical composition of letters of a word of
S. More than the result itself, the techniques we used, based on classical analysis
of functions with several variables, can be used to try to tackle other questions
involving distinctness and non-uniform models. It also hints that uniform distributions are really singular, hiding some complicated situations that appear for
non-uniform distribution only.
In this article, we use techniques that are similar to those introduced in [3]
in order to estimate the expected number of distinct α-gapped palindromic factors in a random word, generated by a memoryless source. Our problem is more
difficult than [3] for two main reasons: factors of a random word are not independent and α-gapped palindromic factors have various lengths. As we will see,
these technical difficulties can be overcome, and we give in the sequel two main
results: an estimate of the expected number of distinct α-gapped palindromic
factors and a description of the factors that are more likely to occur, in term of
their lengths and of their composition of letters.
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Definitions and notations

If k is q
a positive integer, let [k] = {1, . . . , k}. For x = (x1 , . . . , xk ) ∈ Rk , let
P
k
2
kxk =
i∈[k] xi denote the Euclidean norm. A vector x = (x1 , . . . , xk ) ∈ R
Pk
is a probability vector if every xi ∈ [0, 1] and i=1 xi = 1.
Words. Let A = {a1 , . . . , ak } be an alphabet with k ≥ 2 letters. Throughout
the article, the alphabet A, and therefore k, are fixed. We denote the empty
word by ε. If u = u1 · · · un is a word of length n on A, then its reversal is the
word u = un · · · u1 . A palindrome is a word of the form uλu where λ ∈ A ∪ {ε},
that is, where λ is either a letter or empty. Let α ≥ 1 be a real number. An
α-gapped palindrome is a word of the form uvu where |uv| ≤ α|u|.
For any word w ∈ A∗ , the composition vector (or Parikh vector ) of w is the
vector (|w|1 , . . . , |w|k ), where |w|i is the number of occurrences of ai in w. If w
|w|k
1
is not empty, its frequency vector is the probability vector ( |w|
|w| , . . . , |w| ). We
let Wm (x) denote the set of words of length m with frequency vector x (which
is empty if mx does not have nonnegative integer coordinates).
Probabilities. Throughout the article, we assume some probability vector p =
(p1 , . . . , pk ) to be fixed, with pi 6= 0 for every i ∈ [k], and we consider statistics
2

in the memoryless model where each letter ai has probability pi . We also assume
that p is not the uniform distribution, i.e. there exists i ∈ [k] such that pi 6= k1 .
Let pmax = maxi∈[k] pi < 1 denote the maximal value of p.
We will use the (natural-based) entropy function [9] on k positive variables,
Pk
which is defined by H(x) = H(x1 , . . . , xk ) = − i=1 xi log xi . We also borrow
Pk
the function Φ from [3], defined for any non-negative t by Φ(t) = i=1 pti .

3

Expected number of distinct α-gapped factors

Recall that the Θ̃ notation means “asymptotically of the same growth, up to
some polylogarithmic multiplicative factors”. More precisely, a positive sequence
(un )n≥0 is Θ̃(nd ) if there exists δ > 0 such that nd (log n)−δ ≤ un ≤ nd (log n)δ ,
for n sufficiently large. It is in the same vein, though a bit more precise, as
saying that for all ε > 0, un is O(nd+ε ) and un is Ω(nd−ε ). Our main result is
the following.
Theorem 1. Let α ≥ 1. The expected number of distinct α-gapped palindromic
∗
factors is Θ̃(nc ), where c∗ ∈ (0, 1) is the unique positive solution of the equation
Φ(2c)Φ(c)α−1 = 1.
Observe that, even if we assume that p is not the uniform distribution in this
paper, the result is compatible with the estimations of [11, 3]: we have Φ(t) =
k 1−t for the uniform distribution, so the equation rewrites k 1−2c+(α−1)(1−c)=1 =
α
1, so that c∗ = α+1
. The value of c∗ for non-uniform p are depicted in Fig. 1.

Fig. 1. The values of c∗ as α ranges from 1
to 6, for three different probability vectors
on an alphabet with three letters (k = 3):
x the uniform distribution plotted with
empty squares, p1 = ( 12 , 31 , 16 ) plotted with
1
1
squares, and p2 = ( 45 , 10
, 10
) plotted with
triangles. For these three examples, the
more the probability approaches the uniform distribution, the smaller the expected
number of distinct factors.

The proof, presented in the rest of this section, consists in finding the frequency vector that contributes the most to the number of distinct α-gapped
palindromic factors. This information will be crucial, as we will see that everything is concentrated on words with approximatively this frequency vector. We
first work solely on the upper bound, then provide a matching lower bound.
3

3.1

Upper bound for the probability of a given α-gapped pattern

In this section we compute an upper bound for the probability that a given
α-gapped palindromic factor uvu appears at position j in a random word w
of length n, with i ∈ [n + 1 − |uvu|]. We introduce several real variables to
express this probability in a convenient way: Let ` be positive real such that
|u| = ` log n. Let r be the non-negative real such that |v| = r|u|. The length of
uvu is therefore (2 + r)` log n, and r ≤ α − 1 because of the α-gapped condition.
Let also x = (x1 , . . . , xk ) be the frequency vector of u and let y = (y1 , . . . , yk )
be the frequency vector of v.
The probability that uvu appears as a factor at position j of a random word
of length n is pn (x, y, `, r) := Pn (uvu factor at position j) defined by
pn (x, y, `, r) =

k
Y

i ` log n+yi r` log n
p2x
= n`
j

P

i∈[k] (2xi +ryi ) log pi

.

(1)

i=1

In particular, this probability does not depend on the position j.
By linearity of the expectation, the expected number of occurrences of uvu
in a random word of length n is simply (n + 1 − |uvu|)pn (x, y, `, r). Since the
probability that a word appears as a factor is bounded from above by its expected number of occurrences, the probability qn (x, y, `, r) that uvu is factor of
a random word of length n satisfies
qn (x, y, `, r) ≤ npn (x, y, `, r) = n1+`

P

i∈[k] (2xi +ryi ) log pi

.

(2)

This upper bound can be greater than one, if the exponent is positive. Thus, we
will use the following upper bound for the probability qn (x, y, `, r):
qn (x, y, `, r) ≤ min(1, npn (x, y, `, r)) ≤ nmin(0,1+`

P

i∈[k] (2xi +ryi ) log pi )

.

(3)

This idea that the probability of appearance is bounded by the minimum
between 1 and the expected number of occurrences is central in [11, 3].
3.2

Upper bound for given frequency vectors

The result of this section is the following lemma.
Lemma 1. Let x = (x1 , . . . , xk ) and y = (y1 , . . . , yk ) be two frequency vectors,
such that (` log n)x and (r` log n)y are integer-valued. The expected number of
distinct α-gapped factors of the form uvu in a random word of length n, such
that |u| = ` log n and |v| = r` log n, and such that u has frequency vector x and
v has frequency vector y, is bounded from above by λn` min(Jr (x,y),K`,r (x,y)) , for
some positive constant λ, where Jr (x, y) and K`,r (x, y) are defined by
k

Jr (x, y) = H(x) + rH(y) and K`,r (x, y) = Jr (x, y) +
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1 X
+
(2xi + ryi ) log pi .
` i=1

Proof. Let µn (x, y, `, r) be the expected number of distinct α-gapped factors
described in the statement of the lemma. By linearity of the expectation, we
have
X
µn (x, y, `, r) =
qn (x, y, `, r) = |W` log n (x)| · |Wr` log n (y)| · qn (x, y, `, r).
u∈W` log n (x)
v∈Wr` log n (y)

So we just have to bound from above the cardinalities of W` log n (x) and of
Wr` log n (y) to conclude using Eq. (3). This is done using Lemma 1 of [3], which
states that |W` log n (x)| ≤ Cn`H(x) for some positive constant C.
t
u
Observe that there can be no possibilities for u or v if the values of x, y, `, n
and r are such that one of the quantities xi ` log n or yi ` log n is not an integer.
This is not a problem, as our statement is an upper bound.
3.3

Optimizing Jr (x, y) and K`,r (x, y), for fixed ` and r

In this section we start to work on the upper bound provided by Lemma 1
by studying separately the two functions Jr (x, y) and K`,r (x, y). The following
lemma is a consequence of the properties of the entropy function.
Lemma 2. For given r ≥ 0, the function Jr (x, y) is maximized on the set of
probability vectors for x and y when x = y = x, where x = ( k1 , . . . , k1 ) is the
uniform probability vector. For these values we have Jr (x, x) = (1 + r) log k.
The analysis of K`,r is not really complicated either. For any non-negative c,
we define the probability vector x(c) by
 c

p1
pc
pc
x(c) =
,..., i ,..., k
.
Φ(c)
Φ(c)
Φ(c)
In particular x(0) is the uniform probability vector x and x(1) = p is the distribution of the source. Recall also Gibbs’ inequality [9], stating that if s =
(s1 , . . . , sk ) and t = (t1 , . . . , tk ) are two probability vectors, then we have4
Pk
Pk
− i=1 si log si ≤ − i=1 si log ti , with equality if and only if s = t.
Lemma 3. For given r ≥ 0 and ` > 0, the function K`,r (x, y) is maximized on
the set of probabilities vector for x and y when x = x(2) and y = p. For these
values we have K`,r (x(2), p) = 1` + log Φ(2).
Proof. We can rewrite K`,r (x, y) the following way:
K`,r (x, y) =

H(x) +

k
X

!
xi log p2i

i=1
4

+ r H(y) +

k
X
i=1

!
yi log pi

1
+ .
`

The case where some coordinates are zero is covered by setting x log x = 0 for x = 0.

5

The second parenthesis is non-positive by direct application of Gibbs’ inequality,
and maximal for y = p, in which case it is equal to zero. For the first parenthesis,
Gibbs’ inequality also applies as
H(x) +

k
X
i=1

xi log p2i = −

k
X

xi log xi +

i=1

k
X

xi log

i=1

p2i
+ log Φ(2).
Φ(2)

It is therefore maximal for x = x(2), where it is equal to log Φ(2).
3.4

t
u

Optimizing G`,r (x, y), for fixed ` and r

Let G`,r (x, y) = min(Jr (x, y), K`,r (x, y)). This is the function to maximize in
order to locate the maximum of the upper bound given in Lemma 1. We distinguish three cases (recall that J` is maximal at (x, x) and K`,r at (x(2), p)):
(a) If Jr (x, x) ≤ K`,r (x, x): then G`,r (x, x) = Jr (x, x), and thus, G`,r is maximal
at (x, x), since G`,r (x, y) ≤ Jr (x, y).
(b) If K`,r (x(2), p) ≤ Jr (x(2), p): for the same reasons, G`,r is maximal at the
point (x(2), p).
(c) If Jr (x, x) > K`,r (x, x) and K`,r (x(2), p) > Jr (x(2), p): since both Jr and
K`,r are strictly concave (on the set of pairs of probabilities vectors), then
G`,r has no local maximum on the set defined by {Jr (x, y) < K`,r (x, y)}, nor
on the set {Jr (x, y) > K`,r (x, y)}. The global maximum of G`,r therefore
lies on the set defined by the condition Jr (x, y) = K`,r (x, y).
For convenience, we introduce the set E`,r defined by E`,r = {(x, y) : Jr (x, y) =
K`,r (x, y)}.
It is not difficult to identify the ranges for the different cases depending on
the values of ` and r. The properties of the first two cases are summarized in
the lemma below.
Lemma 4. The first two cases are characterized as follows:
– We are in Case (a) if and only if (2 + r) log k < 1` . In this case, G`,r has its
maximum at (x, x), with G`,r (x, x) = (2 + r) log k.
– We are in Case (b) if and only if H(x(2)) + rH(p) + log Φ(2) > 1` . In this
case, G`,r has its maximum at (x(2), p), with G`,r (x(2), p) = 1` + log Φ(2).
Observe that each condition in Lemma 4 defines an open subset of the (`, r)
domain, each delimited by a hyperbole segment. These two subsets cannot intersect, since in each domain G`,r is maximized at a different point (recall that we
assumed p 6= x). Thus, the closed subset of the (`, r) domain defining Case (c)
cannot be empty. Our result for Case (c), which constitutes the main technical
contribution of this article, is the following.
Lemma 5. Let ` > 0 and r ≥ 0 be two real numbers such that (2 + r) log k ≥ 1`
and H(x(2))+rH(p)+log Φ(2) ≤ 1` . Then G`,r (x, y) reaches its unique maximum
6

for x = x(2c) and y = x(c), where c ∈ (0, 1) is the unique positive solution of
the equation
Φ0 (2t)
Φ0 (t)
1+`
+ `r
= 0.
(4)
Φ(2t)
Φ(t)
Proof. By Lemma 4, the hypothesis of the lemma implies that we are in Case (c).
Hence, P
G`,r reaches its maximum, for probability vectors of E`,r ; this is equivalent
to 1` + i (2xi + ryi ) log pi = 0, which is a linear condition on the 2k variables
defining (x, y).
On the considered domain we have G`,r (x, y) = Jr (x, y) = K`,r (x, y), so
we take Jr (x, y) which is easier to study. Its gradient, as a function of 2k nonnegative variables (and thus, not only for probability vectors) is the following:
∂Jr
∂Jr
= −1 − log xi , and
= −r − r log yi , ∀i ∈ [k].
∂xi
∂yi
Since we are looking for a pair of probability vectorsP
(x, y) that lies P
in the set E`,r
the following linear constraints must be satisfied: i∈[k] xi = 1, i∈[k] yi = 1
P
and 1` + i∈[k] (2xi + ryi ) log pi = 0. Let n1 , n2 and n be the three vectors
normal to the constraints defined by
n1 = (1, . . . , 1, 0, . . . , 0);
| {z } | {z }
k times

n2 = (0, . . . , 0, 1, . . . , 1);
| {z } | {z }

k times

k times

k times

n = (2 log p1 , . . . , 2 log pk , r log p1 , . . . , r log pk ).
To locate our optimal value, we have to find where the gradient lies in the vector
space spanned by n1 , n2 and n. We are thus looking for vectors x and y for
which there exist three constants c1 , c2 , c3 such that, for all i ∈ [k],
−1 − log xi = c1 + 2c3 log pi , and − r − r log yi = c2 + c3 r log pi .
By differences (keeping the equations involving x1 and y1 ), this leads to
 
 
 
 
xi
pi
yi
pi
log
= −2c3 log
and log
= −c3 log
.
x1
p1
y1
p1
Introducing parameter c = −c3 , we get that the xi ’s must be proportional to
c
p2c
i (with a normalizing constant Φ(2c)) and the yi ’s must be proportional to pi
(with a normalizing constant Φ(c)) for the same constant c. That is, we must
take (x, y) = (x(2c), x(c)) for some constant c; the parameters c1 and c2 are
then easily recovered as, from the equation involving x1 :
 2c 
p1
c1 = −1 − log
+ 2c log pi = −1 + log Φ(2c),
Φ(2c)
and, from the equation involving y1 , we have c2 = −r − r log pi + cr log pi . Thus
the only remaining equation is the one asking for (x, y) to be in the set E`,r .
Setting x = x(2c) and y = x(c) in the equation, we get
k

−

k

1
2 X 2c
r X c
=
pi log pi +
p log pi ,
`
Φ(2c) i=1
Φ(c) i=1 i
7

(5)

or equivalently,
−

1
Φ0 (2c)
Φ0 (c)
=2
+r
.
`
Φ(2c)
Φ(c)

(6)

0

Now consider the function ΦΦ appearing on the right-hand side of (6). Its deriva00
02
, which is strictly positive by an application of Cauchy-Schwarz
tive is Φ Φ−Φ
Φ2
inequality (we use here that p 6= x). Thus, the right-hand side of (4) is an
increasing, continuous function of c when r and ` are considered as fixed parameters. Evaluating this function for c = 0 yields a value less than −1/`, from the
condition that we are not in Case (a), and for c = 1, a value more than −1/`,
from the condition that we are not in Case (b). This proves that the equation
has a unique solution c, and that this solution lies strictly between 0 and 1. t
u
3.5

Optimizing the exponent on ` and r

At this point, we know where the maximum is when ` and r are fixed, for all three
ranges. We still have to find the values of ` and r that maximize the exponent
`G`,r (x, y), in each case, for the maximal x and y. Recall that r ∈ [0, α − 1] in
our settings. The next two lemmas are directly derived from Lemma 4.
Lemma 6. For Case (a), the maximum of `G`,r (x, y) is reached for ` = `0 ,
α
.
r = α − 1 and x = y = x, where `0 = (2+r)1 log k ; we have `0 G`0 ,α−1 (x, x) = α+1
Lemma 7. For Case (b), the maximum of `G`,r (x, y) is reached for ` = `1 ,
1
r = α − 1, x = x(2) and y = p, where `1 = H(x(2))+rH(p)−log
Φ(2) ; we have
`1 G`1 ,α−1 (x, x) =

H(x(2))+(α−1)H(p)
H(x(2))+(α−1)H(p)−log Φ(2) .

Observe that `0 and `1 are not formally in the ranges for Case (a) and Case
(b) as they have been defined. We allow this abuse of notation, as the exponent
function can be extended by continuity at `0 and at `1 .
We now focus on Case (c). By Lemma 5 we know that the maximum of G`,r
is reached at some point (x(2c), x(c)) of E`,r , for some c ∈ (0, 1) that is implicitly
defined. Our optimization is on the variables ` and r, and c is viewed as a function
of these two variables. We introduce the notation h(c) = H(x(c)), for which an
0
(c)
elementary calculation yields h(c) = log Φ(c) − c ΦΦ(c)
. As G`,r = Jr on E`,r , our
problem reduces to maximizing the exponent E(r, `, c) = `h(2c) + `rh(c) subject
0
0
(2c)
(c)
to the constraint 1 + 2` ΦΦ(2c)
+ `r ΦΦ(c)
= 0. The solution is given in the following
lemma.
Lemma 8. For Case (c), the maximum of `G`,r (x, y) is reached for ` = `c∗ ,
r = α − 1, x = x(2c∗ ) and y = x(c∗ ), where c∗ is the solution of the equation
Φ(2c)Φ(c)α−1 = 1.
At this point, the value of the exponent is `c∗ G`c∗ ,α−1 (x(2c∗ ), x(c∗ )) = c∗ .
8

(7)

Proof. Remark that, using the simplification of h(c), we have E(`, r, c) = c +
` (log Φ(2c) + r log Φ(c)). Lets us consider c as an implicit function of (`, r), so
that E becomes a function of only two variables ` and r, for which we compute
partial derivatives:
∂c
∂c
Φ0 (2c)
∂c
Φ0 (c)
∂E
(`, r) =
(`, r) + 2` (`, r)
+ ` log Φ(c) + `r (`, r)
∂r
∂r
∂r
Φ(2c)
∂r
Φ(c)


∂c
Φ0 (2c)
Φ0 (c)
= ` log Φ(c) +
(`, r) 1 + 2`
+ `r
= ` log Φ(c);
∂r
Φ(2c)
Φ(c)


∂E
∂c
c Φ0 (2c) ∂c
Φ0 (c)
(`, r) =
(`, r) + log Φ(2c)) + r ln(Φ(c)) + ` 2
+ (`, r)r
∂`
∂`
` Φ(2c)
∂`
Φ(c)
= log Φ(2c) + r log Φ(c).
The expression for ∂E
∂r shows it to be positive (c < 1 implies Φ(c) > 1), so the
maximum is obtained when r is as large as possible, namely, r = α − 1. The
expression for ∂E
∂` provides a candidate for a maximum, where it reaches zero.
This happens for c solution of the equation
log Φ(2c) + (α − 1) log Φ(c) = 0.

(8)

We compute the second derivative in ` to verify that it is a local maximum:
∂2E
∂c
Φ0 (2c)
∂c
Φ0 (c)
(`,
r)
=
2
(`,
r)
+
r
(`,
r)
∂`2
∂`
Φ(2c)
∂`
Φ(c)
 0

0
∂c
1 ∂c
Φ (2c)
Φ (c)
=
=−
(`, r) 2
+r
(`, r).
∂`
Φ(2c)
Φ(c)
` ∂`
|
{z
}
=− 1`

A closer look at Equation (4), the implicit equation for c, yields that c is an
2
increasing function of `. Hence ∂∂`E2 (`, r) is negative, and thus it has a unique
maximum for c solution of Equation (8). This equation is equivalent to Equation (7), concluding the proof.
t
u
Lemma 6, Lemma 7 and Lemma 8 describe the various maximum exponents
obtained in the three cases; we now combine the three into a single result. It is
obtained by remarking that in all three cases, the maximum exponent is reached
on the line r = α − 1, and that it is a continuous function of `.
Proposition 1. The maximum exponent over all choices of `, r, x and y is
obtained for Case (c), namely, r = α − 1, ` = `c∗ where Φ(2c∗ )Φ(c∗ )α−1 = 1,
x = x(2c∗ ) and y = x(c∗ ); this maximum exponent is equal to c∗ .
3.6

Proof of Theorem 1

Up to now, we have optimized over continuous domains for `, r, x and y. We
now deal properly with the fact that they must be rational numbers and vectors that correspond to actual composition vectors for words. We let `∗ , c∗ ,
9

x∗ = (x∗1 , . . . , x∗k ) and y∗ = (y1∗ , . . . , yk∗ ) denote the real-valued optimal solution
describe in the previous section. Let L = b`∗ log nc, R = b(α − 1)Lc, and define
1
1
∗
∗
the vectors x and y asP
follows: for any i ∈ [k−1], xP
i = L bxi Lc and yi = R byi Rc;
finally, let xk = 1 − i<k xi and let yk = 1 − i<k yi . Defined this way, Lx
and Ry are vectors of integers summing to L and R respectively, so we can look
at the expected number of distinct α-gapped palindromic factors uvu where u
has composition exactly Lx, and v has composition exactly Ly; we write this
expected number as nc (equivalently, c is the logarithm to base n of the expected
number of factors).
Since ||x − x∗ || = O(1/ log n) and ||y − y∗ || = O(1/ log n), we have that c =
∗
c − O(1/ log n) (this would be 1/ log2 n if both partial derivatives of E vanished
∗
at (`∗ , α − 1), but ∂E/∂r does not vanish). Thus, we have nc = nc −O(log n) =
∗
∗
ec log n−O(1) = Θ(nc ).
Now let `+ = | log p3max | . For any choice of ` and r with `+ ≤ ` ≤ n/ log n and
0 ≤ R ≤ α` log n, the probability of having an α-gapped palindromic factor uvu
log n
≤ n−3 : for
at some position j, with |u| = ` log n and |v| = R, is at most p`max
any choice of u and v, the probability that the next ` log n letters are exactly
log n
those of u is upper bounded by p`max
. Since there are fewer than n3 choices for
the triple (|u|, |v|, j), the expected number of such “long” factors is less than 1.
As a consequence, the dominant contribution to the expected number of
gapped palindromic factors comes from those with |u| ≤ `+ log n. Each possible
∗
composition vector for u and v contributes less than nc , and there are at most
∗
(`+ log n)2k (α − 1)k = Õ(1) such composition vectors; thus the Θ̃(nc ) bound
carries over for the expected total number of distinct α-gapped palindromic
factors of all possible lengths.
t
u

4

Typical composition vectors of palindromic factors

In this section, we show that with asymptotic probability 1, most gapped palindromic factors present in a large random word will be as described in the upper
bound computations of the previous section. For this, we must first prove that
our previous result on the expected number of gapped palindromic factors hold
with good enough probability for the random variable that counts these factors.
Theorem 2. There exist two constants a < 0 and b > 0 such that, with asymptotic probability 1 (when n tends to infinity), the number Γα,n of distinct α-gapped
∗
palindromic factors in a random word of length n lies between nc loga (n) and
b
c∗
n log (n).
Proof. The upper bound is a direct consequence of applying Markov’s inequality
to the bound on the expectation of Theorem 1: if we simply multiply by logε n
∗
the upper bound in the Θ̃(nc ) in the theorem, the probability that Γα,n is higher
than this new bound is O((log n)−ε ) = o(1).
For the lower bound, we now prove that with high enough probability, Γα,n is
at least E(Γα,n )/ log nd for some d > 0. We will do this by proving such a lower
bound for the factors appearing in a subset of the possible positions in the word:
10

Let m = n/(2 + α)`∗ log n. Our word of length n is obtained5 by concatenating
m independent words W1 , . . . , Wm , each of length (2 + α)`∗ log n.
Now, for each possible α-gapped palindrome w of length (2 + α)`∗ log n, and
for each integer 1 ≤ i ≤ m, define the Bernoulli random variable Xi,w as 1 if
Wi = w, and 0 otherwise; then define Xw as maxi Xi,w , i.e., Xw = 1 if and only
if w appears in aPfactor in one of the m positions in the whole random word.
Finally, set X = w Xw : X is the total number of distinct α-gapped palindromic
factors that appear in at least one of the m positions. Thus, X ≤ Gα,n , but
∗
E(X) = Θ̃(nc ) (we lose a factor of at most log n because we only consider
Θ(n/ log n) positions instead of n, but this is absorbed by the Θ̃ notation).
The collection of random variables (Xi,w ) is negatively associated in the
sense of [2], so that (by [2], Prop. 7), the classical Chernoff-Hoeffding bounds
apply to X. This is enough to prove (using, for example, [10], Thm 4.2) that the
probability of X being less than half its expectation is exponentially small. t
u
Our final result ensures that, with probability close to 1, almost all α-gapped
palindromic factors that appear in the random word have composition vectors
close to the typical vectors described earlier.
Theorem 3. We again let Γα,n denote the total number of distinct α-gapped
palindromic factors of a random word of length n; and, for any ε > 0, we let
Γα,n,ε denote the total number of these factors whose frequency vectors lie within
distance ε of the optimal vectors x∗ and y∗ . Then, for any δ > 0, with asymptotic
probability 1, we have Γα,n,ε ≥ (1 − δ)Γα,n .
∗

Proof. We already know that, with asymptotic probability 1, Γα,n,ε ≥ nc / log na
for some a > 0. From the proof of Lemma 8, we know that any frequency vectors
at distance at least ε from (x, y) come with an exponent at most c∗ − βε2 (for
some β > 0 which only depends on the second derivative of E at the critical
point), so that the total expected number of distinct α-gapped factors with
∗
2
such frequency vectors is Θ̃(nc −βε ). Markov’s inequality turns this into a high
probability bound at the cost of logarithmic factors absorbed into the Θ̃ notation,
2
and with high probability, Γα,n,ε is within a factor 1 − Õ(n−βε ) of Γα,n .

5

Conclusion

In this article we show that the expected number of distinct α-gapped palin∗
dromic factors in a random word of length n is Θ̃(nc ), where c∗ is implicitly
defined as the solution of some equation depending on the probability p of the
source and of α. Moreover, for any positive ε, the frequency vectors of u and v
of such factors uvu are likely to be at distance at most ε of x∗ and y∗ .
To conclude, we want to emphasize that the techniques we used follow those
we introduced in [3]. These methods therefore prove useful to study the number
5

We disregard rounding errors in lengths; properly dealing with them by means of
integer parts would only yield clumsier notations without changing the asymptotic
results.
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of distinct elements (palindromes, subwords, . . . ) in different settings, for random
words generated by a memoryless distribution.
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