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Preface10

Formal power series have long been used in all branches of mathematics. They are11

invaluable in algebra, analysis, combinatorics and in theoretical computer science.12

Historically, the work of M.-P. Schützenberger in the algebraic theory of finite au-13

tomata and the corresponding languages has led him to introduce noncommutative for-14

mal power series. This appears in particular in his work withChomsky on formal15

grammars. This last point of view is at the origin of this book.16

The first part of the book, composed of Chapters 1–4, is especially devoted to this17

aspect: Formal power series may be viewed as formal languages with coefficients, and18

finite automata (and more generally weighted automata) may be considered as linear19

representations of the free monoid. In this sense, via formal power series, algebraic20

theory of automata becomes a part of representation theory.21

The first two chapters, contain general results and discuss in particular the equality22

between rational and recognizable series (Theorem of Kleene–Schützenberger) and23

the construction of the minimal linear representation. Theexposition illustrates the24

synthesis of linear algebra and syntactic methods inherited from automata theory.25

The next two chapters are concerned with the comparison of some typical proper-26

ties of rational (regular) languages, when they are transposed to rational series. First,27

Chapters 3 describes the relationship with the family of regular languages studied in28

theoretical computer science. Next, the chapter contains iteration properties for ratio-29

nal series, also known as pumping lemmas, which are much moreinvolved than those30

for regular languages. Chapter 4 discusses rational expressions. It contains two main31

results: the so-called “triviality” of rational identities over a commutative ring and the32

characterization of the star height of a rational series andits two consequences: the star33

height is unbounded and the star height over an algebraically closed field is decidable.34

The same problem for rational languages is known to be extremely difficult.35

The second part of the book, composed of Chapters 5–8, is devoted to arithmetic36

properties of rational series.37

Chapter 5 is concerned with automatic sequences and algebraic series. Two main38

results are the characterization of algebraic series over afinite field by Christol, Kamae,39

Mendès France and Rauzy, and Fürstenberg’s theorem on thediagonal of a rational40

function.41

Chapter 6 gives the proof of a theorem of Pólya characterizing rational series whose42

set of coefficients have only finitely many distinct prime divisors, and an elementary43

proof of a theorem of Skolem, Mahler and Lech about vanishingterms in a rational44

series.45

Chapter 7 studies rational series over a principal ring and Fatou extensions. It46

contains a section on polynomial identities and rationality criteria, and a section on47

Fatou rings.48

v
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Chapter 8 is concerned with rational series with nonnegative coefficients. It con-49

tains a simplified proof of Soittola’s theorem (Theorem 8.3.1) which is one of the most50

striking results on these rational series in one variable. Also the presentation of the star51

height (Theorem 8.4.1) is new.52

The third part, composed of the remaining four chapters, is concerned with appli-53

cations and with the study of important subfamilies of rational series.54

Chapter 9 contains some results appearing for the first time in book form. The55

first section is on the Burnside problem of matrix semigroups. Section 2 contains a56

main result: Schützenberger’s theorem on polynomially bounded rational series, one57

of the most difficult results in the area. The chapter also contains Simon’s result on the58

Burnside problem for the matrix semigroups over the tropical semiring and limitedness59

of languages.60

The two next chapters are devoted to the study of polynomialsin noncommutative61

variables, and to their application to coding theory. Because of noncommutativity, the62

structure of polynomials is much more complex that it would be in the case of commu-63

tativity, and the results are rather delicate to prove. We present here basic properties64

concerning factorizations. The main purpose of Chapter 10 is to prepare the ground for65

Chapter 11. The latter contains the generalization of a result of M.-P. Schützenberger66

concerning the factorization of a polynomial associated with a finite code.67

Chapter 12 is a step towards representation theory. It givesresults on semisimple68

syntactic algebras. Main results are the semi-simplicity of the syntactic algebra of bifix69

codes and its converse. The syntactic algebra of a cyclic language is semi-simple and70

its zeta function is rational. The chapter also contains a long appendix on the Rees-71

Suschkewitsch theorem which describes the structure of theminimal idea of a finite72

monoid. We included a self-contained exposition for the ease of the reader.73

More than 170 exercises are provided, and also short bibliographical notes are given74

at the end of the chapters.75

This book is issued from a previous book of the authors, entitled “Rational Series76

and their Languages”. The present text is an entirely rewritten, and enriched version of77

this book. An important part of the material presented here appears for the first time in78

book form.79

The text served for advanced courses held several times by the authors, at the Uni-80

versity Pierre et Marie Curie, Paris and at the University ofSaarbrücken. Parts of the81

book were also taught at several different levels at other places, such as the University82

of Québec at Montréal and the University of Marne-la-Vallée.83

Many thanks to Sylvain Lavallée, Aaron Lauve, Martin Dagenais, Pierre Bouchard,84

Franco Saliola, Dominique Perrin, and to Christian Mathissen for their help.85

Jean Berstel, Marne-la-Vallée86

Christophe Reutenauer, Montréal87

Note to the reader88

Following usual notation, items such as sections, theorems, corollaries, etc. are89

numbered within a chapter. When cross-referenced the chapter number is omitted if90

the item is within the current chapter. Thus “Theorem 1.1” means the first theorem91
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in the first section of the current chapter, and “Theorem 2.1.3” refers to the equivalent92

theorem in Chapter 2. Exercises are numbered accordingly and the section number93

should help the reader to find the section relevant to that exercise.94
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Chapter 1193

Rational series194

This chapter contains the definitions of the basic concepts,namely rational and recog-195

nizable series in several noncommuting variables.196

We start with the definition of a semiring, followed by the notation for the usual197

objects in free monoids and formal series. The topology on formal series is briefly198

introduced.199

Section 4 contains the definition of rational series, together with some elementary200

properties and the fact that certain morphisms preserve therationality of series.201

Recognizable series are introduced in Section 5. An algebraic characterization is202

given. We also prove (Theorem 5.1) that the Hadamard productpreserves recogniz-203

ability.204

Weighted automata are presented in Section 6.205

The fundamental theorem of Schützenberger (equivalence between rational and206

recognizable series, Theorem 7.1) is the concern of the lastsection. This theorem207

is the starting point for the developments given in the subsequent chapters.208

1 Semirings209

Recall that asemigroupis a set equipped with an associative binary operation, and a210

monoidis a semigroup having a neutral element for its law.211

A semiringis, roughly speaking, a ring without subtraction. More precisely, it is a212

setK equipped with two operations+ and· (sum and product) such that the following213

properties hold:214

(i) (K,+) is a commutative monoid with neutral element denoted by0.215

(ii) (K, ·) is a monoid with neutral element denoted by1.216

(iii) The product is distributive with respect to the sum.217

(iv) For all a in K, 0a = a0 = 0.218

The last property is not a consequence of the others, as is thecase for rings.219

A semiring iscommutativeif its product is commutative. Asubsemiringof K is a220

subset ofK containing0 and1, which is stable for the operations ofK.221

A semiring morphismis a function

f : K → K ′

3



4 CHAPTER 1. RATIONAL SERIES

of a semiringK into a semiringK ′ that maps the0 and1 ofK onto the corresponding222

elements ofK ′ and that respects sum and product.223

Let us give some examples of semirings. Among them are, of course, rings and
fields. In this text, afield is always commutative. Next, the setN of natural numbers,
the setsQ+ of nonnegative rational numbers andR+ of nonnegative real numbers are
semirings. TheBoolean semiringB = {0, 1} is completely described by the relation
1 + 1 = 1 (see Exercise 1.1). IfM is a monoid, the set of its subsets is naturally
equipped with the structure of a semiring: the sum of two subsetsX andY of M is
simplyX ∪ Y and their product is

{xy | x ∈ X, y ∈ Y } .

Let K be a semiring and letP,Q be two finite sets. We denote byKP×Q the set of
P × Q-matrices with coefficients inK. The sum of such matrices is defined in the
usual way, and ifR is a third finite set, a product

KP×Q ×KQ×R → KP×R

is defined in the usual manner. In particular,KQ×Q thus becomes a semiring. If224

P = {1, . . . ,m} andQ = {1, . . . , n}, we will write Km×n for KP×Q; moreover,225

K1×1 will be identified withK.226

2 Formal series227

LetA be a finite, nonempty set calledalphabet. Thefree monoidA∗ generated byA is
the set of finite sequences

a1 · · · an

of elements ofA, including the empty sequence denoted by1. This set is a monoid,
the product being the concatenation defined by

(a1 · · · an) · (b1 · · · bp) = a1 · · · anb1 · · · bp

and with neutral element1. An element of the alphabet is called aletter, an element of
A∗ is aword, and1 is theempty word. Thelengthof a word

w = a1 · · · an

is n; it is denoted by|w|. The length|w|a relative to a lettera is defined to be the228

number of occurrences of the lettera in w. We denote byA+ the subsemigroupA∗ \1.229

A languageis a subset ofA∗.230

A formal series(or formal power series)S is a function

A∗ → K .

The image byS of a wordw is denoted by(S,w) and is called thecoefficientof w in
S. Thesupportof S is the language

supp(S) = {w ∈ A∗ | (S,w) 6= 0} .
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The set of formal series onA with coefficients inK is denoted byK〈〈A〉〉. A semiring
structure is defined onK〈〈A〉〉 as follows. IfS andT are two formal series, theirsum
is given by

(S + T,w) = (S,w) + (T,w) ,

and theirproductby

(ST,w) =
∑

xy=w

(S, x)(T, y) .

Observe that this sum is finite.231

Furthermore, two external operations ofK onK〈〈A〉〉, one acting on the left, the
other on the right, are defined, fork ∈ K, by

(kS,w) = k(S,w), (Sk,w) = (S,w)k .

There is a natural injection of the free monoid intoK〈〈A〉〉 as a multiplicative sub-232

monoid; the image of a wordw is still denoted byw. Thus the neutral element of233

K〈〈A〉〉 for the product is the empty word1. Similarly, there is an injection ofK into234

K〈〈A〉〉 as a subsemiring: to eachk ∈ K is associatedk · 1 = 1 · k, simply denoted by235

k. Thus we identifyA∗ andK with their images inK〈〈A〉〉.236

Theconstant termof a seriesS is the coefficient of the empty word, that is(S, 1).237

Note that the mappingS 7→ (S, 1) fromK〈〈A〉〉 ontoK is a morphism of semirings,238

see Exercise 2.1.239

A polynomial is a formal series with finite support. The set of polynomialsis240

denoted byK〈A〉. It is a subsemiring ofK〈〈A〉〉. Thedegreeof a nonnull polynomial241

is the maximal length of the words in its support, and it is−∞ if the polynomial is242

null.243

WhenA = {a} has just one element, one gets the usual sets of formal power series244

K〈〈a〉〉 = K[[a]] and of polynomialsK〈a〉 = K[a].245

For the rest of this chapter, we fix an alphabetA.246

3 Topology247

We have seen thatK〈〈A〉〉 is the set of functionsA∗ → K. In other words,

K〈〈A〉〉 = KA∗

.

Thus, ifK is equipped with thediscrete topology, the setK〈〈A〉〉 can be equipped with248

the product topology.249

This topology can be defined by anultrametric distance. Indeed, let

ω : K〈〈A〉〉 ×K〈〈A〉〉 → N ∪∞

be the function defined by

ω(S, T ) = inf{n ∈ N | ∃w ∈ A∗, |w| = n and (S,w) 6= (T,w)} .

For any fixed real numberσ with 0 < σ < 1, the function

d : K〈〈A〉〉 ×K〈〈A〉〉 → R

d(S, T ) = σω(S,T )
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is an ultrametric distance, that isd is a distance which satisfies the enforced triangular
inequality

d(S, T ) ≤ max(d(S,U), d(U, T )) .

The functiond defines the topology given above (Exercise 3.1). Furthermore,K〈〈A〉〉250

is completefor this topology, and it is atopological semiring(that is sum and product251

are continuous functions).252

Let (Si)i∈I be a family of series. It is calledsummableif there exists a formal
seriesS such that for allε > 0, there exists a finite subsetI ′ of I such that every finite
subsetJ of I containingI ′ satisfies the inequality

d
(∑

j∈J

Sj, S
)
≤ ε .

The seriesS is then called thesumof the family(Si) and it is unique.253

A family (Si)i∈I is calledlocally finiteif for every wordw there exists only a finite
number of indicesi ∈ I such that(Si, w) 6= 0. It is easily seen that every locally finite
family is summable. The sum of such a family can also be definedsimply forw ∈ A∗

by

(S,w) =
∑

i∈I

(Si, w) ,

observing that the support of this sum is finite because the family (Si) is locally finite254

(all terms but a finite number in this sum are 0). However, it isnot true that a summable255

family is always locally finite (see Exercise 3.2), but we shall need mainly the second256

concept.257

LetS be a formal series. Then the family of series((S,w)w)w∈A∗ clearly is locally
finite, since each of these series has a support formed of at most one single word, and
these supports are pairwise disjoint. Thus the family is summable, and its sum isS.
This justifies the usual notation

S =
∑

w∈A∗

(S,w)w .

It follows in particular thatK〈A〉 is densein K〈〈A〉〉, which thus is the completion of258

K〈A〉 for the distanced.259

4 Rational series260

A formal seriesS ∈ K〈〈A〉〉 is proper if its constant term vanishes. In this case, the
family (Sn)n≥0 is locally finite. Indeed, for any wordw, the conditionn > |w| implies
(Sn, w) = 0. Thus the family is summable. The sum of this family is denoted byS∗:

S∗ =
∑

n≥0

Sn ,

and is called thestar of S. Similarly,S+ denotes the series

S+ =
∑

n≥1

Sn .
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The fact thatK〈〈A〉〉 is a topological semiring and the usual properties of summable
families imply that

S∗ = 1 + S+ and S+ = SS∗ = S∗S .

From these identities, it follows that ifK is a ring, thenS∗ is the inverse of1 − S261

sinceS∗(1 − S) = S∗ − S∗S = S∗ − S+ = 1. This also implies the following262

classical result: a series is invertible if and only if its constant term is invertible inK263

(still assumingK to be a ring); see Exercise 4.5.264

Let us return to the general case of a semiring.265

Lemma 4.1 Let T andU be formal series, withT proper. Then the unique solution266

S of the equationS = U + TS (S = U + ST ) is the seriesS = T ∗U (the series267

S = UT ∗, respectively).268

Proof. One hasT ∗ = 1 + TT ∗, whenceT ∗U = U + TT ∗U . Conversely, sinceT is
proper

lim
n
T n = 0 and lim

n

∑

0≤i≤n

T i = T ∗ .

FromS = U + TS, it follows that

S = U + T (U + TS) = U + TU + T 2S

and inductively

S = (1 + T + · · · + T n)U + T n+1S .

Thus, going to the limit, and using the fact thatK〈〈A〉〉 is a topological semiring, one269

getsS = T ∗U . �270

Definition Therational operationsinK〈〈A〉〉 are the sum, the product, the two external271

products ofK onK〈〈A〉〉 and the star operation. A subset ofK〈〈A〉〉 is rationally closed272

if it is closed for the rational operations. The smallest subset containing a subsetE of273

K〈〈A〉〉 and which is rationally closed is called therational closureof E.274

Definition A formal series isrational if it is in the rational closure ofK〈A〉.275

When we want to emphasize the underlying semiring, we say that the series is rational276

overK or isK-rational.277

Observe that ifK is a ring, then the rational closure ofK〈A〉 is the smallest subring278

of K〈〈A〉〉 containingK〈A〉 and closed under inversion. In other words, regarding279

rational closure, the star operation and inversion play equivalent roles.280

Thestar heightof a rational seriesS ∈ K〈〈A〉〉 is defined as follows. We define a
sequence

R0 ⊂ R1 ⊂ · · · ⊂ Rn ⊂ · · ·

of sets of series, such that the union of theRn is the set of all rational series. The set281

R0 is the set of polynomials, and forS, T ∈ Ri, bothS + T andST are inRi; if282

S ∈ Ri is proper, thenS∗ ∈ Ri+1. The star height of a seriesS is the least integern283

with S ∈ Rn.284
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Definition If L is a language, itscharacteristic seriesis the formal series

L =
∑

w∈L

w .

In other words,(L,w) = 1 for w ∈ L, and(L,w) = 0 if w /∈ L.285

Example 4.1 The seriesA is proper and

A∗ =
∑

n≥0

An .

SinceAn is the sum of all words of lengthn, it follows that

A∗ =
∑

w∈A∗

w

is the characteristic series ofA∗. Therefore this series is rational. Consider now a letter
a. The seriesA∗aA∗, as a product ofA∗, a, andA∗, is also rational. By the definition
of product,

(A∗aA∗, w) =
∑

xyz=w

(A∗, x)(a, y)(A∗, z) .

Since(a, y) = 0 unlessy = a (and then(a, y) = 1), and since(A∗, x) = (A∗, z) = 1,
one has(A∗aA∗, w) =

∑
xaz=w 1, which is the number of factorizationsw = xaz,

that is the number|w|a of occurrences of the lettera in w. Thus

A∗aA∗ =
∑

w

|w|aw

is a rational series.286

LetB be an alphabet, and letρ be a function

ρ : A→ K〈〈B〉〉 .

Thenρ extends to a morphism of monoids

ρ : A∗ → K〈〈B〉〉 .

If K is commutative, thenρ can be extended in a unique manner into a morphism of
semirings

ρ : K〈A〉 → K〈〈B〉〉

with ρ|K = id. Indeed, it suffices, for any polynomialP =
∑

w∈A∗(P,w)w ∈ K〈A〉,
to set

ρ(P ) =
∑

w∈A∗

(P,w)ρ(w)
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which is a finite sum sinceP is a polynomial. Thenρ isK-linear. Moreover, in view
of the commutativity ofK

ρ(P )ρ(Q) =
∑

x∈A∗

(P, x)ρ(x)
∑

y∈A∗

(Q, y)ρ(y)

=
∑

x,y∈A∗

(P, x)ρ(x)(Q, y)ρ(y) =
∑

x,y∈A∗

(P, x)(Q, y)ρ(x)ρ(y)

=
∑

x,y∈A∗

(P, x)(Q, y)ρ(xy)

= ρ
( ∑

x,y∈A∗

(P, x)(Q, y)xy
)

= ρ(PQ) .

Assume now that for each lettera ∈ A, the seriesρ(a) is proper. Thenρ : K〈A〉 →
K〈〈B〉〉 is uniformly continuous. Indeed, letP andQ be two polynomials with

ω(P,Q) = n .

Then, for any wordx in B∗ of length< n,

(ρ(P ), x) =
∑

w∈A∗

(P,w)(ρ(w), x) =
∑

|w|<n

(P,w)(ρ(w), x)

since(ρ(w), x) = 0 whenever|w| ≥ n by the hypothesis onρ. Thus

(ρ(P ), x) =
∑

|w|<n

(Q,w)(ρ(w), x) = (ρ(Q), x)

showing that

ω(ρ(P ), ρ(Q)) ≥ n .

SinceK〈〈A〉〉 is the completion ofK〈A〉 (see Section 3), the functionρ extends uni-
quely to a morphism of semirings

K〈〈A〉〉 → K〈〈B〉〉
which induces the identity mapping onK and which is continuous.287

Proposition 4.2 SupposeK is commutative. Letρ : A → K〈〈B〉〉 be a function such288

that, for all a ∈ A, the seriesρ(a) is a proper rational series. Thenρ extends uniquely289

to a morphism of semiringsK〈〈A〉〉 → K〈〈B〉〉 which induces the identity onK and290

which is continuous. Moreover, the image of any rational series is again rational.291

Proof. It remains to show the last claim. First, ifP is a polynomial, thenρ(P ) =∑
(P,w)ρ(w) is a rational series sinceρ(a) is a rational series for each lettera in A

and sinceρ is multiplicative. Next, ifρ(S) andρ(T ) are rational series, then so are
ρ(S + T ) andρ(ST ). Finally, if S is a proper series andρ(S) is rational, thenρ(S) is
proper and

ρ(S∗) = ρ
(∑

n≥0

Sn
)

=
∑

n≥0

ρ(Sn) = ρ(S)∗

by the continuity ofρ, showing thatρ(S∗) is rational. This proves thatρ preserves292

rationality. �293
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5 Recognizable series294

Definition A formal seriesS ∈ K〈〈A〉〉 is calledrecognizableif there exists an integer
n ≥ 1 and a morphism of monoids

µ = A∗ → Kn×n

(Kn×n with its multiplicative structure) and two matricesλ ∈ K1×n andγ ∈ Kn×1

such that, for all wordsw,

(S,w) = λµwγ .

In this case, the triple(λ, µ, γ) is called alinear representationof S, andn is its295

dimension. For sake of coherence, we admit the representation of dimension0, which296

corresponds to the null seriesS = 0.297

As before, when we want to emphasize the underlying semiring, we say that the series298

is recognizableoverK or isK-recognizable.299

We also use the wordrepresentationor linear representationfor a morphism of a300

monoid into a multiplicative monoid of square matrices. Ifµ is a representation, we301

say that a seriesS is recognizedby µ if S admits a linear representation of the form302

(λ, µ, γ).303

We shall need the notion of module over a semiring. Aleft K-moduleis a com-
mutative monoidM with law denoted by+ and neutral element0, equipped with an
external lawK ×M → M denoted by(k, x) 7→ kx such that, for allk, ℓ in K and
x, y in M the following relations hold:

k(x+ y) = kx+ ky ,

(k + ℓ)x = kx+ ℓx ,

(kℓ)x = k(ℓx) ,

1x = x ,

0x = 0 ,

k0 = 0 .

A submoduleof M is a subset ofM containing0 and closed for the operations ofM .304

A left K-module isfinitely generatedif there exists finitely many elementsx1, . . . ,
xn ∈M such that any element inM can be written as a linear combination

k1x1 + · · · + knxn (ki ∈ K) .

The semiringK〈〈A〉〉 of formal power series is a leftK-module, where the external
lawK ×K〈〈A〉〉 → K〈〈A〉〉 is the law considered in Section 2:

(k, S) 7→ kS .

We now define an operation ofA∗ onK〈〈A〉〉. To each wordx, and to each formal
seriesS, we associate the series denoted byx−1S and defined by

x−1S =
∑

w∈A∗

(S, xw)w .
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In other terms, for all wordsx andw, the coefficient ofw in the seriesx−1S is (S, xw),
that is,

(x−1S,w) = (S, xw) .

In particular,(x−1S, 1) = (S, x). A combinatorial view of this operation is given in305

the case whereS = y is a single word. Thenx−1y vanishes, unlessy hasx as aprefix,306

that isy = xy′. In this case,x−1y = y′.307

Observe that this defines completely the operation

S → x−1S

since the operation is additive, that is

x−1(S + T ) = x−1S + x−1T ,

since it commutes with the external operation ofK onK〈〈A〉〉, that is

x−1(kS) = k(x−1S), x−1(Sk) = (x−1S)k

for all k in K, and since, finally, this operation is continuous.308

Example 5.1

(ab)−1(a2 + aba2 + abab+ ab2 + b) = a2 + ab+ b .

Observe that ifP is a polynomial, thenx−1P is still a polynomial, with degree less309

than or equal to the degree ofP .310

Furthermore, this operation ofA∗ onK〈〈A〉〉 is associative in the following sense:

(xy)−1S = y−1(x−1S)

as is easily verified. Another property is the following formula which holds for any
seriesS:

S = (S, 1) +
∑

a∈A

a(a−1S) . (5.1)

This formula is indeed easily proved whenS is a word, and then extended by linearity311

and continuity.312

A subsetM of K〈〈A〉〉 is calledstableif, for all S in M andx in A∗, the series313

x−1S is inM .314

Proposition 5.1 A formal seriesS ∈ K〈〈A〉〉 is recognizable if and only if there exists315

a stable finitely generated leftK-submodule ofK〈〈A〉〉 which containsS.316

Proof. Assume thatS is recognizable, and let(λ, µ, γ) be a linear representation ofS
of dimensionn. Consider the formal seriesS1, . . . , Sn defined by

(Si, w) = (µwγ)i

for all wordsw. LetM be the leftK-module generated by the seriesSi. ThusM is
finitely generated. It containsS, since

(S,w) = λµwγ =
∑

i

λi(µwγ)i =
∑

i

λi(Si, w) ,
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showing thatS =
∑

i λiSi. Next,M is stable. Indeed, letx be a word. Then

(x−1Si, w) = (Si, xw) = (µ(xw)γ)i = (µxµwγ)i

=
∑

j

(µx)i,j(µwγ)j =
∑

j

(µx)i,j(Sj , w) .

Thusx−1Si =
∑

j(µx)i,jSj ∈M . HenceM is stable, since the mappingT 7→ x−1T317

isK-linear and sends the generators intoM .318

Conversely, letM be a stable left submodule ofK〈〈A〉〉 generated byS1, . . . , Sn

and containingS. Then

S =
∑

i

λiSi

for someλi in K. Moreover, for any lettera, there exists a matrixµa ∈ Kn×n such
that, for alli,

a−1Si =
∑

j

(µa)i,jSj .

We extend the mappingµ : A → Kn×n to a morphism of monoidsA∗ → Kn×n still
denoted byµ. Then, for any wordw,

w−1Si =
∑

j

(µw)i,jSj .

Indeed, this relation holds forw = 1, and if it holds for some wordw, then by induction

(wa)−1Si = a−1(w−1Si) = a−1
(∑

k

(µw)i,kSk

)

=
∑

k

(µw)i,k(a−1Sk) =
∑

k

(µw)i,k

∑

j

(µa)k,jSj

=
∑

j

(∑

k

(µw)i,k(µa)k,j

)
Sj =

∑

j

(µwa)i,jSj ,

and consequently the relation holds for all words.319

Setγj = (Sj , 1) and letγ ∈ Kn×1 be the matrix defined in this way. Then

(Si, w) = (w−1Si, 1) =
(∑

j

(µw)i,jSj , 1
)

=
∑

j

(µw)i,j(Sj , 1) =
∑

j

(µw)i,jγj = (µwγ)i .

Consequently,

λµwγ =
∑

i

λi(µwγ)i =
∑

i

λi(Si, w) = (S,w) ,

showing thatS is recognizable. �320
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Example 5.2 We use Proposition 5.1 to give an example of a recognizable series.321

LetA = {0, 1} be the alphabet composed of the two “bits”0 and1 and letK = N.
For each wordw overA, let ν2(w) be the integer represented byw in base2. More
precisely, ifw = ck−1 · · · c0 with k ≥ 0 andci ∈ A, then

ν2(w) = 2k−1ck−1 + · · · + 2c1 + c0 .

The integer represented by the empty word is0. We show that the series

S =
∑

w∈A∗

ν2(w)w

is recognizable. ThenS starts with

S = 1 + 01 + 2 · 10 + 3 · 12 + 021 + 2 · 010 + 3 · 012

+ 4 · 102 + 5 · 101 + 6 · 120 + 7 · 13 + · · ·

Given a wordw, one has the relations(S, 0w) = (S,w) and(S, 1w) = 2|w| + (S,w).
In other words,0−1S = S and1−1S = T + S, whereT is the series

T =
∑

w

2|w|w .

Next,0−1T = 1−1T = 2T . This shows that theN-submoduleM of N〈〈A〉〉 generated322

by S andT is stable under the operationsU 7→ a−1U (a ∈ A). Proposition 5.1323

shows thatS is recognizable.324

Corollary 5.2 Any left or right linear combination of recognizable seriesis a recog-325

nizable series.326

Proof. If M is a stable finitely generated leftK-submodule ofK〈〈A〉〉 containing a327

seriesS, then it containskS for anyk in K, hencekS is recognizable. Moreover, the328

setMk = {Tk | T ∈ M} is a stable finitely generated leftK-submodule ofK〈〈A〉〉329

containingSk; therefore the latter series is recognizable.330

Now, letM1,M2 be two stable finitely generated leftK-submodules ofK〈〈A〉〉331

containingS1, S2 respectively. Then the sum ofM1 andM2, which isM1 + M2 =332

{T1 + T2 | Ti ∈ Mi}, is a stable finitely generated leftK-submodule ofK〈〈A〉〉333

containingS1 + S2; the latter is therefore recognizable.334

Thus the corollary follows from Proposition 5.1. �335

A direct construction also yields a proof of the corollary. Indeed, if(λ, µ, γ) is a
linear representation ofS, thenkS (resp.Sk) has the linear representation(kλ, µ, γ)
(resp.(λ, µ, γk)). Moreover, ifSi has the linear representation(λi, µi, γi) for i = 1, 2,
thenS1 + S2 has the linear representation(λ, µ, γ) with

λ =
(
λ1 λ2

)
, µ =

(
µ1 0
0 µ2

)
, γ =

(
γ1

γ2

)
.

This is easily verified and left to the reader.336

Observe that ifM is a stable leftK-submodule ofK〈〈A〉〉 containing a seriesS,337

then it contains the seriesu−1S, for u ∈ A∗, and all leftK-linear combinations of such338

series. It follows that the smallest stable leftK-submodule containingS is the set of339

all these linear combinations. Denote it byN .340
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The leftK-submoduleN is not always finitely generated, see Exercise 5.5. How-341

ever, ifN is a finitely generated leftK-submodule, then it is finitely generated over342

K by a finite number of series of the formu−1S: indeed,N is then generated by343

finitely many seriesS1, . . . , Sk, and eachSi is a linear combination of finitely may344

seriesu−1
i,j S, j = 1, . . . , ni; thusN is generated by the seriesu−1

i,j S, i = 1, . . . , k, j =345

1, . . . , ni.346

Corollary 5.4 below describes cases whereN is finitely generated.347

Recall that a commutative ringK is calledNoetherianif each submodule of a348

finitely generated (left or right)K-module is also a finitely generated module. We use349

the following classical result.350

Theorem 5.3 (see (Lang 1984), Cor. IV.2.4 and Prop X.1.4)Each finitely generated351

commutative ring is Noetherian.352

Corollary 5.4 Assume thatK is a finite semiring or a commutative ring. Then a series353

S in K〈〈A〉〉 is recognizable if and only if the smallest stable leftK-submodule of354

K〈〈A〉〉 containingS is finitely generated. In this case, this submodule is the setof left355

K-linear combinations of the seriesu−1S, for u ∈ A∗, and in fact of a finite number356

of them.357

Proof. The “if” part follows directly from Proposition 5.1. Conversely, suppose thatS358

is recognizable. Then, by Proposition 5.1, there is a stableand finitely generated left359

K-submodule ofK〈〈A〉〉 containingS. If K is finite, then finitely generated modules360

and finite modules coincide, hence each submodule of a finitely generated module is361

finitely generated, and the corollary follows.362

Suppose now thatK is a commutative ring. Let(λ, µ, γ) be some linear repre-363

sentation ofS and letK1 be the subring generated by the coefficients appearing in364

the matricesλ, µ(a) for a ∈ A andγ. ThenK1 is a finitely generated ring and it is365

therefore Noetherian, and by Theorem 5.3 each submodule of afinitely generatedK1-366

module is again finitely generated. SinceS is recognizable overK1, it follows from367

Proposition 5.1 and the fact thatK1 is Noetherian that theK1-submodule spanned by368

the seriesu−1S is finitely generated. Thus, by the remark preceding this corollary,369

each seriesu−1S is aK1-linear combination of finitely many such series. Hence the370

K-submodule generated by the seriesu−1S is finitely generated, which proves the371

corollary. �372

Definition The Hadamard productof two formal seriesS andT is the seriesS ⊙ T
defined by

(S ⊙ T,w) = (S,w)(T,w) .

Theorem 5.5 (Schützenberger 1962a)LetK1 andK2 be two subsemirings ofK such373

that each element ofK1 commutes with each element ofK2. If S1 is aK1-recognizable374

series andS2 is aK2-recognizable series, thenS1 ⊙ S2 isK-recognizable.375

Proof. We apply Proposition 5.1. LetM1 (M2) be a left submodule ofK1〈〈A〉〉 (of376

K2〈〈A〉〉) which containsS1 (S2), is stable, and is generated by the seriesT 1
1 , . . . , T

n
1 ∈377

K1〈〈A〉〉 (the seriesT 1
2 , . . . , T

m
2 ∈ K2〈〈A〉〉 respectively).378

LetM be the leftK-submodule ofK〈〈A〉〉 generated byM1 ⊙M2 = {T1 ⊙ T2 |
T1 ∈ M1, T2 ∈ M2}. Clearly,S1 ⊙ S2 is in M . Moreover,M is finitely generated.
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Indeed, ifT1 =
∑

1≤i≤n kiT
i
1 ∈ M1 with ki ∈ K1 andT2 =

∑
1≤j≤m ℓjT

j
2 ∈ M2

with ℓj ∈ K2, then for any wordw,

(T1 ⊙ T2, w) = (T1, w)(T2, w) =
∑

i,j

ki(T
i
1, w)ℓj(T

j
2 , w)

=
∑

i,j

kiℓj(T
i
1, w)(T j

2 , w)

since(T i
1, w) andℓj commute. Thus

T1 ⊙ T2 =
∑

i,j

kiℓjT
i
1 ⊙ T j

2 ,

showing thatM is generated, as a leftK-module, by the seriesT i
1 ⊙ T j

2 .379

Finally,M is stable, since for any wordx, and for seriesT1 ∈M1, T2 ∈M2,

x−1(T1 ⊙ T2) = (x−1T1) ⊙ (x−1T2) ∈M .

�380

Example 5.3 Forn ∈ N, we denote byn the element1 + · · · + 1 (n times) ofK. Let
a be a letter. Then the series

∑
w |w|aw is recognizable (it is also rational, as seen in

Example 4.1). Indeed the series admits the linear representation (λ, µ, γ) defined by

λ = (1, 0), µa =

(
1 1
0 1

)
, µb =

(
1 0
0 1

)
, for b ∈ A \ a, andγ =

(
0
1

)
. It is indeed

easily seen that for any wordw,

µw =

(
1 |w|a
0 1

)
.

As an application, letP (t1, . . . , tn) be acommutativepolynomial with coefficients in
K. Then the formal series (over the alphabetA = {a1, . . . , an} )

S =
∑

w∈A∗

P (|w|a1
, . . . , |w|an

)w .

is recognizable. This follows from Theorem 5.5, Corollary 5.2 and from the recogniz-381

ability of
∑ |w|aw.382

6 Weighted automata383

We present now the notion ofweighted finite automatonwhich is a graphical way to384

represent a linear representation. Its advantage is that itshows the relation with usual385

finite automata, and helps understanding some constructions.386

LetK be a semiring, and letA be an alphabet.387

Definition A weighted(finite) automatonA = (Q, I,E, T ) with weights inK, or a
K-automaton overA is composed of a (finite) setQ of states, and of three mappings

I : Q→ K, E : Q×A×Q→ K, T : Q→ K .
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A triple (p, a, q) such thatE(p, a, q) 6= 0 is anedge, p andq are itsstartandend states,
the lettera is its labelandE(p, a, q) is its weight. A path is a sequence

c = (q0, a1, q1)(q1, a2, q2) · · · (qn−1, an, qn)

of edges. Theweightof the pathc is the product

E(c) = E(q0, a1, q1)E(q1, a2, q2) · · ·E(qn−1, an, qn)

of the weights of its edges. Itslabel is the wordw = a1a2 · · · an. The seriesS
recognized byA is defined by

(S,w) =
∑

q0,...,qn∈Q

I(q0)E(q0, a1, q1) · · ·E(qn−1, an, qn)T (qn) . (6.1)

It is useful to call a stateq initial (final) if I(q) 6= 0 (T (q) 6= 0). The coefficient(S,w)388

is the sum of the weights of all pathsc labeledw from an initial statep to a final state389

q, each weight being multiplied on the left by the coefficient of the initial state and on390

the right by the coefficient of the final state.391

If K = B, a weighted automaton is just a usual nondeterministic automaton. In this392

case,I, E andT may be represented by subsets ofQ,Q×A×Q andQ respectively,393

which is the usual way of representing an automaton. Note also that the automaton394

is deterministicif for any p in Q anda ∈ A, there is at most oneq in Q such that395

E(p, a, q) 6= 0, and if moreover there is exactly one initial state.396

A weighted automaton is represented by a graph. Each state isa vertex, and each397

edge carries an expressionka, wherek is its weight anda is its label. Whenever the398

weight is 1, its value is understood. Each initial (final) stateq is distinguished by399

an incoming (outgoing) edge which carries the weightI(q) (T (q)). Again, when the400

weight is1, it is omitted.401

Example 6.1 Consider the seriesS overZ onA = {a, b} defined by

(S,w) =






2n if w = an, n ≥ 1

−3· 2n if w = anb, n ≥ 0

0 otherwise.

In other words

S =
∑

n≥1

2nan − 3
∑

n≥0

2nanb .

The support ofS is the seta+ ∪ a∗b. The series is recognized by the followingZ-402

automaton403

1 2

−1

2a
3b

404

Indeed, foran with n > 0 there is a unique path with labelan: it goes from state1405

to state1 and its weight is2n. Similarly, for anb with n ≥ 0 there is a unique path,406
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from 1 to 2 with weight2n· 3, so the coefficient ofanb in the series recognized by the407

automaton is−2n· 3. There are two paths labeled with the empty word, the first through408

state1, and the second through state2. The first path contributes1 to the coefficient409

of the empty word, and the second path contributes−1, so the coefficient of the empty410

word in the series recognized by the automaton is0.411

Proposition 6.1 A series is recognized by a finite weighted automaton if and only if it412

is recognizable.413

Proof. AssumeS is recognized by the automatonA = (Q, I,E, T ). One may suppose
Q = {1, . . . , n}. ThenS is recognized by the linear representation(λ, µ, γ), where
λ ∈ K1×n, µ : A∗ → Kn×n, γ ∈ Kn×1 are defined byλp = I(p), (µa)p,q =
E(p, a, q), γq = T (q) for 1 ≤ p, q ≤ n. Indeed, forw = a1 · · ·am,

(µ(w))p,q =
∑

p1,...,pm−1

E(p, a1, p1)E(p1, a2, p2) · · ·E(pm−1, am, q)

is the sum of the weights of the paths fromp to q labeledw. Therefore(S,w), which414

is given by Equation (6.1), is equal toλµwγ.415

Conversely, let(λ, µ, γ) be a linear representation recognizingS, and define a416

weighted automatonA = (Q, I,E, T ) by settingI(p) = λp, E(p, a, q) = (µ(a))p,q ,417

T (q) = γq. ThenA recognizesS. �418

The proof shows that there is a complete equivalence betweenthe notion of a419

weighted automaton and that of a linear representation: they are calledassociatedto420

each other.421

Example 6.2 The automaton of the previous example corresponds to the linear repre-
sentation

λ = (1 1) µ(a) =

(
2 0
0 0

)
µ(b) =

(
0 3
0 0

)
γ =

(
1
−1

)
.

Observe that in particular

µ(an) =

(
2n 0
0 0

)
, µ(anb) =

(
0 3· 2n

0 0

)
.

7 The fundamental theorem422

Theorem 7.1 (Schützenberger 1961a)A formal series is recognizable if and only if it423

is rational.424

We start with several lemmas which will be needed for the proof.425

Lemma 7.2 LetS andT be formal series, and leta be a letter. Then

a−1(ST ) = (a−1S)T + (S, 1)(a−1T ) .

If S is proper, then

a−1(S∗) = (a−1S)S∗ .
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Proof. For any wordw,

(a−1(ST ), w) = (ST, aw) =
∑

uv=aw

(S, u)(T, v)

= (S, 1)(T, aw) +
∑

uv=w

(S, au)(T, v)

= (S, 1)(T, aw) +
∑

uv=w

(a−1S, u)(T, v)

= (S, 1)(a−1T,w) + ((a−1S)T,w) .

This proves the first relation.426

For the second relation, observe thatS∗ = 1+SS∗, whence, using the first relation,427

a−1(S∗) = (a−1S)S∗, since(S, 1) = 0. �428

Letm be ann× n-matrix with coefficients inK〈〈A〉〉:

m ∈ K〈〈A〉〉n×n .

The matrix isproper if, for all indicesi andj, the seriesmi,j is proper. In this case,
thestar of m can be defined as

m∗ =
∑

k≥0

mk .

The existence ofm∗ can be verified by considering the product topology induced by
K〈〈A〉〉 onK〈〈A〉〉n×n (the details are left to the reader). It is easily seen that

m∗ = 1 +mm∗ , (7.1)

where1 is the identity matrix.429

Lemma 7.3 If m is a proper matrix with elements inK〈〈A〉〉, then all coefficients of430

m∗ are in the rational closure of the coefficients ofm.431

Proof. Letm be ann × n-matrix. If n = 1, the result is clear. Arguing by induction
onn, assumen > 1 and consider a decomposition into blocks

m =

(
a b
c d

)

wherea andd are square matrices, and set

m∗ =

(
α β
γ δ

)

where the blocks have the same dimensions as the corresponding blocks inm.432

By Eq. (7.1), we get

α = 1 + aα+ bγ β = aβ + bδ

γ = cα+ dγ δ = 1 + cβ + dδ .

Observe that Lemma 4.1 extend to matrix equations; thus we have

β = a∗bδ, γ = d∗cα ,
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whence

α = 1 + aα+ bd∗cα = 1 + (a+ bd∗c)α

δ = 1 + ca∗bδ + dδ = 1 + (ca∗b+ d)δ .

Again, Lemma 4.1 gives

α = (a+ bd∗c)∗

δ = (ca∗b+ d)∗ .

Finally

β = a∗b(ca∗b+ d)∗

γ = d∗c(a+ bd∗c)∗ .

By the induction hypothesis, all coefficients ofa∗, d∗ are in the rational closure of the433

coefficients ofm. The same holds for the coefficients ofa + bd∗c andca∗b + d, and434

using again the induction hypothesis, the coefficients ofα, δ, and also those ofβ and435

γ, are in this rational closure. �436

Proof of Theorem7.1. In order to show that any rational series is recognizable, we use437

Proposition 5.1. IfP is a polynomial, thenw−1P = 0 for any wordw of length greater438

thandeg(P ). Consequently, the set{w−1P | w ∈ A∗} is finite. Since it is stable, it439

generates a stable submodule which, moreover, is finitely generated and also contains440

P (because1−1P = P ). ThusP is recognizable.441

If S andT are recognizable, then there exist stable finitely generated submodules442

M andN ofK〈〈A〉〉 with S ∈M andT ∈ N . ThenM +N containsS+T , is finitely443

generated and is stable, showing thatS + T is recognizable.444

Next, letP be the submoduleP = MT +N . Clearly,P containsST , and accord-445

ing to Lemma 7.2,P is stable. It is finitely generated becauseM andN are finitely446

generated. HenceST is recognizable.447

Assume now thatS is proper. LetQ be the submoduleQ = K + MS∗. ThenQ
containsS∗ = 1 + SS∗, andQ is stable since, by Lemma 7.2,

a−1(S′S∗) = (a−1S′)S∗ + (S′, 1)(a−1S)S∗

is inQ for all S′ in M . Finally,Q is finitely generated. HenceS∗ is recognizable.448

Conversely, letS be a recognizable series and let(λ, µ, γ) be a linear representation
of S of dimensionn. Consider the proper matrix

m =
∑

a∈A

µaa ∈ Kn×n〈〈A〉〉 .

We use below the natural isomorphism betweenKn×n〈〈A〉〉 andK〈〈A〉〉n×n. Then

m∗ =
∑

k≥0

mk =
∑

k≥0

(∑

a∈A

µaa
)k

=
∑

k≥0

∑

w∈Ak

µww =
∑

w∈A∗

µww .

Thus

m∗
i,j =

∑

w

(µw)i,jw
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is rational in view of Lemma 7.3. Since

S =
∑

i,j

λim
∗
i,jγj ,

the seriesS is rational. �449

Exercises for Chapter 1450

1.1 LetK = {0, 1} be a semiring composed of two elements. Show that, according451

to the value of1 + 1, K is either the field with two elements or the Boolean452

semiring.453

1.2 LetK be a semiring. Acongruencein K is an equivalence relation≡ which is
compatible with the laws ofK, that is for alla, b, c, d ∈ K,

a ≡ b, c ≡ d =⇒ a+ c ≡ b+ d, ac ≡ bd .

a) Show thatK/≡ has a natural structure of a semiring. Such a semiring is called454

aquotientof K.455

b) Show that ifK is a ring then there is a bijection between congruences and456

two-sided ideals inK.457

c) Show that any quotient semiring ofN which is not isomorphic toN is finite.458

1.3 Theprimesubsemiring of a semiringK is the semiringL generated by1. Show459

that every element inL commutes with every element inK and thatL either is460

isomorphic toN or is finite.461

1.4 LetK be a commutative semiring.462

a) Define two operations onK ×K by

(a, b) + (a′, b′) = (a+ a′, b+ b′) ,

(a, b)(a′, b′) = (aa′ + bb′, ab′ + ba′) .

Show that these operations makeK×K a commutative semiring with zero(0, 0)
and unity(1, 0). Show that

i : a 7→ (a, 0)

is an injection ofK intoK ×K. Show that the relation≡ defined by

(a, b) ≡ (a′, b′) ⇐⇒ ∃c : a+ b′ + c = a′ + b+ c

is a congruence onK ×K. Show thatL = K ×K/≡ is a ring.463

b) Denote byp the canonical surjection

p : K ×K → L .

Show thatp ◦ i : K → L is injective if and only if for alla, b, c ∈ K

a+ b = a+ c =⇒ b = c .

A semiring having this property is calledregular. Show thatK can be embedded464

into a ring if and only if it is regular.465
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c) Assume thatK is regular. Show that the ringL is without zero divisors if and
only if for all a, b, c, d ∈ K, the following condition holds:

ac+ bd = ad+ bc =⇒ a = b or c = d .

Show thatK can be embedded into a field if and only ifK is regular and this466

condition is satisfied.467

d)K is simplifiableif for all a, b, c ∈ K

ab = ac =⇒ b = c or a = 0 .

Show that ifK can be embedded into a field, then it is regular and simplifiable.468

e) Leta, b, c, d be commutative indeterminates and letI be the ideal ofZ[a, b, c, d]469

generated by(a − b)(c − d). Show that the imageK of N[a, b, c, d] in the quo-470

tient Z[a, b, c, d]/I is a regular and simplifiable semiring, but thatK cannot be471

embedded into any field.472

2.1 Verify that the mappingS 7→ (S, 1) is a semiring morphismK〈〈A〉〉 → K.473

3.1 Give complete proofs for the claims in Sect. 3.474

3.2 LetB be the Boolean semiring and for alln ∈ N, let Sn = 1. Show that the475

family (Sn)n∈N is summable, but not locally finite.476

3.3 LetK,L be two semirings, and letA,B be two alphabets. A function

f : K〈〈A〉〉 → L〈〈B〉〉

is amorphism of formal seriesif f is a morphism of semirings and moreover is477

uniformly continuous.478

a) Show that the mapping

L〈〈B〉〉 → L

S 7→ (S, 1)

is a continuous morphism of semirings. Show that if

f : K〈〈A〉〉 → L〈〈B〉〉

is a morphism of semirings which is continuous at0, then479

(i) for all k ∈ K anda ∈ A, the elementsf(k) andf(a) commute,480

(ii) the multiplicative subsemigroup ofL generated by

{(f(a), 1) | a ∈ A}

is nilpotent.481

b) Letf : A ∪K → L〈〈B〉〉 be a function satisfying conditions (i) and (ii) of a).
Show thatf extends in a unique manner to a morphism of formal series

K〈〈A〉〉 → L〈〈B〉〉 .

3.4 LetM be a commutative monoid, with law denoted additively, having an ultra-482

metric distanced which is subinvariantwith respect to translation (that is such483

that d(a + c, b + c) ≤ d(a, b) for a, b, c ∈ M ). Show that every series that484

converges inM converges commutatively.485
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3.5 Assume thatK is a field. Recall that for anyK-vector spaceE, for any subspace486

F and any vectorv in E \ F , there exists a linear functionh on E such that487

h(E) = 0 andh(v) 6= 0. We use here the identification ofK〈〈A〉〉 and of the dual488

of K〈A〉 (see beginning of Chap. 2).489

a) For each subspaceV of K〈A〉 (subspaceW of K〈〈A〉〉), define itsorthogonal
in K〈〈A〉〉 (in K〈A〉) to be given by

V ⊥ = {S ∈ K〈〈A〉〉 | ∀P ∈ V, (S, P ) = 0}
(W⊥ = {P ∈ K〈A〉 | ∀S ∈W, (S, P ) = 0}, respectively.)

Show that ifV is a subspace ofK〈A〉, thenV ⊥⊥ = V .490

b) Show that if a linear functionh on K〈〈A〉〉 is continuous (for the discrete491

topology onK and the product topology onKA∗

) thenKer(h) contains all but a492

finite number of elements ofA∗. Show that the topological dual space ofK〈〈A〉〉493

can be identified withK〈A〉.494

c) Show that for anyclosedsubspaceW of K〈〈A〉〉, and for any formal series495

S not in W , there exists acontinuouslinear functionh on K〈〈A〉〉 such that496

h(S) 6= 0 andh(W ) = 0. Show from this that for any subspaceW of K〈〈A〉〉,497

W⊥⊥ is the adherence ofW .498

4.1 LetS ∈ K〈〈A〉〉, let c be its constant term and letT be a proper series with499

S = c+ T .500

a) Show that if
∑
Sn converges inK〈〈A〉〉, then

∑
cn also converges inK for501

the discrete topology.502

b) Show that if
∑
cn converges inK, then

∑
Sn converges inK〈〈A〉〉, and then

∑

n≥0

Sn =
((∑

n≥0

cn
)
T

)∗(∑

n≥0

cn
)
.

c) Show that ifS is rational and if
∑
Sn converges, then

∑
Sn is rational.503

d) Show that iff : K〈〈A〉〉 → L〈〈B〉〉 is a morphism of formal series (see Exer-504

cise 3.3) such thatf(S) is rational for allS ∈ K∪A, thenf preserves rationality.505

4.2 Let (Sn) be a sequence of proper series. Show that iflimSn = S, thenS is506

proper andlimS∗
n = S∗.507

4.3 Recall that an elementa of a ringK is calledquasi-regular(in the sense of508

Jacobson) if there exists someb ∈ K such thata + b + ab = 0. Recall also that509

the radicalR ofK is the greatest two-sided ideal ofK having only quasi-regular510

elements (it exists by (Herstein 1968) Th. 1.2.3).511

a) Show thatS ∈ K〈〈A〉〉 is quasi-regular inK〈〈A〉〉 if and only if its constant512

term is quasi-regular inK.513

b) Show that the radical ofK〈〈A〉〉 is

{S ∈ K〈〈A〉〉 | (S, 1) ∈ R} .

4.4 Let k ≥ 2 be an integer and letA = {0, . . . , k − 1}. For any wordw over
A, we denote byνk(w) the integer represented byw in basek. For example
νk(0111) = k2 +k+1. We writec for c when we need to distinguish the symbol
c from the numberc. LetS andT be the series defined by

S =
∑

w

νk(w)w, T =
∑

w

k|w|w .
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Show thatT = 1 + kAT and thatS = PT +AS. Deduce that

S = A∗P (kA)∗ ,

whereP = 1 + 22 + · · · (k − 1)k − 1.514

4.5 Assume thatK is a ring. Show that a series is invertible inK〈〈A〉〉 if and only if515

its constant term is invertible inK. Show that ifK is a field, the set of proper516

series is the unique maximal ideal ofK〈〈A〉〉.517

5.1 a) Suppose thatK is a field with absolute value| |. Show that ifS ∈ K〈〈A〉〉 is
recognizable, then there is a constantC ∈ R such that for allw ∈ A∗

|(S,w)| ≤ C1+|w| .

b) Suppose thatK is a commutative integral domain with quotient fieldF . Show518

that if S ∈ F 〈〈A〉〉 is recognizable and has a linear representation(λ, µ, γ),519

then for someC ∈ K \ 0 the series
∑

w C
2+|w|(S,w)w is in K〈〈A〉〉, is K-520

recognizable and has the linear representation(Cλ,Cµ,Cγ) overK (“Eisen-521

stein’s criterion”).522

5.2 Verify that a series inK〈〈A〉〉 is Hadamard-invertible if and only if no coefficient523

in this series is0 (we assume thatK is a field).524

Show that the inverse of a rational series is in general not rational, by considering525

the series
∑

n≥0 1/(n+ 1)an in Q〈〈a〉〉 (use Eisenstein’s criterion).526

5.3 Letw = a1 · · ·an be a word (ai ∈ A). For any subsetI = {i1 < · · · < ik}
of {1, . . . , n}, definew|I to be the wordai1 · · ·aik

. Given two wordsx and
y of lengthn andp respectively, define theirshuffleproductx ⊔⊔ y to be the
polynomial

x ⊔⊔ y =
∑

w(I, J) ,

where the sum is over all couples(I, J) with {1, 2, . . . , n + p} = I ∪ J , |I| =
n, |J | = p, and wherew(I, J) is defined byw(I, J)|I = x, w(I, J)|J = y.
Moreover,1 ⊔⊔ y = y ⊔⊔ 1 = y. For example,

ab ⊔⊔ ac = abac+ 2a2bc+ 2a2cb+ acab .

Let K be a commutative semiring. Extend the shuffle product toK〈〈A〉〉 by
linearity and continuity, that is

S ⊔⊔ T =
∑

x,y∈A∗

(S, x)(T, y)x ⊔⊔ y .

Show that the shuffle product is commutative and associative. Show that the
operator

S 7→ a−1S (a ∈ A)

is a derivation for the shuffle, that is

a−1(S ⊔⊔ T ) = (a−1S) ⊔⊔ T + S ⊔⊔ (a−1T ) . (*)

Show that the shuffle product of two recognizable series is still recognizable.527

(Hint: Proceed as in the proof of Theorem 5.5 and use Eq.(*).)528
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5.4 To show that for eachk ≥ 2, the series
∑
nk−1an over one lettera is recogniz-

able without using the Hadamard product, consider the matrix representation of
orderk defined by

µ(a)i,j =

(
k − i

k − j

)
.

For instance, fork = 4, one gets

µ(a) =




1 3 3 1
0 1 2 1
0 0 1 1
0 0 0 1


 .

Show thatµ(an)1,k = nk−1. Compare the dimensionk of this representation to529

the dimension of thek − 1-th Hadamard power of the series
∑
nan.530

5.5 Show that, although the seriesS =
∑

n≥0 na
n is recognizable over the semiring531

N, the smallest stableN-submodule ofN〈〈a〉〉 containingS is not finitely gener-532

ated overN. (Hint: Otherwise, for somen1 . . . , nk in N, each series(aℓ)−1S is533

aN-linear combination of the series(an1)−1S, . . . , (ank)−1S.)534

5.6 Denote bȳS the smallest stable leftK-submodule ofK〈〈A〉〉 containingS. Show535

that ifK is a ring andS is invertible, thenS−1 +K = S−1(S̄ +K).536

7.1 Let S have the representation(λ, µ, γ) of dimensionn overK. Let Si have
the representations(ei, µ, γ), whereei is the i-th canonical vector. Show that
S =

∑
λiSi. Show thatS1, . . . , Sn satisfy

a−1Si =
∑

j

(µa)i,jSj

for any lettera. Show that they satisfy the system of linear equations

Si = (Si, 1) +

n∑

j=1

(∑

a∈A

(µa)i,ja
)
Sj .

7.2 LetPi,j , Qj be series, with eachPi,j proper. Use iteratively Lemma 4.1 to show
how to solve the system of linear equations

Si = Qi +

n∑

j=1

Pi,jSj , i = 1, . . . , n ,

where theSi are unknown series. Deduce from this and from Exercise 7.1 another537

proof of the fact that a recognizable series is rational.538

7.3 Show how to construct algorithmically a rational expression representing a rec-539

ognizable series given by some representation. (Hint: use Lemma 7.3 or Exer-540

cises 7.1 and 7.2.)541

Notes to Chapter 1542

Theorem 7.1 showing the equivalence between rationality and recognizability was first543

proved by Kleene (1956) for languages (which may be seen as series with coefficients544
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in the Boolean semiring) and later extended by Schützenberger (1961a, 1962a,b) to545

arbitrary semirings.546

Here we have derived Kleene’s theorem from Schützenberger’s (see Chapter 3).547

The condition “recognizable”=⇒ “rational”, which is essentially Lemma 7.3, is548

proved here by using an argument of Conway (1971). Other proofs are also given549

in Eilenberg (1974) and Salomaa and Soittola (1978). The characterization of rec-550

ognizable series (Proposition 5.1) is taken from Jacob (1975) who extends to semir-551

ings a Hankel-like property given by Fliess (1974a) for fields. A generalization of552

Schützenberger’s theorem 7.1 to free partially commutative monoids has been given553

by Droste and Gastin (1999), see also Berstel and Reutenauer(2008b); this generaliza-554

tion has a long history, starting with the Boolean case, see Droste and Gastin (1999)555

for details.556

It is well-known that ifK is a field, thenK〈〈A〉〉 can be embedded in the field557

K((Γ)) of Malcev–Neumann series over the free groupΓ generated byA, see for in-558

stance Cohn (1985, Cor.8.7.6) or Sakarovitch (2009a, Th. IV.4.7). The subfield of559

K((Γ)) generated byK〈A〉, that is the subfield of rational elements ofK((Γ)), is iso-560

morphic to the free (skew) field of Cohn, according to a theorem of Lewin (1974), see561

also Reutenauer (1999). Fliess (1970) has shown that the intersection of the free field562

and ofK〈〈A〉〉 is the set of rational series inK〈〈A〉〉, see also Duchamp and Reutenauer563

(1997, Cor. 13).564

There exists a detailed study of semirings according to their behavior with respect to565

the star operation. A semiringK which is equipped with an additional unary operation566

denoted by∗ is called astarsemiring. A Conway semiringis a starsemiringK in which567

the equations(a + b)∗ = (a∗b)∗a∗ and(ab)∗ = 1 + a(ba)∗b hold for all a, b in K.568

The main property of interest of Conway semirings is that Lemma 7.3 holds in these569

semirings. For a recent exposition, see Droste and Kuich (2009).570

Formal power series, viewed as functions fromA∗ intoK, can also be generalized
to other structures than free monoids. One may consider functions from a – not nec-
essarily free – monoidM intoK. The productST of two such functionsS, T should
satisfy the usual identity

(ST, z) =
∑

xy=z

(S, x)(T, y) . (7.2)

This is well-defined provided the sum (7.2) exists in the semiring K. This holds in571

particular when the number of terms in the sum is finite. One way to ensure this is572

to require that the monoidM is graded, that isM is equipped with a length function573

| · | : M → N such that|mm′| = |m| + |m′| and |m| = 0 if and only if m is the574

neutral element inM . It is easily seen that, in a finitely generated graded monoid, all575

sets{(x, y)|xy = z} are finite. For an exposition, see Sakarovitch (2009a,b). Note that576

a graded monoidM is free if and only if Levi’s lemma holds forM , that is ifxy = zt577

implies thatx = ze, ey = t or xe = z, y = et for somee ∈M .578

Another extension are formal power series on trees. These have been considered579

by several authors. A comprehensive survey paper isÉsik and Kuich (2003).580

As for formal languages, there are close connection betweenrational formal power581

series and logic theories, see Droste and Gastin (2007), Droste et al. (2008).582

There is also an extension of the characterization of aperiodic languages to partially583

commutative formal power series, by Droste and Gastin (2008).584

Closure under shuffle product (Exercise 5.3) is due to Fliess(1974b) and has many585

applications in Control Theory, see Fliess (1981). Exercise 5.6 is from Bacher (2008,586
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Prop. 5.5). We do not consider algebraic formal series in this book; the reader may587

consult Salomaa and Soittola (1978) or Kuich and Salomaa (1986). Bacher (2009)588

gives a closure property of rational series over a finite field.589

Applications to a large variety of domains, especially in computer science, are re-590

ported in the recent handbook of weighted automata, Droste et al. (2009).591
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Minimization593

This chapter gives a presentation of results concerning theminimization of linear rep-594

resentations of recognizable series. A central concept of this study is the notion of595

syntactic algebra, which is introduced in Section 1. Rational series are characterized596

by the fact that their syntactic algebras are finite dimensional (Theorem 1.2). The syn-597

tactic right ideal leads to the notion of rank and of Hankel matrix; the quotient by this598

ideal is the analogue for series of the minimal automaton forlanguages.599

Section 2 is devoted to the detailed study of minimal linear representations. The600

relations between representations and syntactic algebra are given. Two minimal rep-601

resentations are always similar (Theorem 2.4), and an explicit form of the minimal602

representation is given (Corollary 2.3).603

The minimization algorithm is presented in Section 3. We start with a study of604

prefix sets. The main tool is a description of bases of right ideals of the ring of non-605

commutative polynomials (Theorem 3.2).606

Several important consequences are given. Among them are Cohn’s result on the607

freeness of right ideals, the Schreier formula for right ideals, and linear recurrence rela-608

tions for the coefficients of a rational series. A detailed description of the minimization609

algorithm completes the chapter.610

1 Syntactic ideals611

We start by assuming thatK is a commutative ring. The algebra of polynomialsK〈A〉
is a freeK-module having as a basis the free monoidA∗. Consequently, the setK〈〈A〉〉
of formal series can be identified with the dual ofK〈A〉. Each formal seriesS defines
a linear function

K〈A〉 → K

P 7→ (S, P ) =
∑

w∈A∗

(S,w)(P,w) ,

the sum having a finite support becauseP is a polynomial. Thus, one may consider the
kernel ofS, denoted byKer(S):

Ker(S) = {P ∈ K〈A〉 | (S, P ) = 0} .

27
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Next, any multiplicative morphismµ : A∗ → M, whereM is aK-algebra, can be
extended uniquely to a morphism of algebras

K〈A〉 → M .

This extension will also be denoted byµ. We shall use this convention tacitly in the
sequel. Clearly

µ(P ) =
∑

w∈A∗

(P,w)µ(w) .

Definition Thesyntactic idealof a formal seriesS ∈ K〈〈A〉〉 is the greatest two-sided612

ideal ofK〈A〉 contained in the kernel ofS. It is denoted byIS .613

This ideal always exists, since it is the sum of all ideals contained inKer(S),

IS =
∑

I⊂Ker(S)

I .

Lemma 1.1 The syntactic ideal of a seriesS is equal to

IS = {Q ∈ K〈A〉 | ∀P,R ∈ K〈A〉, (S, PQR) = 0}
= {Q ∈ K〈A〉 | ∀x, y ∈ A∗, (S, xQy) = 0} .

Proof. Exercise 1.1. �614

Definition The syntactic algebraof a formal seriesS ∈ K〈〈A〉〉, denoted byMS , is
the quotient algebra ofK〈A〉 by the syntactic ideal ofS,

MS = K〈A〉/IS .

The canonical morphismK〈A〉 → MS is denoted byµS . SinceKer(µS) = IS ⊂
Ker(S), the seriesS induces onMS a linear function denotedφS . Consequently

S = φS ◦ µS .

Theorem 1.2 (Reutenauer 1978, 1980a)A formal series is rational if and only if its615

syntactic algebra is a finitely generated module overK.616

Proof. If S is rational,S is recognizable (by Theorem 1.7.1) and has a linear represen-617

tation(λ, µ, γ), with µ : A∗ → Kn×n a morphism. SinceA is finite, the subringL of618

K generated by the coefficients ofλ, µ(a), (a ∈ A) andγ is a finitely generated ring.619

ThusL is Noetherian and therefore each submodule of a finitely generatedL-module620

is finitely generated by Theorem 1.5.3.621

SinceLn×n is a finitely generated module overL, this implies that so isµ(L〈A〉).622

In other words, forw in A∗ long enough,µw is aL-linear combination ofµ(v) for623

shorter wordsv. This implies in turn thatµ(K〈A〉) is a finitely generatedK-module.624

Now Ker(µ) is an ideal contained inKer(S). Thus by definitionKer(µ) ⊂ IS ,625

andMS is a quotient ofµ(K〈A〉). Hence it is a finitely generated module overK.626

Conversely, suppose that the syntactic algebra ofS is a finitely generated module
overK. Consider, for each wordw inA∗, theK-endomorphismνw of MS defined by

m 7→ νw(m) = µS(w)m.
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The function

ν : A∗ → End(MS)

is a monoid morphism, and moreover

(S,w) = φS ◦ µS(w) = φS(µS(w)) = φS(νw(1)) .

In order to conclude, it suffices to apply the following lemmaand Theorem 1.7.1.627

�628

Lemma 1.3 (This lemma is true for any semiringK, even noncommutative.)Let M
be a finitely generated rightK-module, letφ be aK-linear function onM, letm0 be
an element ofM and letν be a monoid morphismA∗ → End(M). Then the formal
series

S =
∑

w∈A∗

φ(νw(m0))w

is recognizable. Moreover, ifM has a generating system ofn elements, thenS admits629

a linear representation of dimensionn.630

Proof. Letm1, . . . ,mn be generators ofM. Then for each lettera ∈ A, and eachj in
{1, . . . , n}, there exist coefficientsαa

i,j in K such that

νa(mj) =
∑

i

miα
a
i,j .

The matrices(αa
i,j)i,j ∈ Kn×n define a functionµ : A → Kn×n, a 7→ (αa

i,j)i,j ,
which extends to a morphismµ : A∗ → Kn×n. A straightforward induction shows
that for any wordw,

νw(mj) =
∑

i

mi(µw)i,j .

Let λ ∈ K1×n andγ ∈ Kn×1 be given byλi = φ(mi) andm0 =
∑

j mjγj . Then

νw(m0) = νw
(∑

j

mjγj

)
=

∑

j

∑

i

mi(µw)i,jγj ,

thus

φ(νw(m0)) =
∑

i,j

λi(µw)i,jγj = λµwγ ,

which completes the proof. �631

Definition Thesyntactic right idealof a formal seriesS ∈ K〈〈A〉〉 is the greatest right632

ideal ofK〈A〉 contained inKer(S). It is denotedIr
S .633

The existence ofIr
S is shown in the same manner as that ofIS .634

We now introduce an operation ofK〈A〉 onK〈〈A〉〉 on the right. Recall that, since
K〈〈A〉〉 is the dual ofK〈A〉, each endomorphismf of theK-moduleK〈A〉 defines
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an endomorphismtf of theK-moduleK〈〈A〉〉, called theadjoint morphism, by the
relation

(S, f(P )) = (tf(S), P )

for every seriesS and polynomialP . The functionf 7→ tf is an antimorphism:

t(g ◦ f) = tf ◦ tg . (1.1)

Given a polynomialP , we consider the endomorphismQ 7→ PQ of K〈A〉 and its
adjoint morphism, denoted byS 7→ S ◦ P . Thus

(S, PQ) = (S ◦ P,Q) .

In particular, for wordsx, y,

(S, xy) = (S ◦ x, y) . (1.2)

Consequently,

S ◦ x = x−1S

with the notation of Section 1.5. Observe that the operation◦ is already defined by
Equation (1.2); it suffices to extend it by linearity. In viewof Equation (1.1), one
obtains

(S ◦ P ) ◦Q = S ◦ (PQ) . (1.3)

ThusK〈〈A〉〉 is a rightK〈A〉-module.635

Proposition 1.4 The syntactic right ideal of a seriesS is

Ir
S = {P ∈ K〈A〉 | S ◦ P = 0} .

Proof. Since the operation◦ defines onK〈〈A〉〉 a structure of rightK〈A〉-module, it is636

clear that the right-hand side of the equation is a right ideal of K〈A〉. It is contained637

in Ker(S) becauseS ◦ P = 0 implies(S, P ) = (S ◦ P, 1) = 0. It is the greatest right638

ideal with that property since, given a polynomialP , the relationPK〈A〉 ⊂ Ker(S)639

implies(S ◦ P,Q) = (S, PQ) = 0 for all polynomialsQ, whenceS ◦ P = 0. �640

Corollary 1.5 K〈A〉/Ir
S is isomorphic toS ◦K〈A〉 as a rightK〈A〉-module.�641

This module is the analogue for series of theminimal automatonof a formal language.642

We suppose from now on thatK is a field.643

Definition Therank of a formal seriesS is the dimension of the spaceS ◦K〈A〉.644

Definition TheHankel matrixof a formal seriesS is the matrixH indexed byA∗×A∗

defined by

H(x, y) = (S, xy)

for all wordsx, y.645
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Theorem 1.6 (Carlyle and Paz 1971, Fliess 1974a)The rank of a formal seriesS is646

equal to the codimension of its syntactic right ideal, and isequal to the rank of its647

Hankel matrix. The seriesS is rational if and only if this rank is finite and in this case,648

its rank is equal to the minimum of the dimensions of the linear representations ofS.649

The theorem shows that the rank of a formal series could have been defined by650

an operation ofK〈A〉 onK〈〈A〉〉 on the left (analogue to◦), or also by means of the651

syntactic left ideal (whose definition is straightforward). This follows from the left-652

right symmetry of the Hankel matrix.653

Recall that therank of a matrix (even an infinite one) can be defined to be the654

greatest dimension of a nonvanishing subdeterminant, and that it is equal to the rank of655

the rows and to the rank of the columns.656

Proof. The first equality, namelyrank(S) = codim(Ir
S) is a direct consequence of657

Corollary 1.5. Next, the spaceS ◦ K〈A〉 has as set of generators{S ◦ x | x ∈ A∗}.658

Thusrank(S) is equal to the rank of this set. Since eachS ◦ x can be identified with659

the row of indexx in the Hankel matrix ofS, the rank ofS is equal to the rank of this660

matrix.661

If S is rational, it has a linear representation(λ, µ, γ) of dimensionn. The right
ideal

J = {P ∈ K〈A〉 | λµ(P ) = 0}

is contained inKer(S), and its codimension is≤ n. Consequently,J is contained in662

Ir
S , showing thatrank(S) = codim(Ir

S) ≤ codim(J) ≤ n.663

Conversely, letn = rank(S) = dim(S ◦K〈A〉). Letφ be the linear form

S ◦K〈A〉 → K

T 7→ (T, 1) .

Then for any wordw,

(S,w) = (S ◦ w, 1) = φ(S ◦ w) . (1.4)

Letµw be the matrix of the endomorphism ofS◦K〈A〉which maps a seriesT onT ◦w,
in some basis ofS◦K〈A〉. (Each element ofS◦K〈A〉 is represented by a vectorK1×n,
and each endomorphism ofS ◦K〈A〉 is represented by a matrix inKn×n; thenKn×n

actson the rightonK1×n.) In view of Eq. (1.3), one has(µx)(µy) = µ(xy) for any
wordsx andy. Letλ be the row vector representingS in the chosen basis, and letγ be
the column representingφ. Then Equation (1.4) can be expressed as

(S,w) = λµwγ

showing thatS is recognizable, with a linear representation of dimensionn. �664

The theorem justifies the following definition.665

Definition A minimal linear representationof a rational seriesS is a linear represen-666

tation ofS with minimal dimension among all its representations.667

Example 1.1 The only series of rank0 is the null series.668
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Example 1.2 Let S be a series of rank1. It admits a representation(λ, µ, γ), with
µ : K〈A〉 → K a morphism of algebras andλ, γ ∈ K. Setαa = µ(a) for each letter
a. Forw = a1 · · · an(ai ∈ A), this gives

µ(w) = αa1
· · ·αan

=
∏

a∈A

α|w|a
a .

Consequently,

(S,w) = λγ
∏

a∈A

α|w|a
a .

Such a series is calledgeometric. It follows that

S = λγ
(∑

a∈A

αaa
)∗

= λγ
(
1 −

∑

a∈A

αaa
)−1

.

An example of a geometric series is the characteristic series ofA∗:

S =
∑

w∈A∗

w =
(∑

a∈A

a
)∗

=
(
1 −

∑

a∈A

a
)−1

.

Example 1.3 The seriesS =
∑

w∈A∗ |w|aw has rank2. Indeed, it has a linear repre-
sentation of dimension2 (see Example 1.5.3). Next, the subdeterminant of its Hankel
matrix corresponding to the rows and columns1 anda is

∣∣∣∣
0 1
1 2

∣∣∣∣ = −1 .

Thus,S has rank≥ 2. In view of Theorem 1.6, the rank ofS is 2.669

2 Minimal linear representations670

K denotes a field.671

Proposition 2.1 A linear representation(λ, µ, γ) of dimensionn of a seriesS is min-
imal if and only if, settingM = µ(K〈A〉),

λM = K1×n and Mγ = Kn×1 .

In this case,

Ir
S = {P | λµP = 0} .

Proof. Suppose that(λ, µ, γ) is minimal, and letJ = {P | λµP = 0}. ThenJ is a672

right ideal ofK〈A〉 andcodim(J) = dim(λM) ≤ n. SinceJ ⊂ Ker(S), one has673

J ⊂ Ir
S andcodim(J) ≥ codim(Ir

S) = n (Theorem 1.6). Consequentlycodim(J) =674

n, J = Ir
S andλM = K1×n. The equalityMγ = Kn×1 is derived symmetrically.675

Conversely, assumeλM = K1×n and Mγ = Kn×1. Then there exist words
x1, . . . , xn (y1, . . . , yn) such thatλµx1, . . . , λµxn (µy1γ, . . . , µynγ) is a basis of
K1×n (of Kn×1). Consequently

det(λ(µxiyj)γ)1≤i,j≤n 6= 0 .

Sinceλ(µxiyj)γ = (S, xiyj), the Hankel matrix ofS has rank≥ n. In view of676

Theorem 1.6, the representation(λ, µ, γ) is minimal. �677
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Corollary 2.2 If the linear representation(λ, µ, γ) of the formal seriesS is minimal,678

then the kernel ofµ is exactly the syntactic ideal ofS, and consequentlyµ(K〈A〉) is679

isomorphic to the syntactic algebra ofS.680

Proof. SinceKer(µ) is contained inKer(S), it is contained inIS . Conversely letP ∈681

IS . ThenQPR is in IS for all polynomialsQ,R, and consequently(S,QPR) = 0.682

It follows thatλ(µQPR)γ = 0 and thusλµ(K〈A〉)µPµ(K〈A〉)γ = 0. In view of683

Proposition 2.1, this impliesµP = 0, whenceP ∈ Ker(µ). �684

Corollary 2.3 (Schützenberger 1961a)If (λ, µ, γ) is a minimal representation of di-
mensionn of a formal seriesS, then there exist polynomialsP1, . . . , Pn, Q1, . . . , Qn

such that, for every wordw,

µw = ((S, PiwQj))1≤i,j≤n .

Proof. In view of Proposition 2.1, there are polynomialsP1, . . . , Pn, Q1, . . . , Qn such
that (λµPi)1≤i≤n is the canonical basis ofK1×n and similarly(µQjγ)1≤j≤n is that
of Kn×1. Thus

(µw)i,j = λµPiµwµQjγ = (S, PiwQj) . �

Two linear representations(λ, µ, γ) and(λ′, µ′, γ′) are calledsimilar if there exists685

an invertible matrixm such thatλ′ = λm, µ′w = m−1µwm (for all wordsw), γ′ =686

m−1γ. Clearly they recognize the same series.687

Theorem 2.4 (Schützenberger 1961a, Fliess 1974a)Two minimal linear representa-688

tions are similar.689

Proof. Let (λ, µ, γ) be a minimal linear representation of a seriesS. Since, by Propo-
sitions 1.4 and 2.1,

Ir
S = {P ∈ K〈A〉 | λµP = 0} = {P ∈ K〈A〉 | S ◦ P = 0} ,

the two rightK〈A〉-modulesS ◦ K〈A〉 andK1×n = λµ(K〈A〉) (with the action on
K1×n defined by(v, P ) 7→ vµ(P )) are isomorphic. Consequently, there exists aK-
isomorphism

f : K1×n → S ◦K〈A〉

such that, for any polynomialP , and anyv ∈ K1×n,

f(vµP ) = f(v) ◦ P

and, moreover

f(λ) = S .

Next, consider the linear functionφ onS ◦K〈A〉 defined byφ(T ) = (T, 1). Then for
v = λµP , one getsφ(f(v)) = φ(f(λµP )) = φ(f(λ)◦P ) = φ(S ◦P ) = (S ◦P, 1) =
(S, P ) = λµPγ = vγ, which shows that

φ ◦ f = γ
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if γ is set to be the linear functionv → vγ.690

If (λ′, µ′, γ′) is another minimal linear representation, there exists an analogous
isomorphismf ′. Thus there exists an isomorphism

ψ = f−1 ◦ f ′ : K1×n → K1×n

such that

ψ(vµ′P ) = ψ(v)µP, ψ(λ′) = λ, γ′ = γ ◦ ψ .

It suffices to writeψ in matrix form to obtain the announced result. �691

Corollary 2.5 (Schützenberger 1961a)Let (λ, µ, γ) and(λ′, µ′, γ′) be two linear rep-
resentations of some seriesS, and assume the second representation is minimal. Then
there exists a representation(λ̄, µ̄, γ̄) similar to(λ, µ, γ) and having a block decompo-
sition of the form

λ̄ = (×, λ′, 0), µ̄ =




µ1 0 0
× µ′ 0
× × µ2



 , γ̄ =




0
γ′

×



 .

Proof. 1. Assume first that(λ, µ, γ) has the block decomposition

λ = (λ1, λ2, 0), µ =



µ1 0 0
× µ2 0
× × µ3


 , γ =




0
γ2

γ3




for some morphismsµi : A∗ → Kni×ni , with the conditions692

(i) λµ(K〈A〉) = Kn1 ×Kn2 × {0}n3 (we write hereKr for Kr×1, the set of row693

vectors), and694

(ii) if v ∈ Kn2 and(0, v, 0)µ(K〈A〉)γ = 0, thenv = 0.695

By using the block decomposition, we see thatλµwγ = λ2µ2wγ2, so that(λ2, µ2, γ2)696

is a representation ofS, of dimensionn2. We show that it is minimal, by using Propo-697

sition 2.1.698

Using again the block decomposition, we obtainλµ(P ) = (×, λ2µ2(P ), 0) for P699

in K〈A〉. Thus (i) implies thatλ2µ2(K〈A〉) = Kn2 . Now, let v ∈ Kn2 be such700

thatvµ2(K〈A〉)γ2 = 0. Then, since(0, v, 0)µ(P )γ = vµ2(P )γ2, we see by (ii) that701

v = 0. This implies thatµ2(K〈A〉)γ2 = Kn2×1, and Proposition 2.1 now shows that702

(λ2, µ2, γ2) is minimal. Applying Theorem 2.4, we deduce the corollary inthis case.703

2. Now consider any representation(λ, µ, γ) of S. DefineV1 = λµ(K〈A〉) ∩ {v |704

vµ(K〈A〉)γ = 0}. Let V2 be a subspace ofK1×n such thatV1 ⊕ V2 = λµ(K〈A〉)705

andV3 such thatV1 ⊕ V2 ⊕ V3 = K1×n. The subspacesV1 andV1 ⊕ V2 are both706

stable under the right action of the matrices inµ(K〈A〉). Moreoverλ is in V1 ⊕V2 and707

V1γ = 0. This shows that, by a change of basis (which amounts to similarity), we may708

assume that(λ, µ, γ) is of the form in 1. We verify that (i) and (ii) hold. Condition709

(i) is implied by the very definition ofV1 andV2. For (ii), let w ∈ V2 be such that710

wµ(K〈A〉)γ = 0; thenw ∈ V1, so thatw = 0. �711
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3 The minimization algorithm712

We now give an effective procedure for computing a minimal linear representation of713

a recognizable series.714

Definition A prefix setis a subsetC of A∗ such thatx, xy ∈ C impliesy = 1 for all715

wordsx andy. It is right completeif CA∗ meets every right ideal ofA∗.716

In other words,C is right complete if for every wordw in A∗, wA∗ meetsCA∗.717

Equivalently, each wordw either has a prefix inC, or is a prefix of some word inC.718

Definition A subsetP of A∗ is prefix-closedif xy ∈ P impliesx ∈ P for all wordsx719

andy.720

In other words, a prefix-closed set contains all the proper prefixes of its elements, while721

a prefix set contains none of them.722

Proposition 3.1 There exists a natural bijection between prefix sets and prefix-closed723

sets: to a prefix setC is associated the prefix-closed setP = A∗\CA∗, and the inverse724

bijection is defined byC = I \ IA+, with I = A∗ \P . The prefix setC = {1} and the725

prefix-closed setP = ∅ correspond each to another. In all other cases,C = PA \ P .726

Furthermore, finite right complete prefix sets correspond tofinite prefix-closed sets.727

Proof. The prefix orderu ≤ v onA∗ is defined by the condition thatu is a prefix of728

v. Clearly, a right idealI of A∗ is generated, as a right ideal, by the set of its minimal729

elements for the prefix order. Evidently, this set is a prefix set. On the other hand,730

the complement of a right ideal is a prefix-closed set, and conversely. This proves the731

existence of the bijection.732

This shows also that if the prefix-closed setP and the prefix setC correspond to733

each other under this bijection, thenP = A∗ \ CA∗ andI = A∗ \ P = CA∗.734

Note that ifP = ∅, thenC = 1 and conversely. We assume now thatC 6= 1. Let735

w ∈ C; thenw 6= 1 andw is minimal inI, hencew = ua, a ∈ A, andu ∈ A∗ \I = P ,736

implying C ⊂ PA. The fact thatP = A∗ \ CA∗ implies thatP andC are disjoint,737

henceC ⊂ PA \ P . Conversely, ifw ∈ PA \ P , thenw ∈ A∗ \ P =⇒ w ∈ CA∗.738

Thusw = xu = pa, a ∈ A, x ∈ C. Thenx cannot be a prefix ofp (otherwiseI meets739

P ), hencep is a proper prefix ofx and this implies|pa| ≤ |x|, thereforex = pav for740

somev, u = 1, hencew ∈ C.741

If P is finite, thenC = 1 or C = PA \ P is finite. MoreoverA∗ = P ∪ CA∗,742

hence each long enough word is inCA∗, implying thatC is right complete. Conversely,743

suppose thatC is right complete and finite. Letn be the length of the longest words in744

C. SinceCA∗ ∩ wA∗ 6= ∅, any wordw of length at leastn is inCA∗, hence not inP .745

ThusP is finite. �746

Remark In order to illustrate Proposition 3.1, let us consider thetree representationof
the free monoidA∗. Let for instanceA = {a, b}. ThenA∗ is represented by

a b
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Here, the circled node corresponds toaba. A finite right complete prefix setC then is
represented by a finite tree of the shape

with the elements of the set being the tree’s leaves, and the prefix-closed set associated747

with C being represented by its interior nodes.748

Example 3.1 The tree

represents the prefix set

C = a3 + a2b+ aba2 + abab+ ab2 + b ,

with

P = 1 + a+ a2 + ab+ aba .

The white circles◦ represent the elements of the set, and the black circles• the ele-749

ments ofP . This representation helps understanding the proof.750

In the following statement,K is assumed to be a field.751

Theorem 3.2 Let I be a right ideal ofK〈A〉. There exists a prefix setC with associ-752

ated prefix-closed setP , and coefficientsαc,p(c ∈ C, p ∈ P ), such that the polynomials753

Pc = c − ∑
p∈P αc,pp (c ∈ C) generate freelyI as a rightK〈A〉-module and such754

thatP defines aK-basis inK〈A〉/I.755

Proof. Let

φ : K〈A〉 →M = K〈A〉/I

be the canonical morphism. LetP be a prefix-closed subset ofA∗ such that the el-756

ementsφ(p), for p ∈ P , areK-linearly independent inM , and maximal among the757

subsets ofA∗ having this property.758

LetC be the prefix set corresponding toP by the Proposition 3.1. For eachc ∈ C,
the setP ∪ c is prefix-closed: indeed, eitherP = ∅ andc = 1 or C = PA \ P by
Proposition 3.1. By the maximality ofP , φ(c) is in the subspace ofM spanned by
φ(P ). Thus there exist coefficientsαc,p ∈ K such that

Pc = c−
∑

p∈P

αc,pp ∈ I . (3.1)
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We now show that any polynomialR can be written as

R =
∑

c∈C

PcQc +
∑

p∈P

βpp (3.2)

for some polynomialsQc (c ∈ C) and coefficientsβp (p ∈ P ). It suffices to prove
this for the case whereR = w is a word, and even in the case wherew /∈ P . But then
w = cx (c ∈ C) sinceA∗ \ P = CA∗ by Proposition 3.1. We argue by induction on
the length of the wordx. First, observe that by Equation (3.1),

w = Pcx+
∑

p

αc,ppx .

Each of the wordspx is either inP or of the formc′x′; in the latter case,c′ cannot759

be a prefix ofp (sinceP ∩ CA∗ = ∅), hence|p| < |c′|, whence|x′| < |x|. Thus the760

induction hypothesis completes the proof.761

If the polynomialR of Equation (3.2) is inI, then

0 = φ(R) =
∑

p

βpφ(p) .

Consequently,βp = 0 for all p and

R =
∑

c∈C

PcQc ,

which shows that the right idealI is generated by thePc.762

Let
∑
PcQc = 0 be a relation ofK〈A〉-dependency between thePc, and assume

that not allQc vanish. Then
∑

c

cQc =
∑

c,p

αc,ppQc . (3.3)

Consider a wordw for which there is ac0 ∈ C with (Qc0
, w) 6= 0, and which is a

word of maximal length. For this wordw, the coefficient ofc0w on the left-hand side
of Equation (3.3) is(Qc0

, w) 6= 0 becauseC is a prefix set. Thus

0 6= (Qc0
, w) =

∑

c,p

αc,p(pQc, c0w) .

However,px = c0w implies thatp is a proper prefix ofc0, thusc0 = py for some
y 6= 1 andx = yw. Consequently, the right-hand side of the previous equality is

∑

y 6=1,c0=py

αc,p(Qc, yw) = 0

in view of the maximality ofw, a contradiction. �763

Corollary 3.3 (Cohn 1969)Each right ideal ofK〈A〉 is a free rightK〈A〉-module.764

�765

Corollary 3.4 (Lewin 1969)LetI be a right ideal ofK〈A〉 of codimensionn and rank
d as a rightK〈A〉-module. Letr be the cardinality ofA. Then

d = n(r − 1) + 1 .
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Proof. Indeed, ifP is a nonempty finite prefix-closed set, with associated prefixset766

C, then by Proposition 3.1,C = PA \ P . Now, each nonempty word inP is in PA.767

Therefore we have the equality with disjoint unions:C ∪P = PA∪{1}. Observe that768

this holds also ifP = ∅. Thus in all casesCard(C)+Card(P ) = Card(P )Card(A)+769

1, implyingd+ n = nr + 1. �770

We also obtainlinear recurrence relationsfor rational series which generalize those771

for one-variable series (see Chapter 6).772

Corollary 3.5 For any rational seriesS of rankn, there exist a prefix-closed setP
with n elements, with an associated prefix setC, and coefficientsαc,p (c ∈ C, p ∈ P )
such that, for all wordsw and allc ∈ C,

(S, cw) =
∑

p∈P

αc,p(S, pw) . (3.4)

Proof. It suffices to apply Theorem 3.2 to the syntactic right idealof S which has773

codimensionn. �774

Corollary 3.6 Let S be a rational series of rank≤ n, such that(S,w) = 0 for all775

wordsw of length≤ n− 1. ThenS = 0.776

Proof. This is a consequence of Corollary 3.5. Indeed,|p| ≤ n − 1 and therefore
(S, p) = 0 for all p ∈ P . AssumeS 6= 0, and letw be a word with(S,w) 6= 0. Then
w = cx for somec ∈ C. We choosew in such a way that the corresponding wordx
has minimal length. By Equation (3.4),

(S, cx) =
∑

p∈P

αc,p(S, px) ,

and by the choice ofx, one has(S, px) = 0 for all p ∈ P : indeed, eitherpx ∈ P , or777

px = c′y for somec′ ∈ C andy shorter thanx. Thus(S, cx) = 0, a contradiction.778

�779

A subsetT of A∗ is suffix-closedif xy ∈ T impliesy ∈ T for all wordsx andy.780

Corollary 3.7 LetS be a rational series of rankn. There exists a prefix-closed setP
and a suffix-closed setT , both withn elements, such that

det((S, pt))p∈P,t∈T 6= 0 .

Proof. Let (λ, µ, γ) be a minimal linear representation ofS. It has dimensionn. In
view of Theorem 3.2, applied to the right ideal{P ∈ K〈A〉 | λµP = 0}, which is of
codimensionn by Proposition 2.1, there exists a prefix-closed setP such thatλµ(P )
is a basis ofK1×n, and symmetrically, there is a suffix-closed setT such thatµ(T )γ
is a basis ofKn×1. Thus the determinant of the matrix

(λµpµtγ)p,t

does not vanish. This proves the corollary. �781
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A careful analysis of the preceding proofs shows how to compute effectively a782

minimal linear representation of a rational seriesS given by any of its linear represen-783

tations.784

Indeed, let(λ, µ, γ) be such a representation, of dimensionn ≥ 1. The first step
consists in reducing the representation to satisfyK1×n = λµ(K〈A〉). To do this,
consider a prefix-closed subsetP of A∗ such that the vectorsλµp, for p ∈ P , are
linearly independent, and which is maximal for this property. Then for eachc in the
prefix setC = PA \ P , there are coefficientsαc,p such that

λµc =
∑

p

αc,pλµp .

Consider, for each lettera, the matrixµ′a ∈ KP×P defined by

(µ′a)p,q =





1 if pa = q

αc,q if pa = c ∈ C

0 otherwise.

In other words,µ′a is the matrix, in the basisλµP of λµ(K〈A〉), of the endomor-785

phismv 7→ vµa. In this basis the matrix forλ is λ′ defined byλ′1 = 1, andλ′p = 0786

for p 6= 1; the matrix forγ is γ′ defined byγ′p = λµpγ = (S, p). Then(λ′, µ′, γ′)787

is a linear representation ofS, since for any wordw, one hasλµw ∈ λµ(K〈A〉),788

whenceλµwγ = λ′µ′wγ′. Moreover, the representation(λ′, µ′, γ′) satisfiesK1×P =789

λ′µ′(K〈A〉). Indeed, sinceλ′µ′p represents the vectorλµp in the basisλµ(P ), one790

hasλ′µ′p = (δp,q)q∈P , which shows thatλ′µ′(K〈A〉) contains the canonical basis of791

K1×P .792

If in the preceding construction, we assume moreover thatµ(K〈A〉)γ = Kn×1,793

then alsoµ′(K〈A〉)γ′ = KP×1. Indeed, the first equality implies that every linear794

function on the spaceλ′µ′(K〈A〉) is represented by a matrix of the formµ(R)γ for795

someR ∈ K〈A〉. In the new basisλ′µ′(P ) of λ′µ′(K〈A〉), this matrix becomes796

µ′(R)γ′. Thus any linear function onK1×P = λ′µ′(K〈A〉) is represented as some797

µ′(R)γ′, which proves the claim.798

Now the work is almost done. In a first step, one reduces the representation to799

satisfy the conditionµ(K〈A〉)γ = Kn×1, using a construction which is symmetric to800

the preceding one, based on suffix sets and suffix-closed sets. In a second step, the801

representation is transformed to satisfy in additionλµ(K〈A〉) = K1×n, and(λ, µ, γ)802

is minimal by Proposition 2.1.803

Exercises for Chapter 2804

1.1 Prove Lemma 1.1. (Hint: The second set is an ideal and it contains each ideal805

which is contained inKerS.)806

1.2 Show thatIr
S = {P ∈ K〈A〉 | ∀Q ∈ K〈A〉, (S, PQ) = 0} = {P ∈ K〈A〉 |807

∀x ∈ A∗, (S, Px) = 0}.808

1.3 Thereversalof a wordw, denoted byw̃, is defined as follows. Ifw = 1, then809

w̃ = 1; if w = a1 · · ·an (ai ∈ A), thenw̃ = an · · ·a1. A wordw is apalindrome810

if it is equal to its reversal. LetL be the set of palindromes.811

a) AssumeCard(A) ≥ 2. Show that ifx, x1, . . . , xn are words with|x| ≤812

|x1|, . . . , |xn|, and x 6= x1, . . . , xn, then there existsy such thatxy ∈ L,813
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x1y, . . . , xny /∈ L. (Hint: Takey = apbbapx̃, wherea andb are distinct let-814

ters andp = sup{|xi| − |x|}.)815

b) LetS ∈ K〈〈A〉〉 be such that(S,w) = 1 if w ∈ L and(S,w) = 0 for w /∈ L.816

Show that all syntactic ideals ofS are null (see Reutenauer (1980a)).817

c) (K is a commutative semiring.) LetS ∈ K〈〈A〉〉 be a recognizable series.818

Show thatS′ =
∑
w

(S, w̃)w is recognizable.819

1.4 (K is a commutative ring.) LetS be a formal series, letA be an algebra, let820

µ : K〈A〉 → A be an algebra morphism, and letϕ be a linear mappingA → K821

such that(S,w) = ϕ(µw) for any wordw. Show that the syntactic algebra ofS822

is a quotient of the algebraµ(A).823

1.5 (K is a field.) A finitely generatedK-algebraM is syntacticif there exists a824

formal seriesS whose syntactic algebra is isomorphic toM.825

a) Show thatM is syntactic if and only if it contains a hyperplane which contains826

no nonnull two-sided ideal.827

b) LetM = K · 1 ⊕K · α⊕K · β, with multiplication defined by

α2 = αβ = βα = β2 = 0 .

Show thatM is not syntactic.828

c) Show thatK〈A〉 is syntactic (use Exercise 1.3).829

1.6 Show that the converse of Lemma 1.3 holds, and thatM may be chosen to be a830

free rightK-module (K is any semiring).831

1.7 (K is a field.) For any rational seriesS, defineN(S) = dim(K+S ◦K〈A〉)−1.832

Show that ifS, T have constant term1, thenN(ST ) ≤ N(S)+N(T ) with equal-833

ity if S andT are polynomials; show thatN(S−1) = N(S) and thatN(S) = 0 if834

and only ifS = 1. Show that ifS is a series in one variable, written as a quotient835

P/Q of two relatively prime polynomials, thenN(S) = max(degP, degQ).836

(Hint: Use Exercise 1.5.6 and Section 6.1.)837

1.8 Show that Theorem 1.2 is not longer true for semirings. (Hint: Use the example838

of Exercise 1.5.5.)839

1.9 LetK be a field. Show that the mappingS ◦K〈A〉 ×K〈A〉 ◦ S → K given by840

(S ◦ P,Q ◦ S) 7→ (S, PQ) is well-defined and defines a nondegenerate duality841

between the spacesS ◦K〈A〉 andK〈A〉 ◦ S (ForQ ∈ K〈A〉, the seriesQ ◦ S is842

defined by(Q ◦ S,w) = (S,wQ) for anyw ∈ A∗).843

2.1 LetK be a field and letΓ be the free group generated byA. It is well-known844

that the elements ofΓ are uniquely represented by reduced words on the alphabet845

A∪A−1 (such a word has by definition no factoraa−1 or a−1a with a ∈ A). Let846

E denote the set of edges of the Cayley graph ofΓ. By definition,E is the set of847

{γ, γx} with γ ∈ Γ, x ∈ A ∪ A−1, and no simplification occurs in the product848

γx. Define a mappingF : Γ → E ∪K by F (1) = 0 andF (γ1) = {γ, γx} if849

γ1 = γx andγ, γx are as above.850

a) Show thatΓ acts on the left onE, that isγ1{γ, γx} = {γ1γ, γ1γx} is inE.851

For a setV , denote byKV (resp. KV ) the set of (resp. of infinite)K-linear852

combinations of elements ofV ; F extends naturally to linear mappingsKΓ →853

KE andKΓ → KE, still denotedF .854

b) Let S ∈ KΓ. Show thatS defines by left multiplication linear mappings855

KΓ → KΓ andKE → KE. We denote them byS.856

c) LetS ∈ KΓ. Define the linear mappingD = FS − SF : KΓ → KE. Show857

that if the image ofD is finite dimensional, then the series red(S) ∈ K〈〈A∪A−1〉〉858
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is recognizable, where red(S) is obtained fromS by replacing eachγ ∈ Γ by its859

reduced word.860

d) Conversely, show that ifS ∈ KΓ and red(S) is recognizable, thenIm(D) has861

finite dimension.862

2.2 LetK be a commutative semiring. Denote byK〈〈A〉〉⊗K〈〈A〉〉 the complete
tensor product, which is the set of infinite linear combinations overK of the
elementsu ⊗ v with u, v ∈ A∗. If S, T ∈ K〈〈A〉〉, thenS ⊗ T denotes the
element

S ⊗ T =
∑

u,v∈A∗

(S, u)(T, v)u⊗ v .

Define a mapping∆ : K〈〈A〉〉 → K〈〈A〉〉⊗̄K〈〈A〉〉 by

∆(S) =
∑

u,v∈A∗

(S, uv)u ⊗ v .

a) Show that the seriesS is recognizable if and only if∆(S) is a finite sum863 ∑
1≤i≤r Si ⊗Ti, with Si, Ti ∈ K〈〈A〉〉. Show that the smallest possibler in such864

a sum is the smallest number of generators of all stable submodules ofK〈〈A〉〉865

containingS, and also the smallest dimension of a representation ofS.866

b) Determine the series wherer = 1. A series isgroup-likeif ∆(S) = S ⊗ S.867

Determine these series.868

2.3 LetK be a field and let(λ, µ, γ) be a minimal linear representation of a series869

S. Show thatS is a polynomial if and only ifµw = 0 for each word of lengthn,870

wheren is the rank ofS. (Hint: Show that ifS is a polynomial of degreed, then871

the polynomialsu−1S are linearly independent, for suitable wordsu of length872

0, . . . , d; deduce thatn ≥ d + 1 by using Theorem 1.6 and Corollary 1.5. From873

Corollary 2.3, deduce thatµw = 0 for each word of lengthn.)874

2.4 A (right) serial moduleis a triple(ℓ,M, c) whereM is a rightK〈A〉-module,875

ℓ is an element ofM and c : M → K is aK-linear mapping. Itsdimen-876

sion is dimK(M). It recognizesthe seriesS =
∑

w∈A∗

c(ℓw)w. A morphism877

σ : (ℓ,M, c) → (ℓ′,M ′, c′) between two serial modules is a rightK〈A〉-linear878

morphismσ : M →M ′ such thatσℓ = ℓ′ andc′σ = c.879

The canonical serial moduleof S is (ℓS ,MS , cS), whereMS = S ◦ K〈A〉,880

ℓS = S andcS(T ) = (T, 1).881

a) Associate to each serial module(ℓ,M, c) with ann element basis and recog-882

nizing S, a linear representation of dimensionn of S. Show that this defines a883

bijective correspondence.884

b) Show that any serial right module recognizing the rational seriesS which is of885

minimal dimension is isomorphic to the canonical serial module ofS.886

c) Deduce from a) and b) another proof of Theorem 2.4.887

d) Give a formulation of Proposition 2.1 in terms of serial modules.888

e) Do the same for Corollary 2.5.889

3.1 Show that ifP andC correspond each to another under the bijection of Proposi-890

tion 3.1, andC 6= 1, then each word has a unique factorizationx1 · · ·xnp with891

n ≥ 0, xi ∈ C, p ∈ P . Show that one has the following equalities of formal892

seriesA∗ = C∗P andC − 1 = P (A− 1).893

3.2 Show that it is decidable whether two rational series areequal. (Hint: Use Corol-894

lary 3.6.)895
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3.3 Show that the recurrence relations of Corollary 3.5, together with theinitial val-896

ues(S, p), for p ∈ P , allow to compute explicitly each coefficient ofS.897

3.4 LetC, P andPc be as in Theorem 3.2. Show that the right idealI generated by898

the polynomialsPc is freely generated by them. Show thatP mod I is aK-basis899

in K〈A〉/I. (Hint: Use the ideas of the proof of Theorem 3.2, in particular prove900

Equation 3.2 and its uniqueness.)901

Notes to Chapter 2902

The notions of syntactic ideal and algebra are introduced inReutenauer (1978, 1980a),903

which also contains Theorem 1.2.904

The notions of Hankel matrix and rank of a formal series, which are classical in the905

case of one variable, were introduced by Carlyle and Paz (1971) and Fliess (1974a).906

Bacher (2008) computes the polynomials inq that count the number of rational907

series of fixed rank and on a fixed alphabet, when the field of scalars hasq elements.908

The minimal linear representations of a rational series arestudied in Inagaki et al.909

(1972), Turakainen (1972) and Fliess (1974a). They were however first considered by910

Schützenberger (1961a,b), mainly in connection with the linear recurrence relations911

(Corollary 3.4). His methods are used here to prove Theorem 3.2 and the minimization912

algorithm. Observe that this construction is similar to Schreier’s construction of a basis913

of a subgroup of a free group (see Lyndon and Schupp (1977), Proposition I.3.7).914

The introduction of serial modules allows Fliess (1974a) togive the good mini-915

mization theory of the linear representations of a given series. The results are essen-916

tially contained, without the terminology, in Theorem 2.4 and Corollary 2.5 and their917

proofs. Serial modules are the analogues for series of minimal automata for automata,918

see Exercise 2.4.919

Cobham (1978) shows that a rational seriesS of rankn may be expressed as a920

sum of two series, each of rank less thann, if and only if the rightK〈A〉-module921

S ◦ K〈A〉 (or equivalentlyK〈A〉/Ir
S , orK1×n with right action ofK〈A〉 via µ, for922

some minimal linear representation(λ, µ, γ) of S) contains two submodules, neither923

of which contains the other.924

Fliess (1974a) shows that a rational seriesS of rankn is a sumS = S1 + · · ·+ Sk925

of rational series of rankn1, . . . , nk with n1 + · · · + nk = n if and only if the right926

K〈A〉-moduleS ◦K〈A〉 is a direct sum ofk submodules ofK-dimensionn1, . . . , nk927

(see also the corollary in Cobham (1978)). He shows that sucha maximal decompo-928

sition is unique and corresponds to a maximal decompositionof S ◦ K〈A〉 as a sum929

of indecomposable submodules (Krull–Schmidt theorem); atmost one of the seriesSi930

above is a polynomial (see also Cohn and Reutenauer (1999)).931

The operatorsF andD defined in Exercise 2.1 are due to Connes (1994). The932

exercise is from Duchamp and Reutenauer (1997). Exercise 1.7 is from Bacher (2008).933
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Series and languages935

This chapter describes the relations between rational series and languages.936

We start by Kleene’s theorem, presented as a consequence of Schützenberger’s937

theorem. Then we describe the cases where the support of a rational series is a rational938

language. The most important result states that if a series has finite image, then its939

support is a rational language (Theorem 2.10).940

The family of languages which are supports of rational series have closure proper-941

ties given in Section 4. The iteration theorem for rational series is proved in Section 5.942

The last section is concerned with an extremal property of supports which forces their943

rationality; to prove it, we use a remarkable characterization of rational languages due944

to Ehrenfeucht, Parikh and Rozenberg.945

1 Kleene’s theorem946

Definitions A congruencein a monoid is an equivalence relation which is compati-947

ble with the operation in the monoid. A languageL is recognizableif there exists a948

congruence with finite index inA∗ thatsaturatesL (that isL is union of equivalence949

classes).950

It is equivalent to say thatL is recognizable if there exists a finite monoidM , a951

morphism of monoidsφ : A∗ →M and a subsetP of M such thatL = φ−1(P ).952

The product of two languagesL1 andL2 is the languageL1L2 = {xy | x ∈953

L1, y ∈ L2}. If L is a language, the submonoid generated byL is∪n≥0L
n.954

Definition The set ofrational languagesoverA is the smallest set of subsets ofA∗
955

containing the finite subsets and closed under union, product, and submonoid genera-956

tion.957

Rational languages are also often calledregular languages.958

Theorem 1.1 (Kleene 1956)A language is rational if and only if it is recognizable.959

We will obtain this theorem as a consequence of Schützenberger’s Theorem 1.7.1.960

Lemma 1.2 LetK,L be two semirings, and letφ : K → L be a morphism of semir-961

ings. IfS ∈ K〈〈A〉〉 is recognizable, thenφ(S) =
∑
φ((S,w))w ∈ L〈〈A〉〉 is recog-962

nizable.963

43
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Proof. If indeedS has a linear representation(λ, µ, γ), thenφ(S) admits the linear964

representation(φ(λ), φ ◦ µ, φ(γ)), where we still denoteφ the extension ofφ to matri-965

ces. �966

Lemma 1.3 A languageL is recognizable if and only if it is the support of some rec-967

ognizable seriesS ∈ N〈〈A〉〉.968

Proof. If L is recognizable, there exists a finite monoidM , a morphism of monoids
φ : A∗ → M and a subsetP of M such thatL = φ−1(P ). Consider theright regular
representationof M

ψ : M → NM×M

defined by

ψ(m)m1,m2
=

{
1 if m1m = m2 ,

0 otherwise.

Thenψ is a morphism of monoids. Defineλ ∈ N1×M andγ ∈ NM×1 by

λm = δm,1 ,

γm =

{
1 if m ∈ P ,

0 otherwise.

Thenψ(m)1,m′ = 1 if and only ifm = m′, and consequentlyλψ(m)γ = 1 if m ∈ P ,
and= 0 otherwise. Now let

µ = ψ ◦ φ : A∗ → NM×M

and letS be the recognizable series with representation(λ, µ, γ). ThenS =
∑

w∈Lw,969

whenceL = supp(S).970

Conversely, assume thatS ∈ N〈〈A〉〉 is recognizable and letL = supp(S). Con-
sider the Boolean semiringB = {0, 1} with 1 + 1 = 1. Then the function

φ : N → B

defined byφ(0) = 0 and φ(r) = 1 for r ≥ 1 is a morphism of semirings. By971

Lemma 1.2, the seriesφ(S) =
∑
φ((S,w))w ∈ B〈〈A〉〉 is B-recognizable.972

Thus there exists a linear representation(λ, µ, γ) of φ(S) with

µ : A∗ → Bn×n .

LetM = Bn×n, andP = {m ∈M | λmγ = 1}. SinceM is finite, the language

{w | µ(w) ∈ P}

is recognizable, but this language is exactlysupp(φ(S)) = supp(S) = L. �973

Lemma 1.4 A languageL overA is rational if and only if it is the support of some974

rational seriesS ∈ N〈〈A〉〉.975
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Proof. The following relations hold for seriesS andT in N〈〈A〉〉:

supp(S + T ) = supp(S) ∪ supp(T ) ,

supp(ST ) = supp(S) supp(T ) ,

supp(S∗) = (supp(S))∗ if S is proper.

It follows easily that the support of a rational series inN〈〈A〉〉 is a rational language.976

For the converse, one can use the same relations, provided one has proved that any977

rational language can be obtained from finite sets by union, product, and submonoid978

generation restricted toproper languages (that is languages not containing the empty979

word). We shall prove a stronger result, namely that for any rational languageL, the980

languageL\1 can be obtained from the finite subsets ofA+ = A∗\1 by union, product981

and generation of subsemigroup (that isA 7→ A+ =
⋃

n≥1

An = AA∗).982

Indeed, ifL1 andL2 have this property, then clearly so doesL1 ∪ L2 also, since983

(L1 ∪ L2) \ 1 = L1 \ 1 ∪ L2 \ 1; moreoverL1L2 has the property, sinceL1L2 \ 1 =984

(L1 \1)(L2 \1)∪K, whereK = ∅, = L1\1, = L2 \1, = (L1 \1)∪(L2\1) according985

to the four cases:1 /∈ L1∪L2, 1 ∈ L2 \L1, 1 ∈ L1 \L2, 1 ∈ L1∩L2. Finally, if L has986

the announced property, then so doesL∗, sinceL∗ \1 = (L\1)∗\1 = (L\1)+. �987

Kleene’s Theorem 1.1 is now an immediate consequence of Lemmas 1.3, 1.4, and988

of Theorem 1.7.1.989

Corollary 1.5 The family of rational languages is closed under Boolean operations.990

Proof. If L andL′ are saturated by a congruence with finite index, thenL ∪ L′ and991

L∩L′ are saturated by the congruence whose classes are intersections of classes of the992

congruences. This congruence has finite index. IfL is saturated by a congruence with993

finite index, thenA∗ \ L is saturated by the same congruence. �994

2 Series and rational languages995

Proposition 2.1 Over any semiring, the characteristic series of a rational language is996

a rational series.997

Proof. This follows from the first part of the proof of Lemma 1.3, with “recognizable”998

replaced by “rational”, which can be done in view of Theorem 1.1 and Theorem 1.7.1.999

Indeed, the right regular representation may be defined overany semiring. �1000

Given a languageL ⊂ A∗, we callgenerating functionofL the series
∑

n≥0 αnx
n,1001

whereαn = Card(L ∩An).1002

Corollary 2.2 A series
∑

n≥0 αnx
n in Z[[x]] is the generating function of some ratio-1003

nal language if and only if it is rational over the semiringN and has constant term01004

or 1.1005

In particular, theαn satisfy a linear recurrence relation, see Chapter 6.1006

Proof. Suppose that
∑
αnx

n is the generating function of the rational languageL. By1007

Proposition 2.1, the characteristic seriesL of L is rational overN. By sending each1008

lettera of A ontox, we obtain a morphismK〈〈A〉〉 → K[[x]] which sendsL onto an1009
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N-rational series inN[[x]] by Proposition 1.4.2. Clearly, this series is the generating1010

series ofL, which therefore isN-rational.1011

Conversely, letS be anN-rational series inN[[x]]. It is obtained from elements in1012

N[x] by the rational operations. It has therefore a rational expression involving these1013

operations. We may assume that the only scalar in the expression is 1 (by replacingn1014

by 1 + 1 · · ·+ 1). We now replace in the expression each monomialxd by a1a2 · · · ad,1015

whereai are distinct letters, distinct also from the letters for each monomial. An in-1016

ductive argument then shows that this rational expression defines anN-rational series1017

T with coefficients0 and1. HenceT is the characteristic series of some rational lan-1018

guage, whose generating series isS. �1019

Example 2.1 Let S = (x + x2)∗ =
∑

n≥0 Fnx
n, where theFn are theFibonacci1020

numbers(F0 = F1 = 1, Fn+2 = Fn+1 + Fn for n ≥ 0). ThenS is the generating1021

function of the rational language(a ∪ bc)∗.1022

Similarly, (x+2x2)∗(1+2x)+x is the generating function of the rational language1023

(a ∪ bc ∪ de)∗(1 ∪ f ∪ g) ∪ h over the alphabet{a, b, c, d, e, f, g, h}.1024

Corollary 2.3 If S is a rational series over the semiringK andL is a rational lan-1025

guage, thenS ⊙ L =
∑

w∈L(S,w)w is a rational series.1026

Proof. Let K1 be the prime semiring ofK, that is the subsemiring generated by1.1027

Then by Proposition 2.1, the seriesL isK1-rational. Since the elements ofK1 andK1028

commute, it suffices to apply Theorem 1.5.5. �1029

Let S be a formal series, and letV be a subset ofK. We denote byS−1(V ) the1030

languageS−1(V ) = {w ∈ A∗ | (S,w) ∈ V }.1031

Proposition 2.4 If K is finite and ifS ∈ K〈〈A〉〉 is rational, thenS−1(V ) is a rational1032

language for any subsetV ofK. In particular, supp(S) is rational.1033

Proof. SinceS is recognizable, it admits a linear representation(λ, µ, γ). SinceK is1034

finite,Kn×n is finite, andS−1(V ) is saturated by a congruence with finite index. Thus1035

S−1(V ) is recognizable, hence rational. �1036

Corollary 2.5 A language is rational (or recognizable) if and only if its characteristic1037

series over the Boolean semiring is so.1038

Proof. Similar to that of Lemma 1.3. �1039

Corollary 2.6 If S ∈ Z〈〈A〉〉 is a rational series anda, b ∈ Z, b 6= 0, thenS−1(a+bZ)1040

is a rational language.1041

Proof. Let φ : Z → Z/bZ be the canonical morphism. Thenφ(S) is rational by1042

Lemma 1.2. SinceS−1(a + bZ) = φ(S)−1(φ(a)), the result follows from Proposi-1043

tion 2.4. �1044

Corollary 2.7 If S ∈ N〈〈A〉〉 is rational and ifa ∈ N, then the languagesS−1(a),1045

S−1({n | n ≥ a}), S−1({n | n ≤ a}) are rational.1046
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Proof. Let ∼ be the congruence of the semiringN generated by the relationa + 1 ∼1047

a + 2; in this congruence, all integersn ≥ a + 1 are in a single class, and each1048

n ≤ a is alone in its class. LetK be the quotient semiring and letφ : N → K be1049

the canonical morphism. Thenφ(S) is rational by Lemma 1.2, and it suffices to apply1050

Proposition 2.4,K being finite. �1051

Corollary 2.8 A languageL overA is rational if and only if the set of languages1052

{w−1L | w ∈ A∗} is finite, withw−1L = {x ∈ A∗ | wx ∈ L}.1053

Proof. By Corollary 2.5, this is a consequence of Proposition 1.5.1. �1054

Corollary 2.9 LetS ∈ Z〈〈A〉〉 be a rational series. If there is a nonzero integerd ∈ N1055

which divides none of the nonzero coefficients ofS, then the support ofS is a rational1056

language.1057

Proof. If this is true, thensupp(S) = A∗ \ S−1(dZ) and it suffices to apply Corollar-1058

ies 2.6 and 1.5. �1059

We denote byIm(S) the set of coefficients ofS. It is called theimageof S.1060

Theorem 2.10 (Schützenberger 1961a, Sontag 1975)Assume thatK is a commutative1061

ring. If S ∈ K〈〈A〉〉 is a rational series with finite image, thenS−1(V ) is rational for1062

anyV ⊂ K. Thus in particular the support ofS is rational.1063

Proof. (i) Arguing as in the proof of Theorem 2.1.2., we may assume thatK is a
Noetherian ring. Then, using Corollary 1.5.4 and the remarks before it, we see that
there is some integerN such that for each wordw, the seriesw−1S is aK-linear
combination of the seriesu−1S with |u| ≤ N − 1. LetC = AN andP = 1 ∪ A ∪
· · · ∪ AN−1. We deduce that, for some coefficientsαc,p in K, c ∈ C, p ∈ P , one has,
for any wordw,

(S, cw) =
∑

p∈P

αc,p(S, pw) . (2.1)

(ii) We now consider the setE of sequences of words of the form(pw)p∈P . For each
wordx, define a functionfx fromE intoE by

fx((pw)p) = (pxw)p .

Then fy ◦ fx = fyx since indeedfy ◦ fx((pw)p) = fy((pxw)p) = (pyxw)p =1064

fyx((pw)p).1065

Consider the image ofE by S, that is the setF of sequences((S, pw))p∈P . The1066

functionsfx induce functions onF (still denotedfx); indeed if ((S, pw))p∈P =1067

((S, pw′))p∈P (which means that(S, pw) = (S, pw′) for all p ∈ P ), then one has1068

also((S, pxw))p∈P = ((S, pxw′))p∈P . It suffices to prove this claim forx = a ∈ A.1069

In this case, eitherpa ∈ P and then(S, paw) = (S, paw′), or pa = c ∈ C, and1070

(S, paw) = (S, paw′) by Equation (2.1).1071

(iii) We have defined a morphism of monoids ofA∗ into the monoidM of function
fromF intoF by

x 7→ fx .
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We now apply the hypothesis. SinceIm(S) is finite, the setF is finite, and conse-
quentlyM is finite. LetQ be the subset ofM composed of those functions that map
the sequence((S, p))p∈P onto an elementF of the form(βp)p with β1 ∈ V . Since
fx((S, p)p∈P ) = ((S, px)p∈P ), we have

fx ∈ Q ⇐⇒ (S, x) ∈ V ⇐⇒ x ∈ S−1(V ) .

This shows thatS−1(V ) is recognizable, whence rational. �1072

3 Syntactic algebras and syntactic monoids1073

LetL be a language. Thesyntactic congruenceof L, denoted by∼L, is the congruence
onA∗ defined by

u ∼L v if and only if ∀x, y ∈ A∗, xuy ∈ L ⇐⇒ xvy ∈ L .

It is easily verified that this is indeed a congruence onA∗. Moreover, the syntactic1074

congruence saturatesL. In other words, ifu ∼L v, thenu ∈ L if and only if v ∈ L.1075

If ∼ is another congruence that saturatesL, thenu ∼ v impliesxuy ∼ xvy (since1076

∼ is a congruence), thereforexuy ∈ L if and only if xvy ∈ L. This shows thatu ∼ v1077

impliesu ∼L v. Thus the syntactic congruence ofL is the coarsest congruence ofA∗
1078

which saturatesL. The monoidML = A∗/ ∼L is called thesyntactic monoidof L.1079

In view of the definition of recognizable languages and of Theorem 1.1, we have the1080

following result.1081

Proposition 3.1 A language is rational if and only if its syntactic monoid is finite.1082

�1083

Given a languageL, we call syntactic algebraof L the syntactic algebra of its1084

characteristic seriesL (and we do similarly for other objects associated to the series).1085

Here we take forK a commutative ring.1086

Proposition 3.2 LetL be a language and letA be its syntactic algebra, with the natu-1087

ral algebra homomorphismµ : K〈A〉 → A. Thenu ∼L v if and only ifµ(u) = µ(v),1088

andµ(A∗) is the syntactic monoid ofL.1089

Proof. LetS = L. By definition of the syntactic algebra and Lemma 2.1.2, we have

µ(u) = µ(v) ⇐⇒ u− v ∈ IS

⇐⇒ (S, x(u − v)y) = 0 for all x, y ∈ A∗ .

This latter condition is equivalent to(S, xuv) = (S, xvy) for all x, y ∈ A∗. This is1090

seen to be equivalent tou ∼L v.1091

This proves the first statement, and the second follows. �1092

Recall that themonoid algebraKM of a monoidM is theK-module of formal1093

K-linear combinations of elements ofm, with K-bilinear product extending that of1094

M . In particular,K〈A〉 is the monoid algebra of the monoidA∗.1095
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Proposition 3.3 LetL be a language, letM be its syntactic monoid andA its syntac-
tic algebra. There are natural surjective algebra morphisms such that the following
diagram is commutative.

K〈A〉 A

KM

In particular,A is a quotient ofKM .1096

In general,A is not isomorphic withKM , see Exercise 3.1.1097

Proof. We have an algebra morphism̄ρ : K〈A〉 → KM which extends the syntactic1098

monoid morphismρ : A∗ → M . There is a subsetP of M such thatL = ρ−1(P ).1099

Define the linear mappingϕ : KM → K by ϕ(m) = 1 if m ∈ P , andϕ(m) = 01100

otherwise. Then(L,w) = ϕ ◦ ρ̄(w) for any wordw. Hence the idealKer(ρ̄) is1101

contained inKer(L) and thereforeKer(ρ̄) is contained in the syntactic idealIL of1102

L. From this, we deduce the algebra morphismKM → A which makes the diagram1103

commutative. �1104

4 Support1105

In this and the next sections, we study properties of languages which are supports of1106

rational series. These languages strongly depend on the underlying semiring. Thus we1107

have seen in Sections 1 and 2 that the rational languages are exactly the supports of1108

rational series when the semiring isN or is finite. This is not generally true.1109

Example 4.1 LetK = Z, A = {a, b}, and letS be the series

S =
∑

w

(|w|a − |w|b)w .

This series is rational (Example 1.5.3). Its support is the language

supp(S) = {w ∈ A∗ | |w|a 6= |w|b}
and its complement is

L = {w ∈ A∗ | |w|a = |w|b} .
We shall prove thatL is not a support of a rational series overZ. This shows thatL is1110

not a rational language, by Proposition 2.1, and shows also thatsupp(S) is not rational,1111

by Corollary 1.5.1112

Arguing by contradiction, we assume thatL = supp(T ) for some rational seriesT
having a linear representation(λ, µ, γ) of dimensionn. Then the matrixµan is a linear
combination of the matricesµ1, µa, . . . , µan−1, and

µan = α1µ1 + · · · + αnµa
n−1 .

Multiplying on the left byλ and on the right byµbnγ, one gets

(T, anbn) = α1(T, b
n) + · · · + αn(T, an−1bn) .

Sinceaibn /∈ L for i 6= n, the right-hand side of this equation vanishes, and the left-1113

hand side is not zero, a contradiction.1114
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Example 4.2 Recall that apalindromew is a word which is equal to its reversal, that1115

isw = w̃ (see Exercise 2.1.3). We show that the languageL = {w ∈ A∗ | w 6= w̃} of1116

words which are not palindromes is the support of a rational series overZ.1117

Assume for simplicity thatA = {a0, a1}, and consider the series

∑

w

〈w〉w ,

where〈w〉 is the integer represented byw in base2. This series is rational (see Exam-
ple 1.5.2). Consequently the series

∑

w

〈w̃〉w

also is rational (see Exercise 2.1.3). Thus the series

∑

w

(〈w〉 − 〈w̃〉)w

is rational, and its support isL. Note that, by a technique analogous to that of Exam-1118

ple 4.1, one can show that the set of palindromes is not a support of a rational series.1119

For the rest of this section, we fix a subsemiringK of the fieldR of real numbers.1120

We denote byK the family of languages which are supports of rational series, that is1121

L ⊂ A∗ is in K if and only ifL = supp(S) for some rational seriesS ∈ K〈〈A〉〉.1122

We shall see thatK has all the closure properties usually considered in formallan-1123

guage theory, excepting complementation, as follows from Example 4.1.1124

The morphisms considered in the next statement are morphisms from one free1125

monoid into another.1126

Theorem 4.1 (Schützenberger 1961a, Fliess 1971)The familyK contains the rational1127

languages. Moreover,K is closed under finite union, intersection, product, submonoid1128

generation, direct and inverse morphism.1129

Proof. The first claim is a consequence of Proposition 2.1. Consider now a language
L ⊂ A∗ in K, and letS ∈ K〈〈A〉〉 be a rational series withL = supp(S). If φ : B∗ →
A∗ is a morphism, then

φ−1(S) =
∑

w∈B∗

(S, φ(w))w

is rational. Indeed, if(λ, µ, γ) is a linear representation ofS, then clearly(λ, µ ◦ φ, γ)1130

is a linear representation ofφ−1(S). Consequentlyφ−1(L) = supp(φ−1(S)) is in K.1131

Next, letL′ ⊂ A∗ be another language inK, with L′ = supp(S′), andS′ rational.1132

ThenL ∩ L′ = supp(S ⊙ S′) is also inK, by Theorem 1.5.5.1133

In order to show that the submonoidL∗ generated byL is also inK, observe first
thatL∗ = (L \ 1)∗ and thatL \ 1 = L ∩ A+ is in K. Thus we may assume1 /∈ L,
that is(S, 1) = 0. Next, we may suppose thatS has only nonnegative coefficients, by
consideringS ⊙ S instead ofS, which is possible in view of Theorem 1.5.5. Under
these conditions,

L∗ = supp(S∗) ,
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showing thatL∗ is in K. It is easily seen thatK is closed by union and product, using
the formulas

supp(S + S′) = supp(S) ∪ supp(S′) ,

supp(SS′) = supp(S) supp(S′) ,

which hold ifS andS′ have nonnegative coefficients.1134

Finally, consider a morphismφ : A∗ → B∗.1135

(i) First we assume thatφ(A) ⊂ B+. In this case, the family
(
(S,w)φ(w)

)
w∈A∗

of series with each of these series reduced to a monomial, is locally finite, and its sum,
the series

φ(S) =
∑

w∈A∗

(S,w)φ(w)

is rational by Proposition 1.4.2. If moreoverS has nonnegative coefficients, then

supp(φ(S)) = φ(L) ,

showing thatφ(L) is in K.1136

(ii) Next, we assume thatA = B ∪ {a}, with a /∈ B, and thatφ is the projection
A∗ → B∗, that isφ|B = id, φ(a) = 1. Letn be the dimension of a linear representation
(λ, µ, γ) of S, and set

P = A∗ \A∗anA∗ .

We claim that

φ(L) = φ(L ∩ P ) . (4.1)

Let indeedw ∈ L. If w /∈ P , thenw = xany for some wordsx andy. Using the1137

Cayley–Hamilton theorem forµa, we see that(S, xany) is a linear combination of the1138

(S, xaiy) with 0 ≤ i ≤ n − 1. Consequently, there is such ani with (S, xaiy) 6= 0,1139

whencexaiy ∈ L. Sinceφ(w) = φ(xaib), induction on the length completes the1140

proof.1141

Letψ : B∗ → K〈A〉 be the morphism of monoids defined by

ψ(b) = (1 + · · · + an−1)b(1 + · · · + an−1) .

Further, recall that we may assume thatS has nonnegativecoefficients. LetT ∈ K〈〈B〉〉1142

be the rational series with the linear representation(λ, µ ◦ ψ, γ), with µ extended to1143

K〈A〉 by linearity.1144

Letw = b1 · · · bm ∈ B∗. The coefficient ofw in T is λ(µ ◦ ψw)γ. Sinceψw is an
N-linear combination of words of the form

ai0b1a
i1 · · · bmaim (4.2)

and since, by definition ofψ, any word of the form given by Equation (4.2) with
i0, . . . , im ∈ {0, . . . , n− 1} appears inψw, it follows that(T,w) is anN-linear com-
bination of coefficients of the form

(S, ai0b1a
i1 · · · yma

im) .
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In view of Equation (4.1), and by the fact that all coefficients are nonnegative, this
implies that

φ(supp(S)) = supp(T ) .

(iii) Consider finally an arbitrary morphismφ : A∗ → B∗ andL in K. We may assume1145

thatA andB are disjoint. Thenφ = φ2 ◦φ1, whereφ1 : A∗ → (A∪B)∗ is defined by1146

φ1(a) = aφ(a) for each lettera, and withφ2 : (A ∪B)∗ → B∗ defined byφ2(a) = 11147

for a ∈ A, andφ2(b) = b for b ∈ B. In view of (i), φ1(L) ∈ K. Moreover,φ21148

can be factorized into a sequence of morphisms of the type considered in (ii). Thus1149

φ2(φ1(L)) ∈ K, andφ(L) ∈ K. �1150

5 Iteration1151

In this section, we assume thatK is afield. We prove the following.1152

Theorem 5.1 (Jacob 1980)LetL be a language which is support of a rational series.
There exists an integerN such that for any wordw in L, and for any factorization
w = xuy satisfying|u| ≥ N , there exists a factorizationu = pvs such that the
language

L ∩ xpv∗sy .

is infinite.1153

We need a definition and a lemma.1154

Definition A quasi-power of order0 is any nonempty word. Aquasi-power of order1155

n+ 1 is a word of the formxyx, wherex is a quasi-power of ordern.1156

Example 5.1 If x 6= 1, thenxyxzxyx is a quasi-power of order2.1157

Lemma 5.2 (Schützenberger 1961b)LetA be a (finite) alphabet. There exists a se-1158

quence of integers(cn) such that any word onA of length at leastcn has a factor1159

which is a quasi-power of ordern.1160

Proof. Letd = Card(A), c0 = 1 and inductively

cn+1 = cn(1 + dcn) .

Suppose that any word of lengthcn contains a factor which is a quasi-power of order1161

n. Letw be a word of length at leastcn+1 = cn(1 + dcn). Thenw has a factor of the1162

form x1x2 · · ·xr, with eachxi of lengthcn andr = 1 + dcn . Since there are onlydcn1163

distinct words of lengthcn onA, two of thexi’s are identical, andw has a factorxyx1164

with |x| = cn. By the induction hypothesis,x = zx′t with x′ a quasi-power of ordern.1165

Thusw has as a factorx′tyzx′ which is a quasi-power of ordern+ 1. �1166

Proof of Theorem5.1. LetS be a rational series withL = supp(S), let (λ, µ, γ) be
a linear representation ofS, of dimensionn. SetN = cn wherecn has the meaning
of Lemma 5.2. Consider a wordw = xuy ∈ L, with |u| ≥ N . Thenu contains a
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quasi-power of ordern. Thus there exist words1 6= x0, x1, . . . , xn, y1, . . . , yn such
thatxn is a factor ofu and, for eachi = 1, . . . , n, xi = xi−1yixi−1. Next

n ≥ rank(µxi−1) ≥ rank(µxi−1yixi−1) = rank(µxi) .

Consequently, there is an integeri such thatrank(µxi−1) = rank(µxi−1yixi−1). Set
p = µxi−1 andq = µyi. Let these matrices acton the rightonK1×n. Fromrank(p) =
rank(pqp), it follows that

Im(p) ∩ Ker(qp) = 0 . (5.1)

Moreover,

rank(p) ≥ rank(qp) ≥ rank(pqp) = rank(p) ,

showing thatrank(p) = rank(qp), and sinceIm(qp) ⊂ Im(p), it follows thatIm(qp)
= Im(p). By Equation (5.1), this gives

Im(qp) ∩ Ker(qp) = 0 .

Sincen = dimKer(qp) + dim Im(qp), the spaceK1×n is the direct sum ofIm(qp)
andKer(qp). In a basis adapted to this direct sum, the matrixqp has the form

(
m 0
0 0

)

wherem is an invertible matrix. Consequently the minimal polynomial P (t) of qp is
not divisible byt2. We deduce thatu can be factorized intou = pvs, with v 6= 1, and
where the minimal polynomial

P (t) = tr − a1t
r−1 − · · · − ar−1t− ar

of µv has at least one of the coefficientsar−1 or ar nonnull. Consider the sequence of
numbers(bk) defined by

bk = (S, xpvksy) = λµ(xp)(µv)kµ(sy)γ .

For allk ≥ 0, the following relation holds:

bk+r = a1br+k−1 + · · · + ar−1bk+1 + arbk .

Sincew ∈ L, one hasb1 = (S, xpvsy) = (S,w) 6= 0. The conditionar−1 6= 0 or1167

ar 6= 0 implies that there exist infinitely manyk for which bk 6= 0, whencexpvksy ∈1168

L. �1169

6 Complementation1170

In this section,K is a field. We have seen that the complement of the support of a1171

rational series is not the support of a rational series, in general. However, the following1172

result holds.1173

Theorem 6.1 (Restivo and Reutenauer 1984)If the complement of the support of a1174

rational series is also the support of a rational series, then it is a rational language.1175
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For the proof, we use the following theorem.1176

Theorem 6.2 (Ehrenfeucht et al. 1981)LetL be a language, and letn be an integer
such that for any wordw and any factorizationw = ux1 · · ·xnv, there existi, j with
0 ≤ i < j ≤ n such that

w ∈ L ⇐⇒ ux1 · · ·xixj+1 · · ·xnv ∈ L .

ThenL is a rational language.1177

The condition means that, given a wordw inL (resp.w not inL) with n consecutive1178

factors, one may remove in it some factor which is a product ofsome of them, obtaining1179

a wordw′ in L (resp.w′ not inL).1180

Proof of Theorem6.1. LetL = supp(S) and letL′ = A∗ \L = supp(T ) be two com-1181

plementary languages which are supports of the rational seriesS andT respectively.1182

Consider linear representations(λ, µ, γ) and(λ′, µ′, γ′) of S andT . Further, letn be1183

an integer greater than the dimension of both representations.1184

Letw = ux1 · · ·xnv ∈ A∗.1185

(i) Assume thatw is inL. Then0 6= λµ(ux1 · · ·xnv)γ and consequentlyλµu 6= 0.
Then+ 1 vectors

λµu, λµux1, . . . , λµux1 · · ·xn

belong to a space of dimension at mostn. Consequently, there is an integerj with
1 ≤ j ≤ n such thatλµux1 · · ·xj is a linear combination of the vectorsλµux1 · · ·xi

(0 ≤ i < j), say

λ(µux1 · · ·xj) =
∑

0≤i<j

αiλµ(ux1 · · ·xi)

with αi ∈ K. Multiplying on the right byµ(xj+1 · · ·xnv)γ, one gets

(S,w) =
∑

0≤i<j

αi(S, ux1 · · ·xixj+1 · · ·xnv) .

Since(S,w) 6= 0, there existsi with 0 ≤ i < j such that

(S, ux1 · · ·xixj+1 · · ·xnv) 6= 0

and henceux1 · · ·xixj+1 · · ·xnv ∈ L.1186

(ii) Assume now thatw /∈ L, that isw ∈ L′. A similar proof, this time with
(λ′, µ′, γ′), shows that there are integersi, j (0 ≤ i < j ≤ n) such that(T, ux1 · · ·
xixj+1 · · ·xnv) 6= 0, showing thatux1 · · ·xixj+1 · · ·xnv ∈ L′, whence

ux1 · · ·xixj+1 · · ·xnv /∈ L .

Thus we have shown that the languageL satisfies the conditions of Theorem 6.2. Con-1187

sequently,L is rational. �1188

For the proof of Theorem 6.2, we use without proof the well-known theorem of1189

Ramsey. In order to state it simply, we introduce the following notation: For any set1190

E, we denote byE(p) the set of subsets ofp elements ofE.1191
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Theorem 6.3 (Ramsey; see e.g. Ryser 1963 or Harrison 1978)For any integersm, p,1192

r, there exists an integerN = N(m, p, r) such that for any setE ofN elements and1193

for any partitionE(p) = X1 ∪ · · · ∪Xr, there exists a subsetF ofE withm elements,1194

such thatF (p) is contained in one of theXi’s.1195

Proof of Theorem6.2. Letn be a fixed integer, and letL be the set of all languagesL
overA satisfying the conditions of Theorem 6.2 for thisn. We prove below thatL is
finite. It is not difficult to show that for anyL ∈ L and any wordw, the language

w−1L = {x ∈ A∗ | wx ∈ L}

is still in L. In view of Corollary 2.8, any language inL is rational.1196

In order to show thatL is finite, we use Ramsey’s theorem form = 1 + n, p = 2,
r = 2. LetN = N(m, 2, 2). LetL andK be two languages inL such that for allw of
length< N − 1,

w ∈ L ⇐⇒ w ∈ K . (6.1)

We prove that thenL = K. This clearly implies thatL is finite. To prove the equality,
we argue by induction on the lengths of words inA∗. Let w be a word of length
≥ N − 1, let

w = a1a2 · · · aN−1s (ai ∈ A)

andE = {0, 1, . . . , N − 1}. Consider the partition

E(2) = X ∪ Y ,

with

X = {(i, j) | 0 ≤ i < j ≤ N − 1 anda1 · · · aiaj+1 · · · aN−1s ∈ L} ,
Y = E(2) \X .

Observe that by the induction hypothesis,

X = {(i, j) | 0 ≤ i < j ≤ N − 1 anda1 · · · aiaj+1 · · · aN−1s ∈ K} .

By Ramsey’s theorem, there exists a subsetF of E with m = n+1 elements such that

F (2) ⊂ X or F (2) ⊂ Y .

Let F = {f1 < f2 < · · · < fm} and letu = a1 · · ·af1
, x1 = af1+1 · · · af2

, . . . ,
xn = afn+1 · · · afn+1

andv = afn+1+1 · · ·aN−1s. Then we obtain a factorization

w = ux1 · · ·xnv

such that1197

(i) either, for all0 ≤ i < j ≤ n, the wordux1 · · ·xixj+1 · · ·xnv is both inL and1198

K;1199

(ii) or, for all 0 ≤ i < j ≤ n, the wordux1 · · ·xixj+1 · · ·xnv is neither inL nor in1200

K.1201
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SinceL andK are inL, the first condition implies thatw ∈ L andw ∈ K, and the1202

second condition thatw /∈ L andw /∈ K. Thus Equation (6.1) is satisfied and the proof1203

is complete. �1204

Theorem 6.1 is a special case of the following open problem.1205

Open problem Let L andK be disjoint languages which are both support of some
rational series. Does there exist two disjoint rational languagesL′ andK ′ such that

K ⊂ K ′, L ⊂ L′

(that isK andL arerationally separated) ?1206

Exercises for Chapter 31207

1.1 Show that a subset ofa∗ (wherea is a letter) is rational if and only if it is the1208

union of a finite set and of a finite set of arithmetic progressions (we identify1209

a∗ = {an | n ∈ N} with N).1210

1.2 For subsetsX,Y of A∗, setX−1Y = {x−1y | x ∈ X, y ∈ Y }. Show that1211

whatever isX , if Y is a rational language, thenX−1Y is a rational language.1212

(Hint: Use Corollary 2.8.)1213

1.3 Show that forX any recognizable subset ofA∗, there exists an integerN such1214

that, for every wordw in X of length at leastN , and for every factorizationw =1215

xuy with |u| ≥ N , there exists a factorizationu = pvs such that0 < |v| ≤ N1216

andxpvnsy ∈ X for all n ≥ 0. This result is known as thepumping lemmafor1217

recognizable (or rational) languages.1218

2.1 LetK be a field. The set of rational series ofK〈〈A〉〉, equipped with the sum1219

and the Hadamard product, is aK-algebra (Theorem 1.5.5). Show that theidem-1220

potentsof this algebra are precisely the characteristic series of the rational lan-1221

guages.1222

An elementS of this algebra is calledsub-invertibleif
∑

w(S,w)−1w, where1223

the summation is over allw ∈ supp(S), is rational. Show that an element is1224

sub-invertible if and only if there exists a group containedin the multiplicative1225

monoid of this algebra and containing the given element.1226

2.2 Define as follows theunambiguous rational operationson languages :1227

The unionL1 ∪ L2 is unambiguous if the sets are disjoint. The productL1L2 is1228

unambiguous ifu, u′ ∈ L1, v, v′ ∈ L2, anduv = u′v′ imply u = u′, v = v′.1229

The star operationL 7→ L∗ is unambiguous ifL is the basis of a free submonoid1230

of A∗ (that isL is a code).1231

A language is calledunambiguously rationalif it may be obtained from finite lan-1232

guages by using only unambiguous rational operations. By using Proposition 2.11233

applied toN, show that each rational language is unambiguously rational. (Hint:1234

Use the part “reconizable=⇒ rational” in the proof of Theorem 1.7.1.)1235

2.3 Consider two seriesS andS′ which differ only by values on words of length at1236

mostN . Show that they are both rational or both irrational. (Hint: Consider1237

T = S ⊙ AN+1A∗, observe thatS = T + P andS′ = T + P ′ for some1238

polynomialsP andP ′, and use Corollary 2.3.)1239

2.4 Show how to deduce Theorem 2.10 from Corollary 2.2.3 whenK is a field.1240
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2.5 LetL be a language recognized by some finite deterministic automaton A =1241

(Q, i, E, T ). LetM = (mp,q) be the matrix inNQ×Q, wheremp,q is the number1242

of edges(p, a, q) in E. LetN be the inverse of the matrix1 − xM overZ[[x]].1243

Show that the generating function ofL is equal to
∑

t∈Ni,t.1244

2.6 a) Letc(x) =
∑

n≥0 cnx
n be anN-rational series without constant term. Show1245

(without using Soittola’s theorem proved in Chapter 8) thatfor all large enough1246

integersk > 0, the series
∑

(kn−cn)xn is N-rational. (Hint: Consider a rational1247

languageC over some alphabet which has generating functionc(x).)1248

b) Let a(x) =
∑

n≥0 anx
n be aZ-rational series without constant term. Show,1249

using a), that the series
∑

(kn + an)xn is N-rational for lange enough integers1250

k. (Hint: Write a(x) as the differenceb(x) − c(x) of two N-rational languages1251

and consider disjoint languagesB andC with generating functionb(x) andc(x)1252

respectively.)1253

3.1 LetL = (1 + a3)(a4)∗. Show, with the notations of Proposition 3.3, thatKM is1254

not isomorphic toA (show thatM = Z/4Z and1 − a+ a2 − a3 ∈ IL).1255

4.1 Denote byRK the set of supports of rational series with coefficients in the semir-1256

ingK. ThusRN is the set of rational languages (cf. Section 1).1257

a) Show that ifK andL are fields andL is an algebraic extension ofK, then1258

RK = RL.1259

b) Show that ifK is a finite field andt is a variable, then the support of the series
over the fieldK(t)

∑

n≥0

((t+ 1)n − tn − 1)an

is not a rational language (use Exercise 1.1).1260

c) Show that, given a fieldK, one hasRK = RN if and only ifK is an algebraic1261

extension of a finite field (use Example 4.1) (see Fliess 1971).1262

4.2 Letf, g : A∗ → B∗ be two morphisms of a free monoid into another. Define the
equality setof f andg as the language

E(f, g) = {w ∈ A∗ | f(w) = g(w)} .

Show that the complement ofE(f, g) is the support of some rational series over1263

Z (see Turakainen 1985).1264

4.3 Show that it is decidable whether the support of a rational series is empty. (Hint:1265

Use Exercise 2.3.2.)1266

4.4 Show that it is decidable whether the support of a rational series is finite. (Hint:1267

Use Exercise 2.2.3.)1268

4.5 Show that it is undecidable whether the support of a rational series is the whole1269

free monoid. (Hint: Using Example 1.5.3, reduce this problem to the undecidabil-1270

ity of Hilbert’s tenth problem (theorem of Davis, Putnam, Robinson, Matijacevic,1271

Cudnowski, see Manin (1977), Theorem VI.1.2 and seq.: givena polynomial1272

P ∈ Z[x1, . . . , xn], it is undecidable whether there exists(α1, . . . , αn) ∈ Nn
1273

such thatP (α1, . . . , αn) = 0).)1274

Show that it is undecidable whether two supports are equal.1275

4.6 Show that the following problem is undecidable. Given a rational seriesS ∈1276

Q〈〈A〉〉, are there infinitely many wordsw such that(S,w) = 0? Deduce that it is1277

undecidable whether the complement of the support of a rational series is finite.1278
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4.7 Use the undecidability of thePost Correspondence Problemand Exercise 4.2 to1279

give another proof of the undecidability of the equality of two supports of rational1280

series.1281

5.1 Let up be a quasi-power of orderp, with u0 6= 1 andui = ui−1viui−1 for1282

i = 1, . . . , p.1283

a) Show that there exist wordsw1, . . . , wp such that for alli = 1, . . . , p,

ui = u0wiwi−1 · · ·w1 .

b) Use question (a) to prove that for all integersn andp, there is an integerℓ such
that for every morphism

µ : A∗ → Kn×n

and for any wordw of length at leastℓ, there exist nonempty wordsw1, . . . , wp1284

such thatwpwp−1 · · ·w1 is a factor ofw and all theµwi’s have the same kernel1285

N and the same imageI with N ∩ I = 0, and consequently belong to the same1286

group contained in the multiplicative monoidKn×n (see Jacob 1978).1287

Notes to Chapter 31288

According to Corollary 2.2, anN-rational seriesS =
∑

n≥1 anx
n with zero constant1289

term in one variable is the generating function of a rationallanguageL over some1290

alphabetA. Let us say that a seriesS is k-realizable if the languageL can be chosen1291

over an alphabetA of k letters. In order to bek-realizable, one must havean ≤ kn
1292

for all n. If S is k-realizable, then the series(1 − kx)−1 − S is N-rational since it is1293

the generating function of the complementA∗ \ L of L. It is shown in Béal and Perrin1294

(2003) that conversely a seriesS is k-realizable if bothS and (1 − kx)−1 − S are1295

N-rational.1296

Theorem 2.10 is due to Schützenberger (1961a) for fields, and to Sontag (1975) for1297

rings.1298

The proof of Jacob’s theorem (Theorem 5.1) is from Reutenauer (1980b); in this1299

paper, another argument makes it possible to extend the result to infinite alphabets, and1300

also to give a smaller boundN which depends only on the rank of the series (and not1301

on the size of the alphabet). See also Okniński (1998, Theorem 1.12).1302

The cancellation propertyof Theorem 6.2 characterizes the rationality of a lan-1303

guage: indeed, each rational language has this property, for somen, as may be easily1304

verified.1305

Let us mention the following open problem (Salomaa and Soittola 1978, page 81).1306

Does there exist a language which is support of aR-rational series without being sup-1307

port of aQ-rational series?1308



Chapter 41309

Rational expressions1310

We define rational expressions, their star height and rational identities. Section 1 stud-1311

ies the rational identityE∗ ≡ 1 + EE∗ ≡ 1 + E∗E and its consequences and the1312

operatorsa−1E. In Section 2, we show that, over a commutative ring, rational iden-1313

tities are all consequences of the previous identities. In Section 3, we show that, over1314

a field, star height may be characterized through some minimal representation, and1315

deduce that the star height of the star of a generic matrix of ordern is n. In the last1316

section, we see that the star height may decrease under field extension and show how1317

to compute the absolute star height, which is the star heightover the algebraic closure1318

of the ground field.1319

1 Rational expressions1320

Let K be a commutative semiring and letA be an alphabet. We define below the1321

semiring ofrational expressions onA overK. This semiring, denotedE , is defined1322

as the union of an increasing sequence of subsemiringsEn for n ≥ 0. Each such1323

subsemiring is of the formEn = K〈An〉 for some (in general infinite) alphabetAn;1324

moreover, there will be a semiring morphismE 7→ (E, 1), En → K. We call(E, 1)1325

theconstant termof the rational expressionE.1326

Now A0 = A, E0 = K〈A〉 and the constant term is the usual constant term.
Suppose that we have definedAn−1, En−1 = K〈An−1〉 and the constant term function
onEn−1 for n ≥ 1. We define

An = An−1 ∪ {E∗ | E ∈ En−1, (E, 1) = 0} .
HereE∗ is a formal expression, obtained fromE by putting∗ as exponent. Now

En = K〈An〉
and the constant term function is obtained as follows: it is already defined onAn−11327

(sinceAn−1 ⊂ En−1), and we extend it to all ofAn by setting(E∗, 1) = 1 for1328

E ∈ En−1, (E, 1) = 0; now it is extended uniquely to a semiring morphismEn =1329

K〈An〉 → K which is the identity onK.1330

An element ofEn \ En−1 is called a rational expression ofstar heightn.1331

Example 1.1 LetA = {a, b}. Thenab ∈ E0, (ab)∗ ∈ A1 and1+ b(ab)∗a ∈ E1. Since1332

a ∈ A0, one getsa∗ ∈ A1, a∗b ∈ E1, (a∗b)∗ ∈ A2, (a∗b)∗a∗ ∈ E2. The constant term1333

of 1 + b(ab)∗a is 1, and so is also that of(a∗b)∗a∗.1334

59
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It follows from the definitions of rational operations in Section 1.4 and of rational1335

expressions above that there is a unique morphismeval : E → K〈〈A〉〉, extending the1336

identity onK ∪A, such that the star operation is preserved. We leave the formal proof1337

to the reader. Moreover,evalpreserves constant terms, that is(eval(E), 1) = (E, 1)1338

for any rational expression. It follows also easily from thedefinitions that the image1339

of eval is the semiring of all rational series onA overK. Finally, the star height of1340

a rational seriesS is the leastn such thatS ∈ eval(En): this is a rephrasing of the1341

corresponding definition in Section 1.4.1342

LetE,F be two rational expressions. We writeE ≡ F wheneval(E) = eval(F ).1343

We say thatE ≡ F is a rational identity. Clearly, the relation≡ is a congruence of1344

the semiringE . In other words,E ≡ F andE′ ≡ F ′ imply E + E′ ≡ F + F ′ and1345

EE′ ≡ FF ′.1346

We define another congruence onE , denoted∼. It is the least congruence ofE such1347

that for anyE ∈ E with (E, 1) = 0, one hasE∗ ∼ 1 + EE∗ ∼ 1 + E∗E.1348

If E ∼ F , thenE ≡ F and(E, 1) = (F, 1). Indeed, the first equation is true since1349

≡ is a congruence satisfyingE ≡ 1+EE∗ ≡ 1+E∗E for anyE in E with (E, 1) = 01350

(because forS = eval(E), one hasS = 1 + SS∗ = 1 + S∗S, see Section 1.4). Thus1351

we obtain the sequence of implicationsE ∼ F =⇒ E ≡ F =⇒ eval(E) =1352

eval(F ) =⇒ (E, 1) = (F, 1).1353

The constant term morphismE → K, E 7→ (E, 1) extends naturally to matrices:1354

En×n → Kn×n, M 7→ (M, 1). We callM proper if (M, 1) = 0; in other words,1355

if each entry ofM has zero constant term. We write1 for the identity matrix. The1356

congruence∼ extends naturally to matrices, too.1357

Proposition 1.1 Given a proper square matrixM overE , there exist matricesM1,M21358

of the same size asM overE such thatM1 ∼ 1 + MM1 andM2 ∼ 1 + M2M . In1359

particular, ifK is a ring,1 −M is invertible modulo∼.1360

Proof. This is clear ifM is of size1 × 1. LetM be of larger size, and writeM =(
I J
N L

)
in nontrivial block form, withI, L square. By induction, sinceI andL are

proper, there exist matricesI1, L1 of the same size thanI, L such thatI1 ∼ 1 + II1,
L1 ∼ 1+LL1. Let I ′ = I+JL1N andL′ = L+NI1J . By induction again, sinceI ′

andL′ are proper, there existI ′1, L
′
1 such thatI ′1 ∼ 1 + I ′I ′1 andL′

1 ∼ 1 + L′L′
1. Let

M1 =

(
I ′1 I1JL

′
1

L1NI
′
1 L′

1

)
.

We verify thatM1 ∼ 1 + MM1 by computing the coefficients1, 1 and1, 2 of the
right-hand side (we leave the remaining verifications to thereader).The first is

1 + II ′1 + JL1NI
′
1 = 1 + (I + JL1N)I ′1 = 1 + I ′I ′1 ∼ I ′1 .

The second is

II1JL
′
1 + JL′

1 = (II1 + 1)JL′
1 ∼ I1JL

′
1 .

This proves the result.1361

The existence ofM2 is proved symmetrically. Now, ifK is a ring, then so areE and1362

E/∼, hence(1−M)M1 ∼ 1 ∼M2(1 −M). ConsequentlyM1 ∼M2(1−M)M1 ∼1363

M2. Hence1 −M is invertible inE/∼. �1364
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We define now, for each lettera, aK-linear operatorE → E denoted byE 7→1365

a−1E. This is done recursively on the subsemiringsEn. Forn = 0, it is the operator1366

onE0 = K〈A〉 defined in Section 1.5.1367

Suppose that we have defined the operator onEn−1, with n ≥ 1. We definea−1E1368

first for E ∈ An: if E ∈ An−1, thena−1E is already defined. Otherwise,E = F ∗
1369

for someF ∈ En−1 with (F, 1) = 0; thena−1F is defined and we definea−1E =1370

(a−1F )F ∗.1371

Now a−1E is defined forE ∈ An, and we consider the functionµ : An → E2×2
n

defined by

µ(E) =

(
E 0

a−1E (E, 1)

)
.

The functionµ extends first to a monoid morphismA∗
n → E2×2

n , the latter with its1372

multiplicative structure. Then, sinceA∗
n is a basis of theK-moduleEn, it extends by1373

K-linearity toEn = K〈An〉 → E2×2
n . We then define the operatora−1E, for anyE in1374

En, by a−1E = µ(E)2,1.1375

Thus the operator is defined onEn, hence recursively on allE . Sinceµ is a multi-
plicative morphism, we have for allE,F in E

(
EF 0

a−1(EF ) (EF, 1)

)
=

(
E 0

a−1E (E, 1)

) (
F 0

a−1F (F, 1)

)
.

This implies

a−1(EF ) = (a−1E)F + (E, 1)a−1F . (1.1)

Moreover, by constructiona−1E∗ = (a−1E)E∗ if (E, 1) = 0.1376

Proposition 1.21377

(i) If a ∈ A andE is a rational expression, theneval(a−1E) = a−1 eval(E).1378

(ii) If E is a rational expression, then

E ∼ (E, 1) +
∑

a∈A

a(a−1E) .

Proof. (i) The formula holds by definition ifE ∈ E0. We suppose that it holds for
E ∈ En−1, n ≥ 1, and prove it forE ∈ En. Define the semiring morphismµ′ :
K〈〈A〉〉 → K〈〈A〉〉2×2 by

µ′(S) =

(
S 0

a−1S (S, 1)

)
.

The fact thatµ′ is multiplicative follows from Lemma 1.7.2. We have forE ∈ En

µ′ ◦ eval(E) =

(
eval(E) 0

a−1 eval(E) (eval(E), 1)

)

eval◦µ(E) =

(
eval(E) 0

eval(a−1E) (E, 1)

)
.

Thus it is enough to show that, forE ∈ En, µ′ ◦ eval(E) = eval◦µ(E). Since
µ′ ◦ evalandeval◦µ areK-linear semiring homomorphisms and sinceEn = K〈An〉,
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it is enough to verify it forE ∈ An. It suffices to show that the2, 1-entries of the two
matricesµ′ ◦ eval(E) andeval◦µ(E) coincide. Then, eitherE ∈ An−1 ⊂ En−1 and
it holds by induction, orE = F ∗ for someF ∈ En−1 with (F, 1) = 0. Then we know
thata−1E = (a−1F )F ∗, so that

eval(a−1E) = eval(a−1F ) eval(F ∗) = (a−1 eval(F )) eval(F )∗

= a−1(eval(F )∗) = a−1(eval(F ∗)) = a−1 eval(E)

using Lemma 1.7.2, and since by inductioneval(a−1F ) = a−1 eval(F ).1379

(ii) This holds by definition and Equation (1.5.1) whenE ∈ E0. We suppose it
holds forE ∈ En−1, n ≥ 1, and prove it forE ∈ En. First, letE ∈ An. If E ∈ An−1,
we are done by induction. OtherwiseE = F ∗ for someF ∈ En−1, (F, 1) = 0. Then
by inductionF ∼ ∑

a∈A a(a
−1F ). Thus

E = F ∗ ∼ 1 + FF ∗ ∼ 1 +
∑

a∈A

a(a−1F )F ∗

= 1 +
∑

a∈A

a(a−1F ∗) = 1 +
∑

a∈A

a(a−1E)

and we are done also.1380

Now, the formula to be proved isK-linear. SinceEn is a freeK-module with basis
A∗

n, it suffices to prove that the formula is preserved by product. Thus, suppose that it
is true forE andF . We prove it forEF . We have

(EF, 1) +
∑

a∈A

a(a−1(EF ))

= (EF, 1) +
∑

a∈A

a
(
(a−1E)F + (E, 1)(a−1F )

)
(by (1.1))

= (E, 1)(F, 1) +
∑

a∈A

a(a−1E)F + (E, 1)
∑

a∈A

a(a−1F )

= (E, 1)((F, 1) +
∑

a∈A

a(a−1F )) +
∑

a∈A

a(a−1E)F

∼ (E, 1)F +
∑

a∈A

a(a−1E)F

= ((E, 1) +
∑

a∈A

a(a−1E))F ∼ EF . �

2 Rational identities over a ring1381

Our aim is to prove in this section that, ifK is a commutative ring, then all rational1382

identities overK are “trivial”. This means that all rational identities are consequences1383

of the fact thatS∗ is the inverse of1 − S, for any proper seriesS.1384

With the notations of the previous section, this means that the two congruences≡1385

and∼ are equal. SinceK is a ring,E is also a ring, and we may equivalently consider1386

Ker(eval), called theideal of rational identities. The result is as follows.1387

Theorem 2.1 If K is a ring, the ideal of rational identities is generated by the rational1388

expressions(1 − E)E∗ − 1 andE∗(1 − E) − 1, withE ∈ E and(E, 1) = 0.1389
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Example 2.1 We illustrate the theorem by two examples. First, consider over {a, b}
the equality of series(ab)∗ = 1 + a(ba)∗b. Combinatorially, it means that each word
in (ab)∗ is either empty or of the formawb, wherew is in (ba)∗. We show that this
identity can be algebraically deduced from the identities(1− S)S∗ = 1 = S∗(1− S).
We have indeed

1 = 1 − ab+ ab = 1 − ab+ a(1 − ba)(ba)∗b

= 1 + a(ba)∗b− ab− aba(ba)∗b = (1 − ab)(1 + a(ba)∗b)

where we use(1− ba)(ba)∗ = 1 in the second equality and algebraic operations in the1390

others. Since(ab)∗ is the inverse of1−ab, we obtain by left multiplication the identity1391

(ab)∗ = 1 + a(ba)∗b.1392

The second rational identity we consider is(a+ b)∗ = (a∗b)∗a∗. Combinatorially,
it means that each word in{a, b}∗ has a unique factorizationai0bai1b · · · bain with
n ≥ 0 andi0, . . . , in ≥ 0. Algebraically, we have

1 = (a∗b)∗(1 − a∗b) = (a∗b)∗ − (a∗b)∗a∗b

= (a∗b)∗a∗ − (a∗b)∗a∗a− (a∗b)∗a∗b = (a∗b)∗a∗(1 − a− b)

where we use the fact that(a∗b)∗ (resp.a∗) is the inverse of1 − a∗b (resp. of1 − a)1393

in the first (resp. in the third) equality. Thus1 = (a∗b)∗a∗(1 − a − b) and we obtain1394

(a+ b)∗ = (a∗b)∗a∗ since(a+ b)∗ is the inverse of1 − a− b.1395

Proof of Theorem2.1.1396

1. Since a rational identity involves only finitely many coefficients of the ringK,1397

it is enough to prove the theorem whenK is a finitely generated ring. ThenK is1398

a Noetherian ring, hence each submodule of a finitely generated module overK is1399

finitely generated (see Theorem 1.5.3 and the remark before it).1400

2. We now associate to each rational expression a finitely generatedK-submodule1401

of E which is stable, that is, closed under the operatorsa−1E, and which containsE.1402

This is done by lifting to rational expressions what has beendone for rational series in1403

the first part of the proof of Theorem 1.7.1.1404

If E ∈ E0 = K〈A〉, the existence of the module is clear: we take theK-submodule1405

spanned by the words appearing inE. For the induction step, we note that, taking the1406

result for granted forE ∈ En−1, it holds ifE ∈ An−1. Now letE ∈ An \An−1. Then1407

E = F ∗ for someF ∈ En−1 with (F, 1) = 0. By induction, there is a stable finitely1408

generatedK-submoduleM of E which containsF . DefineN = ME + KE. Then1409

N is a finitely generatedK-submodule ofE containingE. It is stable sincea−1E =1410

(a−1F )E ∈ ME and since, forG ∈ M , a−1(GE) = (a−1G)E + (G, 1)(a−1E) ∈1411

ME becausea−1G ∈M .1412

We prove the existence of a submodule for all elements ofEn by showing that if1413

E,F possess such a submodule, so doE + F andEF . Denote the corresponding1414

submodules byME andMF . It is easy to show thatME +MF andMEF +MF do1415

the job. Observe that we use here only the fact thatK is a commutative semiring.1416

3. Now letE ≡ 0 be some rational identity. LetM be the smallest stableK-1417

submodule ofE containingE. It is finitely generated by 1. and 2. LetE1, . . . , En1418

generateM . It is enough to show thatE1, . . . , En are in the idealJ of E generated by1419

the elements indicated in the theorem. Note that∼ is equality moduloJ . Hence we1420

have to show thatEi ∼ 0.1421

By Proposition 1.2(i), each element ofM is itself a rational identity, sinceM is
spanned by the smallest subset ofE containingE and closed under the operations
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F 7→ a−1F , a ∈ A. In particular,(Ei, 1) = 0. Thus by Proposition 1.2(ii) we have

Ei ∼
∑

a∈A

a(a−1Ei) .

SinceM is stable,a−1Ei is aK-linear combination of theEj . Thus we may find
homogeneous polynomialsMi,j of degree1 such thatEi ∼ ∑

j Mi,jEj . In other
words, if we putM = (Mi,j), we obtain

(1 −M)



E1

...
En


 ∼ 0 .

By Proposition 1.1,1 −M is invertible moduloJ . ThusEi ∈ J for anyi. �1422

3 Star height1423

A finite directed graphG = (V,E) is strongly connectedif there is a path between1424

any pair of vertices. Astrongly connected componentof G is a maximal subgraph1425

which is strongly connected. Thecycle complexityof G is defined as follows: IfG has1426

no infinite path, its cycle complexity is0. Otherwise, ifG is strongly connected, it is1427

1+ the minimum of the cycle complexity of the graphsG \ v, for all verticesv in G.1428

Finally, if G is not strongly connected, it is the maximum of the cycle complexity of1429

the strongly connected components ofG.1430

1 2

3

1 2

Figure 4.1: Two graphs with cycle complexity1 and2 respectively.

Lemma 3.1 LetG be a finite directed graph. Let̃G be the opposite graph, obtained1431

by reverting the edges. ThenG andG̃ have the same cycle complexity.1432

Proof Clearly G and G̃ have simultaneously infinite paths or not. Moreover, the1433

strongly connected components ofG and G̃ are opposite graphs. Furthermore, ifv1434

is a vertex, theñG \ v = G̃ \ v. From this, it is easy to verify by induction thatG and1435

G̃ have the same cycle complexity. Details are left to the reader. �1436

Let V be a totally ordered finite set and leth : V → N be a function. We define1437

another functionn : V → V ∪ {∞}, where∞ /∈ V andv < ∞ for anyv ∈ V . It is1438

called thenextfunction:n(v) is the smallestv′ > v such thath(v′) ≥ h(v) if such a1439

v′ exists; andn(v) = ∞ otherwise. Note thatv < n(v) for anyv ∈ V .1440
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Lemma 3.2 LetV ′ be an interval inV , let h′ = h|V ′ and letn′ be the next function
of h′. Then, for anyv ∈ V ′,

n′(v) =

{
n(v) if n(v) ∈ V ′ ,

∞ otherwise.

In particularn′(v) ≥ n(v). If moreoverV ′ is an upper order ideal ofV , then equality1441

n′(v) = n(v) holds for anyv in V ′.1442

Proof. Sincen′(v) = min{u ∈ V ′ | h(u) ≥ h(v) andu > v} andn(v) = min{u ∈1443

V | h(u) ≥ h(v) andu > v}, we see that ifn(v) ∈ V ′ thenn(v) = n′(v). If1444

n(v) /∈ V ′ then, sincev < n(v) and sinceV ′ is an interval,n(v) is greater than each1445

element inV ; thus forv′ ∈ V ′ with v′ > v, one hash(v′) < h(v) and consequently1446

n′(v) = ∞.1447

If V ′ is an upper order ideal, then forv ∈ V ′ andu ∈ V , the relationu > v implies1448

u ∈ V ′. Hence the formula at the beginning of the proof implyn(v) = n′(v). �1449

Let G = (V,E) be a finite directed graph. We say thath : V → N is a height
functionfor G if there is a total order onV such that,n being the next function ofh,
one has:

for anyv ∈ V , if h(v) = 0 (resp.h(v) ≥ 1), then for each edge
v → v′, one hasv′ < v (resp.v′ < n(v)).

(3.1)

Note that in the caseh(v) ≥ 1, if n(v) = ∞, then the conclusion always holds.1450

Lemma 3.3 LetG = (V,E) be a finite directed graph with height functionh, let V ′
1451

be an interval ofV and letG′ be the graph obtained by restriction ofG to V ′. Then1452

h|V ′ is a height function forG′.1453

Proof. OrderV ′ by restriction. Letn′ be the next function ofh′. Let v ∈ V ′ with1454

h(v′) = 0. Thenh(v) = 0 and by (3.1), for each edgev → v′ with v′ ∈ V ′, one has1455

v′ < v.1456

Now, let v ∈ V ′ with h′(v) ≥ 1. Thenh(v′) ≥ 1 and by (3.1), for each edge1457

v → v′ with v′ ∈ V ′, one hasv′ < n(v). By Lemma 3.2, one hasn(v) ≤ n′(v). Thus1458

v′ < n′(v).1459

This proves thath′ is a height function forG′. �1460

Lemma 3.4 LetG = (V,E) be a finite directed graph,v ∈ V and letH be a strongly1461

connected component ofG. If v ∈ H , then each strongly connected component ofH \v1462

is a strongly connected component ofG \ v. If v /∈ H , thenH is a strongly connected1463

component ofG \ v.1464

The proof is left to the reader.1465

Theorem 3.5 A graphG = (V,E) has cycle complexity at mostm if and only if it has1466

a height functionh with max(h) ≤ m.1467

For the graphs of Figure 4.1, one takes the natural order on the vertices, and the1468

functionsh(1) = 1, h(2) = h(3) = 0 for the first graph, andh(1) = 2, h(2) = 1 for1469

the second.1470
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Proof 1. LetG have cycle complexity at mostm. We may assume thatG has cycle1471

complexity exactlym. If m = 0, thenG has no infinite path, and we may totally order1472

V in such a way thatv → v′ impliesv > v′. Hence we may takeh(v) = 0 for all v.1473

Suppose now thatm ≥ 1. If G is strongly connected, there exists a vertexv such1474

thatG \ v has cycle complexitym− 1. By induction, a height functionh : V \ v → N1475

exists, andmax(h) ≤ m − 1. We extendh to V by h(v) = m and extend the order1476

onV \ v by v < v′ for all v′ ∈ V \ v. It is readily verified that the next function ofh1477

satisfiesn(v) = ∞ and it follows from Lemma 3.2 thatn(v′) = nG\v(v
′) for v′ 6= v.1478

From this, it follows thath is a height function forG.1479

Suppose now thatG is not strongly connected. We totally order the set of strongly1480

connected components ofG in such a way that ifH < H ′ then there is no edge from1481

H to H ′. On each strongly connected componentH , there exists, by induction, a1482

total order of its set of vertices and a height functionhH with max(hH) ≤ m. We1483

defineh onV by extending these functions naturally toV , and the total order onV by1484

gluing together all these orders in a way compatible with thetotal order on the strongly1485

connected components and such that each strongly connectedcomponent is an interval1486

of V .1487

Note that ifv, v′ are not in the same strongly connected component ofG, then

v → v′ implies v′ < v . (3.2)

Let v ∈ H . We suppose first thath(v) = 0. Thenv → v′ implies that either1488

v′ ∈ H and then, by (3.1)v′ < v, or v′ /∈ H andv′ < v by (3.2). Suppose now that1489

h(v) ≥ 1. If nH(v) ∈ H , thennH(v) = n(v) by Lemma 3.2; suppose thatv → v′:1490

then eitherv′ ∈ H , hence by (3.1)v′ < nH(v) = n(v), or v′ /∈ H and therefore by1491

(3.1) v′ < v < n(v). If nH(v) = ∞, thenn(v) /∈ H andv < n(v). Suppose that1492

v → v′: then eitherv′ ∈ H andv′ < n(v) (indeed,v, v′ ∈ H , v < n(v), n(v) /∈ H1493

andH is an interval implyv′ < n(v)); or v′ /∈ H and by (3.2)v′ < v < n(v). Hence1494

h is a height function forG.1495

2. Conversely, suppose thatG has a height functionh with max(h) ≤ m. We may1496

assume thatmax(h) = m. If m = 0, Equation (3.1) implies that there is no infinite1497

path inG, henceG has cycle complexity0. Assume thatm ≥ 1. Suppose first that1498

v = min(V ) is the unique vertex such thath(v) = m.1499

Consider the restrictionh′ of h to V \ v; sincev = min(V ), by Lemma 3.3,h′1500

is a height function forG \ v and its maximum is≤ m − 1. By induction,G \ v1501

has cycle complexity≤ m − 1. Let H be the strongly connected component ofG1502

containingv. Then by Lemma 3.4H \ v is a union of strongly connected components1503

of G \ v, hence its cycle complexity is≤ m − 1, and therefore that ofH is ≤ m. If1504

H ′ is another strongly connected component ofG, it is by Lemma 3.4 also a strongly1505

connected component ofG \ v and so has cycle complexity≤ m − 1. We conclude1506

thatG has cycle complexity at mostm.1507

Suppose now thath(min(V )) 6= m or thatmin(V ) is not the only vertex for which1508

h takes the valuem, and letv be the greatest vertex withh(v) = m in the total order on1509

V . ThenV1 = {v′ ∈ V | v′ < v} is nonempty and distinct fromV . LetV2 = V \ V1.1510

Then by (ii) and (iii), there is no edge fromV1 to V2, becausev = min(V2) and1511

n(v1) ≤ v for all v1 ∈ V1. Let Gi = G|Vi. Then by Lemma 3.3 the graphsGi1512

inherit a height function by restriction ofh, and we conclude by induction that their1513

cycle complexity is at mostm. Now, each strongly connected component ofG is1514

contained in a strongly connected component ofG1 or G2, which implies thatG has1515

cycle complexity at mostm. �1516
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K being a field, letE be a finite dimensional vector space overK, letB be a basis1517

of E and letΦ be a set of endomorphisms ofE. We associate toE,B,Φ a directed1518

graph with set of verticesB, and edgesb→ b′ whenever there is someφ ∈ Φ such that1519

φ(b) involvesb′ when expanded in the basisB.1520

Thecycle complexityandheight functionsof E,B,Φ are defined correspondingly.1521

We say thatE,Φ hascycle complexitym if m is the smallest cycle complexity of triples1522

E,B,Φ over all basesB of E.1523

We denote byE′ the dual space ofE, by B′ the dual basis ofB, and byΦ′ the1524

set of adjointsφ′ for φ ∈ Φ. Recall that the adjoint ofφ maps the linear functionλ1525

onE onto the linear functionλ ◦ φ onE. The cycle complexity ofE,B,Φ is equal1526

to the cycle complexity ofE′, B′,Φ′. Indeed, it is well-known thatbj appears in the1527

B-expansion ofφ(bi) if and only if b′i appears in theB′-expansion ofφ′(b′j). Therefore1528

the associated graphs are opposite one of each other. Since opposite graphs have the1529

same cycle complexity, so haveE,B,Φ andE′, B′,Φ′. Taking the minimum over the1530

basesB, we see thatE,Φ andE′,Φ′ have the same cycle complexity.1531

Observe thath : B → N is a height function forE,B,Φ if and only if the following1532

condition holds.1533

if h(b) = 0 (resp.h(b) ≥ 1), then for anyφ ∈ Φ, the imageφ(b)
is a linear combination ofb′ < b (resp. ofb′ < n(b)).

(3.3)

Of course,B needs to be totally ordered, andn is the corresponding next function.1534

We slightly generalize this notion. LetE,Φ be as before, and consider a finite totally1535

ordered family(bi)i∈I which spansE as a vector space, with a functionh : I → N1536

(also calledheight function) such that the following condition holds.1537

if h(j) = 0 (resp.h(j) ≥ 1) then for anyφ ∈ Φ, the imageφ(bj)
is a linear combination ofbi with i < j (resp. withi < n(j)).

(3.4)

Lemma 3.6 LetE,Φ, (bi)i∈I , h be as previously. ThenE,Φ has cycle complexity at1538

mostmax(h).1539

Proof. We remove successively elements of the family until we obtain a basis. This is
done as follows. If(bi) is not a basis, then for somek in I, we have a relation

bk =
∑

j<k

αjbj

for someαj in K. It is then easy to see that each linear combination of elements bi1540

with i < p (wherep ∈ I ∪∞) is also a linear combination of elementsbi with i < p1541

and in addition withi 6= k. This follows from the relation above.1542

Consider the family(bi)i∈I\k and the restrictionh′ of h to I \ k. The next function1543

n′ of h′ satisfiesn′(i) ≥ n(i). This implies, in view of the remark above, that for1544

j ∈ I \ k such thath(j) = 0 (resp.h(j) ≥ 1) the imageφ(bj) is a linear combination1545

of elementsbi with i ∈ I \ k andi < j (resp. i < n′(j)). Thus we obtain a smaller1546

family and conclude by induction. �1547

Lemma 3.7 LetE,Φ have cycle complexitym. Let F be a subspace ofE which is1548

invariant under the action ofΦ. ThenE/FandF , with the set of induced endomor-1549

phisms, have cycle complexity at mostm.1550
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Proof 1. We know thatE has a basisB with a height functionh satisfying condi-1551

tion (3.3) above andmax(h) = m. HenceE/F has a spanning family and a height1552

functionh satisfying (3.3) andmax(h) = m. By Lemma 3.6, the cycle complexity of1553

the set of induced endomorphisms ofE/F is at mostm.1554

2. We know that for some basisB of E, the cycle complexity ofE,B,Φ is m.1555

Hence, the dualE′, B′,Φ′ also has cycle complexitym. Let F⊥ be the set of linear1556

functions inE′ which are0 on F . Then classicallyF ′ ≃ E′/F⊥. Note that each1557

endomorphism inΦ′ mapsF⊥ into itself. Hence by the previous part,F ′,Φ′ has cycle1558

complexity at mostm. Hence, by duality again,F,Φ has cycle complexity at most1559

m. �1560

To a setM of square matrices of ordern, we associate the graphG with set of1561

vertices{1, . . . , n} and edgesi → j if Mi,j 6= 0 for some matrixM ∈ M. We1562

call cycle complexityof M the cycle complexity of the graphG. Similarly, thecycle1563

complexityof a representation(λ, µ, γ) is the cycle complexity of the set of matrices1564

µa, a ∈ A.1565

Theorem 3.8 A rational series inK〈〈A〉〉 has star height at mostm if and only if it has1566

a minimal representation of cycle complexity at mostm.1567

Note that the strength of this result resides in the condition of minimality. This is1568

quite different from what happens for languages and automata.1569

A matrix (ai,j) is called (noncommutative)genericif its coefficients are distinct1570

noncommutative variables.1571

Corollary 3.9 LetM be a square generic matrix of sizen×n. Then each entry ofM∗
1572

is a rational series of star heightn.1573

Proof. Consider the seriesSu,v = (M∗)u,v. By the second part of the proof of Theo-1574

rem 1.7.1, it has the representation(eu, µ, e
T
v ), whereµ mapsai,j onto the elementary1575

matrixEi,j . This representation is minimal by Proposition 2.2.1. HenceSu,v has star1576

height at mostn, since a graph withn vertices has cycle complexity at mostn. Now,1577

it is easy to see that the complete graph onn vertices has cycle complexity exactlyn.1578

Hence, ifSu,v has star height< n, the theorem shows that for some minimal represen-1579

tation(λ′, µ′, γ′) of Su,v and somei, j, one has(µ′a)i,j = 0 for each lettera. Now, we1580

haveµ′a = PµaP−1 for someP ∈ GLn(K). Hence(PEk,ℓP
−1)i,j = 0 for each el-1581

ementary matrixEk,ℓ. This is not possible, since it would imply that(PNP−1)i,j = 01582

for any matrixN , and soNi,j = 0 for anyN . �1583

One part of the theorem is a consequence of the following lemma.1584

Lemma 3.10 Let (λ, µ, γ) be a representation of a seriesS having cycle complexity1585

at mostm. ThenS has star height at mostm.1586

Proof. If m = 0, then there is no infinite path in the underlying graph. HenceS is a1587

polynomial (by Equation (1.6.1) for example) and thus has star height0.1588

We assume now thatm ≥ 1. Suppose that the associated graphG is strongly
connected, of cycle complexity at mostm, and thatG \ 1 has cycle complexity at most
m− 1. Then the matrixM =

∑
a∈A aµa may be written as

M =

(
M1 M2

M3 M4

)
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whereM1 is of size1 × 1. ThenM4 has cycle complexity at mostm − 1 and by
induction, each entry ofM∗

4 is a series of star height at mostm − 1. Now, setting
N = M1 +M2M

∗
4M3, one has

M∗ =

(
N∗ N∗M2M

∗
4

M∗
4M3N

∗ M∗
4 +M∗

4M3N
∗M2M

∗
4

)

by a variant of an identity proved in the proof of Lemma 1.7.3.Note thatN is a series1589

of star height≤ m− 1 and consequentlyN∗ has star heigth at mostm. It follows that1590

each entry ofM∗ has star height at mostm, henceS too.1591

Suppose now thatG is not strongly connected. Then the representationµ has a1592

block triangular form and each diagonal block has cycle complexity at mostm. We1593

then use iteratively Lemma 9.2.2(i) to conclude. �1594

Proof of Theorem3.8. It remains to show that ifS has star height at mostm, thenS1595

has a minimal representation of cycle complexity at mostm.1596

1. We prove first that under these hypothesis, there exists a stable subspaceE of1597

K〈〈A〉〉 containingS, and such that the setΦ = {T 7→ a−1T | a ∈ A} of endomor-1598

phisms ofE has cycle complexity at mostm.1599

In view of Lemma 3.6, it suffices to show thatE has a spanning family(Si)i∈I1600

with a height functionh : I → N satisfying (3.4) and withmax(h) ≤ m. To do this,1601

we argue by induction on the size of a rational expression forS. By definition of the1602

star height, it is enough to show it when1603

(i) S is a polynomial andm = 0;1604

(ii) S = T + U or S = UT , with stable subspacesF,G (for T andU respectively)1605

and families(Ti)i∈I , (Uj)j∈J , and height functionsk, ℓwith max(k),max(ℓ) ≤1606

m;1607

(iii) S = T ∗, T proper, with stable subspaceF , family (Ti)i∈I and height functionk1608

with max(k) ≤ m− 1.1609

(i) follows by taking as family the set of words appearing inS, with an order com-1610

patible with the length, withh = 0, noting thata−1w has length smaller thanw or is01611

for any wordw.1612

(ii) If S = T + U , assuming thatI, J are disjoint, consider the stable subspace1613

F + G, spanned by the union(Ti)i∈I ∪ (Uj)j∈J of the families, with a total order1614

extending those ofI andJ and moreoveri < j for i ∈ I, j ∈ J . Furthermore, leth1615

extendk andℓ.1616

If S = UT , take the stable subspaceGT + F , spanned by the family(UjT )j∈J ∪1617

(Ti)i∈I with the same order and height function as before. Since we havea−1(UjT ) =1618

(a−1Uj)T + (Uj , 1)(a−1T ) and sincea−1Uj (resp.a−1T ) is a linear combination of1619

Uj′ (resp.Ti), we see that (3.4) is satisfied.1620

(iii) If S = T ∗, takeE = KS + F , J = I ∪ {ω}, with ω < i for i ∈ I, and let1621

Si = TiS for i ∈ I,Sω = S. Leth extendk byh(ω) = m. We havea−1S = (a−1T )S1622

and fori in I, a−1(TiS) = (a−1Ti)S + (Ti, 1)S. Sincea−1Ti is a linear combination1623

of elementsTi′ , we see that (3.4) is satisfied.1624

2. By the previous part and by Lemma 3.7, we see thatS ◦K〈A〉 has cycle com-1625

plexity at mostmwith respect to the setΦ, sinceS◦K〈A〉 is a subspace ofE, invariant1626

under the endomorphisms inΦ. This shows, by the construction of Lemma 2.1.3, that1627

S has a representation of cycle complexity at mostm and dimensiondim(S ◦K〈A〉).1628

Since the latter is the rank ofS, we deduce that the representation is minimal (Corol-1629

lary 2.1.5 and Theorem 2.1.6). �1630
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4 Absolute star height1631

Consider the rational seriesS =
1

2
(a + ib)∗ +

1

2
(a − ib)∗ ∈ C〈〈a, b〉〉. Clearly,S has

star height1 overC. ButS is actually inR〈〈a, b〉〉. Indeed (see also Exercise 2.2)

S =
1

2

∑

w∈{a,b}∗

(
i|w|b + (−i)|w|b

)
w

=
∑

|w|beven

i|w|bw =
∑

|w|beven

(−1)|w|b/2w

=
∑

k≥0,u0,...,u2k∈a∗

(−1)ku0bu1 · · · bu2k = (a− ba∗b)∗ .

The seriesS has as minimal representation(λ, µ, γ) with

λ = γT = (1, 0) , µa =

(
1 0
0 1

)
, µb =

(
0 −1
1 0

)

and associated weighted automaton1632

a

−b

a

b1633

It has star height2 overR. Indeed, for any other minimal representation(λ′, µ′, γ′)1634

overR, we haveµ′a =

(
1 0
0 1

)
andµ′b = P

(
0 −1
1 0

)
P−1 for some invertible matrix1635

P overR. Then(µ′b)1,2, (µ
′b)2,1 are never0, since

(
0 −1
1 0

)
has no real eigenvalue.1636

Thus the associated graph is complete and the representation (λ′, µ′, γ′) has cycle com-1637

plexity 2 and by Theorem 3.8,S has star height2 overR.1638

This example shows that the star height may decrease when thefield of scalars is1639

extended. IfS ∈ K〈〈A〉〉 is rational over a fieldK, we callabsolute star heightthe star1640

height ofS over the algebraic closurēK of K.1641

Theorem 4.1 The absolute star height is effectively computable.1642

It is understood here thatK is a field where one can compute, for exampleK = Q.1643

Proof. 1. Given a representationρ = (λ, µ, γ) of dimensionn overK and a graphG1644

with vertex set{1, . . . , n}, it is decidable ifρ is conjugate over̄K to a representation1645

ρ′ whose associated graphG′ is a subgraph (same vertices, less edges) ofG. Indeed, if1646

such aρ′ exists, then for someP ∈ GLn(K̄),G′ is associated to the matricesPµaP−1,1647

a ∈ A. Note thatP may be chosen of determinant1. The existence ofρ′ is therefore1648

equivalent to the existence of a solution in̄K of the system of algebraic equations over1649

K in y andxi,j , 1 ≤ i, j ≤ n, obtained by writing thaty det(xi,j)− 1 = 0 and that the1650

graph associated to the matrices(xi,j)µa(xi,j)
−1 is a subgraph ofG (one must write1651

that certain coefficients of these matrices are0). The existence of a solution in̄K is1652

equivalent to the fact that the ideal generated by the polynomials forming the system1653
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is not equal toK[xi,j , y]. The latter property is decidable by Gröbner basis techniques1654

(see Cox et al. (1997)).1655

2. Now, given a rational series overK, we may find a minimal representationρ of1656

it. It is then sufficient to enumerate the graphsG and to decide ifρ has a conjugate over1657

K̄ of a representation whose associated graph is a subgraph ofG. One continues until1658

a graphG of minimum cycle complexity is found, in view of Theorem 3.8. �1659

Computing the star height overQ of a rational series inQ〈〈A〉〉 is an open problem,1660

which may be undecidable.1661

Exercises for Chapter 41662

1.1 Do the remaining verifications in the proof of Proposition 1.1.1663

1.2 For each wordw, thealphabetof w is the set of letters that occur inw. A series1664

S is iso-alphabeticif all words w in its support have the same alphabet. We1665

consideriso-alphabeticrational expressions. These are expressions where the1666

operationE 7→ E∗ is restricted to expressions denoting iso-alphabetic series.1667

For example, the expression(a + b)∗ is not iso-alphabetic, but is equal to the1668

iso-alphabetic expression(b∗a+b)∗b∗a∗.1669

Show that every rational series has an iso-alphabetic rational expression.1670

2.1 Improve the result obtained in the proof of Theorem 2.1 byshowing that for each1671

rational expressionE ∈ En there exists a stable submodule ofEn containingE1672

and which is generated by finitely many words on the alphabet
⋃

n≥0An. Deduce1673

that this module is a freeK-module (K is here a commutative semiring).1674

2.2 Show, by using only the fact thatS∗ is the inverse of1 − S, that inC〈〈a, b〉〉 one
has

1

2
(a+ ib)∗ +

1

2
(a− ib)∗ = (a− ba∗b)∗

and

1

2i
(a+ ib)∗ +

1

2i
(a− ib)∗ = (a− ba∗b)∗ba∗

2.3 Verify that the proof of Theorem 2.1 is constructive.1675

3.1 Show that the cycle complexity of a subgraph is less than or equal to the cycle1676

complexity of the graph.1677

3.2 Show that the complete directed graph onn vertices has cycle complexityn. Give1678

a height function for this graph.1679

3.3 Show that, with the notations of the proof of Corollary 3.9,Su,v is the sum of all1680

paths fromu to v in the complete graph withn vertices (a path is identified with1681

the corresponding word in theai,j ’s).1682

3.4 Show that ifK is any commutative semiring, and ifS is a rational series, thenS1683

has star height at mostm if and only ifS has a representation of cycle complexity1684

at mostm.1685

4.1 Show that the following series overQ has star height2 overQ and star height11686

overR: S =
1

2
(a + b

√
2)∗ +

1

2
(a − b

√
2)∗. (Hint: Mimick the example at the1687

beginning of Section 4.)1688

4.2 Show that ifK ⊆ L is an extension of algebraically closed fields, then the star1689

height overK of aK-rational series is equal to its star height overL.1690
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Notes to Chapter 41691

The idea of lifting the operationsa−1 to rational expressions goes back to Brzozowski1692

(1964). The results of Section 2 are from Krob (1991) and those of Section 3 are from1693

Reutenauer (1996). The idea of cycle complexity of a graph, Lemma 3.10, the first part1694

of the proof of Theorem 3.8 and Exercise 3.4 go back to Eggan (1963) who introduced1695

star height of languages. The Boolean version (for languages) of Corollary 3.9 was1696

proved in Cohen (1970): the set of paths in a complete graph onn vertices is of star1697

heightn; however it is not clear how one could deduce one result from the other. For1698

rational expressions and identities of languages, see Hashiguchi (1991), Kirsten (2005),1699

Sakarovitch (2009a) and the references therein.1700
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Chapter 51703

Automatic sequences and1704

algebraic series1705

Given an integerk ≥ 2 and a functionf : N → K into some semiringK, we consider1706

the seriesS defined by(S,w) = f(n) wheneverw is an expansion ofn at basek. If S1707

is a recognizable series, thenf is called ak-regular function overK.1708

Section 1 gives a presentation of regular functions. Section 2 considers closure1709

properties. In the special case of the Boolean semiring, regular functions correspond1710

to automatic sequences. These are described in Section 3. InSection 4, we prove1711

thatq-automatic sequences over the alphabetFq correspond precisely to series that are1712

algebraic overFq((x)). Section 5 considers diagonals of rational series.1713

1 Regular functions1714

Let k ≥ 2 be a fixed integer called thebase, and letk = {0, . . . , k − 1}. Its elements
are called thedigits in basek. Let νk : k

∗ → N be defined forw = dn−1 · · · d0, with
n ≥ 0 anddi ∈ k, by

νk(w) =

n−1∑

i=0

dik
i .

The numberνk(w) is the numberrepresentedby w, andw is a representationof n at1715

basek. In particular,νk(ε) = 0, whereε is the empty word. SetR = k∗\0k∗. Clearly,1716

νk is a bijection fromR ontoN.1717

Conversely, theexpansionof an integern at basek, also called thecanonical rep-1718

resentationof n, is the unique wordw in R such thatνk(w) = n. It is denoted by1719

σk(n). The expansion of0 is the empty word.1720

To each functionf : N → K, whereK is a semiring, we associate a seriesSf

defined by

(Sf , w) = f(νk(w)) w ∈ k∗ . (1.1)

A functionf : N → K is ak-regular function overK (or the sequence(f(n))n≥0 is1721

a k-regular sequence) if the seriesSf is recognizable, or equivalently rational (Theo-1722

rem 1.7.1).1723

75
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A subsetH of N is calledk-recognizableor recognizable in basek, if its charac-1724

teristic functionH → B (the Boolean semiring) isk-regular.1725

Example 1.1 The sum of digits functionsk associates to eachn ∈ N the sum of its
digits in its expansion at basek: if

n =
∑

cik
i, ci ∈ k ,

then

sk(n) =
∑

ci .

It is k-regular overN becausesk(νk(w)) = λµ(w)γ, where

λ = (0 1) , µ(i) =

(
1 0
i 1

)
, i = 0, . . . , k − 1 , γ =

(
1
0

)
.

Example 1.2 The identity functionN → N is k-regular overN (this has been already
shown in Example 1.5.2 fork = 2 in a different manner). The series

∑
w νk(w)w is

indeed recognizable becauseνk(w) = λµ(w)γ with

λ = (0 1) , µ(i) =

(
k 0
i 1

)
, i = 0, . . . , k − 1 , γ =

(
1
0

)
.

Indeed, it is easily checked that

µ(w) =

(
k|w| 0
νk(w) 1

)
for w ∈ k∗ .

Proposition 1.1 For any functionf : N → K, the following conditions are equivalent:1726

(i) f is ak-regular function;1727

(ii) the seriesS =
∑

n≥0 f(n)σk(n) is recognizable;1728

(iii) there exists a recognizable seriesT which coincides withSf onR.1729

Proof. (i) ⇐⇒ (ii). Observe that the support of the seriesS =
∑

n≥0 f(n)σk(n) is1730

contained inR and thatS coincides withSf onR. One hasS = Sf ⊙ R. Thus ifSf1731

is recognizable, so isS by Corollary 3.2.3. Conversely,Sf = 0∗S. This implies that if1732

S is recognizable, so isSf .1733

(ii) ⇐⇒ (iii). AssumeT is recognizable. SinceS = T ⊙ R, the seriesS is1734

recognizable. The converse implication is clear. �1735

Applying this result toB, we obtain by Corollary 3.2.5, the following result.1736

Corollary 1.2 For each setH of nonnegative integers, the following conditions are1737

equivalent:1738

(i) H is ak-recognizable subset ofN;1739

(ii) ν−1
k (H) is a rational subset ofk∗;1740

(iii) σk(H) is a rational subset ofk∗;1741

(iv) there exists a rational subsetX of k∗ such thatH = νk(X).1742

�1743
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Corollary 1.3 If f is ak-regular function overN, anda is in N, then the setsf−1(a),1744

f−1({n | n ≤ a}) andf−1({n | n ≥ a}) arek-recognizable subsets ofN.1745

Proof. This follows from Proposition 1.1, Corollary 1.2 and Corollary3.2.7. �1746

Example 1.3 The set of powers of2 is 2-recognizable since the set of its canonical1747

representations is the rational language10∗.1748

Example 1.4 The set of squares is not2-recognizable. Indeed, letL be the language1749

of canonical representations of squares at base2, and consider the languageL′ =1750

L ∩ (11)+(00)+01. This is the language of canonical representations of squares of1751

the form(22m − 1)22n+2 + 1 for some integersn,m ≥ 1. We claim that a positive1752

integery satisfiesy2 = (22m − 1)22n+2 + 1 with n,m ≥ 1 if and only if m = n1753

andy = 22n+1 − 1. Assume this claim for a moment. ThenL′ = {12n02n+11 | n ≥1754

1} and this is not a rational language, by the pumping lemma for rational languages1755

(Exercise 3.1.3).1756

To prove the claim, lety be such thaty2 = (22m−1)22n+2 +1 for somem,n ≥ 1.1757

Theny2 − 1 is divisible by22n+2. Sincey is odd, only one of the numbersy − 1 and1758

y + 1 is divisible by4. Let y − e be this number, withe = ±1; theny + e is not1759

divisible by4 and since(22m − 1)22n+2 = y2 − 1 = (y − e)(y + e), we can write1760

y = 22n+1z+e, wherez is odd. Since(22m−1)22n+2 = y2−1 = 24n+2z2+22n+2ze,1761

we get22nz2 + ze = 22m − 1. This shows that22n − 1 ≤ 22m − 1 and therefore1762

n ≤ m. Assume nown < m and setp = m + n + 1. Thenp > 2n + 1, whence1763

(2p − 1)2 = 22p − 2p+1 + 1 < 22p − 22n+2 + 1 = y2 < (2p)2. This shows that1764

y2 lies between two consecutive squares, a contradiction. Consequentlym = n and1765

y = 22n+1 − 1.1766

Proposition 1.4 If f, g : N → K arek-regular, then the functionsf+g andλf, fλ for1767

λ ∈ K arek-regular. IfK is commutative, thenf⊙g defined byf ⊙g(n) = f(n)g(n)1768

is k-regular.1769

Proof. The first assertions follow from Corollary 1.5.2. For the last assertion, it suffices1770

to observe thatSf⊙g = Sf ⊙ Sg and to apply Theorem 1.5.5. �1771

2 Stable submodules and operations onk-regular func-1772

tions1773

The setKN of functionsN → K is a rightK-module for addition and multiplication
by a constant defined in the usual way. We define a left action ofk∗ onKN by setting,
for j ∈ k andf ∈ KN,

(j ◦ f)(n) = f(nk + j) .

This action is extended tok∗ by u ◦ (v ◦ f) = uv ◦ f for u, v ∈ k∗. It follows that for
w ∈ k∗

(w ◦ f)(n) = f(nk|w| + νk(w)) .
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Indeed, by induction, forj ∈ k,

(jw ◦ f)(n) = (j ◦ (w ◦ f))(n) = (w ◦ f)(nk + j)

= f((nk + j)k|w| + νk(w))

= f(nk1+|w| + jk|w| + νk(w)) = f(nk|jw| + νk(jw)) .

A K-submoduleV of KN is stableif V is closed by the operationsf 7→ w ◦ f for1774

w ∈ k∗. This is equivalent to saying that ifV containsf , thenV contains all functions1775

n 7→ f(nke + s), for e ≥ 0 and0 ≤ s < ke.1776

We define, foru ∈ k∗ andS ∈ K〈〈k〉〉, the seriesSu−1 by (Su−1, v) = (S, vu).1777

This is a left-right symmetric version of the operation defined in Section 5. We write1778

alsoSu−1 = u ◦ S, since it is a left action ofk∗ onK〈〈k〉〉.1779

Consider the subset

E = {S ∈ K〈〈k〉〉 | ∀w ∈ k∗, (S, 0w) = 0}

of K〈〈k〉〉. It is a rightK-submodule which is closed under the left action ofk∗ on1780

K〈〈k〉〉. Indeed, ifS ∈ E andu,w ∈ k
∗, then(u ◦ S, 0w) = (S, 0wu) = 0.1781

Lemma 2.1 The functionh : f 7→ Sf ⊙ R is a rightK-linear isomorphism fromKN
1782

ontoE which commutes with the left actions ofk
∗ onKN and onE.1783

Proof. One hash(f) =
∑

n∈N f(n)σk(n). This shows thath is a rightK-linear
isomorphism. Concerning the left action, letu ∈ k∗. We prove thatu◦h(f) = h(u◦f).
Letw ∈ k∗. If w ∈ 0k∗, then(u ◦ h(f), w) = (h(f), wu) = 0 = (h(u ◦ f), w), and
if w /∈ 0k

∗, then

(u ◦ h(f), w) = (h(f), wu) = f(k|u|νk(w) + νk(u)) = (u ◦ f, νk(w))

= (h(u ◦ f), w) . �

Proposition 2.2 A functionf : N → K is k-regular overK if and only if there exists1784

a stable finitely generated rightK-submodule ofKN which containsf .1785

Proof. If such a submodule exists, then there is a stable finitely generated rightK-1786

submodule ofK〈〈k〉〉 which containsS =
∑

n≥0 f(n)σk(n), by Lemma 2.1. Hence1787

S is recognizable by the left-right symmetric statement of Proposition 1.5.1. Thusf is1788

k-regular by Proposition 1.1(ii).1789

Conversely, suppose thatS is recognizable. Then, by Proposition 1.5.1, there exists
a finitely generated rightK-submodule ofK〈〈k〉〉, containingS, and which is closed
under the left actionsT 7→ u ◦T for u ∈ k∗. LetS1, . . . , Sn be generators of this right
K-module. For anya ∈ k, we have forj = 1, . . . , n

a ◦ Sj =

n∑

i=1

Siαi,j ,

whereαi,j ∈ K. Thus for any wordw ∈ k∗

(Sj , wa) =

n∑

i=1

(Si, w)αi,j . (2.1)
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DefineU = 1 ∈ K〈〈k〉〉 andTj = Sj ⊙ k
+ \ 0k

∗ for j = 1, . . . , n. Observe that1790

eachTj has constant term0. We show that the rightK-submoduleM spanned by1791

U, T1, . . . , Tn containsS and is stable. This will imply the proposition by Lemma 2.1,1792

since the seriesU, T1, . . . , Tn are inE.1793

The submoduleM containsS sincesupp(S) ⊂ R and sinceS is a rightK-linear
combination ofS1, . . . , Sn. We verify thata◦Tj =

∑n
i=1 Tiαi,j +U(Tj, a). This will

imply stability. Letw ∈ k∗. We have to show that, fora ∈ k,

(Tj, wa) =
n∑

i=1

(Ti, w)αi,j + (U,w)(Tj , a) .

This is clear ifw ∈ 0k∗. If w /∈ 0k∗, suppose first thatw is the empty word. Then both1794

sides of the equation are equal to(Tj, a). Suppose now that the wordw is not empty.1795

Then(Tj , wa) = (Sj , wa). Moreover,(U,w) = 0 and(Ti, w) = (Si, w). Thus the1796

equality follows from (2.1). �1797

Example 2.1 We show by using Proposition 2.2 that the sum of digits function sk1798

already considered in Example 1.1 isk-regular.1799

For this, observe first that the constant functionsci : N → N, defined fori ∈ k by1800

ci(n) = i for all n, arek-regular sincej ◦ ci = ci. Next, j ◦ sk = sk + cj because1801

(j ◦ sk)(n) = sk(nk + j) = sk(n) + j. Thussk together with the constant functions1802

c0, . . . , ck−1 span a stable finitely generated submodule ofKN.1803

Corollary 2.3 Let K be a finite semiring or a commutative ring. Then a function1804

f : N → K is k-regular overK if and only if the rightK-submodule ofKN generated1805

by the functionsw ◦ f , forw ∈ k∗, is finitely generated. In this case, it is generated by1806

finitely many of these functions.1807

Proof. This follows from Proposition 2.2 and Corollary 1.5.4. �1808

An interesting property ofk-regular functions is closure by extraction of an arith-1809

metic progression on the argument. We start with a lemma.1810

Lemma 2.4 If f : N → K is k-regular, then the functionsg andg′ defined byg(n) =1811

f(n+ 1) for n ≥ 0, andg′(n) = f(n− 1) for n ≥ 1, andg′(0) = 0 arek-regular.1812

The exact value ofg′(0) in the previous statement has no importance because two1813

series which differ only by a finite number of values are both rational or both irrational,1814

by Exercise 3.2.3.1815

Proof. We start withg. Let M be a finitely generated stableK-submodule ofKN

containingf , and letN be theK-submodule generated by the functions inM and the
functionsn 7→ h(n + 1) for h ∈ M . ClearlyN is finitely generated and contains
g. It remains to show thatN is stable. For this, consider a functionh ∈ M , and set
u(n) = h(n+ 1). Let j be an integer with0 ≤ j < k. If j < k − 1,

(j ◦ u)(n) = u(kn+ j) = h(kn+ j + 1) = ((j + 1) ◦ h)(n)

and thusj ◦ u ∈M , and ifj = k − 1,

((k−1)◦u)(n) = u(kn+k−1) = h(kn+k) = h(k(n+1)) = (0◦h)(n+1) .
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Since0 ◦ h ∈M , the functionn 7→ (0 ◦ h)(n+ 1) is inN . This shows thatj ◦ u ∈ N1816

for 0 ≤ j < k and thatN is stable.1817

A similar argument holds for the functiong′. Here, the case distinction is between1818

j > 0 andj = 0. �1819

Proposition 2.5 Let a ≥ 1, b ≥ 0 be integers. Iff : N → K is k-regular, then the1820

functiong defined byg(n) = f(an+ b) is k-regular.1821

Proof. Assume firstb < a. Let M be a finitely generated stableK-submodule of
KN containingf , and letN be theK-submodule generated by the functions inM and
by all functionsn 7→ h(an + c), for 0 ≤ c < a andh ∈ M . ClearlyN is finitely
generated and containsg. It remains to show thatN is stable. For this, observe that for
0 ≤ j < k, one hasaj+ c ≤ a(k− 1)+ a− 1 = (a− 1)k+ k− 1. Euclidean division
of aj + c by k therefore gives

aj + c = c′k + ℓ , with 0 ≤ c′ < a , 0 ≤ ℓ < k .

Let nowh ∈M and definep ∈ N by p(n) = h(an+ c). Then

(j ◦ p)(n) = p(kn+ j) = h(a(kn+ j) + c) = h(kan+ aj + c)

= h(k(an+ c′) + ℓ) = (ℓ ◦ h)(an+ c′) .

The functionh′ = ℓ ◦ h is inM becauseM is stable, and by construction, the function1822

n 7→ h′(an+ c′) is inN . This shows thatj ◦ p is inN and thus thatN is stable.1823

This proves the claim ifb < a. If b ≥ a,we argue by induction onb. Assuming that1824

the functionn 7→ f(an+ b−1) is k-regular, it follows by Lemma 2.4 that the function1825

n 7→ f(an+ b) is k-regular. �1826

Proposition 2.5 is used in the proof of the following property.1827

Proposition 2.6 Assume thatK is a finite semiring or a commutative ring. Letk, ℓ ≥ 21828

be integers. Iff : N → K is bothk-regular andℓ-regular, thenf is kℓ-regular.1829

Proof. In this proof, we use both the left action ofk
∗ and the left action ofℓ∗ onKN.1830

Although it follows from the context which of the actions is meant, it is better to use1831

the notation◦k (resp. ◦ℓ) for the left action ofk∗ (resp. ofℓ∗) onKN. Similarly, a1832

submodule ofKN will be calledk-stable (resp.ℓ-stable) if it is stable under the action1833

of k∗ (resp. ofℓ∗).1834

Let f : N → K. We first prove that, foru ∈ k∗ andv ∈ ℓ∗, there existu′ ∈
k∗, v′ ∈ ℓ∗, of the same length asu andv respectively, such that

u ◦k (v ◦ℓ f) = v′ ◦ℓ (u′ ◦k f) . (2.2)

Indeed, setα = |u|, β = |v|, r = νk(u), s = νℓ(v). Then forn ≥ 0,

u ◦k (v ◦ℓ f)(n) = f(kα(ℓβn+ s) + r) ,

and sincekαs+ r ≤ kα(ℓβ − 1)+ r ≤ kα(ℓβ − 1)+ (kα − 1) = kαℓβ − 1, there exist
integersq < kα, t < ℓβ such thatkαs + r = ℓβq + t (Euclidean division ofkαs + r
by ℓβ). Letu′ ∈ k∗ andv′ ∈ ℓ∗ be the words such that|u′| = α, νk(u′) = q, |v′| = β,
νℓ(v

′) = t. Then

u ◦k (v ◦ℓ f)(n) = f(ℓβ(kαn+ q) + t) = v′ ◦ℓ (u′ ◦k f)(n) .



2. STABLE SUBMODULES AND OPERATIONS ONk-REGULAR FUNCTIONS 81

Now, letM be theK-submodule ofKN spanned by the functionsu◦kf for u ∈ k
∗. By1835

Corollary 2.3, it is spanned by a finite numberf1, . . . , fd of functions withfi = ui ◦k f1836

for someui ∈ k∗.1837

Next, since the functionf is ℓ-regular, Proposition 2.5 implies that eachfi is ℓ-
regular. LetMi be theK-submodule ofKN spanned by the functionsv◦ℓfi for v ∈ ℓ∗.
By Proposition 2.2 again, eachMi is spanned by a finite number of functionsfi,j , for
j = 1, . . . , di, with fi,j = vi,j ◦ℓ fi for somevi,j ∈ ℓ∗. LetN be theK-submodule
spanned by thefi,j. It is ℓ-stable by definition. It is alsok-stable since forr ∈ k, and
in view of Equation (2.2)

r ◦k fi,j = r ◦k (vi,j ◦ℓ fi) = v′ ◦ℓ (r′ ◦k fi) = v′ ◦ℓ (r′ui ◦k f) ,

for somer′ ∈ k andv′ ∈ ℓ∗. Now r′ui ◦k f is inM and thus is a linear combination1838

of thefi and moreover eachv′ ◦ℓ fi is inN .1839

It follows thatN contains all functionsu ◦k (v ◦ℓ f) and all functionsv ◦ℓ (u ◦k f)
for u ∈ k∗ andv ∈ ℓ∗. It remains to show thatN is kℓ-stable, but this follows from
the fact that for0 ≤ j < kℓ, and settingj = kq + r with 0 ≤ r < k,

(j ◦kℓ f)(n) = f(kℓn+ j) = f(k(ℓn+ q) + r) = r ◦k (q ◦ℓ f)(n) . �

Given two functionsf, g : N → K, define theirCauchy productf ∗ g by

f ∗ g(n) =
∑

i+j=n

f(i)g(j) .

This is just another way to consider the product of one variable series.1840

Proposition 2.7 The Cauchy product of twok-regular functions is againk-regular.1841

Proof. Letu, v : N → K be twok-regular functions, and letw = u ∗ v. LetM andN1842

be stable finitely generated submodules ofKN containingu andv respectively, and let1843

L be the submodule spanned by the functionsf ∗g for f ∈M , g ∈ N and the functions1844

n 7→ (f ∗ g)(n − 1) for f ∈ M , g ∈ N (with the convention that(f ∗ g)(−1) = 0).1845

Clearly,L is finitely generated and containsw. It suffices to show thatL is stable. It1846

will be more readable to writefi instead ofi ◦ f for i ∈ k.1847

Let f ∈ M , g ∈ N , and define functionsh andh′ by h(n) = f ∗ g(n) and
h′(n) = f ∗ g(n− 1). We show thathd, h

′
d ∈ L for eachd ∈ k. This will show thatL

is stable. We start withhd. By definition

hd(n) = h(nk + d) =
∑

r+s=kn+d

f(r)g(s) . (2.3)

Consider a pair(r, s) with r + s = kn + d and consider the Euclidean division ofr
by k. This givesr = ki + e for some0 ≤ i ≤ n and0 ≤ e < k. It follows that
s = kn+ d− r = kn+ d− ki− e = k(n− i) + d− e. We write this as

s =

{
kj + d− e with j = n− i, if 0 ≤ e ≤ d ,

kj + (k + d− e) with j = n− 1 − i, if d < e < k .
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This ensures that the restd−e (resp.k+d−e) is always nonnegative. Note thatj ≥ 0
in both cases. Accordingly, the sum (2.3) is split into two parts:

h(nk + d) =
∑

0≤e≤d

∑

i+j=n

f(ik + e)g(jk + d− e)

+
∑

d<e<k

∑

i+j=n−1

f(ik + e)g(jk + k + d− e)

=
∑

0≤e≤d

(fe ∗ gd−e)(n) +
∑

d<e<k

(fe ∗ gk+d−e)(n− 1) .

This shows thatd ◦ h is inL.1848

Nexth′d(n) = hd−1(n) for d > 0, sod ◦ h′ is in L for d > 0. In the cased = 0,
one hash′d(n) = h′(nk) = h(nk − 1) = h((n − 1)k + k − 1). This yields the
decomposition

h′(nk) = h((n− 1)k + k − 1)

=
∑

0≤e≤k−1

∑

i+j=n−1

f(ik + e)g(jk + k − 1 − e)

=
∑

0≤e≤k−1

(fe ∗ gk−1−e)(n− 1) .

This shows that0 ◦ h′ is inL and concludes the proof thatL is stable. �1849

Proposition 2.8 For anyk-regular functionf : N → K, whereK is a field equipped1850

with an absolute value| |, there is a constantc such that|f(n)| = O(nc).1851

Proof. The seriesSf is recognizable. By Exercise 1.5.1(a), there is a constantC such1852

that |(Sf , w)| ≤ C1+|w| for all wordsw. If w = σk(n), then|w| ≤ 1 + logk n, and1853

consequently|f(n)| = |(Sf , σk(n))| ≤ C2+logk n. SinceC logk n = nlogk C , it follows1854

that|f(n)| ≤ C2nlogk C and|f(n)| = O(nc) with c = logk C. �1855

3 Automatic sequences1856

We consider now partitions of the setN of integers into a finite number ofk-recogni-1857

zable sets. We assign, to each integer, a symbol denoting itsclass in the partition.1858

When these symbols are enumerated as a sequence, one gets an infinite sequence called1859

k-automatic.1860

More precisely, a sequence orinfinite wordu over the finite alphabetA is a mapping1861

u : N → A. It is usual to writeu as the sequence of its symbolsu = u(0)u(1) · · ·1862

u(n) · · · . For instance, the sequenceu : N → {0, 1} defined byu(n) = 1 if n is a1863

square andu(n) = 0 otherwise is displayed as11001000010000001 · · · . If the infinite1864

wordu is periodic and has periodp, then we writeu = vω, wherev = u(0) · · ·u(p−1).1865

For instance,u = (012)ω denotes the infinite word over{0, 1, 2} whereu(n) is the1866

remainder of the division ofn by 3. We write u = vwω to denote an eventually1867

periodic infinite word which has a periodic suffixwω.1868

Let k ≥ 2 be an integer. An infinite sequenceu over the alphabetA is k-automatic
if for each lettera ∈ A, the setu−1(a) = {n ∈ N | u(n) = a} is recognizable in base
k. Equivalently, consider the mapping

k∗ νk−→ N
u−→ A .
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Thenu is k-automatic if the languagesν−1
k (u−1(a)) or, what is equivalent by Corol-1869

lary 1.2, if the languagesσk(u−1(a)), are recognizable for all lettersa ∈ A.1870

It is useful to consider a left action ofk onu defined forr in k by

(r ◦ u)(n) = u(nk + r) .

This operation extracts fromu the sequence composed of the letters appearing at the
positions≡ r modk. The action extends to words onk by

rs ◦ u = r ◦ (s ◦ u) .

It follows that, for a wordr ∈ k∗,

(r ◦ u)(n) = u(nk|r| + νk(r)) . (3.1)

The set of sequencesr ◦ u for r ∈ k∗ is sometimes called thek-kernel of u. By
Equation (3.1), it is the set of infinite sequences

n 7→ u(nke + j) , e ≥ 0 , 0 ≤ j < ke .

Proposition 3.1 A sequenceu is k-automatic if and only if the set of sequencesr ◦ u,1871

for r ∈ k∗, is finite.1872

Proof. We may assume thatA is a semiring, since there exist semirings of any finite1873

cardinality. Then the proposition is a consequence of Proposition 2.2. Indeed, a finitely1874

generated module over a finite semiring is always finite. �1875

Corollary 3.2 A subsetH of N is k-recognizable if and only if the set of subsetsr ◦1876

H = {n ∈ N | nk|r| + νk(r) ∈ H}, for r ∈ k∗, is finite. �1877

Example 3.1 TheThue-Morsesequence is the infinite binary sequencet over the let-
tersa andb defined byt(0) = a, andt(2m) = t(m), t(2m+ 1) = t(m), whereā = b
andb̄ = a. Thus

t = abbabaabbaababba · · ·

To see that it is2-automatic, we consider the sequencet̄ defined bȳt(n) = t(n). Then1878

0 ◦ t = t, 1 ◦ t = t̄, 0 ◦ t̄ = t, 1 ◦ t̄ = t. Thus the2-kernel oft is composed oft and1879

t̄. It is easily checked on the definition thatt(n) = a if and only if s2(n) is even (see1880

Example 1.1 for the notations2(n)).1881

Example 3.2 We consider the so-calledpaper-foldingsequence. This is the infinite
binary sequencep over the lettersa andb defined form ≥ 0 by

p(4m) = a ,

p(4m+ 2) = b ,

p(2m+ 1) = p(m) .

(3.2)

Thus

p = aabaabbaaabbabb · · ·
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To see that it is2-automatic, we observe that by definition, symbols in even positions
are alternativelya andb, so that0 ◦ p = (ab)ω. Moreover

1 ◦ p = p , 0 ◦ (ab)ω = aω , 1 ◦ (ab)ω = bω ,

0 ◦ aω = 1 ◦ aω = aω , 0 ◦ bω = 1 ◦ bω = bω .

This shows thatp is 2-automatic. Moreover,p(n) = a if and only ifn = (4m+1)2ℓ−11882

for somem, ℓ ≥ 0. Indeed, assume firstn = (4m+ 1)2ℓ − 1. If ℓ = 0, thenn = 4m1883

andp(n) = a. If ℓ > 0, thenn = 2ℓ4m+ 1 + 2 + · · · + 2ℓ−1, and by iterating (3.2)ℓ1884

times, one getsp(n) = p(4m) = a. Conversely, assumep(n) = a. If n is even, then1885

by (3.2)n = 4m for somem. If n is odd, defineℓ by n = 1 + 2 + · · · + 2ℓ−1 + 2ℓm′
1886

with m′ ≥ 0 even. Then by iterating (3.2)ℓ times,p(m′) = p(n) = a. Thusm′ is a1887

multiple of4 and thereforen = (4m+ 1)2ℓ − 1.1888

The first numbers in the setp−1(a) are0, 1, 3, 4, 7, 8, 9, 12, . . ..1889

The next proposition describes howk-regular functions andk-automatic sequences1890

are related.1891

Proposition 3.3 Any k-automatic sequence with values in a semiring isk-regular.1892

Conversely, ak-regular function with values in a commutative ring that takes only1893

finitely many values isk-automatic. Similarly, ak-regular function over a finite semir-1894

ing isk-automatic.1895

Proof. Let f : N → A be ak-automatic sequence, and assumeA is a subset of a1896

semiringK. For eacha ∈ A, the languageZa = ν−1
k (f−1(a)) ⊂ k∗ is rational, and1897

consequentlySf =
∑

a∈A aZa is a rational series over the semiringK. Thusf is a1898

k-regular function.1899

Conversely, letf : N → K be ak-regular function, whereK is a commutative1900

ring, that takes only finitely many values, and setA = f(N). Then for eacha ∈ A,1901

the setHa = {n ∈ N | f(n) = a} is k-recognizable by Theorem 3.2.10. Thusf ,1902

viewed as a sequence with values inA, is k-automatic. The proof of the last assertion1903

is similar, using Proposition 3.2.4. �1904

4 Automatic sequences and algebraic series1905

In this section,q denotes a positive power of some prime, andFq is the field withq
elements. To each infinite sequenceu over the the fieldFq, we associate the formal
series

u(x) =
∑

n≥0

unx
n ,

whereun is the element at positionn in u. Series overFq have some properties which1906

are useful in computations. In particular,u(xq) = u(x)q, as it is easily checked. As1907

usual, we denote byFq(x) the field of rational fractions with coefficients inFq, by1908

Fq[[x]] the ring of formal series with coefficients inFq, and byFq((x)) its quotient1909

field, the field of Laurent series.1910

A seriesf is algebraicover the fieldFq(x) of rational fractions with coefficients in
Fq if there exist polynomialsa0, . . . , an ∈ Fq[x] with n ≥ 1 andan 6= 0 such that

a0 + a1f + · · · + anf
n = 0 .
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Later we will use the observation that iff is algebraic, then the powersf i are linearly1911

independent elements ofFq((x)) viewed as a vector space over the fieldFq(x).1912

The aim of this section is to prove the following result.1913

Theorem 4.1 (Christol 1979, Christol et al. 1980)An infinite sequenceu over the al-1914

phabetFq is q-automatic if and only if its associated seriesu(x) is algebraic over1915

Fq(x).1916

Example 4.1 Consider the Thue-Morse sequencet. This infinite sequence satisfies the
relationst0 = 0, t2n = tn andt2n+1 = 1 + tn, overF2. It follows that

t(x) =

∞∑

n=0

tnx
n =

∞∑

n=0

t2nx
2n +

∞∑

n=0

t2n+1x
2n+1

=
∞∑

n=0

tnx
2n +

∞∑

n=0

(1 + tn)x2n+1 = t(x2) +
∑

x2n+1 + xt(x2)

= (1 + x)t(x2) +
x

1 + x2
= (1 + x)t(x)2 +

x

(1 + x)2
.

Thus

(1 + x)3t2 + (1 + x)2t+ x = 0 ,

showing thatt(x) is algebraic overF2(x).1917

We define a left action of the setq = {0, . . . , q− 1} on series by setting, foru = u(x)
and0 ≤ r < q,

(r ◦ u)(x) =

∞∑

n=0

unq+rx
n .

With this notation, one gets

u(x) =

q−1∑

r=0

xr((r ◦ u)(x))q =

q−1∑

r=0

xr(r ◦ u)(xq) , (4.1)

since indeed

u(x) =

q−1∑

r=0

xr
∞∑

n=0

unq+rx
nq .

We start with the following lemma.1918

Lemma 4.2 Letu(x) andv(x) be two series overFq. For eachr ∈ q,

r ◦ (uvq) = (r ◦ u)v .

Proof. Setw = uvq. Sincev(x)q = v(xq),

w(x) =
∞∑

n=0

wnx
n =

∑

m,ℓ≥0

umvℓx
ℓq+m ,
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with

wn =
∑

n=ℓq+m

umvℓ .

By definition(r ◦ w)(x) =
∑∞

n=0 wnq+rx
n and

wnq+r =
∑

m,ℓ≥0
nq+r=ℓq+m

umvℓ .

In this sum, the equalitynq + r = ℓq +m shows thatm ≡ r mod q, and therefore
m = m′q + r for somem′ ≥ 0. Thus

wnq+r =
∑

m′,ℓ≥0
m′+ℓ=n

um′q+rvℓ .

On the other hand,

((r ◦ u)v)(x) =

∞∑

n=0

∑

m+ℓ=n

umq+rvℓx
n .

The coefficient ofxn is
∑

m+ℓ=n umq+rvℓ. This implies the equality. �1919

Corollary 4.3 Letu andv be two series overFq. For each0 ≤ r < q andi ≥ 1

r ◦ (uvqi

) = (r ◦ u)vqi−1

.

We use the corollary in the proof of the following statement.1920

Lemma 4.4 A seriesf is algebraic overFq(x) if and only if there exist polynomials
c0, . . . , cd in Fq[x], with c0 6= 0, such that

c0f =

d∑

i=1

cif
qi

.

Proof. If such a relation exists, thenf is algebraic. Conversely, iff is algebraic, then
the vector space spanned by the powers off has finite dimension. Consequently, there
exists an integerd and polynomialsc0, . . . , cd, not all0, such that

d∑

i=0

cif
qi

= 0 . (4.2)

Let j be the smallest integer for which there is such a relation with cj 6= 0. It is enough
to show thatj = 0. For this, observe that sincecj 6= 0, in view of (4.1), there existsr
such thatr ◦ cj 6= 0. Assume nowj ≥ 1. Then for thisr, the relation (4.2) implies,
with the use of Corollary 4.3, the relation

r ◦
( d∑

i=j

cif
qi

)
=

d∑

i=j

(r ◦ ci)f qi−1

= 0 ,
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and this contradicts the minimality ofj. �1921

Proof of Theorem4.1. Letu be aq-automatic sequence. By Proposition 3.1, the setW1922

of sequences of the forms ◦ u wheres is a word over the alphabetq, is finite. Letd1923

be their number. LetU0 be the set of seriesv(x) associated to the sequencesv in W ,1924

and forh ≥ 1, letUh be the set of seriesv(xqh

) with v(x) ∈ U0. Finally, denote byVh1925

the vector space overFq(x) spanned byUh for h ≥ 0. Each of these vector spaces has1926

dimension at mostd.1927

Recall that by (4.1), one has

v(x) =

q−1∑

r=0

xr(r ◦ v)(xq) .

This shows thatU0 is contained in the vector spaceV1, and more generally, using the
formula

v(xqh

) =

q−1∑

r=0

(xqh

)r(r ◦ v)(xqh+1

)

one gets the inclusionsV0 ⊂ V1 ⊂ · · · ⊂ Vd.1928

Thed + 1 seriesu(x), u(xq), . . . , u(xqd

) are in the spacesV0, V1 . . . , Vd respec-
tively, hence are all inVd. They are therefore linearly dependent overF (x), and using
the identityu(xqh

) = u(x)qh

, there exist polynomialsah, not all0, such that

d∑

h=0

ahu(x)
qh

= 0 .

This proves thatu is algebraic.1929

Conversely, ifu is algebraic, then in view of Lemma 4.4, there is a relation

c0u =
d∑

i=1

ciu
qi

with c0 6= 0. Setv = u/c0. Then

c0(c0v) =

d∑

i=1

cic
qi

0 v
qi

,

and consequently

v =

d∑

i=1

biv
qi

where eachbi = cic
qi−2
0 is a polynomial with coefficients inFq. LetN = deg c0 +

max{deg bi | i = 1, . . . , d, bi 6= 0}, and letF be the finite set of series overFq of the
form

f =

d∑

i=0

aiv
qi

ai ∈ Fq[x] , deg(ai) ≤ N .
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The seriesu(x) = c0v(x) is in F . In order to prove that the infinite sequenceu
corresponding tou(x) is q-automatic, it suffices to show that the setF is closed under
the operation◦. Let f ∈ F . Then using Corollary 4.3

r ◦ f = r ◦
(
a0v +

d∑

i=1

aiv
qi

)
= r ◦

(
a0

d∑

i=1

biv
qi

+

d∑

i=1

aiv
qi

)

= r ◦
( d∑

i=1

(a0bi + ai)v
qi

)
=

d∑

i=1

(r ◦ (a0bi + ai))v
qi−1

.

Next, for any polynomialh(x) =
∑M

n=0 hnx
n of degree at mostM , the polynomial1930

r ◦h(x) =
∑

0≤nq+r≤M hnq+rx
n has degree at most(M − r)/q ≤M/q. In our case,1931

sincedeg(a0bi + ai) ≤ 2N , one hasdeg(r ◦ (a0bi + ai)) ≤ 2N/q ≤ N . This proves1932

thatr ◦ f is inF . �1933

5 Algebraic series and diagonals of rational series1934

A series

f(x1, . . . , xm) =
∑

n1,...,nm

(f, xn1

1 · · ·xnm
m )xn1

1 · · ·xnm
m

in the commuting variablesx1, . . . , xm over a fieldK is a Laurent series if, up to
a finite number of them, all nonzero coefficients(f, xn1

1 · · ·xnm
m ) satisfyni ≥ 0 for

i = 1, . . . ,m. We denote byK((x1, . . . , xm)) theK-algebra of Laurent series in the
commuting variablesx1, . . . , xm overK. Thediagonalof the Laurent seriesf is the
seriesDf(t) in one variablet defined by

Df(t) =
∑

n

(f, xn
1 · · ·xn

m)tn .

For example, the diagonal of the rational series(1 − x − y)−1 =
∑ (

n+m
m

)
xnym

1935

is the algebraic series
∑(

2n
n

)
tn. The purpose of this section is to prove the following1936

theorems.1937

Theorem 5.1 (Furstenberg 1967)Any algebraic seriesf(t) over a finite field is the1938

diagonal of a rational seriesr(x, y) in two variables:f(t) = Dr(t).1939

We call rational Laurent seriesa Laurent series of the formP/Q, whereP,Q are1940

polynomials, withQ of the formzQ1, z a Laurent monomial,Q1 a polynomial with1941

Q1(0) = 1.1942

Theorem 5.2 (Furstenberg 1967)The diagonal of a rational series inm variables over1943

a field of positive characteristic is an algebraic series.1944

We first consider Theorem 5.1. Observe thatf(x) = Df(xy), so the result holds if1945

f has finite support. This means that it suffices to prove the theorem up to a finite num-1946

ber of monomials, and therefore we may assume thatf(x) has only positive exponents1947

in its expansion.1948

The theorem will be a consequence of two lemmas. As before, denote byFq the1949

finite field withq elements. First, we prove.1950
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Lemma 5.3 Let f(x) be an algebraic Laurent series over the fieldFq. Thenf(x) =
r(x) + xhg(x), wherer(x) is a Laurent polynomial, andg(x) is algebraic, satisfying
an equation of the form

b0g = b1g
q + · · · + bdg

qd

+ s , (5.1)

whereb0(x), . . . , bd(x) ands(x) are polynomials, andb0(x) is not divisible byx.1951

Proof. We may suppose that the functionf(x) has no negative exponents in its expan-
sion. By Lemma 4.4 there exist polynomialsc0(x), . . . , cd(x) such that

c0f = c1f
q + · · · + cdf

qd

, c0 6= 0 . (5.2)

If c0(x) is not divisible byx, we are through. Otherwise, we writef(x) = f(0) +
xg(x). We then find

c0xg = c1x
qgq + · · · + cdx

qd

gqd

+ s (5.3)

for an appropriate polynomials(x). Letm be the exponent of the highest power ofx1952

that dividesc0(x), and setn = min(m+ 1, q). Each termcj(x)xqj

is divisible byxn,1953

and sos(x) is also divisible byxn. We may therefore divide (5.3) byxn which yields1954

an equation of the same form as (5.2) for which the power dividing c0(x) is at most1955

m− 1. Iterating this procedure we obtain the lemma. �1956

The next lemma holds in an arbitrary field. We denote byP ′
y the partial derivative1957

of P (x, y) with respect to the variabley.1958

Lemma 5.4 LetP (x, y) ∈ K[x, y] be a polynomial with coefficients in a fieldK and
assume thatP ′

y(0, 0) 6= 0. Let f(x) ∈ K[[x]] be a series satisfyingf(0) = 0 and
P (x, f(x)) = 0. Then

f = D
( y2

P (xy, y)
P ′

y(xy, y)
)
. (5.4)

Note thatP (0, 0) = 0 and therefore the hypothesisP ′
y(0, 0) 6= 0 implies thatP (xy, y)1959

= yP1(x, y) with P1(x, y) ∈ K[x, y] andP1(0, 0) 6= 0. ThusP (xy, y) is invertible as1960

Laurent series andy/P (xy, y) ∈ K[[x, y]].1961

Proof. ConsideringP (x, y) as a polynomial iny over the ringK[[x]], we see that
P (x, y) is divisible byy − f(x). Set

P (x, y) = (y − f(x))Q(x, y) , (5.5)

with Q(x, y) ∈ K[[x]][y]. This equality holds inK[[x, y]]. Next, we have

P ′
y(x, y) = Q(x, y) + (y − f(x))Q′

y(x, y) . (5.6)

Sincef(0) = 0, we getP ′
y(0, 0) = Q(0, 0), and sinceP ′

y(0, 0) 6= 0, it follows that
Q(0, 0) 6= 0. HenceQ(xy, y) is invertible inK[[x, y]] and a fortiori inK((x, y)).
Moreover,y−1f(xy) ∈ K[[x, y]] has constant term0, so1− y−1f(xy) is invertible in
K[[x, y]] andy−f(xy) is invertible inK((x, y)). In Equations (5.5) and (5.6), replace
x by xy. We obtain

P (xy, y) = (y − f(xy))Q(xy, y) , (5.7)
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and

P ′
y(xy, y) = Q(xy, y) + (y − f(xy))Q′

y(xy, y) . (5.8)

Since the three series appearing in Equation (5.7) are invertible inK((x, y)), we may
divide Equation (5.8) by Equation (5.7) and then multiply byy2. We obtain

y2P ′
y(xy, y)

P (xy, y)
=

y2

y − f(xy)
+
y2Q′

y(xy, y)

Q(xy, y)
. (5.9)

The diagonal of the first term in the right-hand side is

D
( y2

y − f(xy)

)
= D

( y

1 − y−1f(xy)

)
= D

(∑

n≥0

y−n+1f(xy)n
)
.

Each of the seriesy−n+1f(xy)n has only terms in the powersxnkynk−n+1 with k ≥ 1
(sincef(0) = 0), and these contribute to the diagonal only whenn = 1. Thus

D
( y2

y − f(xy)

)
= D(f(xy)) = f .

SinceQ(0, 0) 6= 0, we have

1

Q
=

1

Q(0, 0)

1

1 −R
=

1

Q(0, 0)

∑

n≥0

Rn(x, y)

for some seriesR. In the series1QQ
′
y, each monomialxmyn gives, after replacingx by1962

xy and multiplying byy2, a monomial of the formxmym+n+2, form,n ≥ 2. Such a1963

monomial does not contribute to the diagonal, and thereforethe diagonal of the second1964

term in the right-hand side of Equation (5.9) is null. This shows (5.4). �1965

Proof of Theorem5.1. We may suppose that the seriesf has only positive exponents1966

in its expansion. By Lemma 5.3,f(x) = r(x) + xhg(x), whereg(x) satisfies (5.1).1967

We may assume thatg(0) = 0. By Lemma 5.4, the seriesg(x) is the diagonal of some1968

rational series, and the same is true forf , sincer is a Laurent polynomial. �1969

Example 5.1 We have seen in Example 4.1 that the Thue-Morse sequence satisfies the
equation

(1 + x)3t2 + (1 + x)2t+ x = 0 ,

showing thatt(x) is algebraic overF2(x). Write this equation asP (x, t(x)) = 0 with

P (x, y) = x+ (1 + x)2y + (1 + x)3y2 .

Next,P ′
y(x, y) = (1 + x)2, so the hypotheses of Lemma 5.4 are satisfied sincet0 = 0.

By (5.4), the algebraic functiont(x) is the diagonal of the rational function

y2 1

P (xy, y)
P ′

y(xy, y) = y2 (1 + xy)2

xy + (1 + xy)2y + (1 + xy)3y2

=
y

1 + (1 + xy)y +
x

(1 + xy)2

.
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In the proof of Theorem 5.2, we use the following result.1970

Theorem 5.5 (see (Lang 1984), Proposition VIII.5.3)LetF be a field and letα1, . . . ,1971

αn be elements in some extension field ofF . Suppose that for some polynomials1972

Pi(x1, . . . , xn) in F [x1, . . . , xn] for i = 1, . . . , n, one has1973

(i) P (α1, . . . , αn) = 0 for i = 1, . . . , n;1974

(ii) the determinant
(

∂Pi

∂xj
(α1, . . . , αn)

)

1≤i,j≤n
is nonzero.1975

Thenα1, . . . , αn are algebraic overF .1976

Proof of Theorem5.2. Letf(x1, . . . , xm) be a rational series in the commuting vari-
ablesx1, . . . , xm. A monomialw = xn1

1 · · ·xnm
m is called diagonal ifn1 = · · · =

nm. Notice that ifw is diagonal, thenD(wf)(t) = t|w|/mDf(t) where|w| denotes
the degree ofw. Let P (x1, . . . , xm) andQ(x1, . . . , xm) be polynomials such that
f = P/Q, andQ = zQ1, wherez is a Laurent polynomial andQ1 is a polyno-
mial in K[x1, . . . , xm] with Q1(0) = 1. Setϕ = Df . Because of the special form
of the denominatorQ, for any Laurent monomialw, the quotientw/Q is a rational
Laurent series. Therefore, it will suffice, for the proof that ϕ is algebraic, to con-
sider the case whereP reduces to a monomial. Now, we have, for monomialsz, w,
w/Q(x1, . . . , xm)) = wz/zQ(x1, . . . , xm) so if we choosez such thatwz is diago-
nal, we reduce the general case to the case

f(x1, . . . , xm) = 1/Q(x1, . . . , xm) . (5.10)

LetK be the underlying field andp be the characteristic ofK. Define two functions
σ andρ for any monomialw = xn1

1 · · ·xnm
m by considering the Euclidean divisions

ni = pqi + ri with 0 ≤ ri < p for 1 ≤ i ≤ m and by setting

σ(w) = xq1

1 · · ·xqm
m , ρ(w) = xr1

1 · · ·xrm
m ,

so thatw = (σ(w))pρ(w). Observe that for monomialsx, y with x = ρ(x), xyp is1977

diagonal if and only ifx andy are diagonal; henceD(xfp) 6= 0 impliesx diagonal,1978

and in this caseD(xfp) = D(x)D(fp).1979

Let nowℓ be the degree ofQ, and setR = Qp−1. SinceQf = 1 by (5.10), one has
Rfp = f . Also deg(R) = (p− 1)ℓ. For any monomialv, one gets

vf = vRfp =
∑

|u|≤ℓ(p−1)

v(R, u)ufp =
∑

|u|≤ℓ(p−1)

(R, u)ρ(vu)(σ(vu)f)p .

(5.11)

Assume|v| ≤ ℓ. Then |vu| ≤ pℓ for all u with |u| ≤ ℓ(p − 1), and sincevu =
σ(vu)pρ(vu), one getspℓ ≥ |vu| ≥ p|σ(vu)|. Therefore|σ(vu)| ≤ ℓ. The devel-
opment of(σ(vu)f)p has the form(σ(vu)f)p =

∑
w(f, w)pσ(vu)pwp. Thus, by a

previous observation,D(ρ(vu)(σ(vu)f)p) is nonzero only ifρ(vu) is diagonal, and in
this case it is equal toD(ρ(vu))D((σ(vu)f)p). Denote byH the set of monomialsh
of length at mostpℓ such thatρ(h) is diagonal. Then the diagonal ofvf , as computed
in (5.11), writes as

D(vf) =
∑

vu∈H

(R, u)D(ρ(vu))D((σ(vu)f)p) . (5.12)
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We group the terms on the right-hand side according to the value ofσ(vu). This gives

D(vf) =
∑

w

∑

u:vu∈H
σ(vu)=w

(R, u)D(ρ(vu))D((wf)p) .

Denoting bycw,v(t) the polynomial given by

cw,v =
∑

u:vu∈H
σ(vu)=w

(R, u)D(ρ(vu)) ,

and settingϕv(t) = D(vf)(t), we get

ϕv(t) =
∑

|w|≤ℓ

cw,v(t)(ϕw(t))p , |v| ≤ ℓ. (5.13)

Let Y be the set of commuting variablesyv, for v a monomial inx1, . . . , xm of degree
≤ ℓ. Define polynomialsPv in these variables overK[t], by

Pv = yv −
∑

|w|≤ℓ

cw,v(t)y
p
w, |v| ≤ ℓ .

Then the seriesϕv(t) are solutions of the algebraic system

Pv = 0 , |v| ≤ ℓ.

Now the Jacobian matrix

(
∂Pv

∂yw

)

|v|,|w|≤ℓ

is equal to the identity matrix, sincep = 0 in1980

K. Thus, by Theorem 5.5, allϕv(t) are algebraic overK(t). In particular,ϕ1 = D(f)1981

is algebraic. �1982

Example 5.2 Consider the seriesf = 1/Q with Q = 1 − x − y, for p = 3. Here1983

ℓ = 1,R = Q2 = 1 + x+ y + x2 − xy + y2 andH = {1, xy, x3, y3}. There are two1984

equations (5.12), forv = 1 andv = x (the casev = y is symmetric).1985

Forv = 1, since the set of wordsu in H with (R, u) 6= 0 is {1, xy}, one gets

Df = D(ρ(1))D((σ(1)f)3 −D(ρ(xy))D((σ(xy)f)3)

= D(1)D(f3) −D(xy)D(f3) = (1 − t)(Df)3 .

Forv = x, the set of wordsu such thatux ∈ H and(R, u) 6= 0 is {y, x2}. One gets

D(xf) = D(ρ(xy))D((σ(xy)f)3 + D(ρ(x3))D((σ(x3)f)3)

= D(xy)D(f3) + D(1)D((xf)3) = t(Df)3 + D(xf)3 .

The first of these equations gives, forϕ = Df , the equationϕ = (1 − t)ϕ3 which1986

has the solutionsϕ = 0 andϕ = ±(1 − t)−1/2. One of these solutions is the series1987 ∑(
2n
n

)
tn, with binomial coefficients taken modulo3.1988
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Exercises for Chapter 51989

1.1 Show that iff is k-regular, then the functionF defined byF (n) =
∑

0≤i≤n f(i)1990

is k-regular. (Hint: Use the product with the sequence composed of1 only.)1991

1.2 TheKimberling function c : N → N is defined byc(n) = k(n + 1), where1992

k(n) =
1

2

( n

2v2(n)
+ 1

)
for n ≥ 1. Herev2(n) is the2-adic valuation ofn,1993

that is the exponent of the highest power of2 dividing n. The first values of the1994

Kimberling sequence are1995

n 0 1 2 3 4 5 6 7 8 9 10
c(n) 1 1 2 1 3 2 4 1 5 3 6

Show that the Kimberling function is2-regular. (Hint: Show thatc(2n) = n+ 11996

andc(2n+ 1) = c(n) for n ≥ 0.)1997

Check that the following scheme allows to build the sequence: write down inte-1998

gers in increasing order, leaving one place free at each step, and iterate this. Here1999

is the beginning of the process:2000

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
c(n) 1 . 2 . 3 . 4 . 5 . 6 . 7 . 8

1 . 2 . 3 . 4
1 . 2

1

Show that the Kimberling sequence has the property that deleting the first occur-2001

rence of each positive integer in it leaves the sequence unchanged.2002

1.3 It is known that an integern ≥ 0 is the sum of three integer squares if and only2003

if it is not of the formn = 4a(8r + 7) for integersa, r ≥ 0. Denote byf(n) the2004

number of integers≤ n which are sum of three squares. Show that the function2005

f is 2-regular.2006

1.4 Letℓ = kp with k ≥ 2, p > 1. Show that a subsetH of N is k-recognizable if and2007

only if it is ℓ-recognizable. (Hint: Consider the morphismα from {0, 1, . . . , ℓ−2008

1}∗ into {0, 1, . . . , k−1}∗ that maps a digitd of {0, 1, . . . , ℓ−1} onto the unique2009

word u of lengthp over{0, 1, . . . , k − 1} such thatνℓ(d) = νk(u). Show that2010

ν−1
ℓ (H) = α−1ν−1

k (H) and thatH = νk(α(σℓ(H))).)2011

1.5 If a0, a1, . . . , an ∈ k, denote bỹνk(a0a1 · · · an) the numbern = a0 + a1k +2012

· · · ank
n. The worda0a1 · · ·an is areverse representationof n. Show thatH is2013

k-recognizable if and only if̃ν−1
k (H) is a recognizable subset ofk∗.2014

1.6 Leta andb be positive integers. Show that the arithmetic progressionaN + b is2015

k-recognizable for everyk ≥ 2.2016

1.7 Show that ifH,H ′ arek-recognizable sets, then so isH + H ′ = {h + h′ |2017

h ∈ H,h′ ∈ H ′}. (Hint: Consider automataA andA′ with sets of statesQ2018

andQ′ and recognizingL = ν−1
k (H) andL′ = ν−1

k (H ′) respectively, and build2019

an automatonB which has as set of states the disjoint union of two copies of the2020

productQ×Q′, according to the value of a carry, and edges(p, q, c)
ℓ−→ (p′, q′, c′)2021

if and only if p
i→ p′ in A, q

j→ q′ in A′, andi+ j + c = ℓ + c′. Herec, c′ are2022

carries, andi, j, ℓ ∈ k.)2023
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2.1 Show that the mappingf 7→ Sf is a rightK-linear isomorphism which commutes2024

with the left actions ofk∗, fromKN onto the submodule{S ∈ K〈〈k〉〉 | ∀w ∈2025

k∗, (S, 0w) = (S,w)}. Show the same statement for the mappingS 7→ S ⊙ R2026

from the latter submodule onto the submoduleE of Lemma 2.1.2027

3.1 A morphismα : A∗ → B∗ is k-uniformif all wordsα(a), for a ∈ A, have length2028

k. An infinite sequencew overA is purelyk-morphicif there exists ak-uniform2029

endomorphismα : A∗ → A∗ such thatw = α(w). A sequence isk-morphicif it2030

is the image of a purek-morphic sequence by a1-uniform morphism.2031

Show that a sequencew is k-automatic if and only ifw is k-morphic.2032

3.2 Show that ifu is ak-automatic sequence, then the sequenceu′ defined byu′(n) =2033

u(kn) is eventually periodic. (For the Thue-Morse sequencet = abbabaab · · · ,2034

one getst′ = (ba)ω.)2035

Conversely, given an eventually periodic sequenceu′, defineu byu(kn) = u′(n),2036

andu′(i) = 0 if i is not a power ofk. Show thatu is k-automatic.2037

3.3 Show that the sequence starting with0 and consisting of thefirst digit in the2038

canonical representation ofn > 0 in basek is k-automatic. (Fork = 2, this is2039

01ω, for k = 3, it is 012111222111111111 · · · .)2040

4.1 Give a polynomial equation for the series associated to the paper-folding se-2041

quence.2042

4.2 The set of powers of2 is 2-recognizable. Give the polynomial equation for the2043

series associated to the characteristic sequence of this set.2044

4.3 What are the polynomial equations for the arithmetic progressions?2045

5.1 Prove directly that the Thue-Morse seriest(x) is the diagonal of the series

y2 1

P

∂P

∂y
(xy, y) =

y

1 + (1 + xy)y + x
(1+xy)2

without using Furstenberg’s theorem. (Hint: Show that the diagonal has the form2046 ∑
k≥0

(
2k+1

k

)
xk+1(1+x)−k−2 and use the identities

(
4k+2
2k+1

)
≡

(
2k+1

k

)
modulo22047

for k ≥ 0 and
(
4k+1
2k

)
≡

(
2k
k

)
modulo2 for k > 0 to prove that the diagonal2048

satisfies the same equation ast(x).)2049

Notes to Chapter 52050

Recognizable sets of integers have been considered alreadyat the very beginning of2051

the theory of automata. A fundamental and difficult result, not included here, is the2052

so-called base dependence and is due to Cobham (1969). It states that ifk andℓ are2053

multiplicatively independent, that is if there are no positive integers such thatkn = ℓm,2054

then the only sets of integers that are bothk-recognizable andℓ-recognizable are finite2055

unions of arithmetic progressions. See Allouche and Shallit (2003a).2056

The description of recognizable sets of integers by automatic sequences starts with2057

Cobham (1972). It is used in Eilenberg (1974). It is one of themain themes of the book2058

of Allouche and Shallit (2003a). The paper-folding sequence takes its name from the2059

following method that can be used to build it (full details are in Allouche and Shallit2060

(2003a)): take a strip of paper, fold it in the middle, then fold it again in the middle, and2061

iterate. When the paper is unfolded, a sequence of peaks and valleys appear. Coding2062

these with the lettersa andb yields the sequence.2063

k-regular functions were introduced by Allouche and Shallit(1992). Their paper2064
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contains about thirty examples ofk-regular sequences from the literature of number2065

theory. Other results appear in Allouche and Shallit (2003b).2066

Theorem 4.1 was first proved by Christol (1979) for series with values0 and1, then2067

completed by Christol et al. (1980).2068

The definition of rational Laurent series in Section 5 is justified by a result of Ges-2069

sel (1981): he shows that ifP,Q are polynomials in several commuting variables, rel-2070

atively prime, andS a formal series in these variables withQS = P , thenQ(0) 6= 0.2071

Theorem 5.2 holds without restriction on the characteristic of the field for rational2072

functions in two variables (Furstenberg (1967)). Exercise5.1 is from Allouche (1987),2073

see also Allouche and Shallit (2003a).2074

There have been extensions to algebraic (or context-free) series in noncommuting2075

variables by Fliess (1974b) and Haiman (1993), see also Fagnot (1996). The three last2076

authors give a proof of Theorem 5.2 based on formal languages.2077





Chapter 62078

Rational series in one variable2079

This chapter gives a short introduction to some striking arithmetic properties of the2080

expansion of rational functions.2081

In the first section, the notions of rational series, Hankel matrix and rank are shown2082

to coincide, in the case of series in one variable, with the classical definitions. The ex-2083

ponential polynomial is defined in Section 2, with emphasis on its algebraic aspects. As2084

an application, we obtain Benzaghou’s theorem on the invertible series in the Hadamard2085

algebra (Theorem 2.3).2086

Section 3 is devoted to a theorem of George Pólya concerningarithmetic properties2087

of the coefficients of a rational series.2088

In the final section, we give an elementary proof, due to Georges Hansel, of the2089

famous Skolem-Mahler-Lech theorem on the positions of vanishing coefficients of a2090

rational series.2091

1 Rational functions2092

We consider a commutative ringK and an alphabet consisting of a single letterx. We
write, as usual,K[x] andK[[x]] instead ofK〈x〉 andK〈〈x〉〉. An elementS of K[[x]]
is written as

S =
∑

n≥0

anx
n .

Recall from Section 1.4 thatS is called rational ifS belongs to the smallest subalgebra2093

of K[[x]] which containsK[x] and which is closed under inversion.2094

Proposition 1.1 A seriesS is rational if and only if there exist polynomialsP andQ in2095

K[x] withQ(0) = 1 such thatS is the power series expansion of the rational function2096

P/Q.2097

Note thatQ(0) is the constant term of the denominatorQ of P/Q. Note also that since2098

Q(0) = 1, the polynomialQ is invertible inK[[x]] so thatP/Q makes sense.2099

Proof. Let E be the set of series which are the power series expansion of the form de-
scribed. Then, since a series with constant term1 is invertible inK[[x]], E is contained
in the algebra of rational series. Moreover,E is a subalgebra ofK[[x]] closed under

97
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inversion, since ifS ∈ E, andS = P (x)/Q(x) is invertible inK[[x]], then its constant
term is invertible inK. This constant term isP (0)/Q(0) = P (0) = λ. Thus

S−1 =
λ−1Q(x)

λ−1P (x)
∈ E ,

since the constant term of the denominator is1. This shows that any rational series is2100

in E. �2101

From now on, we assume thatK is a field. LetS be a rational series which cor-2102

responds to the rational functionP (x)/Q(x). The quotient is callednormalizedif P2103

andQ have no common factor inK[x] and ifQ(0) = 1. In this case,Q is called the2104

minimal denominatorof S. The roots ofQ, which are the poles of the rational function,2105

are called thepolesof S.2106

What about the syntactic ideal ofS? SetS =
∑
n≥0

anx
n.2107

Recall from Section 2.1 that the functionxn 7→ an is extended to a linear function2108

K[x] → K, and that the syntactic ideal (resp. right ideal) ofS is the greatest ideal2109

(resp. right ideal) ofK[x] contained in the kernel of this linear function.2110

Let

R = xk − α1x
k−1 − · · · − αk ∈ K[x]

be a polynomial. SinceK is commutative, the syntactic idealI of S and the syntactic
right ideal coincide. ThusR ∈ I if and only if S ◦R = 0 by Proposition 2.1.4. Since

S ◦ xi =
∑

n≥0

an+ix
n

this gives the equivalence

R ∈ I ⇐⇒ for all n ∈ N, an+k − α1an+k−1 − · · · − αkan = 0 .

Observe that in view of Theorem 2.1.2, the seriesS is rational if and only if its syntactic
ideal is not null, since a nonnull ideal inK[x] always has a finite codimension, and the
latter is equal to the degree of any generator of this ideal. Recall that a sequence(an)
overK satisfies alinear recurrence relationif, for somek ≥ 0 and some elements
α1, . . . , αk in K, one has

∀n ∈ N an+k = α1an+k−1 + · · · + αkan . (1.1)

This yields the classical result stating thata series is rational if and only if the sequence2111

of its coefficients satisfies a linear recurrence relation. The syntactic ideal ofS is thus2112

precisely the ideal of polynomials associated with the linear recurrence relations satis-2113

fied byS. More precisely, the linear recurrence relations satisfiedby (an) correspond2114

bijectively to the elements in the syntactic ideal ofS whose leading coefficient is1. We2115

refer to the generator of the syntactic ideal ofS having leading coefficient equal to12116

as theminimal polynomialof S. It is the polynomial associated with the shortest linear2117

recurrence relation.2118

By Theorem 2.1.6, the rank ofS is equal to the codimension ofI; thus it is equal2119

to the length of the shortest linear recurrence relation satisfied by the sequence(an).2120

Theeigenvaluesof S are the roots of its minimal polynomial, and theirmultiplicities2121

are defined similarly.2122
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We say that the linear recurrence relation (1.1) isstrict if αk 6= 0. A rational series2123

S =
∑
n≥0

anx
n is strict if it satisfies some strict linear recurrence relation. The interest2124

of such series is that one may compute backwards: knowingk consecutive coefficients2125

(not only thek first ones) determines all of them.2126

Proposition 1.2 The following conditions are equivalent:2127

(i) S is strict;2128

(ii) the shortest linear recurrence relation satisfied byS is strict;2129

(iii) there exists a polynomialP such thatS ◦ P = 0 andP (0) 6= 0;2130

(iv) the minimal polynomial ofS has a nonzero constant term;2131

(v) the eigenvalues ofS are nonzero;2132

(vi) S has a linear representation(λ, µ, γ) with µx invertible;2133

(vii) for the minimal linear representation(λ, µ, γ) of S, the matrixµx is invertible;2134

(viii) S = P/Q withP,Q ∈ K[x] anddegP < degQ;2135

(ix) for S = P/Q written as an irreducible fraction, one hasdegP < degQ.2136

Proof. LetP0 be the minimal polynomial ofS. ThenP0 dividesP (defined in (iii)) by2137

the discussion above; thus (iii), (iv) and (v) are equivalent. By the same discussion, (i)2138

and (ii) are equivalent, and so are (ii) and (iv).2139

Exercise 1.1 shows that (i) implies (vi). The implication (vi) =⇒ (vii) follows2140

from Corollary 2.2.5, and the implication (vii)=⇒ (i) follows from Exercise 1.2.2141

Now suppose that Equation (1.1) holds, withαk 6= 0. Then, for anyn ≥ k, one has2142

an−α1an−1−· · ·−αkan−k = 0, showing that(1−α1x−· · ·−αkx
k)S is a polynomial2143

of degree< k; thus (i) implies (viii). Simplifying numerator and denominator, we see2144

that (viii) implies (ix). Now, the previous equality also shows that (ix) implies (i).2145

�2146

The last part of the proof also shows the following result.2147

Corollary 1.3 LetS = P/Q be a strict rational series written as an irreducible frac-2148

tion withdegP < degQ. Then the rank ofS is equal to the degree ofQ. The minimal2149

polynomial is equal to the reciprocal polynomial of the minimal denominatorQ. �2150

Recall that thereciprocal polynomialof 1 − α1x − · · · − αℓx
ℓ, with αℓ 6= 0, is2151

xℓ − α1x
ℓ−1 − · · · − αℓ.2152

Proposition 1.4 The rank of a rational seriesS =
∑

n≥0 anx
n = P (x)/Q(x), where2153

P,Q ∈ K[x] are relatively prime andQ 6= 0, is equal tomax(1 + degP, degQ) and2154

also to the size of the greatest nonzero principal minor of its Hankel matrix.2155

Recall that aprincipal minorof the Hankel matrix(ai+j)i,j≥0 is a determinant of2156

the form|ai+j |0≤i,j≤n.2157

Proof. Note that a finite prefix-closed (or suffix-closed) subset ofx∗ is necessarily of2158

the form{1, x, . . . , xn}. Thus the last statement follows from Corollary 2.3.7: indeed,2159

if the rank ofS is r, then this result shows that the principal minor of sizer × r of the2160

Hankel matrix is nonzero; sincer is the rank of this matrix, all greater minors are0.2161

Observe that ifS is strict, thendegP < degQ and the first assertion is contained2162

in Corollary 1.3.2163
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Suppose now thatS is not strict, sodegP ≥ degQ. Then by Euclidean division,2164

P = A + BQ with deg(A) < deg(Q). ThusS = P/Q = A/Q + B, anddegB =2165

degP − degQ. Letd = degB + 1. We haveB ◦ xd = 0. Moreover, the rank ofA/Q2166

is degQ by Corollary 1.3, sinceA/Q is strict. LetQ be the reciprocal polynomial of2167

Q. Then(A/Q)◦Q = 0 by Corollary 1.3, and thereforeS ◦ (Qxd) = 0. Thus the rank2168

of S is≤ degQ+ d = degP + 1.2169

Conversely, letk be the rank ofS. Then we have Equation (1.1) andαk = 0, since2170

S is not strict, and by Proposition 1.2. Letℓ be such thatαℓ 6= 0, with ℓ maximum.2171

Thenℓ < k. By using backwards the recurrence relation, we may find a sequence(a′n)2172

which coincides with(an) for n ≥ k− ℓ and which satisfies the strict linear recurrence2173

a′n+ℓ = α1a
′
n+ℓ−1 + · · · + αℓa

′
n for all n in N. Indeed, forn ≥ k − ℓ we have2174

n+ ℓ = (n+ ℓ − k) + k andn+ ℓ − k ≥ 0, hencean+ℓ = α1an+ℓ−1 + · · · + αℓan2175

by using Equation (1.1).2176

The seriesS′ =
∑
a′nx

n is strict, of the formA/B with degA < degB ≤ ℓ2177

by Corollary 1.3. MoreoverS = S′ + C, whereC is a nonzero polynomial with2178

degC ≤ k − ℓ − 1. ThusS = (A + BC)/B and we conclude that1 + degP ≤2179

1 + degBC = 1 + degB + degC ≤ 1 + ℓ+ k − ℓ− 1 = k.2180

Finally, k = 1 + degP , what was to be shown. �2181

Corollary 1.5 With S = P/Q as in the proposition, letQ = 1 − α1x − · · · − αℓx
ℓ,2182

αℓ 6= 0, and letd = 0 if degP < degQ, d = degP − degQ+ 1 if degP ≥ degQ.2183

Then the minimal polynomial ofS is equal toxd(xℓ − α1x
ℓ−1 − · · · − αℓ) and also2184

to the characteristic polynomial ofµx, for any minimal linear representation(λ, µ, γ)2185

of S.2186

Proof. The first equality has been obtained in the proof of Proposition 1.4, since the2187

minimal polynomial ofS corresponds to the shortest linear recurrence satisfied by(an).2188

The second equality follows from the fact that the minimal polynomial is the generator,2189

with leading coefficient1, and of the smallest degree, of the syntactic ideal ofS, and2190

from Corollary 2.2.2. Alternatively, it is a consequence ofExercises 1.1 and 1.2. �2191

Proposition 1.6 For every rational seriesS, there exists a unique pair(T, P ), where2192

T is a strict series andP is a polynomial, such thatS = P + T .2193

Proof. The result is equivalent to: each rational function is, in aunique way, the sum2194

of a polynomial and of a rational functionP/Q with degP < degQ. The details are2195

left to the reader. �2196

In view of Proposition 1.6, it suffices for many purposes to study strict rational2197

series.2198

Proposition 1.7 The subset of strict rational series ofK[[x]] is closed under linear2199

combination, product, and Hadamard product.2200

Observe that this set does not contain any non vanishing polynomials by Proposi-2201

tion 1.6.2202

Proof. Let S1 = P1/Q1 andS2 = P2/Q2 be strict series withdeg(P1) < deg(Q1)
anddeg(P2) < deg(Q2). ThenS1 + S2 = (P1Q2 + P2Q1)/Q1Q2 andS1S2 =
P1P2/Q1Q2. Since clearlydeg(P1Q2 + P2Q1) < deg(Q1Q2) anddeg(P1P2) <
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deg(Q1Q2), the seriesS1+S2 andS1S2 are strict. Moreover, if(S1, x
n) = λ1µ1x

nγ1

and(S2, x
n) = λ2µ2x

nγ2, whereµ1x andµ2x are invertible matrices, then

(S1 ⊙ S2, x
n) = (S1, x

n)(S2, x
n) = (λ1 ⊗ λ2)(µ1 ⊗ µ2)(x

n)(γ1 ⊗ γ2) ,

and since(µ1 ⊗ µ2)(x) is invertible, this shows thatS1 ⊙ S2 is strict. �2203

The set of strict rational series equipped with the structure of vector space and with2204

the Hadamard product is theHadamard algebra of strict rational series. Its neutral2205

element is the series
∑
xn = 1/(1 − x).2206

2 The exponential polynomial2207

We assume from now on thatK hascharacteristic zero. Let Λ be the multiplicative
groupK \ 0, and lett be an indeterminate. We consider the algebra

K[t][Λ]

of the groupΛ over the ringK[t]. It is in particular an algebra overK. An element of2208

K[t][Λ] is called anexponential polynomial.2209

Theorem 2.1 Let K be algebraically closed. The function which associates to an
exponential polynomial

∑

λ∈Λ

Pλ(t)λ

ofK[t][Λ] the strict rational series

∑

n≥0

anx
n

defined by

an =
∑

λ∈Λ

Pλ(n)λn

(with the sum computed inK) is an isomorphism ofK-algebras fromK[t][Λ] onto the2210

Hadamard algebra of strict rational series.2211

Proof. Letφ be the function of the statement. LetE =
∑
Pλ(t)λ andF =

∑
Qλ(t)λ

be two exponential polynomials, and letG = E + F =
∑
Rλ(t)λ,H = EF =∑

Sλ(t)λ ∈ K[t][Λ]. Then

Rλ = Pλ +Qλ, Sλ =
∑

µν=λ

PµQν .
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Consequently

(φ(G), xn) =
∑

Rλ(n)λn =
∑

Pλ(n)λn +
∑

Qλ(n)λn

= (φ(E), xn) + (φ(F ), xn) ,

(φ(H), xn) =
∑

Sλ(n)λn =
∑

λ

λn
∑

µν=λ

Pµ(n)Qν(n)

=
(∑

µ

Pµ(n)µn
)(∑

ν

Qν(n)νn
)

= (φ(E), xn)(φ(F ), xn) .

Thus

φ(E + F ) = φ(E) + φ(F ), φ(EF ) = φ(E) ⊙ φ(F ) .

Let us now verify thatφ is a bijection. Letα1, . . . , αk be elements ofK with αk 6= 0,
and letV be the set of all rational seriesS =

∑
anx

n satisfying the relation

an+k = α1an+k−1 + · · · + αkan, (n ≥ 0) .

These series are necessarily strict. Clearly,V is a vector space of dimensionk overK.
Let λ1, . . . , λp be the roots of the polynomial

R(x) = xk − α1x
k−1 − · · · − αk

with multiplicities n1, . . . , np respectively. Consider the subspaceV ′ of K[t][Λ] of
dimensionk

V ′ =
{ ∑

1≤i≤p

Pi(t)λi

∣∣∣ deg(Pi) ≤ ni − 1
}
.

We show thatφ induces a surjectionV ′ → V (and consequently an injection) and this2212

will prove the theorem.2213

Any S =
∑
anx

n in V can be written asP (x)/Q(x), with deg(P ) < deg(Q) and
Q = 1 − α1x− · · · − αkx

k. DecomposingP/Q into simple elements shows thatS is
a linear combination overK of series

1

(1 − λix)j
, 1 ≤ i ≤ p, 1 ≤ j ≤ nj .

Next, it is well-known (see Exercise 2.7) that

1

(1 − λx)j
=

∑

n≥0

(
n+ j − 1

j − 1

)
λnxn .

Since
(
n+j−1

j−1

)
is a polynomial of degreej − 1 in the variablen, the surjectivity of2214

φ : V ′ → V is proved. �2215

Observe that in the bijection described in the theorem and its proof, thesupport2216

of an exponential polynomialE =
∑
Pλ(t)λ (that is the set ofλ ∈ Λ such that2217

Pλ 6= 0) is exactly the set of nonzero eigenvalues (that is, inverses of poles) ofS,2218

and that the multiplicity of an eigenvalueλ is equal to1 + deg(Pλ). Furthermore,2219

if the coefficients and the eigenvalues ofS are in some subfieldK1 of K, then the2220

corresponding exponential polynomial is inK1[t][Λ1], with Λ1 = K1 \ 0.2221
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Corollary 2.2 LetS =
∑
anx

n be a rational series over an algebraically closed field2222

K of characteristic0.2223

(i) The coefficientsan are given, for large enoughn, by

an =
∑

1≤i≤p

λn
i Pi(n) , (2.1)

whereλ1, . . . , λp ∈ K \ 0 andPi(t) ∈ K[t].2224

(ii) The expression(2.1) is unique if theλi’s are distinct; in particular, the nonzero2225

eigenvalues ofS are theλi’s with Pi 6= 0.2226

Proof. (i) By Proposition 1.4,S = P + T for some polynomialP and some rational2227

strict seriesT . Thus, it suffices to use Theorem 2.1.2228

(ii) Let

T =
∑

n≥0

( ∑

1≤i≤p

λn
i Pi(n)

)
xn .

Then, in view of Theorem 2.1,T is rational strict. MoreoverS = P + T for some2229

polynomialP (becauseS andT have by assumption the same coefficients for large2230

enoughn). By Proposition 1.4,T depends only onS, and by Theorem 2.1, the ex-2231

ponential polynomial ofT is unique. This proves the first assertion. By the remark2232

following the proof of Theorem 2.1, theλi’s with Pi 6= 0 are exactly the eigenvalues2233

of T . Now, it is clear thatT andS have the same poles, so they have the same nonzero2234

eigenvalues. �2235

Definition Let S0, . . . , Sp−1 be formal series inK[[x]]. Themergeof these series is
the formal series defined form ∈ N andi ∈ {0, . . . , p− 1} by

(S, xmp+i) = (Si, x
m) .

In other words, ifn = mp+ i (Euclidean division ofn by p), then(S, xn) = (Si, x
m).

This can also be written as

S(x) =
∑

0≤i<p

xiSi(x
p)

with self-evident notation.2236

An example. Ifp = 2 andS0 =
∑
anx

n andS1 =
∑
bnx

n, then themergeof S0

andS1 is the series
∑
cnx

n where the sequence(cn) is

a0, b0, a1, b1, a2, b2, a3, . . .

Observe that for any seriesS =
∑
anx

n ∈ K[[x]] and anyp, there is a unique
p-tuple of series(S0, . . . , Sp−1) whose merge isS. These series are indeed

Si =
∑

n≥0

ai+npx
n .

2237

Definition A series
∑
anx

n is geometricif there existb, c in K with c 6= 0 such that2238

an = bcn.2239
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Theorem 2.3 (Benzaghou 1970)If a strict rational series is invertible in the Hada-2240

mard algebra of strict rational series, then it is a merge of geometric series.2241

The conclusion can also be formulated as follows: there exist an integerp and elements
a0, . . . , ap−1, b0, . . . , bp−1 in K with b0, . . . , bp−1 6= 0 and such that the series is

∑

0≤i≤p−1

aix
i

1 − bixp
.

Proof. (i) Let i and p be natural numbers and consider theK-linear functionψ :
K[t][Λ] → K[t][Λ] defined on monomials by

ψ(P (t)λ) = (λiP (i+ pt))λp ,

whereP (t) ∈ K[t], λ ∈ Λ and whereλiP (i + pt) is viewed as an element ofK[t].
The functionψ is a morphism ofK-algebra. To see this, it suffices to computeψ on
products of monomials, and indeed

ψ(P (t)Q(t)λµ) = (λiµiP (i+ pt)Q(i+ pt))λpµp

= ψ(P (t)λ)ψ(Q(t)µ) .

(ii) Consider now two exponential polynomialsE,F ∈ K[t][Λ] and letΛ1 be the2242

subgroup ofΛ generated bysupp(E) ∪ supp(F ). The groupΛ1 is a finitely generated2243

Abelian group, thus is isomorphic to the product of a finite group (ofp elements, say)2244

and of a finitely generated free Abelian group. Consequently, the subgroupΛ2 of Λ12245

generated by theλp, for λ ∈ Λ1, is free.2246

By construction, the supports ofψ(E) andψ(F ) are inΛ2 (for any i, and for the2247

fixed p), andψ(E), ψ(F ) ∈ K[t][Λ2]. Assume nowEF = 1. Thenψ(E)ψ(F ) = 1.2248

SinceΛ2 is free, the only invertible elements ofK[t][Λ2] have the formaλ, with a ∈ K,2249

λ ∈ Λ2. See Exercise 2.3.2250

(iii) Consider now two strict rational seriesS andT such thatS ⊙ T =
∑

n≥0 x
n

2251

(the neutral element of the Hadamard algebra). LetE,F ∈ K[t][Λ] be such that2252

φ(E) = S, φ(F ) = T , whereφ is the isomorphism of Theorem 2.1. ThenEF = 1.2253

Thusψ(E)ψ(F ) = 1.2254

SetS =
∑
anx

n. If E =
∑
Pλ(t)λ, thenψ(E) =

∑
λiPλ(i+ tp)λp and

φ(ψ(E)) =
∑

n≥0

(∑

λ

λiPλ(i+ pn)λpn
)
xn = Si ,

where

Si =
∑

n≥0

ai+pnx
n .

In view of the conclusion of (ii),ψ(E) = aλ for somea ∈ K, λ ∈ Λ. Consequently,

Si =
∑

n≥0

aλnxn .

This proves the theorem becauseS is the merge of theSi’s, i = 0, . . . , p− 1. �2255

The proof of the theorem suggests the following definition and proposition which2256

will be of use later.2257
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Definition A strict rational series issimpleif the Abelian multiplicative subgroup of2258

K \ 0 generated by its eigenvalues is a free Abelian group. Similarly, a set of strict2259

rational series issimpleif the set of all its eigenvalues generates a free Abelian group.2260

Proposition 2.4 Let S be a finite set of strict rational series. There exists an integer
p ≥ 1 such that the set of series of the form

∑

n≥0

ai+pnx
n

for i ∈ N and for
∑
anx

n ∈ S is simple.2261

Proof. SinceS is finite, there exists an invertible matrixm ∈ Kq×q such that each
S ∈ S can be written as

S =
∑

n≥0

φS(mn)xn

for some linear functionφS onKq×q. Let Λ1 be the set of eigenvalues ofm. The
group generated byΛ1 in K \ 0 is finitely generated, and consequently there is an
integerp ≥ 1 such that the groupG generated by theλp, for λ ∈ Λ1, is free Abelian.
LetP be the characteristic polynomial ofmp. The roots ofP are inG. For eachi ∈ N
andS =

∑
anx

n ∈ S, the seriesSi =
∑
ai+pnx

n has the form

Si =
∑

n

φS(mi(mp)n)xn ,

showing thatSi ◦ P = 0 (see Exercise 1.2). Consequently, the eigenvalues ofSi are in2262

G. �2263

3 A theorem of Pólya2264

In this section, we consider series with coefficients inQ. Recall that for any prime2265

numberp, thep-adic valuationvp overQ is defined byvp(0) = ∞ andvp(p
na/b) = n2266

for n, a, b ∈ Z, andp dividing neithera norb.2267

Definition LetS =
∑
anx

n ∈ Q[[x]]. The set ofprime factorsof S is the set of prime
numbers

P (S) = {p | ∃n ∈ N, vp(an) 6= 0,∞} .

Theorem 3.1 (Pólya 1921)The set of prime factors of a rational seriesS is finite if2268

and only ifS is the sum of a polynomial and of a merge of geometric series.2269

We start with a result of independent interest.2270

Theorem 3.2 (Benzaghou 1970)LetS =
∑
anx

n be a rational series which is not a2271

polynomial, and letp be a prime number. There exist integersn0 ≥ 0 andq ≥ 1 such2272

that the functionn 7→ vp(an0+qn) is affine.2273
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Proof. (i) We start by proving a preliminary result. LetK be a field with a discrete
valuationv : K → N ∪ {∞}. LetA be its valuation ring,A = {z ∈ K | v(z) ≥ 0},
let I be the maximal ideal ofA, I = {z ∈ K | v(z) ≥ 1} and letU = A \ I =
{z ∈ K | v(z) = 0} be the group of invertible elements ofA. Suppose further that
the residual fieldF = A/I is finite. Sincev is discrete,I is a principal ideal, and
consequentlyI = πA for someπ ∈ A with v(π) = 1. (For an exposition of these
concepts, see e. g. Amice (1975), Koblitz (1984).) Letλ1, . . . , λk be elements of
A \ 0, letP1, . . . , Pk ∈ K[t] be polynomials and let(an) be a sequence of elements in
A defined by

an =
∑

1≤i≤k

Pi(n)λn
i . (3.1)

Then we claim that there exist integersn0 andq such that the functionn 7→ v(an0+qn)2274

is affine.2275

The proof is in three steps.2276

1. One may assume that all thePi are inA[t] (by multiplying the polynomials by a2277

common denominator, if necessary).2278

2. Assuming thatλi ∈ I for all i = 1, . . . , k, set

r = inf{v(λi) | i = 1, . . . , k} .
Thenr ≥ 1. Since eachPi has coefficients inA andv(λi) ≥ r for all i, it follows that

a′n =
an

πrn
=

∑

1≤i≤k

Pi(n)
( λi

πr

)n

∈ A .

Sincev(an) = v(a′n) + rn, we may assume in addition thatλi ∈ U for at least one2279

indexi.2280

3. Letℓ ≥ 1 be such thatλ1, . . . , λℓ ∈ U andλℓ+1, . . . , λk ∈ I (possiblyℓ = k).
Set

bn =

ℓ∑

i=1

Pi(n)λn
i , cn =

k∑

i=ℓ+1

Pi(n)λn
i

(cn = 0 if ℓ = k). We prove that there is an arithmetic progression of integersn where
v(bn) is constant. For this, observe that the minimal polynomial of the strict series∑
bnx

n is

P (x) =
ℓ∏

i=1

(x− λi)
deg(Pi)+1

(cf. Theorem 2.1 and the observation following its proof). By setting

P (x) = xh − α1x
h−1 − · · · − αh ,

one hasαh ∈ U . Let

s = inf{v(b0), . . . , v(bh−1)} .
Since the sequence(bn) satisfies the recurrence relation associated withP , and since
the coefficients ofP are inA, it follows thatv(bn) ≥ s for all n. Consequently, the
sequence(b′n) defined by

b′n = bn/π
s
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is also inA. It has the same minimal polynomial as(bn) and there is an integerj such
that

v(b′j) = 0 ,

that isb′j ∈ U . Next, by Exercise 1.1,

b′n = λmnγ ,

where

λ = (1, 0, . . . , 0), m =




0 1 0 0

0

0 0 1

αh α1



, γ =




b′0
b′1
...

b′h−1



.

Since the determinant of the matrixm is±αh ∈ U , and sinceF = A/I is finite, there
is an integerq such thatmq ≡ 1 mod I (with I the identity matrix). This shows that
the sequence(b′n) has periodq moduloI and in particular for alln ≥ 0,

b′j+qn ≡ b′j mod I .

Thus,v(b′j+qn) = v(b′j) = 0, and consequently

v(bj+qn) = s for n ≥ 0 .

Finally, observe thatv(cn) ≥ n. This implies that, for largen (more precisely for
j + qn > s),

v(aj+qn) = v(bj+qn) = s .

This proves the preliminary result.2281

(ii) The seriesS is rational overQ. We may assume that it is strict by Propo-
sition 1.6. By Exercise 1.5.1.b, we may assume that it is rational overZ and has
a linear representation(λ, µ, γ) with µx over Z and of nonzero determinant. Let
P (x) = xr − α1x

r−1 − · · · − αr be its characteristic polynomial. Then(an) satisfies
the linear recurrence relation associated toP (see Exercise 1.2). The rootsλ1, . . . , λk

of P are algebraic integers. LetK be the number fieldK = Q[λ1, . . . , λk]. By Theo-
rem 2.1, thean admit the expression given by Equation (3.1). Moreover, forany prime
idealp of K, theαi andan are in the valuation ring ofK for the valuationvp and by
our preliminary result (i), there exist integersj andℓ such that

n 7→ vp(aj+ℓn)

is an affine function.2282

(iii) Let B be the ring of algebraic integers ofK, and letp be a prime number. The
idealpB of B decomposes as

pB = pm1

1 · · · pms
s ,

wherep1, . . . , ps are distinct prime ideals ofK. By applying the preceding argument
for p = p1 one obtains integersj, ℓ such that the function

n 7→ vp1
(aj+ℓn)
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is affine. By iteration of this computation forp2, . . . , ps, one gets successive subse-
quences and finally one obtains an arithmetic progressionn′

0 + q′N such that for each
i = 1, . . . , s, the function

n 7→ vpi
(an′

0
+q′n)

is affine. Thus there exist integersxi andyi such that

vpi
(an′

0
+q′n) = xi + yin .

Note thatxi, yi are integers, sincexi + yin is an integer forn in N. Now observe that
for all a ∈ Z,

vp(a) = inf

{⌊
vpi

(a)

mi

⌋
; i = 1, . . . , s

}

where⌊z⌋ denotes the integral part ofz. Since the functions

n 7→
vpi

(an′

0
+q′n)

mi
=
xi + yin

mi

also are affine, there exists an integeri0 ∈ {1, . . . , s} such that for alli = 1, . . . , s and
all sufficiently largen,

1

mi
(xi + yin) ≥ 1

mi0

(xi0 + yi0n) ,

showing that

vp(an′

0
+q′n) =

⌊
xi0 + yi0n

mi0

⌋

for sufficiently largen. Since the function

n 7→
⌊
xi0 + yi0mi0n

mi0

⌋
=

⌊
xi0

mi0

⌋
+ yi0n

also is affine, the lemma follows. �2283

Proof of Theorem3.1. LetS be a rational series having a finite set of prime factors.2284

Clearly we may assume thatS is strict (Proposition 1.6). In view of Proposition 2.4,2285

we may even assume thatS is simple.2286

LetS =
∑
anx

n and letp1, . . . , pℓ be the prime factors ofS. Applying Lemma 3.2
successively top1, . . . , pℓ, one obtains integersn0 and q such that, for everyi =
1, . . . , ℓ, the function

n 7→ vpi
(an0+qn)

is affine. Setǫk = −1, 0, 1 according toan < 0, an = 0, an > 0. Then forn ≥ 0, one
has

an0+qn = θnbc
n

with θn = ǫn0+qn.2287
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Now let λ1, . . . , λk, with k ≥ 1, be the distinct eigenvalues ofS. In view of
Theorem 2.1, there are non vanishing polynomialsP1, . . . , Pk such that

an =

k∑

i=1

Pi(n)λn
i . (3.2)

Thus, setting

bn = an0+qn , Qi(t) = Pi(n0 + qt)λn0

i , µi = λq
i ,

one has

bn = θnbc
n =

k∑

i=1

Qi(n)µn
i .

Since the group generated by theλi’s is free, all theµi are distinct. Moreover, the poly-
nomialsQi(t) do not vanish, and consequently

∑
bnx

n is not a polynomial. Therefore
θn 6= 0 for infinitely manyn, and we may suppose thatθn = 1 for infinitely manyn.
The series

∑ bn
cn
xn

has finite image. By Theorem 3.2.10 and Exercise 3.1.1, thereexists an arithmetic
progressionn1 + rN such thatθn = 1 for n ∈ n1 + rN. It follows that

bn1+rn = bcn1(cr)n =

k∑

i=1

Qi(n1 + rn)µn1

i (µr
i )

n .

As before, theµr
i are pairwise distinct. In view of the uniqueness of the exponential2288

polynomial, one hask = 1 andQ1(n1 + rt) = C, for some constantC. ThusQ1 is a2289

constant and alsoP1. By Equation (3.2),an = P1λ
n
1 . This completes the proof. �2290

4 A theorem of Skolem, Mahler, Lech2291

The following result describes completely the supports of rational series in one variable2292

with coefficients in a field of characteristic zero. They are exactly the rational one-letter2293

languages. This does not hold for more than one variable (seeExample 3.4.1).2294

Theorem 4.1 (Skolem 1934, Mahler 1935, Lech 1953)LetK be a field of character-
istic 0, and letS =

∑
anx

n be a rational series with coefficients inK. The set

{n ∈ N | an = 0}

is the union of a finite set and of a finite number of arithmetic progressions.2295

In fact, this result has been proved forK = Z by Skolem, it has been extended to al-
gebraic number fields by Mahler and to fields of characteristic 0 by Lech. This author
also gives the following example showing that the theorem does not hold in character-
istic p 6= 0. Indeed, letθ be transcendent over the fieldFp with p elements. Then the
series

∑
anx

n with

an = (θ + 1)n − θn − 1
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is rational overFp(θ) and, however,{n | an = 0} = {pr | r ∈ N} is not a rational2296

subset of the monoidN (see Exercise 3.4.1.b).2297

The proof given here is elementary and does not usep-adic analysis. It requires2298

several definitions and lemmas, and goes through three steps. First, the result is proved2299

for series with integral coefficients. Then it is extended totranscendental extensions2300

and finally to the general case.2301

Definitions A setA of nonnegative integers is calledpurely periodicif there exist an
integerN ≥ 0 and integersk1, k2, . . . , kr ∈ {0, 1, . . . , N − 1} such that

A = {ki + nN | n ∈ N, 1 ≤ i ≤ r} .

The integerN is a periodof A. A quasi-periodicset (of periodN ) is a subset ofN2302

which is the union of a finite set and of a purely periodic set (of periodN ).2303

Lemma 4.2 The intersection of a family of quasi-periodic sets of period N is quasi-2304

periodic of periodN .2305

Proof. Let (Ai)i∈I be a family of quasi-periodic sets, all having periodN . Given a2306

j ∈ {0, 1, . . . , N − 1}, for anyi ∈ I, the set(j +NN) ∩Ai is either finite or equal to2307

j +NN. Thus the same holds for(j +NN) ∩ (∩Ai). �2308

Definition Given a seriesS =
∑
anx

n with coefficients in a semiringK, theannihi-
lator of S is the set

ann(S) = {n ∈ N | an = 0} .

Thus the annihilator is the complement of the support.2309

With these definitions, the first (and most difficult) step in the proof of Theorem 4.12310

can be formulated as follows.2311

Proposition 4.3 Let S =
∑
anx

n ∈ Q[[x]] be a strict rational series with rational2312

coefficients. Then the annihilator ofS is quasi-periodic.2313

Let p be a fixed prime number. Thep-adic valuationvp is defined at the beginning
of Section 3. Observe that

vp(q1 · · · qn) =
∑

1≤i≤n

vp(qi) ,

vp(q1 + · · · + qn) ≥ inf{vp(q1), . . . , vp(qn)} .

Observe also that forn ∈ N

vp(n!) ≤ n/(p− 1) (4.1)

since indeed (Exercise!)

vp(n!) = ⌊n/p⌋+ ⌊n/p2⌋ + · · · + ⌊n/pk⌋ + · · ·
≤ n/p+ n/p2 + · · · + n/pk + · · ·

≤ n
∑

k≥1

1

pk
= n

1/p

1 − 1/p
= n/(p− 1) .
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From Equation (4.1), we deduce

vp

(
pn

n!

)
= vp(p

n) − vp(n!) ≥ n− n

p− 1
,

thus

vp

(
pn

n!

)
≥ n

p− 2

p− 1
. (4.2)

Next, consider an arbitrary polynomial

P (x) = a0 + a1x+ · · · + anx
n

with integral coefficients. For any integerk ≥ 0, let

ωk(P ) = inf{vp(aj) | j ≥ k} .

Clearly

ω0(P ) ≤ ω1(P ) ≤ · · · ≤ ωk(P ) ≤ · · ·

and

ωk(P ) = ∞ for k > n .

Observe also thatvp(P (t)) ≥ inf{a0, a1t, . . . , ant
n} for any integert ∈ Z, and con-

sequently

vp(P (t)) ≥ inf{vp(a0), vp(a1), . . . , vp(an)} = ω0(P ) . (4.3)

2314

Lemma 4.4 LetP andQ be two polynomials with rational coefficients such that

P (x) = (x− t)Q(x)

for somet ∈ Z. Then for allk ∈ N

ωk+1(P ) ≤ ωk(Q) .

Proof. Set

Q(x) = a0 + a1x+ · · · + anx
n , P (x) = b0 + b1x+ · · · + bn+1x

n+1 .

Thenbj+1 = aj − taj+1 for 0 ≤ j ≤ n− 1, bn+1 = an, whence forj = 0, . . . , n,

aj = bj+1 + tbj+2 + · · · + tn−jbn+1 .

This shows thatvp(aj) ≥ ωj+1(P ) for anyj ∈ N. Thus, given anyk ∈ N, one has for
j ≥ k

vp(aj) ≥ ωj+1(P ) ≥ ωk+1(P )

and consequently

ωk(Q) ≥ ωk+1(P ) .

�2315
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Corollary 4.5 LetQ be a polynomial with rational coefficients, lett1, t2, . . . , tk ∈ Z,
and let

P (x) = (x− t1)(x− t2) · · · (x − tk)Q(x) .

Then

ωk(P ) ≤ ω0(Q) .

The main argument is the following lemma.2316

Lemma 4.6 Let (dn)n∈N be any sequence of integers and let(bn)n∈N be the sequence
defined by

bn =

n∑

i=0

(
n

i

)
pidi ,

wherep is an odd prime number. Ifbn = 0 for infinitely many indicesn, then the2317

sequence(bn)n∈N vanishes.2318

Proof. Forn ∈ N, let

Rn(x) =

n∑

i=0

dip
ix(x − 1) · · · (x− i+ 1)

i!
.

Then fort ∈ N,

Rn(t) =

n∑

i=0

(
t

i

)
pidi

and since

(
t

i

)
= 0 for i > t, it follows that

bt = Rt(t) = Rn(t) (n ≥ t) . (4.4)

Next, we show that for allk, n ≥ 0,

ωk(Rn) ≥ k
p− 2

p− 1
.

For this, let

Rn(x) =
n∑

k=0

c
(n)
k xk .

Eachc(n)
k xk is a linear combination, with integral coefficients, of numbersdi

pi

i!
, for

indicesi with k ≤ i ≤ n. Consequently,

vp(c
(n)
k ) ≥ inf

k≤i≤n

(
vp

(
di
pi

i!

))
.
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In view of Equation (4.2), this implies

vp(c
(n)
k ) ≥ inf

(
i
p− 2

p− 1

)
≥ k

p− 2

p− 1

which in turn shows that

ωk(Rn) ≥ k
p− 2

p− 1
. (4.5)

Consider now any coefficientbt of the sequence(bn)n∈N. We shall see that

vp(bt) ≥ k
p− 2

p− 1

for any integerk, which of course shows thatbt = 0. For this, lett1 < t2 < · · · < tk be
the firstk indices withbt1 = · · · = btk

= 0, and letn ≥ sup(t, tk). By Equation (4.4),
Rn(ti) = bti

= 0 for i = 1, . . . , k. Thus

Rn(x) = (x − t1)(x− t2) · · · (x − tk)Q(x) (4.6)

for some polynomialQ(x) with integral coefficients. By Corollary 4.5, one has

ωk(Rn) ≤ ω0(Q) . (4.7)

Next, by Equation (4.4),vp(bt) = vp(Rn(t)) and by Equations (4.6), (4.3) and (4.7),

vp(Rn(t)) ≥ vp(Q(t)) ≥ ω0(Q) ≥ ωk(Rn) .

Thus, in view of Equation (4.5),

vp(bt) ≥ k
p− 2

p− 1

for all k ≥ 0. �2319

Lemma 4.7 Let S =
∑
anx

n ∈ Z[[x]] be a strict rational series and let(λ, µ, γ)2320

be a linear representation ofS of dimensionk with integral coefficients. For any odd2321

prime p not dividingdet(µ(x)), the annihilatorann(S) is quasi-periodic of period2322

N = Card(GLk(Z/pZ)).2323

Proof. Let p be an odd prime that does not dividedet(µ(x)). Let

n 7→ n

be the canonical morphism fromZ ontoZ/pZ. Sincedet(µ(x)) = det(µ(x)) 6= 0, the
matrixµ(x) is invertible overZ/pZ, and settingN = Card(GLk(Z/pZ)), one has

µ(xN ) = I .

Reverting to the original matrix, this means that

µ(xN ) = I + pM

for some matrixM with integral coefficients.2324
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Consider now a fixed integerj ∈ {0, . . . , N − 1} and set forn ≥ 0

bn = aj+nN .

Then

bn = λµ(xj+nN )γ = λµ(xj)(I + pM)nγ =

n∑

i=0

(
n

i

)
piλµ(xj)M iγ .

Thus, settingdi = λµ(xj)M iγ, one obtains

bn =

n∑

i=0

(
n

i

)
pidi .

In view of Lemma 4.6, the sequence(bn)n≥0 either vanishes or contains only finitely2325

many vanishing terms. This shows that the annihilator ofS is quasi-periodic with2326

periodN . �2327

Proof of Proposition4.3. Let(λ, µ, γ) be a linear representation ofS with µ(x) invert-2328

ible, and letq be a common multiple of the denominators of the coefficients in λ, µ and2329

γ. Then(qλ, qµ, qγ) is a linear representation of the strict seriesS′ =
∑
qn+2anx

n.2330

Clearlyann(S) = ann(S′). By Lemma 4.7, the setann(S′) is quasi-periodic. Thus2331

ann(S) is quasi-periodic. �2332

We now turn to the second part of the proof. For this, we consider the ringZ[y1, . . . ,2333

ym] of polynomials overZ in commutative variablesy1, . . . , ym and the quotient field2334

Q(y1, . . . , ym) of rational functions. As usual, ifP ∈ Q(y1, . . . , ym) anda1, . . . ,2335

am ∈ Q, thenP (a1, . . . , am) is the value ofP at that point. The result to be proved is2336

the following.2337

Proposition 4.8 Let S =
∑
anx

n be a strict rational series with coefficients in the2338

fieldQ(y1, . . . , ym). Thenann(S) is quasi-periodic.2339

We start with the following well-known property of polynomials.2340

Lemma 4.9 LetK be a field, and letP ∈ K[y1, . . . , ym]. Letδi be the degree ofP in2341

the variableyi. Assume that there exist subsetsA1, . . . , Am ofK with Card(Ai) > δi2342

for i = 1, . . . ,m such thatP (a1, . . . , am) = 0 for all (a1, . . . , am) ∈ A1 × · · · ×Am.2343

ThenP = 0. �2344

Corollary 4.10 LetS =
∑
anx

n be any series with coefficients inK[y1, . . . , ym] and
letH1, . . . , Hm be arbitrary infinite subsets ofK. For each(h1, . . . , hm) ∈ Km, let

Sh1,...,hm
=

∑
an(h1, . . . , hm)xn .

Then

ann(S) =
⋂

(h1,...,hm)∈H1×···×Hm

ann(Sh1,...,hm
) .

Proof. It follows immediately from Lemma 4.9 thatan = 0 if and only if an(h1, . . . ,2345

hm) = 0 for all (h1, . . . , hm) ∈ H1 × · · · ×Hm. �2346
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Lemma 4.11 Let P ∈ Z[y1, . . . , ym], P 6= 0. For all but a finite number of prime
numbersp, there exists a subsetH ⊂ Zm of the form

H = (k1, . . . , km) + pZm (4.8)

such that for all(h1, . . . , hm) ∈ H ,

P (h1, . . . , hm) 6≡ 0 mod p .

Proof. Let

P =
∑

ci1,i2,...,im
yi1
1 y

i2
2 · · · yim

m .

Let δi be the degree ofP in the variableyi, and letp be any prime number strictly
greater than theδi’s and not dividing all the coefficientsci1,i2,...,im

. Again letn 7→ n
be the morphism fromZ ontoZ/pZ. The polynomial

P =
∑

ci1,i2,...,im
yi1
1 y

i2
2 · · · yim

m

is a non vanishing polynomial with coefficients inZ/pZ. Sincep > δi for i =2347

1, . . . ,m, it follows from Lemma 4.9 that there exists(k1, . . . , km) ∈ Zm such that2348

P (k1, . . . , km) 6= 0. This proves the lemma. �2349

Proof of Proposition4.8. Let(λ, µ, γ) be a linear representation ofS of dimensionk2350

with µx invertible. As in the proof of Proposition 4.3, consider a common multipleq ∈2351

Z[y1, . . . , ym] of the denominators of the coefficients ofλ, µ andγ. Then(qλ, qµ, qγ)2352

is a linear representation of the seriesS′ =
∑
qn+2anx

n andann(S′) = ann(S).2353

Thus we may suppose that the coefficients ofλ, µ andγ are inZ[y1, . . . , ym].2354

LetP = det(µ(x)) ∈ Z[y1, . . . , ym]. ThenP 6= 0 and by Lemma 4.11, there exist
a prime numberp and an infinite setH ⊂ Zn of the form (4.8) such that

det
(
µ(x)(h1, . . . , hm)

)
6≡ 0 mod p

for all (h1, . . . , hm) ∈ H . Setting

Sh1,...,hm
=

∑

n

an(h1, . . . , hm)xn

this implies, in view of Lemma 4.7, that the setann(Sh1,...,hm
) is quasi-periodic, for

all (h1, . . . , hm) ∈ H , with a period at mostpk2

. Thusr = (pk2

)! is a period for all
these annihilators. In view of Lemma 4.2, the set

⋂

(h1,...,hm)∈H

ann(Sh1,...,hm
)

is quasi-periodic. By Corollary 4.10, this intersection isthe setann(S). The proof is2355

complete. �2356

It is convenient to introduce the following2357

Definition A field K is a SML field(Skolem-Mahler-Lech field) ifK satisfies Theo-2358

rem 4.1.2359
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We have seen already that the fieldQ of rational numbers, and the fieldQ(y1,2360

. . . , ym) areSMLfields.2361

Proposition 4.12 LetK andL be fields. IfL is an SML field andK is a finite algebraic2362

extension ofL, thenK is an SML field.2363

Proof. LetS =
∑
anx

n be a rational series overK. Letk be the dimension ofK over
L, and letφ1, . . . , φk beL-linear functionsK → L such that, for anyh ∈ K

h = 0 ⇐⇒ φi(h) = 0, ∀ i = 1, . . . , k .

Define

Si =
∑

n

φi(an)xn ∈ L[[x] .

Then, by the choice of the functionφi, one has

ann(S) =
⋂

1≤i≤k

ann(Si) . (4.9)

Thus, it suffices by Lemma 4.2 to prove that the seriesSi are rational overL. By Propo-2364

sition 1.5.1, there exists a finite dimensional subvector spaceM of K[[x]], containing2365

S and which is stable, that is closed for the operationT 7→ T ◦ x. SinceK has finite2366

dimension overL, the spaceM also has finite dimension overL.2367

The functionsφi, extended to series

φi : K[[x]] → L[[x]]

by

φi

(∑

n

bnx
n
)

=
∑

n

φi(bn)xn

areL-linear. Consequently,φi(M) is a finite dimensional vector space overL. Since2368

φi(T ◦ x) = φi(T ) ◦ x, the spaceφi(M) is stable. Moreover, it contains the series2369

Si = φi(S). Thus, again by Proposition 1.5.1, each seriesSi is rational overL. �2370

Proof of Theorem4.1. LetS be a rational series with coefficients inK. Then by2371

Proposition 1.6, there is a polynomialP such thatS − P is strict. Sinceann(S − P )2372

andann(S) differ only by a finite set, it suffices to prove the result forS−P . Thus we2373

may assume thatS is strict.2374

Let (λ, µ, γ) be a linear representation ofS, and letK ′ be the subfield ofK gener-2375

ated by the setZ of coefficients ofλ, µ(x), γ. ThenS has coefficients inK ′ and we2376

may assume thatK is a finite extension ofQ, sinceK ′ = Q(Z).2377

Let Y be a maximal subset ofZ that is algebraically independent overQ. The2378

field Q(Y ) is isomorphic to the field of rational functionsQ(y1, . . . , ym) with Y =2379

{y1, . . . , ym}. In view of Proposition 4.8, the fieldQ(Y ) is aSML field. Next,K is2380

a finite algebraic extension ofQ(Y ). By Proposition 4.12, the fieldK is aSMLfield.2381

This concludes the proof. �2382
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Exercises for Chapter 62383

1.1 LetP (x) = xd − g1x
d−1 − · · · − gd be a polynomial over some commutative

ringK. Its companion matrixis the matrix

M =




0 1 0 0

0

0 0 1
gd gd−1 g2 g1



.

Show that the characteristic and minimal polynomials ofM are both equal to2384

P (x). Show that if a sequence(an) satisfies the linear recurrence relationan+d =2385

g1an+d−1 + · · ·+gdan for all n ≥ 0, thenan = λMnγ, whereλ = (1, 0, . . . , 0)2386

andγ = (a0, . . . , ad−1)
T . (Hint: Let ei be thei-th canonical basis row vector.2387

Show thate1M i−1 = ei for i = 1, . . . , d. Show thate1P (M) = 0 and then2388

vP (M) = 0 for anyv in Kn, knowing thate1 generatesKn under the action of2389

M .)2390

1.2 LetM ∈ Kd×d andϕ be a linear function onKd×d. Let an = ϕ(Mn). Show2391

that (an) satisfies the linear recurrence relation associated to the characteristic2392

polynomial ofM .2393

1.3 Show that
∑
n≥0

anx
n is a strict rational series if and only if it is of the follow-2394

ing form: there exists a finite dimensional algebraM overK, a linear function2395

ϕ : M → K and a homomorphismµ of algebras from the algebra of Laurent2396

polynomialsK[x, x−1] into M such thatan = ϕ ◦ µ(xn) for all n ∈ N.2397

1.4 Show that the set of sequences(an)n≥0 over a fieldK satisfying a given recur-2398

rence relation of lengthn is a vector space of dimensionn closed under the shift2399

operation(an) 7→ (an+1). Show that the converse holds (Lidl and Niederreiter2400

(1983), Theorem 8.5.6).2401

2.1 Consider theFibonacci sequence(see Example 3.2.1). Find the exponential poly-2402

nomial forFn.2403

2.2 Consider theLucas sequencedefined byL0 = 2, L1 = 1, Ln+2 = Ln+1 + Ln.2404

Find the exponential polynomial forLn.2405

2.3 Show that ifL is a commutative ring without zero divisors, the only invertible2406

elements in the ring of Laurent polynomialsL[x1, . . . , xn, x
−1
1 , . . . , x−1

n ] are the2407

Laurent monomialsαxd1

1 · · ·xdn
n with α invertible inL.2408

2.4 Show that ifK is an algebraically closed field of positive characteristicandS is2409

a strict rational series overK, thenS is the merge of series, each of which is a2410

K-linear combination of geometric series.2411

2.5 LetK be a semiring andS =
∑

n≥0 anx
n ∈ K[[x]]. Show that the following2412

conditions are equivalent:2413

(i) S is rational;2414

(ii) S is the merge of rational series;2415

(iii) for someh ∈ N,
∑

n≥0 an+hx
n is rational;2416

(iv) for someh ∈ N,
∑

n≥h anx
n is rational;2417

2.6 LetS =
∑

n≥0 anx
n be a rational series inC[[x]] with denominatorP (x). Let2418

P =
d∏

i=1

(1 − λix) andPk(x) =
d∏

i=1

(1 − λk
i x). LetS0, . . . , Sk−1 be thek series2419

whose merge isS. Show that eachSi has denominatorPk(x).2420
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2.7 a) Show that
1

(1 − x)d
=

∑
n≥0

(
n+d−1

d−1

)
xn. (Hint: Use induction and deriva-2421

tion, starting with 1
1−x =

∑
n≥0 x

n.)2422

b) Deduce that, for anyλ, one has
1

(1 − λx)d
=

∑
n≥0

(
n+d−1

d−1

)
λnxn.2423

c) Show that
xd

(1 − x)d+1
=

∑
n≥0

(
n
d

)
xn.2424

3.1 A Pólya seriesin Q〈〈A〉〉 is a series which has only a finitely number of prime2425

factors in the numerators and denominators of its coefficients (this extends the2426

definition of Section 3 to several variables).2427

Theunambiguous rational operationson series are defined as follows. A ratio-2428

nal operation (sum, product, star) on series is unambiguousif the corresponding2429

operation on the support (union, product, star) is unambiguous. More formally:2430

the sumS + T (resp. productST ) is unambiguous ifsupp(S) ∩ supp(T ) = ∅2431

(resp. the productsupp(S) supp(T ) is an unambiguous product of languages);2432

the starS∗ is unambiguous if the starsupp(S)∗ is unambiguous. A rational series2433

S ∈ Q〈〈A〉〉 is unambiguousif it is obtained from polynomials using only unam-2434

biguous rational operations. (For unambiguous rational operations of languages,2435

see Exercise 3.2.2.)2436

a. Show that each unambiguous rational series is Hadamard sub-invertible (see2437

Exercise 3.2.1 of Chapter 3).2438

b. Show that each rational series inQ〈〈A〉〉 which is Hadamard sub-invertible is a2439

Pólya series.2440

c. Show that a Pólya series in one variable is unambiguouslyrational (use Theo-2441

rem 4.1).2442

3.2 Show that ifS ∈ Q[[x]] has only finitely many prime factors, and ifS is neither2443

a polynomial nor a geometric series, then for some eigenvaluesλ, µ of S, the2444

quotientλ/µ is a root of unity6= 1.2445

4.1 SetB(x) =
∑∞

n=0 bnx
n,D(x) =

∑∞
n=0 dnx

n with integersbn, dn related as in2446

Lemma 4.6. Show thatB(x) =
∑∞

n=0 dn
pnxn

(1−x)n+1 .2447

4.2 LetS ∈ K[[x]] be a rational series, whereK is a field of characteristic0. Suppose2448

thatS is not a polynomial and has infinitely many vanishing coefficients. Show2449

that for some eigenvaluesλ, µ of S, the quotientλ/µ is a root of unity6= 1.2450

Notes to Chapter 62451

The notion of an exponential polynomial is a classical one. The formalism we use2452

here is from Reutenauer (1982). It allows to give an algebraic proof of Benzaghou’s2453

theorem. His proof was based on analytic techniques. The algebraic method makes2454

it possible to prove Benzaghou’s theorem in positive characteristic. Some modifica-2455

tions are necessary, since in that case, the exponential polynomial may not exist nor be2456

unique. Pólya’s theorem is extended to general fields by Bézivin (1984).2457

There are a great number of arithmetic and combinatorial properties of linear re-2458

currence sequences. A recent book is Everest et al. (2003). See also Chapter 8 of Lidl2459

and Niederreiter (1983) for linear recurrence sequences over finite fields. The use of2460

symmetric functions to derive divisibility properties is illustrated by Duboué (1983).2461

Lascoux (1986) gives numerous applications of expressionsof the exponential polyno-2462

mial by means of symmetric functions.2463
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The proof of the Skolem-Mahler-Lech theorem given here is due to Hansel (1986).2464

The original proofs, by Skolem (1934), Mahler (1935), and Lech (1953) depend on2465

p-adic analysis. The specialists will recognize, in Lemma 4.6, a key property ofp-adic2466

analysis.2467

An open problem, stated by C. Pisot, is the following. Is it decidable, for a rational2468

series
∑
anx

n, whether there exists ann such thatan = 0? It is decidable whether2469

there exist infinitely manyn with an = 0, see Berstel and Mignotte (1976).2470

The notion of Pólya series may be extended to noncommuting variables, see Exer-2471

cise 3.1. The following problem remains open.2472

Conjecture Each rational Pólya series overQ is an unambiguous rational series.2473





Chapter 72474

Changing the semiring2475

If K is a subsemiring of a semiringL, eachK-rational series is clearlyL-rational. The2476

main problem considered in this chapter is the converse: howto determine which of the2477

L-rational series are rational overK. This leads to the study of semirings of a special2478

type, and also shows the existence of remarkable families ofrational series.2479

In the first section, we examine principal rings from this aspect. Fatou’s Lemma is2480

proved and the rings satisfying this lemma are characterized (Chabert’s Theorem 1.5).2481

In the second section, Fatou extensions are introduced. We show in particular that2482

Q+ is a Fatou extension ofN (Theorem 2.2 due to Fliess).2483

In the third section, we apply Shirshov’s theorem on rings with polynomial identi-2484

ties to prove criteria for rationality of series and languages. This is then applied, in the2485

last section, to Fatou ring extensions.2486

1 Rational series over a principal ring2487

LetK be a commutative principal ring and letF be its quotient field. LetS ∈ K〈〈A〉〉2488

be a formal series overA with coefficients inK. If S is a rational series overF , is2489

it also rational overK? This question admits a positive answer, and there is even a2490

stronger result, namely thatS has a minimal linear representation with coefficients in2491

K.2492

Theorem 1.1 (Fliess 1974a)Let S ∈ K〈〈A〉〉 be a series which is rational of rankn2493

overF . ThenS is rational overK and has a linear representation overK of dimen-2494

sionn. In other words,S has a minimal representation with coefficients inK.2495

Proof. Let (λ, µ, γ) be a minimal linear representation ofS overF . According to
Corollary 2.2.3, there exist polynomialsP1, . . . , Pn,Q1, . . . , Qn ∈ F 〈A〉 such that for
w ∈ A∗

µw = ((S, PiwQj))1≤i,j≤n .

Let d be an element inK \ 0 such thatdPi, dQj ∈ K〈A〉 anddλ ∈ K1×n. Then for
any polynomialP ∈ K〈A〉

d3λµP = (dλ)((S, dPi P dQj))i,j ∈ K1×n ,

121
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since(S,R) ∈ K wheneverR ∈ K〈A〉. Consequently,

λµ(K〈A〉) ⊂ 1

d3
K1×n .

This shows thatλµ(K〈A〉) is a submodule of a freeK-module of rankn, hence is also2496

free and has rank≤ n. It suffices now to apply Lemma 2.1.3: we obtain a representation2497

of S overK of dimension≤ n, thus of dimensionn by Theorem 2.1.6. �2498

In particular, a series which is rational overQ and with coefficients inZ has a min-2499

imal representation with coefficients inZ. The theorem admits the following corollary,2500

known asFatou’s Lemma.2501

Corollary 1.2 (Fatou 1904)LetP (x)/Q(x) ∈ Q(x) be an irreducible rational func-2502

tion such that the constant term ofQ is 1. If the coefficients of its series expansion are2503

integers, thenP andQ have integral coefficients.2504

Proof. We haveQ(0) = 1. ThenS =
∑
anx

n = P (x)/Q(x) is a rational series.2505

Let (λ, µ, γ) be a minimal linear representation ofS. SinceZ is principal, this repre-2506

sentation is similar, by Theorem 1.1 and Theorem 2.2.4, to a representation overZ. In2507

particular, the characteristic polynomial ofµ(x) has integral coefficients. Now,Q(x) is2508

the reciprocal polynomial of this polynomial (Corollary 6.1.5). ThusQ(x) has integral2509

coefficients, and so doesP = SQ. �2510

The previous result holds for rings other than the ringZ of integers. We shall2511

characterize these rings completely.2512

Let K be acommutative integral domainand letF be its quotient field. LetM2513

be anF -algebra. An elementm ∈ M is quasi-integraloverK if K[m] is contained2514

in some finitely generatedK-submodule ofM. It is easy to see that, in this case, the2515

K-submodule may be chosen to lie inF [m], see Exercise 1.3. Hence this definition is2516

intrinsic.2517

Proposition 1.3 An elementm ∈ F is quasi-integral overK if and only if there exists2518

d ∈ K \ 0 such thatdmn ∈ K for all n ∈ N.2519

Proof. If the last condition holds, thenmn ∈ d−1K for all n ∈ N and therefore2520

K[m] ⊂ d−1K, which is theK-module spanned byd−1. Conversely, ifM is a finitely2521

generatedK-submodule ofF containingk[m], thendM ⊂ K for somed ∈ K \ 0.2522

ThusdK[m] ⊂ K, which implies the last condition. �2523

Corollary 1.4 If M is a commutativeF -algebra, then the set of elements ofM which2524

are quasi-integral overK is a subring ofM.2525

Proof. This follows from the fact that ifM1,M2 are finitely generatedK-submodules2526

of M, then so areM1 +M2 andM1M2. �2527

Definition The domainK is calledcompletely integrally closedif anym in F which2528

is quasi-integral overK is already inK.2529
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Recall that an elementm of M is calledintegral if there are elementsa1, . . . , ak in
K such that

mk = a1m
k−1 + · · · + ak−1m+ ak .

In other words, theK-subalgebra ofM generated bym is a finitely generatedK-2530

module. Observe that an element inF which is integral overK is also quasi-integral2531

overK. Thus, ifK is completely integrally closed, it is integrally closed.2532

Theorem 1.5 (Chabert 1972)The following conditions are equivalent:2533

(i) the domainK is completely integrally closed;2534

(ii) for any irreducible rational functionP (x)/Q(x) ∈ F (x) whose series expan-2535

sion has coefficients inK, and such that the constant term ofQ is 1, bothP and2536

Q have coefficients inK.2537

We use the following lemma.2538

Lemma 1.6 Letm be a matrix inFn×n which is quasi-integral overK. Then the co-2539

efficients of the characteristic and of the minimal polynomials ofm are quasi-integral2540

overK.2541

Proof. LetP (t) = tn + a1t
n−1 + · · · + an ∈ F [t] be the characteristic polynomial of

m. Sincem is quasi-integral overK, there exists a finitely generatedK-submodule of
Fn×n containing all powers ofm. Thus there exists somed ∈ K \ 0 such that

dmk ∈ Kn×n

for all k ∈ N. Consequently, sinceai is aZ-linear combination of products ofi entries
of m,

da1, d
2a2, . . . , d

nan ∈ K .

Let λ be an eigenvalue ofm. Thendλ is integral overK. Indeed,0 = dnP (λ) =
(dλ)n + da1(dλ)

n−1 + · · · + dnan. Consequently, theK-algebraL = K[dλ] is a
finitely generatedK-module. The elementλ is in the quotient fieldE of L, and there
existsq ∈ GLn(E) such that

m′ = q−1mq =




λ ∗ · · · ∗
0 ∗ · · · ∗
...

...
0 ∗ · · · ∗


 .

Let d′ ∈ L \ 0 be a common denominator of the coefficients ofq andq−1, that is, such
thatd′q andd′q−1 have coefficients inL. Then for allk ∈ N

(d′2d)m′k = (d′q−1)dmk(d′q) ∈ Ln×n .

Thus(d′2d)λk ∈ L, whenceK[λ] ⊂ (d′2d)−1L. This shows thatλ is quasi-integral2542

overK.2543

Since all eigenvalues ofm are quasi-integral, the same holds for the coefficientsai2544

by Corollary 1.4. Similarily, it holds for the coefficients of the minimal polynomial of2545

m. �2546
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Proof of Theorem1.5. Assume thatK is completely integrally closed. LetP (x)/Q(x)
be a function satisfying the hypotheses of (ii). We haveQ(0) = 1. The series

S =
∑

anx
n = P (x)/Q(x)

is F -rational and has coefficients inK. Let (λ, µ, γ) be a minimal linear representa-2547

tion of S. By Corollary 2.2.3, the matrixµ(x) is quasi-integral overK. In view of2548

Lemma 1.6 and (i), the characteristic polynomial ofµ(x) has coefficients inK, and2549

sinceQ is its reciprocal polynomial (Corollary 6.1.5), the polynomial Q has coeffi-2550

cients inK, and the same holds forP = SQ.2551

Assume conversely that (ii) holds. Letm ∈ F be quasi-integral overK. Then there
existsd ∈ K \ 0 such that

dmn ∈ K

for all n ∈ N. SetP (x) = d,Q(x) = 1 −mx. Then

P (x)/Q(x) = d
∑

mnxn ∈ K[[x]] .

Thus by hypothesisQ(x) ∈ K[x], whencem ∈ K. This shows thatK is completely2552

integrally closed. �2553

2 Fatou extensions2554

According to Fatou’s Lemma (Corollary 1.2) any rational series inQ[[x]] with integral2555

coefficients is rational inZ[[x]]. The same result holds for an arbitrary alphabetA, by2556

Theorem 1.1. This leads to the following definition.2557

Definition Let K ⊂ L be two semirings. ThenL is aFatou extensionof K if every2558

L-rational series with coefficients inK isK-rational.2559

Theorem 2.1 (Fliess 1974a)If K ⊂ L are fields, thenL is a Fatou extension ofK.2560

Proof. This follows immediately from the expression of rationality by means of the2561

rank of the Hankel matrix (Theorem 2.1.6). �2562

Theorem 2.2 (Fliess 1975)The semiringQ+ is a Fatou extension ofN.2563

We need some preliminary lemmas.2564

Lemma 2.3 (Eilenberg and Schützenberger 1969)The intersection of two finitely gen-2565

erated submonoids of an Abelian group is still a finitely generated submonoid.2566

Proof. LetM1 andM2 be two finitely generated submonoids of an Abelian groupG,
with law denoted by+. There exist integersk1, k2 and surjective monoid morphisms
φi : Nki → Mi, i = 1, 2. Let k = k1 + k2 and letS be the submonoid ofNk =
Nk1 × Nk2 defined by

S = {x = (x1, x2) ∈ Nk | φ1x1 = φ2x2} .
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Let p1 : Nk → Nk1 be the projection. Then

M1 ∩M2 = φ1 ◦ p1(S) .

Thus it suffices to prove thatS is finitely generated. Observe thatS satisfies the fol-
lowing condition

x, x+ y ∈ S =⇒ y ∈ S . (2.1)

Indeed, sinceφ1x1 = φ2x2 andφ1x1 + φ1y1 = φ2x2 + φ2y2 and since all these2567

elements are inG, it follows thatφ1y1 = φ2y2, whencey ∈ S.2568

LetX be the set of minimal elements ofS \ 0 (for the natural ordering ofNk). For2569

all z ∈ S, there isx ∈ X such thatx ≤ z. Thusz = x + y for somey ∈ Nk and2570

by Equation (2.1),y ∈ S. This shows by induction thatX generatesS. In view of the2571

following well-known lemma, the setX is finite, since the elements inX are mutually2572

incomparable. �2573

Lemma 2.4 Every infinite sequence inNk contains an infinite increasing subsequence.2574

Proof. By induction onk. Let (un) be a sequence of elements ofNk. If k = 1, either2575

the sequence is bounded, and one can extract a constant sequence, or it is unbounded,2576

and one can extract an strictly increasing subsequence. Fork > 1, one first extracts2577

a sequence that is increasing in the first coordinate, and then uses induction for this2578

subsequence. �2579

Lemma 2.5 (Eilenberg and Schützenberger 1969)LetI be a set and letM be a finitely
generated submonoid ofNI . Then the submonoidM ′ of NI given by

M ′ = {x ∈ NI | ∃n ≥ 1, nx ∈M}

is finitely generated.2580

Proof. Letx1, . . . , xp be generators ofM . Let

C = {x ∈ NI | ∃λ1, . . . , λp ∈ Q+ ∩ [0, 1] : x =
∑

λixi} .

ThenC contains eachxi and is a set of generators forM ′. Indeed, ifnx =
∑
λixi ∈

M for somen ≥ 1 and someλi ∈ N, then

x =
∑⌊λi

n

⌋
xi +

∑(λi

n
−

⌊λi

n

⌋)
xi ,

where⌊z⌋ is the integral part ofz. Thus, it suffices to show thatC is finite.2581

LetE be the subvector space ofRI generated byM ′. SinceE has finite dimension,
there exists a finite subsetJ of I such that theR-linear function

pJ : E → RJ

(pJ is the projectionRI → RJ ) is injective. The image ofC by pJ is contained inNJ ,
and it is also contained in the set

K = {y ∈ RJ | ∃λ1, . . . , λp ∈ [0, 1] : y =
∑

λiyi} ,
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whereyi = pJ(xi). NowK is compact andNJ is discrete and closed. ThusK ∩ NJ
2582

is finite. It follows thatC is finite. �2583

Proof of Theorem2.2. LetS be aQ+-rational series with coefficients inN. We use sys-2584

tematically Proposition 1.5.1. There exists a finitely generated stableQ+-submodule2585

in Q+〈〈A〉〉 that containsS. Denote it byMQ+
. Similarly, the seriesS is Q-rational2586

with coefficients inZ, and thereforeS is Z-rational. Thus, there is a finitely gener-2587

atedZ-submodule inZ〈〈A〉〉 that containsS, sayMZ. ThenM = MQ+
∩MZ is a2588

stableN-submodule ofN〈〈A〉〉 containingS, and it suffices to show thatM is finitely2589

generated.2590

Let T1, . . . , Tr be series inMQ+
generating it as aQ+-module, and let

M ′
Q+

=
∑

NTi .

This is a finitely generatedN-module. SinceMZ is also a finitely generatedN-module,
theN-module

M ′ = MZ ∩M ′
Q+

⊂ N〈〈A〉〉

is finitely generated (this follows from Lemma 2.3, noting thatN-module = commuta-
tive monoid). Consequently,

M = {T ∈ N〈〈A〉〉 | ∃n ≥ 1, nT ∈M ′}

is, in view of Lemma 2.5, a finitely generatedN-module. Finally, theN-moduleM ∩2591

MZ is finitely generated by Lemma 2.3. We claim thatM = M ∩MZ, which implies2592

the theorem.2593

In order to prove the claim, letT be inM . ThenT ∈ MQ+
∩MZ. ThusT =2594 ∑r

i=1 αiTi with αi ∈ Q+. It follows that, for somen ≥ 1, nT ∈ M ′
Q+

and sinceT is2595

also inMZ, nT ∈M ′
Q+

∩MZ = M ′. Consequently,T ∈M and finallyT ∈M ∩MZ.2596

Conversely, letT ∈M ∩MZ. SinceM ′ ⊂MQ+
, we haveM ⊂MQ+

and we see2597

thatT ∈MQ+
∩MZ = M . �2598

We now give two examples of extensions which are not Fatou extensions.2599

Example 2.1 The ringZ is not a Fatou extension of the semiringN. Consider the
series

S =
∑

w∈{a,b}∗

(|w|a − |w|b)2w .

This series isZ-rational (it is the Hadamard square of the series considered in Exam-2600

ple 3.4.1) and has coefficients inN. However, it is notN-rational, since otherwise its2601

support would be a rational language (Lemma 3.1.4), and alsothe complement of its2602

support. In Example 3.4.1, it was shown that this set is not the support of any rational2603

series.2604

Example 2.2 The semiringR+ is not a Fatou extension ofQ+. Let α = (1 +
√

5)/2
be the golden ratio and letS be the series

S =
∑

w∈{a,b}∗

(α2(|w|a−|w|b) + α−2(|w|a−|w|b))w .
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SinceS = (α2a + α−2b)∗ + (α−2a + α2b)∗, the seriesS is R+-rational. Moreover,
sinceα is an algebraic integer overZ and−1/α is its conjugate, one has for alln ∈ N

α2n + α−2n ∈ Z .

Consequently,S has coefficients inN. Assume thatS is Q+-rational. Then by Theo-
rem 2.2, it isN-rational. However, the languageS−1(2) = {w | (S,w) = 2} is

S−1(2) = {w ∈ {a, b}∗ | |w|a = |w|b}

sincex+ 1/x > 2 for all x > 0, x 6= 1. Since the languageS−1(2) is not rational, the2605

seriesS is notN-rational (Corollary 3.2.7). ThusS is notQ+-rational.2606

To end this section, we prove the the following result about series with nonnegative2607

coefficients.2608

Theorem 2.6 (Schützenberger 1970)If S ∈ N〈〈A〉〉 is anN-rational series, then

S − supp(S) ∈ N〈〈A〉〉

is N-rational.2609

Recall thatL is the characteristic series of the languageL.2610

Proof We follow Salomaa and Soittola (1978, page 51). In view of Proposition 1.5.1,2611

there exist rational seriesS1, . . . , Sn such that theN-submodule ofN〈〈A〉〉 they gener-2612

ate is stable and containsS. By Lemma 3.1.4, the supportssupp(S1), . . . , supp(Sn)2613

are rational languages. LetL be the family of languages obtained by taking all in-2614

tersections ofsupp(S1), . . . , supp(Sn). ThenL is a finite set of rational languages.2615

The setL′ = {u−1L | u ∈ A∗, L ∈ L} is also a finite set of rational languages2616

(Corollary 3.2.8). LetT be the set of characteristic series of the languages inL
′.2617

LetM be the finitely generatedN-submodule ofN〈〈A〉〉 generated byT and by the
series

S′
i = Si − supp(Si)

for i = 1, . . . , n. We claim that ifaj ∈ N andT =
∑
ajSj , thenT − supp(T ) is in2618

M .2619

Indeed,Sj = S′
j + supp(Sj), thusT =

∑
ajS

′
j + U , whereU =

∑
ajsupp(Sj).2620

Note thatsupp(S′
j) ⊂ supp(Sj), hencesupp(T ) = supp(U). We may writeU =2621 ∑

bkTk where each integerbk is ≥ 1 and theTk ∈ T have disjoint supports. This is2622

done by keeping only thej’s with aj ≥ 1 and by making the necessary intersections of2623

supports. HenceU − supp(U) =
∑

(bk − 1)Tk ∈M andT − supp(T ) =
∑
ajS

′
j +2624

U − supp(U) ∈M .2625

SinceS is anN-linear combination of theSj , the seriesS − supp(S) is inM by2626

the claim. We show thatM is stable, which will end the proof by Proposition 1.5.1.2627

Indeed, letu ∈ A∗. Thenu−1T ∈ T by construction, hence is inM , for anyT in T.2628

Consideru−1S′
i = u−1Si − supp(u−1Si). Sinceu−1Si is anN-linear combination of2629

theSj , we deduce by the claim thatu−1S′
j is inM . �2630



128 CHAPTER 7. CHANGING THE SEMIRING

3 Polynomial identities and rationality criteria2631

Let K be a commutative ring and letM be aK-algebra. Recall thatM satisfies a
polynomial identityif for some setX of noncommuting variables and some nonzero
polynomialP (x1, . . . , xk) ∈ K〈X〉, one has

∀m1, . . . ,mk ∈ M , P (m1, . . . ,mk) = 0 .

Thedegreeof the identity isdeg(P ). The identity is calledadmissibleif the support of2632

P contains some word of lengthdeg(P ) whose coefficient is invertible inK.2633

Classical examples of polynomial identities are the following ones. Let

Sk(x1, . . . , xk) =
∑

σ∈Sk

(−1)σxσ1xσ2 · · ·xσk

whereSk denotes the set of permutations of{1, . . . , k} and(−1)σ is the signature of2634

the permutationσ. Then, ifM is aK-module spanned byk − 1 generators, it satisfies2635

the admissible polynomial identitySk = 0, see Exercise 3.1.2636

There is another interesting case: suppose thatM = Kn×n. Then, by the previous2637

remark,M satisfies the identitySn2+1 = 0. Actually, according to the theorem of2638

Amitsur-Levitzki,Kn×n satisfies the identityS2n = 0, see Procesi (1973), Rowen2639

(1980) or Drensky (2000).2640

Theorem 3.1 (Shirshov)Let M be aK-algebra satisfying an admissible polynomial2641

identity of degreen. Suppose thatM is generated asK-algebra by a finite setE. If2642

each element ofM which is a product of at mostn− 1 elements taken inE is integral2643

overK, thenM is a finitely generatedK-module. �2644

For a proof, see Rowen (1980), Lothaire (1983) or Drensky (2000).2645

A ray is a subset ofA∗ of the formuw∗v for some wordsu, v, w; the wordw is the2646

patternof the ray. Given a rayR = uw∗v and a seriesS, we define the one variable2647

seriesS(R) =
∑

n≥0(S, uw
nv)xn.2648

Theorem 3.2 LetK be a commutative ring and letS ∈ K〈〈A〉〉. ThenS is rational if2649

and only if there exists an integerd ≥ 1 such that the syntactic algebra ofS satisfies2650

an admissible polynomial identity of degreed, and moreover, for any wordw of length2651

< d, the seriesS(R), for all raysRwith patternw, satisfy a common linear recurrence2652

relation.2653

Proof. Suppose thatS is rational. Then by Theorem 2.1.2 its syntactic algebra is a2654

finitely generatedK-module, hence it satisfies an identity of the formSd = 0, which2655

is clearly admissible. Moreover, letR be a ray with patternw and let(λ, µ, γ) be2656

a linear representation ofS. Then the seriesS(R) satisfies the linear recurrence as-2657

sociated to the characteristic polynomialxℓ + a1x
ℓ−1 + · · · + aℓ of the matrixµw;2658

indeed the Cayley-Hamilton theorem implies thatµwℓ + a1µw
ℓ−1 + · · · + aℓ =2659

0, hence multiplying byλµuµwn on the left and byµvγ on the right we obtain2660

(S, uwn+ℓv) + a1(S, uw
n+ℓ−1v) + · · · + aℓ(S, uw

nv) = 0, which shows thatS(R)2661

satisfies the indicated recurrence relation.2662

Conversely, consider the algebra morphismµ : K〈A〉 → M onto the syntactic
algebraM of the seriesS. ThenM is generated as algebra by the setµ(A). Letw be
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a word of length< d. By hypothesis, each of the seriesS(R) =
∑

n≥0(S, uw
nv)xn,

for u, v ∈ A∗, satisfies the same linear recurrence of the form

(S, uwn+ℓv) + a1(S, uw
n+ℓ−1v) + · · · + aℓ(S, uw

nv) , n ≥ 0 ,

where the coefficientsa1, . . . , aℓ depend only onw and not onu, v. This implies that

(S, u(wℓ + a1w
ℓ−1 + · · · + aℓ)v) = 0

for any wordsu, v. Consequently, by Lemma 2.1.1,wℓ + a1w
ℓ−1 + · · · + aℓ is in the

syntactic ideal ofS. Since the latter is the kernel ofµ, we obtain

µ(w)ℓ + a1µ(w)ℓ−1 + · · · + aℓ = 0 .

Thusµ(w) is integral overK, andM is a finitely generatedK-module by Shirshov’s2663

theorem. HenceS is rational by Theorem 2.1.2. �2664

This result allows us to establish a rationality criterion for languages.2665

We say that an elementm of a monoidM is torsion if m generates a finite sub-2666

monoid ofM ; equivalently,mk = mℓ for some1 ≤ k < ℓ. We say thatM is atorsion2667

monoidif each element inM is torsion.2668

Theorem 3.3 A language is rational if and only if its syntactic algebra satisfies an2669

admissible polynomial identity and its syntactic monoid istorsion.2670

Proof. The necessity of the condition follows from Propositions 3.2.1, 3.3.1 and The-2671

orem 3.2. Conversely, by Theorem 3.2.10, it suffices to show that the characteristic2672

series of the language is a rational series. Now, by Proposition 3.3.2, the syntactic2673

monoid of the language is a multiplicative submonoid of its syntactic algebra and gen-2674

erates the latter as algebra. Since each elementm of the monoid satisfies an equation2675

of the formmk = mℓ with k 6= ℓ, the elementm is integral overK and the theorem of2676

Shirshov applies: the syntactic algebra is a finitely generatedK-module and the series2677

is rational by Theorem 2.1.2. �2678

A variant of the previous criterion is given by the next result. Before stating it, we2679

introduce a notation. Ifx, u1, . . . , un, y are words andσ is a permutation inSn, we2680

denote byxuσy the wordxuσ1uσ2 · · ·uσny.2681

Corollary 3.4 A languageL is rational if and only if its syntactic monoid is torsion2682

and if for somen ≥ 2 and any wordsx, u1, . . . , un, y, the following condition holds:2683

the number of even permutationsσ such thatxuσy ∈ L is equal to the number of odd2684

permutationsσ such thatxuσy ∈ L.2685

Proof. LetM be the syntactic algebra of the characteristic series ofL. We show that the
last condition in the statement means thatM satisfies the polynomial identitySn = 0.
Indeed, sinceSn is multilinear, it is enough to show that this condition is equivalent to

Sn(m1, . . . ,mn) = 0 (3.1)

for any choice ofm1, . . . ,mn in some set spanningM as aK-module. For this set
we takeµ(A∗), whereµ : K〈A〉 → M is the natural algebra morphism. Then (3.1) is
equivalent to the fact thatSn(u1, . . . , un) ∈ I for any wordsu1, . . . , un in A∗, where
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I denotes the syntactic ideal ofL, sinceI = Kerµ. By Lemma 2.1.1, this is equivalent
to (L, xSn(u1, . . . , un)y) = 0 for all x, y ∈ A∗. The latter equality may be written as

∑

σ even

(L, xuσy) =
∑

σ odd

(L, xuσy) ,

which is exactly the last condition of the statement.2686

In order to conclude we apply Theorem 3.3, knowing that ifL is rational, thenM2687

satisfies an identity of the formSn = 0. �2688

4 Fatou ring extensions2689

LetL be a commutative integral domain, letK be a subring ofL, and letG,F be their
respective field of fractions, so that we have the embeddings

K −֒→ L→֒ →֒

F −֒→ G

Theorem 4.1 L is a Fatou extension ofK if and only if each element ofF which is2690

integral overL and quasi-integral overK, is integral overK.2691

A weak Fatou ringis a commutative integral domain with field of fractionsF such2692

thatF is a Fatou extension ofK.2693

Corollary 4.2 K is a weak Fatou ring if and only if each element ofF which is quasi-2694

integral overK is integral overK.2695

Proof. ReplaceL by F in the theorem and observe that an element ofF is always2696

integral overF . �2697

Corollary 4.3 Each Noetherian commutative integral domain is a weak Fatouring.2698

Proof. See Exercise 4.1. �2699

Corollary 4.4 Each completely integrally closed commutative integral domain is a2700

weak Fatou ring.2701

Proof of Theorem4.1. 1. Suppose thatL is a Fatou extension ofK. Letm ∈ F be2702

quasi-integral overK and integral overL. By Proposition 1.3, there existsd ∈ K \ 02703

such thatdmn ∈ K for anyn ∈ N. Moreover, for someℓ1, . . . , ℓd ∈ L, one has2704

md = ℓ1m
d−1 + · · · + ℓd. LetS =

∑
n≥0 dm

nxn ∈ K[[x]] andQ(x) = 1 − ℓ1x −2705

· · · − ℓdx
d ∈ L[x]. ThenQS is in L[x], henceS is anL-rational series. Since it2706

has coefficients inK, by assumption it is aK-rational series. Consequently, for some2707

matrixM overK and some row and column vectorsλ, γ, one hasdmn = λMnγ2708

for all n ≥ 0. It follows that the sequencedmn satisfies the linear recurrence relation2709

associated to the characteristic polynomial ofM . Hence, dividing byd, we see thatm2710

is integral overK.2711

2. Conversely, suppose that each element ofF which is integral overL and quasi-2712

integral overK is integral overK. LetS ∈ K〈〈A〉〉 be a series which is rational overL.2713
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We show thatS is rational overK. For this, we will show, using Shirshov’s theorem,2714

that the syntactic algebra ofS overK is a finitely generatedK-module. The claim2715

follows in view of Theorem 2.1.2.2716

Clearly, the seriesS isG-rational with coefficients inF , hence it isF -rational by
Theorem 2.1. Let(λ, µ, γ) be a minimal linear representation ofS overF . Then the
algebraµ(F 〈A〉) satisfies a polynomial identity of the formSk = 0, with coefficients
1, −1, hence admissible (see Section 3). The same is true for the subring µ(K〈A〉).
We claim that this latter ring is the syntactic algebraM overK of S. Indeed, the kernel
of µ, viewed as a morphismF 〈A〉 → F r×r, is by Corollary 2.2.2 and Lemma 2.1.1,
equal to

{P ∈ F 〈A〉 | ∀u, v ∈ A∗ , (S, uPv) = 0} .
Hence the kernel ofµ|K〈A〉 is, by the same lemma, equal to the syntactic algebra ofS2717

overK, which proves the claim.2718

ConsequentlyM satisfies an admissible polynomial identity. It is generated, asK-2719

algebra, by the finite setµ(A). In view of Shirshov’s theorem, it suffices to show that2720

eachm ∈ M is integral overK. For this, letR(x) ∈ F [x] be the minimal polynomial2721

of m overF . We show below that the coefficients ofR are quasi-integral overK and2722

integral overL. This will imply, in view of the hypothesis, that they are integral over2723

K. Hencem is integral overK.2724

Sincem ∈ M = µ(K〈A〉), we may writem = µ(P ) for someP ∈ K〈A〉.2725

(i) Note thatr is the rank ofS overF . By Corollary 2.2.3, there is a common2726

denominatord ∈ K \ 0 to all matricesµw, for w ∈ A∗, hence also for all matrices2727

mn = µ(Pn), sinceP ∈ K〈A〉. This shows thatmn ∈ d−1Kr×r which is a finitely2728

generatedK-module; hencem is quasi-integral overK. Thus its minimal polynomial2729

has quasi-integral coefficients by Lemma 1.6.2730

(ii) SinceS has the same rank overF and overG, the linear representation(λ, µ, γ)2731

is minimal also overG (Theorem 2.1.6). By the same technique as above, we see that2732

µ(L〈A〉) is the syntactic algebra ofS overL. Hence it is a finitely generatedL-module2733

by Theorem 2.1.2, sinceS is L-rational. In particular, each element ofµ(L〈A〉) is2734

integral overL. This holds in particular for the elementm ∈ µ(K〈A〉) ⊂ µ(L〈A〉).2735

Therefore, we havems + ℓ1m
s−1 + · · ·+ ℓs = 0 for someℓi ∈ L. SinceG is the field2736

of fractions ofL, the minimal polynomial ofm overG dividesxs + ℓ1x
s−1 + · · ·+ ℓs,2737

thus the roots of this minimal polynomial are integral overL and so are its coefficients.2738

Sincem is a matrix overF , the minimal polynomialR(x) of m overF is equal to2739

the minimal polynomial over the field extensionG. Hence the coefficients ofR are2740

integral overL. �2741

Exercises for Chapter 72742

1.1 Show that each factorial ring is completely integrally closed.2743

1.2 LetK be an integral domain andF its field of fractions. Show that if an element2744

of F is integral overK, then it is quasi-integral overK.2745

Deduce that ifK is completely integrally closed, then it is integrally closed.2746

1.3 LetK be a commutative integral domain and letF be its quotient field. LetM2747

be anF -algebra,m ∈ M and letM be a finitely generatedK-submodule ofM2748

such thatK[m] ⊂ M . Let FM be the finite dimensionalF -vector subspace of2749

M spanned byM and letp : FM → F [m] be anF -linear projection. Show that2750

p(M) is a finitely generatedK-submodule ofF [M] which containsK[m].2751
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2.1 Show that for any rational seriesS ∈ K〈〈A〉〉, whereK is a field, the subfield2752

generated by its coefficients is a finitely generated field.2753

2.2 Show that ifK is a subsemiring ofL such that each element inL is a right-2754

linear combination of fixed elementsℓ1, . . . , ℓp in L, then eachL-rational series2755

may be written
∑p

i=1 ℓiSi for someK-rational seriesSi (see Lemma 2.1.3 and2756

Exercise 2.1.6).2757

2.3 Show that eachZ-rational series is the difference of twoN-rational series (use2758

Exercise 2.2).2759

2.4 Show that under the hypothesis of Exercise 2.2, ifφ is a rightK-linear mapping2760

L → K, then for eachL-rational seriesS, the seriesφ(S) =
∑

w φ((S,w))w is2761

K-rational.2762

2.5 Show that for any semiringK, if S isKn×n-rational, thenSi,j =
∑
i,j

S(w)i,j is2763

K-rational for fixedi, j in {1, . . . , n} (use Exercise 2.4).2764

3.1 (i) LetP =
∑

σ∈Sk
aσxσ1xσ2 · · ·xσk ∈ K〈X〉. Show that theK-algebraM2765

satisfies the polynomial identityP = 0 if and only if P (m1, . . . ,mk) = 0 for2766

each choice ofm1, . . . ,mk in some set spanningM as aK-module.2767

(ii) Show thatSk(m1, . . . ,mk) = 0 if two of themi’s are equal.2768

(iii) Deduce that ifM is spanned asK-module byk − 1 elements, thenSk = 02769

is a polynomial identity ofM.2770

3.2 Show that a commutative algebra satisfies a polynomial identity. Prove Shir-2771

shov’s theorem directly in this case.2772

3.3 If an algebraM satisfies an admissible polynomial identity, it satisfies a multilin-
ear one, of the form

m1m2 · · ·mn =
∑

σ∈Sn

σ 6=id

aσmσ1mσ2 · · ·mσn , ∀m1, . . . ,mn ∈ M

where theaσ are inK and depend only onM (see Procesi (1973), Rowen (1980),
Lothaire (1983), Drensky (2000)). Show that ifM is the syntactic algebra of
the seriesS, thenM satisfies the previous identity if and only if for any words
x, u1, . . . , un, y, one has

(S, xu1 · · ·uny) =
∑

σ∈Sn

σ 6=id

aσ(S, xuσ1 · · ·uσny) .

(Hint: Use Lemma 2.1.1.)2773

4.1 Suppose thatK is a Noetherian integral domain with field of fractionsF . Using2774

Proposition 1.3, show that form ∈ F which is quasi-integral overK, the module2775

K[m] is finitely generated, and deduce thatm is integral overK.2776

4.2 Show that ifL is an integral domain with subringK, and if moreoverK is a weak2777

Fatou ring, thenL is a Fatou extension ofK.2778

4.3 Letk be a field and consider the algebrak[x, y] of commutative polynomials in2779

x, y overk. LetK be itsk-subalgebra generated by the monomialsxn+1yn for2780

n ≥ 0. Show thatK is not a weak Fatou ring. (Hint: Consider the elementxy of2781

the field of fractions ofK.)2782
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Notes to Chapter 72783

Fliess, in Fliess (1974a), callsstrong Fatou ringa ringK satisfying Theorem 1.1.
Sontag and Rouchaleau (1977) show that for a principal ringK, the ringK[t] is a strong
Fatou ring. In the case of one variable, the class of strong Fatou rings is completely
characterized by Theorem 1.5. (The formulation is different, but it is equivalent by
the results of Section 6.1.) For several variables, a complete characterization of strong
Fatou rings is still lacking. Karhumäki (1977) has characterized those polynomials
P ∈ Z[x1, . . . , xn] such that the rational series overA = {x1, . . . , xn}

∑

w∈A∗

P (|w|x1
, . . . , |w|xn

)w

is N-rational.2784

Section 3 and 4 follow Reutenauer (1980a). In the case of one variable, the ana-2785

logue of Theorem 4.1 is due to Cahen and Chabert (1975). Corollary 4.3 appears in2786

Salomaa and Soittola (1978), Exercise 2 of Section II.6. Exercise 4.3 is from Bourbaki2787

(1964), Chapitre 5, exercice 2.2788





Chapter 82789

Positive series in one variable2790

This chapter contains several results on rational series inone variable with nonnegative2791

coefficients.2792

In the first section, poles of positive rational series are described. In Section 2 series2793

with polynomial growth are characterized.2794

The main result (Corollary 3.2) is a characterization ofK+-rational series in one2795

variable whenK = Z orK is a subfield ofR.2796

The star height of positive series is the concern of the last section. It is shown that2797

eachK+-rational series in one variable has star height at most2, and that the arguments2798

of the stars are quite simple series.2799

1 Poles of positive rational series2800

In this section, we start the study of series with nonnegative coefficients. Consider
series of the form

∑
anx

n

with all coefficients inR+. If such a series is the expansion of a rational function, it2801

does not imply in general that it isR+-rational (see Exercise 1.2). We shall characterize2802

those rational functions overR whose series expansion isR+-rational. We call them2803

R+-rational functions.2804

Theorem 1.1 (Berstel 1971)Letf(x) be anR+-rational function which is not a poly-2805

nomial, and letρ be the minimum of the moduli of its poles. Thenρ is a pole off , and2806

any pole off of modulusρ has the formρθ, whereθ is a root of unity.2807

Observe that the minimum of the moduli of the poles of a rational function is the radius2808

of convergence of the associated series. We start with a lemma.2809

Lemma 1.2 Let f(x) be a rational function which is not a polynomial and with a2810

series expansion
∑
anx

n having nonnegative coefficients. Letρ be the minimum of the2811

moduli of the poles off . Thenρ is a pole off , and the multiplicity of any pole off of2812

modulusρ is at most that ofρ.2813

135
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Proof. Let z ∈ C, |z| < ρ. Then

|f(z)| =
∣∣∑ anz

n
∣∣ ≤

∑
an|z|n = f(|z|) . (1.1)

Let z0 be a pole of modulusρ, and letπ be its multiplicity. Assume that the multiplicity
of ρ as a pole off is less thanπ. Then the function

g(z) = (ρ− z)πf(z)

is analytic in the neighborhood ofρ, andg(ρ) = 0, whence

lim
r→1,r<1

(ρ− ρr)πf(ρr) = 0 . (1.2)

The function

h(z) = (z0 − z)πf(z)

is analytic atz0 andh(z0) 6= 0. Thus

lim
z→z0,|z|<z0

|(z0 − z)πf(z)| > 0 .

In particular, settingz = rz0, with 0 ≤ r < 1, this implies

lim
r→1,r<1

|zπ
0 (1 − r)πf(rz0)| > 0 .

In view of Equation (1.1), this shows that

lim
r→1,r<1

ρπ(1 − r)πf(rρ) > 0

contradicting (1.2). �2814

Proof of Theorem1.1. LetS be the set of polynomials with nonnegative coefficients
and of rational functions with series expansions having nonnegative coefficients and
satisfying the conclusions of the statement. It suffices to show thatS is closed for sum,
product, and star. Recall that the star operation is

f 7→ f∗ =
∑

n≥0

fn = (1 − f)−1 .

Let f =
∑
anx

n andg be in S. Let ρf be the radius of convergence off . Recall2815

thatρf = sup{r ∈ R+ | ∑
anr

n < ∞}. Since the associated series has nonnegative2816

coefficients, one hasρf+g = min(ρf , ρg) and, if f, g 6= 0, ρfg = min(ρf , ρg) (see2817

Exercise 1.1). Thus, according to Lemma 1.2,f + g andfg are inS, since each pole2818

of f + g and offg is a pole off or of g.2819

Now, letf(x) =
∑

n≥1 anx
n ∈ S, and assumef 6= 0. The poles off∗ = (1−f)−1

are the zeros of1 − f . Observe that
∑
anρ

n
f = ∞ since otherwiselimr→ρf

f(r)
would exist and this is impossible becausef has a pole atρf . The coefficientsan

being nonnegative, the functionr 7→ ∑
anr

n is strictly increasing from0 to∞ whenr
ranges from0 to ρf , and consequently there is a unique real numberr with 0 < r < ρf

such thatf(r) = 1. Thusr is a pole off∗. Let z be a pole off∗ of modulus≤ r. We
prove thatz = rθ for some root of unityθ. Indeed, the relations

1 =
∑

anz
n = Re

(∑
anz

n
)

=
∑

anRe(zn)

≤
∑

an|z|n ≤
∑

anr
n = 1
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show that equality holds everywhere. Consequently,anRe(zn) = anr
n for all n ≥ 0.2820

Let n be an integer withan 6= 0 (it exists becausef 6= 0). ThenRe(zn) = rn and2821

|z| ≤ r imply zn = rn whencez = rθ for θ somen-th root of unity. Thusf∗ is in2822

S. �2823

2 Polynomially bounded series overZ and N2824

A seriesS ∈ Z〈〈A〉〉 haspolynomial growthor is polynomially boundedif there exist
an integerq ≥ 0 and a real numberC such that

|(S,w)| ≤ C|w|q

for all nonempty wordsw.2825

Proposition 2.1 Let S =
∑

n≥0 anx
n be aZ-rational series which has polynomial2826

growth. If the coefficientsan are inN, thenS is N-rational.2827

Proof. The result is true ifS is a polynomial. AssumeS is not a polynomial. We may2828

assume thatS is strict, by Proposition 6.1.6. The proof is in three steps.2829

1. We first show that the moduli of the eigenvalues ofS are bounded by1. LetC
andp be such that|an| ≤ Cnp for all n large enough. The radius of convergence of
the series

∑
npxn is 1, since indeedlim sup(np)1/n = 1, so the radius of convergence

ρ of S is at least1. SinceS is strict, we have by Theorem 6.2.1

an =

r∑

i=1

Pi(n)λn
i . (2.1)

Since the radius of convergenceρ of S is ρ = max{1/|λ1|, . . . , 1/|λr|}, it follows that2830

|λi| ≤ 1 for i = 1, . . . , r.2831

2. Next, we show that allλi in (2.1) are roots of unity. Consider indeed the series
S′ =

∑
bnx

n with

bn =

r∑

i=1

λn
i . (2.2)

Note thatbn is symmetric in theλi’s. SinceS is rational overZ, its minimal polynomial2832

has coefficients inZ. Hence theλi’s are algebraic integers and consequentlybn is in Z2833

andS′ is rational overZ, by Fatou’s lemma.2834

LetQ =
∏

(x − λi). The sequence(bn) satisfies the linear recurrence associated2835

toQ.2836

In view of (2.2), the sequence(bn) is bounded, and since thebn are integers, it is2837

periodic. Indeed, the sequence(bn) satisfies a linear recurrence relation of lengthr say,2838

and since the number of distinctr-tuples(bn, bn+1, . . . , bn+r−1) is bounded, there are2839

two indicesm < m′ such that(bm, bm+1, . . . , bm+r−1) = (bm′ , bm′+1, . . . , bm′+r−1),2840

and one gets thatbm+r = bm′+r and, withh = m′−m, bn = bn+h for all large enough2841

n. It follows thatQ dividesxh − 1, showing that all rootsλi are roots of unity.2842

3. We now show that we may apply the next proposition. In view of the preceding
computation, allλi in (2.1) are roots of unity. Ifλh

i = 1 for i = 1, . . . , r, then the
sequences(anh+k)n≥0 for 0 ≤ k ≤ h− 1 have the form

anh+k = Rk(n) n ≥ 0
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for polynomialsRk defined by

Rk(t) =

r∑

i=0

λk
i Pi(ht+ k) .

In view of the next proposition, each polynomialRk(t+ ℓ), for someℓ ∈ N, is a linear
combination, with coefficients inN, of binomial polynomials

(
t
d

)
= t(t−1)···(t−d+1)

d! .
Note that (see Exercise 2.7).

xd

(1 − x)d+1
=

∑

n≥0

(
n

d

)
xn

Since these series are obviouslyN-rational, each series
∑
Rk(n)xn is N-rational. This2843

proves the proposition. �2844

Proposition 2.2 LetP (x) be a complex polynomial of degreed such thatP (n) ∈ Z
for all n ∈ N. If P (n) ∈ N for all large enoughn ∈ N, then there existsℓ ≥ 0 and
a0, . . . , ad ∈ N such that

P (x+ ℓ) = a0

(
x

d

)
+ a1

(
x

d− 1

)
+ · · · + ad .

Proof. We may assume thatP is nonzero. It is easily seen (Exercise 2.2) that

P (x) =

d∑

i=0

ai

(
x

d− i

)

for some nonzeroa0 ∈ N \ 0 anda1, . . . , ad ∈ Z. If all a1, . . . , ad are inN, we are2845

done. Assume the contrary and leth be the smallest index such thatah < 0. Set2846

ℓ = max{1 + h,−ah}.2847

We use Vandermonde’s convolution formula that holds for binomial polynomials.
For ℓ,m ∈ N:

(
x+ ℓ

m

)
=

∑

j+k=m

(
ℓ

j

)(
x

k

)
.

It follows that

P (x+ ℓ) =

d∑

i=0

ai

(
x+ ℓ

d− i

)
=

d∑

i=0

ai

∑

j+k=d−i

(
ℓ

j

)(
x

k

)

=
d∑

k=0

( ∑

i+j=d−k

ai

(
ℓ

j

))(
x

k

)
=

d∑

k=0

( ∑

i+j=k

ai

(
ℓ

j

))(
x

d− k

)

=
d∑

k=0

bk

(
x

d− k

)
,

where fork = 0, . . . , d

bk =

k∑

i=0

ai

(
ℓ

k − i

)
.
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Clearlyb0, . . . , bh−1 ≥ 0, and

bh = a0

(
ℓ

h

)
+ · · · + ah ≥ a0ℓ+ ah ≥ 0 ,

sinceℓ ≥ −ah anda0 ≥ 1. ThusP (x + ℓ) has nonnegative coefficientsb0, . . . , bh.2848

Arguing by induction onh, the result follows. �2849

3 Characterization of K+-rational series2850

Theorem 1.1 gives a necessary condition for a rational function to beR+-rational.2851

We now give a sufficient condition in the general case. For this, we go back to the2852

vocabulary of formal series.2853

A rational series with complex coefficients is said to have adominating eigenvalue2854

if there is, among its eigenvalues (in the sense of Section 6.1) a unique eigenvalue2855

having maximal modulus. It is equivalent to say that the associated rational function is2856

either a polynomial or has a unique pole of minimal modulus.2857

Theorem 3.1 (Soittola 1976)LetK = Z or K be a subfield ofR. If a K-rational2858

series has a dominating eigenvalue and nonnegative coefficients, then it isK+-rational.2859

Corollary 3.2 A series overK+ isK+-rational if and only if it is the merge of poly-2860

nomials and of rational series having a dominating eigenvalue.2861

Proof. If S is K+-rational, it is by Proposition 6.2.4 the merge ofK+-rational series2862

which are simple. In particular, no quotient of eigenvaluesof such a series is a root of2863

unity 6= 1. Hence by Theorem 1.1, these series have a dominating eigenvalue. For the2864

converse, one uses Theorem 3.1 and Exercise 6.2.5. �2865

Corollary 3.3 If a R+-rational series has coefficients inK+, then it isK+-rational.2866

Proof. Let S be aR+-rational series which has coefficients inK+. By the preced-2867

ing corollary,S is a merge of polynomials and of rational series having a dominating2868

eigenvalue. By Soittola’s theorem 3.1, each of the series ofthe merge isK+-rational.2869

By Corollary 3.2,S itself isK+-rational. �2870

Let S =
∑

n≥0 anx
n be a series which is not a polynomial. We know by Sec-

tion 6.2 that there exists an exponential polynomial foran that is

an =
∑

i

Pi(n)λn
i

for n large enough. Suppose thatλ1 is the dominating eigenvalue ofS. Then we call
dominating coefficientof S the highest nonzero coefficientα of P1. Observe that when
n→ ∞

an ∼ αndeg(P1)λn
1 . (3.1)

In particular,an 6= 0 for largen. Moreover

an+1

an
∼ λ1 . (3.2)

2871
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Lemma 3.4 Let S, S′ be real rational series which are not polynomials and which2872

have the same dominating eigenvalueλ1 with dominating coefficientsα, α′.2873

(i) The seriesSS′ has also the dominating eigenvalueλ1 with dominating coeffi-2874

cient positively proportional toαα′.2875

(ii) The coefficients ofS are ultimately positive if and only ifλ1 andα are positive2876

real numbers.2877

(iii) If S is the inverse of a polynomialP withP (0) = 1, and ifλ1 is a positive real2878

number, thenα > 0.2879

Proof. (i) We writeS as aC-linear combination of partial fractions, as in the proof of2880

Theorem 6.2.1. Letβ be the coefficient of1/(1− λ1x)
k+1 in this combination, where2881

k = deg(P1). Since, by Exercise 2.7,1/(1 − λ1x)
k+1 =

∑
n≥0

(
n+ k

k

)
λn

1x
n and2882

(
n+ k

k

)
=
nk

k!
+ · · · , the dominating term ofP1(n) is β

nk

k!
, andα = β/k!. If we do2883

similarly for S′, we obtain a dominating term of the formβ′n
ℓ

ℓ!
andα′ = β′/ℓ!. The2884

productSS′ has the eigenvalueλ1 with multiplicity k + ℓ+ 2, the dominating term is2885

ββ′ nk+ℓ+1

(k + ℓ+ 1)!
, so the dominating coefficient isαα′k!ℓ!/(k+ ℓ+ 1)!. This gives the2886

result.2887

(ii) If the an are ultimately positive, thenλ1 ≥ 0 by (3.2), andλ1 6= 0 sinceS2888

is not a polynomial. Moreover,α is positive by (3.1). Conversely, ifλ1, α > 0, then2889

an > 0 for n large enough by (3.1).2890

(iii) We haveP (x) =
∏d

i=1(1 − λix) ∈ R[x] with λi ∈ C, λ1 = · · · = λk >
|λk+1|, . . . , |λd|, for somek with 1 ≤ k ≤ d. In order to compute the dominating
coefficientα of P−1, we writeP−1 as aC-linear combination of series1/(1 − λix)

j .
Thenα = β/(k − 1)! whereβ is the coefficient of1/(1 − λ1x)

k in this linear com-
bination. To computeβ, multiply the linear combination by(1 − λ1x)

k and put then
x = λ−1

1 . Since only fractions1/(1− λ1x)
j with j ≤ k occur, this is well defined and

gives

β =
1

d∏
i=k+1

(
1 − λi

λ1

) .

Now, the numbersλ−1
i , for i = k + 1, . . . , d are the roots of the real polynomial2891

∏d
i=k+1(1−λix). Hence, eitherλi is real and then|λi| < λ1 and thus1− λi

λ1
> 0, or2892

λi is not real and then there is somej such thatλi, λj are conjugate. Then so are1− λi

λ1
2893

and1 − λj

λ1
, so that their product is positive. This shows thatα is positive. �2894

Given an integerd ≥ 1 and numbersB,G1, . . . , Gd in R+, we set

G(x) =
d−1∑

i=1

Gix
i

and we callSoittola denominatora polynomial of the form

D(x) = (1 −Bx)(1 −G(x)) −Gdx
d . (3.3)
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If d = 1, we agree thatB = 0. In this limit case,D(x) = 1 − G1x. The numbers2895

B,G1, . . . , Gd are called theSoittola coefficientsofD(x) andB is called itsmodulus.2896

Note that setting

D(x) = 1 − g1x− · · · − gdx
d

the expression (3.3) is equivalent to

g1 = B +G1

gi = Gi −BGi−1 , i = 2, . . . , d .
(3.4)

Likewise, we callSoittola polynomiala polynomial of the form

xd − g1x
d−1 − · · · − gd (3.5)

with thegi as above.2897

Lemma 3.5 Let

P (x) =

d∏

i=1

(1 − λix)

be a polynomial inR[x] with λi ∈ C, λ1 > 1, andλ1 > |λ2|, . . . , |λd|. Let

Pn(x) =

d∏

i=1

(1 − λn
i x) .

For n large enough,Pn(x) is a Soittola denominator with modulus< λn
1 and with2898

Soittola coefficients in the subring generated by the coefficients ofP .2899

Proof. Let ei,n =
∑

j1<···<ji
λn

j1 · · ·λn
ji

be thei-th elementary symmetric function of2900

λn
1 , . . . , λ

n
d . By the fundamental theorem of symmetric functions,ei,n is in the ring2901

generated by the functionsei,1, for 1 ≤ i ≤ d, hence in the ring generated by the2902

coefficients ofP = P1 (see also Exercise 3.2).2903

Clearlye1,n ∼ λn
1 whenn→ ∞. Note that fori ≥ 2, each term inei,n is a product2904

of i factors taken in theλj ’s, and containing at least one factor with modulus< λ1.2905

Thereforeei,n/λ
in
1 → 0 whenn→ ∞.2906

We may assumed ≥ 2. DefineB = ⌊e1,n/2⌋ andG1, . . . , Gd by the formu-2907

las G1 = e1,n − B andGi − BGi−1 = (−1)i−1ei,n for i = 2, . . . , d (we do2908

not indicate the dependence onn which is understood). Whenλn
1 → ∞, we have2909

B ∼ λn
1 /2 ∼ G1. Arguing by induction oni, suppose thatGi ∼ λin

1 /2
i. We2910

haveGi+1 = (−1)iei+1,n + BGi. Now BGi ∼ λ
(i+1)n
1 /2i+1 and we know that2911

ei+1,n/λ
(i+1)n
1 → 0. ThusGi+1 ∼ λ

(i+1)n
1 /2i+1. The lemma follows. �2912

We callPerrin companion matrixof the Soittola polynomial (3.5) the matrix

P =




B 1 0 0

0 0

0

0 0 1

Gd G2 G1



. (3.6)

It differs from a usual companion matrix by the entry1, 1 which is not0 butB. In the2913

limit cased = 1, one setsP = (G1).2914
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Lemma 3.6 Let D(x) be the Soittola denominator(3.5). GivenS =
∑

n≥0 anx
n,

defineT =
∑

n≥0 tnx
n andU =

∑
n≥0 unx

n by

T = DS and U = (1 −Bx)S .

Then forn ≥ 0,

P




an

un+1

...
un+d−1


 +




0
...
0

tn+d


 =




an+1

un+2

...
un+d


 . (3.7)

Moreover, ifT is a polynomial of degree≤ h, then for anym in N

am+h = (1, 0, . . . , 0)Pm(ah, uh+1, . . . , uh+d−1)
T .

Proof. Note that in the limit cased = 1, the first relation must be read asG1an+tn+1 =2915

an+1, which is easy to verify, since one has by conventionD = 1 −G1x.2916

We may therefore assume thatd ≥ 2. The first matrix product is equal to




Ban + un+1

un+2

...
un+d−1

α




where

α = Gdan +

d−1∑

i=1

Giun+d−i .

Observe next that

T = (1 −Bx)(1 −G(x))S −Gdx
dS = (1 −G(x))U −Gdx

dS .

Thus

tn+d = un+d −
d−1∑

i=1

Giun+d−i −Gdan ,

showing thatα + tn+d = un+d. This proves the first identity. Suppose now thatT is
a polynomial of degree≤ h. Then0 = th+d = th+d+1 = · · · . Using induction onm
and (3.7) forn = h, h+ 1, . . ., we obtain

Pm




ah

uh+1

...
uh+d−1


 =




am+h

um+h+1

...
um+h+d−1




which implies the second identity. �2917
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Proof of Soittola’s theorem. 1. We may assume thatS is not a polynomial. By2918

Lemma 3.4 (ii), the dominating eigenvalueλ1 of S is positive. We may assume that2919

λ1 > 1. Indeed, ifK is a subfield ofR, then we replaceS(x) by S(αx) for α in N2920

large enough; then the eigenvalues are multiplied byα and we are done. IfK = Z and2921

λ1 ≤ 1, then by Proposition 2.1,S is N-rational.2922

2. WriteS(x) = N(x)/D(x) whereD is the smallest denominator withD(0) = 1.2923

ThenN,D ∈ K[x]. Let m be the multiplicity of the eigenvalueλ1 of S. Since2924

K is a factorial subring ofR, we may writeD(x) = D1(x) · · ·Dm(x), where each2925

polynomialDi(x) has coefficients inK, has the simple factor1 − λ1x and satisfies2926

Di(0) = 1.2927

DecomposeS as a mergeS =
∑

0≤i<p x
iSi(x

p). Then the eigenvalues ofSi are
thep-th powers of those ofS (equivalently the poles ofSi are thep-th powers of those
of S). Hence, ifp is chosen large enough, Lemma 3.5 shows that we may assume that
D1 is a Soittola denominator of the form

D1(x) = (1 − Bx)(1 −
d−1∑

i=1

Gix
i) −Gdx

d

with d ≥ 1, B,Gi ∈ K+ andB < λ1. Sincean+1/an ∼ λ1 we see thatun+1 =2928

an+1 −Ban ≥ 0 for n large enough.2929

3. Let

T =
∑

n≥0

tnx
n = D1S .

Suppose first thatλ1 is simple, that ism = 1. ThenT is a polynomial and Lemma 3.62930

shows that
∑

n≥0 an+hx
n isK+-rational forh large enough. HenceS isK+-rational.2931

Suppose next thatm ≥ 2 and argue by induction onm. Note thatS,D−1
1 andT have2932

the dominating eigenvalueλ1, the latter with multiplicitym − 1. Lemma 3.4(iii) and2933

(ii) show thatD−1
1 andS have positive dominating coefficient. Thus by Lemma 3.4(i),2934

sinceD−1
1 T = S, the seriesT also has positive dominating coefficient. This implies2935

by Lemma 3.4 (ii) thatT has ultimately positive coefficients and consequently thatfor2936

h large enough, the series
∑

n≥0 tn+h+dx
n isK+-rational, by induction onm.2937

Thustn+h+d = νNnγ for some representation(ν,N, γ) overK+. Define a repre-
sentation(ℓ,M, c) overK+ by

ℓ = (1, 0, . . . , 0) , M =

(
P Q
0 N

)
, c =




ah

uh+1

...
uh+d−1

γ




whereh is chosen large enough and where all rows ofQ are0 except the last which is
ν. We prove that

Mnc =




ah+n

uh+n+1

...
uh+n+d−1

Nnγ



.



144 CHAPTER 8. POSITIVE SERIES IN ONE VARIABLE

This is true forn = 0 by definition. Admitting it holds forn, the equality forn + 12938

follows from Lemma 3.6 (Equation (3.7) wheren is replaced byn+ h), sinceQNnγ2939

is a column vector whose components are all0 except the last one which isνNnγ =2940

tn+h+d. We deduce thatℓMnc = an+h andS =
∑h−1

i=0 aix
i + xh

∑
n≥0 an+hx

n is2941

thereforeK+-rational. �2942

4 Star height22943

We consider now the star height ofK+-rational series.2944

Theorem 4.1 LetK be a subfield ofR or K = Z. AnyK+-rational series is in the
subsemiring ofK+[[x]] generated byK+[x] and by the series of the form

(Bxp)∗ or
(d−1∑

i=1

Gix
i +Gdx

d(Bxp)∗
)∗

with p, d ≥ 1, B,Gi ∈ K+. In particular, they have star height at most2.2945

Proof. Denote byL this semiring. It is clearly closed under the substitutionx 7→ αxq
2946

for q ≥ 1, α ∈ K+. Thus it is also closed under the merge of series.2947

So, if we follow the proof of Soittola’s theorem, we may pursue after steps 1. and
2. We start with a notation. Given a seriesV =

∑
n≥0 vnx

n and an integerh ≥ 0, we

write V (h) =
∑

n>h vnx
n andV(h) =

∑
n≤h vnx

n. It follows fromU = (1 − Bx)S
that

U (h) = S(h) −BxS(h−1) = S(h)(1 −Bx) −Bahx
h+1 ,

U(h) = S(h) −BxS(h−1) = S(h−1)(1 −Bx) + ahx
h .

We show below the existence of a polynomialPh with coefficients inK+, for h large
enough, such that

U (h) =
(
Ph + T (h) + ahGdx

h+d(Bx)∗
)
H∗

where

H = G+Gdx
d(Bx)∗ .

If m = 1, we takeh large enough andT (h) = 0. If m ≥ 2, we conclude by induction
on m that T (h) is in L. Thus the seriesU (h) is in L, and since(1 − Bx)S(h) =
Bahx

h+1 + U (h) the series

S =
h∑

i=0

aix
i + (Bx)∗(Bahx

h+1 + U (h))

is inL. Now, from

T = D1S = (1 −Bx)(1 −H)S = U(1 −H) ,
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we get

T (h) =
(
U(1 −H)

)(h)
=

(
U (h)(1 −H)

)(h)
+

(
U(h)(1 −H)

)(h)

= U (h)(1 −H) + U
(h)
(h) −

(
U(h)H

)(h)

= U (h)(1 −H) −
(
U(h)H

)(h)
.

Next
(
U(h)H

)(h)
=

(
U(h)G

)(h)
+

(
U(h)Gdx

d(Bx)∗
)(h)

Recall thatG =
∑d−1

i=1 Gix
i. The first term of the right-hand side is

(
U(h)G

)(h)
=

∑

0≤j≤h
0<ℓ<d
j+ℓ>h

ujGℓx
j+ℓ .

Settingj + ℓ = h+ i with 0 < i < d, this rewrites as
∑d−1

i=1 wix
h+i with

wi =
∑

0≤j≤h
0<ℓ<d

j+ℓ=h+i

ujGℓ .

Now note that in this sum, sinceℓ < d, we havej > h − d, henceuj ≥ 0 for h large2948

enough. This shows that
(
U(h)G

)(h)
is a polynomial with coefficients inK+.2949

To compute the second term, recall thatU(h) = S(h−1)(1 − Bx) + ahx
h. Conse-

quently

U(h)(Bx)
∗ = S(h−1) + ahx

h(Bx)∗ .

So the term(U(h)Gdx
d(Bx)∗)(h) reduces to the sum of a polynomial with coefficients

in K+ and of the seriesGdahx
h+d(Bx)∗. Thus we obtain, forh large enough

T (h) = U (h)(1 −H) −Gdahx
h+d(Bx)∗ − Ph

with Ph ∈ K+[x]. �2950

Exercises for Chapter 82951

1.1 Letf =
∑
anx

n, g =
∑
bnx

n with an, bn ∈ R+. Denote byρf the radius of
convergence off , that is

ρf = sup{r ∈ R+ |
∑

anr
n <∞} .

a) Show that ifr ∈ [0,min(ρf , ρg)[, then
∑

n≥0(an + bn) < ∞. Conclude that2952

min(ρf , ρg) ≤ ρf+g.2953

b) Show that ifr ∈ [0, ρf+g[, then
∑

n anr
n < ∞. Deduce thatρf+g ≤ ρf and2954

finally thatρf+g = min(ρf , ρg).2955

c) Show that ifr ∈ [0,min(ρf , ρg)[, then
∑
n

( ∑
i+j=n

aibj
)
rn < ∞ . Conclude2956

thatmin(ρf , ρg) ≤ ρfg.2957

d) Suppose now thatg 6= 0. Show that ifr ∈ [0, ρfg[, then
∑

n anr
n < ∞.2958

Deduce thatρfg ≤ ρf . Finally, deduce that iff, g 6= 0, thenρfg = min(ρf , ρg).2959
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1.2 a) Letθ be a real number. Show that the seriesS =
∑

n≥0(cos2 nθ)xn is a2960

C-rational series. (Give an expression forS as a rational function by using the2961

formulacosnθ = 1/2(einθ + e−inθ).)2962

b) Let0 < a < c be integers and letθ be a real number with0 < θ < π/2, such2963

thatcos θ = a/c. Show that the numberscn cosnθ are integers. Show that the2964

seriesT =
∑

(c2ncos2nθ)xn is Z-rational with coefficients inN.2965

c) Show that ifc 6= 2a, thenz = eiθ is not a root of unity. (Hint: Show thatz is2966

an algebraic number of degree≤ 2, and use the fact that ifz is an-th primitive2967

root of1, thenφ(n) ≤ 2 whereφ is Euler’s function, son = 1, 2, 3, 4 or 6. Show2968

that this is impossible.) Show thatT is notR+-rational (use Theorem 1.1, see2969

Berstel (1971), and also Eilenberg (1974, Chap. VIII, Example 6.1)).2970

1.3 Show that theZ-rational series

x+ 5x2

1 + x− 5x2 − 125x3
=

∑

n≥0

(2· 5n − (3 + 4i)n − (3 − 4i)n)xn

= x+ 4x2 + x3 + 144x4 + · · ·

has positive coefficients but is notN-rational. (Hint: Use the fact that3 + 4i and2971

3 − 4i have norm5.)2972

1.4 Letc > d be integers such thatd ± i
√
c2 − d2 are not roots of unity, and define

a sequencean by

an = b1c
n + b2

(
d+ i

√
c2 − d2

)n

+ b3

(
d− i

√
c2 − d2

)n

for integersb1 ≥ b2 + b3 . Show that
∑
anx

n is Z-rational with nonnegative
coefficients and is notN-rational. (Hint: Use the fact thatd ± i

√
c2 − d2 have

normc. This exercise extends Exercise 1.3.) Example: forc = 3, d = 2, b1 =
2, b2 = b3 = 1, one gets

∑
anx

n =
4 − 12x+ 24x2

1 − 5x+ 15x2 − 27x3
= 4 + 8x+ 4x2 + 8x3 + · · ·

1.5 LetS =
∑
anx

n = P (x)/Q(x) be a rational series overR, whereP (x) and2973

Q(x) have no common root, andQ(x) is a polynomial of degree 2 withQ(0) = 12974

andP (x) is of degree≤ 1. SetQ(x) = 1 − ax − bx2 andP (x) = c − dx. Set2975

furtherQ(x) = (1 − αx)(1 − βx).2976

a) Show thata0 = c, a1 = ac− d and forn ≥ 2

an =





1

α− β

(
(αc− d)αn − (βc− d)βn

)
if α 6= β ,

αn−1
(
(αc− d)n+ αc

)
if α = β .

b) Assuming thatan ≥ 0 for n ≥ 0, show successively thatc ≥ 0, ac − d ≥ 0,2977

a ≥ 0, a2 + 4b ≥ 0 andαc− d > 0.2978

c) Show that conversely, if these five conditions are fulfilled, thenan ≥ 0 for2979

n ≥ 0.2980

1.6 Leta andb be integers,a ≥ 0, and letk ≥ 2. Let

f(x) =
1

1 − ax+ bxk
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and setr = a(k − 1)/k andδ = rk/(k − 1) − b. The aim of the exercise is2981

to show thatf(x) is N-rational if and only ifδ ≥ 0. Note that fork = 2, this2982

reduces to the condition that the discriminanta2 − 4b is nonnegative.2983

a) Show that

1 − ax+ bxk = (1 − rx)(1 − g(x)) +
δ

r
xk−1 ,

with

g(x) =
k−2∑

i=1

rixi

k − 1
+
b

r
xk−1 .

Conclude that ifδ ≥ 0, then

f(x) = (rx)∗(g(x) +
δ

r
xk−1r(x)∗)∗

is R+-rational, and thus isN-rational.2984

b) Setp(x) = xk − axk−1 + b, and supposeb > 0 andk ≥ 3. Show that for2985

evenk, the polynomialp(x) has no real root whenδ < 0, and has two real roots2986

otherwise. Show that whenk is odd, thenp(x) has one real root which is negative2987

if δ < 0 and three real roots, with two of them positive otherwise. Conclude that2988

if f(x) is N-rational, thenδ ≥ 0. (Hint: Show thatp′(x) has the two roots0 and2989

r, and thatp′′(r) > 0.)2990

1.7 The aim of this exercise is to prove that there existN-rational series of star height2991

exactly2. Let a, b be positive integers, and setQ(x) = 1 − ax + bx2. Assume2992

the the discriminanta2 − 4b is nonnegative. ThenQ(x) has tworeal roots, and2993

they are equal if and only ifaa2 − 4b = 0. It follows from Exercise 1.6 that2994

f(x) = 1/Q(x) is N-rational.2995

a) Show that if the polynomialQ(x) is reducible overQ, thenf(x) has star2996

height1.2997

From now on, we suppose thatQ(x) is irreducible overQ.2998

b) Show that iff(x) has star height1, then there exist polynomialsP (x) ∈ Z[x]2999

andN(x) ∈ N[x] with N(0) = 0 such thatQ(x)P (x) = 1 −N(x).3000

c) Show that the roots ofQ(x) are both real positive.3001

d) Show that a polynomial of the form1−N(x), withN(x) ∈ N[x] andN(0) =3002

0, has exactly one real positive root which is simple. Conclude thatf(x) has star3003

height2.3004

e) Show that ifa ≥ 2+b, thenQ(x) is irreducible. Takinga = 3, b = 1, conclude
that the series

1

1 − 3x+ x2
=

∑
F2n+1x

n =
1

1 − x− 1

1 − x

,

whereFn is then-th Fibonacci number (see also Example 3.2.1), has star height2.3005

2.1 Show that for any polynomialP of degreed, the series
∑

n≥0

P (n)xn is a rational3006

series and that the sequence(P (n))n≥0 satisfies the linear recurrence relation3007

associated to the polynomial(x− 1)d+1.3008

2.2 LetP (x) be a complex polynomial of degreed, and assume thatP (n) ∈ Z3009

for n ∈ N. Show that there exist integersa0, . . . ad with ad 6= 0 such that3010

P (x) =
∑d

i=0 ai

(
x
i

)
.3011
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3.1 LetS =
∑
anx

n = P (x)/Q(x) be a rational series overR, whereP (x) and3012

Q(x) have no common root, andQ(x) is a polynomial of degree 2 withQ(0) = 1.3013

Show that aS is R+-rational if and only if all coefficientsan are nonnegative.3014

(Hint: SetQ(x) = (1 − αx)(1 − βx) and use Exercise 1.5 to show that if allan3015

are nonnegative, thenα andβ are real, and that at least one is positive. Then, use3016

Soittola’s theorem.)3017

3.2 LetK be a subring of some field andP ∈ K[x] with P (0) = 1. Let M be3018

the companion matrix ofP . With the notations of Lemma 3.5, show thatPn =3019

det(1 −Mnx). Deduce that the coefficients ofPn are in the subring generated3020

by the coefficients ofP .3021

3.3 Show that the characteristic polynomial of a Perrin companion matrix is the cor-3022

responding Soittola polynomial (see Perrin (1992)).3023

3.4 Show that the inverse of a Soittola denominator is anR+-rational series. Show3024

that
1

D(x)
= (Bx)∗(G(x) +Gdx

d(Bx)∗)∗.3025

3.5 LetM be a square matrix over some subsemiringK of a commutative ring.3026

Show thatdet(1−Mx)−1 is aK-rational series. (Hint: LetMi be the submatrix3027

corresponding to the firsti rows and columns. Show thatdet(1−Mi−1)/ det(1−3028

Mix) isK-rational and then take the product.)3029

3.6 a) LetS =
∑

n≥0 anx
n ∈ C[[x]] be rational with a dominating eigenvalueλ. Let3030

S = P/Q(1 − λx), with P,Q ∈ C[x] andQ(0) = 1, in lowest terms. Show that3031

(x−nS)Q(1−λx) is a polynomial of degree ultimately equal todeg(Q) and that3032

limn→∞(x−nS)Q(1 − λx)/an = Q, with coefficientwise limit.3033

b) Modify Lemma 3.5 so that the conclusion includes the property that (Bx)∗3034 ∏d
i=2(1 − λix) has positive coefficients.3035

c) LetS(x) = N(x)/D(x), with D(x) equal to the Soittola denominator (3.3),3036

with the condition that(Bx)∗E has positive coefficients, whereD(x) = (1 −3037

λx)E(x) andλ is the dominating root. Definex−nS = anRn(x)/D(x). Show3038

that(Bx)∗Rn(x) has positive coefficients forn large enough. Deduce thatS is3039

K+-rational.3040

d) Deduce an alternative proof of Soittola’s theorem in the case where the domi-3041

nant eigenvalue is simple. See Katayama et al. (1978).3042

3.7 By drawing the weighted automaton associated to a Perrincompanion matrix,3043

give another proof of Theorem 4.1, see Perrin (1992).3044

3.8 Show that, for integersn,N ≥ 2, the series

1

1 − nt+ tN
and

1

1 − nt+ tN (1 − t)/(1 − tN )

areN-rational. (Hint: SetQ(t) = 1− (n−1)t−· · ·− (n−1)tN−1 and compute3045

(1 − t)(1 −Q(t)).)3046

4.1 LetA = {a, b}. A Dyck wordoverA is a wordw such that|w|a = |w|b and
|u|a ≥ |u|b for each prefixu of w. Theheightof a Dyck wordw is max{|u|a −
|u|b}, whereu ranges over the prefixes ofw. The first Dyck words are

1, ab, aabb, abab, aaabbb, aababb, aabbab, abaabb, ababab, . . .

The wordsaabb, aababb, abaabb have height 2. Denote byD the set of Dyck3047

words overA.3048

a) Show thatD = 1 + aDbD.3049
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b) Denote byDh the set of Dyck words of height at mosth. In particularD0 =3050

{1} is just composed of the empty word. Show that forh ≥ 0, Dh+1 = 1 +3051

aDhbDh+1.3052

Setf(x) =
∑

n≥0 Card(D∩A2n)xn, andfh(x) =
∑

n≥0 Card(Dh ∩A2n)xn.3053

These are the generating functions of the number of Dyck words (Dyck words of3054

height at mosth).3055

c) Show thatf = (xf)∗ and thatfh+1 = (xfh)∗ for h ≥ 0.3056

d) Show thatfh = qh−1/qh for h ≥ 0, whereqh+1 = qh − xqh−1 for h ≥ 0,3057

with q0 = q−1 = 1.3058

e) Give an expression of star height at most 2 forf3, f4, f5.3059

Notes to Chapter 83060

A proof of Theorem 1.1 based on the Perron-Frobenius theoremhas been given by3061

Fliess (1975).3062

The proof of Theorem 3.1 given here is based on Soittola (1976), Perrin (1992).3063

The proof of Theorem 3.1 by Katayama et al. (1978) seems to have a serious gap, see3064

the final comments in Berstel and Reutenauer (2008a); however it works in the case3065

of a simple dominant eigenvalue, and this is summarized in Exercise 3.6. Recently,3066

algorithmic aspects of the construction have been considered in Barcucci et al. (2001)3067

and in Koutschan (2005, 2008). The example of Exercise 1.3 isfrom Gessel (2003),3068

Exercise 1.4 is from Koutschan (2008). Exercises 1.5 and 3.1are from an unpublished3069

paper of late C. Birger, 1971, see also Salomaa and Soittola (1978). In Halava et al.3070

(2006) it is shown that it is decidable,for second order linear recurrences, whether all3071

terms are nonnegative. This has been extended to third orderrecurrences in Laohakosol3072

and Tangsupphathawat (2009). A related result is given in Bell and Gerhold (2007):3073

the authors consider the density of the nonnegative terms. Exercise 1.6 is from Lavallée3074

(2008). Exercise 1.7 is adapted from a result of Bassino (1997).3075

An open problem, in relation with Theorem 3.1, is the characterization of those3076

polynomials whose inverses areN-rational orR+-rational series. Polynomials of the3077

form det(1 −Mx), whereM is a square matrix with coefficients inN, are examples3078

of such polynomials (see Exercise 3.5). There are polynomials whose inverse isN-3079

rational but are not of this kind. An example is1 − 3x + 5x2 − 8x3: its inverse is3080

N-rational (see Barcucci et al. (2001)) but is not of the formdet(1−Mx) (see Lavallée3081

(2009)).3082

Exercise 3.5 was suggested by Aaron Lauve, following ideas of Gelfand et al.3083

(2005) and Konvalinka and Pak (2007). The fractions in Exercise 3.8 are from Berger3084

(2008).3085

There is a general metamathematical principle that goes back to M.-P. Schützen-3086

berger and that states the following: whenever a rational series in one variable counts3087

a class of objects, then the series isN-rational. This phenomenon has been observed3088

on a large number of examples: generating series and zeta functions in combinatorics,3089

Hilbert series of graded or filtered algebras, growth seriesof monoids or of groups. See3090

the introduction of Reutenauer (1997).3091
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Applications3093
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Chapter 93094

Matrix semigroups and3095

applications3096

In the first section, we show that the size of a finite semigroupof matrices can be3097

bounded (Theorem 1.1). This implies that the finiteness is decidable for a matrix semi-3098

group. As a consequence, one can decide whether the image of arational series is3099

finite.3100

In Section 2, series with polynomial growth are studied. We give deep results of
Schützenberger characterizing these series (Theorem 2.5and Corollary 2.6). To give a
flavor of these results, we consider the following example:

∑

n≥0

n2xn =
x

1 − x
+ 3

( x

1 − x

)2

+ 2
( x

1 − x

)3

.

This identity shows that the rational series on the left-hand side, which is polynomially3101

bounded, belongs to the subalgebra of series generated by the rational series with coef-3102

ficients0 and1; moreover, the degree of growth of the series is2, and at the right one3103

performs only products of2 + 1 = 3 series with coefficients0 and1. The results of3104

Schützenberger reported in this chapter extend, to the noncommutative case, this kind3105

of identities. Do do this, Schützenberger uses tools from noncommutative algebra. A3106

particular case of these tools is the Burnside problem for matrix semigroups.3107

To complete the chapter, we give Simon’s results on finite groups of matrices over3108

the tropical semiring and their consequences on limited languages.3109

1 Finite matrix semigroups and the Burnside problem3110

We first give a result concerning finite monoids of matrices. Recall that for a given3111

wordw, we denote byw∗ the submonoid generated byw.3112

Theorem 1.1 (Jacob 1978, Mandel and Simon 1977)Let µ : A∗ → Qn×n be a3113

monoid morphism such that, for allw ∈ A∗, the monoidµw∗ is finite. Then there3114

exists an effectively computable integerN , depending only onCardA andn, such that3115

Cardµ(A∗) ≤ N .3116

153
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As we shall see, the function(CardA, n) 7→ N grows extremely rapidly. There3117

exists however one case where there is a reasonable bound (which moreover does not3118

depend onCardA), namely the case described in the lemma below.3119

A setE of matrices inQn×n is calledirreducible if there is no subspace ofQ1×n
3120

other than0 andQ1×n invariant for all matrices inE (the matrices act on the right on3121

Q1×n).3122

Lemma 1.2 (Schützenberger 1962b)Let M ⊂ Qn×n be an irreducible monoid of3123

matrices such that all nonvanishing eigenvalues of matrices inM are roots of unity.3124

ThenCardM ≤ (2n+ 1)n2

.3125

Proof. Letm ∈ M . The eigenvalues6= 0 of m are roots of unity, whence algebraic3126

integers overZ. Hencetr(m) is an algebraic integer. Sincetr(m) ∈ Q andZ is3127

integrally closed, this implies thattr(m) ∈ Z. The norm of each eigenvalue is0 or3128

1. Thus| tr(m)| ≤ n. This shows thattr(m) takes at most2n + 1 distinct values for3129

m ∈M .3130

Let m1, . . . ,mk ∈ M be a basis of the subspaceN of Qn×n generated byM .
Clearlyk ≤ n2. Define an equivalence relation∼ onM by

m ∼ m′ ⇐⇒ tr(mmi) = tr(m′mi) for i = 1, . . . , k .

The number of equivalence classes of this relation is at most(2n + 1)k. In order to3131

prove the lemma, it suffices to show thatm ∼ m′ impliesm = m′.3132

Let m,m′ ∈ M be such thatm ∼ m′. Setp = m − m′, and assumep 6= 0.
There exists a vectorv ∈ Q1×n such thatvp 6= 0. It follows that the subspacevpN of
Q1×n is not the null space. Since it is invariant underM andM is irreducible, one has
vpN = Q1×n. Consequently, there exists someq ∈ N such thatvpq = v. This shows
thatpq has the eigenvalue1. Now, for all integersj ≥ 1,

tr((pq)j) = tr(pq(pq)j−1) = 0

becauseq(pq)j−1 is a linear combination of the matricesm1, . . . ,mk, and by assump-3133

tion tr(pr) = 0 for r ∈M . Newton’s formulas imply that all eigenvalues ofpq vanish.3134

This yields a contradiction. �3135

For the proof of Theorem 1.1, we need another lemma.3136

Lemma 1.3 (Schützenberger 1962b)
(i) Let α be a morphism fromA∗ into a finite monoidM . Then, for each wordw of
length≥ Card(M)2, there exists a factorizationw = x′zx′′ with z 6= 1,αx′ = α(x′z)
andα(zx′′) = αx′′.

(ii) Let µ : A∗ → Qn×n be a multiplicative morphism of the form

(
µ′ ν
0 µ′′

)
, and let

w = x′zx′′ ∈ A∗ be such thatµ′x′ = µ′(x′z) andµ′′(zx′′) = µ′′x′′. Then for anyn
in N,

µ′x′νznµ′′x′′ = nµ′x′νzµ′′x′′ ,

ν(x′znx′′) = ν(x′x′′) + nµ′x′νzµ′′x′′ .
(1.1)

Proof. (i) Indeed, the set{(x, y) ∈ (A∗)2 | w = xy} has at least1 + Card(M)2

elements, and therefore there exist two distinct factorizations

w = x′y′ = y′′x′′
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such that

αx′ = αy′′ and αy′ = αx′′ .

We may assume that|x′| < |y′′|. Then there is a wordz 6= 1 such thaty′′ = x′z and3137

y′ = zx′′. Thusw = x′zx′′ with the required properties.3138

(ii) One has the identity
(
a b
0 c

)n

=

(
an

∑
k+ℓ=n−1 a

kbcℓ

0 cn

)
.

Thus

ν(zn) =
∑

k+ℓ=n−1

µ′(zk)νzµ′′(zℓ) .

Multiplying on the left byµ′x′ and on the right byµ′′x′′, we obtain

µ′x′νznµ′′x′′ =
∑

µ′x′µ′(zk)νzµ′′(zℓ)µ′′x′′

=
∑

µ′(x′zk)νzµ′′(zℓx′′) = nµ′x′νzµ′′x′′ .

Finally by considering the productµ(x′znx′′) = µx′µznµx′′, we obtain

ν(x′znx′′) = νx′µ′′(znx′′) + µ′x′ν(zn)µ′′x′′ + µ′(x′zn)νx′′

= νx′µ′′x′′ + nµ′x′νzµ′′x′′ + µ′x′νx′′

= ν(x′x′′) + nµ′νzµ′′x′′ . �

Corollary 1.4 (Schützenberger 1962b)Let µ : A∗ → Qn×n be a morphism into a
monoid of matrices which are triangular by blocks

µ =

(
µ′ ν
0 µ′′

)
.

Assume thatµ′A∗ andµ′′A∗ are finite, and thatµw∗ is finite for any wordw. Then

Card(νA∗) ≤
∑

0≤i<(H′H′′)2

Card νAi ,

whereH ′ = Cardµ′A∗ andH ′′ = Cardµ′′A∗.3139

Proof. In Lemma 1.3(i), takeα = (µ′, µ′′). Then each wordw of length≥ (H ′H ′′)23140

has a factorizationw = x′zx′′ with z 6= 1 and the relations (1.1) hold. Thus, since3141

µz∗ is finite, ν(x′z∗x′′) is also finite and we must haveµ′x′νzµ′′x′′ = 0 andνw =3142

ν(x′x′′). Since|x′x′′| < |w|, the corollary follows. �3143

Proof of Theorem1.1. Assume first that the monoidµA∗ is irreducible, and consider3144

any matrixµw ∈ µA∗. Sinceµz∗ is finite, there are integers0 ≤ i < j with µwi =3145

µwj . This implies that the eigenvalues ofw are0 or roots of unity. The theorem thus3146

follows from Corollary 1.4.3147

If µA∗ is not irreducible, there is some subspaceV of Q1×n which is invariant3148

underµA∗. Consider a supplementary spaceW of V . In a basis which is adapted to3149
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the decompositionQ1×n = W ⊕ V , the morphismµ admits the form described in3150

Lemma 1.3. Arguing by induction on the dimension of the representation, the result3151

follows from Corollary 1.4. �3152

Recall that an elements of a semigroupS is torsion if s generates a finite subsemi-3153

group ofS; equivalently,sk = sℓ for some1 ≤ k < ℓ. We say thatS is a torsion3154

semigroupif each element inS is torsion.3155

Corollary 1.5 (McNaughton and Zalcstein 1975)Every finitely generated torsion se-3156

migroup of square matrices overQ is finite. �3157

Recall that aray is a subset ofA∗ of the formuv∗w, with u, v, w ∈ A∗.3158

Corollary 1.6 Let S ∈ Q〈〈A〉〉 be a rational series such that for any rayR, the set3159

{(S,w) | w ∈ R} is finite. Then the set of coefficients ofS is finite.3160

Proof. Let (λ, µ, γ) be a minimal linear representation ofS. By Corollary 2.2.3, there
exist polynomialsP1, . . . , Pn,Q1, . . . , Qn such that for all wordsw,

µw = ((S, PiwQj))1≤i,j≤n .

By assumption, the set{(S, uwmv) | m ∈ N} is finite for all wordsu, v, w. The same
holds for the set{(S, PwmQ) | m ∈ N} whereP,Q are polynomials. This shows
thatµw∗ is finite for any wordw. By Corollary 1.5, the monoidµA∗ is finite, and in
particular

{(S,w) | w ∈ A∗}

is finite, since(S,w) = λµwγ. �3161

Corollary 1.7 (Jacob 1978)It is decidable whether a finite set of matrices overQ3162

generates a finite monoid.3163

Proof. By Theorem 1.1, there is an upper bound on the size of such a monoid if it is3164

finite. LetE be a finite set of matrices,M the monoid generated byE, and letN be3165

the upper bound given in Theorem 1.1. ThenM is finite if and only if every product of3166

N matrices inE equals a product of at mostN − 1 matrices inE. This last condition3167

is clearly decidable. �3168

Recall that the image of a series is the set of its coefficients.3169

Corollary 1.8 (Jacob 1978)It is decidable whether a rational series has a finite image.3170

�3171

2 Polynomial growth3172

We now turn our attention to questions concerning growth of rational series overZ.
Recall that a seriesS ∈ Z〈〈A〉〉 haspolynomial growthor is polynomially boundedif
there exist a real numberq ≥ 0 and a real numberC such that

|(S,w)| ≤ C|w|q
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for all nonempty wordsw. The smallest of theseq, if it exists, is called thedegree of3173

growthof S. Observe that series with degree of growth0 are precisely the series with3174

finite image.3175

In the sequel, we shall consider morphismsµ : A∗ → Qn×n which have the block-
triangular form

µ =




µ0 ν1 ⋆ ⋆

0

⋆
νq

0 0 µq




(2.1)

where eachµi is square and is therefore itself a morphism.3176

Theorem 2.1 LetS ∈ Z〈〈A〉〉 be a rational series and let(λ, µ, γ) be a minimal linear3177

representation ofS. ThenS has polynomial growth if and only if the set{tr(µw) | w ∈3178

A∗} is finite.3179

Proof. Suppose first thatS has polynomial growth. Then there exist, by Corollary 2.2.3,
real numbersC, q such that for alli, j, |(µw)i,j | ≤ C|w|q for all nonempty wordsw.
It follows that, for anyr ∈ N \ 0, we have|(µwr)i,j | ≤ Crq |w|q . Consequently, for
every eigenvalueρ of µw one has

|ρ|r ≤ C′rq

for some constantC′. Thus|ρ| ≤ 1. This implies that−n ≤ tr(µw) ≤ n, wheren is3180

the dimension ofµ. SinceS is Z-rational, there exists a minimal linear representation3181

with coefficients inZ (Theorem 7.1.1). This representation is similar to(λ, µ, γ) by3182

Theorem 2.2.4 and consequently, the trace of any matrixµw is an integer. Hence each3183

tr(µw) is in {−n, . . . , n}.3184

Conversely, suppose that the set{tr(µw) | w ∈ A∗} is finite. Letw be a word and
let λ1, . . . , λn be the eigenvalues ofµw with their multiplicities. The sequence

ap =
∑

1≤i≤n

λp
i = tr(µwp)

takes only a finite number of distinct values. Since it satisfies a linear recurrence rela-
tion (By Exercise 6.1.2), it is ultimately periodic, and there is a relation

ap+h = ap+k p ≥ 0

for someh, k ∈ N, h > k. The minimal polynomial (see Section 6.1) of the rational3185

series
∑
p∈N

apx
p divides the polynomialxh − xk. Consequently, the eigenvalues of3186

this series (in the sense defined in Section 6.1) are roots of unity or 0. In view of the3187

uniqueness of the exponential polynomial (Section 6.2), the λi are therefore roots of3188

unity or0.3189

Next, if the monoidµA∗ is not irreducible, thenµ can be put, by changing the
basis, into the form

µ =

(
µ′ ν
0 µ′′

)
.
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Arguing by induction,µ is equivalent to a morphism of the form (2.1) with eachµiA
∗

3190

irreducible. By Lemma 1.2 and by the previous remarks, all monoidsµiA
∗ are finite.3191

To complete the proof, it suffices to apply the following two lemmas. �3192

Lemma 2.2 LetK be a commutative semiring.
(i) Let

µ =

(
µ′ ν
0 µ′′

)

be a morphismA∗ → Kn×n, whereµ′, µ′′ are themselves morphisms. Every series3193

recognized byµ is a linear combination of series recognized byµ′ or by µ′′ and of3194

series of the formS′aS′′, whereS′ is recognized byµ′, a ∈ A andS′′ is recognized by3195

µ′′.3196

(ii) If µ : A∗ → Kn×n has the form(2.1)with eachµi of finite image, then each3197

series recognized byµ is a linear combination of products of at mostk+1 characteristic3198

series of rational languages.3199

Proof. (i) A series recognized byµ is a linear combinations of series of the form
∑

w

(µw)i,jw (2.2)

with 0 ≤ i, j ≤ n. It suffices to show that wheni, j are coordinates corresponding
to ν, the series (2.2) is a linear combination of series of the form S′aS′′. This is a
consequence of the formula

νw =
∑

w=xay

µ′xνaµ′′y .

(ii) Using (i) iteratively, we see that a series recognized by µ is aK-linear combination3200

of series of the formS0a1S1a2 · · · aℓSℓ, with ℓ ≤ k, whereai ∈ A and eachSi is3201

recognized by someµj . Sinceµj(A
∗) is a finite monoid, each languageµ−1

j (m) is3202

rational by Theorem 3.1.1 (Kleene’s theorem). Hence a series recognized byµj is a3203

linear combination of characteristic series of rational languages and this concludes the3204

proof. �3205

Lemma 2.3 (i) LetS, T be two series overR andp, q ∈ N. If S has degree of growth3206

q andT has degree of growthp, thenST has degree of growth at mostp+ q + 1.3207

(ii) The product ofq + 1 characteristic series of rational languages has degree of3208

growth at mostq.3209

Proof. (i) We have|(S,w)| ≤ C
(
|w|+q

q

)
and(T,w)| ≤ D

(
|w|+p

p

)
for suitable constants

C,D. Since(ST,w) =
∑

w=uv(S, u)(T, v), it follows that

|(ST,w)| ≤ CD
∑

w=uv

(|u| + q

q

)(|v| + p

p

)
.

The summation is equal to the coefficient ofx|w| in the product

∑

i

(
i+ q

q

)
xi

∑

j

(
j + p

p

)
xj .
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Since
∑

i

(
i+q
q

)
xi = 1/(1−x)q+1, we obtain that this coefficient is

(
|w|+p+q+1

p+q+1

)
. Since3210

this is a polynomial in|w| of degreep+ q + 1, the assertion follows.3211

(ii) follows from (i) by induction. �3212

Corollary 2.4 It is decidable whether a rational seriesS ∈ Z〈〈A〉〉 has polynomial3213

growth.3214

Proof. A minimal linear representation(λ, µ, γ) of S can effectively be computed.
Then according to Theorem 2.1, the seriesS has polynomial growth if and only if the
series

∑

w

tr(µw)w

has a finite image. This series is rational (Lemma 2.1.3) and it is decidable, by Corol-3215

lary 1.8 whether a rational series has a finite image. �3216

The main result of this section is the following theorem.3217

Theorem 2.5 (Schützenberger 1962b)LetS be aZ-rational series which has polyno-3218

mial growth. ThenS has a minimal linear representation(λ, µ, γ) whose coefficients3219

are in Z, and such thatµ has the block-triangular form(2.1) where eachµiA
∗ is a3220

finite monoid. Moreover, letq be the smallest integer for which this holds. Then the de-3221

gree of growth ofS exists and is equal toq and there exist wordsx0, . . . , xq, y1, . . . , yq3222

such that(S, x0y
n
1 x1 · · · yn

q xq) is a polynomial inn of degreeq.3223

Corollary 2.6 (Schützenberger 1962b)The degree of growth of a polynomially boun-3224

dedZ-rational seriesS is equal to the smallest integerq such thatS belongs to the3225

submodule ofZ〈〈A〉〉 spanned by the products of at mostq + 1 characteristic series of3226

rational languages.3227

Proof. Suppose that the degree of growth ofS is q. Then, by the theorem, there exists3228

a linear representation(λ, µ, γ) of S with µ of the form (2.1) with eachµiA
∗ finite.3229

By Lemma 2.2(ii), we get that the seriesS is aZ-linear combination of products of no3230

more thanq + 1 characteristic series of rational languages.3231

Conversely, suppose thatS is of this form. Then by Lemma 2.3, the seriesS has3232

degree of growth≤ q, and this proves the corollary. �3233

Recall that, given a ringK, two representationsµ, µ′ : A∗ → Kn×n are called
similar if, for some invertible matrixP overK, one has

µ′w = P−1µwP

for any wordw. In other words,µ′ is obtained fromµ after a change of basis overK.3234

When several rings occur, we will emphasize this by sayingsimilar overK.3235

In the proof of Lemma 2.8, we use the following result.3236

Theorem 2.7 (see (Lang 1984), Proposition III.7.8)For any submoduleV of Zn there3237

is a basise1, . . . , en of the Z-moduleZn and integersd1, . . . , dk ≥ 1 such that3238

d1e1, . . . , dkek is a basis of theZ-moduleV .3239
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Lemma 2.8 Letµ : A∗ → Zn×n be a representation. Suppose thatµ is similar over
Q to a representationµ′ : A∗ → Qn×n which has the block-triangular form

µ′ =




µ0 ⋆ ⋆

0 µ1

⋆

0 0 µq




with square diagonal blocks. Thenµ is similar overZ to a representationµ′′ : A∗ →3240

Zn×n having the same form and such that the corresponding diagonal blocks ofµ′ and3241

µ′′ are similar overQ.3242

Proof. The hypothesis means that there is a basis of theQ-vector spaceQn×1 of column3243

vectors of the formB0 ∪ · · · ∪ Bq such that for any wordw, the matrixµw sends the3244

subspaceEi spanned byB0 ∪ · · · ∪Bi into itself, and thatµiw represents the action of3245

µw onBi moduloEi−1. We putE−1 = 0.3246

It suffices therefore to show the existence of aZ-basis ofZn×1 of the formC0 ∪3247

· · · ∪Cq such thatEi is also spanned overQ byC0 ∪ · · · ∪Ci. ThenCi, as isBi, will3248

be aQ-basis ofEi moduloEi−1 and therefore the diagonal blocks will be similar over3249

Q, as in the statement.3250

If V is a submodule ofZn, then by Theorem 2.7 it has a basisd1e1, . . . , dkek for3251

some basise1, . . . , en of Zn and some nonzero integersd1, . . . , dk. If V is divisible3252

(that is,dv ∈ V andd ∈ Z, d 6= 0 imply v ∈ V ), then one may choosed1 = · · · =3253

dk = 1. In other words, given a divisible submoduleV of a finitely generated free3254

Z-moduleF , there exists a free submoduleW such thatF = V ⊕W .3255

Let Vi = Ei ∩ Zn×1. These submodules ofZn×1 are all divisible and0 = V−1 ⊆3256

V0 ⊆ · · · ⊆ Vq = Zn×1. Thus we may find free submodulesWi of Zn×1 such that3257

Vi = Vi−1 ⊕Wi for i = 0, . . . , q. LetCi be aZ-basis ofWi. ThenC0 ∪ · · · ∪ Ci is a3258

Z-basis ofVi and thereforeEi is spanned overQ byC0 ∪ · · · ∪ Ci. �3259

Proof of Theorem2.5, first part. LetS ∈ Z〈〈A〉〉 be a rational series having polynomial3260

growth, and let(λ, µ, γ) be a minimal linear representation ofS. We may assume, by3261

Theorem 7.1.1, that(λ, µ, γ) has integral coefficients. The proof of Theorem 2.1 shows3262

that, after a change of the basis ofQ1×n,µ has a decomposition of the form (2.1) where3263

eachµiA
∗ is finite. By Lemma 2.8, the change of basis can be done inZ1×n. �3264

Lemma 2.9 (Schützenberger 1962b)Let µ : A∗ → Zn×n be a representation of the
form

µ =

(
µ′ ν
0 µ′′

)
,

whereµ′, µ′′ are representations of finite image. If(νA∗)v is finite for some nonnull
vectorv of the appropriate size, thenµ is similar overZ to a representation

µ =

(
µ1 ν
0 µ2

)
,

whereµ1 andµ2 are representations of finite image and withdim(µ1) > dim(µ′).3265
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Proof. By Lemma 2.8, we may work overQ. Let F = {u ∈ Qn×1 | (µA∗)u is
finite}. ThenF is invariant under eachµw. Let alsoE′, E′′ be the subspaces of
Qn×1 corresponding toµ′ andµ′′. ThenE′ ⊆ F . Moreover,E′′ is a direct sum
E′′ = (E′′ ∩ F ) ⊕ E′′

1 . Taking a basis ofE′′ corresponding to this direct sum, we

see thatµ′′ is similar to a representation of the form

(
µ′′

1 ν′

0 µ′′
2

)
. Thusµ is similar to a

representation of the form




µ′ ν1 ν2
0 µ′′

1 ν′

0 0 µ′′
2



 .

We have

F = E′ ⊕ (E′′ ∩ F ) , (2.3)

sinceE′ ⊆ F andQn×1 = E′ ⊕ E′′. Consequently, for any vectoru in F , the set

of vectors

(
µ′A∗ ν1A

∗

0 µ′′
1A

∗

)
u is finite. Hence

(
µ′ ν1
0 µ′′

1

)
has finite image. Moreover,µ′′

2

has also finite image, since it is a subrepresentation ofµ′′. Taking

µ1 =

(
µ′ ν1
0 µ′′

1

)
, ν =

(
ν2
ν′

)
, µ2 = µ′′

2 ,

we see thatµ is similar to

(
µ1 ν
0 µ2

)
.3266

Now, if (νA∗)v is finite for some nonnull vectorv, thenF is strictly larger than3267

E′ and consequentlydim(µ1) = dim(µ′) + dim(µ′′
1 ) > dim(µ′), sincedim(µ′′

1 ) =3268

dim(E′′ ∩ F ) > 0 by (2.3), becausedimF > dimE′. �3269

Lemma 2.10 (Schützenberger 1962b)Letµ : A∗ → Qn×n be a representation of the
form

µ =

(
µ′ ν
0 µ′′

)
,

whereµ′, µ′′ are representations of finite image, and letα : A∗ → M be a morphism3270

ofA∗ into a finite monoidM . Letv be a vector such that(νA∗)v is infinite. Then there3271

exist wordsx′, z, x′′ inA∗ such thatµ′x′νzµ′′x′′v 6= 0, α(x′z) = αx′, α(zx′′) = αx′′3272

andα(z2) = αz.3273

Proof. We claim that for each vectorv with (νA∗)v infinite, there exist wordsx′, z, x′′3274

in A∗ such thatα(x′z) = αx′, α(zx′′) = αx′′ andµ′x′νzµ′′x′′v 6= 0. Indeed, ar-3275

guing by contradiction, letw be a word of length greater than or equal to(Card(M)3276

Card(µ′A∗)Card(µ′′A∗))2. Then by Lemma 1.3(i), there exists a factorizationw =3277

x′zx′′ with z nonempty andϕ(x′z) = ϕ(x′),ϕ(zx′′) = ϕ(x′′), whereϕ = (α, µ′, µ′′).3278

Then, by assumption, we haveµ′x′νzµ′′x′′v = 0. By Lemma 1.3(ii),ν(w)v =3279

ν(x′zx′′)v = ν(x′x′′)v, and sincex′x′′ is shorter thanw, we contradict the hypothesis3280

that(νA∗)v is infinite, and the claim is proved.3281

Now α(zn) is idempotent for somen ≥ 1. Sinceµ′x′νznµ′′x′′ = nµ′x′νzµ′′x′′3282

by Lemma 1.3(ii), the lemma is proved by replacingz by zn. �3283
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In the sequel, we will consider matrices having an upper triangular form

m =




m0,0 m0,1 m0,q

0 m1,1

0 0 mq,q




(2.4)

where eachmi,j is a matrix of fixed size depending oni andj, with mi,i square. We
denote byM this set of matrices. Also, we callmatrix polynomial inn a matrix of the
form

m0 + nm1 + · · · + ndmd ,

where themi are matrices of the same size. Ifmd 6= 0, thend is thedegreeof this3284

matrix polynomial. Ifd = 0 we say that the polynomial isconstant.3285

More generally, we consider also matrix polynomials in several commuting vari-3286

ablesn, n1, n2, . . .. We denote byP the set of matricesm ∈ M such that eachmi,j is3287

a matrix polynomial inn overQ of degree at mostj − i.3288

Lemma 2.11 (i) P is a ring.3289

(ii) LetM1(n), . . . ,Mq(n) ∈ P . WriteMk = (m
(k)
i,j ) in accordance with(2.4).3290

Then the productM1(nn1) · · ·Mq(nnq) is a matrix polynomial inn, n1, . . . , nq and3291

the coefficient ofnqn1 · · ·nq in this polynomial is a matrix of the form(2.4) with all3292

mi,j = 0 exceptm0,q = m̄
(1)
0,1m̄

(2)
1,2 · · · m̄

(q−1)
q−1,q wherem(i)

i−1,i = m̄
(i)
i−1,in + constant,3293

for i = 1, . . . , q.3294

Proof. (i) Let m,n be of the form (2.4). Thenp = mn has the same form, and for
i ≤ k,

pi,k =
∑

i≤j≤k

mi,jnj,k .

If mi,j (resp.nj,k) is a matrix polynomial of degree≤ j − i (resp.k − j), thenpi,k is3295

a matrix polynomial of degree≤ j − i+ k − j = k − i. ThusP is a ring.3296

(ii) Let p = (pi,j) = M1(nn1) · · ·Mq(nnq). We have

pi,j =
∑

i0≤i1≤···≤iq

m
(1)
i0,i1

m
(2)
i1,i2

· · ·m(q)
iq−1,iq

,

with i0 = i, iq = j. By hypothesis,m(k)
i,j is a matrix polynomial innnk of degree3297

≤ j − i. Thus api,j involving the monomialnqn1 · · ·nq can only be the one with3298

i = 0, j = q, and the coefficient of this monomial is a indicated. �3299

Lemma 2.12 (Schützenberger 1962b)Let a, b, c in M be such thatai,ibi,i = ai,i,3300

b2i,i = bi,i, bi,ici,i = ci,i for anyi = 0, . . . , q. Setm(n) = abnc. Thenm(n) ∈ P and3301

its i, i+ 1 block ism(n)
i,i+1 = nai,ibi,i+1ci+1,i+1 + C, whereC is some constant.3302

Proof. (i) We compute then-th power of the matrixb. We first compute its block of
coordinates0, q. The latter is the sum of all labels of paths of lengthn from 0 to q in
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the directed graph with vertices0, 1, . . . , q and edgesi → j, for i ≤ j, labeledbi,j .
Such a path has a unique decomposition (abusing slightly thenotation)

bn0

i0,i0
bi0,i1b

n1

i1,i1
bi1,i2 · · · bik−1,ik

bnk

ik,ik
, (2.5)

for some vertices0 = i0 < i1 < i2 < · · · < ik−1 < ik = q, 0 ≤ k ≤ q, and some3303

exponentsn0, n1, . . . , nk with n0+n1+ · · ·+nk+k = n. Note thatbhi,i = bi,i for h ≥3304

1. Hence, for a fixedk, the sum of the labels of the paths (2.5) is a matrix polynomial3305

of degree≤ k (see Exercise 2.1). Hence the sum of all labels is a polynomial of degree3306

at mostq.3307

Assume now thatq = 1. Then the paths of (2.5) are of the formbn0

0,0b0,1b
n1

1,1 with3308

n0 + 1 + n1 = n. Hence this block ofbn is equal tonb0,0b0,1b1,1+ a constant.3309

Finally, it is easy to generalize this: thei, j-block of bn is a matrix polynomial of3310

degree≤ j − i, and ifj = i+ 1, it is equal tonbi,ibi,i+1bi+1,i+1+ some constant.3311

(ii) We now compute the productm(n) = abnc. Setbn = (di,j). Then theu, v-
block of the product is

m(n)
u,v =

∑

u≤i≤j≤v

au,idi,jcj,v ,

which is a sum of matrix polynomials of degree≤ j − i ≤ v − u, and we are done. In
the special casev = u+ 1, the sum is

au,udu,ucu,u+1 + au,udu,u+1cu+1,u+1 + au,u+1du+1,u+1cu+1,u+1 .

The two extreme terms are constants and the middle term is

au,u(nbu,ubu,u+1bu+1,u+1 + C)cu+1,u+1 = nau,ubu,u+1cu+1,u+1 + C′

for some constantsC andC′, sinceai,ibi,i = ai,i andbi,ici,i = ci,i . �3312

Proof of Theorem2.5, second part.3313

We may choose, among the linear minimal representations ofS of the form (2.1)3314

and with coefficients inZ, a representation having, in lexicographic order from leftto3315

right, the largest possible vector(dimµ0, dimµ1, . . . ,dimµq). This shows, in view3316

of Lemma 2.9, that fori = 1, . . . , q, all the morphisms

(
µi νi+1

0 µi+1

)
have the property3317

that, for any nonnull vectorvi+1, the set(νi+1A
∗)vi+1 is infinite.3318

Hence, for any suchvi+1, there exist by Lemma 2.10, some wordsx′i, zi+1, x
′′
i+13319

such thatµix
′
iνi+1zi+1µi+1x

′′
i+1vi+1 6= 0, andµ(x′izi+1) = µx′i, µ(zi+1x

′′
i+1) =3320

µx′′i+1, µ(z2
i+1) = µzi+1, whereµ = (µ0, . . . , µq).3321

Let vq be some nonzero vector having the size of the last diagonal block. Then
we know from the preceding argument the existence of wordsx′q−1, zq, x

′′
q such that

vq−1 = µq−1x
′
q−1νqzqµqx

′′
q vq 6= 0. Suppose we have definedvi+1, x

′
i, zi+1, x

′′
i+1

such thatvi = µix
′
iνi+1zi+1µi+1x

′′
i+1vi+1 6= 0. We thus findx′i−1, zi, x

′′
i with the

above properties such thatvi−1 = µi−1x
′
i−1νiziµix

′′
i vi 6= 0. Finally, we obtain the

existence of wordsx′0, . . . , x
′
q−1, z1, . . . , zq, x′′1 , . . . , x

′′
q such that

µ0x
′
0ν1z1µ1x

′′
1µ1x

′
1ν2z2 · · ·µq−1x

′
q−1νqzqµqx

′′
q 6= 0 . (2.6)

By Lemma 2.12, the matrixµx′iµz
n
i+1µx

′′
i+1 is in P , and itsi, i + 1-block is equal to3322

nµix
′
iνi+1zi+1µi+1x

′′
i+1+ some constant. This is still true if we replacen by nni,3323

with ni ≥ 1.3324
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Choose someq-tuple(n1, . . . , nq) of positive integers and form the product

µx′0µz
nn1

1 µx′′1µx
′
1µz

nn2

2 µx′′2µx
′
2 · · ·µx′q−1µz

nnq
q µx′′q .

SinceP is closed under product, this matrix is inP . Consider its0, q-block, which3325

is the only one that can have degreeq exactly. Viewing it as a matrix polynomial in3326

n, n1, . . . , nq, we see by Lemma 2.11(ii) (where we chooseMi(n) = µx′i−1µz
n
i µx

′′
i )3327

that the coefficient ofnqn1n2 · · ·nq is the left-hand side of (2.6). Thus, we may choose3328

n1, . . . , nq (in the infinite set of positive integers) in such a way that this block has3329

degreeq exactly inn.3330

Now, let yi = zni

i for i = 1, . . . , q and xi = x′′i x
′
i for i = 1, . . . , q − 1.3331

Thenµ(x′0y
n
1 x1 · · · yn

q x
′′
q ) is a matrix polynomial of degreeq exactly, and it follows3332

that (S, x′0y
n
1 x1 · · · yn

q x
′′
q ) is a polynomial inn of degree≤ q. Moreover, for any3333

wordsu, v, µ(ux′0y
n
1 x1 · · · yn

q x
′′
q v) is a matrix polynomial of degree≤ q and there-3334

fore (S, ux′0y
n
1 x1 · · · yn

q x
′′
q v) is a polynomial of degree≤ q. By Corollary 2.2.3,3335

µ(x′0y
n
1 x1 · · · yn

q x
′′
q ) is a linear combination of polynomials(S, ux′0y

n
1 x1 · · · yn

q x
′′
q v)3336

for some wordsu, v. Hence one of these polynomials inn must have degree exactlyq,3337

and we putx0 = ux′0, xq = x′′q v.3338

This shows thatS has degree of growth at leastq, and to conclude the proof, we3339

use Lemma 2.2(ii) and Lemma 2.3(ii). �3340

The constructions of Sections 1 and 2 suggest the following problem: given several3341

matrices inQn×n, is it decidable whether they have a common stable subspace?can it3342

be effectively computed? These problems may be undecidable, although the first one3343

is decidable if one seeks a subspace inCn.3344

3 Limited languages and the tropical semiring3345

Let L ⊂ A∗ be a language. Recall thatL∗ denotes the submonoid generated byL.
Equivalently,L =

⋃
n≥0 L

n. The languageL is calledlimited if there exists an integer
m ≥ 0 such that

L∗ = 1 ∪ L ∪ · · · ∪ Lm .

Suppose thatL is a recognizable language, recognized by the automatonA = (Q, I,3346

E, T ), whereI, T (the sets of initial and terminal states) are subsets ofQ andE is3347

a subset ofQ × A × Q. Let q0 be a new state, setQ0 = q0 ∪ Q and letA∗ =3348

(Q0, q0, E0, q0) be the automaton defined by:3349

(i) E0 containsE;3350

(ii) for each edgep
a−→ q in A with q ∈ T , p

a−→ q0 is an edge inA∗;3351

(iii) for each edgep
a−→ q in A with p ∈ I, q0

a−→ q is an edge inA∗;3352

(iv) for each edgep
a−→ q in A with p ∈ I, q ∈ T , q0

a−→ q0 is an edge inA∗.3353

It is easily verified thatA∗ recognizes the languageL∗.3354

We show now how to encode the limitedness problem forL into a finiteness prob-3355

lem for a certain semigroup of matrices over thetropical semiring. First, we define3356

the latter. It is the semiring, denotedT, whose underlying set isN ∪∞, with addition3357

(a, b) 7→ min(a, b) and product(a, b) 7→ a+ b with a+ ∞ = ∞ andmin(a,∞) = a.3358

Addition and multiplication inT are commutative and have respective neutral elements3359
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∞ and0. In particular, the identity matrix overT has0 on the diagonal and∞ else-3360

where.3361

Coming back to the previous automaton, we associate to it a monoid morphismα
fromA∗ into the multiplicative monoidTQ0×Q0 of square matrices overT indexed by
Q0, defined as follows. For a lettera,

(αa)p,q =





∞ if p
a−→ q is not an edge ofA∗;

0 if p
a−→ q is an edge ofA∗ andq 6= q0;

1 if p
a−→ q is an edge ofA∗ andq = q0.

With these notations and definitions, one has the following result.3362

Proposition 3.1 A rational language is limited if and only if the associated represen-3363

tationα has finite image.3364

Proof 1. We define theweightω(c) of a pathc in A∗ as the number of edges inc that
end atq0. In particular, the weight of any empty path is0. We claim that for any word
w in A∗, and anyp, q ∈ Q0,

(αw)p,q = min{ω(c) | c : p
w−→ q} , (3.1)

that is, the minimum of the weights of the paths labeledw from p to q (we use here the3365

convention thatmin(∅) = ∞).3366

Indeed, ifw is the empty word, then the right-hand side of (3.1) is∞ if p 6= q, and
is 0 if p = q, and this proves (3.1) in this case. Ifw = a ∈ A, then the right-hand side
of (3.1) is∞ if p

a−→ q is not an edge inA∗, it is 0 if p
a−→ q is an edge andq 6= q0,

and is1 if it is an edge andq = q0; this is exactly the definition of(αa)p,q . Now, let
w = uv, whereu, v are shorter thanw, so by induction Equation (3.1) holds foru and
v. Then, translating intoN ∪∞ the operations inT, we have

(αw)p,q = min
r∈Q0

(
(αu)p,r + (αv)r,q

)
.

By induction, this is equal to

min
r∈Q0

(
min{ω(d) | d : p

u−→ r} + min{ω(e) | e : r
v−→ q}

)
.

Since the minimum is distributive with respect to addition,and since the weight of a
pathde is the sum of the weights of the pathsd ande, we obtain that

(αw)p,q = min
r∈Q0

{ω(de) | d : p
u−→ r , e : r

v−→ q} ,

and this is equal to the right-hand side of (3.1), as was to be shown.3367

2. From Equation (3.1), it follows that(αw)q0 ,q0
is equal to the leastm such that

w ∈ Lm, and is∞ if w /∈ L∗. ThusL is limited if and only if the set

{(αw)q0,q0
| w ∈ A∗} (3.2)

is finite.3368

Now, let p, q ∈ Q0 and suppose that(αw)p,q = m 6= ∞. By (3.1), this means3369

that there is a pathp
w−→ q in A∗ havingm edges ending inq0, and that no other path3370

p
w−→ q has fewer such edges. Hence, we find a subpathq0

u−→ q0, for some factoru3371
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of w, havingm − 1 such edges, and such that no other pathq0
u−→ q0 has fewer such3372

edges. This implies by (3.1) that(αu)q0,q0
= m− 1. We conclude that if the set (3.2)3373

is finite, then so is the set{(αw)p,q | w ∈ A∗}. ThusL is limited if and only ifα(A∗)3374

is finite. �3375

We need to consider another semiring, denotedT0, whose underlying set is{0, 1,3376

∞}, with the same operations asT, that is: addition inT0 is themin(a, b) operation,3377

and multiplication is the usual addition.3378

Letψ : T → T0 be the mapping which sends0 to0,∞ to∞ and anya ∈ T\{0,∞}
to 1. It is easily verified thatψ is a semiring morphism. Moreover, letι be the injective
mapping that sends0, 1 and∞ in T0 to themselves inT. Note thatι is not a semiring
morphism. However

ψι = idT0
.

The mappingsψ andι are naturally extended to matrices overT andT0.3379

Theorem 3.2 (Simon 1978)The following conditions are equivalent for a finitely gen-3380

erated subsemigroupS of Tn×n:3381

(i) S is finite;3382

(ii) S is a torsion semigroup;3383

(iii) for any idempotente in ψS, one has(ιe)2 = (ιe)3.3384

Corollary 3.3 It is decidable whether a finite subset ofTn×n generates a finite sub-3385

semigroup, and whether a rational language is limited.3386

Proof. Sinceψ is a monoid morphism and sinceTn×n
0 is finite, condition (iii) of the3387

theorem is decidable.3388

For a rational languageL, the limitedness problem is reduced by Proposition 3.1 to3389

the finiteness of a certain finitely generated submonoid ofTn×n, hence to the preceding3390

question. �3391

We use the natural ordering≤ onT that extends the natural ordering ofN, together3392

with the natural condition thatt ≤ ∞ for all t ∈ T. This ordering is compatible with3393

the semiring structure since ifa ≤ b, thenmin(a, x) ≤ min(b, x) anda+ x ≤ b + x.3394

We extend this ordering to matrices overT, by setting(ai,j) ≤ (bi,j) if and only if3395

ai,j ≤ bi,j for all i, j. Then again, this ordering is compatible with sum and product of3396

matrices overT.3397

For any subsetX of a semigroupS, we denote byX+ the subsemigroup ofS3398

generated byX .3399

Lemma 3.4 Let X be a finite subset of the multiplicative semigroupTn×n and let3400

Y = ιψX . ThenX+ is finite if and onlyY + is finite.3401

Note thaty = ιψx is obtained fromx by replacing each nonzero finite entry inx by 1,3402

0 and∞ being unchanged. Hence, the entries equal to0 or∞ in x andy are the same.3403

Proof. We may assume that some entry of some matrix inX is finite. LetM be the3404

maximum of these finite entries. Letx1, . . . , xp ∈ X , setyk = ιψxk. We show below3405

that fori, j ∈ {1, . . . , n}, the following hold:3406

(i) (x1 · · ·xp)i,j = ∞ ⇐⇒ (y1 · · · yp)i,j = ∞;3407
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(ii) if the entries(x1 · · ·xp)i,j and(y1 · · · yp)i,j are finite, then

(y1 · · · yp)i,j ≤ (x1 · · ·xp)i,j ≤M(y1 · · · yp)i,j ,

where the right-hand side product is taken inN.3408

These two properties imply the lemma. For the proof of (i), observe that, by definition
of T

(x1 · · ·xp)i,j = min
(
(x1)i,k1

+ (x2)k1,k2
+ · · · + (xp)kp−1,j

)
, (3.3)

where the minimum is taken over allk1, . . . , kp−1 in {1, . . . , n} and the sum is taken3409

in N ∪∞. A similar formula holds for theyk’s.3410

Now, if (x1 · · ·xp)i,j = ∞, then for eachk1, . . . , kp−1, the sum in the right-hand3411

side of (3.3) must be∞ and therefore at least one term(xj)kj−1,kj
is equal to∞; by3412

the definition ofψ andι, we obtain that(y1 · · · yp)i,j = ∞. The converse is similar,3413

implying (i).3414

For (ii), the first inequality follows from the properties ofthe order≤ on Tn×n
3415

and the fact thatιψx ≤ x. For the second, knowing that(x1 · · ·xp)i,j is finite, we3416

may restrict the minimum in (3.3) to thosek1, . . . , kp−1 such that the sum in the right-3417

hand side is finite. Then each term(xℓ)kj−1,kj
is finite and therefore is less or equal3418

to M(yℓ)kj−1,kj
by the definition ofψ andι. This implies the second equality in (ii).3419

�3420

Lemma 3.5 Let e be idempotent in the multiplicative monoidTn×n
0 and setf = ιe.3421

For anyi, j in {1, . . . , n}, one of the following statements holds:3422

(i) (fm)i,j = fi,j for anym ≥ 1;3423

(ii) fi,j = 1 and(fm)i,j = 2 for anym ≥ 2;3424

(iii) (fm)i,j = m for anym ≥ 1.3425

Proof 1. Note thatfi,j ∈ {0, 1,∞}. We havee = ψιe = ψf , hence for anym ≥ 1,
ψ(fm) = ψ(f)m = em = e, and therefore

ei,j = 0 ⇐⇒ (fm)i,j = 0 ;

ei,j = 1 ⇐⇒ (fm)i,j = 1, 2, 3 . . . ;

ei,j = ∞ ⇐⇒ (fm)i,j = ∞ ,

by definition ofψ.3426

2. Suppose that(fp)i,j = 0 for somep ≥ 1. Then by step 1 one hasei,j = 0 and3427

therefore(fm)i,j = 0 for all m ≥ 1 by step 1 again.3428

3. Suppose next that(fp)i,j = 1 for somep ≥ 2. We show that(fm)i,j = 1 for3429

anym ≥ 1. Indeed by step 1,ei,j = 1, hencefi,j = 1 again by step 1. Moreover, we3430

have(fm)i,j 6= 0 for anym ≥ 1 by step 2. Sincefp = fp−1f , there exists an indexk3431

such that either(fp−1)i,k = 0 andfk,j = 1 or (fp−1)i,k = 1 andfk,j = 0.3432

In the first case,(fm)i,k = 0 for any m ≥ 1 by step 2. Hence(fm)i,j ≤3433

(fm−1)i,k + fk,j ≤ 1 for all m ≥ 2.3434

In the second case, we have(fm)k,j = 0 for anym ≥ 1 by step 2, and by step 13435

we getfi,k = 1. Hence(fm)i,j ≤ fi,k + (fm−1)k,j ≤ 1 for all m ≥ 2.3436

4. We now show that if2 ≤ (fp)i,j < p for somep ≥ 3, then(fm)i,j = 2 for any3437

m ≥ 2 and moreoverfi,j = 1. This latter equality follows from step 1, since we must3438

haveei,j = 1, thusfi,j = 1.3439
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Let q = (fp)i,j . By the definition of the operations inT andTn×n we have (with
addition inN ∪∞)

q = fk0,k1
+ fk1,k2

+ · · · + fkp−1,kp
(3.4)

for somei = k0, k1, . . . , kp−1, kp = j. Sinceq < ∞, each term in (3.4) is0 or 1. Let3440

0 < h < p. Then we deduce that(fh)k0kh
< ∞, hencefk0,kh

< ∞ by step 1, and it3441

follows thatfk0,kh
≤ 1; similarly fkh,kp

≤ 1.3442

Moreover,q < p and therefore (3.4) implies thatfkℓ,kℓ+1
= 0 for some0 ≤ ℓ <3443

p. Then(fm)kℓ,kℓ+1
= 0 for anym ≥ 1 by step 2. Suppose thatℓ = 0. Then3444

(fp−1)k0,k1
= 0 andfk1,kp

≤ 1 imply that(fp)i,j = (fp)k0,kp
≤ 1, a contradiction;3445

likewiseℓ = p− 1 implies this contradiction. Hence0 < ℓ < p− 1.3446

We deduce that for anym ≥ 3, (fm)i,j = (fm)k0,kp
≤ fk0,kℓ

+ (fm−2)kℓ,kℓ+1
+3447

fkℓ+1,kp
≤ 1 + 0 + 1 = 2. Also (f2)i,j = (f2)k0,kp

≤ fk0,k1
+ fk1,kp

≤ 1 + 1 = 2.3448

Now, we cannot have(fm)i,j ≤ 1 for somem ≥ 2 since this would imply, by3449

steps 2 and 3, that(fp)i,j ≤ 1. Thus(fm)i,j = 2 for anym ≥ 2 andfi,j = 1.3450

5. Suppose now that neither (i) nor (ii) holds. This implies,by steps 2–4 that3451

(fp)i,j ≥ p for all p ≥ 1. Indeed, if(fp)i,j < p for somep ≥ 1, then either(fp)i,j = 03452

and (i) holds by step 1, or(fp)i,j ≥ 1, which impliesp ≥ 2 (since otherwisep = 1 and3453

fi,j < 1, contradiction); then either(fp)i,j = 1 and (i) holds by step 3, or(fp)i,j ≥ 23454

(since otherwisep = 2 and(f2)i,j < 2, contradiction), hencep ≥ 3; then (ii) holds by3455

step 4.3456

Since the finite entries off are equal to0 or 1, the finite entries offp are≤ p. Thus3457

(fp)i,j = p or ∞. To conclude, assume that(fp)i,j = ∞ for somep ≥ 1. Then, by3458

step 1,ei,j = ∞. If (fm)i,j 6= ∞ for somem ≥ 1, then again by step 1,ei,j 6= ∞.3459

Consequently(fm)i,j = ∞ for allm ≥ 1, contradicting that (i) does not hold, and (iii)3460

follows. �3461

We use the following result. A semigroupS is calledlocally finite if each finite3462

subset ofS generates a finite subsemigroup.3463

Theorem 3.6 (Brown 1971)Letϕ : S → T be a morphism of a semigroupsS onto a3464

locally finite semigroupT . If the semigroupϕ−1(e) is locally finite for each idempotent3465

e in T , thenS is locally finite.3466

Proof of Theorem3.2. The implication (i)=⇒ (ii) is clear.3467

(ii) =⇒ (iii). We havee = ψs for somes ∈ S. Thenιe = ιψs. Sinces is torsion,3468

so isιe by Lemma 3.4. Leti, j ∈ {1, . . . , n}. Then by Lemma 3.5, condition (iii) of3469

this lemma cannot hold. Hence (i) or (ii) holds and consequently (ιe)2 = (ιe)3.3470

(iii) =⇒ (i). In view of Brown’s theorem, it is enough to show that for any3471

idempotente in Tn×n
0 , the semigroupψ−1(e)∩S is locally finite. So, consider a finite3472

subsetX of ψ−1(e) ∩ S. We may suppose thate is in ψ(S). Then by hypothesis3473

(ιe)2 = (ιe)3. LetY = ιψX . SinceψX = {e}, we haveY = {ιe} and consequently3474

Y + is finite. HenceX+ is finite by Lemma 3.4, and we can conclude thatψ−1(e) ∩ S3475

is locally finite. �3476

Exercises for Chapter 93477

1.1 LetS ∈ Q〈〈A〉〉 be a rational series such that, for every rayR, almost all coeffi-3478

cients(S,w), w ∈ R, vanish. Show thatS is a polynomial.3479
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1.2 LetS ∈ N〈〈A〉〉 be anN-rational series having polynomial growth. Show thatS3480

is in theN-subalgebra ofN〈〈A〉〉 generated by the characteristic series of rational3481

languages (use a rational expression forS and the fact that ifT ∈ N〈〈A〉〉 is not3482

the characteristic series of a code, then the growth ofT ∗ is not polynomial).3483

1.3 Show that Corollary 2.6 holds whenZ is replaced byN.3484

2.1 A compositionof m of lengthk is a k-tuple of positive integers(m1, . . . ,mk)3485

such thatm1 + · · · + mk = m. Show that the number of such compositions is3486 (
m−1
k−1

)
. (Hint: Associate to the composition the subset{m1,m1 +m2, . . . ,m1 +3487

· · · +mk−1} of {1, . . . ,m− 1}.)3488

3.1 Show thatT is indeed a semiring by verifying all the axioms given in Section 1.1.3489

3.2 Show thatL = a ∪ (a2)∗ ∪ (a∗b)∗ is limited and find the smallestm such that3490

L∗ = 1 ∪ L ∪ · · · ∪ Lm.3491

3.3 Show thatT0 is indeed a semiring and thatψ : T → T0 is a semiring morphism.3492

3.4 Show thatι is not a semiring morphism and thatψι = idT0
.3493

3.5 Show that the ordering of matrices overT is compatible with sum and product.3494

3.6 Show that
∑

n≥0 na
n ∈ T〈〈a〉〉 is equal to(1a)∗.3495

Notes to Chapter 93496

Most of the results of Section 1 hold in arbitrary fields. Theorem 1.1 can be extended,3497

but the boundN then also depends on the field considered. Corollaries 1.5, 1.6 hold3498

in arbitrary fields, and Lemma 1.2 holds in fields of characteristic 0, providedM is3499

finitely generated and the bound(2n + 1)n2

is replaced byrn2

, wherer is the size3500

of the set{tr(m) | m ∈ M}. This set is always finite (under the assumptions of the3501

lemma) for a finite monoidM . Corollaries 1.7, 1.8 extend to “computable” fields.3502

The results and proofs of Section 3 are all due to Simon (1978); he shows also that3503

a rational languageL is not limited if and only if there exists a wordw in L∗ such3504

that for anym ≥ 1, wm /∈ 1 ∪ L ∪ · · · ∪ Lm. Krob has shown that it is undecidable3505

whether two rational series overT are equal, see Krob (1994). It is also decidable3506

whether a rational series over the tropical semiring has finite image, see Hashiguchi3507

(1982), Leung (1988), Simon (1988, 1994). For results on matrix semigroups related3508

to the present chapter, see Okniński (1998).3509





Chapter 103510

Noncommutative polynomials3511

This chapter deals with algebraic properties of noncommutative polynomials. They are3512

of independent interest, but most of them will be of use in thenext chapter.3513

In contrast to commutative polynomials, the algebra of noncommutative polynomi-3514

als is not Euclidean, and not even factorial. However, thereare many interesting results3515

concerning factorization of noncommutative polynomials:this is one of the major top-3516

ics of the present chapter.3517

The basic tool is Cohn’s weak algorithm (Theorem 1.1) which is the subject of3518

Section 1. This operation constitutes a natural generalization of the classical Euclidean3519

algorithm.3520

Section 2 deals with continuant polynomials which describethe multiplicative re-3521

lations between noncommutative polynomials (Theorem 2.2).3522

We introduce in Section 3 cancellative modules over the ringof polynomials. We3523

characterize these modules (Theorem 3.1) and obtain, as consequences, results on full3524

matrices, factorization of polynomials, and inertia.3525

The main result of Section 4 is the extension of Gauss’s lemmato noncommutative3526

polynomials.3527

1 The weak algorithm3528

Let K be a field and letA be an alphabet. Recall that thedegreeof a polynomialP
in K〈A〉 was defined in Section 1.2: we will denote it bydeg(P ). We recall the usual
facts about the degree, that is

deg(0) = −∞ ,

deg(P +Q) ≤ max(deg(P ), deg(Q)) , (1.1)

deg(P +Q) = deg(P ), if deg(Q) < deg(P ) ,

deg(PQ) = deg(P ) + deg(Q) . (1.2)

Note that the last equality shows thatK〈A〉 is anintegral domain, that is

PQ = 0 implies P = 0 orQ = 0 .

Definition A finite family P1, . . . , Pn of polynomials inK〈A〉 is (right) dependentif

171
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either somePi = 0 or if there exist polynomialsQ1, . . . , Qn such that

deg
(∑

i

PiQi

)
< max

i
(deg(PiQi)) .

Definition A polynomial P is (right) dependenton the familyP1, . . . , Pn if either
P = 0 or if there exist polynomialsQ1, . . . , Qn such that

deg
(
P −

∑

i

PiQi

)
< deg(P )

and if furthermore for anyi = 1, . . . , n

deg(PiQi) ≤ deg(P ) .

Note that ifP is dependent onP1, . . . , Pn then the familyP, P1, . . . , Pn is dependent.3529

The converse is given by the following theorem.3530

Theorem 1.1 (Cohn 1961)LetP1, . . . , Pn be a dependent family of polynomials with3531

deg(P1) ≤ · · · ≤ deg(Pn). Then somePi is dependent onP1, . . . , Pi−1.3532

Let P be a polynomial and letu be a word inA∗. We define the polynomialPu−1

as

Pu−1 =
∑

w∈A∗

(P,wu)w . (1.3)

The operatorP 7→ Pu−1 is symmetric to the operatorP 7→ u−1P which was in-
troduced in Section 1.5. It is easy to verify that this operator is linear, and that the
following relations hold:

deg(Pu−1) ≤ deg(P ) − |u| , (1.4)

P (uv)−1 = (Pv−1)u−1 . (1.5)

Moreover, for any lettera,

(PQ)a−1 = P (Qa−1) + (Q, 1)Pa−1 (1.6)

where(Q, 1) denotes as usual the constant term ofQ. The last equality is simply the3533

symmetric equivalent of Lemma 1.7.2.3534

Lemma 1.2 If P,Q are polynomials andw is a word, then there exists a polynomial
P ′ such that

(PQ)w−1 = P (Qw−1) + P ′

with eitherP = P ′ = 0 or deg(P ′) < deg(P ).3535

Proof. We may assumeP 6= 0. If w is the empty word, then(PQ)w−1 = PQ and3536

Qw−1 = Q, so that(PQ)w−1 = P (Qw−1) and the proof is complete.3537

Letw = au with a a letter. Then by induction one has

(PQ)u−1 = P (Qu−1) + P ′ , deg(P ′) < deg(P ) .
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Now, by Equation (1.5), one has

(PQ)w−1 = ((PQ)u−1)a−1 = (P (Qu−1))a−1 + P ′a−1 .

Thus, by Eqs.(1.6) and (1.5), we have

(PQ)w−1 = P ((Qu−1)a−1) + (Qu−1, 1)Pa−1 + P ′a−1

= P (Qw−1) + P ′′

with P ′′ = (Qu−1, 1)Pa−1 +P ′a−1. Next, by Equation (1.4),deg(Pa−1) < deg(P )3538

anddeg(P ′a−1) ≤ deg(P ′) − |a| < deg(P ). Hencedeg(P ′′) < deg(P ), as desired.3539

�3540

Proof of Theorem1.1. We may suppose that noPi is equal to0. Hencedeg(
∑
PiQi)3541

< maxi(deg(PiQi)). Let r = maxi(deg(PiQi)) and letI = {i | deg(PiQi) = r}.3542

The polynomialR =
∑

i∈I PiQi has degreedeg(R) < r. Let k = sup(I); then3543

i ∈ I =⇒ deg(Pi) ≤ deg(Pk). Let w be a word such that|w| = deg(Qk) and3544

0 6= (Qk, w) = α−1 ∈ K: such a word exists becauseQk 6= 0 (otherwisedeg(R) <3545

r = deg(PkQk) = −∞).3546

By Lemma 1.2, we have

Rw−1 =
∑

i∈I

Pi(Qiw
−1) +

∑

i∈I

P ′
i

for some polynomialsP ′
i with deg(P ′

i ) < deg(Pi). SinceQkw
−1 = α−1,

Pk + α
∑

i∈I\k

Pi(Qiw
−1) = αRw−1 − α

∑

i∈I

P ′
i . (1.7)

Now, by Equation (1.4)

deg(Rw−1) ≤ deg(R) − |w| < r − |w|
= deg(PkQk) − deg(Qk) = deg(Pk) .

Furthermore,deg(P ′
i ) < deg(Pi) ≤ deg(Pk). Consequently, by Equation (1.1), the

degree of the right-hand side of Equation (1.7) is< deg(Pk). Moreover,

deg(Pi(Qiw
−1)) = deg(Pi) + deg(Qiw

−1)

≤ deg(Pi) + deg(Qi) − deg(Qk)

by Equation (1.4). So we havedeg(Pi(Qiw
−1)) ≤ r − deg(Qk) = deg(Pk). This3547

shows thatPk is dependent onPi, i ∈ I \ k; hencePk also is dependent onP1, . . . ,3548

Pk−1. �3549

Given two polynomialsX,Y , we say thatY is a weak left divisorof X if there
exist polynomialsQ,R such that

X = Y Q+R with deg(R) < deg(Y ) .

Note that in this case,Y 6= 0. Weak left division is not always possible ifA has more3550

than one letter (for instance takeX = a andY = b for distinct lettersa, b).3551



174 CHAPTER 10. NONCOMMUTATIVE POLYNOMIALS

Corollary 1.3 Let X,Y, P,Q1 be polynomials such thatY is a weak left divisor of3552

XP +Q1 with deg(Q1) ≤ deg(P ) andP 6= 0. ThenY is a weak left divisor ofX .3553

Proof. Note thatY 6= 0. If Y ∈ K, the corollary is immediate. Otherwise, we prove it
by induction ondeg(X). If deg(X) < deg(Y ), the proof is immediate. Suppose that
deg(X) ≥ deg(Y ). By the assumption, there exist polynomialsQ2 andR1 such that

XP +Q1 = Y Q2 +R1 , (1.8)

with deg(R1) < deg(Y ). Then

deg(Q1) ≤ deg(P ) < deg(XP )

because1 ≤ deg(Y ) ≤ deg(X) and

deg(R1) < deg(Y ) ≤ deg(X) ≤ deg(XP )

because0 ≤ deg(P ). Thus, deg(Q1) and deg(R1) are both< max(deg(XP ),
deg(Y Q2)) and by Equation (1.1),

deg(XP − Y Q2) = deg(R1 −Q1) < max(deg(XP ), deg(Y Q2)) .

Hence,X,Y are dependent. In view of Theorem 1.1,X is dependent onY , hence there3554

exist two polynomialsQ3 andX1 such thatX = Y Q3 +X1 with deg(X1) < deg(X).3555

Put this expression forX into the Equation (1.8). This gives

X1P +Q1 = Y (Q2 −Q3P ) +R1 .

ThusY is a weak left divisor ofX1P +Q1. Sincedeg(X1) < deg(X), we conclude3556

by induction. �3557

The next result is a particular case of the previous one.3558

Corollary 1.4 If X,Y,X ′, Y ′ are nonzero polynomials such thatXY ′ = Y X ′, then3559

there exist polynomialsQ,R such thatX = Y Q+R anddeg(R) < deg(Y ). �3560

2 Continuant polynomials3561

Definition Let a1, . . . , an be a finite sequence of elements of a ring. We define the
sequencesp0, . . . , pn of continuant polynomials(with respect toa1, . . . , an) in the
following way:

p0 = 1, p1 = a1 ,

and for2 ≤ i ≤ n,

pi = pi−1ai + pi−2 .

Example 2.1 The first continuant polynomials are

p2 = a1a2 + 1 ,

p3 = a1a2a3 + a1 + a3 ,

p4 = a1a2a3a4 + a1a2 + a1a4 + a3a4 + 1 .
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Notation We shall writep(a1, . . . , ai) for pi.3562

It is easy to see that the continuant polynomials may be obtained by the “leap-frog3563

construction”: consider the “word”a1 · · ·an and all words obtained by repetitively3564

suppressing some factors of the formaiai+1 in it. Then p(a1, . . . , an) is the sum,3565

without multiplicity, of all these “words”.3566

Now, we have by definition, forn ≥ 2,

p(a1, . . . , an) = p(a1, . . . , an−1)an + p(a1, . . . , an−2) . (2.1)

The combinatorial construction sketched above shows that symmetrically

p(a1, . . . , an) = a1p(a2, . . . , an) + p(a3, . . . , an) . (2.2)

An equivalent but useful relation is

p(an, . . . , a1) = anp(an−1, . . . , a1) + p(an−2, . . . , a1) . (2.3)

Proposition 2.1 (Wedderburn 1932)The continuant polynomials satisfy, forn ≥ 1,
the relation

p(a1, . . . , an)p(an−1, . . . , a1) = p(a1, . . . , an−1)p(an, . . . , a1) . (2.4)

Proof. This is surely true forn = 1. Supposen ≥ 2. Then by Equation (2.1),

p(a1, . . . , an)p(an−1, . . . , a1)

= p(a1, . . . , an−1) an p(an−1, . . . , a1) + p(a1, . . . , an−2)p(an−1, . . . , a1)

which is equal by induction to

p(a1, . . . , an−1) an p(an−1, . . . , a1) + p(a1, . . . , an−1)p(an−2, . . . , a1) .

This is equal, by Equation (2.3), to

p(a1, . . . , an−1)p(an, . . . , a1)

as desired. �3567

Theorem 2.2 (Cohn 1969)Let X,Y,X ′, Y ′ be nonzero polynomials inK〈A〉 such
thatXY ′ = Y X ′. Then there exists polynomialsU, V, a1, . . . , an with n ≥ 1 such
that

X = Up(a1, . . . , an) , Y ′ = p(an−1, . . . , a1)V ,

Y = Up(a1, . . . , an−1) , X ′ = p(an, . . . , a1)V .

Moreover, one hasdeg(a1), . . . ,deg(an−1) ≥ 1, and if deg(X) > deg(Y ), then3568

deg(an) ≥ 1.3569

Proof. (i) Suppose first thatX is a right multiple ofY , that isX = Y Q. Then the
theorem is obvious forU = Y , V = Y ′, n = 1, a1 = Q; then indeed

X = Y Q = Up(a1), Y
′ = 1 · V, Y = U · 1
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andY X ′ = XY ′ = Y QY ′, whenceX ′ = QY ′ = p(a1)V . Furthermore, ifdeg(X) >3570

deg(Y ), thendeg(Q) ≥ 1.3571

(ii) Next, we prove the theorem in the case wheredeg(X) > deg(Y ), by induction
on deg(Y ). If deg(Y ) = 0, thenX is a right multiple ofY and we may apply (i).
Supposedeg(Y ) ≥ 1. By Corollary 1.4,X = Y Q+R for some polynomialsQ andR
such thatdeg(R) < deg(Y ). If R = 0, apply (i). Otherwise, we haveY X ′ = XY ′ =
Y QY ′ + RY ′, henceY (X ′ − QY ′) = RY ′; note thatY,R, Y ′ 6= 0, and therefore
X ′ − QY ′ 6= 0. Furthermore,deg(R) < deg(Y ), and we may apply the induction
hypothesis: there exist polynomialsU, V, a1, . . . , an such that

Y = Up(a1, . . . , an) , X ′ −QY ′ = p(an−1, . . . , a1)V ,

R = Up(a1, . . . , an−1) , Y ′ = p(an, . . . , a1)V ,

deg(a1), . . . ,deg(an) ≥ 1 .

(2.5)

This implies

X = Y Q+R = U
(
p(a1, . . . , an)Q+ p(a1, . . . , an−1)

)

= Up(a1, . . . , an, Q)

by Equation (2.1). Similarly,X ′ = p(Q, an, . . . , a1)V . ThusX,Y,X ′, Y ′ admit3572

the announced expression. Furthermore,deg(Q) ≥ 1; indeed, by Equation (1.2),3573

deg(X) = deg(Y Q) = deg(Y )+deg(Q), and hencedeg(Q) = deg(X)−deg(Y ) ≥3574

1.3575

This proves the theorem in the case wheredeg(X) > deg(Y ).3576

(iii) In the general case, one has againX = Y Q + R with deg(R) < deg(Y )
(Corollary 1.4). IfR = 0, the proof is completed by (i). Otherwise, as above,
Y (X ′ − QY ′) = RY ′ with deg(Y ) > deg(R). Thus we may apply (ii): there ex-
istU, V, a1, . . . , an such that Equation (2.5) holds. Then we obtain, as in (ii):

X = Up(a1, . . . , an, Q) , Y ′ = p(an, . . . , a1)V ,

Y = Up(a1, . . . , an) , X ′ = p(Q, an, . . . , a1)V .

�3577

Proposition 2.3 Let a1, . . . , an be polynomials such thata1, . . . , an−1 have positive
degree, and letY be a polynomial of degree1 such thatp(an−1, . . . , a1) andp(an, . . . ,
a1) are both congruent to a scalar modulo the right idealYK〈A〉. Then fori =
1, . . . , n

p(ai, . . . , a1) ≡ p(a1, . . . , ai) mod Y K〈A〉 .

We prove first a lemma.3578

Lemma 2.4 Let a1, . . . , an be polynomials such thata1, . . . , an−1 have positive de-3579

gree. Then the degrees of1, p(a1), . . . , p(an−1, . . . , a1) are strictly increasing.3580

Proof. Obviouslydeg(1) < deg(a1). Suppose

deg(p(ai−2, . . . , a1)) < deg(p(ai−1, . . . , a1))

for 2 ≤ i < n− 1. From the relation

p(ai, . . . , a1) = aip(ai−1, . . . , a1) + p(ai−2, . . . , a1) ,



3. INERTIA 177

it follows that the degree ofp(ai, . . . , a1) is equal todeg(aip(ai−1, . . . , a1)), and

deg(aip(ai−1 . . . , a1)) = deg(ai) + deg(p(ai−1, . . . , a1))

> deg(p(ai−1, . . . , a1))

becausedeg(ai) ≥ 1. This proves the lemma. �3581

Lemma 2.5 Leta1, . . . , an be polynomials. Then

p(a1, . . . , an) = 0 ⇐⇒ p(an, . . . , a1) = 0 .

Proof. It is enough to show thatp(a1, . . . , an) = 0 impliesp(an, . . . , a1) = 0. We use
induction. It is clear forn = 0, 1. Letn ≥ 2. By Equation (2.4),

p(a1, . . . , an)p(an−1, . . . , a1) = p(a1, . . . , an−1)p(an, . . . , a1) .

Supposep(a1, . . . , an) = 0. If p(a1, . . . , an−1) 6= 0, thenp(an, . . . , a1) = 0 because3582

K〈A〉 is an integral domain. Ifp(a1, . . . , an−1) = 0, thenp(an−1, . . . , a1) = 03583

by induction. Hence, by Eqs. (2.1) and (2.3)p(a1, . . . , an) = p(a1, . . . , an−2) and3584

p(an, . . . , a1) = p(an−2, . . . , a1). By induction,p(an−2, . . . , a1) = 0, which proves3585

the lemma. �3586

Proof of Proposition2.3 (Induction onn). Whenn = 1, the result is evident. Sup-3587

posen ≥ 2. Note that if the condition on the degrees is fulfilled fora1, . . . , an,3588

thena fortiori alsoa1, . . . , an−2 have positive degree. By assumption,p(an, . . . , a1)3589

is congruent to some scalarα and p(an−1, . . . , a1) is congruent to some scalarβ3590

moduloY K〈A〉. Supposep(an−1, . . . , a1) = 0. Then by Equation (2.3), we have3591

p(an, . . . , a1) = p(an−2, . . . , a1). Moreover, by Lemma 2.5,p(a1, . . . , an−1) = 0,3592

so that by Equation (2.1),p(a1, . . . , an) = p(a1, . . . , an−2). Thus we conclude by3593

induction in this case.3594

Supposep(an−1, . . . , a1) 6= 0. Then by Equation (2.3),

anp(an−1, . . . , a1) + p(an−2, . . . , a1) = Y Q+ α

for some polynomialQ. Sincedeg(p(an−2, . . . , a1)) < deg(p(an−1, . . . , a1)) by3595

Lemma 2.4, we obtain by Corollary 1.3 thatan ≡ γ mod Y K〈A〉 for some scalar3596

γ. Using Equation (2.3) again, and the fact thatP ≡ γ, Q ≡ β =⇒ PQ ≡3597

γβ, we obtainp(an−2, . . . , a1) ≡ α − γβ. Then, the induction hypothesis gives3598

p(a1, . . . , an−2) ≡ α − γβ andp(a1, . . . , an−1) ≡ β. Hence, by Equation (2.1),3599

p(a1, . . . , an) ≡ βγ + α− γβ ≡ p(an . . . , a1), as desired. �3600

3 Inertia3601

Recall thatK〈A〉p×q denotes the set ofp by q matrices overK〈A〉. In particular,
K〈A〉n×1 is the set of column vectors of ordern overK〈A〉. This set has a natural
structure of rightK〈A〉-module. IfV is inK〈A〉n×1, we denote by(V, 1) its constant
term, that is, setting

V =



P1

...
Pn



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one has

(V, 1) =




(P1, 1)
...

(Pn, 1)


 ∈ Kn×1 .

Furthermore, ifw is a word inA∗, we denote byV w−1 the vector

V w−1 =



P1w

−1

...
Pnw

−1


 .

We have the following relation which is the analog of (5.1)

V = (V, 1) +
∑

a∈A

(V a−1)a . (3.1)

The vectorsV a−1, for a ∈ A, are uniquely defined by this equality.3602

Definition A (right) submoduleE of K〈A〉n×1 is cancellativeif, wheneverV ∈ E3603

and(V, 1) = 0, thenV a−1 ∈ E for any lettera ∈ A.3604

The next result characterizes cancellative submodules andwill be the key to all the3605

results of this section.3606

Theorem 3.1 A submoduleE of K〈A〉n×1 is cancellative if and only if it may be3607

generated, as a rightK〈A〉-module, byp vectorsV1, . . . , Vp such that the matrix3608

((V1, 1), . . . , (Vp, 1)) ∈ Kn×p is of rankp. In this case,p ≤ n andV1, . . . , Vp are3609

linearlyK〈A〉-independent.3610

Proof. 1. We begin with the easy part: suppose thatE is generated byV1, . . . , Vp as
indicated. LetV ∈ E with (V, 1) = 0. Then

V =
∑

1≤i≤p

ViPi (Pi ∈ K〈A〉) .

Taking constant terms, we obtain

0 = (V, 1) =
∑

(Vi, 1)(Pi, 1) .

Because of the rank condition, we have(Pi, 1) = 0 for any i. It follows thatPi =∑
a∈A

(Pia
−1)a, which shows that

V =
∑

i, a

Vi(Pia
−1)a .

By Equation (3.1) we obtain

V a−1 =
∑

i

Vi(Pia
−1) ,

henceV a−1 ∈ E, as desired.3611

2. LetE be a cancellative submodule ofK〈A〉. If V ∈ K〈A〉n×1, V may be3612

written V =
∑

w∈A∗(V,w)w where the(V,w) ∈ Kn×1 are almost all zero. Let3613

deg(V ) be the maximal length of a wordw such that(V,w) 6= 0.3614

Claim. There are vectorsV1, . . . , Vp in E such that3615
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(i) deg(V1) ≤ deg(V2) ≤ · · · ≤ deg(Vp) .3616

(ii) The vectors(Vi, 1) form aK-basis of theK-space(E, 1) = {(V, 1) | V ∈ E}.3617

(iii) If V ∈ E and deg(V ) < deg(Vi) then (V, 1) is aK-linear combination of3618

(V1, 1), . . . , (Vi−1, 1).3619

Suppose the claim is true. Then the matrix((V1, 1), . . . , (Vp, 1)) has rankp. We3620

show by induction ondeg(V ) that eachV ∈ E is inE′ =
∑

1≤i≤p ViK〈A〉.3621

If deg(V ) = −∞, that isV = 0, it is obvious. Letdeg(V ) ≥ 0 and leti be
the smallest integer such thatdeg(V ) < deg(Vi) (with i = p + 1 if such an integer
does not exist). Thendeg(V ) ≥ deg(V1), . . . ,deg(Vi−1). Moreover, if i ≤ p then
by (iii), (V, 1) is a linear combination of(V1, 1), . . . , (Vi−1, 1), and if i = p + 1 then
by (ii), (V, 1) is also a linear combination of(V1, 1), . . . , (Vi−1, 1). Let V ′ = V −∑

1≤j≤i−1 αjVj (αj ∈ K) be such that(V ′, 1) = 0. By the cancellative property of
E, V ′a−1 is inE for any lettera. Now,

deg(V ′) ≤ max(deg(V ), deg(α1V1), . . . ,deg(αi−1Vi−1)) = deg(V )

hencedeg(V ′a−1) < deg(V ). It follows by induction thatV ′a−1 ∈ E′. Now, by3622

Equation (3.1),V ′ =
∑

a(V ′a−1)a, andV ′ is inE′. ThusV = V ′ +
∑
j

αjVj is inE′
3623

as well.3624

3. Proof of the claim. Ford = −1, 0, 1, 2, . . ., let F (d) be the subspace ofKn×1

defined by

F (d) = {(V, 1) | V ∈ E, deg(V ) ≤ d} .

Then

0 = F (−1) ⊂ F (0) ⊂ F (1) ⊂ · · · ⊂ F (d) ⊂ · · ·

Let 0 ≤ d1 < · · · < dq be such that for anyi, F (di − 1) ( F (di) and such that each
F (d) is equal to someF (di); in other words, one has

0 = F (−1) = · · · = F (d1 − 1) ( F (d1) = · · · = F (d2 − 1)

( F (d2) ( · · · ( F (dq) = F (dq + 1) = · · ·

In particular,F (dq) = (E, 1). Now, letB1 be a basis ofF (d1), B2 be a basis of3625

F (d2) mod F (d1), . . . , Bq be a basis ofF (dq) mod F (dq−1). By the definition of3626

theF ’s we may find for eachi in {1, . . . , q} vectorsWi,1, . . . ,Wi,ki
in E of degree3627

≤ di such that{(Wi,1, 1), . . . , (Wi,ki
, 1)} = Bi; in fact, the degree of eachWi,j is3628

exactlydi, otherwise(Wi,j , 1) ∈ F (di−1) = F (di−1), which contradicts the fact that3629

Bi is a basis modF (di−1).3630

DefineV1, . . . , Vp by

(V1, . . . , Vp) = (W1,1, . . . ,W1,k1
,W2,1, . . . ,W2,k2

, . . . ,Wq,kq
) .

Then the condition (i) of the claim is clearly satisfied. Moreover, sinceF (dq) = (E, 1),3631

condition (ii) is also satisfied. LetV ∈ E with deg(V ) < deg(Vk). ThenVk = Wi,j3632

for somei, j, and consequentlydeg(V ) < di = deg(Wi,j), which implies that(V, 1) ∈3633

F (di−1) = F (di−1) and(V, 1) is a linear combination ofW1,1, . . . ,Wi−1,ki−1
, hence3634

of V1, . . . , Vk−1. This proves the claim.3635
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4. We show the last assertion of the theorem. Clearly,p ≤ n. Suppose
∑
ViPi = 03636

wherePi ∈ K〈A〉 are not all zero; choose such a relation withsup(deg(Pi)) minimum.3637

Then
∑

(Vi, 1)(Pi, 1) = 0 which shows as in (1) that(Pi, 1) = 0 for eachi. Now some3638

Pj is 6= 0, and thereforePja
−1 6= 0 for some lettera. By Equation (3.1) we obtain3639 ∑

Vi(Pia
−1) = 0, which is a new relation contradicting the above minimality. Thus3640

theV ’s areK〈A〉-independent. �3641

Definition An n byn matrixM overK〈A〉 is full if, wheneverM = M1M2 for some3642

matricesM1 ∈ K〈A〉n×p andM2 ∈ K〈A〉p×n, thenp ≥ n.3643

Corollary 3.2 (Cohn 1961)LetM be ann byn matrix overK〈A〉. If S1, . . . , Sn in3644

K〈〈A〉〉 are formal series, not all zero, such that(S1, . . . , Sn)M = (0, . . . , 0), thenM3645

is not full.3646

Proof. Let E be the set of vectorsV ∈ K〈A〉n×1 such that(S1, . . . , Sn)V = 0.3647

ThenE is a right submodule ofK〈A〉n×1. Let V = t(P1, . . . , Pn) ∈ E be such that3648

(V, 1) = 0. Then(Pi, 1) = 0 for any i. Moreover
∑

i SiPi = 0, so that ifa is a3649

letter, one has
∑

i Si(Pia
−1) = 0. This means thatV a−1 ∈ E; thusE is cancellative.3650

By Theorem 3.1, the rightK〈A〉-moduleE admits a basis consisting ofp vectors3651

V1, . . . , Vp such thatrank((V1, 1), . . . , (Vp, 1)) = p andp ≤ n.3652

Now suppose thatp = n. Then the matrixN = ((V1, 1), . . . , (Vn, 1)) ∈ Kn×n
3653

is invertible. NextN is the constant matrix ofH = (V1, . . . , Vn) ∈ K〈A〉n×n,3654

that isN = (H, 1); this implies thatH is invertible inK〈〈A〉〉n×n. Now we have3655

(S1, . . . , Sn)H = 0 (because(S1, . . . , Sn)Vi = 0 for all i), hence(S1, . . . , Sn) = 03656

(multiply byH−1), a contradiction.3657

Thusp < n. LetM = (C1, . . . , Cn), whereCk is thek-th column ofM . Then,

by hypothesis,Ck belongs toE, henceCk =
p∑

j=1

VjPj,k for some polynomialsPj,k.

Thus

M = (V1, . . . , Vp)(Pj,k)1≤j≤p, 1≤k≤n

andM is not full. �3658

Corollary 3.3 (Cohn 1982)LetP1, P2, P3, P4 be polynomials such thatP2 is invert-3659

ible as a formal series, that is(P2, 1) 6= 0, and such thatP1P
−1
2 P3 = P4 holds in3660

K〈〈A〉〉. Then there exist polynomialsQ1, Q2, Q3, Q4 such thatP1 = Q1Q2, P2 =3661

Q3Q2, P3 = Q3Q4, P4 = Q1Q4.3662

Proof. Consider the2 × 2 matrix overK〈A〉:

M =

(
P1 P4

P2 P3

)
.

By assumption, we have

(1,−P1P
−1
2 )M = 0 .

HenceM is not full by Corollary 3.2, andM may be written as

M =

(
Q1

Q3

)
(Q2, Q4)
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for some polynomialsQi. This proves the corollary. �3663

LetS1, . . . , Sn, T1, . . . , Tn be formal series. We say that
∑

j

SjTj

is trivially a polynomialif, for eachj, eitherSj = 0, orTj = 0, or bothSj andTj are
polynomials. Note that one has

∑

j

SjTj = (S1, . . . , Sn)



T1

...
Tn


 .

Corollary 3.4 (Inertia Theorem, (Bergman 1968, Cohn 1961))
Let (Si,h)i∈I, 1≤h≤n and (Th,j)1≤h≤n, j∈J be two families of formal series such that
for eachi ∈ I andj ∈ J ,

∑
h Si,hTh,j is a polynomial. Then there exists an invertible

matrixM overK〈〈A〉〉 such that for anyi andj

[
(Si,1, . . . , Si,n)M

]

M−1



T1,j

...
Tn,j







is trivially a polynomial.3664

Proof. 1. We prove the theorem first in the case where eachTh,j is a polynomial. Let
E = {V ∈ K〈A〉n×1 | ∀i ∈ I, (Si,1, . . . , Si,n)V ∈ K〈A〉}. ThenE is a cancellative
right submodule ofK〈A〉n×1 as may be easily verified (cf. the proof of Corollary 3.2).
By Theorem 3.1 there existp vectorsV1, . . . , Vp in E which form a basis ofE (as a
rightK〈A〉-module) and such that the constant matrix of(V1, . . . , Vp) is of rankp ≤ n.
By performing a permutation of coordinates, we may assume that

(V1, . . . , Vp) =

(
X

Y

)
,

where(X, 1) ∈ Kp×p is invertible. Let

M =

(
X 0
Y In−p

)
,

whereIn−p is the identity matrix of ordern − p. Then(M, 1) ∈ Kn×n is invertible,3665

henceM is invertible inK〈〈A〉〉n×n.3666

Note that the firstp columns ofM (that is theVi’s) are inE: this implies, by3667

definition ofE, that for anyi ∈ I the firstp components of(Si,1, . . . , Si,n)M are3668

polynomials.3669

Moreover, let1 ≤ h ≤ p: thenM−1Vh is equal to theh-th column ofM−1M ,
that is to theh-th canonical vectorEh ∈ Kn×1. Now let j ∈ J . Then by assumption
V = t(T1,j , . . . , Tn,j) is in E. HenceV =

∑
1≤h≤p VhPh for some polynomials

Ph. ThusM−1V =
∑

hM
−1VhPh is equal, by the previous remark, to

∑
hEhPh =

t(P1, . . . , Pp, 0, . . . , 0). This shows that the product

[
(Si,1, . . . , Si,n)M

]

M−1



T1,j

...
Tn,j






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is trivially a polynomial.3670

2. We come to the general case. Let

H = {h ∈ {1, . . . , n} | ∀j ∈ J, Th,j ∈ K〈A〉} .

If H = {1, . . . , n}, then we are in case 1. Suppose|H | < n: we may suppose
thatH = {1, . . . , p} with 0 ≤ p < n (including the caseH = ∅). Suppose that
∀i ∈ I, ∀h /∈ H,Si,h = 0. Then

n∑

h=1

Si,hTh,j =

p∑

h=1

Si,hTh,j

is a polynomial, so we are reduced to case 1 (withp instead ofn).3671

Otherwise, there is somei0 ∈ I such that for someh0 /∈ H , Si0,h0
6= 0. Choose

h0 /∈ H such thatω(Si0,h0
) ≤ ω(Si0,h) for anyh /∈ H (for the definition ofω, see

Section 1.3). Choose polynomialsR1, . . . , Rp such that for1 ≤ h ≤ p, ω(Si0,h +
Rh) ≥ ω(Si0,h0

). DefineS′
h by S′

h = Si0,h + Rh if 1 ≤ h ≤ p andS′
h = Si0,h if

p < h ≤ n. Thenω(S′
h0

) ≤ ω(S′
h), S′

h0
= Si0,h0

6= 0 and

∑

1≤h≤n

S′
hTh,j =

∑

h≤p

(Si0,h +Rh)Th,j +
∑

h>p

Si0,hTh,j

=
∑

1≤h≤n

Si0,hTh,j +
∑

h≤p

RhTh,j

is a polynomial, by definition ofH = {1, . . . , p}. Letw be a word of minimal length3672

in the support ofS′
h0

; thenw−1S′
h0

is an invertible formal series, and for anyh, since3673

ω(S′
h) ≥ |w|, one hasw−1(S′

hTh,j) = (w−1S′
h)Th,j. Hence

∑
h(w−1S′

h)Th,j is a3674

polynomial. Define the matrixN ∈ K〈〈A〉〉n×n which coincides with then×n identity3675

matrix except in theh0-th row, where it is equal to(w−1S′
1, . . . , w

−1S′
n); in particular3676

the entry of the coordinate(h0, h0) of N is the invertible seriesw−1S′
h0

, soN is3677

invertible inK〈〈A〉〉n×n. Let M = N−1. Then for anyj, M−1 t(T1,j , . . . , Tn,j) =3678

N t(T1,j, . . . , Tn,j) is equal tot(T1,j, . . . , Tn,j) except in theh0-th component, where3679

it is equal to
∑

(w−1S′
h)Th,j: thus the firstp and theh0-th components ofM−1 t(T1,j ,3680

. . . , Tn,j) are polynomials and we may conclude the proof by induction onn − p3681

because we have increased|H |. �3682

4 Gauss’s lemma3683

We consider in this section polynomials with integer or rational coefficients. Every-3684

thing would work (with slight changes) with any factorial ring instead ofZ.3685

Definition A polynomialP ∈ Q〈A〉 is primitive if P 6= 0, P ∈ Z〈A〉 and if its3686

coefficients have no nontrivial common divisors inZ.3687

Definition The contentof a nonzero polynomialP ∈ Q〈A〉 is the unique positive3688

rational numberc(P ) such thatP/c(P ) is primitive.3689

Notation P/c(P ) will be denoted byP .3690
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Example 4.1 c(4/3+6a− 2ab) = 2/3 because3/2(4/3+6a− 2ab) = 2+9a− 3ab3691

is primitive.3692

Note that forP 6= 0

P primitive ⇐⇒ c(P ) = 1 , (4.1)

P ∈ Z〈A〉 ⇐⇒ c(P ) ∈ N . (4.2)

Theorem 4.1 (Gauss’s Lemma)3693

(i) If P,Q are primitive, then so isPQ.3694

(ii) If P,Q are nonzero polynomials, thenc(PQ) = c(P )c(Q) andPQ = P Q.3695

Proof (i) SupposePQ is not primitive. Then there is some prime numbern which3696

divides each coefficient ofPQ. This means that the canonical imageφ(PQ) of PQ3697

in (Z/nZ)〈A〉 vanishes. ButZ/nZ is a field, so(Z/nZ)〈A〉 is an integral domain3698

(Section 1.1); moreover0 = φ(PQ) = φ(P )φ(Q), soφ(P ) = 0 or φ(Q) = 0. This3699

means thatn divides all coefficients ofP or ofQ, and contradicts the fact thatP and3700

Q are primitive.3701

(ii) By (i), PQ/c(P )c(Q) = (P/c(P ))(Q/c(Q)) is primitive. So, by definition3702

of the content ofPQ, c(PQ) = c(P )c(Q). Now,PQ = PQ/c(PQ) so thatPQ =3703

PQ/c(P )c(Q) = P Q. �3704

Corollary 4.2 Leta1, . . . , an be polynomials. Then the continuant polynomialsp(a1,3705

. . . , an) andp(an, . . . , a1) are both zero or have the same content.3706

Proof (Induction onn). The result is obvious forn = 0, 1. Letn ≥ 2. By Lemma 2.5,
we may suppose that both polynomials are6= 0. We have, by Proposition 2.1,

p(a1, . . . , an)p(an−1, . . . , a1) = p(a1, . . . , an−1)p(an, . . . , a1) . (4.3)

By induction, eitherp(a1, . . . , an−1) = p(an−1, . . . , a1) = 0, in which casep(a1,3707

. . . , an) = p(a1, . . . , an−2) by (2.1) andp(an, . . . , a1) = p(an−2, . . . , a1) by (2.3),3708

and we conclude by induction; orc(p(an−1, . . . , a1)) = c(p(a1, . . . , an−1)), which3709

implies by (4.3) and Theorem 4.1 thatc(p(a1, . . . , an)) = c(p(an, . . . , a1)). �3710

Corollary 4.3 Let P1, P2, P3, P4 be nonzero polynomials inZ〈A〉 such thatP2 is
invertible in Q〈〈A〉〉 and such thatP1P

−1
2 P3 = P4. Then there exist polynomials

R1, R2, R3, R4 ∈ Z〈A〉 such that

P1 = R1R2, P2 = R3R2, P3 = R3R4, P4 = R1R4 .

Proof. By Corollary 3.3 we have

P1 = Q1Q2, P2 = Q3Q2, P3 = Q3Q4, P4 = Q1Q4

for some polynomialsQ1, Q2, Q3, Q4 ∈ Q〈A〉.3711

Let ci = c(Qi), i = 1, 2, 3, 4. By Theorem 4.1 we have

c(P1) = c1c2, c(P2) = c3c2, c(P3) = c3c4, c(P4) = c1c4 .

Thusc(P4) = c(P1)c(P3)/c(P2).3712
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As by hypothesis and Equation (4.2)c(Pi) ∈ N, there exist positive integers
d1, d2, d3, d4 such that

c(P1) = d1d2, c(P2) = d3d2, c(P3) = d3d4, c(P4) = d1d4 .

Moreover, by Theorem 4.1,

P 1 = Q1Q2, P 2 = Q3Q2, P 3 = Q3Q4, P 4 = Q1Q4 .

PutRi = diQi, i = 1, 2, 3, 4. ThenRi ∈ Z〈A〉 and

P1 = c(P1)P 1 = d1d2Q1Q2 = R1R2 .

SimilarlyP2 = R3R2, P3 = R3R4 andP4 = R1R4. �3713

Proposition 4.4 LetY be a primitive polynomial of degree1 which vanishes for some3714

integer values of the variables. LetP,Q ∈ Z〈A〉 and letα ∈ Z, α 6= 0 be such that3715

PQ ≡ α mod Y Z〈A〉. ThenP ≡ β,Q ≡ γ mod Y Z〈A〉 for someβ, γ ∈ Z such3716

thatα = βγ.3717

Proof. We havePQ = Y Q2 + α for some polynomialQ2. Asα 6= 0, we haveQ 6= 03718

and we may apply Corollary 1.3. This shows thatP = β + Y T for someβ ∈ Q and3719

T ∈ Q〈A〉. HenceY Q2 + α = βQ + Y TQ. Sinceα 6= 0 anddeg(Y ) > 0, we3720

obtainβ 6= 0: indeed, otherwiseY TQ = Y Q2 + α, implying thatY dividesα. This3721

shows thatQ = γ + Y S for someγ ∈ Q such thatα = βγ andS ∈ Q〈A〉. Now the3722

assumption onY and the fact thatP,Q have integer coefficients imply thatβ, γ ∈ Z.3723

SinceY T = P − β ∈ Z〈A〉, we obtain thatc(Y )c(T ) ∈ N by Equation (4.2) and3724

Theorem 4.1 (ii). ButY is primitive, soc(Y ) = 1, which shows thatc(T ) ∈ N and3725

T ∈ Z〈A〉 by (4.2). Similarly,S ∈ Z〈A〉. �3726

Exercises for Chapter 103727

1.1 LetP1, . . . , Pn, Q1, . . . , Qn be polynomials. A relation
n∑

i=1

PiQi = 0 is called

trivial if for eachi, eitherPi = 0 orQi = 0. Note that
∑
PiQi may be written

(P1, . . . , Pn)



Q1

...
Qn


 .

Show that if
n∑

i=1

PiQi = 0, then there exists an invertiblen by n matrixM with

coefficients inK〈A〉 such that the relation

[
(P1, . . . , Pn)M

]

M−1



Q1

...
Qn





 = 0

is trivial (cf. (Cohn 1961)).3728
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1.2 a) LetX,Y X ′, Y ′ be nonzero formal series such thatXY ′ = Y X ′, withω(X) ≥3729

ω(Y ) (cf Chapter 1). Show that there exists a formal seriesU such thatX = Y U ,3730

X ′ = UY ′.3731

b) LetS be a formal series and letC be its centralizer, that isC = {T ∈ K〈〈A〉〉 |
ST = TS}. Show that ifT1, T2 ∈ C andω(T2) ≥ ω(T1), then there exists
T ∈ C such thatT2 = T1T . (Hint: One may supposeω(S) ≥ 1; let n be such
thatω(Sn) ≥ ω(T1), ω(T2): use a) three times.) LetT ∈ C such thatω(T ) ≥ 1
is minimum. Show thatC = K[[T ]], that is

C =
{∑

n∈N

anT
n | an ∈ K

}

(see Cohn (1961) and also Lothaire (2002, Theorem 9.1.1)).3732

2.1 Show that forn ≥ k ≥ 1 the continuant polynomials satisfy the identities

p(a1, . . . , an)p(an−1, . . . , ak) − p(a1, . . . , an−1)p(an, . . . , ak)

= (−1)n+kp(a1, . . . , ak−2)

with the conventions:p(a1, . . . , ak−2) = 0 if k = 1, = 1 if k = 2, and3733

p(an−1, . . . , ak) = 1 if k = n. Show that the number of words in the support of3734

p(a1, . . . , an) is then-th Fibonacci numberFn (see Example 3.2.1).3735

2.2 Show that ifa1, . . . , an are commutative variables, then

a1 +
1

a2 +
1

a3 +
1

· · · + 1

an

=
p(a1, . . . , an)

p(a2, . . . , an)
.

2.3 Show that forn ≥ 1

(
a1 1
1 0

) (
a2 1
1 0

)
· · ·

(
an 1
1 0

)
=

(
p(a1, . . . , an) p(a1, . . . , an−1)
p(a2, . . . , an) p(a2, . . . , an−1)

)
.

3.1 LetM be ann by n polynomial matrix such thatM = M1M2 with M1 ∈3736

K〈〈A〉〉n×p andM2 ∈ K〈〈A〉〉p×n. Show that then one may chooseM1,M2 to3737

be polynomial matrices (use the inertia theorem; see Cohn (1985)).3738

Notes to Chapter 103739

Most of the results of this chapter are due to P. M. Cohn. We have already seen a3740

result concerning noncommutative polynomials in Chapter 2(Corollary 2.3.3): in P. M.3741

Cohn’s terminology, it means thatK〈A〉 is afir (“free ideal ring”). The terminology3742

“continuant” stems from its relation to continuous fractions (see Exercises 2.2 and 2.3).3743

Corollary 3.2 is a special case of a more general result, stating that every polynomial3744

matrix which is singular over the free field is not full (see Cohn (1961, 2006)).3745
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Codes and formal series3747

The aim of this chapter is to present an application of formalseries to the theory of3748

variable-length codes. The main result (Theorem 4.1) states that every finite complete3749

code admits a factorization into three polynomials which reflect its combinatorial struc-3750

ture.3751

The first section contains some basic facts on codes and prefixcodes. These are3752

easily expressed by means of series.3753

Section 2 is devoted to complete codes and their relations toBernoulli morphisms3754

(Theorem 2.4). Concerning the degree of a code, we give in Section 3 only the very3755

basic results needed in Section 4.3756

This last section is devoted to the proof of the main result. It uses the material of3757

the previous section and of Chapter 10.3758

1 Codes3759

Definition A codeis a subsetC of A∗ such that wheneveru1, . . . , un, v1, . . . , vp in C
satisfy

u1 · · ·un = v1 · · · vp , (1.1)

thenn = p andui = vi for i = 1, . . . , n.3760

Note that ifC is a code, thenC ⊂ X+ (= X∗ \ 1).3761

Example 1.1 The set{a, ab, ba} is not a code, because the wordaba has two factor-
izations in it:

aba = a(ba) = (ab)a .

Example 1.2 The set{a, ab, bb} is a code; indeed, no word in it is a prefix of another,3762

so in each relation of the form (1.1), eitheru1 is a prefix ofv1 or vice versa, so one has3763

u1 = v1 and one concludes by induction onn.3764

Example 1.3 The set{b, ab, a2b, a3b, . . . , anb, . . .} = a∗b is a code, for the same3765

reason as in Example 1.2.3766

187
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Example 1.4 The set{a3, a2ba, a2b2, ab, ba2, baba, bab2, b2a, b3} is a code, for the3767

same reason; note that in this case, moreover no word is a suffix of another.3768

Example 1.5 The setC = {a2, ab, a2b, ab2, b2} is a code. Indeed, letC denote its
characteristic polynomial; then we have

1 − C = 1 − a2 − ab− a2b− ab2 − b2

= (1 − b− a2 − ab) + (b − b2 − a2b− ab2)

= (1 − b− a2 − ab)(1 + b)

= ((1 − a− b) + (a− a2 − ab))(1 + b)

= (1 + a)(1 − a− b)(1 + b) .

Thus, inZ〈〈A〉〉, we have

(1 − C)−1 = (1 + b)−1(1 − a− b)−1(1 + a)−1 .

By the results of Section 1.4, for any proper formal seriesS, (1−S)−1 =
∑

n≥0 S
n =

S∗ and(1− a− b)−1 = A∗ = A∗ is the sum of all words onA (and hence, its nonzero
coefficients are all equal to1). Thus

A∗ = (1 + b)
(∑

n≥0

Cn
)
(1 + a) .

This shows that the series
∑

n≥0 C
n has no coefficient≥ 2, since otherwiseA∗ would

have such a coefficient. From
∑

n≥0

Cn =
∑

n≥0

∑

u1,...,un∈C

u1 · · ·un

we obtain that no word has two distinct factorizations of theform u1 · · ·un (ui ∈ C),3769

soC is a code.3770

Recall that for any languageX , X denotes its characteristic series (considered as3771

an element ofQ〈〈A〉〉 in the present chapter). One of the arguments of the last example3772

may be generalized as follows.3773

Proposition 1.1 LetC be a subset ofA+ and letC be its characteristic series. Then
C is a code if and only if one has inZ〈〈A〉〉

(1 − C)−1 = C∗ = C∗ . (1.2)

Proof. The first equality is always true, as shown in Section 1.4. Wehave
∑

n≥0

∑

u1,...,un∈C

u1 · · ·un =
∑

n≥0

Cn = C∗ .

If C is a code, then the words

u1 · · ·un (n ≥ 0, ui ∈ C)

are all distinct, so the left-hand side is equal toC∗. If C is not a code, then two of these3774

words are equal, so the left-hand side is a series with at least one coefficient≥ 2: it3775

cannot be equal toC∗, because the latter has only0, 1 as coefficients. �3776
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The previous result provides an effective algorithm for testing whether a given ra-3777

tional subset ofC of A+ is a code. Indeed, one has merely to check if the rational3778

power series(C)∗ − C∗ is equal to0; for this, apply Corollary 2.3.6, or use the effec-3779

tive construction of the minimal representation in Section2.3.3780

However, there is a more direct algorithm. We give below, without proof, the algo-
rithm of Sardinas and Patterson (see Lallement 1979, Berstel and Perrin 1985, Berstel
et al. 2009). Recall that for any languageX and any wordw, we denote byw−1X the
language

w−1X = {u ∈ A∗ | wu ∈ X} .

More generally, ifY is a language, we denote byY −1X the language

Y −1X =
⋃

w∈Y

w−1X .

Now letC be a subset ofA+. Define a sequence of languagesCn by

C0 = C−1C \ 1 ,

Cn+1 = C−1
n C ∪ C−1Cn (n ≥ 0) .

ThenC is a code if and only if noCn contains the empty word. If C is finite, the3781

sequence(Cn) is periodic (because each word inCn is a factor of some word inC).3782

The same is true ifC is rational (see Berstel et al. (2009), Prop. I.3.3). Hence in these3783

cases, we obtain an effective algorithm.3784

Another way to express the fact that a set of words is a code is by means of the3785

so-called unambiguous operations. LetX,Y be languages. Recall that theirunion3786

is unambiguousif they are disjoint languages, that theirproduct is unambiguousif3787

x, x′ ∈ X , y, y′ ∈ Y , andxy = x′y′ impliesx = x′, y = y′ and that thestarX∗ is3788

unambiguousif X is a code.3789

Proposition 1.2 LetX,Y be languages.3790

(i) The union ofX andY is unambiguous if and only ifX ∪ Y = X + Y .3791

(ii) The productXY is unambiguous if and only ifXY = X Y .3792

(ii) If 1 /∈ X , then the starX∗ is unambiguous if and only ifX∗ = X∗.3793

Proof. The first two assertions are a direct consequence of the definitions. The last one3794

is merely a reformulation of Proposition 1.1. �3795

We have already met a family of codes in Section 2.3: theprefix codes. A set is3796

prefix if no word in it is a prefix of another word in it. A prefix set which is not reduced3797

to the empty word is easily seen to be a code, called a prefix code. Symmetrically, one3798

definessuffix codes. A code is calledbifix if it is both prefix and suffix.3799

Proposition 1.3 LetC be a code such that for any wordv inC∗, one hasv−1C∗ ⊂ C∗.3800

ThenC is a prefix code.3801

Note the converse: for any setC and for any wordv in C∗, one hasC∗ ⊂ v−1C∗.3802

Proof. Supposeu = vw, with u, v in C andw ∈ A∗. We have to show thatw = 1.3803

Now w = v−1u ∈ v−1C∗ ⊂ C∗, hencew ∈ C∗. Thereforew = c1 · · · cn (ci ∈ C)3804

andu = vc1 · · · cn ∈ C. The only possibility forC to be a code isn = 0, that is3805

w = 1, andC is a prefix code. �3806
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Proposition 1.4 Let C be a prefix code such thatCA∗ ∩ wA∗ is nonempty for any3807

wordw. LetP be the set of proper prefixes of the words inC. Then one has inZ〈〈A〉〉,3808

the equalityC − 1 = P (A− 1).3809

Proof. Let P ′ = A∗ \ CA∗. Then, by Proposition 2.3.1,C = P ′A \ P ′ because3810

C 6= {1}. It follows easily thatC − 1 = P ′(A− 1).3811

It remains to show thatP = P ′. Letw be inP ; thenw is a proper prefix of some3812

word inC and so has no prefix inC, C being a prefix code; hencew /∈ CA∗ =⇒3813

w ∈ P ′.3814

Let w be in P ′. By assumption, there are wordsc ∈ C, u, v ∈ A∗ such that3815

cu = wv; sincew /∈ CA∗, w must be a proper prefix ofc, sow ∈ P . �3816

LetC be a code. Define, for any wordu, the seriesSu inductively by

S1 = 1 ,

Su = a−1Sv + (Sv, 1)a−1C , for u = va (a ∈ A) .

Note thatSu has nonnegative coefficients. The reader may verify that thesupport3817

of Su consists of proper suffixes ofC (see Exercise 1.3).3818

Lemma 1.5 LetC be a code. Then for any wordu, u−1(C∗) = SuC
∗. In particular,3819

Su is a characteristic series. IfC is finite, thenSu is a polynomial.3820

Proof. We shall use the formulas of Lemma 1.7.2.3821

We proveu−1(C∗) = SuC
∗ by induction on|u|. If u = 1, it is clearly true. Let

u = va, with a ∈ A. Then by inductionv−1(C∗) = SvC
∗. Thus, by Lemma 1.7.2,

u−1(C∗) = a−1v−1(C∗) = a−1(SvC
∗) = (a−1Sv)C

∗ + (Sv, 1)(a−1C∗)

= (a−1Sv)C
∗ + (Sv, 1)(a−1C)C∗ = SuC

∗ .

Now, sinceu−1(C∗) is obviously a characteristic series, the same holds forSu. It is3822

easily verified by induction thatSu is a polynomial ifC is finite. �3823

One defines symmetrically the seriesPu ∈ Z〈〈A〉〉 by

P1 = 1 ,

Pav = Pva
−1 + (Pv, 1)Ca−1 , for a ∈ A andv ∈ A∗ .

See Equation (10.1.3) for the notationPa−1. If C is finite,Pv is a polynomial. Now
we define, for a couple(u, v) of words another series in the following way:

Fu,1 = 0 ,

Fu,av = (Pv , 1)Sua
−1 + Fu,va

−1 .

As above, the seriesFu,v clearly has nonnegative coefficients.3824

We denote below byu−1Sv−1 the series(u−1S)v−1 = u−1(Sv−1), see Exer-3825

cise 1.5.3826

Proposition 1.6 Let C be a code. Then for any wordsu and v, u−1(C∗)v−1 =3827

SuC
∗Pv + Fu,v. In particular, Fu,v is a characteristic series. IfC is finite, then3828

Fu,v is a polynomial.3829
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Proof (Induction on|v|). The result is obvious ifv = 1 by Lemma 1.5. Leta ∈ A.
Thenu−1(C∗)(av)−1 = [u−1(C∗)v−1]a−1 is equal, by induction and Lemma 1.7.2,
to

(SuC
∗Pv)a

−1 + Fu,va
−1

= SuC
∗(Pva

−1) + (Pv, 1)Su(C∗a−1) + (Pv, 1)Sua
−1 + Fu,va

−1

= SuC
∗(Pva

−1) + (Pv, 1)SuC
∗(Ca−1) + Fu,av

= SuC
∗Pav + Fu,av .

This proves the formula.3830

Now, sinceSuC
∗Pv has nonnegative coefficients and sinceu−1(C∗)v−1 is a char-3831

acteristic series, the same holds forFu,v. If C is finite, it is easily seen by induction on3832

the definition thatFu,v is a polynomial. �3833

2 Completeness3834

Definition A languageC ⊂ A∗ is completeif, for any wordw, the setC∗ ∩A∗wA∗ is3835

nonempty.3836

Lemma 2.1 If C is complete, then any wordw is either a factor of a word inC or may
be written as

w = smp ,

withm ∈ C∗ and wheres (p) is a suffix (prefix) of a word ofC.3837

Proof. We havexwy ∈ C∗ for some wordsx, y. Let us represent a word inC∗

schematically by

Here an arc represents an element ofC. Then we have two cases:3838

1)

w

2)

w

In the first case,w is a factor of a word inC. In the second case,w = smp as in the3839

lemma. �3840

Definition A Bernoulli morphismis a mappingπ : A∗ → R such that3841

(i) π(w) > 0 for any wordw,3842
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(ii) π(1) = 1,3843

(iii) π(uv) = π(u)π(v) for any wordsu, v,3844

(iv)
∑

a∈A

π(a) = 1.3845

It is calleduniform if π(a) = 1/|A| for any lettera. We define for any languageX the
measureof X by

π(X) =
∑

w∈X

π(w)

(it may be infinite). We shall frequently use the following inequalities:

π(
⋃
Xi) ≤

∑
π(Xi) , π(XY ) ≤ π(X)π(Y ) .

Note that, for anyn, one hasπ(An) =
∑

w∈An π(w) = (
∑

a∈A π(a))n = 1.3846

Lemma 2.2 LetC be a code. Thenπ(C) ≤ 1.3847

Proof. SinceC is the union of its finite subsets, it is enough to show the lemma in the
case whereC is finite. Letp be the maximal length of words inC. Then

Cn ⊂ A ∪A2 ∪ · · · ∪Apn .

Thusπ(Cn) ≤ pn. Now, sinceC is a code, each word inCn has only one factorization
of the formu1 · · ·un (ui ∈ C). Sinceπ is multiplicative, we obtainπ(Cn) = π(C)n.
Hence

π(C)n ≤ pn .

This shows thatπ(C) ≤ 1. �3848

Lemma 2.3 LetC be a finite complete language. Thenπ(C) ≥ 1.3849

Proof. By Lemma 2.1, we may write

A∗ = SC∗P ∪ F ,

whereS, P, F are finite languages. Thus

∞ = π(A∗) ≤ π(S)π(C∗)π(P ) + π(F ) .

This shows thatπ(C∗) = ∞. Now

C∗ =
⋃

n≥0

Cn

so thatπ(C∗) ≤ ∑
n≥0 π(Cn). Moreover,π(Cn) ≤ π(C)n, π being multiplicative.3850

Thus∞ ≤ ∑
n≥0 π(C)n, which shows thatπ(C) ≥ 1. �3851

Theorem 2.4 (Schützenberger and Marcus 1959, Boë et al. 1980)Let C be a finite3852

subset ofA∗ and letπ be a Bernoulli morphism. Then any two of the following asser-3853

tions imply the third one:3854



2. COMPLETENESS 193

(i) C is a code,3855

(ii) C is complete,3856

(iii) π(C) = 1 .3857

Note that this gives an algorithm for testing whether a givenfinite code is complete.3858

We need another lemma.3859

Lemma 2.5 LetX be a language and letw be a word such thatX ∩A∗wA∗ is empty.3860

Thenπ(X) <∞.3861

Proof. Let ℓ = |w| and fori = 0, . . . , ℓ− 1

Xi = {v ∈ X | |v| ≡ i mod ℓ} .

ThenXi ⊂ Ai(Aℓ \ w)∗. Indeedv ∈ Xi impliesv = uv1 · · · vn with |u| = i and for3862

anyj, |vj | = ℓ; by assumption,w is not factor ofv, hencew is none of thevj ’s: thus3863

vj ∈ Aℓ \ w, which proves the claim.3864

Now

π(Aℓ \ w) = π(Aℓ) − π(w) = 1 − π(w) < 1

and

π[(Aℓ \ w)∗] = π
[ ⋃

n≥0

(Aℓ \ w)n
]
≤

∑

n≥0

π[(Aℓ \ w)n]

≤
∑

n≥0

[π(Aℓ \ w)]n <∞ .

Thusπ(Xi) = π[Ai(Aℓ \w)∗] ≤ π(Ai)π[(Aℓ \w)∗] <∞ and sinceX =
⋃

0≤i<ℓ Xi,3865

we obtainπ(X) <∞. �3866

Proof of Theorem2.4. Lemmas 2.2 and 2.3 show that (i) and (ii) imply (iii).3867

Let C be a code withπ(C) = 1. SupposeC is not complete. Then for some3868

wordw, C∗ ∩ A∗wA∗ is empty. Hence, by Lemma 2.5,π(C∗) < ∞. SinceC is a3869

code,π(C∗) is equal to the sum
∑

n≥0 π(C)n. The latter being finite, we deduce that3870

π(C) < 1, a contradiction.3871

Let C be complete andπ(C) = 1. ThenCn is complete for anyn; indeed, for3872

any wordw, there are wordsu, v, c1, . . . , cp (ci ∈ C) such thatuwv = c1 · · · cp3873

(C being complete). Letr be such thatp + r is a multiple ofn; thenuwvcr1 =3874

c1 · · · cpcr1 ∈ (Cn)∗, which shows that(Cn)∗ ∩ A∗wA∗ is not empty. This implies3875

thatCn is complete. Thus, by Lemma 2.3,π(Cn) ≥ 1 for any n. But as usually3876

π(Cn) ≤ π(C)n = 1, and thereforeπ(Cn) = π(C)n for anyn.3877

SupposeC is not a code. Then for some wordsu1, . . . , un, v1 . . . , vp in C we have
u1 · · ·un = v1 · · · vp andu1 6= v1. Henceu1 · · ·unv1 · · · vp = v1 · · · vpu1 · · ·un, and
we have obtained a word inCn+p which has two distinct factorizations. Consequently

π(Cn+p) = π
(
{w1 · · ·wn+p | wi ∈ C}

)

<
∑

w1,...,wn+p∈C

π(w1 · · ·wn+p) = π(Cn+p)

which is a contradiction. �3878
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Let π be a Bernoulli morphism. Sinceπ is multiplicative, it may be extended to an
algebra morphism, still denoted byπ,

π : Z〈A〉 → R

by the formula

π
(∑

w

(P,w)w
)

=
∑

w

(P,w)π(w) .

Note that, because the measure ofA is 1, one has

π(A− 1) = 0 .

Theorem 2.6 (Schützenberger 1965)LetC be a finite code such that for any wordw,3879

the setC∗ ∩ wA∗ is nonempty. ThenC is a prefix code.3880

Proof. Let C′ be the set of words inC having no proper prefix inC, that isC′ =
C \ CA+. ClearlyC′ is a prefix code. Moreover, ifw is a word, then for some words
c1, . . . , cn ∈ C, u ∈ A∗, one has by assumption

c1 · · · cn = wu .

Then eitherc1 ∈ C′, or c1 has a prefix inC′. ThereforeC′A∗ ∩ wA∗ is nonempty.3881

Let P be the set of proper prefixes of the words inC′. Then by Proposition 1.4,3882

C′ − 1 = P (A − 1). Apply the morphismπ : Z〈A〉 → R, obtainingπ(C ′ − 1) = 03883

becauseπ(A − 1) = 0. Thusπ(C′) = 1. SinceC is a code, we have by Lemma 2.2,3884

π(C) ≤ 1. ButC′ ⊂ C andπ is positive. HenceC = C′ is prefix. �3885

Theorem 2.7 (Reutenauer 1985)Let P in N〈A〉 be without constant term such that3886

P − 1 = X(A − 1)Y for some polynomialsX,Y in R〈〈A〉〉. ThenP = C for some3887

finite complete codeC. Furthermore, ifY ∈ R (X ∈ R), thenC is a prefix (suffix)3888

code.3889

Proof. 1. Note that ifS, T are formal series, then

supp(ST ) ⊂ supp(S) supp(T ) .

Moreover, ifS is proper, then

supp(S∗) ⊂ supp(S)∗ .

2. We have1 − P = X(1 − A)Y . By assumption,1 − P is invertible inR〈〈A〉〉. The
same holds for1 − A since its inverse isA∗ = A∗. This shows thatX andY are also
invertible. So we obtain

(1 − P )−1 = Y −1(1 −A)−1X−1

which implies

(1 −A)−1 = Y (1 − P )−1X .

Thus

A∗ = Y P ∗X . (2.1)
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By 1, this implies that each wordw may be written asw = ymx, with y ∈ supp(Y ),
m ∈ supp(P )∗ andx ∈ supp(X). Let C = supp(P ) and letu be a word such
that |u| > deg(X), deg(Y ). Let v be any word. Thenw = uvu may be written
uvu = ymx as above, which shows, by the choice ofu, thatm = v1vv2. Hence
C∗ ∩ A∗vA∗ is nonempty: we have shown thatC is complete. Thus, by Lemma 2.3,
π(C) ≥ 1 (whereπ is some Bernoulli morphism). Now, asP − 1 = X(A− 1)Y , we
obtainπ(P ) = 1. Therefore

1 ≤ π(C) ≤ π(P ) = 1

becauseP has nonnegative integer coefficients. This shows,π being positive, that3890

P = C and thatπ(C) = 1. It follows by Theorem 2.4 thatC is a code, and thus a3891

finite complete code.3892

Suppose now thatY ∈ R. Then, as above, Equation (2.1) shows that for any word3893

v, one hasvu = mx for some wordsm ∈ C∗, x ∈ supp(X) (u being chosen as3894

before). Then, since|u| > |x|, we obtainm = vv1 which shows thatC∗ ∩ vA∗ is3895

nonempty. We conclude by Theorem 2.6. �3896

3 The degree of a code3897

Given a monoidM , recall that anideal inM is a nonempty subsetJ which is closed for3898

left and right multiplication by elements ofM . Moreover, anidempotentis an element3899

e which is equal to its square, that ise2 = e. Recall also that ifM is finite, thenM has3900

a minimal ideal, see Appendix 2 of Chapter 12.3901

Theorem 3.1 LetC be a finite complete code. There exist a finite monoidM and a3902

surjective morphismφ : A∗ → M such thatC∗ = φ−1φ(C∗). LetD be the minimal3903

ideal ofM . There exists an idempotente in D ∩ φ(C∗); further φ(C∗) ∩ eMe is a3904

subgroup of the groupeMe.3905

It will not be shown here that the index ofφ(C∗) ∩ eMe in eMe depends only on3906

C; for this, we refer the reader to the book by Berstel et al. (2009). This being admitted,3907

we introduce the following definition.3908

Definition With the notation of Theorem 3.1, the index ofeMe ∩ φ(C∗) in eMe is3909

called thedegreeof C.3910

Proof of Theorem3.1. Clearly,C∗ is a rational subset ofA∗ (cf. Section 3.1). Hence,3911

by Kleene’s theorem (Theorem 3.1.1), it is recognizable. This shows that there exist a3912

finite monoidM , a monoid morphismφ : A∗ → M , and a subsetN of M such that3913

C∗ = φ−1(N). Clearly, we may assume thatφ is surjective; thenN = φ(C∗) and3914

C∗ = φ−1φ(C∗).3915

Let D be the minimal ideal ofM andw a word inφ−1(D). ThenC∗ ∩ A∗wA∗
3916

is nonempty (becauseC is complete), hence there exist wordsu, v such thatuwv is3917

in C∗. Nowm = φ(uwv) is in φ(C∗) and also inD (becausem = φ(u)φ(w)φ(v),3918

φ(w) ∈ D, andD is an ideal). Some powere = mn with n ≥ 1 ofm is idempotent and3919

still lies in φ(C∗)∩D. TheneMe is a finite group with neutral elemente, by A2.5(ii),3920

Appendix 2 of Chapter 12.3921

Now,φ(C∗) is clearly a submonoid ofM . Hence, the product of any two elements3922

of eMe∩φ(C∗) lies ineMe∩φ(C∗). Takea ∈ eMe∩φ(C∗). Then for somen ≥ 2,3923
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an = e (eMe being a finite group). Thenan−1 is the inverse ofa in eMe, and belongs3924

to eMe ∩ φ(C∗). Thus, the latter is a subgroup ofeMe. �3925

4 Factorization3926

Theorem 4.1 (Reutenauer 1985)Let C be a finite complete code. Then there exist
polynomialsX,Y, Z in Z〈A〉 such that

C − 1 = X(d(A− 1) + (A− 1)Z(A− 1))Y (4.1)

and3927

(i) d is the degree ofC,3928

(ii) C is prefix (suffix) if and only ifY = 1 (X = 1).3929

Example 4.1 We have

a2 + a2b+ ab+ ab2 + b2 − 1 = (1 + a)(a+ b− 1)(1 + b) .

The corresponding code is neither prefix nor suffix, butsynchronizing(that is of de-3930

gree1).3931

Example 4.2 LetC be the square of the code of Example 4.1. ThenC is of degree2
and

C−1 = (1+a)(2(a+ b−1)+(a+ b−1)(1+b)(1+a)(a+ b−1))(1+b) .

Example 4.3 We have

a3 + a2ba+ a2b2 + ab+ ba2 + baba+ bab2 + b2a+ b3 − 1

= 3(a+ b− 1) + (a+ b− 1)(2 + a+ b+ ab)(a+ b− 1) .

The corresponding code is a bifix code and has degree3.3932

The following corollary (which also uses Theorem 2.7) characterizes completely3933

finite complete codes.3934

Corollary 4.2 (Reutenauer 1985)LetC be a language not containing the empty word.3935

Then the following conditions are equivalent:3936

(i) C is a complete finite code.3937

(ii) There exist polynomialsP, S in Z〈A〉 such that

C − 1 = P (A− 1)S . �

In order to prove Theorem 4.1, we need the following lemma.3938

Lemma 4.3 Let C be a finite complete code of degreed. Then there exist words
u1, . . . ud, v1, . . . , vd, with u1, v1 ∈ C∗, such that for anyi, 1 ≤ i ≤ d:

A∗ =
∑

1≤j≤d

u−1
i (C∗)v−1

j

and for anyj, 1 ≤ j ≤ d:

A∗ =
∑

1≤i≤d

u−1
i (C∗)v−1

j .
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Proof. By Theorem 3.1 there exist a finite monoidM and a surjective morphismφ :3939

A∗ → M such thatC∗ = φ−1φ(C∗); moreover, there exists an idempotente in3940

D ∩ φ(C∗), whereD is the minimal ideal ofM , G = eMe is a finite group and3941

H = eMe ∩ φ(C∗) is a subgroup ofG of indexd.3942

Let u1, . . . , ud, v1, . . . , vd be words inφ−1(G) such that

G =
⋃

1≤i≤d

φ(vi)H (4.2)

and

G =
⋃

1≤j≤d

Hφ(uj)

(disjoint unions). By elementary group theory, we may assume thatφ(u1) = φ(v1) = e3943

(henceu1, v1 ∈ φ−1(e) ⊂ φ−1φ(C∗) = C∗) and thatφ(ui) is the inverse ofφ(vi) in3944

G.3945

Let 1 ≤ j ≤ d andw be a word. Then there exists one and only onei, 1 ≤ i ≤ d,3946

such thatw ∈ u−1
i (C∗)v−1

j , that isuiwvj ∈ C∗. Indeed, the elementeφ(wvj) of G3947

is in someφ(vi)H by Equation (4.2). Consequently,φ(uiwvj) = φ(ui)eφ(wvj) ∈3948

φ(ui)φ(vi)H = eH = H , which implies thatuiwvj ∈ φ−1(H) ⊂ φ−1φ(C∗) =3949

C∗. Conversely,uiwvj ∈ C∗ implies φ(uiwvj) ∈ eMe ∩ φ(C∗) = H , because3950

φ(uiwvj) = eφ(uiwvj)e is in eMe. It follows that eφ(wvj) = φ(vi)φ(uiwvj) ∈3951

φ(vi)H , andi is completely determined byj andw.3952

We have shown that one has the disjoint union, for anyj, 1 ≤ j ≤ d:

A∗ =
⋃

1≤i≤d

u−1
i (C∗)v−1

j .

But this is equivalent to the last relation of the lemma. By symmetry, we have also the3953

first. �3954

We easily derive the following lemma.3955

Lemma 4.4 LetC be a finite complete code of degreed. Then there exist polynomials3956

P, P1, S, S1, Q,G1, D1 with coefficients0, 1 such that:3957

(i) dA∗ −Q = SC∗P ;3958

(ii) A∗ −G1 = SC∗P1;3959

(iii) A∗ −D1 = S1C
∗P ;3960

(iv) P1, S1 have constant term1;3961

(v) G1, D1 have constant term0;3962

(vi) if C is a prefix (suffix) code, thenS1 = 1 (P1 = 1).3963

Proof. We use Lemma 4.3 and the notation of Section 1. We have, by Proposition 1.6,3964

u−1
i (C∗)v−1

j = Sui
C∗Pvj

+ Fui,vj
; moreover, by Lemma 1.5 and Proposition 1.6,3965

Sui
, Pvj

andFui,vj
are polynomials with nonnegative coefficients.3966

Now, by Lemma 4.3, for anyi

A∗ =
∑

1≤j≤d

Sui
C∗Pvj

+
∑

1≤j≤d

Fui,vj
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and for anyj

A∗ =
∑

1≤i≤d

Sui
C∗Pvj

+
∑

1≤i≤d

Fui,vj
.

Let

P =
∑

1≤j≤d

Pvj
, S =

∑

1≤i≤d

Sui
, P1 = Pv1

, S1 = Su1
,

G1 =
∑

i

Fui,v1
, D1 =

∑

j

Fu1,vj
, Q =

∑

i,j

Fui,vj
.

Then we obtain

dA∗ = SC∗P +Q, A∗ = SC∗P1 +G1, A∗ = S1C
∗P +D1 , (4.3)

which proves (i), (ii) and (iii).3967

Sinceu1 ∈ C∗ by Lemma 4.3,u−1
1 (C∗) contains1, henceu−1

1 (C∗) has constant3968

term1. As u−1
1 (C∗) = Su1

C∗ by Lemma 1.5,S1 = Su1
must have constant term1.3969

The same holds forP1 by symmetry, and proves (iv).3970

SinceS =
∑

i Sui
, theSui

’s are nonnegative and asSu1
has constant term1, S3971

has positive constant term. Moreover,P1 has constant term1. Hence, becauseA∗
3972

has constant term1 and by Equation (4.3),G1 has constant term0. Similarly,D1 has3973

constant term0. This proves (v).3974

Suppose now thatC is prefix. Then, by Exercise 1.4,u−1
1 (C∗) = C∗ (because3975

u1 ∈ C∗). Henceu−1
1 (C∗) = C∗. Since by Lemma 1.5,u−1

1 (C∗) = Su1
C∗, we3976

obtainS1 = Su1
= 1. Similarly, if C is suffix, thenP1 = 1. This proves (vi). �3977

Given a Bernoulli morphismπ, define a mappingλ for each wordw by

λ(w) = π(w) |w| .

For each languageX , defineλ(X) by

λ(X) =
∑

w∈X

λ(w) ∈ R+ ∪∞ .

This is called theaverage lengthofX . On the other handλ extends to a linear mapping
Z〈A〉 → R by

λ(P ) =
∑

w

(P,w)λ(w) .

3978

Lemma 4.5 LetP1, . . . , Pn be polynomials. Then

λ(P1 · · ·Pn) =
∑

1≤i≤n

π(P1) · · ·π(Pi−1)λ(Pi)π(Pi+1) · · ·π(Pn) .

Proof. Forn = 2, it is enough, by linearity, to prove the lemma whenP1 = u, P2 = v
are words. But in this case

λ(uv) = π(uv) |uv| = π(u)π(v)(|u| + |v|)
= π(u)|u|π(v) + π(u)π(v)|v| = λ(u)π(v) + π(u)λ(v) .
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The general case is easily proved by induction. �3979

Proof of Theorem4.1. 1. We use the notation of Lemma 4.4. We haveA∗ − G1 =
(1−A)−1 −G1 = (1−A)−1(1− (1−A)G1). SinceA∗ −G1 = SC∗P1 andP1 has
constant term1 (Lemma 4.4),P1 is invertible inZ〈A〉 and we obtain from

SC∗P1 = (1 −A)−1(1 − (1 −A)G1) ,

by multiplying by1 −A on the left and byP−1
1 on the right,

(1 −A)SC∗ = (1 − (1 −A)G1)P
−1
1 . (4.4)

Multiply the relation (i) of Lemma 4.4 by1 −A on the left. This yields

d− (1 − A)Q = (1 −A)SC∗P .

Hence, by Equation (4.4),

d− (1 − A)Q = (1 − (1 −A)G1)P
−1
1 P .

Note that, becauseG1 has no constant term,1 − (1 −A)G1 is invertible inZ〈〈A〉〉, so
that we obtain, by multiplying the previous relation byP1(1 − (1 − A)G1)

−1 on the
left

P = P1(1 − (1 −A)G1)
−1(d− (1 −A)Q) .

2. We apply Corollary 10.4.3 to the last equality: there exist E,F,G,H in Z〈A〉 such
that

P1 = EF, 1 − (1 −A)G1 = GF

d− (1 −A)Q = GH, P = EH .
(4.5)

By Proposition 10.4.4 applied to the second equality (with1 − A instead ofY ), we
obtain

G ≡ ±1 mod (1 −A)Z〈A〉 .

Replacing if necessaryE,F,G,H by their opposites, we may suppose thatG ≡ +1,
and hence we obtain, again by Proposition 10.4.4, and by the third equality in Equa-
tion (4.5), thatH = d+(A−1)R, withR ∈ Z〈A〉. This implies, by the fourth equality
in Equation (4.5),

P = E(d+ (A− 1)R) . (4.6)

3. We haveA∗ −D1 = (1 −A)−1(1 − (1 −A)D1) so that by Lemma 4.4 (iii),

S1C
∗P = (1 −A)−1(1 − (1 −A)D1) .

SinceD1 has constant term0, (1 − (1 − A)D1) is invertible in Z〈〈A〉〉; moreover
S1 is also invertible because it has constant term1. So we obtain, by multiplying by
(1 − C)S−1

1 on the left and by(1 − (1 −A)D1)
−1(1 −A) on the right,

(1 − C)S−1
1 = P (1 − (1 −A)D1)

−1(1 −A) .
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Now we use Equation (4.6) and multiply by−S1 on the right, thus obtaining

C − 1 = E(d+ (A− 1)R)(1 − (1 −A)D1)
−1(A− 1)S1 .

4. By Corollary 10.4.3, there existE′, F ′, G′, H ′ ∈ Z〈A〉 such that

E(d+ (A− 1)R) = E′F ′, 1 − (1 −A)D1 = G′F ′

(A− 1)S1 = G′H ′, C − 1 = E′H ′ .
(4.7)

Let π be any Bernoulli morphism. Replacing if necessaryE′, F ′, G′, H ′ by their op-
posites, we may assume that

π(F ′) ≥ 0 .

Thus, by Equation (4.7) and Proposition 10.4.4, we obtain (sinceπ(A− 1) = 0)

G′ = 1 + (A− 1)G′′, F ′ = 1 + (A− 1)F ′′ (4.8)

for someG′′, F ′′ ∈ Z〈A〉. This and Equation (4.7) imply that

(A− 1)S1 = (1 + (A− 1)G′′)H ′ = H ′ + (A− 1)G′′H ′ .

Thus, we have

H ′ = (A− 1)H ′′, H ′′ ∈ Z〈A〉 . (4.9)

Now, Eqs. (4.7) and (4.8) imply also

E(d+ (A− 1)R) = E′(1 + (A− 1)F ′′) .

5. We now apply Theorem 10.2.2 to this equality and denote bypi the continuant
polynomialp(a1, . . . , ai) andp̃i = p(ai, . . . , a1). Thus there exist polynomialsU, V ∈
Q〈A〉 such that

E = Upn, d+ (A− 1)R = p̃n−1V,

E′ = Upn−1, 1 + (A− 1)F ′′ = p̃nV .
(4.10)

Applying Corollary 10.1.3 to the second and the last equalities (withX → p̃n−1 or p̃n,
Y → A − 1, Q1 → 0, P → V ), we obtain thatA − 1 is a weak left divisor of̃pn−1

and p̃n, that is p̃n−1 and p̃n are both congruent to a scalarmod(A − 1)Q〈A〉. This
implies, by Proposition 10.2.3, that

pn−1 andp̃n−1 (pn andp̃n) (4.11)

are congruent to the same scalar mod(A − 1)Q〈A〉. Moreover, by Corollary 10.4.2,
they have the same content

c(pn−1) = c(p̃n−1), c(pn) = c(p̃n) . (4.12)

6. SinceD1 has coefficients0, 1, the polynomial1−(A−1)D1 is primitive. Hence, by
Equation (4.7) and by Gauss’s Lemma,G′ andF ′ are primitive. Since by Eqs. (4.10)
and (4.8)

p̃nV = 1 + (A− 1)F ′′ = F ′ ,
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we obtain by Gauss’s Lemma

c(p̃n)c(V ) = 1

and

¯̃pnV = F ′ .

This equality, Proposition 10.4.4 and Equation (4.8) implythat

V = ε+ (A− 1)V ′, ε = ±1, V ′ ∈ Z〈A〉 . (4.13)

Furthermore,C − 1 is primitive, and so isE′ by Gauss’ lemma and Equation (4.7). As
E′F ′ = E(d + (A − 1)R) by Equation (4.7) andE′, F ′ are primitive, we obtain by
Gauss’s Lemma thatd + (A − 1)R is primitive. Thus by Equation (4.10) and Gauss’s
Lemma again

d+ (A− 1)R = ¯̃pn−1V .

This implies, by Proposition 10.4.4 and Equation (4.13),

¯̃pn−1 = εd+ (A− 1)L, L ∈ Z〈A〉 .

By Eqs. (4.11) and (4.12), we obtain thatp̄n−1 and ¯̃pn−1 are congruent to the same
scalarmod(A− 1)Q〈A〉. Therefore

p̄n−1 = εd+ (A− 1)M

with M ∈ Q〈A〉. Now p̄n−1 − εd = (A − 1)M andA − 1 is primitive, so that3980

c(M) = c(p̄n−1 − εd) ∈ N andM ∈ Z〈A〉, by Equation (4.2) in Chapter 10.3981

We have seen thatE′ is primitive, so that by Gauss’s Lemma and Equation (4.10),
we have

E′ = Up̄n−1

which implies

E′ = U(εd+ (A− 1)M) .

Hence, by Eqs. (4.7) and (4.9),

C − 1 = U(εd+ (A− 1)M)(A− 1)H ′′ ,

where all polynomials are inZ〈A〉 and whereε = ±1. This shows that we have a
relation of the form

C − 1 = X(ε′d+ (A− 1)D)(A− 1)Y ,

where

X = ±U, Y = ±H ′′, ε′d+ (A− 1)D = ±(εd+ (A− 1)M)

are chosen in such a way that, for some Bernoulli morphismπ, one has

π(X) ≥ 0, π(Y ) ≥ 0 .
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7. Apply Lemma 4.5 to this relation, using the fact thatπ(A− 1) = 0; we obtain

λ(C − 1) = π(X)ε′dλ(A − 1)π(Y ) .

Now λ(1) = 0, λ(C) > 0, λ(A) > 0, and we obtain

ε′dπ(X)π(Y ) > 0 .

This shows thatε′ = 1 and proves Equation (4.1) and (i).3982

8. First, note that the “if” part of (ii) is a consequence of Theorem 2.7. Now, ifC3983

is a prefix code, we have by Lemma 4.4 (vi) thatS1 = 1. Hence, by Equation (4.7),3984

A − 1 = G′H ′, which implies by Equation (4.9)A − 1 = G′(A − 1)H ′′. Thus3985

H ′′ = ±1, and we obtainY = ±1. Nowπ(Y ) ≥ 0, and consequentlyY = 1.3986

On the other hand, ifC is suffix, thenP1 = 1 by Lemma 4.4 (vi). Then, by3987

Equation (4.5),E = ±1 which implies by Equation (4.10) and Gauss’s Lemma that3988

U = ±1. ThusX = ±1. Sinceπ(X) ≥ 0, we obtainX = 1. This proves the3989

theorem. �3990

Exercises for Chapter 113991

1.1 Show that a submonoid ofA∗ is of the formC∗, C a code, if and only if it is free
(that is isomorphic to some free monoid). Show that a submonoid M of A∗ is
free if and only if for any wordsu, v, w

u, uv, vw,w ∈M =⇒ v ∈M .

1.2 Show that, given rational languagesK,L, it is decidable whether their union3992

(their product, the star ofK if 1 /∈ K) is unambiguous.3993

1.3 Show thatSu (Pu, Fu,v) as defined in Section 1 is a sum of proper suffixes (pre-3994

fixes, factors) of words ofC.3995

1.4 Show that for a prefix codeC andv ∈ C∗, one hasv−1C∗ = C∗.3996

1.5 Show that for any seriesS and wordsu, v, one has(u−1S)v−1 = u−1(Sv−1).3997

2.1 Show that for a finite codeC the three following conditions are equivalent:3998

(i) C is a complete and prefix code.3999

(ii) For any wordw, wA∗ ∩ CA∗ is not empty.4000

(iii) For any wordw, wA∗ ∩ C∗ is not empty.4001

2.2 LetC be a finite complete language. Show that for any wordw, there exists4002

some power of a conjugate ofw which is inC∗ (two wordsw,w′ areconjugate4003

if w = uv, w′ = vu for some wordsu, v).4004

2.3 Deduce from Theorem 2.4 an algorithm to show that a finite setC is a complete4005

code. (Hint: It is decidable whetherC is complete, since the set of factors of a4006

rational language is rational.)4007

3.1 LetC be a finite complete code. Show thatC is synchronizing (that is of degree1)4008

if and only if for some wordw, one haswA∗w ⊂ C∗.4009

4.1 LetC be a finite complete code which is bifix. Letn be such thatan ∈ C for4010

some lettera.4011

a) Show that for anyi, 1 ≤ i ≤ n,Ci = a−iC is a prefix set such thatCiA
∗∩wA∗

4012

is not empty for any wordw.4013

b) Show that the set of proper suffixes ofC is the disjoint union of theCi’s.4014
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c) Deduce thatCi − 1 = Pi(A− 1) and that

C − 1 = n(A− 1) + (A− 1)
( n∑

i=1

Pi

)
(A− 1) .

Show thatn is the degree ofC. Show that it is also equal to the average length of4015

C (cf. Perrin 1977).4016

Notes to Chapter 114017

Theorem 4.1 is a non commutative generalization of a theoremdue to Schützenberger4018

(1965). Corollary 4.2 is a partial answer to the main conjecture in the theory of finite4019

codes, thefactorization conjecturewhich states thatP andS may be chosen to have4020

nonnegative coefficients (or equivalently coefficients0 and1).4021

Finite complete codes are maximal codes, and conversely, every maximal code4022

is complete. Most of the general results on codes are stated here in the finite case.4023

However, they hold for rational and even forthin codes (a languageX is thin if there4024

exists a word which is not a factor of any word inX) . For a general exposition of the4025

theory of codes, see the book by Berstel et al. (2009).4026





Chapter 124027

Semisimple syntactic algebras4028

It is shown that the syntactic algebra of the characteristicseries of a rational language4029

L is semisimple in the following two cases:L is a free submonoid generated by a bifix4030

code, orL is a cyclic language.4031

This chapter has two appendices, one on semisimple algebras(without proofs) and4032

another on simple semigroups, with concise proofs. We use the symbols A1 and A2 to4033

refer to them.4034

1 Bifix codes4035

Let E be a set of endomorphisms of a finite dimensional vector spaceV . Recall that4036

E is calledirreducible if there is no subspace ofV other than0 andV itself which4037

is invariant under all endomorphisms inE. Similarly, we say thatE is completely4038

reducibleif V is a direct sumV = V1 ⊕ · · · ⊕ Vk of subspaces such that for eachi, the4039

set of induced endomorphismse|Vi of Vi, for e ∈ E, is irreducible.4040

A set of matrices inKn×n (K being a field) isirreducible (resp. completely re-4041

ducible) if it is so, viewed as a set of endomorphisms acting at the right onK1×n, or4042

equivalently at the left onKn×1 (for this equivalence, see Exercises 1.1 and 1.2).4043

A linear representation(λ, µ, γ) of a seriesS ∈ K〈〈A〉〉 is irreducible(resp.com-
pletely reducible) if the set of matrices{µa | a ∈ A} (or equivalently the setsµA∗ or
µ(K〈A〉)) is so. By a change of basis, we see that(λ, µ, γ) is completely reducible if
and only if it is similar to a linear representation which hasa block diagonal form

λ = (λ1, . . . , λk), µ =




µ1 0 0

0 µ2

µk−1 0

0 0 µk



, γ =




γ1

...

γk




where each representation(λi, µi, γi) is irreducible.4044

Recall that codes, bifix codes and complete codes have been defined in Sections4045

11.1 and 11.2. We assume thatK is a field of characteristic0.4046

Theorem 1.1 LetC be a rational code and letS be the characteristic series ofC∗.4047

Letρ = (λ, µ, γ) be a minimal representation ofS.4048

205
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(i) If C is bifix, thenρ is completely reducible.4049

(ii) If C is complete andρ is completely reducible, thenC is bifix.4050

An equivalent formulation of this result is the following. For semisimple algebras,4051

see Appendix A1.4052

Corollary 1.2 Let C andS be as in the theorem and letA be the syntactic algebra4053

of S.4054

(i) If C is bifix, thenA is semisimple.4055

(ii) If C is complete andA is semisimple, thenC is bifix.4056

We thus obtain that a complete rational codeC is bifix if and only if the syntactic4057

algebra ofC∗ is semisimple.4058

Proof. Let ρ = (λ, µ, γ) be as in the theorem. ThenA = µ(K〈A〉) is isomorphic to4059

the syntactic algebra ofS by Corollary 2.2.2. Evidently,A acts onK1×n, and it acts4060

faithfully. Thus statement (i) follows from Theorem 1.1(i)and from A1.5. For (ii), we4061

use Theorem 1.1(ii) and A1.6. �4062

For the proof of Theorem 1.1 we need a lemma.4063

Lemma 1.3 LetC, S, ρ be as in the theorem. Then in the finite monoidM = µ(A∗),4064

there is a finite groupG, with neutral elemente, such thate ∈ µ(C∗) and that4065

• if M has no zero, theneMe = G;4066

• if M has a zero, thene 6= 0 andeMe = G ∪ 0.4067

Proof. The languageC∗ is rational. Therefore, by Propositions 3.3.1 and 3.3.2,M is4068

the syntactic monoid ofC∗ and is finite. IfM has no zero, letD be its minimal ideal.4069

If M has a zero, letD be a0-minimal ideal. For these notions, see A2.1 and A2.2.4070

In both cases,CardD ≥ 2. Consequentlyµ(C∗) intersectsD since otherwise we4071

obtain a coarser congruence than the syntactic congruence by takingµ−1(D) as a single4072

equivalence class, contradicting the fact thatM is the syntactic monoid ofC∗.4073

If M has a zero,µ(C∗) does not contain it. Indeed, if0 = µ(w) for somew ∈ C∗,4074

then for any lettera, one has0 = µ(aw) = µ(wa), hencew,wa, aw ∈ C∗ and by4075

Exercise 1.4,a ∈ C∗. ThusC = A andM = {1} which would yield1 = 0 in M , a4076

contradiction with the definition of a zero in A2.1.4077

We conclude that in both cases (zero or not) some element and its powers are in4078

µ(C∗) ∩ D and are nonzero. It follows that there is some nonzero idempotent e in4079

µ(C∗) ∩D and the lemma is a consequence of A2.5.(ii). �4080

Proof of Theorem1.1. (i) Let the algebraA = µ(K〈A〉) act on the right onV = K1×n.4081

In view of Exercise 1.3, it is enough to show that each subspace W of V which is4082

invariant underA has a supplementary spaceW ′ which is also invariant.4083

With the notations of Lemma 1.3, in particularM = µ(A∗), define the subspace
E = {ve | v ∈ V } of V . SetF = W ∩ E. If g ∈ G, thenWg ⊂ W (W being
invariant underA) andg = ge, henceEg = Ege ⊂ E. This implies thatF is invariant
underG. By Maschke’s theorem A1.7, there exists aG-invariant subspaceF ′ of E
such thatE is the direct sum overK of F andF ′. Let

W ′ = {v ∈ V | vMe ⊂ F ′} .



1. BIFIX CODES 207

We show thatW ′ is a subspace ofV , supplementary ofW and invariant underA. First,4084

it is invariant, since form in M , the inclusionvMe ⊂ F ′ impliesvmMe ⊂ F ′.4085

We claim thatλ ∈ E. This will imply thatλ = t+t′ for somet ∈ F, t′ ∈ F ′. Since4086

F ⊂ W andF ′ ⊂ W ′ (indeed,t′ ∈ F ′ implies t′ ∈ E, and thereforet′ = t′e from4087

which followst′Me = t′eMe ⊂ F ′G ⊂ F ′, hencet′ ∈W ′), we obtainλ ∈W +W ′.4088

Since these two subspaces are invariant and sinceλA = V (Proposition 2.2.1), we4089

obtain thatV = W +W ′.4090

In order to prove the claim, it suffices to show thatλ = λe. We know thate = µ(w)4091

for somew ∈ C∗. SinceC is a prefix code, we haveu ∈ C∗ ⇐⇒ wu ∈ C∗ for any4092

wordu ∈ A∗ (see Exercise 1.5). Thus(S, u) = (S,wu) and therefore(S, (1−w)u) =4093

0. This implies that for anyP inK〈A〉, one has0 = (S, (1−w)P ) = (S ◦(1−w), P ).4094

We obtain that1−w is in the right syntactic ideal ofS (Proposition 2.1.4) and therefore4095

λµ(1 − w) = 0 (Proposition 2.2.1), and finallyλ = λe.4096

It remains to show thatW ∩ W ′ = 0. For this, consider a vector inW ∩ W ′.4097

By Proposition 2.2.1, it is of the formλµP for someP in K〈A〉. If m ∈ M , then4098

λµPme ∈ E∩W = F sinceW is stable and by definition ofE. Moreover,λµPme ∈4099

F ′ sinceλµP ∈ W ′ and by definition ofW ′. It follows thatλµPme ∈ F ∩ F ′ = 0.4100

Now, sinceC is a suffix code, we have symmetrically(S, u) = (S, uw) for any
wordu, andw as above. Consequently, forQ ∈ K〈A〉, we have(S,Q) = (S,Qw) or
equivalentlyλµQγ = λµQµwγ. We deduce that for any wordu,

λµPµuγ = λµPµuµwγ = λµPmeγ = 0

by the preceding argument and withm = µu. Since theµuγ spanKn×1 by Proposi-4101

tion 2.2.1, we conclude thatλµP = 0.4102

(ii) It is enough, by left-right symmetry, to show thatC is prefix. By Lemma 1.3,4103

we know thatM = µ(A∗) is a finite monoid. SinceC is complete,C∗ intersects each4104

ideal inA∗, henceµ(C∗) intersects the minimal idealD of M .4105

LetV = K1×n, with its right action ofA = µ(K〈A〉). LetW be the subspace ofV
composed of the elementsv in V such thatvHγ = vKγ for any maximal subgroups
H,K in D contained in the same minimal left ideal ofM , where we writeH for∑

m∈H m. The subspaceW is invariant underM , hence underA. Indeed, ifv ∈ W
andm ∈ M , then for anyH,K as above,mH andmK are maximal subgroups
of the same minimal left ideal and the mappingh 7→ mh is a bijectionH → mH
by A2.5.(iv). Consequently

vmHγ = vmHγ = vmKγ = vmKγ ,

which implies thatvm ∈W .4106

Observe that for anym in D andv in V , one hasvm ∈ W . This is because for4107

any maximal subgroupsH,K contained in the same minimal left ideal ofM , one has4108

mH = mK (see A2.5.(iv)).4109

SinceV is completely reducible, we know by A1.3 thatV = W ⊕W ′ for some
stable subspaceW ′. Let λ = v + v′ with v ∈ W, v′ ∈ W ′. LetH,K be as before.
Then

λHγ − λKγ = vHγ − vKγ + v′Hγ − v′Kγ = v′Hγ − v′Kγ

sincev is inW . By our previous observation,v′H andv′K are inW . Since they are4110

also inW ′, they vanish, henceλHγ = λKγ. Note that form in M , λmγ = 1 if4111

m ∈ µ(C∗), and= 0 otherwise. This shows that ifµ(C∗) intersects some maximal4112

subgroup of a minimal left ideal, then it intersects each such maximal subgroup.4113
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In other words,µ(C∗) intersects each minimal right ideal ofM (see A2.5.(ii) and4114

(iii)). Applying A2.4, we haveD = I × G × D and by Exercise 1.4,D ∩ µ(C∗) =4115

I1 × H × J1, whereH is a subgroup ofG andI1 ⊂ I, J1 ⊂ J . In fact, by what we4116

have just said, we must haveI = I1. Moreover,pj,i ∈ H for j ∈ J1, i ∈ I1.4117

By Exercise 1.5,C is a prefix code if we establish that for any wordsu, v,

u, uv ∈ C∗ =⇒ v ∈ C∗ .

Since the syntactic congruence ofC∗ saturatesC∗, and in view of Proposition 3.3.2,
it suffices to show that for anym,n in M , m,mn ∈ µ(C∗) =⇒ n ∈ µ(C∗).
By multiplying m on the left by some element inD ∩ µ(C∗), we may assume that
m ∈ D. We may writem = (i, h, j) for somei ∈ I, h ∈ H , j ∈ J1 and we have
mn ∈ D ∩ µ(C∗). Now nm ∈ D and is a left multiple ofm; hence it is in the same
minimal left ideal asm and therefore, by A2.5.(iii),nm = (i′, g, j) with i′ ∈ I, g ∈ G.
It follows that

(i, hpj,i′g, j) = (i, h, j)(i′, g, j) = mnm ∈ D ∩ µ(C∗) .

Thushpj,i′g ∈ H , which impliesg ∈ H . We conclude thatm,mn andnm are all in4118

µ(C∗) and consequentlyn ∈ µ(C∗) by Exercise 1.4. �4119

2 Cyclic languages4120

A languageL ⊂ A∗ is calledcyclic if it has the following two properties:4121

(i) for any wordsu, v ∈ A∗, uv ∈ L ⇐⇒ vu ∈ L.4122

(ii) for any nonempty wordw and any integern ≥ 1, w ∈ L ⇐⇒ wn ∈ L.4123

Given a finite deterministic automatonA overA, we callcharacterof A, denoted by
χA, the formal series

χA =
∑

w∈A∗

αw w ,

whereαw is the number of closed paths labeledw in A.4124

Recall that a0, 1-matrix is a matrix with entries equal to0 or 1, and that arow-4125

monomial matrixis a matrix having at most one nonzero entry in each row. A series4126

is the character of some finite deterministic automaton if and only if there is a rep-4127

resentationµ of A∗ by row-monomial0, 1-matrices such that this series is equal to4128 ∑
w∈A∗ tr(µw)w. This follows from the equivalence between automata and linear4129

representations, see Section 1.6.4130

Theorem 2.1 The characteristic series of a rational cyclic language is aZ-linear com-4131

bination of characters of finite deterministic automata.4132

Corollary 2.2 The syntactic algebra over a fieldK of a rational cyclic language is4133

semisimple.4134

This will follow from the theorem and the next lemma.4135
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Lemma 2.3 Letµ1, . . . , µk be linear representations ofA∗, let α1, . . . , αk ∈ K and
let S be the series defined by

S =
∑

1≤i≤k

αi tr(µi w) .

Then the syntactic algebra ofS is semisimple.4136

Proof. We may assume that each representation is irreducible. Indeed, ifµi is re-4137

ducible, we put it, by an appropriate change of basis, into block-triangular form with4138

each block irreducible, and then, keeping only the diagonalblocks, into block-diagonal4139

form. These transformations do not change the trace. Since the trace of a diagonal sum4140

is the sum of the traces of the blocks, we obtain the desired form.4141

Consider now the algebra

A = {(µ1P, . . . , µkP ) | P ∈ K〈A〉} .
It acts faithfully on the right onK1×n, wheren is of the appropriate size; moreover4142

K1×n is completely reducible under this action. ThusA is semisimple by A1.5.4143

There is a surjective algebra morphismµ : K〈A〉 → A, namelyµ = (µ1, . . . , µk),4144

and a linear mappingϕ : A → K such that(S,w) = ϕ(µw), namelyϕ(µ1P, . . . ,4145

µkP ) =
∑

1≤i≤k αi tr(µiP ). Consequently, by Exercise 2.1.4, the syntactic algebra4146

of S is a quotient ofA, hence is semisimple by A1.1. �4147

Corollary 2.2 follows from Lemma 2.3 because of the trace form of the character4148

of an automaton seen above.4149

Let L be a language and letan be the number of words of lengthn in L. Thezeta
functionof L is the series

ζL = exp
(∑

n≥1

an
xn

n

)
.

Corollary 2.4 LetL be a rational cyclic language. Then its zeta function is rational.4150

Proof. Let A be a finite deterministic automaton with associated representationµ :
A∗ → Zn×n, see the remark before Theorem 2.1. Then the character ofA is

∑

w∈A∗

tr(µw)w .

Settingan =
∑

|w|=n tr(µw), we obtainan = tr(Mn), whereM =
(∑

a∈A µa
)
. It

follows that

ζA := exp
(∑

n≥1

an
xn

n

)
= exp

(∑

n≥1

tr(Mn)

n
xn

)
= exp

(∑

n≥1

k∑

i=1

λn
i

n
xn

)

whereλ1, . . . , λk are the eigenvalues ofM with multiplicities. Thus this series is equal
to

k∏

i=1

exp
(∑

n≥1

λn
i x

n

n

)
=

k∏

i=1

exp
(
log

1

1 − λix

)

=

k∏

i=1

1

1 − λix
= det(1 −Mx)−1 .
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Since by Theorem 2.1,L is aZ-linear combination of characters of finite deterministic4151

automataAj for j ∈ J , we haveL =
∑

j∈J αjχAj
for someαj in Z. Then it is easily4152

verified thatζL =
∏

j∈J ζ
αj

Aj
, which concludes the proof. �4153

In view of the proof of Theorem 2.1 we establish two lemmas. For this, we callper-4154

mutation characterof a groupG a functionχ : G → N, whereχ(g) is the number of4155

fixpoints ofg in some action ofG on a finite set. Equivalently,χ(g) = tr(µ(g)), where4156

µ : G → Zn×n is a representation ofG such that each matrixµ(g) is a permutation4157

matrix.4158

Lemma 2.5 LetG be a group and letθ : G→ Zn×n be a multiplicative monoid mor-4159

phism such that each matrixθ(g) is a row-monomial0, 1-matrix. Theng 7→ tr(θ(g))4160

is a permutation character.4161

Observe that it is not assumed thatθ(g) is an invertible matrix for anyg ∈ G.4162

Proof. The row vectorei of the canonical basis ofZ1×n is mapped by eachg inG onto4163

someej or onto0. Thus eachg ∈ G induces a partial function from{1, . . . , n} into4164

itself. These partial functions have all the same imageE. The restriction ofg toE is a4165

bijection and the number of fixpoints of this bijection istr(θ(g)). �4166

Recall that two elements in a semigroup areconjugateif, for some elementsx, y in4167

it, they may be writtenxy andyx.4168

Lemma 2.6 LetD be a0-minimal ideal of a finite monoidM and letG be a maximal4169

subgroup inD \ 0. Any elementx ∈ D with x2 6= 0 is conjugate to some element inG.4170

Proof. We use the Rees matrix semigroup form forD, see A2.4. We may by A2.5.(ii)4171

assume that the maximal subgroup is{(i, g, j) | g ∈ G} and thatx = (i′, g′, j′). Since4172

x2 6= 0, we havepj′,i′ 6= 0. Similarly pj,i 6= 0. Letu = (i′, g′, j) andv = (i, p−1
j,i , j

′).4173

Thenuv = (i′, g′pj,ip
−1
j,i , j

′) = x and vu = (i, p−1
j,i pj′,i′g

′, j), which proves the4174

lemma. �4175

We call a formal seriesS =
∑

w∈A∗(S,w) cyclic if it has the following properties:4176

(i) There is a finite monoidM , a surjective monoid morphismµ : A∗ → M and a4177

functionϕ : M → Z such that for any wordw, (S,w) = ϕ(µw). Moreover, for4178

any groupG in M , the restriction ofϕ toG is aZ-linear combination of permutation4179

characters ofG.4180

(ii) For any wordsu andv, one has(S, uv) = (S, vu).4181

(iii) For any wordw, the sequenceun = (S,wn+1), n ∈ N, satisfies a strict linear4182

recurrence relation (see Section 6.1).4183

Observe that aZ-linear combination of cyclic series is a cyclic series (take the4184

product monoid and use Exercise 2.2). Moreover, the character of a finite deterministic4185

automaton is a cyclic series: this follows from Lemma 2.5 forcondition (i); condi-4186

tion (ii) is evident, and condition (iii) follows from Theorem 6.2.1 and the equality4187

(S,wn+1) =
∑
λn+1, where the sum is over all nonzero eigenvalues ofµw (µ is the4188

representation given after the definition of the character of an automaton).4189

Proof of Theorem2.1. The proof is in two parts. First, we show that the characteristic4190

series of a rational cyclic language is a cyclic series. Next, we prove that each cyclic4191

series satisfies the conclusion of the theorem. This impliesthe theorem.4192
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1. Let S be the characteristic series of a rational cyclic languageL. SinceL is4193

recognizable by Theorem 3.1.1, there is some monoid morphismµ : A∗ → M , where4194

M is a finite monoid, and a subsetP of M such thatL = µ−1(P ). We may assume4195

thatµ is surjective. Defineϕ : M → Z by ϕ(m) = 1 if m ∈ P , andϕ(m) = 04196

otherwise. Then(S,w) = ϕ(µw).4197

If G is a group inM , then eitherϕ(G) = 1 or ϕ(G) = 0. Indeed, any two4198

elements inG have a positive power in common, namely the neutral elemente of G,4199

and we conclude according toe ∈ P or not, sinceL is cyclic andµ is surjective. Hence4200

condition (i) is satisfied forS.4201

Moreover, condition (ii) is satisfied sinceL is cyclic, and (iii) follows also, since4202

un is constant, for the same reason. This proves thatS is cyclic.4203

2. It remains to prove that each cyclic seriesS is aZ-linear combination of char-4204

acters of finite deterministic automata. We take the notations of conditions (i),(ii) and4205

(iii) above and prove the claim by induction on the cardinality of M . If M has a0, we4206

may assume thatϕ(0) = 0 by replacingϕ by ϕ − ϕ(0) andS by S − ϕ(0)A∗, since4207

A∗ is evidently the character of some finite deterministic automaton.4208

Now, letD be some0-minimal ideal ofM if M has a zero, and the minimal ideal4209

of M if M has no zero. Note thatCardD ≥ 2.4210

Suppose first thatD2 = 0. Thenx2 = 0 for each elementx of D. Hence the4211

sequenceϕ(xn+1) isϕ(x), 0, 0, . . ., and therefore by (iii) we haveϕ(x) = 0. Henceϕ4212

vanishes onD and we may replaceM by the quotientM/D and conclude by induction.4213

Suppose now thatD2 6= 0. Then by A2.4,D contains some maximal groupG.
By A2.6 there exists a monoid representationθ : M → (G0)

r×r whereG0 isG with a
zero adjoined, where each matrix is row-monomial, and wherethe restriction ofθ toG
is of the form

θ(g) =




g 0 · · · 0
∗ 0 · · · 0
...

...
...

∗ 0 · · · 0




and moreoverθ(0) = 0.4214

Let β : G → Zd×d be a representation ofG by permutation matrices. Replacing
in each matrixθ(m), for m ∈ M , each nonzero entryg ∈ G by β(g), we obtain a
representationψ : M → Zdr×dr by row-monomial0, 1-matrices. Hence

∑

w∈A∗

tr(ψ(µw))w

is the character of some finite deterministic automaton. IfH is a group inM , then the4215

functionH → Z, h 7→ tr(ψ(h)) is a permutation character ofH by Lemma 2.5.4216

Sinceϕ|G is aZ-linear combination of permutation characters ofG, the previous4217

construction shows that for someZ-linear combinationT of characters of finite deter-4218

ministic automata, the seriesS′ = S − T vanishes onG. ThenS′ is a cyclic series.4219

By Lemma 2.6 it vanishes onD. Indeed, letx ∈ D. If x2 6= 0, we use this lemma4220

and the cyclicity ofS′. On the contrary, ifx2 = 0, we use property (iii) of cyclic series4221

together with the fact thatθ(0) = 0. Thus we may replaceM by the quotientM/D4222

and conclude by induction. �4223
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Appendix 1: Semisimple algebras4224

Here, all algebras are finite dimensional over the fieldK. Likewise the modules over4225

these algebras that we consider will be finite dimensional overK.4226

A1.1 An algebra is calledsimpleif it has no two-sided ideal other than0 and itself. An4227

algebra is calledsemisimpleif it is a finite direct product of simple algebras. It follows4228

that a quotient of a semisimple algebra is semisimple (see Exercise A1.1).4229

A1.2 A right moduleM over an algebraA is faithful if, wheneverMa = 0 for somea4230

in A, thena = 0. Similarly for left modules.4231

A1.3 A module isirreducible, orsimple, if it has no submodules other than0 and itself.4232

It is completely reducibleif it is a finite direct sum of irreducible modules. A module is4233

completely reducible if and only if each submodule has a supplementary submodule.4234

A1.4 If an algebra has a faithful irreducible module, then this algebra is simple.4235

A1.5 If an algebra has a faithful completely reducible module, then this algebra is4236

semisimple.4237

A1.6 Each module over a semisimple algebra is completely reducible and this property4238

characterizes semisimple algebras.4239

A1.7 If K is a field of characteristic0 andG is a finite group, then the group algebra4240

KG is semisimple. In other words, a finite group of endomorphisms of a vector space4241

is completely reducible (Maschke’s theorem).4242

A1.8 Each simple algebra is isomorphic to a matrix algebraDn×n, whereD is a skew4243

field containingK in its center and finite dimensional overK. In particular, ifK is4244

algebraically closed, then each simple algebra is a matrix algebraKn×n (theorem of4245

Wedderburn).4246

Appendix 2: Minimal ideals in finite monoids4247

All monoids and semigroups considered here are finite.4248

A2.1 An ideal in a monoidM is a nonempty subsetD of M such that for allm ∈M ,4249

t ∈ D, the elementsmt and tm are inD. A zero in M is an element0 such that4250

M 6= {0} and such that{0} is an ideal. It is necessarily unique. Note that the neutral4251

element is6= 0.4252

A2.2 Theminimal idealof a monoidM is the smallest ideal inM . It always exists,4253

since it necessarily contains the product, in some order, ofthe elements inM . If M4254

has a zero, a0-minimal idealof M is an ideal inM strictly containing0, and minimal4255

for this property.4256

Observe that ifm is an element (resp. a nonzero element) of the minimal (resp.of4257

a0-minimal) idealD of M , thenMmM = D.4258
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A2.3 A right ideal in a monoidM is a nonempty subsetR of M such that for all4259

m ∈M and allr ∈ R, rm ∈M . Minimal right idealsare defined appropriately. IfM4260

has a0, a0-minimal right idealof M is a right ideal strictly containing0 and which is4261

minimal among all right ideals having this property. Observe that ifm is an element4262

(resp. a nonzero element) of a minimal (resp.0-minimal) right idealR of M , then4263

mM = R.4264

Similar definitions and properties hold forleft ideals.4265

A2.4 A Rees matrix semigroup with0 (resp.without0) is a semigroup denotedM0(G,
I, J, P ) (resp.M(G, I, J, P )), whereG is a finite group,I, J are finite sets, andP is
a J × I matrix overG0 = G ∪ {0} (resp. overG), called thesandwich matrix, with
the property thatP has at least one nonzero element in each row and each column (this
property holds automatically in the case “without0”). The elements of the Rees matrix
are the triples(i, g, j), i ∈ I, g ∈ G, j ∈ J , together with0 in the case “with0”. The
product is

(i, g, j)(i′, g′, j′) =

{
(i, gpj,i′g

′, j′) if pj,i′ 6= 0 ,

0 if pj,i′ = 0 .

Note that in the case “without0”, only the first case occurs.4266

The fact that this product is associative is easily deduced from the fact that(i, g, j)4267

may be represented by theI × J matrix, denoted(g)i,j , overG0, whose only nonzero4268

element isg in position i, j. Then the product above is represented by the matrix4269

(g)i,jP (g′)i′,j′ .4270

Theorem (Rees–Suschkewitsch).LetM be a finite monoid (resp. monoid with0) and4271

D be the minimal (resp. a0-minimal ideal) ofM (resp. such thatD2 6= 0). ThenD is,4272

as semigroup, isomorphic to a Rees matrix semigroup without0 (resp. with0).4273

We prove the theorem only in the case whereM has a zero. The other case is easily4274

deduced (with some new arguments) from this case by adjoining a zero toM .4275

a) D is the disjoint union of the0-minimal right (resp. left) ideals ofM that it4276

contains.4277

Indeed, ifR is a0-minimal right ideal, then for anym ∈ M , mR is a right ideal.4278

Assuming thatmR 6= 0, we show thatmR is 0-minimal. For this, letR′ be a nonzero4279

right ideal withR′ ⊆ mR. LetR1 = {r ∈ R | mr ∈ R′}. ThenR′ = mR1 and4280

R1 6= 0 sinceR′ 6= 0. Clearly,R1 is a right ideal contained inR, henceR1 = R by4281

0-minimality. ConsequentlyR′ = mR andmR is 0-minimal.4282

LetD′ be the union of all0-minimal right ideals contained inD. ThenD′ ⊆ D and4283

D′ is a right ideal; it is also a left ideal, by the previous discussion, since the inclusion4284

R ⊆ D′ impliesmR ⊆ D. ThusD′ = D, sinceD is a0-minimal ideal.4285

b) From a), it follows that for each nonzeros ∈ D, the setsM (resp.Ms) is a4286

0-minimal right (resp. left) ideal. Using A2.3, we see that for each nonzeros ∈ D, if4287

st 6= 0 (resp.ts 6= 0), thensM = stM (resp.Ms = Mts).4288

c) LetR be a0-minimal right ideal ands, t ∈ R \ 0. By b), t = sa ands = tb for4289

somea, b ∈ M . Denote byρm the mapping representing multiplication on the right4290

bym. Thenρa andρb induce inverse bijectionsMs → Mt andMt → Ms such that4291

xM = ρa(x)M for anyx ∈Ms.4292
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Let indeedx ∈ Ms. Thenxa ∈ Msa = Mt; sinces = tb = sab, we have,4293

for anym in M , the equalityms = msab and thereforex = xab for anyx in Ms.4294

Thusx 7→ xa is a mappingMs → Mt, with left inversey → yb. Similarly, the latter4295

mapsMt into Ms, and has left inversex → xa, which implies that they are inverse4296

bijections.4297

Finally, for x ∈ Ms, x = xab; if x 6= 0, thenxa 6= 0. If on the other handx = 0,4298

then clearlyxM = ρa(x)M .4299

d) Lets, t ∈ D. Thenst 6= 0 if and only ifMs∩tM contains a nonzero idempotent.4300

Indeed, lete ∈ Ms ∩ tM with e2 = e 6= 0. Thene = ns = tm for some4301

m,n ∈M . Hence0 6= e = e2 = nstm, so thatst 6= 0.4302

Conversely, suppose thatst 6= 0. Then by b),sM = stM andMt = Mst. By c),4303

x 7→ xt is a bijectionMs → Mst. Sincet ∈ Mst, it has an inverse image that we4304

denote bye. Thenet = t ande 6= 0, sincet 6= 0 (becausest 6= 0). By b) tM = eM ,4305

hencee = tm for somem ∈M . Thuse2 = etm = tm = e.4306

e) Lete be an idempotent inD \ 0. ThenG = eM ∩Me \ 0 is a group with neutral4307

elemente.4308

If s, t ∈ G, thenMs = Me andtM = eM by b) and A2.3. ThereforeMs ∩ tM4309

containse, a nonzero idempotent. Thusst 6= 0 by d) andst ∈ G. We conclude thatG4310

is a monoid contained inD with neutral elemente. Let s = ea ∈ G with a ∈M . Then4311

s = es. HencesM = eM by b). By c),x→ xs is a bijection fromMe ontoMs. The4312

latter is equal toMe, sinces ∈ Me \ 0. Hencee ∈ Ms. Therefore there existst in4313

Me such thatts = e. Thust 6= 0. By b), tM = eM , hencet ∈ G. This shows thats4314

has a left inverse, and similarly a right inverse.4315

f) Let R (resp. L) be a0-minimal right (resp. left) ideal contained inD. Then4316

R ∩ L is nonzero.4317

Indeed, letx ∈ R, y ∈ L, x, y 6= 0. Then by A2.2,D = MxM = MyM .4318

Hencex = ayb andy = a′xb′ for somea, b, a′, b′ ∈ M . Then for somen ≥ 1, the4319

power(aa′)n is idempotent (see Exercise A2.1); denote bye this idempotent. One has4320

x = ayb = aa′xb′b = · · · = (aa′)nx(b′b)n = ex(b′b)n. Thenxb′ 6= 0 andex = x.4321

Thus(aa′)nx = x, which implies by b) thatMa′x = Mx. This in turn implies that4322

My = Ma′xb′ = Mxb′. Moreover, by A2.3 we havexb′M = xM . Since by b),4323

xM = R andMy = L, we see thatxb′ ∈ R ∩ L \ 0.4324

g) Each0-minimal right (resp. left) ideal contained inD is generated by an idem-4325

potent.4326

Indeed, letR be some0-minimal right ideal. SinceD2 6= 0, we know by d) that4327

there is a nonzero idempotente inD; let e ∈ R0, some0-minimal right ideal contained4328

in D. By f), there is some nonzeron in Me ∩ R. Thenn = ve, e = v′n, since4329

Mn = Me by b). Letm = ev′. Thenmn = ev′n = ee = e. Thusmn 6= 0 and4330

we conclude by d) thatnM contains a nonzero idempotent. SincenM = R by b),R4331

contains a nonzero idempotent, which by b) generates it.4332

h) We now prove the theorem. By d), sinceD2 6= 0, there exists a nonzero idem-4333

potente in D. LetG be the group of e), and letG0 = G ∪ {0}. Let I (resp.J) be the4334

set of0-minimal right (resp. left) ideals contained inD andR0 = eM ,L0 = Me. For4335

eachL ∈ J ,R0∩L is nonzero by f) and we take a nonzerouL in R0∩L. Similarly for4336

R ∈ I, letvR ∈ L0∩R with vR 6= 0. LetpL,R = uLvR. ThenpL,R ∈ R0 ∩L0 = G0.4337
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DefineΦ : M0(G, I, J, P ) → D by Φ(R, g, L) = vRguL andΦ(0) = 0. We4338

show thatΦ induces a bijection from{R} ×G× {L} ontoR ∩L \ 0. This will imply4339

thatΦ is a bijection.4340

SincevR ∈ L0 = Me, we havevRe = vR. SincevR, e ∈ L, by the symmetric4341

statement of c),x 7→ vRx is a bijection fromeM = R0 ontovRM = R andMx =4342

MvRx. It induces by restriction a bijection fromR0 ∩ L0 ontoR ∩ L0, hence also4343

fromG = R0 ∩ L0 \ 0 ontoR ∩ L0 \ 0. Now, sinceeuL = uL ∈ R0 = eM , we have4344

by c) thatx 7→ xuL is a bijectionL0 → L such thatxM = xuLM . Consequently we4345

obtain by restriction a bijection fromR ∩ L0 \ 0 ontoR ∩ L \ 0. Composing the two4346

bijections, we see thatg 7→ vRguL is a bijection fromG ontoR ∩ L \ 0.4347

We must show thatΦ is a semigroup morphism. This is reduced to show that

Φ((R, g, L)(R′, g′, L′)) = Φ(R, g, L)Φ(R′, g′, L′) .

The right-hand side isvRguLvR′g′uL′ . The left-hand side isΦ(R, gpL,R′g′, L′) if4348

pL,R′ 6= 0, andΦ(0) if pL,R′ = 0; that is,vRgpL,R′g′uL′ in the first case and0 in the4349

second. SincepL,R′ = uLvR′ , both sides are equal.4350

Finally, letL ∈ J . Then by g), one hasL = Mf for some idempotentf . Let f ∈4351

R, some0-minimal right ideal contained inD. Then0 6= f ∈ L∩R = MuL ∩ vRM .4352

Thus, by d),pL,R = uLvR 6= 0. This shows that each row ofP contains a nonzero4353

element, and similarly for the columns.4354

A2.5 Let M be a monoid andD its minimal ideal ifM has no zero, and some0-4355

minimal ideal ifM has a zero, with the assumptionD2 6= 0. In the first case,D may4356

be identified with a Rees matrix semigroup without zeroM(G, I, J,Λ), and in the4357

second case with a Rees matrix semigroup with zeroM0(G, I, J,Λ). Then this matrix4358

representation has the following properties, which we state in the case “with zero” only4359

(the case “without zero” is easily deduced):4360

(i) the idempotents inD \ 0 are the elements(i, p−1
j,i , j) wherei ∈ I, j ∈ J are4361

such thatpj,i 6= 0.4362

(ii) The maximal subgroups inD \ 0 are the subsets

Gi,j = {(i, g, j) | g ∈ G} , i ∈ I, j ∈ J, pj,i 6= 0 .

They are isomorphic toG. If e is the neutral element ofGi,j , thene = (i, p−1
j,i , j) and4363

eMe = Gi,j ∪ 0.4364

(iii) The 0-minimal right (resp. left) ideals ofM contained inD are the subsets4365

Ri = {0} ∪ {(i, g, j) | g ∈ G, j ∈ J} for i ∈ I (resp.Lj = {0} ∪ {(i, g, j) | i ∈4366

I, g ∈ G} for j ∈ J).4367

Here one uses the fact thatRi, which is clearly a right ideal ofD, is also a right4368

ideal ofM . This follows from the fact that fors ∈ D, one hasse = s for some4369

idempotente in D by g), hencesm = s(em) for anym ∈M .4370

(iv) For m ∈ M , i ∈ I, j ∈ J , with pj,i 6= 0, the functionx 7→ xm either maps4371

Gi,j onto0, or is a bijection fromGi,j ontoGi,j′ for somej′ ∈ J .4372

Indeed,xe = x for the idempotent inGi,j ; thus replacingm by em we are reduced4373

to the case wherem ∈ D. Then, ifm 6= 0, we havem = (i′, g′, j′). Forx = (i, g, j),4374

we havexm = (i, gpj,i′g
′, j′) if pj,i′ 6= 0 and we obtain the desired bijection, or it is04375

for anyx in Gi,j .4376
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A2.6 Let M be a monoid and letD be its minimal ideal ifM has no zero, and a4377

0-minimal ideal ifM has a zero.4378

Suppose thatD2 6= 0. ThenD contains an idempotente 6= 0. ThenD has a4379

maximal subgroupG containinge, which is the neutral element ofG. There exists4380

a representation ofM by square row-monomial matrices overG ∪ {0} such that the4381

image of eachg in G has nonzero coefficients only in the first column, and such that4382

the image of0 is the zero matrix.4383

Indeed, we may assume thatM has a zero. We identifyD with M0(G, I, J, P )4384

and writee = (i0, p
−1
j0,i0

, j0). For eachj ∈ J , chooseaj , bj ∈ M such thatx 7→ xaj4385

andy 7→ ybj are inverse bijections fromGi0,j0 ontoGi0,j and fromGi0,j ontoGi0,j0 :4386

we may indeed takei1 ∈ I such thatpj,i1 6= 0; then we chooseaj = (i0, p
−1
j0,i0

, j) and4387

bj = (i1, p
−1
j,i1
, j0).4388

Let m ∈ M . For j ∈ J , x 7→ xm is either a bijectionGi0,j → Gi0,j′ for some
j′ ∈ J , orxm = 0 for anyx ∈ Gi0,j (see A2.5(iv)). In the first case, we putj ·m = j′,
and in the second casej ·m = ∅. Then(j,m) 7→ j ·m is a partial right action ofM
onJ . Define

j ∗m =

{
eajmbj′ if j ·m = j′ ,

0 if j ·m = ∅ .

Note thateaj ∈ Gi0,j , and that ifj · m = j′, theneajm ∈ Gi0,j′ and therefore4389

j ∗m = eajmbj′ is inGi0,j0 which may be identified withG.4390

Now define for anym ∈M the row-monomial matrixθ(m) ∈ GJ×J
0 by

θ(m)j,j′ =

{
j ∗m if j ·m = j′ ,

0 if j ·m 6= j′ or j ·m = ∅ .

In order to show thatθ is a monoid morphism, it is enough to show thatj ∗ (mn) =4391

(j∗m)((j·m)∗n). Now, the left-hand side is nonzero if and only ifGi0,jmn is nonzero,4392

and the right-hand side is nonzero if and only ifGi0,jm is nonzero and(Gi0,jm)n is4393

nonzero. So we may assume that both sides are nonzero. Setj′ = j ·m andj′′ = j′ ·n.4394

Thenj ∗ (mn) = eajmnbj′′ and(j ∗m)((j ·m) ∗ n) = eajmbj′eaj′nbj′′ .4395

Sinceeajmbj′ ∈ Gi0,j0 (as we saw above),eajmbj′e = eajmbj′ . Now, eajm ∈4396

Gi0,j′ andy 7→ ybj′ , Gi0,j′ → Gi0,j0 andx 7→ xaj′ , Gi0,j0 → Gi0,j′ are inverse4397

bijections. Henceeajmbj′eaj′ = eajmbj′aj′ = eajm and(j ∗ m)((j · m) ∗ n) =4398

eajmnbj′′ = j ∗mn.4399

Exercises for Chapter 124400

1.1 Show that a setM of square matrices of ordern is reducible (that is, not ir-4401

reducible) if and only if for some invertible matrixg and somei, j ≥ 1 with4402

i + j = n, the matricesgmg−1, for m ∈ M , have all the block triangular form4403 (
a b
0 c

)
, wherea (resp.b) is square of orderi (resp.j). Show that equivalently4404

the form may be

(
a 0
b c

)
.4405

1.2 Show that a setM of square matrices is completely reducible if and only if for
some invertible matrixg, the matricesgmg−1 have all the block diagonal matrix
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form of the same size



a1 0 . . 0
0 a2 . .
. . . . .
. . 0
0 . . 0 ak




where for eachi = 1, . . . , k the induced set of matricesai is irreducible.4406

1.3 Show that a set of endomorphisms of a finite dimensional vector space is com-4407

pletely reducible if and only if for each subspace which is invariant under these4408

endomorphisms, there is a supplementary subspace which is also invariant. (Hint:4409

Use A1.3.)4410

1.4 LetC be a code. Show that ifu, uv, vu ∈ C∗, thenv ∈ C∗ (consideruvu or use4411

Exercise 11.1.1).4412

1.5 LetC be a code. Show thatC is prefix if and only if for any wordsu andv,4413

u, uv ∈ C∗ impliesv ∈ C∗.4414

1.6 LetD be a Rees matrix semigroup as in A2.4. LetE be a subsemigroup ofD not
containing0. Show that for some subgroupH ofG, some subsetsI1 of I andJ1

of J , one has

E = {(i, h, j) | i ∈ I1, h ∈ H, j ∈ J1} ,

together with the conditionpj,i ∈ H for all i ∈ I1, j ∈ J1.4415

1.7 LetG be a finite group and take as alphabetA = G. Let µ : A∗ → G be the4416

natural monoid morphism which is the identity onG. Show thatµ−1(1) = C∗ for4417

some rational bifix codeC. Show that the syntactic algebra ofC∗ is isomorphic4418

to the group algebraKG.4419

2.1 LetL be a rational language such that for anyw in L, one haswn ∈ L for all4420

n ≥ 1. Show that thecyclic closureof L (that is the smallest cyclic language4421

containingL) is rational.4422

2.2 Show that the sum of two cyclic series is a cyclic series. (Hint: Show that ifG is4423

a group in the product monoidM1 ×M2, thenG is a subgroup ofG1 ×G2, for4424

some subgroupG1 (G2) of M1 (M2).)4425

A1.1 LetA,B be two algebras withA simple. Show that ifI is a two-sided ideal of4426

A×B, then eitherI = A×J orI = 0×J for some idealJ of B. Deduce that each4427

quotient ofA×B is either a quotient ofB or of the formA× (a quotient ofB).4428

Deduce that a quotient of a semisimple algebra is semisimple.4429

A1.2 Let A be a subalgebra ofKn×n. Show that it acts faithfully at the right on4430

K1×n.4431

A1.3 LetA1, . . . ,An be simple algebras and letA be a subalgebra ofA1 × · · · × An4432

such that the projectionsA → Ai are surjective. Show thatA is semisimple.4433

(Hint: Let B be the projection ofA ontoA1 × · · · × An−1. It is semisimple by4434

induction. IfA → B is not injective, then(0, . . . , 0, a) ∈ A for somea 6= 0 in4435

An. Then0 × · · · × 0 × An ⊂ A and finallyA = B × An.)4436

A1.4 LetA act faithfully on a completely reducible moduleM . Using A1.4 and the4437

previous exercise, prove A1.5.4438

A2.1 Show that for any elements of a finite semigroupS, there is somen ≥ 1 such4439

thatsn is idempotent. (Hint: For some1 ≤ i ≤ j, one hassi = si+j , thensj is4440

idempotent.)4441
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Notes to Chapter 124442

Corollary 1.2 is from Reutenauer (1981). For the proof of theequivalent Theorem 1.1,4443

we have followed Berstel and Perrin (1985), Section VIII.7.Theorem 2.1 and Corol-4444

lary 2.4 are from Berstel and Reutenauer (1990). ConcerningCorollary 2.4, it is shown4445

in Reutenauer (1997) that the zeta function of a rational cyclic language is evenN-4446

rational, and this is extended to rational cyclic relations. Corollary 2.4 may be used to4447

show that the zeta function of each sofic system (in the sense of symbolic dynamics)4448

is rational, see Berstel and Reutenauer (1990); for other proofs of this result, which4449

can already be found in Manning (1971), see Fried (1987), Béal (1995) and Lind and4450

Marcus (1995).4451

For Appendix 1, see Lang (1984) and for Appendix 2, see Lallement (1979) or4452

Clifford and Preston (1961).4453



Open problems and conjectures4454

In this appendix, we collect, for the convenience of the reader, several open problems4455

and conjectures already mentioned at various places in the book. None of them is easy,4456

and all deserve to be studied.4457

1. Field dependence problem of supports. Does there exist a language which is the4458

support of anR-rational series without being the support of aQ-rational series ?4459

Page 584460

2. Rational separation of disjoint supports: LetL andK be disjoint languages
which are both support of some rational series. Does there exist two disjoint
rational languagesL′ andK ′ such that

K ⊂ K ′, L ⊂ L′

(that isK andL arerationally separated) ? Page 564461

3. (Un)decidability of star height over the rationals: Is the the star height overQ of4462

a rational series inQ〈〈A〉〉 effectively computable? Page 714463

4. Conjecture: Each rational Pólya series overQ is an unambiguous rational series.4464

Page 1194465

5. Decidability of a zero in a linear recurrence series: Is itdecidable, for a rational4466

series
∑
anx

n, whether there exists ann such thatan = 0? Page 1194467

6. Characterization of strong Fatou rings. Page 1334468

7. Characterization of polynomials whose inverse is anN-rational orR+-rational4469

series. Page 1494470

8. Decidability of a common stable subspace for matrices over Q. Page 1644471

9. Factorization conjecture of finite complete codes. Page 2034472

10. Hadamard quotient. LetS andT be two series with integer coefficients, such4473

that (T,w) = 0 whenever(S,w) = 0. TheHadamard quotient conjectureis4474

that if S andS ⊙ T areZ-rational series, thenT is Z-rational. This conjecture4475

has been stated by C. Pisot for the case of one variable, and has been solved4476

positively, see (Everest et al. 2003, page 69, Theorem 4.4).Partial cases have4477

been solved by Lamèche (1973), Jacob (1980) and Reutenauer(1980a).4478
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(3):239–266, 1987. 954481

Allouche, J.-P. and Shallit, J. O. (1992). The ring ofk-regular sequences.Theoret.4482

Comput. Sci., 98:163–197, 1992. 944483

Allouche, J.-P. and Shallit, J. O. (2003a).Automatic Sequences: Theory, Applications,4484

Generalizations. Cambridge University Press, 2003. 94, 954485

Allouche, J.-P. and Shallit, J. (2003b). The ring ofk-regular sequences. II.Theoret.4486

Comput. Sci., 307(1):3–29, 2003. 954487

Amice, Y. (1975). Les nombresp-adiques. Presses Universitaires de France, Paris,4488
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448–483, 1980. 28, 40, 42, 133, 2194745

Reutenauer, C. (1980b). An Ogden-like iteration lemma for rational power series.Acta4746

Inform., 13(2):189–197, 1980. 584747

Reutenauer, C. (1981). Semisimplicity of the algebra associated to a biprefix code.4748

Semigroup Forum, 23(4):327–342, 1981. 2184749
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discrete topology, 54987

distance4988

subinvariant –, 214989

ultrametric –, 54990

divisible module, 1604991

dominating4992

– coefficient, 1394993

– eigenvalue, 1394994

Dyck word, 1484995

edge4996

– in an automaton, 164997

label of an –, 164998

weight of an –, 164999

eigenvalue5000

dominating –, 1395001

multiplicity of an –, 985002

eigenvalues of a rational series, 985003

Eisenstein’s criterion, 235004

end state, 165005

endomorphisms5006

completely reducible set of –, 2055007

irreducible set of –, 2055008

equality set, 575009

Euclidean5010

– algebra, 1715011

– algorithm, 1715012

exponential polynomial, 1015013

extension, Fatou –, 1245014

factorization conjecture, 2035015

faithful module, 2125016

family5017

dependent – of polynomials, 1725018

locally finite –, 65019

summable –, 65020

Fatou5021

– extension, 1245022

– lemma, 1225023

strong – ring, 1335024

weak – ring, 1305025

Fibonacci5026

numbers, 46, 1475027

sequence, 1175028

field, 45029

finitely generated5030

– module, 105031

fir, 1855032

formal series, 45033

free5034

– ideal ring (fir), 1855035

– monoid, 45036

full matrix, 1805037

function5038

identity –, 765039

k-regular – , 755040

Kimberling –, 935041

sum of digits –, 765042

Gauss’s lemma, 1835043

generating function, 455044

generic matrix, 685045

geometric series, 32, 1035046

group algebra, 1015047

group-like series, 415048

growth5049

degree of –, 1575050

polynomial –, 137, 1565051

Hadamard5052

– algebra, 1015053

– product, 145054

quotient conjecture, 2195055

Hankel5056

– -like property, 255057

– matrix, 305058

height function, 65, 675059

ideal, 2125060

– in a monoid, 1955061

– of rational identities, 625062

left –, 2135063

minimal –, 2125064

minimal right –, 2135065

right –, 2135066

syntactic –, 285067

syntactic right –, 295068

0-minimal –, 2125069

0-minimal right –, 2135070

idempotent, 56, 1955071

identity function, 765072

image of a series, 475073

infinite word, 825074

initial values, 425075



INDEX 233

integral5076

– domain, 1715077
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irreducible5080

– module, 2125081

– representation, 2055082
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orthogonal5169
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exponential –, 1015190
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polynomial identity, 1285197
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rational5233
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– closed, 75246

– separated, 56, 2195247

ray, 128, 1565248

pattern of a –, 1285249

reciprocal polynomial, 995250

recognizable5251

– language, 435252

– series, 105253

Rees matrix semigroup, 2135254

regular5255

– language, 435256

regular semiring, 205257

relation, trivial –, 1845258

representation5259

– of an integer, 755260

associated automaton, 175261

canonical –, 755262

completely reducible –, 2055263

dimension of a linear –, 105264

irreducible –, 2055265

linear –, 105266

minimal linear –, 315267

regular – of a monoid, 445268

reverse –, 935269

tree –, 355270

representations5271

similar –, 33, 1595272

reversal, 395273

reverse representation, 935274

right complete, 355275

right ideal, 2135276

0-minimal –, 2135277

minimal –, 2135278

ring5279

Noetherian –, 145280

weak Fatou –, 1305281

row-monomial matrix, 2085282

sandwich matrix, 2135283
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saturating congruence, 435284

Schreier’s formula, 275285

semigroup, 35286

locally finite –, 1685287

Rees matrix –, 2135288

torsion –, 1565289

semiring, 35290

– morphism, 35291

Boolean –, 45292

prime –, 205293

regular –, 205294

simplifiable –, 215295

topological –, 65296

tropical–, 1645297

semisimple algebra, 2125298

separated, rationally –, 56, 2195299

sequence5300

Fibonacci –, 1175301

k-automatic –, 825302

k-regular –, 755303

Lucas –, 1175304

morphic –, 945305

paper-folding –, 835306

purely morphic –, 945307

Thue-Morse –, 83, 90, 945308

serial module, 415309

canonical –, 415310

series5311

– geometric, 1035312

– recognized, 105313

algebraic –, 845314

characteristic – of a language, 85315

constant term, 55316

cyclic –, 2105317

formal –, 45318

K-rational –, 75319

K-recognizable –, 105320

morphism of formal –, 215321

polynomially bounded –, 137, 1565322

proper –, 65323

rational –, 75324

recognizable –, 105325

shuffle product, 235326

similar5327

– linear representations, 335328

– representations, 1595329

simple5330

– elements, 1025331

– module, 2125332

– set of recognizable series, 1055333

simple algebra, 2125334

simplifiable semiring, 215335

sofic system, 2185336

Soittola denominator, 1405337

stable, 115338

– submodule, 785339

star5340

– of a matrix, 185341

– of a series, 65342

star height, 75343

– of a rational expression, 595344

absolute –, 705345

starsemiring, 255346

start state, 165347

state5348

– in an automaton, 165349

strict5350

– linear recurrence relation, 995351

– rational series, 995352

sub-invertible, 565353

subinvariant distance, 215354

submodule, 105355

stable –, 785356

subsemiring, 35357

suffix5358

– -closed set, 385359

– set, 395360

suffix code, 1895361

sum of digits function, 765362

summable family, 65363

support5364

– of a series, 45365

– of an exponential polynomial, 1025366

synchronizing, 1965367

syntactic5368

– algebra, 28, 40, 485369

– of a language, 485370

– congruence, 485371

– ideal, 285372

– monoid, 485373

– right ideal, 295374

tensor product5375

complete –, 415376

thin, 2035377

Thue-Morse sequence, 83, 90, 945378

topological semiring, 65379

topology, discrete, 55380

torsion5381

– element, 129, 1565382

– monoid, 1295383

– semigroup, 1565384

tree representation, 355385

trivial relation, 1845386

trivially a polynomial, 1815387

tropical semiring, 1645388

ultrametric distance, 55389
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unambiguous5390

– product, 1895391

– rational operations, 56, 118, 1895392

– star, 1895393

– union, 1895394

uniform5395

– Bernoulli morphism, 1925396

– morphism, 945397

weak5398

– Fatou ring, 1305399

– algorithm, 1715400

– left divisor, 1735401

weight5402

– of a path, 165403

– of an edge, 165404

weighted automaton, 155405

word, 45406

empty –, 45407

prefix, 115408

zero, 2125409

0-minimal5410

– ideal, 2125411

– right ideal, 2135412

0, 1-matrix, 2085413

zeta function, 2095414


