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Preface

Formal power series have long been used in all branches dfematics. They are
invaluable in algebra, analysis, combinatorics and inéécal computer science.

Historically, the work of M.-P. Schiitzenberger in the dggc theory of finite au-
tomata and the corresponding languages has led him to irteagbncommutative for-
mal power series. This appears in particular in his work v@ttomsky on formal
grammars. This last point of view is at the origin of this book

The first part of the book, composed of Chapters 1-4, is ealhedevoted to this
aspect: Formal power series may be viewed as formal languaitfe coefficients, and
finite automata (and more generally weighted automata) reagobnsidered as linear
representations of the free monoid. In this sense, via fopoaer series, algebraic
theory of automata becomes a part of representation theory.

The first two chapters, contain general results and discusarticular the equality
between rational and recognizable series (Theorem of Ele®ohitzenberger) and
the construction of the minimal linear representation. €Rposition illustrates the
synthesis of linear algebra and syntactic methods inttefiiten automata theory.

The next two chapters are concerned with the comparisonnoé sgpical proper-
ties of rational (regular) languages, when they are trageghto rational series. First,
Chapters 3 describes the relationship with the family ofif@glanguages studied in
theoretical computer science. Next, the chapter contsénation properties for ratio-
nal series, also known as pumping lemmas, which are much imaslred than those
for regular languages. Chapter 4 discusses rational esipres It contains two main
results: the so-called “triviality” of rational identiseover a commutative ring and the
characterization of the star height of a rational seriesird/o consequences: the star
height is unbounded and the star height over an algebnaidakted field is decidable.
The same problem for rational languages is known to be extsedifficult.

The second part of the book, composed of Chapters 5-8, igetbt@ arithmetic
properties of rational series.

Chapter 5 is concerned with automatic sequences and aigskeries. Two main
results are the characterization of algebraic series dfieitafield by Christol, Kamae,
Mendes France and Rauzy, and Furstenberg’s theorem agidgenal of a rational
function.

Chapter 6 gives the proof of a theorem of Polya charactegiztional series whose
set of coefficients have only finitely many distinct primeigors, and an elementary
proof of a theorem of Skolem, Mahler and Lech about vaniskénms in a rational
series.

Chapter 7 studies rational series over a principal ring aaUextensions. It
contains a section on polynomial identities and ratiopaliiteria, and a section on
Fatou rings.
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Vi Preface

Chapter 8 is concerned with rational series with nonnegatbefficients. It con-
tains a simplified proof of Soittola’s theorem (Theorem 8)3vhich is one of the most
striking results on these rational series in one variablso e presentation of the star
height (Theorem 8.4.1) is new.

The third part, composed of the remaining four chapterspigerned with appli-
cations and with the study of important subfamilies of nagibseries.

Chapter 9 contains some results appearing for the first tmsook form. The
first section is on the Burnside problem of matrix semigroufection 2 contains a
main result: Schiitzenberger’s theorem on polynomiallyruted rational series, one
of the most difficult results in the area. The chapter alsdaios Simon'’s result on the
Burnside problem for the matrix semigroups over the trdeaniring and limitedness
of languages.

The two next chapters are devoted to the study of polynorrialencommutative
variables, and to their application to coding theory. Baeaof noncommutativity, the
structure of polynomials is much more complex that it wowddrbthe case of commu-
tativity, and the results are rather delicate to prove. Wes@nt here basic properties
concerning factorizations. The main purpose of Chaptes 1@ prepare the ground for
Chapter 11. The latter contains the generalization of atrefil.-P. Schiitzenberger
concerning the factorization of a polynomial associatetth wifinite code.

Chapter 12 is a step towards representation theory. It gasdts on semisimple
syntactic algebras. Main results are the semi-simplidithe syntactic algebra of bifix
codes and its converse. The syntactic algebra of a cyclgulage is semi-simple and
its zeta function is rational. The chapter also containsng lappendix on the Rees-
Suschkewitsch theorem which describes the structure ofnihénal idea of a finite
monoid. We included a self-contained exposition for theeasdghe reader.

More than 170 exercises are provided, and also short bitslggcal notes are given
at the end of the chapters.

This book is issued from a previous book of the authors, ledtiRational Series
and their Languages”. The present text is an entirely réswritand enriched version of
this book. An important part of the material presented hppears for the first time in
book form.

The text served for advanced courses held several timestgutimors, at the Uni-
versity Pierre et Marie Curie, Paris and at the Universitgaérbriicken. Parts of the
book were also taught at several different levels at othergd, such as the University
of Québec at Montréal and the University of Marne-la-&all

Many thanks to Sylvain Lavallée, Aaron Lauve, Martin DagisnPierre Bouchard,
Franco Saliola, Dominique Perrin, and to Christian Matisfor their help.

Jean Berstel, Marne-la-Vallée
Christophe Reutenauer, Montréal

Note to the reader

Following usual notation, items such as sections, theoreorllaries, etc. are
numbered within a chapter. When cross-referenced the ehapmber is omitted if
the item is within the current chapter. Thus “Theorem 1.1’amsethe first theorem
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o2 in the first section of the current chapter, and “Theoreni® refers to the equivalent
o2 theorem in Chapter 2. Exercises are numbered accordinglyttensection number
s should help the reader to find the section relevant to thatesee
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Chapter 1

Rational series

This chapter contains the definitions of the basic concepisely rational and recog-
nizable series in several noncommuting variables.

We start with the definition of a semiring, followed by the atitn for the usual
objects in free monoids and formal series. The topology améb series is briefly
introduced.

Sectior[ # contains the definition of rational series, togettith some elementary
properties and the fact that certain morphisms preserveattmnality of series.

Recognizable series are introduced in Secflon 5. An algeblaracterization is
given. We also prove (Theorelib.l) that the Hadamard prqoheserves recogniz-
ability.

Weighted automata are presented in Secﬂion 6.

The fundamental theorem of Schitzenberger (equivaleetgden rational and
recognizable series, Theordm]7.1) is the concern of thesttion. This theorem
is the starting point for the developments given in the sqbsat chapters.

1 Semirings

Recall that assemigroupis a set equipped with an associative binary operation, and a

monoidis a semigroup having a neutral element for its law.

A semiringis, roughly speaking, a ring without subtraction. More fsely, it is a
setK equipped with two operations and- (sum and product) such that the following
properties hold:

() (K,+)is a commutative monoid with neutral element denote@.by
(i) (K,-)is a monoid with neutral element denotedlby
(i) The product is distributive with respect to the sum.
(iv) Forallain K, 0a = a0 = 0.

The last property is not a consequence of the others, as ea#ieefor rings.

A semiring iscommutativéf its product is commutative. Aubsemiringf K is a
subset ofK’ containingd and1, which is stable for the operations Af.

A semiring morphisnis a function

f: K — K’
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4 CHAPTER1. RATIONAL SERIES

of a semiringK into a semiringK”’ that maps th@ and1 of K onto the corresponding
elements of’ and that respects sum and product.

Let us give some examples of semirings. Among them are, afsepuings and
fields. In this text, dield is always commutativéNext, the seNN of natural numbers,
the set€), of nonnegative rational numbers aRd of nonnegative real numbers are
semirings. TheBoolean semirind® = {0, 1} is completely described by the relation
1+1 =1 (see Exercisﬂ.l). 11 is a monoid, the set of its subsets is naturally
equipped with the structure of a semiring: the sum of two etsh¥ andY of M is
simply X U'Y and their product is

{zy |z e X,yeY}.

Let K be a semiring and leP, Q be two finite sets. We denote @y’ > the set of
P x @-matrices with coefficients idl. The sum of such matrices is defined in the
usual way, and if? is a third finite set, a product

KPXQ % KQXR N KPXR
is defined in the usual manner. In particul&f@*? thus becomes a semiring. If

P={1,...,m}andQ = {1,...,n}, we will write K™*" for K>, moreover,
K11 will be identified with K.

2 Formal series

Let A be a finite, nonempty set calledbhabet Thefree monoidA* generated bwl is
the set of finite sequences

ai---Qap

of elements of4, including the empty sequence denotedlbyThis set is a monoid,
the product being the concatenation defined by

(alnnnan).(blnnnbp):alnnnanblnnnbp

and with neutral element An element of the alphabet is callededter, an element of
A* is aword, and1 is theempty word Thelengthof a word

W=aj---an

is n; it is denoted bylw|. The length|w|, relative to a letter is defined to be the
number of occurrences of the lettein w. We denote byd ™ the subsemigroug* \ 1.
A languageis a subset ofi*.

A formal serieqor formal power seriesy is a function

A* - K.

The image byS of a wordw is denoted by S, w) and is called theoefficientof w in
S. Thesupportof S is the language

supp(S) = {w € A™ | (S,w) # 0} .
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3. TorPOLOGY 5

The set of formal series an with coefficients inK is denoted by ((A4)). A semiring
structure is defined ok ((A)) as follows. IfS andT are two formal series, thegum
is given by

(S+T,w) = (S,w) + (T,w),

and theimproductby
(ST,w) = Y (S.2)(T,y).

TYy=w

Observe that this sum is finite.
Furthermore, two external operations&fon K ((4)), one acting on the left, the
other on the right, are defined, fbre K, by

(kS,w) = k(S,w), (Sk,w)=(S,w)k.

There is a natural injection of the free monoid iMd(A) as a multiplicative sub-
monoid; the image of a word is still denoted byw. Thus the neutral element of
K {(A)) for the product is the empty wortl Similarly, there is an injection ok into
K {(A)) as a subsemiring: to eaéhc K is associated - 1 = 1 - k, simply denoted by
k. Thus we identifyA* and K with their images ini ((A)).

Theconstant ternof a seriesS is the coefficient of the empty word, that(s, 1).
Note that the mapping — (S,1) from K{(A4)) onto K is a morphism of semirings,
see Exercisg 4.1.

A polynomialis a formal series with finite support. The set of polynomials
denoted byK (A). Itis a subsemiring ofC {(A)). Thedegreeof a nonnull polynomial
is the maximal length of the words in its support, and itiso if the polynomial is
null.

WhenA = {a} has just one element, one gets the usual sets of formal pewes s
K {(a))y = K[[a]] and of polynomiald<{(a) = K|a).

For the rest of this chapter, we fix an alphabkt

3 Topology

We have seen thdt ((A)) is the set of functionsgl* — K. In other words,
K(A) = K.

Thus, if K is equipped with theliscrete topologythe setk ((A)) can be equipped with
the product topology.
This topology can be defined by aitrametric distancelndeed, let

w: K{A) x K{A) - NUoo
be the function defined by

w(S,T) =1inf{n € N| Jw € A*, |w| =nand (S,w) # (T,w)} .
For any fixed real number with 0 < o < 1, the function

d: K(A) x K(4) — R

d(S,T) = o*5T)
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6 CHAPTER1. RATIONAL SERIES

is an ultrametric distance, thatdss a distance which satisfies the enforced triangular
inequality

(S, T) < max(d(S,U), d(U,T)) .

The functiond defines the topology given above (Exer 3.1). Furtheendo(( A))
is completefor this topology, and it is #opological semiringthat is sum and product
are continuous functions).

Let (S;)icr be a family of series. It is calledummabléf there exists a formal
seriesS such that for alk > 0, there exists a finite subsg&tof I such that every finite
subset/ of I containingl’ satisfies the inequality

a(>°55.8) <.

jeJ

The seriesS is then called thsumof the family (S;) and it is unique.

A family (.S; )i is calledlocally finiteif for every wordw there exists only a finite
number of indices € I such tha{(S;, w) # 0. Itis easily seen that every locally finite
family is summable. The sum of such a family can also be deimagly forw € A*

by
(S7 U)) = Z(Slaw) 3

icl

observing that the support of this sum is finite because thdy&S;) is locally finite
(all terms but a finite number in this sum are 0). However,iitdstrue that a summable
family is always locally finite (see Exercige]3.2), but welshaed mainly the second
concept.

Let S be a formal series. Then the family of ser{€S, w)w),c 4+ clearly is locally
finite, since each of these series has a support formed of sttane single word, and
these supports are pairwise disjoint. Thus the family isrsatvle, and its sum is'.
This justifies the usual notation

S = Z (S, ww.

weA*

It follows in particular thati{ (A) is densen K ((A)), which thus is the completion of
K (A) for the distancel.

4 Rational series

A formal seriesS € K ((A)) is properif its constant term vanishes. In this case, the
family (S™),,>¢ is locally finite. Indeed, for any word, the conditiom > |w| implies
(8™, w) = 0. Thus the family is summable. The sum of this family is deddig S*:

S =3 "s",
n>0
and is called thetar of S. Similarly, S* denotes the series

S+:ZS".

n>1
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4. RATIONAL SERIES 7

The fact that/{ (A)) is a topological semiring and the usual properties of sunienab
families imply that

S*=1+5" and St =99*=9*S.

From these identities, it follows that i is a ring, thenS* is the inverse ofi — S
sinceS*(1 — §) = §* — §*S = S§* — ST = 1. This also implies the following
classical result: a series is invertible if and only if itsxstant term is invertible ik
(still assumingK to be aring); see Exerci.5.

Let us return to the general case of a semiring.

Lemma 4.1 LetT andU be formal series, witl’ proper. Then the unique solution
S of the equationS = U + TS (S = U + ST) is the seriesS = T*U (the series
S = UT™, respectively).

Proof. One hasl™ = 1+ TT*, whencel*U = U + TT*U. Conversely, sincé’ is
proper

lim7" =0 and lim Z T =T*.

0<i<n
FromS = U + TS, it follows that
S=U+TU+TS)=U+TU+T?S
and inductively
S=Q+T+--+T"U +T"S.

Thus, going to the limit, and using the fact tH&{(A)) is a topological semiring, one
getsS =T*U. O

Definition Therational operationsn K ((A)) are the sum, the product, the two external
products ofK on K ((A)) and the star operation. A subsetfof( A)) is rationally closed

if it is closed for the rational operations. The smallests&ilzontaining a subsét of

K {(A) and which is rationally closed is called thetional closureof E.

Definition A formal series igational if it is in the rational closure ofC (A).

When we want to emphasize the underlying semiring, we sdytbaeries is rational
over K or is K-rational.

Observe that i is a ring, then the rational closure &f( A) is the smallest subring
of K{(A)) containingK (A) and closed under inversion. In other words, regarding
rational closure, the star operation and inversion playvadgnt roles.

Thestar heightof a rational serie$ € K((A)) is defined as follows. We define a
sequence

RycRyC---CR,C:---

of sets of series, such that the union of fRgis the set of all rational series. The set
Ry is the set of polynomials, and f&, T € R;, bothS + T and ST are in R;; if

S € R; is proper, thert* € R;1. The star height of a serigsis the least integer
with S € R,,.
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Definition If L is a language, itsharacteristic seriess the formal series

L:Zw.

weL

In other words(L,w) = 1forw € L, and(L,w) = 0if w ¢ L.

Example 4.1 The seriesA is proper and

A=) A

n>0

SinceA" is the sum of all words of length, it follows that
A" = Z w
weA*

is the characteristic series df. Therefore this series is rational. Consider now a letter
a. The seriesA*aA*, as a product ofl*, a, and A", is also rational. By the definition
of product,

(A%aA" w) = Y (A% 2)(a,y)(4%, 2).

TYz=w
Since(a, y) = 0 unlessy = a (and then(a, y) = 1), and sinc€A™, z) = (A", 2) =1,

one hagA*aA*,w) = Y .._. 1, which is the number of factorizations = zaz,
that is the numbejw|,, of occurrences of the letterin w. Thus

ATaA* = Z |w|qw

w

is a rational series.
Let B be an alphabet, and lgtbe a function
p:A— K(B).
Thenp extends to a morphism of monoids
p: A" — K(B).

If K is commutative, thep can be extended in a unique manner into a morphism of
semirings

p: K(A) — K(B)

with p|x = id. Indeed, it suffices, for any polynomi#l = > _,.(P,w)w € K(A),
to set

p(P)= 3 (Pw)p(w)

weEA*
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which is a finite sum sinc is a polynomial. Them is K-linear. Moreover, in view
of the commutativity off’

p(P)p(Q) = > (Pa)p(z) Y (Qy)p(y)

TEA* yEA*
= > (Pao)p@) @) = D (Pa)(Qy)p)py)
T, yEA* T, yeEA*
= Y (P2)(Q,y)p(xy)
z,ycA*
=o( X (Pa)@Qyry) = p(PQ).
T, ycA*

Assume now that for each lettere A, the seriegp(a) is proper. Therp : K(A) —
K ({(B)) is uniformly continuous. Indeed, Ié? and@ be two polynomials with

w(P,Q)=mn.
Then, for any word: in B* of length< n,
(p(P),z) = > (Pw)(p(w),x) = D (Pw)(p(w), )
weA* lw|<n
since(p(w), z) = 0 whenevetw| > n by the hypothesis op. Thus
(p(P),x) = Y (@ w)(p(w), ) = (p(Q), z)
lw|<n

showing that

w(p(P),p(Q)) > n.

Since K ((A)) is the completion of< (A) (see Sectiof|3), the functignextends uni-
guely to a morphism of semirings

K{A) — K(B)
which induces the identity mapping dti and which is continuous.

Proposition 4.2 Supposes is commutative. Let : A — K ((B)) be a function such
that, for alla € A, the seriep(a) is a proper rational series. Themextends uniquely
to a morphism of semiring& ((A)) — K ({(B) which induces the identity oK and
which is continuous. Moreover, the image of any rationaleseis again rational.

Proof. It remains to show the last claim. First, # is a polynomial, thern(P) =

> (P,w)p(w) is a rational series singga) is a rational series for each lettein A
and sincep is multiplicative. Next, ifp(S) andp(T) are rational series, then so are
p(S + T) andp(ST). Finally, if S is a proper series ang(.S) is rational, therp(S) is
proper and

p(S*) =p(D_S") =D p(S") = p(S)*
n>0 n>0

by the continuity ofp, showing thatp(S*) is rational. This proves that preserves
rationality. O
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10 CHAPTER1. RATIONAL SERIES

5 Recognizable series

Definition A formal seriesS € K ((A)) is calledrecognizabléf there exists an integer
n > 1 and a morphism of monoids

M:A* _)Kan

(K™ ™ with its multiplicative structure) and two matricase K'*™ andy € K"*!
such that, for all words,

(S,w) = Apwry .

In this case, the triplé\, u,~) is called alinear representatiorof S, andn is its
dimension For sake of coherence, we admit the representation of dilme®, which
corresponds to the null serigés= 0.

As before, when we want to emphasize the underlying semiviegsay that the series
is recognizablever K or is K-recognizable

We also use the worgbpresentatioror linear representatiorfor a morphism of a
monoid into a multiplicative monoid of square matricesulfs a representation, we
say that a serie§ is recognizedby  if S admits a linear representation of the form
(A pt,7)-

We shall need the notion of module over a semiringlefs K-moduleis a com-
mutative monoidV with law denoted by and neutral elemertt, equipped with an
external lawK x M — M denoted by(k, z) — kaz such that, for alk, ¢ in K and
x,y in M the following relations hold:

k(z +y) =k +ky,
(k+0)x =kax+ lx,
(kO)x = k(lx),

lr==xa,
0z =0,
k0=0.

A submodulef M is a subset of\/ containingd and closed for the operations &f .
A left K-module isfinitely generatedf there exists finitely many elements, . . .,
x, € M such that any element it/ can be written as a linear combination

The semiringk ((A)) of formal power series is a left -module, where the external
law K x K ((A)) — K ((A)) is the law considered in Sectifh 2:

(k,S)— kS.

We now define an operation gf* on K ({A)). To each wordz, and to each formal
seriesS, we associate the series denotedrby S and defined by

v 1S = Z (S, zw)w .

wEA*
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In other terms, for all words andw, the coefficient ofv in the seriex:~1 S is (S, 2w),
that is,

(z71S,w) = (S, zw).

In particular,(z=1S,1) = (S,z). A combinatorial view of this operation is given in
the case wher§ = y is a single word. Ther~!y vanishes, unlesghasx as aprefix
that isy = zy’. In this casez 'y = y/.

Observe that this defines completely the operation

S —als

since the operation is additive, that is
NS+ T)=a"1S+a27'T,

since it commutes with the external operatioobn K ((A)), that is
x7 (kS) = k(z71S), 271 (Sk) = (7' S)k

forall k£ in K, and since, finally, this operation is continuous.

Example 5.1
(ab)~(a® + aba® + abab + ab® +b) = a* +ab+b.

Observe that ifP is a polynomial, them:~! P is still a polynomial, with degree less
than or equal to the degree Bf
Furthermore, this operation of* on K ((A)) is associative in the following sense:

(zy) 'S =y H(a™'9)

as is easily verified. Another property is the following fara which holds for any
seriessS:

S=(S1)+ > a(a™'S). (5.1)
acA

This formula is indeed easily proved wh#ris a word, and then extended by linearity
and continuity.

A subsetM of K((A)) is calledstableif, for all S in M andx in A*, the series
x~1Sisin M.

Proposition 5.1 A formal seriesS € K ((A)) is recognizable if and only if there exists

a stable finitely generated leff -submodule ofs ((A)) which containsS.

Proof. Assume that is recognizable, and 1€\, 11, y) be a linear representation Sf
of dimensiom. Consider the formal series , . . ., .S,, defined by

(Si7 w) = (:uw')/)i

for all wordsw. Let M be the leftK-module generated by the serigs ThusM is
finitely generated. It containS, since

(S, w) = Mpwy = Z Ai(pwy); = Z Ai(Si,w)
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showing thatS = . \;S;. Next, M is stable. Indeed, let be a word. Then

(x71S5,w) = (i, aw) = (p(zw)y); = (pzpwy);
=Y ()i (pwy); = (ur)i g (S;,w).

J J

Thusz™'S; = > (ux)i ;S; € M. HenceM is stable, since the mappifg— =~ 'T
is K-linear and sends the generators info

Conversely, letM be a stable left submodule &f (A)) generated by, ..., S,
and containings. Then

S = Z)\iSi

for some)\; in K. Moreover, for any lettet, there exists a matrixa € K™*" such
that, for alls,

We extend the mapping: A — K™*" to a morphism of monoidd* — K™*" still
denoted by.. Then, for any wordo,

w_lSi = Z(uw)i7j5j .
J
Indeed, this relation holds fas = 1, and if it holds for some word, then by induction

(wa) ™S = a H(w'S,) = a ! (Z(uw)i,ksk)

k

Z Hw) i, k( Sk) = Z(Hw)zk Z(Ha)k,jsj

k J

:Z(Z (pw)i g (pa)g, )Sj:Z(uwa) 355

J

and consequently the relation holds for all words.
Sety; = (S;,1) and lety € K™*! be the matrix defined in this way. Then

(Siw) = (w'85,1) = (D) 85.1)
= Z(Mw)i,j(sja 1) = Z(Mw)i,ﬂj = (pwy); -
Consequently,

Apwy = Z)\ (nwy); Z)\ (Si,w) = (S,w),

showing thatS' is recognizable. d
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Example 5.2 We use Propositio@.l to give an example of a recognizahbiesse

Let A = {0, 1} be the alphabet composed of the two “bitsind1 and letK = N.
For each wordv over A4, let v5(w) be the integer represented hyin base2. More
precisely, ifw = ¢;_1 -- - cg With k > 0 andc; € A, then

vo(w) = 2P lep 14+ 2+ .

The integer represented by the empty word.i8Ve show that the series

S = Z va(w) w

weEA*

is recognizable. Thef starts with

S=1401+2-10+3-124+0%1+2-010+3-012
+4-10° +5-101+6-120+7-13 + ...

Given a wordw, one has the relatior(ss, 0w) = (S, w) and(S, 1w) = 2I*! 4 (S, w).
In other words()—1S = S and1~1S = T + S, whereT is the series

T = ZQ‘“"w.

Next,0~17 = 1717 = 2T'. This shows that th&l-submodule)/ of N{{A)) generated
by S andT is stable under the operatiobs — a~'U (a € A). Propositior| 5]1
shows thatS is recognizable.

Corollary 5.2 Any left or right linear combination of recognizable seriesa recog-
nizable series.

Proof. If M is a stable finitely generated leff-submodule ofi {(A)) containing a
seriesS, then it containgS for anyk in K, hencekS is recognizable. Moreover, the
setMk = {Tk | T € M} is a stable finitely generated |efif-submodule off{ ((A))
containingSk; therefore the latter series is recognizable.

Now, let M7, M, be two stable finitely generated leff-submodules of{ ((A))
containingSy, So respectively. Then the sum @f/; and M, which isM; + M, =
{Ih +T> | T; € M,}, is a stable finitely generated lef-submodule ofK ((A))
containingS; + Ss; the latter is therefore recognizable.

Thus the corollary follows from Propositign . 1. O

A direct construction also yields a proof of the corollargdéed, if(\, i, ) is a
linear representation df, thenksS (resp. Sk) has the linear representatiob, ., v)
(resp.(A, u, vk)). Moreover, ifS; has the linear representatioky, p;, ;) fori = 1, 2,
thenS; + S, has the linear representatioh, x, ) with

0
et = (52). 5 (2)

This is easily verified and left to the reader.

Observe that ifM is a stable leftk-submodule ofK’ ({ A)) containing a series,
then it contains the series 1S, foru € A*, and all leftK -linear combinations of such
series. It follows that the smallest stable I&ftsubmodule containing is the set of
all these linear combinations. Denote it By
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The left K-submoduleV is not always finitely generated, see Exer 5.5. How-
ever, if N is a finitely generated lefi(-submodule, then it is finitely generated over
K by a finite number of series of the fornT!S: indeed, N is then generated by

finitely many seriesSy, ..., Sk, and eachs; is a linear combination of finitely may
seriesu; | S, j =1,...,n;; thusN is generated by the serieg S, i =1,...,k,j =
1, ey Ny

Corollary below describes cases wharés finitely generated.

Recall that a commutative ring is called Noetherianif each submodule of a
finitely generated (left or right)(-module is also a finitely generated module. We use
the following classical result.

Theorem 5.3 (see [Larld 1984), Cor. IV.2.4 and Prop X.1EJch finitely generated
commutative ring is Noetherian.

Corollary 5.4 Assume thak is a finite semiring or a commutative ring. Then a series
S in K{(A)) is recognizable if and only if the smallest stable l&ftsubmodule of

K ((A) containing$ is finitely generated. In this case, this submodule is thefeft
K-linear combinations of the series ' 9, for u € A*, and in fact of a finite number
of them.

Proof. The “if” part follows directly from Propositio@.l. Conxagely, suppose that

is recognizable. Then, by Propositi5.1, there is a staihtefinitely generated left
K-submodule off{ ((A)) containingS. If K is finite, then finitely generated modules
and finite modules coincide, hence each submodule of a firgeherated module is
finitely generated, and the corollary follows.

Suppose now thak is a commutative ring. Lef\, 1, v) be some linear repre-
sentation ofS and let Ky be the subring generated by the coefficients appearing in
the matrices\, u(a) for a € A and~. Thenk; is a finitely generated ring and it is
therefore Noetherian, and by Theor@ 5.3 each submodulérofely generatedy; -
module is again finitely generated. Singas recognizable ovek, it follows from
Propositiol and the fact that, is Noetherian that th&’; -submodule spanned by
the seriesu=1S is finitely generated. Thus, by the remark preceding thisltany,
each series, 1S is a K;-linear combination of finitely many such series. Hence the
K-submodule generated by the serigs'S is finitely generated, which proves the
corollary. O

Definition The Hadamard producbf two formal seriesS and7' is the seriesS © T'
defined by

(SoT,w)=(S,w)(T,w).

Theorem 5.5 (Bchiltzenberggr 1962b¢t K, and K, be two subsemirings df such
that each element df; commutes with each elementfof. If S, is a K;-recognizable
series ands; is a K»-recognizable series, the$y © Ss is K-recognizable.

Proof. We apply Propositiofi §.1. Let/; (M>) be a left submodule of; ((A)) (of
K> ((A))) which containsS; (S2), is stable, and is generated by the sefigs. .., T €
K1 {(A)) (the seriedy, ..., Ti" € Ky{(A)) respectively).

Let M be the leftK-submodule ofK ( A)) generated bV, © My = {T} © T |
Ty € M, T, € Ms}. Clearly,S; ® Sy is in M. Moreover,M is finitely generated.
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Indeed, ifTy = Y\, k/T{ € My with k; € Ky andTy = Yy, ;T3 € My
with ¢; € K5, then for any wordw, o

(Th © Ty, w) = (T1,w)(T2,w) = Z ki(Tlia w)l; (TQja w)
23
= kil (Tf, w)(TS, w)
]

since(T},w) and¢; commute. Thus
ToTy=Y kT 0T,
i.J
showing thatV/ is generated, as a leff-module, by the serieg; T2j.
Finally, M is stable, since for any word, and for serie§’ € My, T, € Mo,
TN T OTy) = (') @ (z71Ty) € M.

O

Example 5.3 Forn € N, we denote by: the element + - - - + 1 (n times) of K. Let
a be a letter. Then the serigs, |w|,w is recognizable (it is also rational, as seen in
Example[4]1). Indeed the series admits the linear repraent\, 1, v) defined by

11 10 0 .
A= (1,0), pa = <0 1>,ub (0 1),forbe A\ a, andy = <1> Itis indeed

easily seen that for any word,

_ L |wla
FO=10 1 )~

As an application, leP(t4, ..., t,) be acommutativepolynomial with coefficients in
K. Then the formal series (over the alphadet {a1,...,a,})

S= Y P(wlay, .. [wla,)w.
wEA*

is recognizable. This follows from Theordm|5.5, Corollarg &nd from the recogniz-
ability of > |w|qw.

6 Weighted automata

We present now the notion efeighted finite automatowhich is a graphical way to
represent a linear representation. Its advantage is thhows the relation with usual
finite automata, and helps understanding some constrigction

Let K be a semiring, and led be an alphabet.

Definition A weighted(finite) automaton4 = (Q, I, E, T') with weights inK, or a
K-automaton oved is composed of a (finite) s€} of states and of three mappings

1:Q— K, E:QxAxQ—-K, T:Q—K.
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Atriple (p, a, q) such thatE(p, a, q) # 0 is anedge p andg are itsstartandend states
the lettera is itslabeland E(p, a, ¢) is itsweight A pathis a sequence

c¢=(qo,a1,q1)(q1,a2,62) - (qn-1, Gn, qn)

of edges. Thaveightof the pathc is the product

E(c) = E(qo,a1,q1)E(q1,a2,q2) - E(¢n-1, n, qn)

of the weights of its edges. Ilfabel is the wordw = aias---a,. The seriesS
recognized byA is defined by

(S;sw)= > Ia0)E(g0,01,01) - E(Gn-1,0n,82)T(an) .  (6.1)

q0,---,qn €Q

It is useful to call a state initial (final) if 7(¢) # 0 (T'(¢) # 0). The coefficient S, w)
is the sum of the weights of all pathdabeledw from an initial statep to a final state
q, each weight being multiplied on the left by the coefficiehthe initial state and on
the right by the coefficient of the final state.

If K =B, aweighted automaton is just a usual nondeterministicaaton. In this
case,/, F andT may be represented by subsetgpi) x A x @ and( respectively,
which is the usual way of representing an automaton. Note thist the automaton
is deterministicif for any p in @ anda € A, there is at most oneg in @ such that
E(p,a,q) # 0, and if moreover there is exactly one initial state.

A weighted automaton is represented by a graph. Each stateegex, and each
edge carries an expressién, wherek is its weight and: is its label. Whenever the
weight is 1, its value is understood. Each initial (final) statés distinguished by
an incoming (outgoing) edge which carries the weiffif) (7'(¢)). Again, when the
weight is1, it is omitted.

Example 6.1 Consider the serieS overZ on A = {a, b} defined by

A fw=a",n>1
(S,w) =14 -3-2" ifw=a"bn>0
0 otherwise.

In other words

SzZQ”a"—SZQ"a"b.

n>1 n>0

The support ofS is the seta™ U a*b. The series is recognized by the followidg
automaton

2a 3b

-1

Indeed, fora™ with n > 0 there is a unique path with label: it goes from state
to statel and its weight i22™. Similarly, for a™b with n > 0 there is a unique path,
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from 1 to 2 with weight2”- 3, so the coefficient ofi™b in the series recognized by the
automaton is-2"- 3. There are two paths labeled with the empty word, the firsitgh
statel, and the second through st&e The first path contributek to the coefficient
of the empty word, and the second path contributésso the coefficient of the empty
word in the series recognized by the automatdh is

Proposition 6.1 A series is recognized by a finite weighted automaton if amyglibit
is recognizable.

Proof. AssumeS is recognized by the automateh= (Q, I, E,T). One may suppose
Q = {1,...,n}. ThenS is recognized by the linear representationu,y), where
A€ KPXn oo A — K™ v € K™*1 are defined by, = I(p), (na)pq =
E(p,a,q), 74 =T(q) for1 <p,q < n. Indeed, forw = a; - - - am,

(1(w))p,q = Z E(p,a1,p1)E(p1,a2,p2) - E(Pm—1,am, q)

P1s--sPm—1

is the sum of the weights of the paths frgnto ¢ labeledw. Therefore(S, w), which
is given by Equation[(6]1), is equal }guuwy.

Conversely, let(\, i1,y) be a linear representation recogniziig and define a
weighted automatol = (Q, I, E,T') by settingI (p) = A\, E(p,a,q) = (1(a))p,q
T'(q) = 4. ThenArecognizess. O

The proof shows that there is a complete equivalence betweemotion of a
weighted automaton and that of a linear representatiory. dhe calledassociatedo
each other.

Example 6.2 The automaton of the previous example corresponds to tharliepre-
sentation

A=) o= (50) wo=(g0) =)

Observe that in particular

way= (5 0) wan=(g 7).

7 The fundamental theorem

Theorem 7.1 (Bchiitzenberggr 19414)formal series is recognizable if and only if it
is rational.

We start with several lemmas which will be needed for the proo
Lemma 7.2 LetS andT be formal series, and let be a letter. Then
a1 (ST) = (a™*9)T + (S, 1)(a™'T).
If S is proper, then
a1 (8*) = (a'S)S*.



426

427

428

429

430

431

432

18 CHAPTER1. RATIONAL SERIES

Proof. For any wordw,

(a1 (ST),w) = (ST, aw) = Z (S, u)(T,v)

Uv=aw

= (S, 1)(T, aw) + Z (S, au)(T,v)

uv=w

= (S, 1)(T, aw) + Z (a™S,u)(T,v)

uv=w

= (S, D)(a'T,w) + ((a™*9)T,w).

This proves the first relation.
For the second relation, observe that= 1+55*, whence, using the first relation,
a"(5*) = (a=19)S*, since(S, 1) = 0. O

Letm be ann x n-matrix with coefficients ini ((A)):
m e K{A)" ™.

The matrix isproper if, for all indicesi andj, the seriesn; ; is proper. In this case,
thestar of m can be defined as

m*:E mF .

k>0

The existence ofn* can be verified by considering the product topology induced b
K ({(A) on K {{A)™=" (the details are left to the reader). Itis easily seen that

m* =14+mm*, (7.2)
wherel is the identity matrix.

Lemma 7.3 If m is a proper matrix with elements ifA {{A)), then all coefficients of
m* are in the rational closure of the coefficientsmaf

Proof. Letm be ann x n-matrix. If n = 1, the result is clear. Arguing by induction
onn, assume: > 1 and consider a decomposition into blocks

n- (0

wherea andd are square matrices, and set

«_(aB
" (7 g )
where the blocks have the same dimensions as the corresgdsidcks inm.

By Eq. (7.1), we get

a=1+aa+by B8 =al+ bd
v =ca+dy 0=14cB6+dj.

Observe that Lemmia 4.1 extend to matrix equations; thus we ha

B=a"bd, v=dca,
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whence

a=14+aa+bd*ca =1+ (a+ bd*c)x
d=14ca™dd+dd =1+ (ca™b+d)J.

Again, Lemmd 4]1 gives

a = (a+bd*c)*
0= (ca®b+d)*.

Finally

8 =a"b(ca*b+ d)*
v=d"c(a+bd*c)".

By the induction hypothesis, all coefficients®f, d* are in the rational closure of the
coefficients ofm. The same holds for the coefficientsoft+ bd*c andca*b + d, and
using again the induction hypothesis, the coefficients,@f, and also those of and
~, are in this rational closure. O

Proof of Theoren[i. In order to show that any rational series is recogn&afké use
Proposition 5.1. IfP is a polynomial, them~! P = 0 for any wordw of length greater
thandeg(P). Consequently, the sétw='P | w € A*} is finite. Since it is stable, it
generates a stable submodule which, moreover, is finitelgrgeed and also contains
P (becausa—!'P = P). ThusP is recognizable.

If S andT are recognizable, then there exist stable finitely gengratemodules
M andN of K ({A)) with S € M andT € N. ThenM + N containsS + 7', is finitely
generated and is stable, showing that 7' is recognizable.

Next, let P be the submodul® = MT + N. Clearly, P containsST', and accord-
ing to LemmP is stable. It is finitely generated becauseand N are finitely
generated. Henc&T' is recognizable.

Assume now thab' is proper. LetQ be the submodul® = K + M S*. Then@
containsS* = 1 4 SS*, andQ is stable since, by Lemnja .2,

a (8'8%) = (a™19")S* + (5, 1)(a"15)S"

isin@ forall S"in M. Finally, @ is finitely generated. Hencg* is recognizable.
Conversely, lef be a recognizable series and(#&1 ., v) be alinear representation
of S of dimensiom. Consider the proper matrix

m =" paa € K™"(A).
acA
We use below the natural isomorphism betw@&&h<" (A)) and K {(A)"™*". Then
k
m* = ka = Z(Zuaa) = Z Z pww = Z Hww .
k>0 k>0 a€A k>0 we A¥ wEA*

Thus



449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

20

CHAPTER1. RATIONAL SERIES

is rational in view of Lemm§ 7] 3. Since

S=> xmi
i

the seriesS is rational. O

Exercises for Chapter 1

1.1

1.2

1.3

1.4

LetK = {0, 1} be a semiring composed of two elements. Show that, according

to the value ofl + 1, K is either the field with two elements or the Boolean
semiring.

Let K be a semiring. Acongruencen K is an equivalence relatica which is
compatible with the laws ok, that is for alla, b, ¢, d € K,

a=bc=d = a+c=b+d, ac=0bd.

a) Show thaf /= has a natural structure of a semiring. Such a semiring isaall
aquotientof K.

b) Show that if K is a ring then there is a bijection between congruences and

two-sided ideals i .
¢) Show that any quotient semiring Bfwhich is not isomorphic tiN is finite.

Theprime subsemiring of a semiring is the semiring. generated by. Show
that every element i, commutes with every element i and thatL either is
isomorphic toN or is finite.

LetK be a commutative semiring.
a) Define two operations ol x K by

(,0) + (a',0) = (a+ b+ 1),
(a,b)(a’,b") = (aa’ + bV, ab’ + ba').

Show that these operations makex K a commutative semiring with ze(0, 0)
and unity(1,0). Show that

i:aw (a,0)
is an injection ofK into K x K. Show that the relatioe: defined by
(a,b) = (d',V) < Fc:a+b +c=d +b+c

is a congruence oK x K. Show thatL = K x K/=is aring.
b) Denote by the canonical surjection

p: KxK—L.
Show that o i : K — L is injective if and only if for alla, b, c € K
at+b=a+c = b=c.

A semiring having this property is calledgular. Show that’ can be embedded
into a ring if and only if it is regular.
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2.1
3.1
3.2

3.3

3.4

¢) Assume thaf( is regular. Show that the ring is without zero divisors if and
only if for all a,b, ¢, d € K, the following condition holds:

ac+bd=ad+bc — a=borc=d.

Show thatK can be embedded into a field if and only#f is regular and this
condition is satisfied.
d) K is simplifiableif for all a,b,c € K

ab=ac — b=cora=0.

Show that if K can be embedded into a field, then it is regular and simpléiabl
e) Leta, b, ¢, d be commutative indeterminates andliéte the ideal 0%[a, b, ¢, d]
generated bya — b)(¢ — d). Show that the imag& of Nja, b, ¢, d] in the quo-
tient Z[a, b, ¢, d]/1 is a regular and simplifiable semiring, but tHdtcannot be
embedded into any field.

Verify that the mapping — (S, 1) is a semiring morphisnk (A) — K.
Give complete proofs for the claims in Sect. 3.

LetB be the Boolean semiring and for all € N, let S,, = 1. Show that the
family (S, )nen is summable, but not locally finite.

LetK, L be two semirings, and let, B be two alphabets. A function
[ K(A) — L(B)

is amorphism of formal seriei§ f is a morphism of semirings and moreover is
uniformly continuous.
a) Show that the mapping

L{B) — L
S (S,1)

is a continuous morphism of semirings. Show that if
[ K(A) — L(B)

is a morphism of semirings which is continuou$)athen
(i) forall k € K anda € A, the elementg (k) and f (a) commute,
(i) the multiplicative subsemigroup df generated by

{(f(a),1) | a € A}

is nilpotent.
b) Letf : AU K — L{B)) be a function satisfying conditions (i) and (ii) of a).
Show thatf extends in a unique manner to a morphism of formal series

K{A)) — L{(B) .

Let M be a commutative monoid, with law denoted additively, hg\am ultra-
metric distancel which is subinvariantwith respect to translation (that is such
thatd(a + ¢,b + ¢) < d(a,b) for a,b,c € M). Show that every series that
converges in/ converges commutatively.
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CHAPTER1. RATIONAL SERIES

Assume thak is a field. Recall that for anj -vector spacd?, for any subspace
F and any vectow in E \ F, there exists a linear functiol on E such that
h(E) = 0 andh(v) # 0. We use here the identification &f((A)) and of the dual
of K (A) (see beginning of Chaf] 2).

a) For each subspaééof K(A) (subspacé&V of K((A)), define itsorthogonal
in K{(A)) (in K(A)) to be given by

VvVt ={SeK(A)|VPeV,(SP)=0}
(Wt ={Pc K(A) | VS € W, (S, P) = 0}, respectively.

Show that ifV is a subspace dk (A), thenV++ =V,

b) Show that if a linear functioh on K{(A)) is continuous (for the discrete
topology onK and the product topology o ") thenKer(h) contains all but a
finite number of elements of*. Show that the topological dual spaceff( A))
can be identified withi (A).

¢) Show that for anylosedsubspacé?” of K ((A)), and for any formal series
S not in W, there exists aontinuouslinear functionh on K ({{A) such that
h(S) # 0 andh(W) = 0. Show from this that for any subspaBé of K((4)),
WL is the adherence 6.

LetS € K{A)), letc be its constant term and I& be a proper series with
S=c+T.

a) Show that ify " S™ converges ik ((A)), then)_ ¢" also converges i for
the discrete topology.

b) Show that ify ¢™ converges irk, then) . .S™ converges irk ((A)), and then

> = (2 )7) (Xe):

n>0 n>0

¢) Show that ifS is rational and ify _ S™ converges, theh S™ is rational.

d) Show that iff : K{A)) — L{B)) is a morphism of formal series (see Exer-
cise[3.B) such thaf(S) is rational for allS € K U A, thenf preserves rationality.
Let(S,) be a sequence of proper series. Show théitifS,, = S, thenS is
proper andim S;; = S*.

Recall that an element of a ring K is calledquasi-regular(in the sense of
Jacobson) if there exists sorhe K such that + b + ab = 0. Recall also that
the radicalr of K is the greatest two-sided ideal &f having only quasi-regular
elements (it exists by (Herstgin 1968) Th. 1.2.3).

a) Show thatS € K ({(A)) is quasi-regular ik ((A)) if and only if its constant
term is quasi-regular i .

b) Show that the radical at ((A)) is

{S e K{A) | (S,1) € R}.

Letk > 2 be an integer and let = {0,...,k — 1}. For any wordw over
A, we denote by (w) the integer represented hy in basek. For example
v (0111) = k% + k + 1. We writec for c when we need to distinguish the symbol
¢ from the number. Let S andT be the series defined by

S = Zyk(w)w, T = Zk‘w‘w.



514

516

517

518

519

520

522

523

524

526

527

528

Exercises for Chapter 1 23

4.5

51

5.2

53

Show thatl’ = 1 + kAT and thatS = PT + AS. Deduce that
S=A"P(kA)",

whereP =1+422+---(k— 1)k — 1.

Assume thalk is a ring. Show that a series is invertibleAY(A)) if and only if
its constant term is invertible iK". Show that if K is a field, the set of proper
series is the unique maximal ideal Bf(( A)).

a) Suppose thdt is a field with absolute valug. Show that ifS € K{(A)) is
recognizable, then there is a consté@nt R such that for alw € A*

(S, w)| < CHHIeL,

b) Suppose thak’ is a commutative integral domain with quotient figld Show
that if S € F((A)) is recognizable and has a linear representation., ),
then for someC' € K \ 0 the seriesy_, C?1*I(S,w)w is in K((A)), is K-
recognizable and has the linear representaf©n, Cu, Cy) over K (“Eisen-
stein’s criterion”).

Verify that a series il {(A)) is Hadamard-invertible if and only if no coefficient
in this series i$) (we assume thak is a field).

Show that the inverse of a rational series is in general niatral, by considering
the serie ", -, 1/(n + 1)a™ in Q((a)) (use Eisenstein’s criterion).

Letw = ay---a, be aword §; € A). For any subsef = {i; < -+ < iy}
of {1,...,n}, definew|I to be the worda;, - --a;,. Given two wordsz and
y of lengthn andp respectively, define theshuffleproductz LLI y to be the
polynomial

xLUy:Zw(I,J),

where the sum is over all couplés, J) with {1,2,....n+p} =TUJ, |I| =
n, |J| = p, and wherew(I, J) is defined byw(I, J)|I = z, w(I,J)|J = y.
Moreover,l LLI y =y LI 1 = y. For example,

ab LU ac = abac + 2abe + 2a%cb + acab .

Let K be a commutative semiring. Extend the shuffle produckt@A)) by
linearity and continuity, that is

ST = Z (S,2)(T,y)x LW y.
T, ycA*

Show that the shuffle product is commutative and associatieow that the
operator

S—a'S (ac A
is a derivation for the shuffle, that is
aN(SLUT) = (a'S) LT+ S L (a™'T). *

Show that the shuffle product of two recognizable seriesilisretognizable.
(Hint: Proceed as in the proof of Theor5.5 and use Eq.(*).)
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7.1

7.2

7.3
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To show that for each > 2, the serie$_ n¥~1a™ over one letter is recogniz-
able without using the Hadamard product, consider the megpresentation of
orderk defined by

s = (1)

For instance, fok = 4, one gets

1331
0121
ma)=1g011
0001

Show thatu(a™);,,, = n¥~!. Compare the dimensidnof this representation to
the dimension of thé — 1-th Hadamard power of the serigsna™.

Show that, although the serigis= > . ,na™ is recognizable over the semiring
N, the smallest stabl¥-submodule oN({(a)) containings is not finitely gener-
ated ovelN. (Hint: Otherwise, for some; ..., n; in N, each seriega’) =15 is
aN-linear combination of the serigg™)~15, ..., (a™)~185.)

Denote bys the smallest stable left -submodule of ((A)) containingS. Show
that if K is a ring ands is invertible, thenS—1 + K = S~1(S + K).

LetS have the representatigh, 11, y) of dimensionn over K. Let S; have
the representationg;, i, v), wheree; is thei-th canonical vector. Show that
S =3 \;S;. Show thatSy, . .., S, satisfy

a’lsi = Z(ua)iijj

J

for any lettera. Show that they satisfy the system of linear equations

S = (S 1)+ > (D (ua)ia)S; .

j=1 a€cA

LetP; ;, Q; be series, with each, ; proper. Use iteratively Lemnfa §.1 to show
how to solve the system of linear equations

Sl:Ql+ZP’Lij) 7;:1,...,71,

j=1
where thes; are unknown series. Deduce from this and from Exefcige tthan

proof of the fact that a recognizable series is rational.

Show how to construct algorithmically a rational expies representing a rec-
ognizable series given by some representatisfint( use Lemm3 or Exer-

cised 71 anfi 7.2.)

Notes to Chapter 1

Theoren] 7 /1 showing the equivalence between rationaldyracognizability was first
proved by Kleer]e[(19%6) for languages (which may be seenries seith coefficients
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in the Boolean semiring) and later extended[by Schitzeyghdd 961a[ 196¥3,b) to
arbitrary semirings.

Here we have derived Kleene’s theorem from Schitzenbsr(ge Chaptef] 3).
The condition “recognizable’— “rational”, which is essentially Lemmf 7.3, is
proved here by using an argument|of Conwhy (1971). Otherfpra@ also given
in [Eilenberp WQ?M) anfl Salomaa and Soiftdla (1978). Theacherization of rec-
ognizable series (Propositign [5.1) is taken from Ja¢obJ19ho extends to semir-
ings a Hankel-like property given Hy Fligds (19[74a) for feldA generalization of
Schitzenberger’s th’heO£|m 7.1 to free partially commugationoids has been given
by|Droste and Gastin (1999), see glso Berstel and ReutF@@); this generaliza-
tion has a long history, starting with the Boolean case [ sest® and Gasiif (19p9)
for details.

It is well-known that if K is a field, thenK ((A) can be embedded in the field
K ((I")) of Malcev—Neumann series over the free grdugenerated by, see for in-
stance Coln[(19B5, Cor.8.7.6) [or Sakaroyitth (2p09a, Th4.Ty. The subfield of
K ((T")) generated by (A), that is the subfield of rational elementsif (T")), is iso-
morphic to the free (skew) field of Cohn, according to a theoegLewir] (L974), see
also[Reutenadef (1999). Flie$s (1]970) has shown that theséttion of the free field
and of K ((A)) is the set of rational series ifi { A)), see alsp Duchamp and Reutenpuer
{997, Cor. 13).

There exists a detailed study of semirings according te bediavior with respect to
the star operation. A semiriny which is equipped with an additional unary operation
denoted by is called astarsemiring A Conway semirings a starsemirind< in which
the equationga + b)* = (a*b)*a* and(ab)* = 1 + a(ba)*b hold for all a,b in K.
The main property of interest of Conway semirings is that beafv.}$ holds in these
semirings. For a recent exposition, §ee Droste and K{iichdR0

Formal power series, viewed as functions frdrhinto KX, can also be generalized
to other structures than free monoids. One may considetifurscfrom a — not nec-
essarily free — monoid/ into K. The productST of two such functionsS, T' should
satisfy the usual identity

(ST,2)= > (S,2)(T,y). (7.2)

TY=2

This is well-defined provided the sur@.Z) exists in the semik. This holds in
particular when the number of terms in the sum is finite. Ong t@aensure this is
to require that the monoid/ is graded that isM is equipped with a length function
|- | : M — N such thamm’| = |m| + |m/| and|m| = 0 if and only if m is the
neutral element inV/. It is easily seen that, in a finitely generated graded mqradid
sets{(z, y)|zy = 2} are finite. For an exposition, spe Sakaroyifch (2[f39a, bje Nt
a graded monoid/ is free if and only if Levi’'s lemma holds fab/, that is if zy = =t
implies thatr = ze,ey =t orxe = z,y = et for somee € M.

Another extension are formal power series on trees. Theselieen considered
by several authors. A comprehensive survey pagesik and Kuich [[2003).

As for formal languages, there are close connection betwat@mal formal power
series and logic theories, See Droste and Galstin [2p073t®ed a].[(2038).

There is also an extension of the characterization of agierianguages to partially
commutative formal power series, py Droste and Glagtin (008

Closure under shuffle product (Exerdisg 5.3) is d [{E8%4b) and has many
applications in Control Theory, s¢e Fliegs (1981). Exeipi is from{Bachp{ (208,
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Prop. 5.5). We do not consider algebraic formal series i ioiok; the reader may
consultfSalomaa and Soitfolg (1p78)[or Kuich and Salbrha8d)ldBachér [(2009)
gives a closure property of rational series over a finite field

Applications to a large variety of domains, especially imgaiter science, are re-
ported in the recent handbook of weighted autorjata, Drasig €009).
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Chapter 2
Minimization

This chapter gives a presentation of results concerningiihenization of linear rep-
resentations of recognizable series. A central concephisfstudy is the notion of
syntactic algebra, which is introduced in Sectﬂ)n 1. Ratiseries are characterized
by the fact that their syntactic algebras are finite dimemaii¢Theorenj 1]2). The syn-
tactic right ideal leads to the notion of rank and of Hanketnrathe quotient by this
ideal is the analogue for series of the minimal automatotefoguages.

Section[ is devoted to the detailed study of minimal linegresentations. The
relations between representations and syntactic algebrgiven. Two minimal rep-
resentations are always similar (Theor@ 2.4), and ana@xfdirm of the minimal
representation is given (Corollgry P.3).

The minimization algorithm is presented in Sectﬂ»n 3. Wetstath a study of
prefix sets. The main tool is a description of bases of rigaais of the ring of non-
commutative polynomials (Theorgm[3.2).

Several important consequences are given. Among them dre’C@sult on the
freeness of right ideals, the Schreier formula for rightideand linear recurrence rela-
tions for the coefficients of a rational series. A detailesaliption of the minimization
algorithm completes the chapter.

1 Syntactic ideals

We start by assuming thaf is a commutative ring. The algebra of polynomi&lgA)
is a freeK-module having as a basis the free mondid Consequently, the séf (A))
of formal series can be identified with the dualféf A). Each formal serie§ defines
a linear function

K(A) - K

P (S,P)= > (Sw)(Puw),

weA*

the sum having a finite support becau3es a polynomial. Thus, one may consider the
kernel ofS, denoted byKer(.5):

Ker(S) = {P € K(A) | (S,P) =0}.

27
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Next, any multiplicative morphismy : A* — 91, wheredt is a K-algebra, can be
extended uniquely to a morphism of algebras

K{(A) —» M.

This extension will also be denoted ly We shall use this convention tacitly in the
sequel. Clearly

n(P)= 3 (Pwu(w).

weA*

Definition Thesyntactic ideabf a formal seriess € K ((A)) is the greatest two-sided
ideal of K(A) contained in the kernel f. It is denoted byls.

This ideal always exists, since it is the sum of all idealstaimed inKer(.5),

Ig = Z I.

ICKer(S)
Lemma 1.1 The syntactic ideal of a serigsis equal to

Is ={Q € K(A) |VP,R € K(A),(S,PQR) =0}
={Q € K(A) |Vz,y € A", (S,z2Qy) =0} .

Proof. Exercisd 1]1. 0

Definition The syntactic algebraof a formal seriesS € K{(A)), denoted by, is
the quotient algebra df (A) by the syntactic ideal of,

Mg = K(A)/I5.

The canonical morphisri (A) — Mg is denoted byus. SinceKer(us) = Is C
Ker(S), the seriesS induces ofts a linear function denoteds. Consequently

S =¢gous.

Theorem 1.2 (Reutenaupf 19F§, 19804)formal series is rational if and only if its
syntactic algebra is a finitely generated module oker

Proof. If S is rational,S is recognizable (by Theorefh[1]7.1) and has a linear represen

tation (\, p,y), with p : A* — K™*™ a morphism. Sincel is finite, the subringd. of
K generated by the coefficients df u(a), (a € A) and~ is a finitely generated ring.
Thus L is Noetherian and therefore each submodule of a finitely ige@e/-module
is finitely generated by Theorefl{ 1)5.3.

SinceL™*" is a finitely generated module ovér this implies that so ig(L(A)).
In other words, forw in A* long enoughpw is a L-linear combination of(v) for
shorter words. This implies in turn that.(K(A)) is a finitely generated’-module.

Now Ker(y) is an ideal contained ifer(.S). Thus by definitiorKer(u) C I,
andis is a quotient ofu(K (A)). Hence it is a finitely generated module ovér

Conversely, suppose that the syntactic algebré f a finitely generated module
over K. Consider, for each wora in A*, the K-endomorphisnyw of 9tg defined by

m — vw(m) = pg(w)m.
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The function
v: A" — End(Mg)
is @ monoid morphism, and moreover

(S,w) = ¢s o ps(w) = ¢ps(us(w)) = ps(vw(l)).

In order to conclude, it suffices to apply the following lemmewad Theorenf] L.7.1.
[l

Lemma 1.3 (This lemma is true for any semirinky, even noncommutativellet 9t
be a finitely generated righk’-module, letp be a K -linear function ordn, let mg be
an element of)t and letr be a monoid morphism* — End(91). Then the formal
series

S = Z d(vw(me))w

weEA*

is recognizable. Moreover, T has a generating system ofelements, thely admits
a linear representation of dimension

Proof. Letm,,...,m, be generators abt. Then for each letted € A, and eacly in
{1,...,n}, there exist coefficients; ; in K such that

va(m;) = Zmiaﬁj .
i

The matricegay;);; € K"*" define a functioqu : A — K"*", a — (af ;)i
which extends to a morphism : A* — K™*™. A straightforward induction shows
that for any wordw,

vw(m;) = Zmi(uw)m )
LetA € K™ andy € K™*! be given by\; = ¢(m;) andmg = 3, m;v;. Then
vw(mg) = Vw(z mj’yj) = Z Zmi(ﬂw)i,j%‘ )
J Jj o1
thus

dvw(m)) = Ni(pw)i jv; = Apwy ,

.3

which completes the proof. O

Definition Thesyntactic right ideabf a formal seriess € K {(A)) is the greatest right
ideal of K (A) contained irKer(S). It is denoted’5.

The existence ofg is shown in the same manner as thaf f
We now introduce an operation &f (A) on K ((A)) on the right. Recall that, since
K{(A)) is the dual of K (A), each endomorphisryi of the K-module K (A) defines
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an endomorphisry of the K-module K ((A)), called theadjoint morphism, by the
relation

(S, f(P)) = (f(5), P)
for every seriess' and polynomialP. The functionf — f is an antimorphism:
(gof)="folg. (1.1)

Given a polynomialP, we consider the endomorphisth — PQ of K(A) and its
adjoint morphism, denoted by — S o P. Thus

(S,PQ)=(SoP,Q).

In particular, for words:, v,

(S,zy) = (Soxz,y). 1.2)
Consequently,
Sox=x"18

with the notation of Sectioﬂ .5. Observe that the operatits already defined by
Equation [1.R); it suffices to extend it by linearity. In viest Equation [1]1), one
obtains

(SoP)oQ = S0 (PQ). (1.3)
ThusK ((A)) is a right K (A)-module.
Proposition 1.4 The syntactic right ideal of a seriesis
Ig={PeK(A)|SoP=0}.

Proof. Since the operationdefines onk {(A)) a structure of righf< (A)-module, it is
clear that the right-hand side of the equation is a rightlidéd (A). It is contained
in Ker(S) because o P = 0 implies(S, P) = (So P,1) = 0. Itis the greatest right
ideal with that property since, given a polynomia| the relationP K (A) C Ker(S)
implies(S o P, Q) = (S, PQ) = 0 for all polynomials@, whenceS o P = 0. O
Corollary 1.5 K(A)/Ig is isomorphic taS o K (A) as a right K (A)-module.0

This module is the analogue for series of thimimal automatomf a formal language.

We suppose from now on thatis a field.
Definition Therank of a formal seriesS is the dimension of the spaceo K (A4).

Definition TheHankel matrixof a formal series is the matrixd indexed byA* x A*
defined by

H(z,y) = (5, zy)

for all wordsz, y.
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Theorem 1.6 (Carlyle and Pay 191, Fligss 19[74d)e rank of a formal serie§ is
equal to the codimension of its syntactic right ideal, an@&dsial to the rank of its
Hankel matrix. The serieS is rational if and only if this rank is finite and in this case,
its rank is equal to the minimum of the dimensions of the lingaresentations of.

The theorem shows that the rank of a formal series could heee defined by
an operation o (A) on K ({A)) on the left (analogue to), or also by means of the
syntactic left ideal (whose definition is straightforwardhis follows from the left-
right symmetry of the Hankel matrix.

Recall that therank of a matrix (even an infinite one) can be defined to be the
greatest dimension of a nonvanishing subdeterminant fextd is equal to the rank of
the rows and to the rank of the columns.

Proof. The first equality, namelyank(S) = codim(I%) is a direct consequence of
Corollary[L5. Next, the spacgo K (A) has as set of generatof§ oz | = € A*}.
Thusrank(S) is equal to the rank of this set. Since e&th « can be identified with
the row of indexz in the Hankel matrix of5, the rank ofS is equal to the rank of this
matrix.

If S is rational, it has a linear representation p, v) of dimensionn. The right
ideal

J={P € K{(A) | Au(P) = 0}
is contained ifKer(.S), and its codimension is. n. Consequently,/ is contained in
I, showing thatank(S) = codim (/%) < codim(J) < n.

Conversely, letr = rank(S) = dim(S o K (A)). Let¢ be the linear form

SoK(A) - K
T (T,1).

Then for any wordyv,
(S,w) =(Sow,1)=¢(Sow). (1.4)

Let pw be the matrix of the endomorphism®6 K ( A) which maps a seriéE onT ow,
in some basis afo K (A). (Each element afo K (A) is represented by a vectar' <",
and each endomorphism 8fo K (A) is represented by a matrix &"*"; then K™
actson the righton K*™.) In view of Eq. {1.B), one ha§.z)(uy) = u(xy) for any
wordsx andy. Let A\ be the row vector representitsgin the chosen basis, and lebe
the column representing Then Equation4) can be expressed as

(S, w) = Apwy
showing thatS is recognizable, with a linear representation of dimension O

The theorem justifies the following definition.

Definition A minimal linear representationf a rational series' is a linear represen-
tation of S with minimal dimension among all its representations.

Example 1.1 The only series of ranl is the null series.
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Example 1.2 Let S be a series of rank. It admits a representatiof, u,y), with
u: K(A) — K amorphism of algebras and~y € K. Seta, = p(a) for each letter
a. Forw = ay - - ap(a; € A), this gives

p(w) = Qa, + - Qa, = H O‘lzw‘a :
acA

Consequently,

(S,w) = Ay [T ap'e.

a€A
Such a series is callegeometric It follows that
* —1
Sz)«y(Z aaa) :A7<1—Zaaa) .
a€A a€A

An example of a geometric series is the characteristicsefid*:

5= w=(2a) =(-Xq)

weA* ac€A ac

-1

Example 1.3 The seriesS = ) _ 4. |lw|,w has rank. Indeed, it has a linear repre-
sentation of dimensio? (see ExampIE .3). Next, the subdeterminant of its Hankel
matrix corresponding to the rows and columranda is

01
12
Thus,S has rank> 2. In view of Theoren{ 1]6, the rank ofis 2.

= 1.

2 Minimal linear representations
K denotes a field.
Proposition 2.1 A linear representatiori), u, ) of dimensiom of a seriesS is min-
imal if and only if, settingt = (K (A)),
A= K" and My = K™%,
In this case,
I ={P | AuP =0} .

Proof. Suppose that\, t,~y) is minimal, and let/ = {P | AuP = 0}. ThenJis a
right ideal of K (A) andcodim(J) = dim(A9) < n. SinceJ C Ker(S), one has
J C I andcodim(J) > codim(I5) = n (Theoren] 1]6). Consequentiydim(.J) =
n, J = I and\9 = K'*". The equalityy = K™*! is derived symmetrically.

Conversely, assumgt = K'Xm and9y = K"*!. Then there exist words
Xly.eoyTn (Y1,-..,Yn) SUCh thathuxy, ..., Aux, (L1175, .., pysy) is a basis of
K" (of K™*1). Consequently

det(M(pziy;)V)i<ij<n 7 0.

Since M\(uz;y;)y = (S,z;y;), the Hankel matrix ofS has rank> n. In view of
Theoren| 16, the representation 1z, y) is minimal. O
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Corollary 2.2 If the linear representatiof), 1, y) of the formal seriesS' is minimal,
then the kernel of: is exactly the syntactic ideal ¢f, and consequentiy (K (A)) is
isomorphic to the syntactic algebra 6t

Proof. SinceKer(y) is contained ifKer(.S), it is contained in/s. Conversely leP €
Is. ThenQPR is in I for all polynomials@, R, and consequentlS, Q PR) = 0.
It follows that A(uQPR)y = 0 and thus\u(K (A))uPu(K(A))y = 0. In view of
Propositior] 2]1, this implies P = 0, whenceP € Ker(u). O

Corollary 2.3 (Bchiitzenberggr 1961#) (), iz,~) is a minimal representation of di-
mensiom: of a formal seriesS, then there exist polynomial3,, ..., P,,Q1,...,Qxn
such that, for every word,

pw = ((S, PrwQj))1<ij<n -

Proof. In view of Propositiol, there are polynomidls ..., P,,Q1,...,Q, such
that (\uP;)1<i<n is the canonical basis df**™ and similarly (1Q,;7)1<;<» is that
of K™*!. Thus

(pw)ij = MuPipwpQjy = (S, PwQj) . U

Two linear representatiorf3, 11, v) and(\', i/, ~') are callecsimilar if there exists
an invertible matrixn such that\’ = Am, p/w = m~!pwm (for all wordsw), v' =
m~L~. Clearly they recognize the same series.

Theorem 2.4 (Schiitzenberggr 1961la, Flidss 197%ap minimal linear representa-
tions are similar.

Proof. Let (A, i, y) be a minimal linear representation of a ser$esSince, by Propo-

sitions[1.4 anfi 2]1,
I5={P € K(A) [ \uP =0} = {P € K(A) | So P =0},

the two rightK (A)-modulesS o K(A) and K**™ = Au(K (A)) (with the action on
K'*" defined by(v, P) — vu(P)) are isomorphic. Consequently, there exists a
isomorphism

I Kxn — So K(A)
such that, for any polynomid?, and anyv € K'*",

f(wpP) = f(v) o P
and, moreover

fA)=5.
Next, consider the linear functighon S o K (A) defined bys(T) = (T,
v = AuP, one gets)(f(v)) = o(f(AuP)) = ¢(f(A)o P) = (S0 P) =
(S, P) = AuP~ = vy, which shows that

pof=ry

1). Then for
(SoP,1) =
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if v is set to be the linear functian— v-~.
If (N, u',~') is another minimal linear representation, there existsraogous
isomorphismy’. Thus there exists an isomorphism

’l/):f_lof/ : len —>K1><n
such that
Y(vp' P) = p(o)puP, p(N) =X, o =vou.

It suffices to writey in matrix form to obtain the announced result. O

Corollary 2.5 (Schutzenbergier 1961b&t (\, i,v) and (N, 1/, ") be two linear rep-

resentations of some serigs and assume the second representation is minimal. Then

there exists a representatign, /i, ¥) similar to (A, iz, v) and having a block decompo-
sition of the form

) w0 0 0
A=0N0), p=xpw 0, 3=
X X g X

Proof. 1. Assume first that\, i, v) has the block decomposition

w00 0
A=A, 22,0), p=|xp 0], v=[m
X X 3 Y3

for some morphismg; : A* — K™*™ with the conditions

(i) Mu(K(A)) = K™ x K™ x {0}" (we write hereK" for K"*1, the set of row
vectors), and
(i) if v e K™ and(0,v,0)u(K(A))y =0, thenv = 0.

By using the block decomposition, we see thatvy = Az powya, SO that(\s, ua, v2)
is a representation o, of dimensionn,. We show that it is minimal, by using Propo-
sition[2.].

Using again the block decomposition, we obtajn( P) = (x, Aaus(P),0) for P
in K(A). Thus (i) implies that\ou2 (K (A)) = K™. Now, letv € K™ be such
thatvus (K (A))y2 = 0. Then, sinc€0,v,0)u(P)y = vua(P)y2, we see by (i) that
v = 0. This implies thaju (K (A))y2 = K™2*1, and Propositiofi 2.1 now shows that
(A2, f12,7v2) is minimal. Applying Theorer@A, we deduce the corollarthis case.

2. Now consider any representation p, v) of S. DefineV; = Au(K(A)) N {v |
vu(K(A))y = 0}. LetV, be a subspace df'1*" such thatl; @ Vo = Au(K(A))
andVz such thatV; @ V; @ V3 = K'*™. The subspaceg; andV; @ V, are both
stable under the right action of the matricegif (A)). Moreover\ is in V; & V, and
V1~ = 0. This shows that, by a change of basis (which amounts toasiity)}, we may
assume that), p, ) is of the form in 1. We verify that (i) and (ii) hold. Condition
(i) is implied by the very definition of; and V5. For (ii), letw € V5 be such that
wip(K(A))y = 0; thenw € V4, so thatw = 0. O



712

713

714

716

717

718

719

720

722

723

724

725

726

727

728

729

730

732

733

734

735

736

737

738

739

740

742

743

744

745

746

3. THE MINIMIZATION ALGORITHM 35

3 The minimization algorithm

We now give an effective procedure for computing a minimaé&r representation of
a recognizable series.

Definition A prefix setis a subseC of A* such thatr, zy € C impliesy = 1 for all
wordsx andy. It is right completaf C A* meets every right ideal of*.

In other words,C' is right complete if for every wordv in A*, wA* meetsC A*.
Equivalently, each word, either has a prefix i@, or is a prefix of some word ifv.

Definition A subsetP of A* is prefix-closedf xy € P impliesx € P for all wordszx
andy.

In other words, a prefix-closed set contains all the propefix@s of its elements, while
a prefix set contains none of them.

Proposition 3.1 There exists a natural bijection between prefix sets andxpoddised
sets: to a prefix set' is associated the prefix-closed get= A*\ C A*, and the inverse
bijection is defined bg' = I\ IAT, withI = A* \ P. The prefix se€ = {1} and the
prefix-closed seP = () correspond each to another. In all other cas€s= PA \ P.
Furthermore, finite right complete prefix sets corresponfirtibe prefix-closed sets.

Proof. The prefix orden: < v on A* is defined by the condition thatis a prefix of
v. Clearly, aright ideal of A* is generated, as a right ideal, by the set of its minimal
elements for the prefix order. Evidently, this set is a predix On the other hand,
the complement of a right ideal is a prefix-closed set, andemely. This proves the
existence of the bijection.

This shows also that if the prefix-closed getand the prefix se€’ correspond to
each other under this bijection, théh= A*\ CA* andl = A* \ P = CA*.

Note that if P = ), thenC' = 1 and conversely. We assume now tliatz 1. Let
w € C;thenw # 1 andw is minimalinI, hencew = ua,a € A, andu € A*\I = P,
implying C C PA. The fact thatP = A* \ CA* implies thatP andC are disjoint,
henceC' ¢ PA\ P. Conversely, ifwv € PA\ P, thenw € A*\ P —= w € CA*.
Thusw = zu = pa, a € A, x € C. Thenx cannot be a prefix gf (otherwisel meets
P), hencep is a proper prefix of: and this impliegpa| < |z|, thereforer = pav for
somev, u = 1, hencew € C.

If Pisfinite, thenC = 1 orC = PA\ P is finite. Moreoverd* = P U CA*,
hence each long enough word i< *, implying thatC' is right complete. Conversely,
suppose thaf’ is right complete and finite. Let be the length of the longest words in
C. SinceCA* N wA* # (), any wordw of length at least is in C A*, hence not inP.
ThusP is finite. O

Remark In order to illustrate Propositidn 3.1, let us considerttee representationf
the free monoidd*. Let for instanced = {a,b}. ThenA* is represented by

a//\\b
/NN
ANVANEVA
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Here, the circled node correspondsita. A finite right complete prefix sef’ then is
represented by a finite tree of the shape

with the elements of the set being the tree’s leaves, andréfexjelosed set associated
with C being represented by its interior nodes.

Example 3.1 The tree
.
O/ \O
O/ \O
VANVAY
O/ \O
represents the prefix set
C = a® + a®b+ aba® + abab + ab® + b,
with
P=1+4a+a®+ab+aba.

The white circles represent the elements of the set, and the black cisctage ele-
ments ofP. This representation helps understanding the proof.

In the following statementk is assumed to be a field.

Theorem 3.2 Let I be aright ideal ofK'(A4). There exists a prefix sét with associ-
ated prefix-closed sé?, and coefficienta. ,(c € C,p € P), such that the polynomials
Po=c— ) cpacyp (c € C) generate freely as a right K (A)-module and such
that P defines aK-basis inK (A) /1.

Proof. Let
¢: K(A) - M =K(A)/I

be the canonical morphism. Lét be a prefix-closed subset df* such that the el-
ementsp(p), for p € P, are K-linearly independent i/, and maximal among the
subsets ofA* having this property.

Let C be the prefix set corresponding &by the Propositio.l. For eacte C,
the setP U c is prefix-closed: indeed, eithd? = ) andc = 1 orC = PA\ P by
Propositiol. By the maximality aP, ¢(c) is in the subspace @bt spanned by
¢(P). Thus there exist coefficients. , € K such that

P.=c— Z ocpp € 1. (3.1)
peP
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We now show that any polynomiél can be written as

R=7) P.Qc+ Y b (32)

ceC peP

for some polynomialg). (¢ € C) and coefficients?, (p € P). It suffices to prove
this for the case wherB = w is a word, and even in the case wheret P. But then

w = cx (c € C) sinced* \ P = CA* by Propositior) 3]1. We argue by induction on
the length of the word:. First, observe that by Equatiop (3.1),

w= P.x + Z Qe pDT .
P

Each of the wordgz is either inP or of the formc’z’; in the latter case;’ cannot
be a prefix ofp (sinceP N CA* = @), hencelp| < |¢/|, whencelz’| < |z|. Thus the
induction hypothesis completes the proof.

If the polynomialR of Equation [3) is irf, then

0=¢(R) = Bpo(p).

Consequently3, = 0 for all p and
R = Z P(:Qc ’
ceC

which shows that the right idedlis generated by th&,.
Let > P.Q. = 0 be a relation ofK' (A)-dependency between tlf&¢, and assume
that not allQ).. vanish. Then

Z CQC = Z ac.,prc . (33)
c,p

C

Consider a wordv for which there is ap € C with (Q.,,w) # 0, and which is a
word of maximal length. For this word, the coefficient otyw on the left-hand side
of Equation [313) i$Q.,,w) # 0 becaus& is a prefix set. Thus

0# (Qeprw) =Y e p(pQe, cow) .
c,p
However,pz = cow implies thatp is a proper prefix oty, thuscy = py for some
y # 1 andx = yw. Consequently, the right-hand side of the previous equialit
Z ac,p(@c; yw) =0
y#1l,co=py

in view of the maximality ofw, a contradiction. O

Corollary 3.3 (Cohh[196pP)Each right ideal of K (A) is a free right K (A)-module.
O

Corollary 3.4 (Lewir[L969)Let I be a right ideal ofi (A) of codimensiom and rank
d as a rightK (A)-module. Let be the cardinality ofdA. Then

d=n(r—-1)+1.
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Proof. Indeed, if P is a nonempty finite prefix-closed set, with associated pisafix
C, then by PropositioE.I;’ = PA\ P. Now, each nonempty word iR is in PA.
Therefore we have the equality with disjoint unioisu P = PAU{1}. Observe that
this holds also if” = ). Thusin all case€ard(C)+Card(P) = Card(P) Card(A)+
1,implyingd +n = nr + 1. O

We also obtaitinear recurrence relationfor rational series which generalize those
for one-variable series (see Chafer 6).

Corollary 3.5 For any rational seriesS of rankn, there exist a prefix-closed sé&t
with n elements, with an associated prefix €gtand coefficients. , (c € C,p € P)
such that, for all wordsv and allc € C,

(S, cw) = Z aep (S, pw). (3.4)

pEP

Proof. It suffices to apply Theore@.Z to the syntactic right idefals which has
codimensiom. O

Corollary 3.6 Let .S be a rational series of rank n, such that(S,w) = 0 for all
wordsw of length< n — 1. ThenS = 0.

Proof. This is a consequence of Corollgy]3.5. Indeed,< n — 1 and therefore
(S,p) = 0forallp e P. AssumeS # 0, and letw be a word with(S, w) # 0. Then

w = cx for somec € C'. We choosev in such a way that the corresponding ward
has minimal length. By EquatiomA),

(S,cx) = Z o p(S, pz) ,

peP

and by the choice af, one haqS,pz) = 0 for all p € P: indeed, eithepx € P, or
px = 'y for somecd’ € C andy shorter thane. Thus(S, cz) = 0, a contradiction.
(I

A subsetl” of A* is suffix-closedf zy € T impliesy € T for all wordsz andy.

Corollary 3.7 Let.S be a rational series of rank. There exists a prefix-closed et
and a suffix-closed sét, both withn elements, such that

det((S, pt))pepter # 0.

Proof. Let (A, u,7) be a minimal linear representation 8f It has dimensiom. In
view of Theoren) 3|2, applied to the right idg@P € K(A) | \uP = 0}, which is of
codimensiom by Propositiol, there exists a prefix-closedBesuch that\p(P)
is a basis ofk1*", and symmetrically, there is a suffix-closed #esuch thatu(7)y
is a basis ofk™*!. Thus the determinant of the matrix

(Apppty)p.e

does not vanish. This proves the corollary. O
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A careful analysis of the preceding proofs shows how to camgdfectively a
minimal linear representation of a rational sertegiven by any of its linear represen-
tations.

Indeed, let(\, 4, ) be such a representation, of dimensior» 1. The first step
consists in reducing the representation to satisfy<” = \u(K(4)). To do this,
consider a prefix-closed subsBtof A* such that the vectordup, forp € P, are
linearly independent, and which is maximal for this propeithen for eache in the
prefix setC = PA\ P, there are coefficients, , such that

Ape = Z Qe pAUP -

p

Consider, for each letter, the matrixy’'a € K*" defined by

1 if pa =gq
(W a)pq =1 acq ifpa=ceC
0 otherwise.

In other wordsy/a is the matrix, in the basisu P of Au(K(A)), of the endomor-
phismv — wvpa. In this basis the matrix fok is \’ defined by\} = 1, and\), = 0
for p # 1; the matrix fory is v defined byy, = Aupy = (S,p). Then(\', i’,~")
is a linear representation &, since for any wordv, one has\uw € Au(K(A)),
whence\uwy = X p/wy’. Moreover, the representatioN’, 11/, 1) satisfiesk X =
N/ (K(A)). Indeed, since\'/’p represents the vectowp in the basis\u(P), one
has\ u'p = (§,,4)qe P, Which shows thad’y/ (K (A)) contains the canonical basis of

then alsoy’ (K (A))y' = KT>1. Indeed, the first equality implies that every linear
function on the spac&’y/ (K (A)) is represented by a matrix of the formiR)~ for
someR € K(A). In the new basis\'u/(P) of X u/(K(A)), this matrix becomes
W' (R)y'. Thus any linear function o& 7 = X\ /(K(A)) is represented as some
' (R)~', which proves the claim.

Now the work is almost done. In a first step, one reduces theeseptation to
satisfy the condition:(K (A))y = K™*!, using a construction which is symmetric to
the preceding one, based on suffix sets and suffix-closed Bets second step, the
representation is transformed to satisfy in additli{ K (A)) = K<™, and(\, u, )
is minimal by Propositiofi 2.1.

Exercises for Chapter 2

1.1 Prove Lemmg 1.1.Hint: The second set is an ideal and it contains each ideal
which is contained ifersS.)

1.2 Showthatly = {P € K(A) | VQ € K(A),(S,PQ) =0} = {P € K(A) |
Vo € A*, (S, Px) = 0}.

1.3 Thereversalof a wordw, denoted by, is defined as follows. Ifv = 1, then
w=1;ifw=ay---a, (a; € A), thenw = a,, - --a;. Awordw is apalindrome
if itis equal to its reversal. Lek be the set of palindromes.

a) AssumeCard(4) > 2. Show that ifz,z1,...,z, are words with|z| <
|z1],.. ., |zn|, @ndz # x1,...,x,, then there existy such thatry € L,
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1Y, ...,y ¢ L. (Hint: Takey = aPbbaPZ, wherea andb are distinct let-
ters andp = sup{|z;| — |=|}.)

b) LetS € K ({(A)) be such tha{S,w) =1if w € L and(S,w) = 0forw ¢ L.
Show that all syntactic ideals ¢f are null (se¢ Reutenaligr (1980a)).

¢) (K is a commutative semiring.) Lef € K({(A) be a recognizable series.
Show thatS’ = > (S, w)w is recognizable.

(K is a commutative ring.) Leb be a formal series, Il be an algebra, let
u: K{A) — 2 be an algebra morphism, and lebe a linear mappin@ — K
such that(S, w) = ¢(uw) for any wordw. Show that the syntactic algebra ®f
is a quotient of the algebra2l).

(K is a field.) A finitely generated(-algebradt is syntacticif there exists a
formal seriesS whose syntactic algebra is isomorphidia

a) Show thaft is syntactic if and only if it contains a hyperplane which tzns
no nonnull two-sided ideal.

b)Lett =K -1& K - a® K - 3, with multiplication defined by

a?=af=pPa=p2=0.

Show that)t is not syntactic.

c) Show thatk (A) is syntactic (use Exercige 1.3).

Show that the converse of Leming 1.3 holds, anddhanay be chosen to be a
free right K-module (K is any semiring).

(K is afield.) For any rational serigs defineN (S) = dim(K +So K (A)) —1.
Show that ifS, ' have constant term thenN (ST') < N(S)+N(T') with equal-
ity if S andT are polynomials; show tha¥ (S—!) = N(S) and thatV (S) = 0 if
and only if S = 1. Show that ifS is a series in one variable, written as a quotient
P/Q of two relatively prime polynomials, theiV(S) = max(deg P, deg Q).
(Hint: Use Exercis§|1.5.6 and Sectigf]6.1.)

Show that Theorem.z is not longer true for semiringintf Use the example
of Exercisq[1[5]5.)

LetK be a field. Show that the mappitsge K (A) x K(A) o S — K given by
(SoP,QoS)— (S, PQ) is well-defined and defines a nondegenerate duality
between the spaceto K(A) andK(A) o S (For@ € K(A), the serieg) o S is
defined by(Q o S, w) = (S, wQ) foranyw € A*).

Let K be a field and let" be the free group generated By It is well-known
that the elements df are uniquely represented by reduced words on the alphabet
AU A~ (such aword has by definition no factas—! ora='a with @ € A). Let

E denote the set of edges of the Cayley graph.dBy definition, F is the set of
{v,yz} with~y € T, x € AU A~!, and no simplification occurs in the product
~x. Defineamapping’ : T' — EUK by F(1) = 0andF(yy) = {v,yz} if

~v1 = yx and~y, vz are as above.

a) Show thal” acts on the left o, that isvy,{v, vz} = {717, nyz}isin E.

For a setl/, denote byKV (resp. KV) the set of (resp. of infiniteJ<-linear
combinations of elements &f; F' extends naturally to linear mappingsl’ —
KFE andKT — KE, still denotedF.

b) Let S € KT. Show thatS defines by left multiplication linear mappings
KT — KT andKE — KE. We denote them by.

c) LetS € KT. Define the linear mappin® = FS — SF : KT' — KE. Show
that if the image o is finite dimensional, then the series () € K (AUA~!)
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2.2

2.3

2.4

3.1

3.2

is recognizable, where réfl) is obtained fromS by replacing eacl € T by its

reduced word.

d) Conversely, show that § € KT and redsS) is recognizable, thehn(D) has

finite dimension.

Let K be a commutative semiring. Denote B§(A)®K (A)) the complete
tensor product which is the set of infinite linear combinations ovEr of the

elementsu ® v with u,v € A*. If S;T € K({A)), thenS ® T denotes the
element

ST = Z (S,u)(T,v)u®wv.

u,vEA*

Define a mapping\ : K({A) — K{A)QK (A)) by

A(S) = Z (S,uv)u®wv.

u,vEA*

a) Show that the serieS is recognizable if and only iA(S) is a finite sum
Y o1cicy Si®@T;, with S;, T; € K((A)). Show that the smallest possibi@n such
a sum is the smallest number of generators of all stable sdble® of i ((A))

containingS, and also the smallest dimension of a representatich of

b) Determine the series where= 1. A series isgroup-likeif A(S) = S ® S.

Determine these series.

Let K be a field and let), 1,y) be a minimal linear representation of a series

S. Show thatS is a polynomial if and only ifuw = 0 for each word of length,

wheren is the rank ofS. (Hint: Show that ifS is a polynomial of degreé, then

the polynomials:—1S are linearly independent, for suitable word®f length

0,...,d; deduce that > d + 1 by using Theorerp 16 and Corolldry]L.5. From

Corollary[2.B, deduce thatw = 0 for each word of length.)

A (right) serial moduleis a triple (¢, M, ¢) where M is a right K (A)-module,

¢ is an element of\/ andc : M — K is a K-linear mapping. ltddimen-

sionis dimg (M). It recognizeghe seriesS = > c(fw)w. A morphism
weA*

o:({,M,c) — (¢, M ) between two serial modules is a right{A)-linear

morphismo : M — M’ such that{ = ¢’ andd’o = c.

The canonical serial modulef S is ({s, Mg, cs), whereMg = S o K(A),

ls =S8 aI”IdCS(T) = (T, 1).

a) Associate to each serial module M, ¢) with ann element basis and recog-

nizing S, a linear representation of dimensiarof S. Show that this defines a

bijective correspondence.

b) Show that any serial right module recognizing the ratiseaesS which is of

minimal dimension is isomorphic to the canonical serial meaf S.

c) Deduce from a) and b) another proof of Theo@ 2.4.

d) Give a formulation of Propositign 2.1 in terms of serialdutes.

e) Do the same for Corollafy 2.5.

Show that if? andC correspond each to another under the bijection of Proposi-

tion , andC # 1, then each word has a unique factorizatian - - x,,p with

n > 0,z; € C, p € P. Show that one has the following equalities of formal

seriesA* =C*PandC —1=P(A—1).

Show that it is decidable whether two rational serieequeal. Hint: Use Corol-

lary B.§.)
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3.3 Show that the recurrence relations of Corol[ary 3.5etoer with thenitial val-
ues(S, p), for p € P, allow to compute explicitly each coefficient 5f

3.4 LetC, PandP, be asin Theorerﬁ.z. Show that the right ideglenerated by
the polynomials’, is freely generated by them. Show thainod I is a K -basis
in K (A)/I. (Hint: Use the ideas of the proof of Theor¢m|3.2, in particular prov
Equatior{3.R and its uniqueness.)

Notes to Chapter 2

The notions of syntactic ideal and algebra are introduc@Reintenauer (1978, 1980a),
which also contains Theorem ]1.2.

The notions of Hankel matrix and rank of a formal series, Wizie classical in the
case of one variable, were introduced by Carlyle anfl Pazlij187d|Flieds[(197#a).

er 8) computes the polynomialsgithat count the number of rational
series of fixed rank and on a fixed alphabet, when the field ¢dschas; elements.

The minimal linear representations of a rational seriessardied i Inagaki et &l.

c 2) and Fliegs (1974a). They wereshienfirst considered by
[ (1961h,b), mainly in connection with thedr recurrence relations
(Corollary|3.4). His methods are used here to prove Theramj the minimization
algorithm. Observe that this construction is similar to/®adr’s construction of a basis
of a subgroup of a free group (see Lyndon and Schupp {197apoRition 1.3.7).

The introduction of serial modules allo_!e' s (1974ayiie the good mini-
mization theory of the linear representations of a givefeserThe results are essen-
tially contained, without the terminology, in Theor 2nftjaCoroIIary and their
proofs. Serial modules are the analogues for series of nalrantomata for automata,
see Exercisg 4.4

Cobham [(1978) shows that a rational serfesf rankn may be expressed as a
sum of two series, each of rank less thanif and only if the right K (A)-module
S o K(A) (or equivalentlyK (A4)/I%, or K'*™ with right action of K (A4) via y, for
some minimal linear representation, 1, y) of S) contains two submodules, neither
of which contains the other.

Fliess [1974a) shows that a rational seffesf rankn is a sums = Sy + - - + Sy,
of rational series of rank, ..., ng with ny + --- + n, = n if and only if the right
K {A)-moduleS o K (A) is a direct sum ok submodules of{ -dimensiom, . . ., ny
(see also the corollary ih Cobhlin (1p78)). He shows that autlaximal decompo-
sition is unique and corresponds to a maximal decompositidho K (A) as a sum
of indecomposable submodules (Krull-Schmidt theoremy@dt one of the serieS;
above is a polynomial (see algo Cohn and Reutehauer|(1999)).

The operatord” and D defined in Exercis@.l are due|to Connes (1L1994). The
exercise is froni Duchamp and Reutenhfier (1997). Exdrcise from[Bach¢r[(2008).
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Chapter 3

Series and languages

This chapter describes the relations between rationa@sarid languages.

We start by Kleene’s theorem, presented as a consequenaehdfz8nberger's
theorem. Then we describe the cases where the support ddsalegeries is a rational
language. The most important result states that if a sededihite image, then its
support is a rational language (Theofem P.10).

The family of languages which are supports of rational sen&ve closure proper-
ties given in Sectiof] 4. The iteration theorem for ratiomales is proved in Sectidh 5.
The last section is concerned with an extremal property ppstts which forces their
rationality; to prove it, we use a remarkable characteopatf rational languages due
to Ehrenfeucht, Parikh and Rozenberg.

1 Kleene's theorem

Definitions A congruencen a monoid is an equivalence relation which is compati-
ble with the operation in the monoid. A languagiés recognizablef there exists a
congruence with finite index id* thatsaturatesL (that is L is union of equivalence
classes).

It is equivalent to say thak is recognizable if there exists a finite mondid, a
morphism of monoidg : A* — M and a subseP of M such thatl = ¢~!(P).

The product of two languaged.; and L, is the languagd.1 Ly = {zy | = €
L1,y € Ly}. If Lis alanguage, the submonoid generated.big U, >oL".

Definition The set ofrational languagever A is the smallest set of subsets 4f
containing the finite subsets and closed under union, ptpdad submonoid genera-
tion.

Rational languages are also often callegular languages.

Theorem 1.1 (Kleen¢{ 1956 language is rational if and only if it is recognizable.

We will obtain this theorem as a consequence of SchiitzgebeiTheorenf]{.7.1.
Lemma 1.2 Let K, L be two semirings, and let : K — L be a morphism of semir-
ings. IfS € K{A)) is recognizable, then(S) = > ¢((S,w))w € L{{A)) is recog-
nizable.

43
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Proof. If indeedS has a linear representatidn, 1, y), then$(S) admits the linear
representatiofip(\), ¢ o u, ¢(v)), where we still denote the extension op to matri-
ces. (|

Lemma 1.3 A languagel is recognizable if and only if it is the support of some rec-
ognizable serie§ € N({(A)).

Proof. If L is recognizable, there exists a finite mondifi a morphism of monoids
¢ : A* — M and a subseP of M such thatl = ¢~ (P). Consider theight regular
representatiorof M

’lp:M-’NZMXM

defined by

1 ifmim=ms,
0 otherwise.

’l/)(m)mth - {

Theny is a morphism of monoids. Definec N'*M andy € NM ! py

)\m = 5m,1 )

)1 if me P,
™ =10 otherwise.

Theny(m)1,m = 1if and only if m = m/, and consequently)(m)y = 1if m € P,
and= 0 otherwise. Now let

M:wo(b:A*_)NMX]M

and letS be the recognizable series with representatiom,v). ThenS =%, w,
whencelL = supp(S5).

Conversely, assume thdte N({(A)) is recognizable and lgt = supp(S). Con-
sider the Boolean semiririy = {0, 1} with 1 + 1 = 1. Then the function

¢o:N—DB
defined by¢(0) = 0 and¢(r) = 1 for » > 1 is a morphism of semirings. By
Lemma[1P, the series(S) = 3 ¢((S, w))w € B((A) is B-recognizable.
Thus there exists a linear representafidrn, v) of ¢(S) with
i A — BV
Let M =B™*", andP = {m € M | Amvy = 1}. SinceM is finite, the language
{w] p(w) € P}

is recognizable, but this language is exastlpp(#(S)) = supp(S) = L. O

Lemma 1.4 A languageL over A is rational if and only if it is the support of some
rational seriesS € N{(A)).



2. SERIES AND RATIONAL LANGUAGES 45

Proof. The following relations hold for serie$ andT" in N{(A)):

supp(S + T') = supp(S) U supp(T)
)

supp(ST') = supp(S) supp(T) ,
supp(S™) = (supp(S))* if S'is proper.

os It follows easily that the support of a rational serieNiffA)) is a rational language.

o77 For the converse, one can use the same relations, provigdubsproved that any

ors  rational language can be obtained from finite sets by unioodyrt, and submonoid

o9 generation restricted tproper languages (that is languages not containing the empty
s word). We shall prove a stronger result, namely that for atipnal languagé,, the

w1 languagd.\ 1 can be obtained from the finite subsetsiof = A*\ 1 by union, product

«2 and generation of subsemigroup (thatlis—= AT = |J A" = AA*).

n>1
o83 Indeed, if L; and L, have this property, then clearly so dakesU L also, since

ws (L1 UL2)\1= L\ 1ULy\ 1; moreoverL, L, has the property, sincg; L, \ 1 =
s (L1\1)(L2\1)UK,whereK =0,= L;\1,=L2\1,= (L1\1)U(L2\ 1) according
s tothefourcasest ¢ LiULy, 1€ Ly\Ly,1 € L1\ Lo, 1 € L1N Ly. Finally, if L has
w7 the announced property, then so d@éssinceL*\1 = (L\1)*\1 = (L\1)™. O

o Kleene’s Theorerf 11 is now an immediate consequence of lasfinB[ 1J4, and

% Of Theoren[[.7]1.

s Corollary 1.5 The family of rational languages is closed under Boolearrafiens.

s Proof If L andL’ are saturated by a congruence with finite index, then L’ and
w2 LN L are saturated by the congruence whose classes are in@mseftclasses of the
ss congruences. This congruence has finite indeX. i saturated by a congruence with
wa finite index, thend* \ L is saturated by the same congruence. O

« 2 Series and rational languages

ws Proposition 2.1 Over any semiring, the characteristic series of a ratiomaiduage is
o7 @ rational series.

s Proof. This follows from the first part of the proof of Lemrall.3, witrecognizable”
% replaced by “rational”, which can be done in view of Theofethand Theorerfi [L.7.1.
w0 INndeed, the right regular representation may be definedawesemiring. O

1001 Givenalanguagé C A*, we callgenerating functiowf L the serie , -, o, 2™,
w002 Wherea,, = Card(L N A™). B

wz  Corollary 2.2 Aseriesy -, a,z™ in Z[[z]] is the generating function of some ratio-
i Nal language if and only if it is rational over the semiribgand has constant terii
1005 OF 1.

wos N particular, thev,, satisfy a linear recurrence relation, see Chaﬂter 6.

w07 Proof. Suppose tha} | «,,2™ is the generating function of the rational langudgeBy
ws  Propositior 2]1, the characteristic serie®f L is rational oveN. By sending each
000 lettera of A ontoz, we obtain a morphisnk ((A)) — K[[z]] which send<. onto an
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N-rational series ifN[[z]] by Propositior{]{.4]2. Clearly, this series is the genegatin
series ofL, which therefore iN-rational.

Conversely, letS be anN-rational series ilN[[z]]. It is obtained from elements in
N[z] by the rational operations. It has therefore a rational @sgion involving these
operations. We may assume that the only scalar in the expnass (by replacingn
by1+1---+1). We now replace in the expression each monounftaly a,as - - - aq,
wherea; are distinct letters, distinct also from the letters forfeamonomial. An in-
ductive argument then shows that this rational expresséfines ariN-rational series
T with coefficients) and1. HenceT is the characteristic series of some rational lan-
guage, whose generating serie$'is O

Example 2.1 Let S = (z + 2%)* = Y ., F,z", where theF, are theFibonacci
numberyfy = 1 = 1, F,4o = F,41 + F, forn > 0). ThenS is the generating
function of the rational language U bc)*.

Similarly, (z+2x2)*(1+2z)+x is the generating function of the rational language
(aUbcUde)*(1U fUg)Uh over the alphabefa, b, ¢, d, e, f, g, h}.

Corollary 2.3 If S is a rational series over the semiring and L is a rational lan-
guage, thertb © L = > ., (S, w)w is a rational series.

Proof. Let K, be the prime semiring of{, that is the subsemiring generated hy
Then by Propositiop 2|1, the serigss K -rational. Since the elements ff; and K
commute, it suffices to apply Theordhp 1]5.5. O

Let S be a formal series, and |&t be a subset of. We denote bys~! (V) the
languages—1(V) = {w € A* | (S,w) € V}.

Proposition 2.4 If K is finite and ifS € K ((A)) is rational, thenS~! (V') is a rational
language for any subséf of K. In particular,supp(.9) is rational.

Proof. SinceS is recognizable, it admits a linear representatidnu, ). SinceK is
finite, K™*" is finite, andS—! (V') is saturated by a congruence with finite index. Thus
S—1(V) is recognizable, hence rational. O

Corollary 2.5 A language is rational (or recognizable) if and only if itsachcteristic
series over the Boolean semiring is so.

Proof. Similar to that of Lemm§ 1].3. O
Corollary 2.6 If S € Z({(A)) is arational series and, b € Z, b # 0, thenS~1(a+bZ)
is a rational language.

Proof. Let¢ : Z — Z/bZ be the canonical morphism. ThernS) is rational by
Lemma[1p. Sinc&~!(a + bZ) = ¢(S)~(4(a)), the result follows from Proposi-

tion R.4. O

Corollary 2.7 If S € N{(A)) is rational and ifa € N, then the languageS—!(a),
S7t({n|n=>a}), S71({n | n < a}) are rational.
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Proof. Let ~ be the congruence of the semiribggenerated by the relatian+ 1 ~
a + 2; in this congruence, all integers > a + 1 are in a single class, and each
n < ais alone in its class. LeK be the quotient semiring and l¢t: N — K be
the canonical morphism. Thef(S) is rational by Lemm4 1.2, and it suffices to apply
Propositio] 2K being finite. O

Corollary 2.8 A languageL over A is rational if and only if the set of languages
{w™ L | w e A*}is finite, withw=!L = {x € A* | wx € L}.

Proof. By Corollary[2.5, this is a consequence of Propos{tignilL.5. 0
Corollary 2.9 LetS € Z{{A) be arational series. If there is a nonzero integes N

which divides none of the nonzero coefficient§ afhen the support of is a rational
language.

Proof. If this is true, themupp(S) = A* \ S~1(dZ) and it suffices to apply Corollar-
ies[2.6 and 1]5. 0

We denote bym(.S) the set of coefficients df. Itis called thamageof S.

Theorem 2.10 (Schitzenberger 1961a, Sontag 19583ume thakl is a commutative
ring. If S € K((A)) is a rational series with finite image, the§T (V) is rational for
anyV C K. Thus in particular the support &f is rational.

Proof. (i) Arguing as in the proof of Theorerﬂ.z., we may assuha K is a
Noetherian ring. Then, using Corollaf}{1]5.4 and the remafore it, we see that
there is some integelV such that for each word, the serieav='S is a K-linear
combination of the series~1S with |u| < N — 1. LetC = AYN andP =1U AU
-+ U AN=1. We deduce that, for some coefficients, in K, ¢ € C, p € P, one has,
for any wordw,

(S, cw) = Z aep (S, pw). (2.1)

pEP

(if) We now consider the st of sequences of words of the forfpw),c p. For each
word x, define a functiory, from F into E by

fx((pw)p) = (p:rw)p.

Then f, o fu = f,. since indeedf, o f.((pw)y) = fy((prw),) = (pyrw), =
Fua((pw),):

Consider the image aF by S, that is the sef’ of sequence$(S, pw)),ep. The
functions f, induce functions on¥ (still denotedf,); indeed if ((S,pw))pcp =
((S,pw"))pep (which means thatS, pw) = (S,pw’) for all p € P), then one has
also((S, pxw))pepr = ((S,pzw’))pep. It suffices to prove this claim for = a € A.
In this case, eithepa € P and then(S,paw) = (S, paw’), orpa = ¢ € C, and
(S, paw) = (S, paw’) by Equation [2]1).

(iif) We have defined a morphism of monoids4f into the monoid\/ of function
from F'into F' by
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We now apply the hypothesis. Sintei(S) is finite, the setF is finite, and conse-
qguently M is finite. Let@ be the subset af/ composed of those functions that map
the sequencé(S, p)),cp ONnto an element’ of the form(3,), with 5, € V. Since

f2((S;p)pep) = ((S, pr)pep), We have
f€Q <= (S2) €V = zeS(V).

This shows that ! (V) is recognizable, whence rational. O

3 Syntactic algebras and syntactic monoids

Let L be a language. Theyntactic congruencef L, denoted by~ , is the congruence
on A* defined by

u~pov ifandonlyifve,y € A, zuy € L < zvy € L.

It is easily verified that this is indeed a congruenceAin Moreover, the syntactic
congruence saturatés In other words, ifu ~y, v, thenu € Lifand only ifv € L.

If ~ is another congruence that saturateshenu ~ v implieszuy ~ xvy (since
~ is a congruence), therefoiay € L if and only if zvy € L. This shows that, ~ v
impliesu ~, v. Thus the syntactic congruencelois the coarsest congruence 4f
which saturated.. The monoidM; = A*/ ~, is called thesyntactic monoif L.
In view of the definition of recognizable languages and ofd?hm, we have the
following result.

Proposition 3.1 A language is rational if and only if its syntactic monoid isiti.
Il

Given a languagd,, we call syntactic algebraof L the syntactic algebra of its
characteristic seriek (and we do similarly for other objects associated to theesgri
Here we take fol’ a commutative ring.

Proposition 3.2 Let L be a language and I&X be its syntactic algebra, with the natu-
ral algebra homomorphism : K(A) — 2. Thenu ~, v if and only ifu(u) = p(v),
andp(A*) is the syntactic monoid df.

Proof. Let S = L. By definition of the syntactic algebra and Lemfhga 4.1.2, weeha

p(u) =puk) <= u—velg
— (S,z(u—v)y) =0 forallz,y € A*.

This latter condition is equivalent 5, zuv) = (S, zvy) for all z,y € A*. Thisis
seen to be equivalentto~, v.
This proves the first statement, and the second follows. O

Recall that themonoid algebraik’ M of a monoidM is the K-module of formal
K-linear combinations of elements of, with K-bilinear product extending that of
M. In particular,K (A) is the monoid algebra of the monaitf.
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Proposition 3.3 Let L be a language, led/ be its syntactic monoid arf its syntac-
tic algebra. There are natural surjective algebra morphsssuch that the following
diagram is commutative.

K(A) A
NS
KM

w0 [N particular, 2 is a quotient ofX M.

e IN general?l is not isomorphic withK M, see Exercis@.l.

w0ss  Proof. We have an algebra morphisin K(A) — K M which extends the syntactic
100 Monoid morphisnp : A* — M. There is a subsd? of M such thatl, = p~*(P).
1o Define the linear mapping : KM — K by p(m) = 1if m € P, andp(m) = 0
nn  Otherwise. ThenL,w) = ¢ o p(w) for any wordw. Hence the ideaKer(p) is
uez  contained inKer(L) and thereforéler(p) is contained in the syntactic ided}, of
uis L. From this, we deduce the algebra morphiBm/ — 21 which makes the diagram
14 COMMutative. O

ws 4 Support

10s  IN this and the next sections, we study properties of langsiagich are supports of
107 rational series. These languages strongly depend on therlyima) semiring. Thus we
s have seen in Sectimﬂs 1 aﬂd 2 that the rational languagexardyethe supports of
e rational series when the semiringlisor is finite. This is not generally true.

Example 4.1 Let K = Z, A = {a, b}, and letS be the series
§ =Y (ol = wls)e.

This series is rational (Exam.3). Its support is dmglage
supp(5) = {w € A" | [wla 7 [w]p}

and its complement is
L={we A" |wla = wls}.

mo  We shall prove thaL is not a support of a rational series oZerThis shows thaL is
uu  notarational language, by Proposit@ 2.1, and shows higetpp(.9) is not rational,

u2 by Corollary[1.b.
Arguing by contradiction, we assume that= supp(T') for some rational serieg
having a linear representation, 11, v) of dimensiom. Then the matriyua™ is a linear
combination of the matricesl, pa, . .., pa™!, and

pa™ = appl + -+ appa™ "t
Multiplying on the left byA and on the right byib™~, one gets
(T,a™b"™) = a1 (T, ") + - - - + an (T, a™ " b") .

ms  Sincea’d™ ¢ L for i # n, the right-hand side of this equation vanishes, and the left
ma hand side is not zero, a contradiction.
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Example 4.2 Recall that gpalindromew is a word which is equal to its reversal, that
isw = 1 (see Exercisf P.3.3). We show that the langulige {w € A* | w # W} of
words which are not palindromes is the support of a ratiosaés overZ.

Assume for simplicity tha#l = {ag, a1 }, and consider the series

> (ww,

w

where(w) is the integer represented hyin base2. This series is rational (see Exam-
pleﬂ 5.2). Consequently the series

> (@)w

w

also is rational (see Exerciff 2]1.3). Thus the series

> ({w) = {@)w

w

is rational, and its support i5. Note that, by a technique analogous to that of Exam-
ple[4.1, one can show that the set of palindromes is not a stpf@rational series.

For the rest of this section, we fix a subsemiriigof the fieldR of real numbers.
We denote byg the family of languages which are supports of rational setieat is
L c A*isinfif and only if L = supp(.S) for some rational serieS € K ({A)).

We shall see thak has all the closure properties usually considered in fotaral
guage theory, excepting complementation, as follows frmamﬁjle.

The morphisms considered in the next statement are morgHhisim one free
monoid into another.

Theorem 4.1 (Schitzenberggr 1961a, Fligss 19Thp family& contains the rational
languages. Moreoves is closed under finite union, intersection, product, subaidn
generation, direct and inverse morphism.

Proof. The first claim is a consequence of Proposi 2.1. Conside a language
L C A*in &, and letS € K {(A)) be a rational series with = supp(S). If ¢ : B* —
A* is a morphism, then

67 (S) = D (S, ¢(w))w

weB*

is rational. Indeed, if\, , ) is a linear representation 6f, then clearly(\, 1 o ¢, )
is a linear representation gf 1 (S). Consequently =1 (L) = supp(¢~1(9)) is in &.

Next, letL’ C A* be another language ®, with L’ = supp(S’), andS’ rational.
ThenL N L' = supp(S © ') is also in&, by Theorenf].5]5.

In order to show that the submonald generated by. is also in&, observe first
thatL* = (L \ 1)* and thatL \ 1 = L N A™ is in & Thus we may assume¢ L,
that is(S,1) = 0. Next, we may suppose th&thas only nonnegative coefficients, by
consideringS ® S instead ofS, which is possible in view of Theorefi[1.5. Under
these conditions,

L* = supp(S*),
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showing thatZ.* is in &. It is easily seen thak is closed by union and product, using
the formulas

supp(S + S”) = supp(S) U supp(S’),
supp(S5S”) = supp(S) supp(S’),

which hold if S and.S’ have nonnegative coefficients.

Finally, consider a morphisi : A* — B*.

(i) First we assume that(A) C B™T. In this case, the family(S, w)¢(w))weA*
of series with each of these series reduced to a monomiakadly finite, and its sum,
the series

3(S) = Y (S,w)p(w)

weEA*

is rational by Propositiofl[L.4.2. If moreovghas nonnegative coefficients, then

supp(¢(9)) = ¢(L),

showing that(L) is in &.

(i) Next, we assume that = B U {a}, with a ¢ B, and thatp is the projection
A* — B*, thatisg|p = id, ¢(a) = 1. Letn be the dimension of a linear representation
(\, i, y) of S, and set

P=A"\A"a"A".
We claim that
$(L) = (LN P). (4.1)

Let indeedw € L. If w ¢ P, thenw = xa™y for some words: andy. Using the
Cayley—Hamilton theorem fqra, we see thatS, za™y) is a linear combination of the
(S, za’y) with 0 < i < n — 1. Consequently, there is such awith (S, za'y) # 0,
whenceza'y € L. Sinceg(w) = ¢(za’b), induction on the length completes the
proof.

Lety : B* — K(A) be the morphism of monoids defined by

P(b) = (14 +a" )bl + - +a"7").

Further, recall that we may assume thdtas nonnegative coefficients. LBt K ((B))
be the rational series with the linear representation: o v, ), with ;. extended to
K {(A) by linearity.

Letw = by - - - by, € B*. The coefficient ofw in T" is A(u o Yw)~y. Sinceyw is an
N-linear combination of words of the form

abra’ - byatt (4.2)
and since, by definition of), any word of the form given by Equatiorm.Z) with
i0y-.-,im € {0,...,n — 1} appears injw, it follows that(T, w) is anN-linear com-
bination of coefficients of the form

(S, a®bia™ - ymaim) .
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In view of Equation [(4]1), and by the fact that all coefficieare nonnegative, this
implies that

¢(supp(S)) = supp(7).

(iii) Consider finally an arbitrary morphisa: A* — B* andL in K. We may assume
that A andB are disjoint. Ther = ¢3 o ¢1, wherep; : A* — (AU B)* is defined by
¢1(a) = ag(a) for each letter, and with¢gs : (AU B)* — B* defined byps(a) = 1
fora € A, andge(b) = bforb € B. Inview of (i), $1(L) € R Moreover,¢,
can be factorized into a sequence of morphisms of the typsidered in (ii). Thus
¢2(p1(L)) € R, andp(L) € 8. O

5 Ilteration

In this section, we assume thigtis afield. We prove the following.

Theorem 5.1 (ODLetL be a language which is support of a rational series.
There exists an integeV such that for any wordv in L, and for any factorization
w = zuy satisfyinglu| > N, there exists a factorization = pvs such that the
language

LNapv*sy.
is infinite.
We need a definition and a lemma.

Definition A quasi-power of ordef is any nonempty word. Ajuasi-power of order
n + 1is a word of the formeyx, wherex is a quasi-power of order.

Example 5.1 If z #£ 1, thenzyxzzyx is a quasi-power of ordex.

Lemma 5.2 (Schiltzenberggr 1961hgt A be a (finite) alphabet. There exists a se-
guence of integeréc,,) such that any word o of length at least,, has a factor
which is a quasi-power of order.

Proof. Letd = Card(A), cop = 1 and inductively
Cnt1 = cn(1+d°).

Suppose that any word of length contains a factor which is a quasi-power of order
n. Letw be a word of length at least, ;1 = ¢, (1 + d°*). Thenw has a factor of the
formzqizs - - - x,., with eache; of lengthe,, andr = 1 + d°». Since there are only‘»
distinct words of lengthz,, on A, two of thex;’s are identical, ana has a factoryx
with |x| = ¢,,. By the induction hypothesis, = z2/t with 2’ a quasi-power of ordet.
Thusw has as a factar’tyzx’ which is a quasi-power of order+ 1. O

Proof of Theorenp.]. LetS be a rational series with = supp(S), let (A, u,~) be
a linear representation ¢f, of dimensiomn. SetN = ¢, wherec, has the meaning
of Lemma[5.p. Consider a word = zuy € L, with [u| > N. Thenu contains a
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guasi-power of orden. Thus there exist words # xg,z1,...,%n, Y1, --,Yn SUCh
thatz,, is a factor ofu and, foreach = 1,...,n, z; = z;_1y;x;_1. Next

n > rank(puw;—1) > rank(pz;—1y;x,—1) = rank(ux;) .

Consequently, there is an integesuch thatank(uxz;—1) = rank(pa;—1y;x;-1). Set
p = ux;_1 andg = py;. Let these matrices aoh the righton K**". Fromrank(p) =
rank(pgp), it follows that

Im(p) NKer(gp) =0. (5.1)
Moreover,
rank(p) > rank(gp) = rank(pgp) = rank(p)

showing thatank(p) = rank(gp), and sincdm(gp) C Im(p), it follows thatIm(gp)
= Im(p). By Equation [5]1), this gives

Im(gp) N Ker(gp) =0.

Sincen = dim Ker(gp) + dim Im(gp), the spaces**™ is the direct sum ofm(gp)
andKer(gp). In a basis adapted to this direct sum, the matpitas the form

m 0
00
wherem is an invertible matrix. Consequently the minimal polynah#?(t) of ¢p is

not divisible byt2. We deduce that can be factorized inta = puvs, with v # 1, and
where the minimal polynomial

Pt)=t" —at" ' — - —a,_it —a,

of pv has at least one of the coefficiemts ; or a,. nonnull. Consider the sequence of
numbergby,) defined by

b = (S, apv*sy) = Au(ap) ()" p(sy)y -
For all & > 0, the following relation holds:
karr - alerrkfl + -+ arflkarl + arbk .

Sincew € L, one has, = (S, zpvsy) = (S,w) # 0. The conditiona,_; # 0 or
a, # 0 implies that there exist infinitely markyfor which b, # 0, whencerpv®sy €
L. [l

6 Complementation
In this section,K is afield. We have seen that the complement of the support of a

rational series is not the support of a rational series, iregg. However, the following
result holds.

Theorem 6.1 (Restivo and Reutenalipr 1984the complement of the support of a
rational series is also the support of a rational series,tlitds a rational language.
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For the proof, we use the following theorem.

Theorem 6.2 (Ehrenfeucht et 4. 19B1)et L be a language, and let be an integer
such that for any wordv and any factorizationv = ux - - - v, there exist, j with

0 <i < j <nsuchthat

weL <= uxi---vixjp1---xpv L.
ThenlL is a rational language.

The condition means that, given a wardn L (resp.w notin L) with n consecutive
factors, one may remove in it some factor which is a produsbafe of them, obtaining
awordw’ in L (resp.w’ notin L).

Proof of Theore®.]. LetL = supp(S) and letl’ = A*\ L = supp(T’) be two com-
plementary languages which are supports of the rationedss€randT" respectively.
Consider linear representatiof’s 1, v) and (X, 1/,~’) of S andT. Further, let be
an integer greater than the dimension of both representatio

Letw = uxy---zv € A*.

(i) Assume thatv is in L. Then0 # Au(ux; - - - z,v)vy and consequentlyuu # 0.
Then + 1 vectors

AUy APUX Y 5« « oy AUUTT -+ - Ty

belong to a space of dimension at mast Consequently, there is an integewith
1 < j < nsuchthat\pux; - - - x; is a linear combination of the vectokgiux; - - - x;
(0 <i<y) say

AMpuzy - xj) = Z ai p(uzy -+ x;)
0<i<j
with a; € K. Multiplying on the right byu(z ;11 - - - x,,v)7, one gets
(S,w) = Z ;i (S,uxy - TTiq - TRY)
0<i<j
Since(S, w) # 0, there existg with 0 < ¢ < j such that

(S,uxy - xizjq1 - ) # 0

and hencewx; - - - ;241 - - xpv € L.

(i) Assume now thatv ¢ L, thatisw € L’. A similar proof, this time with
(N, 1',~"), shows that there are integetg (0 < i < j < n) such that(T, ux; - - -
TiTj41 - Tpv) # 0, showing thatuz - - - z;x 41 - - - v € L', whence

UL - TiZjp1 - TV & L.

Thus we have shown that the langudgsatisfies the conditions of Theor¢m]6.2. Con-
sequently[ is rational. O

For the proof of Theorerp §.2, we use without proof the weltwkn theorem of
Ramsey. In order to state it simply, we introduce the follogvhotation: For any set
E, we denote by (p) the set of subsets gfelements oft.
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Theorem 6.3 (Ramsey; see e.¢). Ryider 1p63 or Harfison L%068)any integersn, p,
r, there exists an integeW = N (m, p,r) such that for any seE’ of N elements and
for any partitionE(p) = X; U- - - U X,., there exists a subsét of E with m elements,
such thatF'(p) is contained in one of th&;’s.

Proof of Theore@. Letn be a fixed integer, and I&t be the set of all languagds
over A satisfying the conditions of Theorefn]6.2 for this We prove below thak is
finite. Itis not difficult to show that for any. € L and any wordv, the language

w L ={z € A* |wr € L}

is still in L. In view of Corollary[2.B, any language Inis rational.

In order to show thakL is finite, we use Ramsey’s theorem far= 1+ n, p = 2,
r=2.LetN = N(m,2,2). Let L andK be two languages ik such that for alkv of
length< N —1,

weL < wekK. (6.1)
We prove that thei. = K. This clearly implies thaL is finite. To prove the equality,
we argue by induction on the lengths of wordsAr. Let w be a word of length
>N -—1,let

w=ajaz --any—18 (a; € A)
andE = {0,1,..., N — 1}. Consider the partition

E@2) =XUY,
with

X:{(i,j)|0§i<jSNflanda1~~~aiaj+1~~~aN,15EL},
Y =E@2)\X.

Observe that by the induction hypothesis,
X ={(i,j)|0<i<j<N-1landa;---aajr,---an_15€ K}.

By Ramsey'’s theorem, there exists a sulisef £ with m = n + 1 elements such that
F(2)cX or F2)CY.

LetF = {fi < fo < - < fptandletu = a1---ap, 1 = ap+1---afpy .-,
Ty =ajf,41---ajf,,, andv = ay, ., 11---anx—_15. Then we obtain a factorization

W = ULy "+ Tpv
such that

(i) either, forall0 < i < j < n, the worduzy - - - z;x;41 - - - v is both inL and
K;

(i) or, forall0 < i < j <n,thewordux; ---x;x;41 - - x,v is Neither inL nor in
K.
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12 SinceL and K are inL, the first condition implies thab € L andw € K, and the
1203 Second conditionthat ¢ L andw ¢ K. Thus Equatior@l) is satisfied and the proof
120a IS COMplete. O

1205 Theoren|6]1 is a special case of the following open problem.

Open problem Let L and K be disjoint languages which are both support of some
rational series. Does there exist two disjoint rationaglzaged.’ and K’ such that

KcK,LcL

1206 (thatisK and[L arerationally separatedl?

= EXercises for Chapter 3

128 1.1 Show that a subset af (wherea is a letter) is rational if and only if it is the

1209 union of a finite set and of a finite set of arithmetic progressi(we identify

1210 a* = {a" | n € N} with N).

v 1.2 For subsets(,Y of A*, setX~'Y = {27!y | 2 € X,y € Y}. Show that

1212 whatever isX, if Y is a rational language, thek —'Y is a rational language.

1213 (Hint: Use Corollanf2]8.)
s 1.3 Show that forX any recognizable subset df*, there exists an integéy such

1215 that, for every wordv in X of length at leasfV, and for every factorization =
1216 zuy with |u| > N, there exists a factorization = pvs such tha0 < |v| < N
1217 andzpv™sy € X forall n > 0. This result is known as theumping lemmédor
1218 recognizable (or rational) languages.

e 2.1 LetK be afield. The set of rational series Bf(A)), equipped with the sum
1220 and the Hadamard product, ig&algebra (Theore @.5). Show that tHem-
1221 potentsof this algebra are precisely the characteristic serieh®fational lan-
1222 guages.

1223 An elementS of this algebra is calledub-invertibleif Y~ (S, w)™*w, where
1224 the summation is over alb € supp(S), is rational. Show that an element is
1225 sub-invertible if and only if there exists a group contaimedhe multiplicative
1226 monoid of this algebra and containing the given element.

122z 2.2 Define as follows thenambiguous rational operatiorm languages :

1228 The unionL; U L4 is unambiguous if the sets are disjoint. The produck, is
1220 unambiguous ifu, v’ € L1, v,v" € Lo, anduv = v'v' imply u = v/, v = v'.
1230 The star operatioh — L* is unambiguous if. is the basis of a free submonoid
1231 of A* (thatisL is a code).

1232 Alanguage is callednambiguously rationdf it may be obtained from finite lan-
1233 guages by using only unambiguous rational operations. Bwlj%ropositiol
1234 applied toN, show that each rational language is unambiguously rdti¢Hat:
1235 Use the part “reconizable= rational” in the proof of Theorerfj [L.7.1.)

s 2.3 Consider two serie§ and S’ which differ only by values on words of length at
1237 most N. Show that they are both rational or both irrationalint: Consider
1238 T = S®AN*1A* observe thatS = T + P andS’ = T + P’ for some
1239 polynomialsP andP’, and use Corollar@.&)

o 2.4 Show how to deduce Theorém 2.10 from Corol[3fy b.2.3 wiids a field.
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2.5

2.6

3.1

4.1

4.2

4.3

4.4

4.5

4.6

Let L be a language recognized by some finite deterministic automa =
(Q,i,E,T). LetM = (m,,,,) be the matrix ifN®>%, wherem,, , is the number
of edged(p, a,q) in E. Let N be the inverse of the matrix— =M overZ[[z]].
Show that the generating function bfis equal to) |, N; ;.

a) Lete(z) = >°,,-, cna™ be anN-rational series without constant term. Show
(without using Soittola’s theorem proved in Chad]er 8) floatall large enough
integersk > 0, the serie$ " (k™ —¢,,)z™ is N-rational. Hint: Consider a rational
language” over some alphabet which has generating functiar).)

b) Leta(z) = >, ., an2™ be aZ-rational series without constant term. Show,
using a), that the seri€s (k™ + a,,)z™ is N-rational for lange enough integers
k. (Hint: Write a(z) as the differencé(z) — ¢(x) of two N-rational languages
and consider disjoint languag&sandC with generating function(z) ande(x)
respectively.)

LetL = (14 a?)(a*)*. Show, with the notations of Propositipn 3.3, thab/ is
not isomorphic tal (show thatV = Z/4Z andl — a + a® — a® € I).

Denote by the set of supports of rational series with coefficients exgbmir-
ing K. ThusRy is the set of rational languages (cf. Secﬂ)n 1).

a) Show that if K and L are fields and. is an algebraic extension d@f, then
Rk = Ry.

b) Show that ifK is a finite field and is a variable, then the support of the series
over the fieldK ()

S (E+1)" =" = 1)a"

n>0

is not a rational language (use Exer 1.1).

¢) Show that, given a fiel&’, one hasRy = Ry if and only if K is an algebraic
extension of a finite field (use Examjle}4.1) (fee Rljess]1971)

Letf,g: A* — B* be two morphisms of a free monoid into another. Define the
equality sebf f andg as the language

E(f,9) ={we A" | f(w) = g(w)}.

Show that the complement &( f, ¢) is the support of some rational series over
Z (seq Turakainh 19B5).

Show that it is decidable whether the support of a ratiserdes is empty.Hint:
Use Exercisg|p.3.2.)

Show that it is decidable whether the support of a ratisees is finite. int:
Use Exercisg|p.2.3.)

Show that it is undecidable whether the support of amatiseries is the whole
free monoid. Mint: Using Exampl¢]{.5]3, reduce this problem to the undecidabi
ity of Hilbert's tenth problem (theorem of Davis, Putnam dRwon, Matijacevic,
Cudnowski, se¢ Marli{ (1977), Theorem VI.1.2 and seq.: gvgolynomial

P € Zlxs,...,zy,], it is undecidable whether there exists;, ..., «,) € N
such thatP(aq, ..., ay) = 0).)

Show that it is undecidable whether two supports are equal.

Show that the following problem is undecidable. Giveratonal seriesS €
Q((A)), are there infinitely many words such tha{(.S, w) = 0? Deduce that it is
undecidable whether the complement of the support of araltigeries is finite.
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4.7 Use the undecidability of tHeost Correspondence Probleand Exercisg 4.2 to
give another proof of the undecidability of the equalitywbtsupports of rational

series.

5.1 Letu, be a quasi-power of order, with ug # 1 andu; = u;—1v;u;—1 for
1=1,...,p.
a) Show that there exist words , . . ., w, such thatforalf =1,...,p,

U; = UpW;W4—1 * W71 .

b) Use question (a) to prove that for all integerandp, there is an integefsuch
that for every morphism

ll . 4‘1* N lifTL)(?l

and for any wordw of length at least, there exist nonempty words;, . .., w,
such thatw,w,_1 - - - wy is a factor ofw and all thepw;’s have the same kernel
N and the same imagkewith N N I = 0, and consequently belong to the same
group contained in the multiplicative monald™*" (see[Jacp 19]8).

Notes to Chapter 3

According to Corollary 2]2, ai¥-rational seriesS = 3°, -, a,z™ with zero constant
term in one variable is the generating function of a ratidnauageL over some
alphabetA. Let us say that a serigsis k-realizable if the language can be chosen
over an alphabetl of k letters. In order to bé&-realizable, one must havg, < k"
for all n. If S is k-realizable, then the seri¢s — kz)~! — S is N-rational since it is
the generating function of the complemetit\ L of L. Itis shown in{Béal and Pertin
(2003) that conversely a serigsis k-realizable if bothS and (1 — kz)~! — S are
N-rational.

Theoren{2.70 is due fo Schiitzenbéfder (1p61a) for fielastgBonta[(1975) for
rings.

The proof of Jacob’s theorem (Theor¢m]5.1) is fom Reutehdi880b); in this
paper, another argument makes it possible to extend thi tegufinite alphabets, and
also to give a smaller boun which depends only on the rank of the series (and not
on the size of the alphabet). See r’1998, Eedrl12).

The cancellation propertyof Theorem[6]2 characterizes the rationality of a lan-
guage: indeed, each rational language has this propertypfoen, as may be easily
verified.

Let us mention the following open problein (Salomaa and &4it978, page 81).
Does there exist a language which is support Bfeational series without being sup-
port of aQ-rational series?
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Chapter 4

Rational expressions

We define rational expressions, their star height and ratidentities. Sectioﬂ 1 stud-
ies the rational identitye* = 1 + FE* = 1 + E*FE and its consequences and the
operatorsz~'E. In Section[IZ, we show that, over a commutative ring, rafiahen-
tities are all consequences of the previous identities.emi8n|:$, we show that, over
a field, star height may be characterized through some miniepgesentation, and
deduce that the star height of the star of a generic matrixdéro: is n. In the last
section, we see that the star height may decrease underxteldseon and show how
to compute the absolute star height, which is the star heigitthe algebraic closure
of the ground field.

1 Rational expressions

Let K be a commutative semiring and ldt be an alphabet. We define below the
semiring ofrational expressions ourl over K. This semiring, denoted, is defined
as the union of an increasing sequence of subsemigng®r n > 0. Each such
subsemiring is of the forrd,, = K (A,,) for some (in general infinite) alphabdt, ;
moreover, there will be a semiring morphigth— (E, 1), &, — K. We call(E, 1)
the constant ternof the rational expressioR.

Now 4y = A, & = K(A) and the constant term is the usual constant term.
Suppose that we have defindd_1, &,-1 = K(A,,—1) and the constant term function
oné&,,_; forn > 1. We define

A,=A,1U {E* | Eec&, 1, (E, 1) = 0}
Here E* is a formal expression, obtained frafhby putting* as exponent. Now
En=K(A,)
and the constant term function is obtained as follows: itisaaly defined ord,,_,
(since 4,1 C &,-1), and we extend it to all of4,, by setting(E*,1) = 1 for
E € &,-1, (E,1) = 0; now it is extended uniquely to a semiring morphigm =

K(A,) — K which is the identity ork.
An element o, \ £, is called a rational expression sifar heightn.

Example 1.1 Let A = {a,b}. Thenab € &, (ab)* € A; andl +b(ab)*a € &;. Since
a € Ao, one gets* € Ay, a*b € &, (a*b)* € Ag, (a*b)*a* € &. The constant term
of 1 + b(ab)*ais 1, and so is also that @f.*b)*a*.

59
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It follows from the definitions of rational operations in $ea[[4 and of rational
expressions above that there is a unique morplegat: £ — K ((A)), extending the
identity onK U A, such that the star operation is preserved. We leave theafqumoof
to the reader. Moreoveevalpreserves constant terms, thatévalE),1) = (E,1)
for any rational expression. It follows also easily from thefinitions that the image
of evalis the semiring of all rational series ohover K. Finally, the star height of
a rational seriesS' is the least: such thatS € eval&,,): this is a rephrasing of the
corresponding definition in Sectigf{]L.4.

Let E, F be two rational expressions. We wrife= F wheneval E) = evalF).
We say thatF = F is arational identity. Clearly, the relatior= is a congruence of
the semiringg. In other words,F = F andE’ = F' imply E+ FE' = F + F’ and
EE' =FF'.

We define another congruence®denoted-. Itis the least congruence fsuch
that for anyE € £ with (E,1) = 0,onehast* ~ 1+ EE* ~ 1+ E*E.

If E~ F,thenE = F and(E, 1) = (F,1). Indeed, the first equation is true since
=isacongruence satisfyilg = 1+ FE* = 1+ E*EforanyE in £ with (E,1) =0
(because fof = evalE), one hasS = 1+ SS* = 1+ 5*S, see Sectiof]fl.4). Thus
we obtain the sequence of implicatioAs~ F° — FE = F = evalk) =
evalF) = (E,1) = (F,1).

The constant term morphiséh— K, E — (E, 1) extends naturally to matrices:
g — K™ M — (M,1). We call M properif (M,1) = 0; in other words,
if each entry ofM has zero constant term. We writefor the identity matrix. The
congruence- extends naturally to matrices, too.

Proposition 1.1 Given a proper square matrik/ over&, there exist matriced/;, M»
of the same size ak/ over& such thathM; ~ 1+ MM; andMs ~ 1+ MyM. In
particular, if K is aring,1 — M is invertible modulo~.

Proof. This is clear ifM is of sizel x 1. Let M be of larger size, and writd/ =
(é i) in nontrivial block form, with/, L square. By induction, sinckand L are
proper, there exist matricds, L, of the same size thah L such thatly ~ 1 + I3,
Ly ~1+LLy. LetI’=I+JLiN andL’ = L+ NI;J. By induction again, sinc&
andL’ are proper, there exi$t, L} suchthatl{ ~ 1+ I'I{ andL} ~ 1+ L'L]. Let
(I LJL
My = (LlNI{ L, )

We verify thatM; ~ 1 + M M; by computing the coefficients, 1 and 1, 2 of the
right-hand side (we leave the remaining verifications torfegler). The first is

L+ I+ JIANI =1+ (I +JLN) =14+ T'T, ~ 1.
The second is
ILJLy +JL, = (I +1)JL) ~ LJL}.

This proves the result.

The existence of/, is proved symmetrically. Now, i is a ring, then so ar€ and
E/~, hencgl — M)M; ~ 1 ~ My(1 — M). Consequentip/; ~ My(1 — M)M; ~
Ms. Hencel — M is invertible in€ /~. O
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We define now, for each letter, a K-linear operato€ — & denoted byE —
a~1E. This is done recursively on the subsemirifgs Forn = 0, it is the operator
oné&, = K(A) defined in Sectiofifl.5.

Suppose that we have defined the operataf,on, with n > 1. We definen ' E
firstfor E € A,: if E € A,_1, thena™'E is already defined. Otherwisg, = F*
for someF € &,_; with (F,1) = 0; thena~'F is defined and we defing ! E =
(a=1F)F*.

Now a1 E is defined forE € A,,, and we consider the functign: A,, — £2%2
defined by

ue = (g )

The functiony, extends first to a monoid morphisdi;. — £2*2, the latter with its
multiplicative structure. Then, sincé’, is a basis of théd{-module&,, it extends by
K-linearity to&,, = K(A,) — £2*2. We then define the operater ! E, for any E in
En, bya_lE = IU/(E)271.

Thus the operator is defined ép, hence recursively on afl. Sincey is a multi-
plicative morphism, we have for all, F'in £

(aﬁgF) (Efg,1)) - <aE1E (E(,)l)) (aﬁ;F (F(,)l)) '

This implies
a Y (EF) = (a"'E)F + (E,1)a™'F. (1.1)
Moreover, by construction™ ' E* = (e ' E)E* if (E,1) = 0.

Proposition 1.2
(i) If a € AandE is arational expression, theevala ' E) = a~! evalE).
(i) If £ is a rational expression, then

E~(E, 1)+ a(a'E).
a€A

Proof. (i) The formula holds by definition i € £,. We suppose that it holds for
E € &,.1,n > 1, and prove it forE € &,,. Define the semiring morphism’ :
K{A) — K{A)*** by

W)= (55 o)

The fact thay’ is multiplicative follows from Lemm§ £.7.2. We have fare &,

/ evalE) 0
w o evalk) = (al evalE) (eva(E),l))

evalFE 0
evalo j(B) = (eva(a(llj) (E,l)) :

Thus it is enough to show that, f&t € &,, 1/ o evalE) = evalo u(E). Since
1 o evalandevalo i are K-linear semiring homomorphisms and site= K (A,,),
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it is enough to verify it forE € A,,. It suffices to show that th2, 1-entries of the two
matricesu’ o eval E) andevalo u(E) coincide. Then, eitheE € A,,_; C &,-1 and
it holds by induction, o2 = F** for someF € &,,_; with (F,1) = 0. Then we know
thata™'E = (a~1F)F*, so that

evala™'E) = evala™'F) eval F*) = (o~ ! evalF)) eval F)*
=a '(evalF)*) = a (eval F*)) = a ' evalE)
e using Lemm4]L.7]2, and since by inductieva(a ' F) = o~ ! evalF).
(i) This holds by definition and Equatiof] {1J5.1) whéh e &,. We suppose it
holds forE € &,_1,n > 1, and prove itforEl € &,. First, letE € A,,. If E € A,,_1,

we are done by induction. Otherwige= F* for someF € &,_1, (F,1) = 0. Then
by inductionF" ~ 3~ __ , a(a™F). Thus

E=F*"~14+FF ~1+ ) a(a”'F)F*

acA
=14+ a(@'F*)=1+> ala™'E)
acA a€A

10 and we are done also.
Now, the formula to be proved & -linear. Sincef,, is a freeK -module with basis
Az, it suffices to prove that the formula is preserved by prodiibtus, suppose that it
is true forE andF'. We prove it forE'F'. We have

(EF,1) + Z a(a™!

acA
(EF, 1)+ Y a((a ' E)F + (B,1)(a”'F)) (by (1.3))
acA
(B, 1)(F,1)+ Y _a(@'E)F + (E,1) Y _a(a™'F)
a€A acA
=(ED)(F1)+ > al@'F)+ > al@'E)F
acA a€A
~(E,)F+> a(a™
acA
((E,1) +Z (a"'E))F ~ EF . O
acA

= 2 Rational identities over a ring

1z Our aim is to prove in this section that, if is a commutative ring, then all rational
s  identities overK are “trivial”. This means that all rational identities arensequences
1ss  Of the fact thatS* is the inverse of — S, for any proper series.

1385 With the notations of the previous section, this means thatwo congruences

s and~ are equal. Sinc& is a ring,€ is also a ring, and we may equivalently consider
1 Ker(eval, called thadeal of rational identitiesThe result is as follows.

1 Theorem 2.1 If K is aring, the ideal of rational identities is generated by tlational
18 expressiongl — E)E* —landE*(1 — E) — 1,withE € £ and(E, 1) = 0.
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Example 2.1 We illustrate the theorem by two examples. First, consider ¢a, b}
the equality of serieab)* = 1 + a(ba)*b. Combinatorially, it means that each word
n (ab)* is either empty or of the formwb, wherew is in (ba)*. We show that this
identity can be algebraically deduced from the identifies S)S* =1 = S*(1 - 5).
We have indeed

1=1—ab+ab=1-ab+ a(l —ba)(ba)*d
=1+ a(ba)*b— ab — aba(ba)*b = (1 — ab)(1 + a(ba)*b)

where we usél — ba)(ba)* = 1 in the second equality and algebraic operations in the
others. Sincéab)* is the inverse of — ab, we obtain by left multiplication the identity
(ab)* =1+ a(ba)*b.

The second rational identity we conside(ds+ b)* = (a*b)*a*. Combinatorially,
it means that each word if, b}* has a unique factorizatiow’®ba’'b - - - ba*» with
n > 0 andig, ...,i, > 0. Algebraically, we have

= (a*b)"(1 —a"b) = (a™b)" — (a™b)*a™b
= (a*b)"a* — (a*b)*a*a — (a"b)*a*b = (a*b)*a*(1 —a —b)

where we use the fact thai*b)* (resp.a*) is the inverse ol — a*b (resp. ofl — a)
in the first (resp. in the third) equality. Thas= (a*b)*a*(1 — a — b) and we obtain
(a+b)* = (a*b)*a* since(a + b)* is the inverse ol — a — b.

Proof of Theorenp.].

1. Since a rational identity involves only finitely many cid@énts of the ringk,
it is enough to prove the theorem whéf is a finitely generated ring. TheR is
a Noetherian ring, hence each submodule of a finitely gesgtnaiodule over is
finitely generated (see Theordfh 1}5.3 and the remark bejore i

2. We now associate to each rational expression a finitelgrgéed/ -submodule
of £ which is stable, that is, closed under the operatorst, and which containg.
This is done by lifting to rational expressions what has bek@me for rational series in
the first part of the proof of Theore}] .

If E € & = K(A), the existence of the module is clear: we takeAhsubmodule
spanned by the words appearingfn For the induction step, we note that, taking the
result for granted foE' € &,,_1, itholdsif E € A,,_1. NowletE € A, \ A,,—1. Then
E = F* for someF € &,_1 with (F,1) = 0. By induction, there is a stable finitely
generateds-submodulel of £ which contains. DefineN = ME + KE. Then
N is a finitely generated’-submodule of containingFE. It is stable sinces 'E =
(a='F)E € MFE and since, foG € M, a '(GE) = (a"'G)E + (G,1)(a"'E) €
ME because ™ 'G € M.

We prove the existence of a submodule for all element§,dfy showing that if
E, F possess such a submodule, solda- F' and EF. Denote the corresponding
submodules bW/ g and M. Itis easy to show that/g + Mr andMgF + Mg do
the job. Observe that we use here only the fact K@ a commutative semiring.

3. Now let E = 0 be some rational identity. Le¥/ be the smallest stabl& -
submodule of containingE. It is finitely generated by 1. and 2. Lé,,..., E,
generatel/. It is enough to show that,, . .., £, are in the ideal7 of £ generated by
the elements indicated in the theorem. Note thas equality modulq7. Hence we
have to show thak; ~ 0.

By Proposition{ 1(i), each element 81 is itself a rational identity, sincé is
spanned by the smallest subseté&tontaining £ and closed under the operations
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F s a'F,a € A. Inparticular,(E;, 1) = 0. Thus by Propositio@.Z(ii) we have

Ei ~ Z Q((IilEi) .

a€A

Since M is stable,a'E; is a K-linear combination of the”;. Thus we may find
homogeneous polynomial¥/; ; of degreel such thatk; ~ >, M; ;E;. In other
words, if we putM = (M ;), we obtain

Eq

uz By Propositio 1J1] — M is invertible modulq7. ThusE; € 7 for anyi. O

w3 Star height

e A finite directed graptG = (V, E) is strongly connected there is a path between
s @ny pair of vertices. Astrongly connected componestt G is a maximal subgraph
126 Which is strongly connected. Thoycle complexityf G is defined as follows: I&F has
127 NO infinite path, its cycle complexity is. Otherwise, ifG is strongly connected, it is
s 14 the minimum of the cycle complexity of the grap@s\ v, for all verticesv in G.
e Finally, if G is not strongly connected, it is the maximum of the cycle claxipy of
10 the strongly connected componentsaf

Figure 4.1: Two graphs with cycle complexityand2 respectively.

ua  Lemma 3.1 LetG be a finite directed graph. Le¥ be the opposite graph, obtained
12 Dby reverting the edges. ThéhandG have the same cycle complexity.

un  Proof Clearly G and G have simultaneously infinite paths or not. Moreover, the
14 Strongly connected components@fand G are opposite graphs. Furthermoreypif

uss IS avertex, theni?\/v = G\ v. From this, it is easy to verify by induction th&tand
s G have the same cycle complexity. Details are left to the neade O

1437 Let V' be a totally ordered finite set and let: V' — N be a function. We define
w3 another functiom : V — V U {co}, whereco ¢ V andv < oo foranyv € V. Itis
13 called thenextfunction: n(v) is the smallest’ > v such that:.(v') > h(v) if such a
10 v’ exists; andh(v) = oo otherwise. Note that < n(v) foranyv € V.
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Lemma 3.2 LetV’ be an interval inV, leth’ = h|V’ and letn’ be the next function
of . Then, forany € V’,

() = {n(v) if n(v) e V',

) otherwise.

In particular »’(v) > n(v). If moreoverV’ is an upper order ideal oV, then equality
n’/(v) = n(v) holds for anyv in V.

Proof. Sincen/(v) = min{u € V' | h(u) > h(v) andu > v} andn(v) = min{u €
V| h(u) > h(v) andu > v}, we see that ifn(v) € V' thenn(v) = n/(v). If
n(v) ¢ V' then, sincey < n(v) and sincé/’ is an intervaly(v) is greater than each
element inV; thus forv’ € V' with ' > v, one hasi(v') < h(v) and consequently

n'(v) = oc.
If V' is an upper order ideal, then fore V' andu € V, the relatioru > v implies
u € V'. Hence the formula at the beginning of the proof imply) = »'(v). O

Let G = (V, E) be a finite directed graph. We say that V' — N is aheight
functionfor G if there is a total order ol such thaty being the next function of,
one has:

foranyv € V, if h(v) = 0 (resp.h(v) > 1), then for each edge

v — v, one hag' < v (resp.v’ < n(v)). (3.2)

Note that in the cask(v) > 1, if n(v) = oo, then the conclusion always holds.

Lemma 3.3 LetG = (V, E) be a finite directed graph with height functiénlet V’
be an interval oft” and letG’ be the graph obtained by restriction 6fto V’. Then
h|V" is a height function fot&’.

Proof. OrderV’ by restriction. Letn’ be the next function ok’. Letv € V' with
h(v') = 0. Thenh(v) = 0 and by {3]1), for each edge— v’ with v’ € V', one has
v < .

Now, letv € V'’ with #’(v) > 1. Thenh(v’) > 1 and by [3]L), for each edge
v — v withv’ € V’, one has’ < n(v). By Lemma[3, one has(v) < n’(v). Thus
v < n(v).

This proves that’ is a height function fo?". O

Lemma 3.4 LetG = (V, E) be afinite directed graph; € V and letH be a strongly
connected component@f If v € H, then each strongly connected componed{ afv
is a strongly connected component®f, v. If v ¢ H, thenH is a strongly connected
component o7 \ v.

The proof is left to the reader.

Theorem 3.5 A graphG = (V, E) has cycle complexity at most if and only if it has
a height functiorh with max(h) < m.

For the graphs of Figurg 4.1, one takes the natural order ®nettices, and the
functionsh(1) = 1, h(2) = h(3) = 0 for the first graph, and (1) = 2, h(2) = 1 for
the second.
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Proof 1. LetG have cycle complexity at most. We may assume that has cycle
complexity exactlyn. If m = 0, thenG has no infinite path, and we may totally order
V in such a way that — o’ impliesv > v'. Hence we may takk(v) = 0 for all v.

Suppose now that > 1. If G is strongly connected, there exists a vertesuch
thatG \ v has cycle complexityn — 1. By induction, a height functioh : V'\ v — N
exists, andnax(h) < m — 1. We extendh to V by h(v) = m and extend the order
onV \vbyv <o forallv’ € V\ v. Itis readily verified that the next function &f
satisfiesa(v) = oo and it follows from Lemmd 3]2 that(v') = ne,(v') for v’ # v.
From this, it follows that: is a height function fo(5.

Suppose now that is not strongly connected. We totally order the set of stlypng
connected components 6fin such a way that iff < H' then there is no edge from
H to H'. On each strongly connected componéht there exists, by induction, a
total order of its set of vertices and a height functiom with max(hy) < m. We
defineh on V' by extending these functions naturallyltg and the total order ol by
gluing together all these orders in a way compatible witht¢ta@ order on the strongly
connected components and such that each strongly conreestggbnent is an interval
of V.

Note that ifv, v’ are not in the same strongly connected compone6t, dfien

v—1v implies v <w. (3.2)

Letv € H. We suppose first thdt(v) = 0. Thenv — o' implies that either
v € H and then, by[(3]1)’ < v, orv’ ¢ H andv’ < v by (B.2). Suppose now that
h(v) > 1. If ng(v) € H, thenng(v) = n(v) by Lemma 3.p; suppose that— v’
then eithen’ € H, hence by[(3]1)’ < nx(v) = n(v), orv’ ¢ H and therefore by
BIv' < v < n(). f nu(v) = oo, thenn(v) ¢ H andv < n(v). Suppose that
v — v': then eithen’ € H andv’ < n(v) (indeedw,v’ € H,v < n(v), n(v) ¢ H
andH is an interval implys’ < n(v)); orv’ ¢ H and by [3.RW' < v < n(v). Hence
h is a height function fof.

2. Conversely, suppose th@thas a height functioh with max(h) < m. We may
assume thamax(h) = m. If m = 0, Equation 1) implies that there is no infinite
path inG, henceG has cycle complexity. Assume thain > 1. Suppose first that
v = min(V) is the unique vertex such thafv) = m.

Consider the restrictioh’ of h to V \ v; sincev = min(V), by Lemma[3]3/»’
is a height function foiG \ v and its maximum is< m — 1. By induction,G \ v
has cycle complexit< m — 1. Let H be the strongly connected component(of
containingv. Then by Lemm4{ \ v is a union of strongly connected components
of G'\ v, hence its cycle complexity is. m — 1, and therefore that off is < m. If
H' is another strongly connected componen&ofit is by Lemm also a strongly
connected component 6f \ v and so has cycle complexity m — 1. We conclude
thatG has cycle complexity at most.

Suppose now thdt(min(V')) # m or thatmin(V") is not the only vertex for which
h takes the valuer, and letv be the greatest vertex witt{v) = m in the total order on
V. ThenV; = {v' € V | v/ < v} is nonempty and distinct frofi. LetV, = V' \ 1].
Then by (ii) and (iii), there is no edge frofi; to V5, becausesr = min(V3) and
n(vy) < vforal v, € V5. LetG; = G|V;. Then by Lemm3 the graplds;
inherit a height function by restriction déf, and we conclude by induction that their
cycle complexity is at most:. Now, each strongly connected componenttois
contained in a strongly connected componentefor G2, which implies thatG has
cycle complexity at mosta. O
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K being afield, letF be a finite dimensional vector space o¥érlet B be a basis
of F and let® be a set of endomorphisms éf. We associate t&, B, ¢ a directed
graph with set of verticeB, and edges — b’ whenever there is somee ® such that
¢(b) involvesd’ when expanded in the badis

Thecycle complexitandheight function®f £, B, ® are defined correspondingly.
We say thatZ, ® hascycle complexityn if m is the smallest cycle complexity of triples
E, B, ® over all base$3 of E.

We denote by’ the dual space of’, by B’ the dual basis oB, and by®’ the
set of adjointsy’ for ¢ € ®. Recall that the adjoint af maps the linear function
on E onto the linear functiom o ¢ on E. The cycle complexity of2, B, ® is equal
to the cycle complexity of’, B’, ®'. Indeed, it is well-known thali; appears in the
B-expansion of(b;) if and only if b; appears in thé’-expansion ofy’ (b). Therefore
the associated graphs are opposite one of each other. Siposite graphs have the
same cycle complexity, so have B, ® andFE’, B’, ®’. Taking the minimum over the
basesB, we see thal', ® andE’, &’ have the same cycle complexity.

Observethat : B — Nis a heightfunctionfo#, B, ® if and only if the following
condition holds.

if h(b) = 0 (resp.h(b) > 1), then for anyp € @, the imagep(b)

is a linear combination df < b (resp. oft’ < n(b)). (3-3)

Of course,B needs to be totally ordered, ands the corresponding next function.
We slightly generalize this notion. Lét, ® be as before, and consider a finite totally
ordered family(b;);c; which spansF as a vector space, with a functiéan: 7 — N
(also calledcheight functiof such that the following condition holds.

if h(j) = 0 (resp.h(j) > 1) then for anyp € @, the images(b;) (3.4)
is a linear combination df; with ¢ < j (resp. withi < n(3)). '
Lemma 3.6 Let E, ®, (b;);c1, h be as previously. Thef, ® has cycle complexity at
mostmax(h).

Proof. We remove successively elements of the family until we iokddasis. This is
done as follows. Ifb;) is not a basis, then for sonkein I, we have a relation

bk = Zajbj

i<k

for somec; in K. Itis then easy to see that each linear combination of eléswen
with i < p (wherep € I U o0) is also a linear combination of elememtswith i < p
and in addition withi # k. This follows from the relation above.

Consider the familyb; )<\ and the restriction’ of 4 to I \ k. The next function
n' of b’ satisfiesn’(i) > n(i). This implies, in view of the remark above, that for
j € I'\ ksuchthati(j) = 0 (resp.h(j) > 1) the imagep(b;) is a linear combination
of elementd; withi € T\ k andi < j (resp.i < n/(j)). Thus we obtain a smaller
family and conclude by induction. O

Lemma 3.7 Let £, ® have cycle complexity:. Let F' be a subspace aof which is
invariant under the action ob. ThenE/Fand F', with the set of induced endomor-
phisms, have cycle complexity at most
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Proof 1. We know thatE' has a basig3 with a height function: satisfying condi-
tion [B.3) above anehax(h) = m. HenceE/F has a spanning family and a height
functionh satisfying [3B) andnax(h) = m. By Lemma[3.p, the cycle complexity of
the set of induced endomorphismsiof F' is at mostm.

2. We know that for some basiB of E, the cycle complexity oft, B, ® is m.
Hence, the duaF’, B, ®’ also has cycle complexity:. Let F'- be the set of linear
functions in E” which are0 on F. Then classically¥’ ~ E’/F+. Note that each
endomorphism ib’ mapsF into itself. Hence by the previous paft/, &’ has cycle
complexity at mostn. Hence, by duality againk’, ® has cycle complexity at most
m. [l

To a setM of square matrices of order, we associate the gragh with set of
vertices{1,...,n} and edges — j if M;; # 0 for some matrix}/ € M. We
call cycle complexityf M the cycle complexity of the grapd. Similarly, thecycle
complexityof a representatiof, y, ) is the cycle complexity of the set of matrices
pa, a € A.

Theorem 3.8 A rational series inK ((A)) has star height at most if and only if it has
a minimal representation of cycle complexity at mast

Note that the strength of this result resides in the conditibminimality. This is
quite different from what happens for languages and autamat

A matrix (a; ;) is called (noncommutativedenericif its coefficients are distinct
noncommutative variables.

Corollary 3.9 Let M be a square generic matrix of sizex n. Then each entry af/*
is a rational series of star height.

Proof. Consider the serieS,, , = (M*),,. By the second part of the proof of Theo-
rem[jr, it has the representatien, 11, e1'), whereu mapsa, ; onto the elementary
matrix £; ;. This representation is minimal by Propositﬂ .2.1. Hefig,, has star
height at most, since a graph withy vertices has cycle complexity at most Now,

it is easy to see that the complete graphovertices has cycle complexity exactly
Hence, ifS,, , has star height n, the theorem shows that for some minimal represen-
tation(\', i/, ') of S, ,, and somé, j, one hagy’a); ; = 0 for each letter. Now, we
havey'a = PpaP~? for someP € GL,,(K). Hence(PEy P~1); ; = 0 for each el-
ementary matrix,, .. This is not possible, since it would imply th@® N P~1); ; = 0

for any matrixV, and solV; ; = 0 for any V. O

One part of the theorem is a consequence of the following lamm

Lemma 3.10 Let (A, i, v) be a representation of a serigshaving cycle complexity
at mostm. ThenS has star height at most.

Proof. If m = 0, then there is no infinite path in the underlying graph. Hefide a
polynomial (by Equation[{.§.1) for example) and thus haslseight).

We assume now thath > 1. Suppose that the associated grdpls strongly
connected, of cycle complexity at most and thaiG \ 1 has cycle complexity at most
m — 1. Then the matribxd = > _ , apa may be written as

(1)

a€A

Ms M,
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where M; is of sizel x 1. Then M, has cycle complexity at most — 1 and by
induction, each entry ol is a series of star height at mast — 1. Now, setting
N = My + MyM{ M, one has

v (N N*MyM;
= \M;MsN* M+ M;MsN*M,M;

by a variant of an identity proved in the proof of Lemﬁhﬂ.]\lﬁte thatN is a series
of star height< m — 1 and consequentlyy * has star heigth at most. It follows that
each entry of\/* has star height at most, henceS too.

Suppose now that? is not strongly connected. Then the representatidras a
block triangular form and each diagonal block has cycle dewity at mostm. We
then use iteratively Lemn{3[9..2(i) to conclude. 0

Proof of Theoren.8. It remains to show that  has star height at most, thenS
has a minimal representation of cycle complexity at most

1. We prove first that under these hypothesis, there exigsbdessubspac& of
K {(A)) containingS, and such that the sét = {T' +— a~'T | a € A} of endomor-
phisms ofE has cycle complexity at most.

In view of Lemmal[3J6, it suffices to show that has a spanning familys; )ier
with a height functiom : I — N satisfying [3.#) and withnax () < m. To do this,
we argue by induction on the size of a rational expressioryfoBy definition of the
star height, it is enough to show it when

(i) Sis apolynomial andn = 0;
(i) S=T+UorS =UT, with stable subspacds G (for " andU respectively)
and families(T;)c1. (U;) jes, and height functions, ¢ with max(k), max(¢) <
m,
(i) S =T, T proper, with stable subspaég family (T;);c; and height functiork
with max(k) < m — 1.

(i) follows by taking as family the set of words appearingsinwith an order com-
patible with the length, witth, = 0, noting thatz 1w has length smaller thamn or is 0
for any wordw.

(i) If S =T + U, assuming thaf, J are disjoint, consider the stable subspace
F + G, spanned by the unioffl;),c; U (U;),es of the families, with a total order
extending those of and.J and moreovei < j fori € I, j € J. Furthermore, leb
extendk and/.

If S = UT, take the stable subspaGd” + F, spanned by the famil{/;T") jc s U
(T:)icr with the same order and height function as before. Since wedd (U;T) =
(a='U)NT + (Uj,1)(a=1T) and sinces~'U; (resp.a='T) is a linear combination of
Uj (resp.T;), we see tha4) is satisfied.

(i) If S =1T*takeE = KS+ F,J =IU{w}, withw < ifori € I, and let
S; =T;SforieI,S, =S.Lethextendk by h(w) = m. We havea=1S = (a=1T)S
and foriin I, a=Y(T;S) = (a=*T;)S + (T3,1)S. Sincea'T; is a linear combination
of element<’;,, we see tha.4) is satisfied.

2. By the previous part and by Lemrha]3.7, we see shatk (4) has cycle com-
plexity at mostn with respect to the sak, sinceSo K (A) is a subspace df, invariant
under the endomorphismsin This shows, by the construction of Lemiija 2.1.3, that
S has a representation of cycle complexity at masand dimensiorlim(S o K (A)).
Since the latter is the rank ¢f, we deduce that the representation is minimal (Corol-

lary B[1.5 and Theoref[2.].6). 0
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« 4 Absolute star height

Consider the rational serigs= %(a +1ib)* + %(a —ib)* € C{a,b)). Clearly,S has
star heightl overC. But S is actually inR{(a, b)). Indeed (see also Exercige]2.2)

1 Jw A fw
S = 5 Z (z‘ b (=) \b)w
we{a,b}*
_ Z Jlwlogy — Z (,1)|w|b/2w
|w|peven |w|peven

= Z (—1)ku0bu1---bu2k = (a—ba"b)*.

k>0,ug,...,usr €a*

The seriesS has as minimal representatiol u, ) with

o (10 (0 -1

122 and associated weighted automaton

a a
—b
1633 b

13« It has star heigh2 overR. Indeed, for any other minimal representatiov, i/, v')

135 OVerR, we haveu'a = ((1) (1)) andy'b = P ((1) _01) P~ for some invertible matrix

10
137 Thus the associated graph is complete and the represer{t&tip’, ') has cycle com-
138 plexity 2 and by Theorer@&' has star height overR.

1639 This example shows that the star height may decrease whéielthef scalars is
10 extended. IfS € K{(A)) is rational over a field<’, we callabsolute star heigtthe star
s height ofS over the algebraic closur€ of K.

1w P overR. Then(u'b)q 2, (1/'b)2,1 are neve, since has no real eigenvalue.

122 Theorem 4.1 The absolute star height is effectively computable.

1643 Itis understood here thaf is a field where one can compute, for examfle= Q.

1w Proof 1. Given a representatign= (), y,~y) of dimensionn over K and a grapltG

ws  With vertex set{1, ..., n}, it is decidable ifp is conjugate ovek to a representation
s o' Whose associated grapt is a subgraph (same vertices, less edge&).dhdeed, if
.z such g’ exists, then for some € GL,,(K), G’ is associated to the matricBga P~ 1,

1w a € A. Note thatP may be chosen of determinaht The existence of’ is therefore
19 €quivalent to the existence of a solution/inof the system of algebraic equations over
wo K inyandz, ;,1 <i,j <n,obtained by writing thay det(x; ;) — 1 = 0 and that the
w1 graph associated to the matrides ;)ua(z; ;) is a subgraph ofs (one must write
w2 that certain coefficients of these matrices @ye The existence of a solution iR is

153 equivalent to the fact that the ideal generated by the pahyjals forming the system
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is not equal taK [z; ;, y]. The latter property is decidable by Grobner basis teakesq
(sed Cox et 31(1997)).

2. Now, given a rational series ovAar, we may find a minimal representatiprof
it. Itis then sufficient to enumerate the graghand to decide ip has a conjugate over
K of a representation whose associated graph is a subgraph®he continues until
a graphG of minimum cycle complexity is found, in view of Theor3.8. O

Computing the star height ov€r of a rational series ifQ{(A)) is an open problem,
which may be undecidable.

Exercises for Chapter 4

11
1.2

2.1

2.2

2.3
3.1

3.2

3.3

3.4

4.1

4.2

Do the remaining verifications in the proof of Propossi@..

For each worab, thealphabetof w is the set of letters that occur in. A series

S is iso-alphabetidf all words w in its support have the same alphabet. We
consideriso-alphabeticrational expressions. These are expressions where the
operationEl — FE* is restricted to expressions denoting iso-alphabetieseri
For example, the expressidn + b)* is not iso-alphabetic, but is equal to the
iso-alphabetic expressidh*a™b)*b*a*.

Show that every rational series has an iso-alphabetiavatexpression.

Improve the result obtained in the proof of Theo@ 2.8hmywing that for each
rational expressioily € &, there exists a stable submodule&f containingEl
and which is generated by finitely many words on the alphlahet, 4,,. Deduce
that this module is a fre&-module (X is here a commutative semiring).

Show, by using only the fact tht is the inverse ol — S, thatinC{(a, b)) one
has

%(a +ib)* + %(a —ib)* = (a — ba™b)"

and

! b)* ! b)* = ba*b)*ba*

Q_i(a+l ) +2—i(a—z )* = (a — ba™b)*ba
Verify that the proof of Theore@.l is constructive.
Show that the cycle complexity of a subgraph is less thiaagaal to the cycle
complexity of the graph.
Show that the complete directed grapmorertices has cycle complexity. Give
a height function for this graph.
Show that, with the notations of the proof of CoroII@ﬁw is the sum of all
paths fromu to v in the complete graph with vertices (a path is identified with
the corresponding word in thg ;'s).
Show that i’ is any commutative semiring, andSfis a rational series, thes
has star height at most if and only if S has a representation of cycle complexity
at mostm.
Show that the following series ov@rhas star heigh? overQ and star height

overR: § = 2(a +bV2)* + (a — by/2)*. (Hint: Mimick the example at the
beginning of Sectloﬁ4 )

Show that ifK C L is an extension of algebraically closed fields, then the star
height overK of a K -rational series is equal to its star height oYer
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= Notes to Chapter 4

12 The idea of lifting the operations! to rational expressions goes bac ski
1663 e results of Secti¢h 2 are frm Krdb (1991) andehuisSectior] |3 are from
e« Reutenaupf(1996). The idea of cycle complexity of a grapming 3.0, the first part
s Of the proof of Theorerh 3.8 and Exercl[se]3.4 go badk to Bgjg@éd)lwho introduced
106 Star height of languages. The Boolean version (for langsjagieCorollary|3.p was
w7 proved in[Cohdn[(1970): the set of paths in a complete graph eertices is of star
10 heightn; however it is not clear how one could deduce one result fioerother. For
e rational expressions and identities of languagesd], seeiglasi (1991)[Kirstdn[(2005),
wo Bakarovitch[(2009a) and the references therein.
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Chapter 5

Automatic sequences and
algebraic series

Given an integek > 2 and a functionf : N — K into some semirind<, we consider
the seriesS defined by(S, w) = f(n) wheneven is an expansion af at base. If S
is a recognizable series, th¢ns called ak-regular function over .

Section[ll gives a presentation of regular functions. Setﬁiaxonsiders closure
properties. In the special case of the Boolean semiringilaedunctions correspond
to automatic sequences. These are described in S¢ftion Section[}4, we prove
thatg-automatic sequences over the alphdtetorrespond precisely to series that are
algebraic oveF,((x)). Sectior| b considers diagonals of rational series.

1 Regular functions

Letk > 2 be a fixed integer called tHease and letk = {0, ...,k — 1}. Its elements
are called theligitsin basek. Letv, : k* — N be defined forw = d,,_1 - - - dg, with
n > 0andd; € k, by

n—1
vp(w) = Z d; k.
i=0

The numbery, (w) is the numberepresentedy w, andw is arepresentatiorof n at
basek. In particularyy (¢) = 0, wheres is the empty word. Sek = k™ \ 0k™. Clearly,
vk is a bijection fromR ontoN.

Conversely, th@xpansiorof an integem at basek, also called theanonical rep-
resentationof », is the unique wordov in R such that,(w) = n. Itis denoted by
or(n). The expansion d is the empty word.

To each functionf : N — K, whereK is a semiring, we associate a series
defined by

(Sy,w) = f(ve(w)) we k. (1.1)

A function f : N — K is ak-regular function ovetK (or the sequencéf(n)),>o is
a k-regular sequengef the seriesSy is recognizable, or equivalently rational (Theo-

rem[3[7]0).

75
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1724 A subsetH of N is calledk-recognizableor recognizable in basg, if its charac-
s teristic functiond — B (the Boolean semiring) is-regular.

Example 1.1 The sum of digits functions; associates to each € N the sum of its
digits in its expansion at bade if

n:ZCiki, ¢ €k,

then

sp(n) = Zci.

Itis k-regular ovelN becausey, (v, (w)) = Au(w)y, where

A=(01), u(i):(i (1)) =0, k-1, 7:((1)).

Example 1.2 Theidentity functionN — N is k-regular ovelN (this has been already
shown in Exampl¢]£.5.2 fdr = 2 in a different manner). The serigs,, vy, (w) w is
indeed recognizable becausgw) = Au(w)~y with

A=(01), u(¢><’z (1)) =0, k-1, 7<(1)>

Indeed, it is easily checked that

(w) = (V’Z{;) g) for we k'

e Proposition 1.1 For any functionf : N — K, the following conditions are equivalent:

1727 (i) fisak-regular function;
ws (i) the seriesS =" ., f(n)ox(n) is recognizable;
we  (iii) there exists a recognizable seri€swvhich coincides wittf; on R.

wo  Proof. (i) <= (ii). Observe that the support of the serigs= > -, f(n)ox(n) is

w3 contained inRk and thatS coincides withS; on R. One hasS = Sy ® R. Thus if Sy

w72 IS recognizable, so iS by Corollaryl}. Converselg,; = 0*S. This implies that if
s S is recognizable, so iSy.

1734 (i) < (iii). AssumeT is recognizable. Sincé = T © R, the seriesS is

s recognizable. The converse implication is clear. O

173 Applying this result tdB, we obtain by Corollar}|B.2 5, the following result.

ez Corollary 1.2 For each setH of nonnegative integers, the following conditions are
s equivalent:

1739 (i) H is ak-recognizable subset of;

wo (i) v, '(H) is arational subset ok*;

wa (i) o, (H) is arational subset ok™;

we  (iv) there exists a rational subséf of k* such thatH = v (X).

1743 ‘:l
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s Corollary 1.3 If f is ak-regular function ovelN, anda is in N, then the setg ! (a),
ws  f71({n|n <a})andf~1({n | n > a}) are k-recognizable subsets bf

ws  Proof. This follows from Propositiop 11, Corollafy 1.2 and Coanyg[2.7. O

wr  Example 1.3 The set of powers o is 2-recognizable since the set of its canonical
s representations is the rational language.

e Example 1.4 The set of squares is n@trecognizable. Indeed, It be the language
wso  Of canonical representations of squares at lfasend consider the languadé =
ws LN (11)T(00)T01. This is the language of canonical representations of sguafr
ws2  the form(22™ — 1)227+2 4+ 1 for some integers, m > 1. We claim that a positive
w3 integery satisfiesy? = (22 — 1)227+2 + 1 with n,m > 1ifand only if m = n
wse andy = 2271 — 1. Assume this claim for a moment. Thén = {12701 | n >
wss 1} and this is not a rational language, by the pumping lemmadtomal languages
s (Exercisg[§.1]3).

1757 To prove the claim, ley be such thag? = (22™ —1)227+2 4+ 1 for somem,n > 1.
s Theny? — 1 is divisible by22"+2, Sincey is odd, only one of the numbeys— 1 and
ey + 1 is divisible by4. Lety — e be this number, witke = +1; theny + e is not
weo  divisible by4 and sincg2?™ — 1)22"12 = 42 — 1 = (y — e)(y + €), we can write
ve Yy =22tz 4 e wherezis odd. Sincg22™ —1)22n+2 = 2 1 = 24n+2,24 92n+2 ¢
e We get227z2 4+ ze = 22™ — 1. This shows thae?” — 1 < 22™ — 1 and therefore
s n < m. Assume nowh < m and setp = m + n + 1. Thenp > 2n + 1, whence
wes (2P — 1)2 = 2% — 2Pl 1 < 220 2242 4 1 = ¢2 < (2P)2. This shows that
s y? lies between two consecutive squares, a contradictions&prentlyn = n and
1766 Y = 22n+1 — 1.

ez Proposition 1.4 If f, g : N — K are k-regular, then the functiong+ g and\ f, f A for
wes A € K arek-regular. If K is commutative, thefi® g defined byf @ g(n) = f(n)g(n)
iee IS k-regular.

w0 Proof. The first assertions follow from Corollaf}{Z.5.2. For thetlassertion, it suffices
wn o observe thabe, = S; @ S, and to apply Theorefj[L.5.5. 0

«— 2 Stable submodules and operations oh-regular func-
tions

The setk™ of functionsN — K is a right K-module for addition and multiplication
by a constant defined in the usual way. We define a left actidri @n K by setting,
forj € kandf € KV,

(G o f)n) = f(nk+3).

This action is extended to* by uw o (vo f) = uv o f foru,v € k*. It follows that for
wek”

(wo f)(n) = f(nk!"! + vy (w)).
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Indeed, by induction, foj € k,

(jwo f)(n) = (jo(wo f))(n) = (wo f)(nk+j)
= f((nk + §)k"" + v (w))
= FR 1 R () = F(rE 4 ().

wa A K-submoduley of KV is stableif V is closed by the operations — w o f for
s w € k*. This is equivalent to saying thatlif containsf, thenV contains all functions
e n— f(nk®+s),fore > 0and0 < s < k°.
w7 We define, foru € k* andS € K((k)), the seriesSu~! by (Su=1,v) = (S, vu).
i7s - This is a left-right symmetric version of the operation deélrin SectiorﬂS. We write
e alsoSu~! =wuo S, sinceitis a left action ok™ on K (k).

Consider the subset

E={SeK(k)|vVwe k", (S,0w) =0}

weo  Of K((k)). Itis a right K-submodule which is closed under the left actionkdfon
wva  K{(k)). Indeed, ifS € E andu,w € k*, then(u o S, 0w) = (S, 0wu) = 0.

w2 Lemma 2.1 The functiom : f — S; ® R is a right K -linear isomorphism fromk™
e ONto £ which commutes with the left actionsigton KN and onE.

Proof. One hasi(f) = > .y f(n)ox(n). This shows that is a right K-linear
isomorphism. Concerning the left action,le€ k*. We prove thatioh(f) = h(uof).
Letw € k*. If w € 0k, then(u o h(f),w) = (h(f),wu) =0 = (h(uo f),w), and
if w ¢ 0k™, then

(uo h(f)aw) = (h(f)awu) = f(k‘ull/k(w) + Vk(u)) = (uo 1 Vk(w))
= (h(uo f),w). O

wss  Proposition 2.2 A functionf : N — K is k-regular overK if and only if there exists
s a Stable finitely generated righit -submodule of¢Y which containsf.

s Proof If such a submodule exists, then there is a stable finitehegded right/c-

wer - submodule ofK ((k)) which containsS = 3 ., f(n)or(n), by Le. Hence

s S is recognizable by the left-right symmetric statement @id@isition|| . Thug is

e k-regular by Propositiop 1].1(ii).

Conversely, suppose théiis recognizable. Then, by Propositidf 1]5.1, there exists

a finitely generated righk-submodule ofK {(k)), containingS, and which is closed
under the left action® — uo T foru € k*. Let Sy, ..., S, be generators of this right
K-module. For any, € k, we haveforj =1,...,n

n
aon = E SiOéi_’j,
i=1

whereq; ; € K. Thus for any wordv € k*

n

(Sj, wa) = Z(S“ UJ)O[Z'J' . (21)

=1
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o DefinelU = 1 € K(k)) andT; = S; ©® k™ \ 0k* for j = 1,...,n. Observe that
w1 €achTy has constant terrl. We show that the righf{-submodule) spanned by
we U,TY,...,T, containsS and is stable. This will imply the proposition by Lem@ 2.1,
s Since the serie§, Ty, ...,T, are inE.
The submodulé/ containsS sincesupp(S) C R and sinceS is a right K -linear
combination ofSy, ..., S,,. We verify thatao T; = """ | T;a; j + U (T}, a). This will
imply stability. Letw € k*. We have to show that, far € k,

n

(Tj,wa) = > (Tp,w)ai ; + (U, w)(T},a).

i=1

e Thisis clear ifw € 0k*. If w ¢ 0k*, suppose first thab is the empty word. Then both
o5 Sides of the equation are equal(iB;, a). Suppose now that the wotd is not empty.
s Then (T}, wa) = (S;,wa). Moreover,(U,w) = 0 and(T;,w) = (S;,w). Thus the
wer  equality follows from [2]1). O

s Example 2.1 We show by using PropositioEIZ.Z that the sum of digits fuorcki,
19e  already considered in Examl.]kisegular.

1800 For this, observe first that the constant functionsN — N, defined fori € k by
wr  ¢;(n) = i for all n, arek-regular sincej o ¢; = ¢;. Next, j o s, = s + ¢; because
w2 (josg)(n) = sk(nk+ j) = sp(n) + j. Thuss; together with the constant functions
ws  Co,...,Cs—1 SPan a stable finitely generated submodul&df

10a  Corollary 2.3 Let K be a finite semiring or a commutative ring. Then a function
ws f: N — K isk-regular overK if and only if the rightK -submodule of¢™ generated
15 DYy the functionsv o f, for w € k™, is finitely generated. In this case, it is generated by
107 finitely many of these functions.

s Proof. This follows from Propositiop 22 and Corollgif 1]5.4. 0
1809 An interesting property of-regular functions is closure by extraction of an arith-

110 Metic progression on the argument. We start with a lemma.

11 Lemma 2.4 If f: N — K is k-regular, then the functiong and ¢’ defined by (n) =
w2 f(n+1)forn > 0,andg’(n) = f(n —1)forn > 1, andg’(0) = 0 are k-regular.

1813 The exact value of’(0) in the previous statement has no importance because two
14 Series which differ only by a finite number of values are bational or both irrational,

ws by Exercisd]q.2]3.

Proof. We start withg. Let M be a finitely generated stablg-submodule ofK™
containingf, and letN be theK-submodule generated by the functionslihand the
functionsn +— h(n + 1) for h € M. Clearly N is finitely generated and contains
g. It remains to show thad is stable. For this, consider a functibne M, and set
u(n) = h(n+ 1). Letj be an integer witlh) < j < k. If j <k — 1,

(Jou)(n) =u(kn+j) = h(kn+j+1) = ((j +1) o h)(n)
andthugjou € M,andifj =k — 1,

((k—1)ou)(n) = u(kn+k—1) = h(kn+k) = h(k(n+1)) = (Ooh)(n+1).
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Since0 o h € M, the functionn — (0o h)(n + 1) isin N. This shows thajou € N
for0 < j < k and thatV is stable.

A similar argument holds for the functigyi. Here, the case distinction is between
j>0andj = 0. O

Proposition 2.5 Leta > 1,b > 0 be integers. Iff : N — K is k-regular, then the
functiong defined byy(n) = f(an + b) is k-regular.

Proof. Assume firsth < a. Let M be a finitely generated stabl§-submodule of
KN containingf, and letN be theK -submodule generated by the functions\ihand
by all functionsn — h(an + ¢), for0 < ¢ < a andh € M. Clearly N is finitely
generated and contaigs|t remains to show thaV is stable. For this, observe that for
0<j<k,onehasj+c<a(k—1)4+a—1=(a—1)k+k—1. Euclidean division
of aj + c by k therefore gives

aj+c=ck+4, with0<cd <a,0<l<k.
Letnowh € M and define € N byp(n) = h(an + ¢). Then

(4 op)(n) = p(kn +j) = h(a(kn + j) + ¢) = h(kan + aj + ¢)
= h(k(an +c)+ €)= (Loh)(an + ).

The functionh’ = £ o his in M becausé// is stable, and by construction, the function
n — h'(an+ ¢)isin N. This shows thaj o p is in N and thus thaiV is stable.

This proves the claim i < a. If b > a,we argue by induction ol Assuming that
the functionn — f(an+b— 1) is k-regular, it follows by Lemm§ 2.4 that the function
n — f(an + b) is k-regular. O

Propositior] 25 is used in the proof of the following progert

Proposition 2.6 Assume thak is a finite semiring or a commutative ring. Liet¢ > 2
be integers. Iff : N — K is bothk-regular and¢-regular, thenf is k¢-regular.

Proof. In this proof, we use both the left action kf and the left action of* on KV,
Although it follows from the context which of the actions isant, it is better to use
the notationoy, (resp. o) for the left action ofk™ (resp. of¢*) on K. Similarly, a
submodule of<™ will be calledk-stable (respé-stable) if it is stable under the action
of k* (resp. oft*).

Let f : N — K. We first prove that, fou € k™ andv € £*, there exist/’ €
k* v € £*, of the same length asandv respectively, such that

woy (vor f) =0 op (u o f). (2.2)
Indeed, setv = |u|, 8 = |v|, r = v (u), s = v¢(v). Then forn > 0,
wop (vog f)(n) = f(E*(°n +s) +71),

and sincek®s +r < k(0% — 1) +r < k(0% — 1)+ (k~ — 1) = k*¢P — 1, there exist
integersy < k,t < ¢% such tha®s + r = ¢%q 4 t (Euclidean division ok®s + r
by ¢%). Letu’ € k* andv’ € £* be the words such that'| = o, v (u') = ¢, || = 3,
ve(v') =t. Then

wop (vog f)(n) = f(L7(k*n +q) +1) = v of (u' o f)(n).
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Now, let M be thek -submodule ofs™ spanned by the functions>;, f for u € k*. By
Corollary, itis spanned by a finite numbgr. . ., f; of functions withf; = u; o f
for someu; € k*.

Next, since the functiorf is ¢-regular, Propositio@.S implies that eaghis ¢-
regular. Let)M; be theK -submodule of<™ spanned by the functions, f; forv € £€*.
By Propositior] 2]2 again, eadHt; is spanned by a finite number of functiofis;, for
j=1,...,d;,with f; ; = v; ; o¢ f; for somev; ; € £*. Let N be theK-submodule
spanned by thef; ;. Itis ¢-stable by definition. It is alsé-stable since for € k, and
in view of Equatlon-2)

T ok fij =10k (vijor fi) =V op (1" og fi) = v op (r'u; o f),

for somer’ € k andv’ € £*. Nowr'u; o, f isin M and thus is a linear combination
of the f; and moreover eactl o, f; isin V.

It follows that N contains all functions oy, (v o, f) and all function® oy (u oy, f)
foru € k" andv € £€*. It remains to show thaW is k¢-stable, but this follows from
the fact that fo) < j < k¢, and setting = kg + r with0 < r < k,

(Jore f)(n) = f(kln+j) = f(k(n+q) +7) =rok (go¢ f)(n). O

Given two functionsf, g : N — K, define theilCauchy producyf x g by

= > fli)g(h)

1+j=n

This is just another way to consider the product of one végiaéries.

Proposition 2.7 The Cauchy product of twie-regular functions is agaitk-regular.

Proof. Letu,v : N — K be twok-regular functions, and let = u x v. Let M and N
be stable finitely generated submoduleg®f containingu andv respectively, and let
L be the submodule spanned by the functiprg for f € M, g € N and the functions
n— (fxg)(n—1)for f € M, g € N (with the convention thatf x g)(—1) = 0).
Clearly, L is finitely generated and contains It suffices to show thak is stable. It
will be more readable to writg; instead ofi o f fori € k.

Let f € M, g € N, and define functiong& andh’ by h(n) = f x g(n) and
W(n) = f*g(n—1). We show that, h/, € L for eachd € k. This will show thatZ
is stable. We start with,. By definition

ha(n) = h(nk +d) = Z f(r)g(s). (2.3)

r+s=kn+d

Consider a paitr, s) with r + s = kn + d and consider the Euclidean division of
by k. This givesr = ki + e for some0 < i < n and0 < e < k. It follows that
s=kn+d—r=kn+d—ki—e=k(n—1i)+d— e We write this as

_)kjt+d—e withj=n—14,if0<e<d,
C\kj4(k4+d—e) withj=n—1—i,ifd<e<k.
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This ensures that the rest- ¢ (resp.k + d — e) is always nonnegative. Note that> 0
in both cases. Accordingly, the sufn (2.3) is split into tweotga

hink+d)= Y Y flik+e)g(jk+d—e)

0<e<d i+j=n

+ > > flik+e)g(ik+k+d—e)

d<e<k itj=n—1

= Z (fe* ga—e)(n) + Z (fe * Grta—e)(n —1).
0<e<d d<e<k
This shows thatl o hisin L.
Nexth/,(n) = hqa—1(n) ford > 0, sod o b’ isin L for d > 0. In the casel = 0,
one hash/,(n) = h/(nk) = h(nk — 1) = h((n — 1)k + k — 1). This yields the
decomposition

B(nk)=h((n—1k+k—1)
= > > flik+e)g(k+k—1-¢)

0<e<k—1 i+j=n—1

- Z (fe* gr-1-c)(n —1).

0<e<k—1

This shows thab o 4’ is in L and concludes the proof thatis stable. O

Proposition 2.8 For any k-regular functionf : N — K, whereK is a field equipped
with an absolute valug|, there is a constant such that f (n)| = O(n°).

Proof. The seriesS; is recognizable. By Exercig[1.5.1(a), there is a congtasuch
that|(Sy,w)| < C*lvl for all wordsw. If w = o1 (n), then|w| < 1 + log; n, and
consequentlyf (n)| = |(Sy, ox(n))| < C?lo8r ™, SinceC'o8r ™ = nlogk it follows
that|f(n)| < C?n'°&r ¢ and|f(n)| = O(n°) with ¢ = log,, C. O

3 Automatic sequences

We consider now partitions of the S8tof integers into a finite number éfrecogni-
zable sets. We assign, to each integer, a symbol denotirdais in the partition.
When these symbols are enumerated as a sequence, one géitsisiequence called
k-automatic.

More precisely, a sequenceiofinite wordu over the finite alphabet is a mapping
u : N — A. Itis usual to writex as the sequence of its symbais= «(0)u(1) - -
u(n)---. Forinstance, the sequence N — {0,1} defined byu(n) = 1if nis a
square ana(n) = 0 otherwise is displayed d4001000010000001 - - - . If the infinite
wordw is periodic and has periqd then we writew = v, wherev = u(0) - - - u(p—1).
For instancep = (012)“ denotes the infinite word ovei0, 1,2} whereu(n) is the
remainder of the division of. by 3. We write v = vw® to denote an eventually
periodic infinite word which has a periodic suffix’.

Letk > 2 be an integer. An infinite sequenc@ver the alphabed is k-automatic
if for each lettera € A, the setu™'(a) = {n € N | u(n) = a} is recognizable in base
k. Equivalently, consider the mapping

k2SN AL
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Thenu is k-automatic if the languages, ' (u~*(a)) or, what is equivalent by Corol-
lary [L.2, if the languages, (u ' (a)), are recognizable for all lettersc A.
It is useful to consider a left action & onw defined forr in k by

(rou)(n) =u(nk+r).

This operation extracts from the sequence composed of the letters appearing at the
positions= » modk. The action extends to words énby

rsou=ro(sou).
It follows that, for a wordr € k™,
(rowu)(n) = u(nkl™ + vy (r)). (3.1)

The set of sequenceso v for r € k™ is sometimes called thk-kernel of u. By
Equation [3]1), it is the set of infinite sequences

n—u(nk®+j), e>0,0<j<k®.

Proposition 3.1 A sequence is k-automatic if and only if the set of sequencesu,
forr € k*, is finite.

Proof. We may assume that is a semiring, since there exist semirings of any finite
cardinality. Then the proposition is a consequence of FErirDipo. Indeed, a finitely
generated module over a finite semiring is always finite. O

Corollary 3.2 A subsetd of N is k-recognizable if and only if the set of subsets
H = {n e N|nkl"l 4 v (r) € H}, forr € k*, is finite. O

Example 3.1 The Thue-Morsesequence is the infinite binary sequenawer the let-
tersa andb defined byt(0) = a, andt(2m) = t(m), t(2m + 1) = t(m), wherea = b
andb = a. Thus

t = abbabaabbaababba - - -

To see that it i2-automatic, we consider the sequencefined byt(n) = t(n). Then
Oot=t,10t=1t00t=t10t = t. Thusthe2-kernel oft is composed of and
t. Itis easily checked on the definition thdir) = a if and only if so(n) is even (see
Example[1]1 for the notatiosy (n)).

Example 3.2 We consider the so-callgobhper-foldingsequence. This is the infinite
binary sequencg over the letters andb defined form > 0 by

p(dm)=a,
p(dm+2) =10, (3.2)
p2m+1) =p(m).

Thus

p = aabaabbaaabbabb - - -
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To see that it i-automatic, we observe that by definition, symbols in evesitipms
are alternatively: andb, so thatd o p = (ab)¥. Moreover

lop=p, 0o(ab)®=a", 1lo(ab)®=10",

0oca¥=10a=0a¥, 00b’=10b"=10".

This shows thap is 2-automatic. Moreovep(n) = aifand only ifn = (4m+1)2°—1
for somem, ¢ > 0. Indeed, assume firgt = (4m + 1)2¢ — 1. If £ = 0, thenn = 4m
andp(n) = a. If £ > 0, thenn = 2%4m + 142 + --- + 21, and by iterating[(3]2)
times, one getp(n) = p(4m) = a. Conversely, assumgn) = a. If n is even, then
by (B.2)n = 4m for somem. If nis odd, defing by n =1+ 2+ ... 4 2= 4 26/
with m’ > 0 even. Then by iteratind (3.2)times,p(m’) = p(n) = a. Thusm/’ is a
multiple of 4 and therefore, = (4m + 1)2¢ — 1.
The first numbers in the sgt ! (a) are0, 1, 3,4,7,8,9,12,. . ..

The next proposition describes h@aregular functions angl-automatic sequences
are related.

Proposition 3.3 Any k-automatic sequence with values in a semiringkigegular.
Conversely, &:-regular function with values in a commutative ring thateakonly
finitely many values is-automatic. Similarly, &-regular function over a finite semir-
ing is k-automatic.

Proof. Let f : N — A be ak-automatic sequence, and assurhés a subset of a
semiringK. For eachu € A, the languageZ, = v;, ' (f~(a)) C k* is rational, and
consequentlyy = > . 4 aZ, is a rational series over the semirihg Thusf is a
k-regular function.

Conversely, letf : N — K be ak-regular function, wherd{ is a commutative
ring, that takes only finitely many values, and get= f(N). Then for eachu € A,
the setd, = {n € N | f(n) = a} is k-recognizable by Theoref}[3.2}10. Thfis
viewed as a sequence with valuesAnis k-automatic. The proof of the last assertion
is similar, using Propositiof] 3.2.4. 0

4 Automatic sequences and algebraic series

In this sectiong denotes a positive power of some prime, d@ds the field withg
elements. To each infinite sequencever the the fieldf,, we associate the formal

series
u(z) = Z Upx™,

n>0

whereu,, is the element at position in «. Series oveF, have some properties which
are useful in computations. In particulaz?) = u(x)?, as it is easily checked. As
usual, we denote b¥,(x) the field of rational fractions with coefficients Iy, by
F,[[z]] the ring of formal series with coefficients Iy, and byF,((z)) its quotient
field, the field of Laurent series.

A seriesf is algebraicover the fieldF, () of rational fractions with coefficients in
IF, if there exist polynomialsy, . . ., a,, € F,[z] withn > 1 anda,, # 0 such that

ap+arf+--+anf"=0.
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Later we will use the observation thatfifis algebraic, then the powey$ are linearly
independent elements Bf ((x)) viewed as a vector space over the fiBldx).
The aim of this section is to prove the following result.

Theorem 4.1 (Christo] {1979/ Christol et &l. 198®n infinite sequence over the al-
phabetlF, is g-automatic if and only if its associated serieér) is algebraic over

Fq().

Example 4.1 Consider the Thue-Morse sequemnc&his infinite sequence satisfies the
relationstqg = 0, to,, = t, andta, 11 = 1 + t,,, overF,. It follows that

00 o] 00
t(:L') = Z tn:L'n = Z t2n$2n + Z t2n+1$2n+1
n=0 n=0 n=0

=) e+ ) (L ty)a? = 1(@?) + ) e 4wt (a?)
n=0 n=0

(1+2)?

=1+ z)t(x2) + =1+ :E)t(x)2 +

1+ 22
Thus

(1+2)*+ (1 +2)t+2=0,
showing that(x) is algebraic oveFs(z).

We define a left action of the sgt= {0, ..., ¢ — 1} on series by setting, far = u(z)
and0 < r < q,

(rou)(@) = 3 tngrra”
n=0

With this notation, one gets

q—1 qg—1
u(@) =Y a"((rou)(@)? = a"(rou)(a?), (4.1)
r=0 r=0
since indeed
q—1 oo
u(z) = Z x” Z Ungtrz™?.
r=0 n=0

We start with the following lemma.
Lemma 4.2 Letu(z) andwv(x) be two series oveF,. For eachr € g,
ro(uw?) = (rou)v.

Proof. Setw = wv?. Sincev(z)? = v(x?),

oo
w(z) = E wpz" = E U vpztat™
n=0

m,£>0
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with

Wy, = E U Vg -

n=~0q+m

By definition (r o w)(z) = >° 7 j wnet+r2™ and

Whngtr = g Um Vg .

m,£>0
nqg+r=Lq+m

In this sum, the equalityyg + r = ¢q + m shows thatn = r mod ¢, and therefore
m = m’q + r for somem’ > 0. Thus

Wngtr = E Um/ q+rV¢ -
m’ £>0
m’ +4=n

On the other hand,

(ou)@) =Y Y ungsrvea”.
n=0m-+~l=n
e The coefficientofe™ is )"\, wmgirve. Thisimplies the equality. O

Corollary 4.3 Letu andv be two series over,. For each0 < r < gandi > 1
ro (uvqi) =(ro u)v‘fﬁ1

120 We use the corollary in the proof of the following statement.

Lemma 4.4 A seriesf is algebraic ovefF,(z) if and only if there exist polynomials
Co, - - -, cq iNFylz], with ¢o # 0, such that

d .
cof = af?.
i—1

Proof. If such a relation exists, thefiis algebraic. Conversely, jf is algebraic, then
the vector space spanned by the power$ bés finite dimension. Consequently, there

exists an integed and polynomialgy, . . ., ¢4, not all0, such that
d .
S aft =o. (4.2)
1=0

Let j be the smallest integer for which there is such a relatioh wjit~ 0. Itis enough
to show thatj = 0. For this, observe that sineg # 0, in view of ), there exists
such thai- o ¢; # 0. Assume nowj > 1. Then for thisr, the relation 2) implies,
with the use of Corollar} 43, the relation

ro (icifqi) = i(roq)f’fﬁl =0,

i=j =
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and this contradicts the minimality gf O

Proof of Theorer@. Letu be ag-automatic sequence. By Proposit@l 3.1, thdket
of sequences of the formo u wheres is a word over the alphabet is finite. Letd
be their number. Lel; be the set of series(z) associated to the sequenees W,
and forh > 1, letU,, be the set of seriaq:cqh) with v(z) € Uy. Finally, denote by},
the vector space ové, (x) spanned by/;, for h > 0. Each of these vector spaces has
dimension at mosf.

Recall that by[(4]1), one has

v(z) = Zxr(r ov)(z?).
r=0

This shows that/, is contained in the vector spa®g, and more generally, using the
formula

[

v(th) = (th)T (rowv)(at

0

Q

h+1

)

r

one gets the inclusiorig§ c Vv, C --- C V3.

Thed + 1 seriesu(z), u(z?),... ,u(qu) are in the spaceg, V1 ...,V respec-
tively, hence are all iv;;. They are therefore linearly dependent of&r:), and using
the identityu(:rqh) = u(z)qh, there exist polynomials,, not all 0, such that

d h
Z apu(x)? =0.
h=0

This proves that, is algebraic.
Conversely, ifu is algebraic, then in view of Lemnfa .4, there is a relation

d

(3
cou = E c;u?

=1

with ¢g # 0. Setv = u/¢p. Then

d o
co(cov) = Zcicglvql :
i=1

and consequently

d .
v = E b;v?
i=1

where eaclhy; = cicg”? is a polynomial with coefficients iif,. Let N = deg ¢o +
max{deg b; | i =1,...,d, b; # 0}, and letF’ be the finite set of series ovEy, of the
form

d
f= Zaivql a; € Fylz],deg(a;) < N.
=0
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The seriesu(z) = cov(z) is in F. In order to prove that the infinite sequence
corresponding ta(x) is g-automatic, it suffices to show that the géts closed under
the operatior. Let f € F. Then using Corollarj 4]3

T T 7
rof:ro(aov—i—g aivq):r0<aog bivq—i-g aivq)
i—1 i=1 i=1

=ro (i(aobi + ai)vqi) = zd:(r o (agb; + ai))qul

=1 i=1

Next, for any polynomiah(z) = Zﬁio h,x™ of degree at mosd/, the polynomial
roh(x) =3 0<nqrr<ns Ing+rz™ has degree at mo&d —r)/q < M/q. In our case,
sincedeg(apb; + a;) < 2N, one hasleg(r o (agb; + a;)) < 2N/q < N. This proves
thatr o fisin F. d

5 Algebraic series and diagonals of rational series
A series

flar,... xm) = Z (fyalt - xpm)yt -,

M1y

in the commuting variables,, ..., z,, over a field K is a Laurent series if, up to
a finite number of them, all nonzero coefficiefys 1" - - -z ) satisfyn, > 0 for
i=1,...,m. We denote byK ((x1, ..., z,)) the K-algebra of Laurent series in the
commuting variables, ..., z,, over K. Thediagonalof the Laurent serieg is the
seriesDf(t) in one variablg defined by

DF() = S (o} i)t

n

For example, the diagonal of the rational sefies- 2 — y)~' = > ("/"™)a"y™

is the algebraic seri€s, (2:) t"™. The purpose of this section is to prove the following
theorems.

Theorem 5.1 (Furstenbel§ 196 7Any algebraic seriesf(t) over a finite field is the
diagonal of a rational series(x, y) in two variables: f(t) = Dr(¢).

We callrational Laurent series Laurent series of the fori/Q, whereP, @) are
polynomials, with@ of the formzQ4, z a Laurent monomiak?; a polynomial with

Q1(0) =1.
Theorem 5.2 (Furstenbetff 196 7he diagonal of a rational series im variables over

a field of positive characteristic is an algebraic series.

We first consider Theorefn %.1. Observe tfiat) = Df(xy), so the result holds if
f has finite support. This means that it suffices to prove therdm up to a finite num-
ber of monomials, and therefore we may assumetfat has only positive exponents
in its expansion.

The theorem will be a consequence of two lemmas. As beforgtdebyF, the
finite field with ¢ elements. First, we prove.
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Lemma 5.3 Let f(x) be an algebraic Laurent series over the filgd Thenf(z) =
r(x) 4+ 2 g(x), wherer(x) is a Laurent polynomial, ang(x) is algebraic, satisfying
an equation of the form

bog = big? + -+ bag? +s, (5.1)
w51 Wherebg(x), . .., bs(z) ands(z) are polynomials, andy(x) is not divisible byz.

Proof. We may suppose that the functigi) has no negative exponents in its expan-
sion. By Lemmd 4]4 there exist polynomialsz), . . . , cq() such that

cof =c1fl+ - +cafl, co#0. (5.2)

If co(x) is not divisible byz, we are through. Otherwise, we wrifgxz) = f(0) +
zg(x). We then find

coxg =c1zigi+ -+ cdzngqd +s (5.3)

152 for an appropriate polynomialz). Letm be the exponent of the highest powerof
s that dividese (), and setr = min(m + 1, ¢). Each terme;(x)2 is divisible byz",
1« and sos(x) is also divisible by:™. We may therefore divids}ﬁﬁ) by* which yields
wss  an equation of the same form 4s {5.2) for which the power iigid, () is at most
1wss m — 1. Iterating this procedure we obtain the lemma. O

1057 The next lemma holds in an arbitrary field. We denoteffjthe partial derivative
wss  Of P(z,y) with respect to the variablg

Lemmab5.4 Let P(z,y) € K[x,y] be a polynomial with coefficients in a fiekd and
assume that;(0,0) # 0. Let f(x) € K[[z]] be a series satisfying(0) = 0 and
P(z, f(z)) =0. Then

y2
=D(—"—P . 5.4
§=2( g, Ptew) (5.4)
s Note thatP(0,0) = 0 and therefore the hypothedi}(0, 0) # 0 implies thatP (zy, y)
w0 = yPi(z,y) with P (z,y) € K[z,y] andP;(0,0) # 0. ThusP(zy, y) is invertible as
wer  Laurent series ang/ P(zy,y) € K|[z,y]]-

Proof. ConsideringP(x,y) as a polynomial iny over the ringK|[x]], we see that
P(z,y) is divisible byy — f(z). Set

P(l’,y) = (y - f(JI))Q($, y) ) (5.5)
with Q(z,y) € K|[z]][y]. This equality holds i [[z, y]]. Next, we have
Py(z,y) = Q(z,y) + (y — [(2))Qy(x,y). (5.6)

Since f(0) = 0, we getP,(0,0) = Q(0,0), and sinceP, (0,0) # 0, it follows that
Q(0,0) # 0. HenceQ(zy,y) is invertible in K[[z, y]] and a fortiori inK ((z,y)).
Moreovery~! f(xy) € K[[z,y]] has constant terih, so1 — y~! f(xy) is invertible in
K|[z,y]] andy — f(zy) is invertible inK ((x,y)). In Equations[(5]5) an (3.6), replace
x by xy. We obtain

P(zy,y) = (y — f(2y)Q(zy,y) , (5.7)
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and

Py(zy,y) = Qzy,y) + (y — f(2y)Qy(zy,y) . (5.8)

Since the three series appearing in Equatior} (5.7) aretiblein K ((z,y)), we may
divide Equation|[(5]8) by Equatiop ($.7) and then multiplyy3y We obtain

VP (ry,y) 4P ¥’ Q,(ry,y)
Playy) v f@y) | Qlyy) (5.9)

The diagonal of the first term in the right-hand side is

2

PG gmm) = Plyig) =Py ).

Each of the serieg " *! f(xy)™ has only terms in the powesg*y"*—n+1 with k > 1
(sincef(0) = 0), and these contribute to the diagonal only whes 1. Thus

2

D(——) = D(f(ey)) = /.

y— f(2y)
Since®(0,0) # 0, we have
1 1 1 1

Q QOLOI-R Q[0 ;R%"”

for some serie®. In the serie% Q! , each monomiat™y" gives, after replacing by

zy and multiplying byy?, a monomial of the fornz™y™*"*2, for m,n > 2. Such a
monomial does not contribute to the diagonal, and therefereliagonal of the second
term in the right-hand side of Equatiop (5.9) is null. Thiswsis (5.4). 0

Proof of Theorenﬂ. We may suppose that the serjebas only positive exponents
in its expansion. By Lemmp $.3,(z) = r(z) + 2"g(x), whereg(z) satisfies[(5]1).
We may assume thg{0) = 0. By Lemm, the seriegx) is the diagonal of some
rational series, and the same is true fosincer is a Laurent polynomial. d

Example 5.1 We have seen in Examgle 4.1 that the Thue-Morse sequenstesathe
equation

A+2) 4+ (1 +2)’t+2=0,
showing that(z) is algebraic oveF,(z). Write this equation a®(z, t(x)) = 0 with
P(@,y) =2+ (1+2)°y+ (1 +2)y".

Next, P/ (z,y) = (14 )2, so the hypotheses of Lemipal5.4 are satisfied ginee0.
By (6.4), the algebraic functiot{z) is the diagonal of the rational function

2 (1+zy)?
ry + (14 zy)?y + (1 + 2y)3y?
y

1+ (1+zy)y+

2 /
YV 5——PF,(y,y) =y
Py Y

_r
(1+xy)?
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In the proof of Theorerf 5.2, we use the following result.

Theorem 5.5 (see (Lang 1984), Proposition VIII.5.8gt F be a field and letyy, . . .,
a, be elements in some extension fieldfFof Suppose that for some polynomials

Pi(z1,...,x,)in Flxy,...,z,]fori=1,...,n,one has

(i) Plag,...,an)=0fori=1,... n;

(i) the determinan(%(al, . ,an)) is nonzero.

g 1<i,j<n

Thenay, ..., «a, are algebraic overr'.
Proof of Theore@. Letf(z1,...,zm,) be arational series in the commuting vari-
ableszy,...,2y,. A monomialw = z7*---z"m is called diagonal ifn; = --- =
nm. Notice that ifw is diagonal, therD(wf)(t) = tI“!/™Df(t) wherdw| denotes
the degree ofv. Let P(xy,...,2,,) andQ(z1,...,z,) be polynomials such that

f = P/Q, and@Q = zQi, wherez is a Laurent polynomial an@); is a polyno-
mial in K[z, ...,z with Q1(0) = 1. Sety = Df. Because of the special form
of the denominatog), for any Laurent monomiab, the quotientw/Q is a rational
Laurent series. Therefore, it will suffice, for the prooftthais algebraic, to con-
sider the case wherE reduces to a monomial. Now, we have, for monomials,

w/Q(x1,...,Tm)) = wz/zQ(x1,...,Tn) SO if we choose such thatwz is diago-
nal, we reduce the general case to the case
f(zlv"'vx’m):1/Q(‘T17"'7I'm)' (510)

Let K be the underlying field angbe the characteristic df . Define two functions
o andp for any monomiakw = z7* --- 27 by considering the Euclidean divisions
n; = pg; +r; With 0 < r; < pfor1 <i < m and by setting

O'(w):.l’lfl---m%", p(w):];?...wrm,

so thatw = (o(w))Pp(w). Observe that for monomials y with =z = p(x), axy? is
diagonal if and only ifz andy are diagonal; hencP(z f?) # 0 impliesz diagonal,
and in this cas®(z f?) = D(x)D(fP).

Let now/ be the degree a, and set? = Q*~'. SinceQ f = 1 by (5.10), one has
Rf? = f. Alsodeg(R) = (p — 1)¢. For any monomiab, one gets

vf =vRfP = Z v(R,u)uf?f = Z (R, u)p(vu)(o(vu) f)P .
lu|<t(p—1) lu|<£(p—1)
(5.11)

Assume|v| < ¢. Then|vu| < pf for all w with |u| < ¢(p — 1), and sincevu =
o(vu)?Pp(vu), one getpl > |vu| > plo(vu)|. Thereforelo(vu)| < ¢. The devel-
opment of(o(vu) f)P has the form(o(vu) f)? = > (f,w)Po(vu)?wP. Thus, by a
previous observatio(p(vu)(o(vu) f)?) is nonzero only ifp(vu) is diagonal, and in
this case it is equal t®(p(vu))D((o(vu) f)P). Denote byH the set of monomials
of length at mosp¢ such thaip(h) is diagonal. Then the diagonal of , as computed

in (5.11), writes as
D(vf) = Y (R,u)D(p(vu))D((o(vu)f)). (5.12)

vueH
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We group the terms on the right-hand side according to theevaflo (vu). This gives

vf) = Y (Bu)D(p(vu)D((wf)?).

w  uwwueEH
o(vu)=w

Denoting bye,, ,(t) the polynomial given by

Cww = Z (R,u)D(p(vu)),

uvueH
o(vu)=w

and settingp, (t) = D(vf)(¢), we get

polt) = D cunpu®)’, ol <L (5.13)
lw|<e
LetY be the set of commuting variablgs, for v a monomial inz4, .. ., x,,, of degree

< ¢. Define polynomials’, in these variables ovet[t], by

PU =Yv — Z Cw,’u(ﬁ)yﬁv |’U| SE
jol<t

Then the serieg, (t) are solutions of the algebraic system
P,=0, lv] < 2.

v

180 Now the Jacobian matriég
Yw

ws K. Thus, by Theorerp 5.5, ali, (t) are algebraic ovek (t). In particulary; = D(f)
10e2 IS algebraic. O

> is equal to the identity matrix, singe= 0 in
[v],|w|<e

1083 Example 5.2 Consider the serie§ = 1/Q with @ = 1 —z — y, forp = 3. Here
wa (=1, R=0Q*=1+x+y+2?—zy+y?andH = {1,zy,2%,y3}. There are two
1085 equationsZ), for = 1 andv = « (the case = y is symmetric).

Forv = 1, since the set of wordsin H with (R, u) # 0is {1, zy}, one gets

Df = D(p(1))D((0(1) f)* — D(p(zy))D((o(zy) f)?)
= D)D(f*) — D(ay)D(f*) = (1 — )(DF)*.

Forv = z, the set of words: such thatuz € H and(R, u) # 0is {y,z%}. One gets

D(xf) = D(p(zy)D((o(zy) f)* + D(p(z))D((0(z°) f)?)
= D(ay)D(f*) + D()D((xf)*) = UDf)* + D(xf)° .

166 The first of these equations gives, for= Df, the equationp = (1 — t)¢® which
w7 has the solutiong = 0 andy = +(1 — t)~/2. One of these solutions is the series
e > (*")¢", with binomial coefficients taken modufo
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Exercises for Chapter 5

1.1 Show that iff is k-regular, then the functiof defined byF'(n) = >, ., f(%)
is k-regular. dint: Use the product with the sequence composetafly.)

1.2 TheKimberling functionc : N — N is defined byc(n) = k(n + 1), where

1 . . .
k(n) = 5(% + 1) for n > 1. Herews(n) is the2-adic valuation ofn,

that is the exponent of the highest powerdlividing n. The first values of the
Kimberling sequence are

n|0

12 10
c(n)]1 1 2

9
3 6

345678
132415
Show that the Kimberling function &-regular. Hint: Show thate(2n) =n + 1
ande(2n 4+ 1) = ¢(n) forn > 0.)

Check that the following scheme allows to build the sequencie down inte-
gers in increasing order, leaving one place free at eachateiiterate this. Here
is the beginning of the process:

n |012345678910111213 14
em)|1 . 2.3.4.5.6 . 7 . 8
1.2 . 3 : 4

1
Show that the Kimberling sequence has the property thatidglthe first occur-
rence of each positive integer in it leaves the sequenceanged.

1.3 Itis known that an integer > 0 is the sum of three integer squares if and only
if it is not of the formn = 4%(8r + 7) for integerse, r > 0. Denote byf(n) the
number of integers< n which are sum of three squares. Show that the function
fis2-regular.

1.4 Letd = kP with k > 2,p > 1. Show that a subséf of N is k-recognizable if and
only if it is ¢-recognizable.Hint: Consider the morphism from {0,1,...,¢ —
1}*into{0,1,...,k—1}* thatmaps a digif of {0, 1, ..., £—1} onto the unique
word v of lengthp over{0,1,...,k — 1} such thaty,(d) = v;(u). Show that
v, Y(H) = o 'y, ' (H) and that = vy (a(oe(H))).)

15 Ifag,a1,...,a, € k, denote by (apa; - - - a,) the numbem = ag + a1k +
-+ ayk™. The wordaga; - - - a,, iS areverse representatioof n. Show thatH is
k-recognizable if and only i#, ' (H) is a recognizable subset bf .

1.6 Leta andb be positive integers. Show that the arithmetic progressid#r- b is
k-recognizable for every > 2.

1.7 Show that ifH, H' are k-recognizable sets, then sois+ H' = {h + h' |
h € H /i € H'}. (Hint: Consider automatal and. A’ with sets of states)
andQ’ and recognizing. = v, ' (H) andL’ = v, ' (H') respectively, and build
an automatou which has as set of states the disjoint union of two copiebef t
product® x @', according to the value of a carry, and edgeg, c) LN p',qd,c)

ifand onlyifp = p’in 4, ¢ 5 ¢ in A, andi + j + ¢ = + ¢. Herec, ¢ are
carries, and, j, ¢ € k.)
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2.1 Show that the mapping— S is a rightK -linear isomorphism which commutes
with the left actions ofk*, from K onto the submoduléS € K (k) | Yw €
k™, (S,0w) = (S,w)}. Show the same statement for the mappthg> S © R
from the latter submodule onto the submod&lef Lemma[2.]L.

3.1 Amorphismy : A* — B* is k-uniformif all words«(a), fora € A, have length
k. An infinite sequence over A is purely k-morphicif there exists &-uniform
endomorphisna : A* — A* such thatw = a(w). A sequence ig-morphicif it
is the image of a purk-morphic sequence bylauniform morphism.

Show that a sequeneeis k-automatic if and only ifw is k-morphic.

3.2 Showthatifu is ak-automatic sequence, then the sequendefined by’ (n) =
u(k™) is eventually periodic. (For the Thue-Morse sequeneeabbabaab - - -,
one getg’ = (ba)*.)

Conversely, given an eventually periodic sequericdefineu by u(k™) = u’(n),
andv’ (i) = 0if 7 is not a power of. Show thatu is k-automatic.

3.3 Show that the sequence starting witland consisting of théirst digit in the
canonical representation ef > 0 in basek is k-automatic. (Fok = 2, this is
01¢, for k = 3,itis 012111222111111111 ---.)

4.1 Give a polynomial equation for the series associatedeopaper-folding se-
quence.

4.2 The set of powers dof is 2-recognizable. Give the polynomial equation for the
series associated to the characteristic sequence of this se

4.3 What are the polynomial equations for the arithmetigpeesions?
5.1 Prove directly that the Thue-Morse serigs) is the diagonal of the series

Lo
P oy

Y
1+(1+zy)y+m

(xy, y) =

without using Furstenberg’s theoreriliit: Show that the diagonal has the form

Ym0 5@ (14 2) 752 and use the identitie, ) = (*") modulo2
o 2k

for k > 0 and (*5/") = (°F) modulo2 for & > 0 to prove that the diagonal
satisfies the same equationtés).)

Notes to Chapter 5

Recognizable sets of integers have been considered aleg¢dablg very beginning of
the theory of automata. A fundamental and difficult resutt;, included here, is the
so-called base dependence and is die to Cdbham](1969)tet thtat ifk and/ are
multiplicatively independent, that is if there are no pesiintegers such that* = ¢,
then the only sets of integers that are betlecognizable ané-recognizable are finite
unions of arithmetic progressions. $ee Allouche and JHEN034).

The description of recognizable sets of integers by autizrsatjuences starts with
1972). Itis used |n Eilenbkfg (1p74). Itis one ofittaén themes of the book
of Allouche and Shallit|(2008a). The paper-folding sequetakes its name from the
following method that can be used to build it (full detaile amn|Allouche and Shallit
(0034)): take a strip of paper, fold it in the middle, theldfibagain in the middle, and
iterate. When the paper is unfolded, a sequence of peaksadliegisrappear. Coding
these with the letterg andb yields the sequence.

k-regular functions were introduced py Allouche and Sh{llR92). Their paper
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contains about thirty examples éfregular sequences from the literature of number
theory. Other results appear(in Allouche and Shdllit (2)03b

Theoren} 4.1 was first proved py Chrigtpl (1979) for seriebwitlues) and1, then
completed b! Christol et k[ (1980).

The definition of rational Laurent series in Sect@m 5 isifiesd by a result of Ges-
sel ): he shows that i?, Q are polynomials in several commuting variables, rel-
atively prime, andS a formal series in these variables witt = P, then@(0) # 0.

Theore2 holds without restriction on the characteristithe field for rational
functions in two variableg (Furstenbe[g (1p67)). Exerpideis from[Allouchk [(19§7),
see alsg Allouche and Sh4lljit (2003a).

There have been extensions to algebraic (or context-fegissin noncommuting

variables by Flied (1974b) ahd Hairhén (1993), see[alsodtd@96). The three last

authors give a proof of Theorgm b.2 based on formal languages
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Chapter 6

Rational series in one variable

This chapter gives a short introduction to some strikingharetic properties of the
expansion of rational functions.

In the first section, the notions of rational series, Hankalrir and rank are shown
to coincide, in the case of series in one variable, with thesital definitions. The ex-
ponential polynomialis defined in Sectiﬂn 2, with emphagig®algebraic aspects. As
an application, we obtain Benzaghou’s theorem on the iibleiteries in the Hadamard
algebra (Theorer@B).

Sectiorﬂ3 is devoted to a theorem of George Polya concearitignetic properties
of the coefficients of a rational series.

In the final section, we give an elementary proof, due to Gepitdansel, of the
famous Skolem-Mabhler-Lech theorem on the positions ofslng coefficients of a
rational series.

1 Rational functions

We consider a commutative ring and an alphabet consisting of a single lettekVe
write, as usualK [z] and K [[z]] instead ofK (x) and K ((z)). An elementS of K [[z]]
is written as

S:Zanx".

n>0

Recall from Sectiofi] {4 that is called rational ifS belongs to the smallest subalgebra
of K[[z]] which containsK’[z] and which is closed under inversion.

Proposition 1.1 A seriesS is rational if and only if there exist polynomial3andq in
K[z] with Q(0) = 1 such thatS is the power series expansion of the rational function

P/Q.

Note thatQ)(0) is the constant term of the denominafpof P/Q. Note also that since
Q(0) = 1, the polynomialy is invertible inK'[[x]] so thatP/Q makes sense.

Proof. LetE be the set of series which are the power series expansioe ébim de-
scribed. Then, since a series with constant teisinvertible in K [[z]], E is contained
in the algebra of rational series. MoreovErjs a subalgebra ok [[z]] closed under

97



2100

2101

2102

2103

2104

2105

2106

2107

2108

2109

2110

2111

2112

2113

2114

2115

2116

2117

2118

2119

2120

2121

2122

98 CHAPTER6. RATIONAL SERIES IN ONE VARIABLE

inversion, since i € E, andS = P(z)/Q(z) is invertible inK[[x]], then its constant
term is invertible inK'. This constant term i®(0)/Q(0) = P(0) = A. Thus
A 1Q(z)
st = E
P
since the constant term of the denominator.ig his shows that any rational series is
in E. O

From now on, we assume that is a field. LetS be a rational series which cor-
responds to the rational functidi(x)/Q(z). The quotient is calledormalizedif P
and@ have no common factor ik [z] and if Q(0) = 1. In this case() is called the
minimal denominatoof S. The roots of)), which are the poles of the rational function,
are called thgolesof S.

What about the syntactic ideal 6 SetS = > a,z".

n>0

Recall from Sectioﬂﬂl that the functiofi — a,, is extended to a linear function
K[z] — K, and that the syntactic ideal (resp. right ideal)%fs the greatest ideal
(resp. right ideal) of<[z] contained in the kernel of this linear function.

Let

1

R =2 —ay2® — =y € Klx]

be a polynomial. Sinc&’ is commutative, the syntactic ideAbf S and the syntactic
right ideal coincide. Thus € I if and only if S o R = 0 by Propositiof.1]4. Since

Soxl = g pgix™

n>0
this gives the equivalence
Rel < forallneN, ap1p — a1ap415-1— - — aga, =0.

Observe that in view of Theoref{2]1..2, the sefi@s rational if and only if its syntactic
ideal is not null, since a nonnull ideal &[] always has a finite codimension, and the
latter is equal to the degree of any generator of this ideataR that a sequende,,)
over K satisfies dinear recurrence relatiorif, for somek > 0 and some elements
ai, ..., in K, one has

VneN apiy =10p45-1+ -+ agay - (1.2)

This yields the classical result stating thateries is rational if and only if the sequence
of its coefficients satisfies a linear recurrence relatidhe syntactic ideal of is thus
precisely the ideal of polynomials associated with thedimecurrence relations satis-
fied by S. More precisely, the linear recurrence relations satidfie¢h,,) correspond
bijectively to the elements in the syntactic idealofvhose leading coefficient is We
refer to the generator of the syntactic ideal%having leading coefficient equal tio
as theminimal polynomiabf S. It is the polynomial associated with the shortest linear
recurrence relation.

By Theoren{H.1]6, the rank of is equal to the codimension &f thus it is equal
to the length of the shortest linear recurrence relatioisféed by the sequende.,).
The eigenvalue®f S are the roots of its minimal polynomial, and theiultiplicities
are defined similarly.
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We say that the linear recurrence reIati(l.Btik:t if a, # 0. Arational series

S =3 ayz™isstrictif it satisfies some strict linear recurrence relation. Triteriest
n>0

of such series is that one may compute backwards: knowansecutive coefficients

(not only thek first ones) determines all of them.

Proposition 1.2 The following conditions are equivalent:

(i) S'is strict;

(ii) the shortest linear recurrence relation satisfied$jis strict;

(iii) there exists a polynomid? such thatS o P = 0 and P(0) # 0;

(iv) the minimal polynomial of has a nonzero constant term;

(v) the eigenvalues of are nonzero;

(vi) S has alinear representatiof\, 1, v) with pa invertible;
(vii) for the minimal linear representatiof, i, v) of S, the matrixuz is invertible;
(vii) S = P/Q with P,Q € K[z] anddeg P < deg Q;

(ix) for S = P/Q written as an irreducible fraction, one haeg P < deg Q.

Proof. Let Py be the minimal polynomial of. Then P, dividesP (defined in (iii)) by
the discussion above; thus (iii), (iv) and (v) are equival&y the same discussion, (i)
and (i) are equivalent, and so are (ii) and (iv).

Exercisel shows that (i) implies (vi). The implication)(v—=- (vii) follows
from Corollary@, and the implication (vil=- (i) follows from Exercisz.
Now suppose that Equatioh (IL.1) holds, with # 0. Then, for anyn > k, one has
Up—Q1Qp_1— - —0pan_j = 0, showing thatl—ayz—- - -—a2*) S is a polynomial
of degree< k; thus (i) implies (viii). Simplifying numerator and denomaitor, we see
that (viii) implies (ix). Now, the previous equality also®hs that (ix) implies (i).

O

The last part of the proof also shows the following result.

Corollary 1.3 LetS = P/Q be a strict rational series written as an irreducible frac-
tion withdeg P < deg (). Then the rank of is equal to the degree @j. The minimal

polynomial is equal to the reciprocal polynomial of the miail denominatog). O
Recall that theeciprocal polynomiabf 1 — ayz — -+ — apz?, with ay # 0, is
:re — £—1 —_— e —
1T Q.

Proposition 1.4 The rank of a rational serie§ = 3~ . a,2" = P(x)/Q(z), where
P,Q € K|[x] are relatively prime and) # 0, is equal tomax(1 + deg P, deg ) and
also to the size of the greatest nonzero principal minoroH#ankel matrix.

Recall that gorincipal minorof the Hankel matriXai+;):, ;>0 iS a determinant of
the form|a; j[o<i,j<n-

Proof. Note that a finite prefix-closed (or suffix-closed) subset’ofs necessarily of
the form{1,z, ..., z™}. Thus the last statement follows from Corollﬂ@.&?: iedle
if the rank of S is r, then this result shows that the principal minor of size r of the
Hankel matrix is nonzero; sinaeis the rank of this matrix, all greater minors @re
Observe that ifS is strict, thendeg P < deg @@ and the first assertion is contained

in Corollary[L.B.
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Suppose now thas is not strict, sadeg P > deg Q. Then by Euclidean division,
P = A+ BQ with deg(A) < deg(Q). ThusS = P/Q = A/Q + B, anddeg B =
deg P — deg Q. Letd = deg B + 1. We haveB o z¢ = 0. Moreover, the rank oft/Q
is deg Q by Corollary, sinced/Q is strict. LetQ be the reciprocal polynomial of
Q. Then(4/Q) o Q = 0 by Corollary[L.B, and thereforgo (Qz%) = 0. Thus the rank
of Sis<deg@+d=degP + 1.

Conversely, lek be the rank of5. Then we have Equatiom.l) ang = 0, since
S is not strict, and by Propositi.2. Létbe such thaty, # 0, with £ maximum.
Then? < k. By using backwards the recurrence relation, we may find aesezg(a/, )
which coincides witHa,,) for n > k — ¢ and which satisfies the strict linear recurrence
a, ., = aia, 1 + -+ oga, for all nin N. Indeed, forn > k£ — ¢ we have
n+l=(n+L—k)+kandn+¢—k >0, hencen,1s = a1an4o-1 + - + aqay
by using Equation[(Z}1).

The seriesS” = > a,z™ is strict, of the formA/B with deg A < degB < ¢
by Corollary. MoreovelS = S’ + C, whereC' is a nonzero polynomial with
degC < k—¢—1. ThusS = (A + BC)/B and we conclude that + deg P <
1+degBC =1+degB+degC<1+/¢+k—-{—-1=kF.

Finally, kK = 1 4+ deg P, what was to be shown. O
Corollary 1.5 With S = P/Q as in the proposition, leQ) = 1 — ayz — - - - — ay?,
ap #0,and letd = 0if deg P < deg @, d = deg P — deg @ + 1 if deg P > deg Q.
Then the minimal polynomial of is equal toz?(z* — ayz°~! — --- — ay) and also

to the characteristic polynomial @fz, for any minimal linear representatiof\, x, )
of S.

Proof. The first equality has been obtained in the proof of Pro, since the
minimal polynomial ofS corresponds to the shortest linear recurrence satisfiéd Dy
The second equality follows from the fact that the minimdypomial is the generator,
with leading coefficient, and of the smallest degree, of the syntactic ided odnd
from Corollary[}[2.p. Alternatively, it is a consequencé&aercise§ 1|1 arfd}.2. O

Proposition 1.6 For every rational seriesS, there exists a unique paif’, P), where
T is a strict series andP is a polynomial, such that = P + 7.

Proof. The result is equivalent to: each rational function is, mnéque way, the sum
of a polynomial and of a rational functiaR/Q with deg P < deg Q). The details are
left to the reader. d

In view of PropositioG, it suffices for many purposes tadgtstrict rational
series.

Proposition 1.7 The subset of strict rational series &f[[x]] is closed under linear
combination, product, and Hadamard product.

Observe that this set does not contain any non vanishingnpoljals by Proposi-
tion [L.§.
Proof. LetS; = P;/Q, andSy = P»/Q- be strict series withleg(P;) < deg(Q1)

anddeg(P,) < deg(Q2). ThensS; + So = (PiQs + P2Q1)/Q1Q- and S1 S, =
P P,/Q1Q2. Since clearlydeg(P1Q2 + P2Q1) < deg(Q1Q2) anddeg(P1Ps) <
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deg(Q1Q)2), the seriess; 4+ 5, andS; Ss are strict. Moreover, ifS1, z") = A p1z"n
and(Ss, ™) = Aauox™vy2, Wwhereu,z anduqa are invertible matrices, then

(51 © Sz, 2™) = (S1,2")(S2,2") = (M ® A2) (1 @ p2)(z") (11 ®2)

203 and sincgp; ® p2)(x) is invertible, this shows thaf; © S; is strict. O

2004 The set of strict rational series equipped with the striectifiivector space and with
205 the Hadamard product is thdadamard algebra of strict rational seriedts neutral
206 elementis the seri€s, z" = 1/(1 — x).

= 2 The exponential polynomial

We assume from now on th&f hascharacteristic zero Let A be the multiplicative
groupK \ 0, and lett be an indeterminate. We consider the algebra

Kt][4]

203 Of the groupA over the ringK[t]. Itis in particular an algebra ovéf. An element of
200 K[t][4] is called arexponential polynomial

Theorem 2.1 Let K be algebraically closed. The function which associatesrio a
exponential polynomial

> Pat)A

AeA

of K[t][A] the strict rational series

E apx"

n>0

defined by

ap = Z Pyx(n)A"

210 (with the sum computed iR) is an isomorphism ok -algebras fromK[¢][A] onto the
21 Hadamard algebra of strict rational series.

Proof. Let ¢ be the function of the statement. LBt= Y P\(¢t)A andF = >_ QA (t)A
be two exponential polynomials, and I8t = E + F = Y  Rx\(t)\,H = EF =
> SA ()X € K[t][4]. Then

Ra=Py+Qx Sx= Y PuQy.

INZEDN
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Consequently
(@(G),2") = > Ra(mA" =3 PA(m)A" + D Qa(n)A"
= (0(E),2") + (¢(F), 2"),
(G(H),2") =Y SA(mA" =3 A" Y Pu(n)Qu(n)
A

pr=X\
= (X Punn) (X @umrr)

= (¢(E),z")(o(F),z").
Thus
O(E+F) =¢(E) + ¢(F), ¢(EF) = ¢(E) © ¢(F).

Let us now verify that is a bijection. Letn, .. ., ay be elements oK with oy, # 0,
and letV be the set of all rational serigs= > a,,2" satisfying the relation

Untk = Q1Gptpk—1 + -+ oap, (n>0).

These series are necessarily strict. Cledflys a vector space of dimensiérover K.

LetAq,..., A, be the roots of the polynomial

R(z) =2" —ap2z™ ' — .. —ay
with multiplicities n4, ..., n, respectively. Consider the subspdceof Kt][4] of
dimensionk

V= { 3" Pi(t)A | deg(P,) < i — 1}.

1<i<p

212 We show that induces a surjectiol”” — V (and consequently an injection) and this
213 Will prove the theorem.
Any S = > a,z™inV can be written a®(x)/Q(z), with deg(P) < deg(Q) and
Q=1-a1x— - — a,z®. Decomposing®/Q into simple elements shows théifis
a linear combination ovek of series
1
(1 — )\ix)j’

Next, it is well-known (see Exercige 2.7) that

1 _ n+j—1 non
(1W—Z( i1 )“” |

n>0

214 Since (”;Fjjl) is a polynomial of degre¢ — 1 in the variablen, the surjectivity of
s ¢ : V' — Vis proved. O

2216 Observe that in the bijection described in the theorem angribof, thesupport
217 Of an exponential polynomiall = > P, (¢)A (that is the set o\ € A such that
218 Py # 0) is exactly the set of nonzero eigenvalues (that is, ineedepoles) ofS,

210 and that the multiplicity of an eigenvalueis equal tol + deg(Py). Furthermore,
220 If the coefficients and the eigenvalues $fare in some subfield(; of K, then the
221 corresponding exponential polynomial ishf [t][A;1], with 4; = K3 \ 0.
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Corollary 2.2 LetS = a,2z™ be a rational series over an algebraically closed field
K of characteristid).

(i) The coefficients,, are given, for large enough, by

an= Y APi(n), (2.1)
1<i<p
wherel,..., A\, € K\ 0andP;(t) € K[t].
(i) The expressior@@) is unique if the\;’s are distinct; in particular, the nonzero
eigenvalues of are the);’s with P; # 0.

Proof. (i) By Proposition[1}4S = P + T for some polynomiaP and some rational
strict seriesl". Thus, it suffices to use Theor¢m|2.1.
(ii) Let

T= Z( 3 Am(n))x”.
n>0 1<i<p

Then, in view of Theorenh 3.17” is rational strict. Moreove§ = P + T for some
polynomial P (becauseS andT" have by assumption the same coefficients for large
enoughn). By Propositior] 1]47 depends only or$, and by Theoreri 21, the ex-
ponential polynomial of" is unique. This proves the first assertion. By the remark
following the proof of Theorer@.l, thig’s with P; # 0 are exactly the eigenvalues

of T'. Now, it is clear thafl’ and.S have the same poles, so they have the same nonzero
eigenvalues. O

Definition Let Sy, ..., S,—1 be formal series ifK[[z]]. Themergeof these series is
the formal series defined fon € Nand: € {0,...,p — 1} by
(Sa :Cmeri) = (Sia :Cm) :

In other words, ifn = mp + ¢ (Euclidean division of by p), then(S, ™) = (S;, ™).
This can also be written as

S(x) = Z ' S;(xP)

0<i<p
with self-evident notation.

An example. Ifp = 2andSy = > a,z™ andS; = > b, 2™, then themergeof S
ands; is the series_ ¢,2™ where the sequence,,) is

ag, bo, a1,by,a2,b2,a3,. ..

Observe that for any serigs = > a,2™ € K]|[z]] and anyp, there is a unique

p-tuple of serieg.So, . . ., Sp—1) whose merge i$. These series are indeed
Si = Z ai+npx" .
n>0

Definition A series)_ a,,2™ is geometridf there existh, c in K with ¢ # 0 such that
a, = bc".
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Theorem 2.3 (Benzaghdy 1970i a strict rational series is invertible in the Hada-

mard algebra of strict rational series, then it is a merge ebgetric series.

The conclusion can also be formulated as follows: therd aritntegep and elements

ag, ..., ap—1, bo, ..., bp—1 iN K with by, ..., b,_1 # 0 and such that the series is
D
c 1-— bi$p '
0<i<p—1

Proof. (i) Let i andp be natural numbers and consider tRelinear functiony :
K[t][4] — K|[t][4] defined on monomials by

D(PE)A) = (X'P(i + pt)) A,

whereP(t) € K[t], A € A and where\‘P(i + pt) is viewed as an element & [¢].
The functiomy is a morphism of{-algebra. To see this, it suffices to comptjten
products of monomials, and indeed

Y(P(H)QAL) = (N ' P(i + pt)Q(i + pt)) N P
= Y(P)NY(Q(t)p) -

(i) Consider now two exponential polynomials, I € K|[t][A] and letA; be the
subgroup ofA generated byupp(E) Usupp(F'). The group/; is a finitely generated
Abelian group, thus is isomorphic to the product of a finiteugr (of p elements, say)
and of a finitely generated free Abelian group. Consequegttiéysubgroupls of A,
generated by tha?, for A € Ay, is free.

By construction, the supports @f(E) and(F') are inAs (for anyi, and for the
fixedp), andy(E), »(F) € K[t][Az]. Assume nowEF = 1. Theny(E)y(F) = 1.
Since/, is free, the only invertible elements &f[t][ A2] have the formuA, witha € K,
A € A,. See Exercisg 4.3.

(iii) Consider now two strict rational seri¢sand7 such thatS © 7' = > ., z"
(the neutral element of the Hadamard algebra). Eef € K]Jt][4] be such that
¢(E) = S, ¢(F) = T, where¢ is the isomorphism of Theorem P.1. Thé&tF = 1.
Thusy(E)y(F) = 1.

SetS = Y anz". If E =3 Py(t)\, theny(E) = 3 NPy (i + tp)\P and

(E)) = 3 (DN PAi+pn)a")a" =
n>0 A

where

S; = E Qitpnx” .

n>0
In view of the conclusion of (i) (E) = a for somea € K, A € A. Consequently,
S; = Z a\"z" .
n>0

This proves the theorem becausés the merge of thé;'s, i =0,...,p — 1. O

The proof of the theorem suggests the following definitiod proposition which
will be of use later.
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Definition A strict rational series isimpleif the Abelian multiplicative subgroup of
K \ 0 generated by its eigenvalues is a free Abelian group. Silyila set of strict
rational series isimpleif the set of all its eigenvalues generates a free Abeliangro

Proposition 2.4 Let S be a finite set of strict rational series. There exists angate
p > 1 such that the set of series of the form

2 n
ai+pn$

n>0
fori € Nandfor)_ a,z" € S is simple.

Proof. SincesS is finite, there exists an invertible matrix € K?*? such that each
S € S can be written as

S = Z ps(m™)a"

n>0

for some linear functiops on K949, Let A; be the set of eigenvalues of. The
group generated byl; in K \ 0 is finitely generated, and consequently there is an
integerp > 1 such that the grouf” generated by tha?, for A € A, is free Abelian.
Let P be the characteristic polynomial of?. The roots ofP are inG. For each € N
andS = > a,z™ € S, the seriesS; = > a;4,,2™ has the form

Si=>_ ps(m'(mP)")a",

showing thatS; o P = 0 (see Exercisﬂ.Z). Consequently, the eigenvalués afe in
G. O

3 Atheorem of Polya

In this section, we consider series with coefficient€)in Recall that for any prime
numberp, thep-adic valuationv, overQ is defined by, (0) = co andv,(p™a/b) = n
for n,a,b € Z, andp dividing neithera norb.

Definition Let S = 3" a,2™ € Q[[z]]. The set oprime factorsof S is the set of prime
numbers

P(S)={p|3In e N,u,(an) # 0,00} .

Theorem 3.1 (Paly4[192]1)The set of prime factors of a rational serigsis finite if
and only ifS is the sum of a polynomial and of a merge of geometric series.

We start with a result of independent interest.

Theorem 3.2 (Benzaghd{ 197Q)et S = 3 a,,2™ be a rational series which is not a

polynomial, and lep be a prime number. There exist integegs> 0 andq > 1 such
that the functiom — vy (an,+4n) IS affine.
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Proof. (i) We start by proving a preliminary result. L&f be a field with a discrete
valuationv : K — N U {oo}. Let A be its valuation ringAd = {z € K | v(z) > 0},
let I be the maximal ideal off, I = {z € K | v(z) > 1} andletU = A\ I =
{z € K | v(z) = 0} be the group of invertible elements df Suppose further that
the residual field® = A/I is finite. Sincew is discrete,l is a principal ideal, and
consequently = wA for somer € A with v(w) = 1. (For an exposition of these

concepts, see e. d. Amlick (197p), Koblifz (1984).) bet..., )\, be elements of

A\O, letPy,..., P, € K[t] be polynomials and lef,,) be a sequence of elements in
A defined by
an= > P(n)A}. (3.1)
1<i<k

Then we claim that there exist integexsandg such that the function — v(ayn,44n)
is affine.

The proof is in three steps.

1. One may assume that all tfie are in A[t] (by multiplying the polynomials by a
common denominator, if necessary).

2. Assuming thah; € I foralli =1,...,k, set

r=inf{o(N\;) |i=1,...,k}.
Thenr > 1. Since eactP; has coefficients ild anduv()\;) > r for all 4, it follows that

al, = ::n = Z R(n)(%)n €A.

1<i<k

Sincev(ay,) = v(a)) + rn, we may assume in addition thaf € U for at least one
indexi.

3. Let/ > 1 besuchthahy,...,\; € U andApi1,..., A\ € I (possiblyl = k).
Set

¢ k
by =S PN, co= 3 Pin)A}
i=1 i=0+1

(cn, = 0if £ = k). We prove that there is an arithmetic progression of inegevhere
v(by,) is constant. For this, observe that the minimal polynomfahe strict series

ST bpa™is
l4
Pla) =[] - A st
i=1

(cf. Theorel and the observation following its proofy. d&tting

Px)=a"—az" "t — . —ay,
one hasy;, € U. Let

s =inf{v(bg),...,v(bn-1)}.

Since the sequendé,,) satisfies the recurrence relation associated Witland since
the coefficients of” are in A, it follows thatv(b,,) > s for all n. Consequently, the
sequencéb’,) defined by

b, = b, /7°
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is also inA. It has the same minimal polynomial és,) and there is an integgrsuch
that

v(b;) =0,
that ist; € U. Next, by Exercis¢ 111,
by, = Am™y,
where
o 1 0 ----0
T _ bg)
bl
)‘:(1)07 70)5 m = 0 ’ Y= :
O ....... O b/
Qp e a h-1

Since the determinant of the matrixis +«;, € U, and sincel’ = A/I is finite, there
is an intege such thatn? = 1 mod I (with I the identity matrix). This shows that
the sequencé!,) has period; modulol and in particular for alh > 0,

b/

itqn =05 mod I.

/
J
Thus,v(b},,,) = v(b;) = 0, and consequently
V(bjyqn) =s forn >0.

Finally, observe that(c,) > n. This implies that, for large: (more precisely for
j+qn > s),

U(aj+qn) = U(bj+qn) =S.

This proves the preliminary result.

(ii) The seriesS is rational overQ. We may assume that it is strict by Propo-
sition [1.§. By Exercis¢|[.§.1.b, we may assume that it isonali overZ and has
a linear representatiof\, i, y) with uz over Z and of nonzero determinant. Let
P(z) = 2" — aya"~ ! — .- — a, be its characteristic polynomial. Théa,,) satisfies
the linear recurrence relation associatedt¢(see Exercis@.Z). The roots, ..., \g
of P are algebraic integers. L&f be the number field( = Q[\4, ..., \¢]. By Theo-
rem, thes,, admit the expression given by Equati3.1). Moreoverafor prime
idealp of K, thea; anda,, are in the valuation ring o for the valuatiorw, and by
our preliminary result (i), there exist integerand? such that

n = Uy (ajen)

is an affine function.
(i) Let B be the ring of algebraic integers éf, and letp be a prime number. The
idealpB of B decomposes as

pB = pi"t e,

wherepy, ..., p, are distinct prime ideals ok. By applying the preceding argument
for p = p, one obtains integers ¢ such that the function

n = vy, (@jten)
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is affine. By iteration of this computation fek, ..., p,, one gets successive subse-
guences and finally one obtains an arithmetic progressgjon ¢'N such that for each
i=1,...,s, the function

N ()
is affine. Thus there exist integersandy; such that
Upi(an{)-i-q’n) =T +Yin.

Note thatz;, y; are integers, since; + y;n is an integer forn in N. Now observe that
foralla € Z,

o= |29 i, )

where| z| denotes the integral part ef Since the functions

" Vp, (Gn)+q'n) _ T +yn
ms m;

also are affine, there exists an integee {1,...,s} suchthatforali =1,...,sand
all sufficiently largen,

1 1
— (@i +yin) =

m; mio (:E’LO y’bon) 9

showing that

Tiy + yionJ

Up(an6+q’n) = { ms
io

for sufficiently largen. Since the function

L | Fio T i Mo | | Tig.
mio
also is affine, the lemma follows. O
Proof of TheorenB.1. LetS be a rational series having a finite set of prime factors.
Clearly we may assume thatis strict (Propositior] 1]6). In view of Propositi¢n .4,
we may even assume thétis simple.
LetS = 3 a,z™ andletpy, . . ., p, be the prime factors &f. Applying Lemmd3}

successively tg;, ..., pe, One obtains integersy and ¢ such that, for every =
1,...,£, the function

N Up, (a’noJrqn)

is affine. Set, = —1,0, 1 according taz,, < 0, a,, = 0,a,, > 0. Then forn > 0, one
has

Ung+qn = Onbc™

with Gn = €ng+qn-
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Now let Ay,..., \;, with & > 1, be the distinct eigenvalues &f. In view of
Theorel, there are non vanishing polynomils.. ., P, such that

k

an =Y _ Pi(n)\}. (3.2)

i=1

Thus, setting
by, = Ang+gn » Ql(t) = Pl(no + qt)A:lo » Hi = )\37

one has
b = Onbc™ = Qi(n)pl'.

Since the group generated by thés is free, all theu; are distinct. Moreover, the poly-
nomials@;(t) do not vanish, and consequenylyb,,z" is not a polynomial. Therefore
0., # 0 for infinitely manyn, and we may suppose tht = 1 for infinitely manyn.
The series

bn
2 ot

has finite image. By Theorefi[3.2]10 and Exer¢j$e 3.1.1, theists an arithmetic
progressiom; + rN such that,, = 1 for n € ny + rN. It follows that

k
buatrn = b ()" = 3 Qilna + ) (u))"
i=1
As before, theu] are pairwise distinct. In view of the uniqueness of the exgodial
polynomial, one has = 1 andQ;(ny + rt) = C, for some constan’. ThusQ; is a
constant and als®;. By Equation [3]2)a,, = P1A}. This completes the proof. [

4 A theorem of Skolem, Mahler, Lech

The following result describes completely the supportatibnal series in one variable
with coefficients in a field of characteristic zero. They aradtly the rational one-letter
languages. This does not hold for more than one variableEgample[[.4]1).

Theorem 4.1 (Skolem|[1934} Mahlgr 19Bp, La¢h 19939t K be a field of character-
istic 0, and letS = Y a,,2™ be a rational series with coefficients ii. The set

{neN|a, =0}
is the union of a finite set and of a finite number of arithmetogpessions.

In fact, this result has been proved fir = Z by Skolem, it has been extended to al-
gebraic number fields by Mahler and to fields of characteriskiy Lech. This author
also gives the following example showing that the theoressdwt hold in character-
istic p # 0. Indeed, le¥ be transcendent over the fidit), with p elements. Then the
seriesy  a,x™ with

ap,=00+1)"—-0" -1
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is rational ovelF,(#) and, however{n | a, = 0} = {p" | r € N} is not a rational
subset of the monoitf (see Exercisf B.4.1.b).

The proof given here is elementary and does notpsadic analysis. It requires
several definitions and lemmas, and goes through three $teps the result is proved
for series with integral coefficients. Then it is extendedrémscendental extensions
and finally to the general case.

Definitions A set A of nonnegative integers is callgairely periodicif there exist an
integerN > 0 and integerg;, ko, ..., k- € {0,1,..., N — 1} such that

A={k;+nN|neN1<i<r}.

The integerN is a periodof A. A quasi-periodicset (of periodN) is a subset oN
which is the union of a finite set and of a purely periodic sép@yiod N).

Lemma 4.2 The intersection of a family of quasi-periodic sets of peri¢ is quasi-
periodic of periodN.

Proof. Let (A;);cr be a family of quasi-periodic sets, all having peritvd Given a
j€{0,1,...,N —1},forany: € I, the setj + NN) N 4, is either finite or equal to
j + NN. Thus the same holds f¢§f + NN) N (NA4;). O

Definition Given a series = Y a,, 2™ with coefficients in a semiring, theannihi-
lator of S is the set

ann(S) ={neN|a, =0}.
Thus the annihilator is the complement of the support.

With these definitions, the first (and most difficult) step lie proof of Theorer@.l
can be formulated as follows.

Proposition 4.3 LetS = )" a,z™ € Q|[z]] be a strict rational series with rational
coefficients. Then the annihilator fis quasi-periodic.

Let p be a fixed prime number. Theadic valuatiorv, is defined at the beginning
of SectionB. Observe that

Up(‘]l""]n): Z Up(‘]i)a

1<i<n
U:D(ql +o QH) > inf{vp(ql)a s ’UP(Qn)} .
Observe also that fot € N
vp(n!) <n/(p—1) (4.1)
since indeed (Exercise!)

vp(n!) = [n/p] + [n/p*] + -+ [n/p"] + - -
<n/p+n/p’+---+n/p"+--

Snzl%:n L/p =n/(p—1).

= 1-1/p
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From Equation[(4]1), we deduce

(%) = ") = ) 20 =

nl p—1
thus
p" p—2

Next, consider an arbitrary polynomial
P(z)=ap+ a1z + -+ apz"”
with integral coefficients. For any integer> 0, let
w(P) = inf{vp(a;) | j = K}
Clearly
wo(P) Swi(P) < <wp(P) < -
and
wi(P) =00 fork >mn.

Observe also that,(P(t)) > inf{ao, ait,...,a,t"} for any integett € Z, and con-
sequently

vp(P(t)) > inf{vp(ao), vp(a1), ..., vp(an)} = wo(P). 4.3)

Lemma 4.4 Let P and (@ be two polynomials with rational coefficients such that
P(z) = (z = )Q(x)
for somet € Z. Then for allk € N
wir+1(P) < wi(Q)-
Proof. Set
Q(x) =ag+arx+ - +anx™, Px)=0by+bix+ - +bp1a"t.
Thenbji1 =a; —taj41for0 < j<mn—1,byt1 = an, Wwhenceforj =0,...,n,
aj =bjr1+thjyo+ -+t by

This shows that, (a;) > w;+1(P) for anyj € N. Thus, given any; € N, one has for
Jj=k

vp(aj) = wjp1 (P) = wyir (P)
and consequently

wk(Q) > w1 (P)
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Corollary 4.5 Let@ be a polynomial with rational coefficients, lat t, . .., tx € Z,
and let

P(z) = (x —t)(x — t2) -+ (2 — tx)Q(x).
Then
wi(P) < wo(Q)-

The main argument is the following lemma.

Lemma 4.6 Let(d,,),en be any sequence of integers and(lgt) ,<n be the sequence
defined by

wherep is an odd prime number. K, = 0 for infinitely many indices:, then the
sequencéb,, ),y vanishes.

Proof. Forn € N, let

Ro(a) = Y dp 2D i)
1=0

Then fort € N,

Ra(t) =3 (Z)p d;
1=0
and since(l%) = 0 for ¢ > t, it follows that
1
by = Ri(t) = Ru(t) (n>t). (4.4)
Next, we show that for alt, n > 0,

p—2
wr(Ry) > k—=.
k() p—1

For this, let

R, (z) = Z c,(cn)ack .
k=0

@
Eachc;”):c’C is a linear combination, with integral coefficients, of nwnbdi?—', for

1!
indicesi with £ < ¢ < n. Consequently,

n . pi
e = it (v (a) )
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In view of Equation [4]2), this implies

. —9 —9
vp(c,(c))Zinf(iil) o —

which in turn shows that
-2
wi(Ry) > k2=

PR (4.5)

Consider now any coefficieht of the sequenc@,, ),en. We shall see that

_9
vp(be) > k2=

p—1
for any integet, which of course shows that = 0. For this, lett; < t3 < -+ <ty be
the firstk indices withb;, = --- = b;, = 0, and letn > sup(t, t;). By Equation [4}4),
R, (t;) =b;, =0fori=1,...,k Thus
Ry(z) = (z —t1)(z —t2) - (2 — t)Q(2) (4.6)
for some polynomiaf)(z) with integral coefficients. By Corollafy 4.5, one has
wi(Rn) < wo(Q) - (4.7)

Next, by Equation[(4]4), (b:) = v,(R,(t)) and by Equationg (4.6), (4.3) and (4.7),
Up(Rn (1)) = vp(Q(1)) =2 wo(Q) = wi(Rn) -

Thus, in view of Equatior] (45),

-2
’Up(bt> Z k %

forall £k > 0. [l
Lemma 4.7 Let S = Y a,2™ € Z[[z]] be a strict rational series and Igt\, 11, )
be a linear representation & of dimensionk with integral coefficients. For any odd

prime p not dividingdet(u(z)), the annihilatorann(.S) is quasi-periodic of period
N = Card(GLk(Z/pZ)).

Proof. Letp be an odd prime that does not dividet(u(z)). Let

n—mn

be the canonical morphism frofontoZ /pZ. Sincedet(u(z)) = det(u(z)) # 0, the

matrix () is invertible overZ /pZ, and settingV = Card(GL(Z/pZ)), one has

p(aN)=1.
Reverting to the original matrix, this means that
p(x™) =1+pM

for some matrix)\/ with integral coefficients.



2325

2326

2327

2328

2329

2330

2331

2332

2333

2334

2335

2336

2337

2338

2339

2340

2341

2342

2343

2344

2345

2346

114 (HAPTER 6. RATIONAL SERIES IN ONE VARIABLE

Consider now a fixed integegre {0,..., N — 1} and set fom > 0

bn = Qj4nN -

Then

b = M@ )y = Au(2? ) (I + pM)"y = <z’>p“ﬂ($]>MW.
1=0

Thus, settingl; = A\u(x’) M+, one obtains

n n )
by = d; .
n Z <l>p d;
1=0
In view of Lemmg 4., the sequen¢i, ),,.>( either vanishes or contains only finitely
many vanishing terms. This shows that the annihilato5ds quasi-periodic with
period V. O

Proof of Propositioff.3. Let(), 1, v) be alinear representation Sfwith .(z) invert-
ible, and lety be a common multiple of the denominators of the coefficients jx and
7. Then(gA, qu, qy) is a linear representation of the strict serfés= 3 ¢"*2a,,2".
Clearlyann(S) = ann(S’). By Lemma[4.Jr, the setnn(S’) is quasi-periodic. Thus
ann(.S) is quasi-periodic. O

We now turn to the second part of the proof. For this, we cangtte ringZ[y,, . . .,
ym] Of polynomials ovefZ in commutative variableg, . .., y,, and the quotient field
Q(y1,--.,ym) of rational functions. As usual, i € Q(y1,...,ym) andas,...,
am € Q, thenP(aq,...,an) is the value ofP at that point. The result to be proved is
the following.

Proposition 4.8 Let S = > a,2™ be a strict rational series with coefficients in the
fieldQ(y1, - - ., Ym). Thenann(S) is quasi-periodic.

We start with the following well-known property of polynoats.

Lemma 4.9 Let K be afield, and leP € K[y, ...,yn]. Letd; be the degree aP in
the variabley;. Assume that there exist subsdts . .., A,, of K with Card(A;) > ¢;
fori =1,...,msuchthatP(as,...,a,) =0forall (a1,...,am,) € A1 X -+ X A,.
ThenP =0. O

Corollary 4.10 LetS = > a,a™ be any series with coefficients [y, . . ., y»] and
let Hy,..., H,, be arbitrary infinite subsets df. For each(h1, ..., h,;,) € K™, let

Shi b = Zan(hl, coyh)a™ .

Then

ann(S) = ﬂ a’nn(Sh17~~~;hWL) :

(h1,eishm)EHL XX Hpy,

Proof. It follows immediately from Lemm@.g that, = 0 if and only if a,,(h4, ...,
hm)=0forall (hy,...,hp) € Hy X -+ X Hp,. O
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Lemmad4.11Let P € Zyi,...,ym], P # 0. For all but a finite number of prime
numbers, there exists a subséf C Z™ of the form

H=(ki,...,km)+pZ™ (4.8)
such that for all(hq, ..., hy) € H,

P(hi,...,hyp) Z0 mod p.

Proof. Let

_ L . i1, 02 0
P—E Ciyyigyeoim Y1 Y2 " Yyt -

Let §; be the degree aoP in the variabley;, and letp be any prime number strictly

.....

be the morphism frorZ ontoZ/pZ. The polynomial
P= Z@m,...,imy?y? i ?J:n"

is a non vanishing polynomial with coefficients &/pZ. Sincep > §; for i =
1,...,m, it follows from Lemma[4]9 that there existé1, ..., k) € Z™ such that
P(k1,...,kn) # 0. This proves the lemma. O

Proof of Propositior@. Let(\, i, y) be a linear representation Sfof dimensionk
with p x invertible. As in the proof of Propositidﬂl.& consider awnon multipleg €
Zly1,...,ym) Of the denominators of the coefficientsxfu and~. Then(g\, qu, ¢7)
is a linear representation of the serigs = > ¢""2a,2" andann(S’) = ann(S).
Thus we may suppose that the coefficientd gi andy are inZ[y1, ..., ym].

Let P = det(u(z)) € Zly1, - - ., ym)- ThenP # 0 and by Lemm§ 4.31, there exist
a prime numbep and an infinite setf C Z" of the form ) such that

det(p(z)(h1,...,hm)) 0 mod p

forall (h1,...,hy) € H. Setting

Shl;---7hm, = Z an(hl, ey hm)xn

this implies, in view of Lemm4 4,7, that the setn(Sy, . ,,) is quasi-periodic, for
all (hy,...,hy) € H, with a period at mosp*”. Thusr = (p*")! is a period for all
these annihilators. In view of Lemnja}4.2, the set

m ann(Shy .. ho)

is quasi-periodic. By Corollarf 4.]L0, this intersectioritie setann(S). The proof is
complete. O

It is convenient to introduce the following

Definition A field K is a SML field(Skolem-Mahler-Lech field) i satisfies Theo-
rem[4.]L.
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We have seen already that the figldof rational numbers, and the fiel@(y;,
.., ym) areSMLfields.

Proposition 4.12 Let K and L be fields. IfL. is an SML field and{ is a finite algebraic
extension of_, thenK is an SML field.

Proof. LetS = Y a,,z™ be a rational series ovéf. Letk be the dimension oK over
L, and letgq, ..., ¢, be L-linear functionsk' — L such that, for any, € K

h=0 < ¢i(h)=0,Vi=1,... k.
Define

Si=>_ ¢i(an)a" € L{[a].

Then, by the choice of the functiaf), one has

ann(S) = ﬂ ann(S;) . (4.9)

1<i<k

Thus, it suffices by Lemn@.z to prove that the sesieare rational oveL.. By Propo-
sition [I[5.1, there exists a finite dimensional subvectacep/ of K[[z]], containing
S and which is stable, that is closed for the operafion> 7' o z. SinceK has finite
dimension over., the spacé/ also has finite dimension ovér.

The functionsp;, extended to series

¢i : K[z]] — L[]

by
61 (Y baa™) = 3 6i(ba)a”

are L-linear. Consequently); (M) is a finite dimensional vector space over Since
0i(T o x) = ¢;(T) o x, the spacep; (M) is stable. Moreover, it contains the series
S; = ¢i(S). Thus, again by Propositigf[1.5.1, each sefigis rational over.. ~ [J

Proof of Theorenf.]. LetS be a rational series with coefficients . Then by
Propositi06, there is a polynomillsuch thatS — P is strict. Sinceann(S — P)
andann(S) differ only by a finite set, it suffices to prove the result o+ P. Thus we
may assume tha is strict.

Let (A, u,y) be alinear representation 8f and letK”’ be the subfield o gener-
ated by the sef of coefficients of\, u(z), v. ThenS has coefficients if’ and we
may assume that’ is a finite extension o), sinceK’ = Q(Z).

Let Y be a maximal subset df that is algebraically independent ov@r The
field Q(Y") is isomorphic to the field of rational functioff®(y1, ..., ym) With Y =
{y1,...,Ym}. In view of Propositior 4]8, the fiel@(Y) is aSML field. Next, K is
a finite algebraic extension @§(Y). By Propositior[4.12, the field is aSML field.
This concludes the proof. O
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1.2

1.3

1.4

2.1

2.2

2.3

2.4

2.5

2.6

LetP(z) = 2¢ — g1ox?~1 — ... — g; be a polynomial over some commutative
ring K. Its companion matrixs the matrix
0o 1 0 ----0
M= 0
o ------- 0 1
gd ga-1 -~ 92 N

Show that the characteristic and minimal polynomials\éfare both equal to
P(z). Show thatif a sequende,, ) satisfies the linear recurrence relation.q =
J1antd—1+ -+ gaay, foralln > 0, thena,, = AM"™~, wherex = (1,0,...,0)
andy = (ag,...,aq—1)T. (Hint: Lete; be thei-th canonical basis row vector.
Show thate; M=t = ¢; fori = 1,...,d. Show thate; P(M) = 0 and then
vP(M) = 0 foranyv in K™, knowing thate; generates{” under the action of
M.)

LetM € K%*¢ andy be a linear function od(?*?. Leta, = ¢(M™). Show
that (a,,) satisfies the linear recurrence relation associated tottheacteristic
polynomial of M.

Show that}" a,2™ is a strict rational series if and only if it is of the follow-
n>0

ing form: there exists a finite dimensional algeBraover K, a linear function
¢ : 9 — K and a homomorphism of algebras from the algebra of Laurent
polynomialsK [z, z~] into 9 such that,, = ¢ o u(z™) foralln € N.

Show that the set of sequences).,>¢ over a fieldK satisfying a given recur-
rence relation of length is a vector space of dimensianclosed under the shift
operation(a,,) — (a,y1). Show that the converse holds (Lidl and Niederrgiter
(L983), Theorem 8.5.6).

Consider th&ibonacci sequendsee ExampIE E.l). Find the exponential poly-
nomial for F,.

Consider théucas sequencgefined byLo =2, L1 = 1, Lyy2 = Lpy1 + L.
Find the exponential polynomial fdr,, .

Show that ifL is a commutative ring without zero divisors, the only iniugg
elements in the ring of Laurent polynomidlr, . . . ,xn,xfl, ...,z '] are the
Laurent monomialgcz{ - - - 24~ with o invertible in L.

Show that ifK is an algebraically closed field of positive characteriatid S is
a strict rational series ovéf, thenS is the merge of series, each of which is a
K-linear combination of geometric series.

Let K be a semiring and = >~ . an2" € K[[z]]. Show that the following
conditions are equivalent:

(i) Sisrational;

(ii) S isthe merge of rational series;
(i) forsomeh €N, )" -, an4pa™ is rational;
(iv) forsomeh eN, Y -, a,z™ is rational;

LetS = >, o ana™ be a rational series ifi[[z]] with denominatorP(x). Let

pP= H(l—)\z) andPy(z) = ]‘[(17>\’C ). Let Sy, ..., Sk_1 be thek series

Whose merge i$. Show that eaclS‘ has denominataP;, ().
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1 . . . .
2.7 a) Show thati(1 i =30 ("F4TN) 2™, (Hint: Use induction and deriva-
_z >

tion, starting withi— = > ;2"

1
b) Deduce that, for any, one hasm - ano (n;rgzl))\"xﬂ.

o

3.1 APoblya seriesin Q((A)) is a series which has only a finitely number of prime
factors in the numerators and denominators of its coeffisi@this extends the
definition of Sectior]3 to several variables).

The unambiguous rational operatioran series are defined as follows. A ratio-
nal operation (sum, product, star) on series is unambigifidlis corresponding
operation on the support (union, product, star) is unandaiguMore formally:
the sumS + T (resp. producST) is unambiguous ifupp(S) N supp(T) = 0
(resp. the productupp(S) supp(7T’) is an unambiguous product of languages);
the starS* is unambiguous if the stanpp(.S)* is unambiguous. A rational series
S € Q(A)) is unambiguoud it is obtained from polynomials using only unam-
biguous rational operations. (For unambiguous rationataions of languages,
see ExercisgB.3.2.)

a. Show that each unambiguous rational series is Hadamhbriheertible (see
Exercisd[d.2]1 of Chaptfr 3).

b. Show that each rational series@r{ A)) which is Hadamard sub-invertible is a
Polya series.

c. Show that a Poblya series in one variable is unambiguagasiynal (use Theo-
rem[4.]).

3.2 Show that ifS € Q[[z]] has only finitely many prime factors, anddfis neither
a polynomial nor a geometric series, then for some eigessaluu of .S, the
quotient\/u is a root of unity#£ 1.

4.1 SetB(z) => " bpa™, D(z) = > " d,z"™ with integersh,, d,, related as in
Lemma[4p. Show thaB(z) = 377 dn 725

4.2 LetS € K[[z]] be arational series, wheféis a field of characteristi¢. Suppose
that.S is not a polynomial and has infinitely many vanishing coedfits. Show
that for some eigenvalues i of S, the quotienf\/p is a root of unity:# 1.

Notes to Chapter 6

The notion of an exponential polynomial is a classical onée Tormalism we use
here is from Reutenaddr (1982). It allows to give an algelpadof of Benzaghou's
theorem. His proof was based on analytic techniques. Trebedic method makes
it possible to prove Benzaghou'’s theorem in positive charatic. Some modifica-
tions are necessary, since in that case, the exponentjaiqgroial may not exist nor be
unique. Polya’s theorem is extended to general fields vBR([L984).

There are a great number of arithmetic and combinatorigdgnt@es of linear re-
currence sequences. A recent book is Everesi dt al. |(2088)alSo Chapter 8 of Lidl
and Niederreiter[(19$3) for linear recurrence sequencesfinite fields. The use of
symmetric functions to derive divisibility properties itustrated by[Dubo{i&l (19B3).

[1986) gives numerous applications of expressibifie exponential polyno-
mial by means of symmetric functions.




2464

2465

2466

2467

2468

2469

2470

2471

2472

2473

Notes to Chapter 6 119

The proof of the Skolem-Mahler-Lech theorem given here & ansel[(1986).
The original proofs, by Skoldn] (1934), Mahldr (1p35), 4n&l §195B) depend on
p-adic analysis. The specialists will recognize, in Le@ 4 key property op-adic
analysis.

An open problem, stated by C. Pisot, is the following. Is itidable, for a rational
series)  a,x", whether there exists ansuch that:,, = 0? It is decidable whether
there exist infinitely many. with a,, = 0, seq Berstel and Mignoltg (1976).

The notion of Pdlya series may be extended to noncommuérighes, see Exer-
cise. The following problem remains open.

Conjecture Each rational Pblya series ov@ris an unambiguous rational series.
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Chapter 7

Changing the semiring

If K is a subsemiring of a semiring, eachK -rational series is clearlf-rational. The
main problem considered in this chapter is the converse:thagtermine which of the
L-rational series are rational ovar. This leads to the study of semirings of a special
type, and also shows the existence of remarkable familiestioinal series.

In the first section, we examine principal rings from thisexgp Fatou's Lemma is
proved and the rings satisfying this lemma are charac(i@babert’s Theorellﬂ.S).

In the second section, Fatou extensions are introduced hdye is particular that
Q. is a Fatou extension of (Theoren{ 2]2 due to Fliess).

In the third section, we apply Shirshov’s theorem on ringthwiolynomial identi-
ties to prove criteria for rationality of series and langesgrhis is then applied, in the
last section, to Fatou ring extensions.

1 Rational series over a principal ring

Let K be a commutative principal ring and |Etbe its quotient field. Leb € K (({A))

be a formal series ovet with coefficients inK. If S is a rational series over, is

it also rational over’k? This question admits a positive answer, and there is even a
stronger result, namely thathas a minimal linear representation with coefficients in
K.

Theorem 1.1 (Flies§[1974a) et S € K((A)) be a series which is rational of rank
over F'. ThenS is rational overK and has a linear representation ovér of dimen-
sionn. In other words,S has a minimal representation with coefficientdin

Proof. Let (), u,v) be a minimal linear representation §fover F'. According to
Corollary[:]l, there exist polynomialy, ..., P,, Q1,...,Q, € F({A) such that for
we A*

pw = ((S, PrwQj))1<ij<n -

Let d be an element id \ 0 such thatlP;, dQ; € K(A) andd\ € K'*™. Then for
any polynomialP € K(A)

d* AP = (d\)((S,dP; PdQ;));; € K",

121
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since(S, R) € K whenevelR € K (A). Consequently,

1

IxXn
d3K .

Au(K(A)) C
This shows thahu (K (A)) is a submodule of a freE -module of rank:, hence is also
free and has rank n. It suffices now to apply Lemn{§[2.1.3: we obtain a represiemtat
of S over K of dimension< n, thus of dimensiom by Theoren{}#.1]6. O

In particular, a series which is rational ov@rand with coefficients itZ. has a min-
imal representation with coefficients# The theorem admits the following corollary,
known agratou’s Lemma

Corollary 1.2 (Fato{[1904).et P(z)/Q(z) € Q(z) be an irreducible rational func-

tion such that the constant term @fis 1. If the coefficients of its series expansion are
integers, ther? and @ have integral coefficients.

Proof. We haveQ(0) = 1. ThenS = > a,z™ = P(x)/Q(z) is a rational series.
Let (A, 1, ~y) be a minimal linear representation 8f SinceZ is principal, this repre-
sentation is similar, by Theoren 1.1 and Theofgm p.2.4, epeesentation ovék. In
particular, the characteristic polynomialefz) has integral coefficients. Now(z) is
the reciprocal polynomial of this polynomial (Corolleﬁl@). ThusQ(x) has integral
coefficients, and so dod3 = SQ. (|

The previous result holds for rings other than the ribigf integers. We shall
characterize these rings completely.

Let K be acommutative integral domaiand let £ be its quotient field. Left
be anF-algebra. An element: € 9 is quasi-integralover K if K[m] is contained
in some finitely generateff -submodule oPJ. It is easy to see that, in this case, the
K-submodule may be chosen to lieftim], see Exercis 1.3. Hence this definition is
intrinsic.

Proposition 1.3 An elementn € F is quasi-integral ovell if and only if there exists
d € K \ 0 suchthadm™ € K forall n € N.

Proof. If the last condition holds, them™ € d~'K for all n € N and therefore
K[m] C d~'K, which is theK-module spanned hy~!. Conversely, if\ is a finitely
generated<-submodule ofF’ containingk[m], thendM C K for somed € K \ 0.
ThusdK[m] C K, which implies the last condition. O

Corollary 1.4 If 9t is a commutativé’-algebra, then the set of element#ifwhich
are quasi-integral ovefs is a subring of.

Proof. This follows from the fact that ifi/;, M- are finitely generate& -submodules
of M, then so are/; + My and My Mo. O

Definition The domaink is calledcompletely integrally closed any m in ' which
is quasi-integral oveK is already inkK.
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Recall that an elemenmt of 91 is calledintegralif there are elements, . .., a; in
K such that

mF = almk*1 + -4 ar_1m-+ar.
In other words, the-subalgebra ofJt generated byn is a finitely generatedy-
module. Observe that an elementAnwhich is integral ovelK is also quasi-integral
over K. Thus, if K is completely integrally closed, it is integrally closed.

Theorem 1.5 (ChabeH 1972y he following conditions are equivalent:

(i) the domaink is completely integrally closed;

(i) for any irreducible rational functionP(x)/Q(z) € F(xz) whose series expan-
sion has coefficients iff, and such that the constant term@fis 1, both P and
Q@ have coefficients ik .

We use the following lemma.

Lemma 1.6 Letm be a matrix inF"*"™ which is quasi-integral oveK'. Then the co-
efficients of the characteristic and of the minimal polyralmofm are quasi-integral
overk.

Proof Let P(t) = t" + a;t"~! +--- + a,, € F[t] be the characteristic polynomial of
m. Sincem is quasi-integral oveK, there exists a finitely generatéd-submodule of
Fm*™ containing all powers ofn. Thus there exists somke K \ 0 such that

dmk e Kn<n

for all £ € N. Consequently, sincg; is aZ-linear combination of products éfentries
of m,

dai,d?as,. .., d"a, € K .

Let A be an eigenvalue afi. ThendA is integral overk. Indeed,0 = d"P(\) =

(dN)"™ + dai(d\)"~1 + .- + d"a,. Consequently, thé-algebral. = K[d)\] is a
finitely generated<{-module. The element is in the quotient field~ of L, and there
existsq € GL,,(E) such that

Ak ek

0 % --+ %
m' =q tmg =

0 % -+ %

Letd € L\ 0 be acommon denominator of the coefficientg @ndg—!, that is, such
thatd’q andd’q~"! have coefficients i.. Then for allk € N

(d/Qd)m/k —_ (d/qil)dmk(d/q) c Lnxn'

Thus(d?d)\* € L, whenceK [\ C (d’?d)~*L. This shows thah is quasi-integral
overk.

Since all eigenvalues of, are quasi-integral, the same holds for the coefficients
by Corollary[Z.}. Similarily, it holds for the coefficient$ the minimal polynomial of
m. O
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Proof of Theorerfl.§. Assume thak’ is completely integrally closed. Lét(z)/Q(x)
be a function satisfying the hypotheses of (ii). We hé@\(@) = 1. The series

S=>ana" = P(z)/Q(x)

is F-rational and has coefficients i§. Let (), u,y) be a minimal linear representa-
tion of S. By Corollary[2[2.B, the matrix(x) is quasi-integral oveks. In view of
Lemma[1p and (i), the characteristic polynomialugf:) has coefficients ink’, and
since( is its reciprocal polynomial (Corollarﬂ E.S), the polynial @ has coeffi-
cients inK, and the same holds fét = SQ.

Assume conversely that (ii) holds. Let € F' be quasi-integral ovelk. Then there
existsd € K \ 0 such that

dm"™ € K
foralln € N. SetP(z) = d,Q(z) =1 — maz. Then
P(z)/Q(z) =d ) m"z" € K[[z]].

Thus by hypothesi§)(z) € K|[z], whencem € K. This shows thaf{ is completely
integrally closed. O

2 Fatou extensions
According to Fatou’s Lemma (Corollafy 1.2) any rationaleinQ|[]] with integral

coefficients is rational ifZ[[z]]. The same result holds for an arbitrary alphateby
Theoren] 1]1. This leads to the following definition.

Definition Let K C L be two semirings. The# is aFatou extensionf K if every
L-rational series with coefficients i is K -rational.

Theorem 2.1 (Flies§ 1974alf K C L are fields, ther is a Fatou extension ok .

Proof. This follows immediately from the expression of ratiobalby means of the
rank of the Hankel matrix (Theoreff{2.]1.6). O

Theorem 2.2 (Flies§ 1975)The semiring) ., is a Fatou extension a¥.

We need some preliminary lemmas.

Lemma 2.3 (Eilenberg and Schiitzenberger 11988k intersection of two finitely gen-
erated submonoids of an Abelian group is still a finitely gatesd submonoid.

Proof. Let M; and M, be two finitely generated submonoids of an Abelian gréip
with law denoted by+. There exist integerk; , k; and surjective monoid morphisms
¢; - NF — M;, i = 1,2. Letk = ki + ko and letS be the submonoid di* =
Nk x N*2 defined by

S = {$ = ($1,$2) c Nk | ¢1£L‘1 = ¢21'2} .
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Letp; : N* — N* be the projection. Then
My N Mz = ¢10p1(S5).

Thus it suffices to prove thef is finitely generated. Observe théitsatisfies the fol-
lowing condition

r,x+yesS = yes. (2.2)

Indeed, sincep1z; = ¢oxo aNd 11 + d1y1 = ¢oxs + doyo and since all these
elements are id, it follows thatg,y; = ¢2y2, whencey € S.

Let X be the set of minimal elements 6f\ 0 (for the natural ordering df*). For
all z € S, there isx € X such thatr < z. Thusz = x + y for somey € N* and
by Equationl)y € S. This shows by induction that generates'. In view of the
following well-known lemma, the seX is finite, since the elements iXi are mutually
incomparable. O

Lemma 2.4 Every infinite sequence " contains an infinite increasing subsequence.

Proof. By induction onk. Let (u,,) be a sequence of elementshf. If k = 1, either
the sequence is bounded, and one can extract a constanhseqaeit is unbounded,
and one can extract an strictly increasing subsequencek Borl, one first extracts
a sequence that is increasing in the first coordinate, amdukes induction for this
subsequence. O

Lemma 2.5 (Eilenberg and Schiitzenberger 1968} I be a set and led/ be a finitely
generated submonoid 8. Then the submonoit’ of N/ given by

M ={zeN |In>1nrec M}

is finitely generated.

Proof. Letzy, ..., z, be generators ai/. Let
C={zeN[3N,..., 4 eQn[01]: z=>) \ui}.

ThenC contains eachy; and is a set of generators fdf’. Indeed, ifnz = > \x; €
M for somen > 1 and some\; € N, then

= Z 3 ZG - D

where| z] is the integral part of. Thus, it suffices to show that is finite.
Let E be the subvector spaceRf generated by/’. SinceFE has finite dimension,
there exists a finite subsétof I such that th&-linear function

ps: E—R’

(py is the projectioR! — R“) is injective. The image of by p; is contained irfN,
and it is also contained in the set

K:{yERI|3)\157>\P€[071]y:2>\1y1}5
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wherey; = p;(z;). Now K is compact andN” is discrete and closed. Thu§ N N/
is finite. It follows thatC' is finite. [l

Proof of TheorerR.3. LetS be aQ. -rational series with coefficients M. We use sys-
tematically Propositioﬁl E.l. There exists a finitely gated stable) -submodule
in Q4 ((A)) that containsS. Denote it byMg, . Similarly, the seriesS is Q-rational
with coefficients inZ, and therefores is Z-rational. Thus, there is a finitely gener-
atedZ-submodule inZ({(A)) that containsS, say Mz. ThenM = Mg, N Mz is a
stableN-submodule ofN({(A)) containingS, and it suffices to show that/ is finitely
generated.

LetTy,..., T, be series inMg, generating it as &_-module, and let

M@Jr :ZNTZ"

This is a finitely generated-module. Sincéliz is also a finitely generatéd-module,
theN-module

M’:MZHM@ CN<<A>>

is finitely generated (this follows from Lemn@Z.S, notingth-module = commuta-
tive monoid). Consequently,

M = {T e N{A) | In > 1,nT € M’}

is, in view of Lemmd 2]5, a finitely generat®dmodule. Finally, theéN-module} N
Mj is finitely generated by Lemnja 2.3. We claim tdt= M N Mz, which implies
the theorem.

In order to prove the claim, I€f be in M. ThenT € Mg, N Mz. ThusT =
i, o Ty with o; € Q. It follows that, for somer > 1, nT € M@ and sincel is
also inMz, nT € M(é2+ N Mgz = M'. Consequentlyl” € M and finallyT € M N M.

Conversely, lef” € M N My. SinceM’ C Mg, , we haveM C Mg, and we see
thatTeMQ+ﬂMZ:M. O

We now give two examples of extensions which are not Fatoensitns.

Example 2.1 The ringZ is not a Fatou extension of the semiribg Consider the
series

S= 3 (luwla—lwh)w.

we{a,b}*

This series i<Z-rational (it is the Hadamard square of the series congidier&xam-
ple B[4.]1) and has coefficientsih However, it is notN-rational, since otherwise its
support would be a rational language (Lem.1.4), andthlsseomplement of its
support. In Examplf]B-4.1, it was shown that this set is r@stipport of any rational
series.

Example 2.2 The semiringR , is not a Fatou extension @-.. Leta = (1 ++/5)/2
be the golden ratio and Iét be the series

S = Z (a2(|’w|a7|’w|b) + Oé72(‘w‘a7‘w‘b))w )
we{a,b}*
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SinceS = (a?a + a72b)* + (a~2a + o?b)*, the seriesS is R -rational. Moreover,
sincec is an algebraic integer ov&rand—1/« is its conjugate, one has for alle N

A"+ a e,

Consequentlys has coefficients ilN. Assume thats' is Q4 -rational. Then by Theo-
rem[2.D, it isN-rational. However, the language ' (2) = {w | (S,w) = 2} is

S7H2) ={w € {a,b}" | |wla = |w]s}

sincex + 1/x > 2forall z > 0,z # 1. Since the languag&~(2) is not rational, the
seriesS is notN-rational (Corollarff{.2]7). Thus is notQ_ -rational.

To end this section, we prove the the following result abeues with nonnegative
coefficients.

Theorem 2.6 (Bchiitizenberggr 1970)S € N((A)) is anN-rational series, then

§ — supp(S) € N((4)

is N-rational.

Recall thatL is the characteristic series of the langudge

Proof We follow [Salomaa and Soittdlf (1978, page 51). In view ofp@sition[1[5]1,
there exist rational serie% , . . ., .S,, such that th&N-submodule oN({A)) they gener-
ate is stable and contaiiss By Lemmg[H.1}4, the supportapp(S:), . . ., supp(S,,)
are rational languages. L&t be the family of languages obtained by taking all in-
tersections ofupp(S1),...,supp(S,). ThenL is a finite set of rational languages.
The setl’ = {u™'L | w € A*,L € L} is also a finite set of rational languages
(Corollary@). LefT be the set of characteristic series of the languagés.in

Let M be the finitely generateld-submodule oN{(A)) generated b{l' and by the
series

S; = S; —supp(S;)

fori =1,...,n. We claim that ifa; € NandT = " a;5;, thenT — supp(T') is in
M.

Indeed,S; = S} + supp(S;), thusT' = 3" a; S5} + U, whereU = }_ a;supp(S;).
Note thatsupp(S}) C supp(S;), hencesupp(T’) = supp(U). We may writeU =
> b, T), where each integér, is > 1 and theT), € T have disjoint supports. This is
done by keeping only thgs with a; > 1 and by making the necessary intersections of
supports. Henc® — supp(U) = > (bx — 1)Tyx € M andT — supp(T) = >~ a; S} +
U —supp(U) € M.

SinceS is anN-linear combination of the&;, the seriesS — supp(S) is in M by
the claim. We show that/ is stable, which will end the proof by Propositifj 1]5.1.
Indeed, letu € A*. Thenu='T € T by construction, hence is it/, for anyT in T.
Consideru=15! = u=1S; — supp(u~1S;). Sinceu=1S; is anN-linear combination of
the S;, we deduce by the claim that 'S’ is in M. O
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3 Polynomial identities and rationality criteria

Let K be a commutative ring and |81t be a K-algebra. Recall thait satisfies a
polynomial identityif for some setX of noncommuting variables and some nonzero
polynomialP(x1,...,zx) € K(X), one has

Ymy,...,m €M, P(mq,...,my) =0.

Thedegreeof the identity isdeg(P). The identity is calleiddmissiblef the support of
P contains some word of lengtteg(P) whose coefficient is invertible i .
Classical examples of polynomial identities are the follgyones. Let

Sk(@1,. s wk) = Y (1) To12on - Tok
ceBy,

where&,, denotes the set of permutations{df ..., k} and(—1)“ is the signature of
the permutatiom. Then, if9t is a K-module spanned by — 1 generators, it satisfies
the admissible polynomial identit§, = 0, see Exercis@.l.

There is another interesting case: supposefhat K™*"™. Then, by the previous
remark,9t satisfies the identitys,=; = 0. Actually, according to the theorem of
Amitsur-Levitzki, K™*" satisfies the identitys,,, = 0, see|Procgsi (1973), Rowen
(1L980) or[DrensKy[(2000).

Theorem 3.1 (Shirshov)Let Mt be a K-algebra satisfying an admissible polynomial
identity of degreer. Suppose thallt is generated ad(-algebra by a finite sek. If
each element @bt which is a product of at most — 1 elements taken i&' is integral
over K, thenMt is a finitely generated{-module. O

For a proof, se¢ Rowkh (1980), Lothaife (1983) or DrdnEkp@20

A rayis a subset ofi* of the formuw*v for some words, v, w; the wordw is the
patternof the ray. Given a ray® = uww*v and a serie$, we define the one variable
seriesS(R) = >~ o (S, vw™v)z".

Theorem 3.2 Let K be a commutative ring and I&t € K ((A)). ThenS is rational if
and only if there exists an integér> 1 such that the syntactic algebra Sfsatisfies
an admissible polynomial identity of degréeand moreover, for any wora of length

< d, the seriesS(R), for all rays R with pattermv, satisfy a common linear recurrence
relation.

Proof. Suppose tha$ is rational. Then by Theoreﬁh.z its syntactic algebra is a
finitely generatedy-module, hence it satisfies an identity of the fosih= 0, which
is clearly admissible. Moreover, I€t be a ray with patternv and let(\, u,~) be
a linear representation ¢f. Then the serie$(R) satisfies the linear recurrence as-
sociated to the characteristic polynomidl+ a;2‘~! 4 --- + a, of the matrixw;
indeed the Cayley-Hamilton theorem implies that! + a pw® ' + -+ + ay =
0, hence multiplying by Apupw™ on the left and byuwvy on the right we obtain
(S, uw™ ) + a1 (S, uw™ 1) + - + a,(S, uw™v) = 0, which shows tha(R)
satisfies the indicated recurrence relation.

Conversely, consider the algebra morphism K(A) — 2t onto the syntactic
algebradt of the seriesS. Then9t is generated as algebra by the géfl). Letw be
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a word of length< d. By hypothesis, each of the serig¢R) = > - (S, vw"v)z",
for u,v € A*, satisfies the same linear recurrence of the form

(S, uw" T v) + ay (S, uw" ™ ) + -+ ag(S,uwv), n>0,
where the coefficients,, . .., a, depend only onw and not onu, v. This implies that
(S, u(w® + ayw’ ™+ +a)v) =0

for any wordsu, v. Consequently, by Lemnf{2.JLa2¢ + a;w’=! + - - - + a, is in the
syntactic ideal of5. Since the latter is the kernel pf we obtain

pw) +arp(w) ™+ +ar=0.

263 Thusp(w) is integral overK, and9t is a finitely generated’-module by Shirshov’s

zxe4  theorem. Hence is rational by Theorerfj .7.2. O
2665 This result allows us to establish a rationality criterionfanguages.
2666 We say that an element of a monoid) is torsionif m generates a finite sub-

267 Monoid of M ; equivalentlyyn* = m? for somel < k < ¢. We say thail/ is atorsion
268 Monoidif each elementinl/ is torsion.

ss0  Theorem 3.3 A language is rational if and only if its syntactic algebratisfies an
270 admissible polynomial identity and its syntactic monoitbision.

2n  Proof. The necessity of the condition follows from Propositi¢}.3,[3[3]L and The-
2 orem[3.2. Conversely, by Theordl 3.2.10, it suffices to shaw the characteristic
73 Series of the language is a rational series. Now, by Prdpo, the syntactic
272 monoid of the language is a multiplicative submonoid of yistactic algebra and gen-
x5 erates the latter as algebra. Since each elemenftthe monoid satisfies an equation
26 Of the formm® = m? with k # ¢, the elementn is integral overk” and the theorem of
77 Shirshov applies: the syntactic algebra is a finitely geteer& -module and the series

28 is rational by TheorerfjR.7.2. O
2679 A variant of the previous criterion is given by the next résBlefore stating it, we
s iNtroduce a notation. I, uy, ..., u,,y are words and is a permutation ir&,,, we

a1 denote byru,y the wordzugiugs - - - Ugny.

w2 Corollary 3.4 A languagel is rational if and only if its syntactic monoid is torsion
»es  and if for somen > 2 and any wordse, uq, . . ., u,, y, the following condition holds:
x84 the number of even permutatiomsuch thatru,y € L is equal to the number of odd
xes  permutationsr such thateu,y € L.

Proof. Let9)t be the syntactic algebra of the characteristic serids dfe show that the
last condition in the statement means iasatisfies the polynomial identity,, = 0.
Indeed, sincé),, is multilinear, it is enough to show that this condition isia@lent to

Sp(mi,...,my) =0 (3.1)

for any choice ofmg, ..., m, in some set spanningt as akK-module. For this set
we takeu(A*), wherep : K (A) — 90t is the natural algebra morphism. Th¢n]3.1) is
equivalent to the fact theft,, (u1, ..., u,) € I for any wordsus, .. ., u, in A*, where
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I denotes the syntactic ideal 6f sincel = Keru. By Lemma[}.1]1, this is equivalent
to (L, xSn(u1,...,un)y) = 0forall z,y € A*. The latter equality may be written as

> (Lwuoy) = > (L vugy)

o even o odd

which is exactly the last condition of the statement.
In order to conclude we apply Theor3.3, knowing thdt i rational, therdt
satisfies an identity of the forisi, = 0. [l

4 Fatou ring extensions

Let L be a commutative integral domain, I&tbe a subring of_, and letG, F' be their
respective field of fractions, so that we have the embeddings

K — L

{ )
F — G

Theorem 4.1 L is a Fatou extension oK if and only if each element af which is
integral overL and quasi-integral ovek, is integral overk.

A weak Fatou rings a commutative integral domain with field of fractioAssuch
that F' is a Fatou extension dof .

Corollary 4.2 K is a weak Fatou ring if and only if each elementfofvhich is quasi-
integral overK is integral overK.

Proof. Replacel by F' in the theorem and observe that an elemenf'dé always
integral overF'. O

Corollary 4.3 Each Noetherian commutative integral domain is a weak Fatuy

Proof. See Exercisg 4.1. O

Corollary 4.4 Each completely integrally closed commutative integramndm is a
weak Fatou ring.

Proof of Theorerf.1. 1. Suppose thdt is a Fatou extension ok. Letm € F be
guasi-integral oveK and integral ovel.. By Propositio3, there existise K \ 0
such thatdm™ € K for anyn € N. Moreover, for some;,...,¢; € L, one has
m? =6ma= 4.+l LetS =Y dm"z" € K[[z]] andQ(z) =1 — {1z —
oo —Lgx? € L[z]. ThenQS is in L[z], henceS is an L-rational series. Since it
has coefficients i, by assumption it is & -rational series. Consequently, for some
matrix M over K and some row and column vectaksy, one hasim™ = AM™y
for all n > 0. It follows that the sequenaén™ satisfies the linear recurrence relation
associated to the characteristic polynomial®f Hence, dividing byl, we see thatn
is integral overk.

2. Conversely, suppose that each elemerit gfhich is integral over. and quasi-
integral ovelK is integral overk'. LetS € K ((A)) be a series which is rational over



Exercises for Chapter 7 131

ana We show thatS is rational overK'. For this, we will show, using Shirshov’s theorem,
ans  that the syntactic algebra ¢f over K is a finitely generated(-module. The claim
2ns follows in view of Theorenf]2.] 2.

Clearly, the serie$' is G-rational with coefficients irf, hence it isF'-rational by
Theorel. Let), u,v) be a minimal linear representation $fover F'. Then the
algebrau(F(A)) satisfies a polynomial identity of the fory, = 0, with coefficients
1, —1, hence admissible (see Sect[pn 3). The same is true for trengyu (K (A4)).
We claim that this latter ring is the syntactic algefifeover K of S. Indeed, the kernel
of y, viewed as a morphisifi(4) — F"*", is by Corollary[{:2]2 and Lemn{§[2]1.1,
equal to

{P € F(A) | Vu,v € A", (S,uPv) =0}.

2 Hence the kernel gf | K (A) is, by the same lemma, equal to the syntactic algebf of
ans  over K, which proves the claim.

2719 Consequentlyit satisfies an admissible polynomial identity. It is genetates K -
220 algebra, by the finite set(A). In view of Shirshov’s theorem, it suffices to show that
a2 eachm € M is integral overk. For this, letR(z) € Fx] be the minimal polynomial
22 Of m over F. We show below that the coefficients Bfare quasi-integral ovell’ and
a2 integral overL. This will imply, in view of the hypothesis, that they areegtal over
a2 K. Hencem is integral overk' .

2725 Sincem € M = p(K(A)), we may writem = u(P) for someP € K (A).

2726 (i) Note thatr is the rank ofS over F. By Corollary[}[2.B, there is a common
2z denominatod € K \ 0 to all matricesuw, forw € A*, hence also for all matrices
2s m™ = p(Pm), sinceP € K(A). This shows thatn™ € d=1K"*" which is a finitely
a9 generateds-module; hencen is quasi-integral oveK'. Thus its minimal polynomial
a0 has quasi-integral coefficients by Lem@ 1.6.

2731 (i) Since S has the same rank ov&rand oveiG, the linear representatign, p, )

2722 IS minimal also overy (Theore6). By the same technique as above, we see that
a3 p(L(A)) is the syntactic algebra ¢f over L. Hence it is a finitely generatdd-module
e by Theoren{2.1]2, sincé is L-rational. In particular, each element pfL(A)) is
235 integral overL. This holds in particular for the element € p(K{A)) C u(L{A)).
26 Therefore, we havews 4+ ¢ym*~1 + - .- + ¢, = 0 for somet; € L. SinceG is the field
zsr  Of fractions ofL, the minimal polynomial ofn overG dividesz® + £125~ + - - - + £,

a3 thus the roots of this minimal polynomial are integral oeand so are its coefficients.
213 Sincem is a matrix overF, the minimal polynomialR(z) of m over F' is equal to
220 the minimal polynomial over the field extensiéh Hence the coefficients R are
za integral overL. O

- EXercises for Chapter 7

s 1.1 Show that each factorial ring is completely integralbsed.
aaa 1.2 LetK be an integral domain andd its field of fractions. Show that if an element

2745 of F'is integral overK, then it is quasi-integral ovek .

2746 Deduce that ifK” is completely integrally closed, then it is integrally ciols

a2z 1.3 LetK be a commutative integral domain and Iébe its quotient field. Leiit
2748 be anF-algebrajn € 9t and letM be a finitely generatedl -submodule ot
2749 such thatK'[m] C M. Let FM be the finite dimensiondf-vector subspace of
2750 9 spanned byM and letp : FM — F[m] be anF-linear projection. Show that

2751 p(M) is a finitely generated -submodule of'[9t] which containds [m)].
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22 2.1 Show that for any rational seriése K ((A)), whereK is a field, the subfield

2753 generated by its coefficients is a finitely generated field.

asa 2.2 Show that if K is a subsemiring of. such that each element ih is a right-
2755 linear combination of fixed elements, . .., ¢, in L, then eachL-rational series
2756 may be Writtean:1 ¢;S; for someK -rational seriesS; (see Lemmﬂ EB and

2757 Exercisd d.1]6).
s 2.3 Show that eacH-rational series is the difference of twé-rational series (use

2759 Exercisd 2]2).
as0 2.4 Show that under the hypothesis of Exer 2.2, a right K-linear mapping

2761 L — K, then for eaclL-rational seriesS, the serie)(S) = 3, o((S,w))w is

2762 K-rational.

zes 2.5 Show that for any semiring, if S'is K™*"-rational, thenS, ; = >~ S(w); ; is
0.3

2760 K-rational for fixedi, j in {1,...,n} (use Exercisg 24).

aes 3.1 (i) LetP = ZUEGk ArTe1Zo2 - Tor € K(X). Show that thel{-algebradn

2766 satisfies the polynomial identiti? = 0 if and only if P(m4,...,my) = 0 for

2767 each choice ofnq, ..., my in some set spanninft as ak -module.

2768 (i) Show thatSy(mq, . .., my) = 0 if two of them;’s are equal.

2769 (iii) Deduce that if)t is spanned a&’-module byk — 1 elements, the®, = 0

2170 is a polynomial identity ofit.

an 3.2 Show that a commutative algebra satisfies a polynoméadtity. Prove Shir-

2172 shov’s theorem directly in this case.

3.3 Ifanalgebrai satisfies an admissible polynomial identity, it satisfiestifin-
ear one, of the form

MiMso -+ - My, = E AeMe1MG2 *  Mon , VM1,...,M, €M

oe6,
o#id

where the:, are inK and depend only oft (se€ Procgsj (1973), Rowen (1880),
Lothairg [1983)] Drensky| (2000)). Show thatdit is the syntactic algebra of
the seriesS, then9t satisfies the previous identity if and only if for any words
T,U1,. .., U, Y, ONE has

(S,zui - upy) = Z a5 (S, TUs1 -+ - Uony) -

ceS,
o#id

o3 (Hint: Use Lemmd]2.1]1.)

a1 4.1 Suppose tha is a Noetherian integral domain with field of fractioA's Using

2775 Propositio3, show that fer € F' which is quasi-integral ovek’, the module
2776 K[m)] is finitely generated, and deduce thais integral overk'.

a7 4.2 Showthatifl is an integral domain with subringy, and if moreovek is a weak
2178 Fatou ring, therl is a Fatou extension df .

a9 4.3 Letk be a field and consider the algebira;, y] of commutative polynomials in
2780 x,y overk. Let K be itsk-subalgebra generated by the monomidls!y™ for
2781 n > 0. Show thatk is not a weak Fatou ringHint: Consider the elemeniy of

2782 the field of fractions of<".)
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Notes to Chapter 7

Fliess, in[Flieds[(197}a), calistrong Fatou ringa ring K satisfying Theorenf 1].1.
Sontag and Rouchalddu (1D77) show that for a principaliinthe ringK[t] is a strong

Fatou ring. In the case of one variable, the class of stromtguRangs is completely
characterized by Theorefn JL.5. (The formulation is différéat it is equivalent by
the results of Sectiofj[§.1.) For several variables, a camplearacterization of strong
Fatou rings is still lacking.| Karhumaki (1977) has chagdzed those polynomials

P € Z[xq,...,z,] such that the rational series ovér= {z1,...,z,}
> Pllwleys - [wle, Jw
weA*

is N-rational.

Section[B and]4 follofy Reutenali¢r (1980a). In the case of ariable, the ana-
logue of Theore 1 is due fo Cahen and Chhfert {1975). laor@.3 appears in
ialomaa and Soittglf (1978), Exercise 2 of Section I1.6 r&ze[4.B is fron] Bourbaki
(196

1964), Chapitre 5, exercice 2.
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Chapter 8

Positive series In one variable

This chapter contains several results on rational seriesérvariable with nonnegative
coefficients.

In the first section, poles of positive rational series asedbed. In Sectiof] 2 series
with polynomial growth are characterized.

The main result (CorollarE.Z) is a characterizationkof -rational series in one
variable when' = Z or K is a subfield ofR.

The star height of positive series is the concern of the kdian. It is shown that
eachK , -rational series in one variable has star height at racetd that the arguments
of the stars are quite simple series.

1 Poles of positive rational series

In this section, we start the study of series with nonnegativefficients. Consider
series of the form

E apx”

with all coefficients inR . If such a series is the expansion of a rational function, it
does notimply in general that it & , -rational (see Exercige 1.2). We shall characterize
those rational functions ové® whose series expansionlis, -rational. We call them

R -rational functions

Theorem 1.1 (Berstd[197]1) et f(x) be anR, -rational function which is not a poly-
nomial, and letp be the minimum of the moduli of its poles. Thee a pole off, and
any pole off of modulusy has the fornpd, whered is a root of unity.

Observe that the minimum of the moduli of the poles of a ratiéinction is the radius
of convergence of the associated series. We start with a&emm

Lemma 1.2 Let f(z) be a rational function which is not a polynomial and with a
series expansiol a,z™ having nonnegative coefficients. lsgbe the minimum of the
moduli of the poles of. Thenp is a pole off, and the multiplicity of any pole gf of
modulusp is at most that op.

135
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Proof. Letz € C, |z| < p. Then

F =D anz"] <D anlz™ = f(l2]) . (1.1)

Let zo be a pole of modulug, and letr be its multiplicity. Assume that the multiplicity
of p as a pole off is less thanr. Then the function

9(z) = (p = 2)"f(2)

is analytic in the neighborhood pf andg(p) = 0, whence

lim_(p— pr)" f(pr) = 0. (1.2)

r—1lr<1

The function

h(z) = (20 — 2)"f(2)
is analytic atzg andh(zp) # 0. Thus
lim (20 —2)"f(2)| > 0.

z—20,|2|<z0
In particular, setting = rzg, with 0 < r < 1, this implies

i J2g (1 —1)" f(rz0)l > 0.

In view of Equation 1), this shows that

lim 1p’r(l —r)"f(rp) >0

r—1lr<

s contradicting [(1]2). 0

Proof of TheorenfL.]. LetS be the set of polynomials with nonnegative coefficients
and of rational functions with series expansions havingnegative coefficients and
satisfying the conclusions of the statement. It sufficehitmsthatS is closed for sum,
product, and star. Recall that the star operation is

fefr=3 m=0-n"

n>0

25 Let f = > an2™ andg be inS. Let py be the radius of convergence $f Recall
26 thatpy = sup{r € Ry | > a,r™ < oo}. Since the associated series has nonnegative
217 coefficients, one hagr, = min(py, py) and, if f,g # 0, py, = min(py, py) (S€€
2818 Exercisl). Thus, according to Lem@ 1f2+ g and fg are inS, since each pole
219 Of f + g and of fg is a pole off or of g.
Now, letf(z) = >, -, an,z™ € S,and assumg # 0. The poles of/* = (1—f)~!
are the zeros of — f. Observe thad a,p} = oo since otherwiséim, ., f(r)
would exist and this is impossible becausdas a pole apy. The coefficients:,
being nonnegative, the functien— >_ a,,r™ is strictly increasing frond to oo whenr
ranges frond to p¢, and consequently there is a unique real numlveith 0 < r < pg
such thatf(r) = 1. Thusr is a pole off*. Let z be a pole off* of modulus< r. We
prove that: = r0 for some root of unity. Indeed, the relations

1= Z a2 = Re(z anz”) = Z anRe(z")
< Zan|z|n < Zanr” =1
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show that equality holds everywhere. ConsequeatiRe(z™) = a,r" foralln > 0.
Let n be an integer withu,, # 0 (it exists becaus¢ # 0). ThenRe(z") = »™ and
|z| < rimply 2" = r™ whencez = rf for § somen-th root of unity. Thusf* is in
S. O

2 Polynomially bounded series ove#Z and N

A seriesS € Z{(A)) haspolynomial growthor is polynomially boundedf there exist
an integew > 0 and a real numbet' such that

(S, w)| < Clwl
for all nonempty wordso.

Proposition 2.1 LetS = >~ ., a,z™ be aZ-rational series which has polynomial
growth. If the coefficients,, are inN, thenS is N-rational.

Proof. The result is true iS is a polynomial. Assumé'is not a polynomial. We may
assume tha$ is strict, by Propositioﬂﬂ.& The proofis in three steps.

1. We first show that the moduli of the eigenvaluesScdre bounded by. LetC
andp be such thata,,| < Cn? for all n large enough. The radius of convergence of
the serie$_ nPz" is 1, since indeedim sup(n?)'/™ = 1, so the radius of convergence
p of S'is at leastl. SinceS is strict, we have by Theoreff{6.p.1

an =Y Pi(n)A}. (2.1)
i=1
Since the radius of convergeneef S'is p = max{1/|A1], ..., 1/|\|}, it follows that

[Ni| <1lfori=1,...,r.
2. Next, we show that al\; in (R.3) are roots of unity. Consider indeed the series
S" =73 bya™ with

b= S 22)
i=1

Note that,, is symmetric in the\;'s. SinceS is rational ovefZ, its minimal polynomial
has coefficients itZ. Hence the\;’s are algebraic integers and consequebtlis in Z
andS’ is rational ovetZ, by Fatou’s lemma.

Let@ = [](z — \;). The sequencé,,) satisfies the linear recurrence associated
to Q.

In view of @), the sequendg,,) is bounded, and since tltg are integers, it is
periodic. Indeed, the sequen@g ) satisfies a linear recurrence relation of lengtay,
and since the number of distinctuples(b,,, b, 41, - . ., bntr—1) is bounded, there are
two indicesm < m’ suchthatb,,, byi1, - bmtr—1) = by b1y - oy brpr—1)s
and one gets that,, . » = by 1 and, withh = m’ —m, b, = b,y for all large enough
n. It follows that@ dividesz” — 1, showing that all roots,; are roots of unity.

3. We now show that we may apply the next proposition. In viéthe preceding
computation, all\; in (@) are roots of unity. If\? = 1fori = 1,...,r, then the
sequencetin i1k )n>o0 for 0 < k < h — 1 have the form

Anh+k = Rk (n) n Z 0
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for polynomialsRy, defined by
Ri(t) =Y A Pi(ht+Fk).
=0

In view of the next proposition, each polynomifaj (¢ + ¢), for some/ € N, is a linear
combination, with coefficients i, of binomial polynomialg(’) = =1{t=dtl)
Note that (see Exerci§e P.7).
zd ny ,
T~ 2 (d)“”

n>0

Since these series are obvioullyrational, each seri€s, Ry (n)z" is N-rational. This
proves the proposition. O

Proposition 2.2 Let P(x) be a complex polynomial of degréesuch thatP(n) € Z
forall n € N. If P(n) € N for all large enoughn € N, then there existé > 0 and
ao, . . . ,aq € N such that

P(CU-F@):ao(z)+a1(d$1)+---+ad-

Proof. We may assume thd is nonzero. It is easily seen (Exerc[sd 2.2) that

P(:U):zd:al(dii)

=0

for some nonzeray € N\ 0 andas,...,aq € Z. Ifall ay,...,a4 are inN, we are
done. Assume the contrary and fetbe the smallest index such that < 0. Set
¢ =max{l+ h,—an}.

We use Vandermonde’s convolution formula that holds fooliral polynomials.
Foré,m € N:

(2)=2 00

It follows that
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Clearlyby,...,b,—1 >0, and
l
bn, = ao L +---4ap >apl+ap >0,

sincel > —ay, andag > 1. ThusP(z + ¢) has nonnegative coefficients, . .., by,.
Arguing by induction orh, the result follows. O

3 Characterization of K, -rational series

Theoreml gives a necessary condition for a rational fondb beR -rational.
We now give a sufficient condition in the general case. Fa,thie go back to the
vocabulary of formal series.

A rational series with complex coefficients is said to had®minating eigenvalue
if there is, among its eigenvalues (in the sense of Seﬂiﬂh ®Hunique eigenvalue
having maximal modulus. It is equivalent to say that the eissed rational function is
either a polynomial or has a unique pole of minimal modulus.

Theorem 3.1 (Soittola[197p)Let K = Z or K be a subfield oR. If a K-rational
series has a dominating eigenvalue and nonnegative cagftg;ithen it ig(_ -rational.

Corollary 3.2 A series over, is K -rational if and only if it is the merge of poly-
nomials and of rational series having a dominating eigeneal

Proof. If S'is K -rational, it is by Propositioﬁ EA the mergelsf, -rational series
which are simple. In particular, no quotient of eigenvalokesuch a series is a root of
unity # 1. Hence by Theoremn 1.1, these series have a dominating ailgeny-or the
converse, one uses Theorgn] 3.1 and Exe[tfsd 6.2.5. O

Corollary 3.3 If a R, -rational series has coefficients i , then it isK  -rational.

Proof. Let S be aR-rational series which has coefficients i, . By the preced-
ing corollary,S is a merge of polynomials and of rational series having a datirig
eigenvalue. By Soittola’s theor.l, each of the seriekefmerge ig( -rational.
By Corollary,S itself is K -rational. O

Let S = >,~,an2z" be a series which is not a polynomial. We know by Sec-
tion EDZ that there exists an exponential polynomialfgthat is

ap = Z Pi(n)A}

for n large enough. Suppose that is the dominating eigenvalue 6f. Then we call
dominating coefficieraf S the highest nonzero coefficiemtof P;. Observe that when
n— oo

Ay ~ omdeg(Pl))\’f . (3.1)
In particular,a,, # 0 for largen. Moreover

dntl ). (3.2)

Qn
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Lemma 3.4 Let S, S’ be real rational series which are not polynomials and which
have the same dominating eigenvalyewith dominating coefficients, o’.

(i) The seriesSS’ has also the dominating eigenvalie with dominating coeffi-
cient positively proportional tew’.

(ii) The coefficients o are ultimately positive if and only X; anda are positive
real numbers.

(iii) If S'is the inverse of a polynomidt with P(0) = 1, and if A, is a positive real
number, therax > 0.

Proof. (i) We write S as aC-linear combination of partial fractions, as in the proof of
Theoren{H.2]1. Lef be the coefficient of /(1 — A, 2)**! in this combination, where

k = deg(P1). Since, by Exercis@ 4.2,/(1 — \jz)*+! = 3 (n—]:k) Arz™ and
n>0

k k
(n Z k> - % + - - -, the dominating term aP; (n) is 6%, anda = 3/k!. If we do

‘
similarly for S’, we obtain a dominating term of the for/ﬁﬁ% anda’ = 3'/¢). The

productS S’ has the eigenvalug, with multiplicity & + ¢ + 2, the dominating term is
nk+€+1
BB

(k+¢+1)!
result.

(ii) If the a,, are ultimately positive, then; > 0 by ), and\; # 0 sinceS
is not a polynomial. Moreovety is positive by ). Conversely, X;,a > 0, then
an > 0 for n large enough by{(3.1).

(iii) We have P(z) = [T, (1 — \iz) € Rlz] with \; € C, Ay = --- = Ny >
[Aes+1l,-- -, |Aal, for somek with 1 < k < d. In order to compute the dominating
coefficient of P~1, we write P~! as aC-linear combination of seriek/(1 — \;x)7.
Thena = 3/(k — 1)! whereg is the coefficient ofl /(1 — A;x)* in this linear com-
bination. To computed, multiply the linear combination byl — \;z)* and put then
x = A\7!. Since only fractiond /(1 — A;x)’ with j < k occur, this is well defined and
gives

, so the dominating coefficientiso/k!¢!/(k + ¢ + 1)!. This gives the

1
= m
i=k+1 )\1
Now, the numbers\;'!, fori = k 4 1,...,d are the roots of the real polynomial

. . Ai
Hf:kH(I — \iz). Hence, eithel; is real and them\;| < A; and thusl — SVt 0, or
1

. . . Ai
A; is notreal and then there is somsuch that\;, A; are conjugate. Then so are- ™
1

andl — )\—J so that their product is positive. This shows thas positive. O
1

Given an integed > 1 and number®3, Gy, ..., G4 in R, we set

d—1
i=1

and we callSoittola denominatoa polynomial of the form

D(z) = (1 — Bx)(1 — G(x)) — Ggz®. (3.3)
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205 If d = 1, we agree thaB = 0. In this limit case,D(z) = 1 — Giz. The numbers

w6 B,Gh,...,G, are called th&oittola coefficientef D(x) andB is called itsmodulus
Note that setting
D(@) =1— g1z — -+ — gaa"

the expressior{ (3.3) is equivalent to
g1 =B+ Gy

. (3.4)
9i=G; =BGy, i=2,...,d.
Likewise, we callSoittola polynomiaé polynomial of the form
a2 — gt - gy (3.5)

207 With theg; as above.

Lemma 3.5 Let
d
P(z) =[] - \iz)
i=1
be a polynomial ifR[z] with A; € C, Ay > 1, andA; > [Az|,...,|Aq|. Let

d
(1= Afz)

=1

208 FOr n large enough,P, (z) is a Soittola denominator with modulus A} and with

200 Soittola coefficients in the subring generated by the caeiffis of P.

2000 Proof. Let €in = Zjl T AL be thei-th elementary symmetric function of
201 A7,...,A}. Bythe fundamental theorem of symmetric functioas, is in the ring
2002 generated by the functions ;, for 1 < ¢ < d, hence in the ring generated by the
=05 coefficients ofP = P; (see also Exercide 3.2).

2004 Clearlye; , ~ A} whenn — oo. Note that for; > 2, each term ir; ,, is a product
200 Of 4 factors taken in the\;’s, and containing at least one factor with modutus; .
205 Thereforee; ,, /A" — 0 whenn — oo.

2007 We may assumé > 2. DefineB = |e;,/2| andGy,..., Gy by the formu-
208 las Gy = ein — B andG; — BG;_1 = (_1)1'—161,,” fori = 2,...,d (we do
200 NOt indicate the dependence arwhich is understood). Whek}? — oo, we have
20 B ~ A'/2 ~ G;. Arguing by induction oni, suppose tha&; ~ \i*/2{. We
2ou  haveGiy1 = (—1)'eiy1., + BG;. Now BG; ~ )\Y'Jrl)"/TJr1 and we know that
w2 eip1n /AT 50, ThusGypy ~ AUTH™ /2i+1 The lemma follows. O

We call Perrin companion matrixf the Soittola polynomia.S) the matrix

B 1 0 -0
0 0 - .

pP=1 : o0 | (3.6)
0 o 0 1
Ga - Gz Gy

203 It differs from a usual companion matrix by the entryt which is not0 but B. In the
2014 limit cased = 1, one set = (Gy).
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Lemma 3.6 Let D(z) be the Soittola denominatq8.3) GivenS = 3 ., a,a",
definel’ = >°, - tpz™ andU = 3 -, una™ by -

T=DS and U= (1- Bx)S.

Then forn > 0,

an 0 Ap+1
Un+1 : Un+2
+ =] " (3.7)
0 .
Un+d—1 tn+d Un+d

Moreover, ifT" is a polynomial of degreg h, then for anym in N
am+n = (1,0,...,0)P™(an, Un+1, - - - Untd—1)"

Proof. Note that in the limit casé = 1, the first relation must be read@sa,,+t,,+1 =
an+1, Which is easy to verify, since one has by conventive- 1 — G, z.
We may therefore assume that 2. The first matrix product is equal to

Ban + Un+41
Un+2

Un+d—1
«

where

-1
a = Gqa, + Z Gitlpgyd—i -

i=1
Observe next that
T = (1 - Bx)(1-G(x))S — Ggz?S = (1 — G(x))U — Gqz?S .

Thus

d—1

ﬁn-l—d = Un+d — E Giun-i-d—i - Gdan 5
=1

showing thaty + ¢,,+4 = un+q. This proves the first identity. Suppose now tffais
a polynomial of degre& h. Then0 = ¢4 = th+q+1 = ---. Using induction onn
and (3.7) fom = h, h + 1, ..., we obtain

ap, Am+h
Uh+1 Um+h+1
Uh+d—1 Um~+h+d—1

which implies the second identity. O
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218 Proof of Soittola’s theorem 1. We may assume that is not a polynomial. By
2019 Lemm (i), the dominating eigenvalue of S is positive. We may assume that
220 A; > 1. Indeed, ifK is a subfield ofR, then we replac&(x) by S(ax) for ain N
221 large enough; then the eigenvalues are multiplied.laynd we are done. IK = Z and
222 A1 < 1, then by Propositiop 219 is N-rational.

2023 2. Write S(z) = N(x)/D(x) whereD is the smallest denominator wifh(0) = 1.
22« ThenN,D € KJz]. Let m be the multiplicity of the eigenvalug; of S. Since
225 K IS a factorial subring oR, we may writeD(z) = D (z) - - - Dy, (), where each
226 polynomial D;(x) has coefficients irf{, has the simple factar — A,z and satisfies
2927 Dl(O) =1.

Decomposes as a merges = 20§i<p 21S;(«P). Then the eigenvalues &, are
the p-th powers of those af (equivalently the poles of; are thep-th powers of those
of S). Hence, ifp is chosen large enough, Lem@ 3.5 shows that we may assuine tha
D, is a Soittola denominator of the form

d—1
Di(z) = (1 - Bx)(1 - Y _ Gia') — Gaz"

i=1

w8 Withd > 1, B,G; € K andB < A;. Sincea,y1/a, ~ A1 we see thati,y; =
229 any1 — Ba, > 0fornlarge enough.
3. Let

T:Ztnx” =D;S.

n>0

20 Suppose first that; is simple, thatisn = 1. ThenT is a polynomial and Lemn@.G

2u showsthad” ., a,ina™is K -rational forh large enough. Hencg is K, -rational.

x5 Suppose nextthat > 2 and argue by induction om. Note thatS, D;! andT have

2033 the dominating eigenvalug, the latter with multiplicitym — 1. Lemm(iii) and

234 (i) show thatD;* andS have positive dominating coefficient. Thus by Lenma 3.4(i),

23 sinceD;'T = S, the series” also has positive dominating coefficient. This implies

2036 DYy Lemm (i) thafl” has ultimately positive coefficients and consequentlyfibvat

2w h large enough, the serigs, - t,+n4q2" is K -rational, by induction omn.
Thust,,+r+4 = vN™ for some representatidw, N, ~) over K. Define a repre-

sentation(¢, M, c) over K by

ahp
Uh+1
_ _(P Q _
¢=(1,0,...,0), M—(O N)’ c=
Uh+d—1
Y

whereh is chosen large enough and where all rowg)adre( except the last which is
v. We prove that

Ah+4n
Uh4n+1
M" = :

Uh4n+d—1
N"
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This is true forn = 0 by definition. Admitting it holds fom, the equality form + 1
follows from Lemmd 36 (Equatiof (3.7) wheneis replaced by + h), sinceQN™y
is a column vector whose components areakcept the last one which igV"y =
tnintq. We deduce thatM™c = a4, andS = Z?;()l a;xt + zh Y om0 Gntnx™ is
thereforeK , -rational. O

4 Star height2

We consider now the star height &f, -rational series.

Theorem 4.1 Let K be a subfield oR or K = Z. Any K -rational series is in the
subsemiring of<; [[x]] generated by, [x] and by the series of the form

d—1 .
(BxP)* or (Z Gix' + ded(Bacp)*)

=1
withp,d > 1, B,G; € K. In particular, they have star height at maxst

Proof. Denote byL this semiring. It is clearly closed under the substitutior> ax?
forg > 1,a € K. Thusitis also closed under the merge of series.

So, if we follow the proof of Soittola’s theorem, we may pursafter steps 1. and
2. We start with a notation. Given a seriés= ) ., v,z™ and an integeh > 0, we

vr\:rite VI =3 vna™ andViy = 3, o, vea”. Itfollows fromU = (1 — Bx)S
that

UM =M _ Bpsth=1) — (W (1 — Bz) — Bapa"*tt,
U(h) = S(h) — B:Z?S(h_l) = S(h_l)(l — Bx) + ah:rh.

We show below the existence of a polynomial with coefficients inK ., for h large
enough, such that

UU”::(fﬁA%Ywm—%athx”“%Bzﬁ)fP
where
H =G+ Gqz®(Bx)* .

If m = 1, we takeh large enough an@™ = 0. If m > 2, we conclude by induction
onm that 7™ is in £. Thus the serie& ) is in £, and since(l — Bx)S™") =
Bapz"t1 + UM the series

h
S = Z a;z' + (Bz)*(Bapz"t' + UWM)
=0

isin £. Now, from

T=D,S=(1-Bx)(1-H)S=U(l-H),
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we get
T = (U - H)" = wWa - )"+ U0 - )"
=M - m)+ Uy~ UyH)"
= UMW~ H) - (U H)™ .
Next
(U H)" = (UG) " + (Un Gaa” (Bx)) ™
Recall thatG = Zf;ll G;z*. The first term of the right-hand side is
(UnG) ") Z u; Gz Tt
0<j<h

0<(<d
JHI>h

Settingj + £ = h + i with 0 < i < d, this rewrites ad"¢" w2+ with

w; = Z ung.

0<j<h
o<e<d
jHe=h+i

26 NOW note that in this sum, sinde< d, we havej > h — d, henceu; > 0 for h large

2009 €Nough. This shows théU(h)G)(h) is a polynomial with coefficients i, .
To compute the second term, recall that,) = S(;,_1)(1 — Bz) + anz”. Conse-
quently

U(h)(B:E)* = S(h—l) + ah:zzh(B:zz)* .

So the terrr(U(h)Gd:cd(B:z:)*)(h) reduces to the sum of a polynomial with coefficients
in K, and of the serie& a,2" T (Bx)*. Thus we obtain, fok large enough

T(h) = U(h)(l — H) — Gdahthrd(BfL’)* — Ph
w50 With Py, € K [x]. Il

= EXercises for Chapter 8

1.1 Letf = > anz", g = bya™ with a,,b, € Ry. Denote byp; the radius of
convergence of , that is

pr =sup{r € Ry | Zanr" < oo}

2052 a) Show that ifr € [0, min(py, py)[, theny_, - (a, + b,) < co. Conclude that

2953 min(pys, pg) < pfig-

2054 b) Show that ifr € [0, ps44[, then)_  a,r™ < co. Deduce thaps,, < py and

2955 finally thatp sy, = min(py, pg).

2056 c) Show that ifr € [0, min(py, pg)[, then>>( > a;b;)r™ < oo . Conclude
n it+j=n

2057 thatmin(py, pg) < pyg-

2058 d) Suppose now thaf # 0. Show that ifr € [0, ps,[, thend  a,r™ < oc.

2059 Deduce thapy, < p;. Finally, deduce that if, g # 0, thenp;, = min(py, pg)-
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1.2

1.3

1.4

15

1.6
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a) Letd be a real number. Show that the serfes= >° . (cos® nf)z™ is a
C-rational series. (Give an expression foras a rational function by using the
formulacosnf = 1/2(e™? + e=9)))

b) Let0 < a < ¢ be integers and lét be a real number with < 6§ < 7/2, such
thatcosf® = a/c. Show that the numberg cosnd are integers. Show that the
seriesT’ = > (c*"cos?nf)z" is Z-rational with coefficients inN.

c) Show that ifc # 2a, thenz = €% is not a root of unity. Kint: Show thatz is
an algebraic number of degree2, and use the fact that if is an-th primitive
root of 1, theng(n) < 2 where¢ is Euler’s function, s = 1,2, 3,4 or 6. Show
that this is impossible.) Show that is notRR_. -rational (use Theorefn 1.1, see

Berstd| [1971), and alqo Eilenbfg (174, Chap. VI, Extentpl)).

Show that th&-rational series

z + 52
1+ 2 —522 — 12523

=D (25" = (3+4)" — (3 —4i)")a"

n>0
=z +42® +2° + 1442 + - -

has positive coefficients but is nitrational. {int: Use the fact that + 4¢ and

3 — 44 have nornb.)

Letc > d be integers such thdt+ iv/¢? — d? are not roots of unity, and define
a sequence,, by

an = bic" +b2(d+i\/02 - dQ)n —|—b3(d—@'\/m)7Z

for integersby > by + b3 . Show thatd a,z™ is Z-rational with nonnegative
coefficients and is nd¥-rational. {Hint: Use the fact thatl + iv/c2 — d? have
norme. This exercise extends Exerc 1.3.) Example«fer 3,d = 2, b, =
2,bo = b3 = 1, one gets

4 — 12z + 242* 9 3
nx" = — 418z 44 8
2t = T g gy — A A s

LetS = > a,2™ = P(x)/Q(z) be a rational series ov@®, whereP(z) and
Q(z) have no common root, arf@(z) is a polynomial of degree 2 wit(0) = 1
andP(z) is of degree< 1. SetQ(x) = 1 — ax — bx? and P(x) = ¢ — dx. Set
further@(z) = (1 — ax)(1 — Bx).

a) Show thatyy = ¢, a; = ac — d and forn > 2

o, — ) a—pllc—da" —(Be—d)f") ifa#p,
a1 ((ac — d)n + ac) if o =3.

b) Assuming that,, > 0 for n > 0, show successively that> 0, ac — d > 0,
a>0,a%2+4b>0andac —d > 0.

¢) Show that conversely, if these five conditions are fulfillehena,, > 0 for
n > 0.

Leta andb be integersq > 0, and letk > 2. Let

1

)= 1 —az + bxk
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and setr = a(k — 1)/k andé = 7*/(k — 1) — b. The aim of the exercise is
to show thatf(x) is N-rational if and only ifé > 0. Note that fork = 2, this
reduces to the condition that the discriminaht- 4b is nonnegative.

a) Show that

1 —ax+bzk = (1 —rz)(1 - g(z)) + éxk_l )
r

with

K2 g b 1y
g(z)zzk_lJr;x* .
i=1

Conclude that ip > 0, then

F(@) = (ra)" (g(2) + St o))

is R -rational, and thus i¥-rational.

b) Setp(x) = z¥ — ax*~! + b, and supposé > 0 andk > 3. Show that for
evenk, the polynomiap(z) has no real root whefi < 0, and has two real roots
otherwise. Show that whéhis odd, therp(x) has one real root which is negative
if § < 0 and three real roots, with two of them positive otherwisen€ade that
if f(z)isN-rational, theny > 0. (Hint: Show tha’(x) has the two root8 and
r, and thap” (r) > 0.)

The aim of this exercise is to prove that there eXisational series of star height
exactly2. Leta, b be positive integers, and s@(z) = 1 — ax + bz?. Assume
the the discriminant? — 4b is nonnegative. The®(z) has tworeal roots, and
they are equal if and only ifa®> — 4b = 0. It follows from ExercisG that
f(z) = 1/Q(x) is N-rational.

a) Show that if the polynomia)(x) is reducible overQ, then f(z) has star
height1.

From now on, we suppose th@{z) is irreducible ove.

b) Show that iff (z) has star height, then there exist polynomial3(z) € Z|[z]
andN(z) € N[z] with N(0) = 0 such thaQ(z)P(z) =1 — N(x).

c¢) Show that the roots @(x) are both real positive.

d) Show that a polynomial of the forin— N (z), with N (z) € N[z] andN(0) =
0, has exactly one real positive root which is simple. Conelintf (z) has star
height2.

e) Showthatifs > 2+b, thenQ(z) is irreducible. Taking: = 3,b = 1, conclude
that the series

1 . 1
T B

1—2
whereF,, is then-th Fibonacci number (see also Exanfple 3.2.1), has stantizig

Show that for any polynomid of degreed, the seriesd . P(n)z™ is a rational
n>0

series and that the sequend®(n)),>o satisfies the linear recurrence relation
associated to the polynomiat — 1)4+1,

Let P(z) be a complex polynomial of degrek and assume tha®(n) € Z
for n € N. Show that there exist integets, . ..aq With ag # 0 such that

P(x) = Y% g ai().
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LetS = > a,2™ = P(x)/Q(z) be a rational series ov@&®, whereP(z) and
Q(z) have no common root, arfgl(z) is a polynomial of degree 2 witR (0) = 1.
Show that aS is R -rational if and only if all coefficients,, are nonnegative.
(Hint: SetQ(x) = (1 — ax)(1 — Bz) and use Exercisg }.5 to show that if @l

are nonnegative, themandg are real, and that at least one is positive. Then, use
Soittola’s theorem.)

Let K be a subring of some field anl € K|[z] with P(0) = 1. Let M be

the companion matrix of. With the notations of Lemmja 3.5, show that =
det(1 — M™z). Deduce that the coefficients &%, are in the subring generated
by the coefficients oP.

Show that the characteristic polynomial of a Perrin canipn matrix is the cor-
responding Soittola polynomial (ske Pdriin (1992)).

Show that the inverse of a Soittola denominator iRanrational series. Show
that = (Bz)*(G(x) + Gaz?(Bx)*)*.

1
D(x)
Let M be a sqguare matrix over some subsemiriigof a commutative ring.
Show thatdet(1 — Mz)~! is aK-rational series.Hint: Let M; be the submatrix
corresponding to the firstrows and columns. Show thétt(1—M;_1)/ det(1—
M, x) is K-rational and then take the product.)
a)LetS =3 .,a,2" € C[[z]] be rational with a dominating eigenvaldeLet
S = P/Q(1 — Xz), with P, @ € C[z] and@(0) = 1, in lowest terms. Show that
(x7™S)Q(1 — A\x) is a polynomial of degree ultimately equaldeg(®) and that
limy, oo (27" S)Q(1 — Az)/ay, = Q, with coefficientwise limit.

b) Modify Lemma[3.F so that the conclusion includes the priypihat (Ba)*
HfZQ(l — \ix) has positive coefficients.

c) LetS(z) = N(x)/D(x), with D(z) equal to the Soittola denominat¢r (3.3),
with the condition tha{ Bz)*E has positive coefficients, whei(z) = (1 —
Az)E(x) and) is the dominating root. Define™"S = a,, R, (x)/D(x). Show
that (Bz)* R, (z) has positive coefficients for large enough. Deduce thétis

K -rational.

d) Deduce an alternative proof of Soittola’s theorem in thgecwhere the domi-
nant eigenvalue is simple. See Katayama pf al. (1978).

By drawing the weighted automaton associated to a Peorimpanion matrix,

give another proof of Theorefn .1, dee Pérrin (1992).

Show that, for integens, N > 2, the series

1 1
_— d
1—ntriv N 1—nt+tN(1-1t)/(1—1tN)
areN-rational. Hint: SetQ(t) =1— (n—1)t—---— (n—1)t¥~! and compute

(1-1)(1-Q()))

LetA = {a,b}. A Dyck wordover A is a wordw such thajw|, = |w|, and
|ulo, > |ulp for each prefix, of w. Theheightof a Dyck wordw is max{|u|, —
|ulp}, whereu ranges over the prefixes of The first Dyck words are

1, ab, aabb, abab, aaabbb, aababb, aabbab, abaabb, ababab, . . .

The wordsaabb, aababb, abaabb have height 2. Denote bl the set of Dyck
words overA.
a) Show thatD = 1 + aDbD.
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b) Denote byD;, the set of Dyck words of height at maist In particularDy, =
{1} is just composed of the empty word. Show that o> 0, D, ,; = 1 +
aD,bDy, 4.

Setf(z) =, 5, Card(D N A*™)z", andfy,(z) = },>, Card(D, N A*™)z"™.
These are the generating functions of the number of Dyck sv(idgck words of
height at mosh).

c¢) Show thatf = (zf)* and thatf;,;1 = (zf)* forh > 0.

d) Show thatf, = gn—1/qn for h > 0, wheregy+1 = g5 — xgqp—1 for h > 0,
with qo =q-1=1.

e) Give an expression of star height at most 2ffarf,, f5.

Notes to Chapter 8

A proof of Theoren]| 1]1 based on the Perron-Frobenius thetwasrbeen given by

[1975).

The proof of Theorenp 3.1 given here is based on Sdit{ola (1 $F&@rin (199R).
The proof of Theorerp 3.1 hy Katayama et I. (1]978) seems te &aerious gap, see
the final comments ip Berstel and Reutenaiier (4008a); haviewerks in the case

of a simple dominant eigenvalue, and this is summarized eréise[3J6. Recently,

algorithmic aspects of the construction have been coraiderfBarcucci et al] (2001)
and in[Koutschgn| (20P%, 2008). The example of Exe ie ),
Exercisg 114 is frorh Koutschiah (2008). Exercilsels 1.5[and/® from an unpublished
paper of late C. Birger, 1971, see a[so Salomaa and Spift6z8). In[Halava et &l.
(2006) it is shown that it is decidable,for second orderdmecurrences, whether all
terms are nonnegative. This has been extended to third erdemrences in Laohakosol
and Tangsupphathawdt (2p09). A related result is giv
the authors consider the density of the nonnegative termescisd
(2008). Exercis¢ 1.7 is adapted from a result of Bakgino{)L99

An open problem, in relation with Theorem B.1, is the chamazation of those
polynomials whose inverses aierational orR . -rational series. Polynomials of the
form det(1 — Mx), whereM is a square matrix with coefficients I, are examples
of such polynomials (see Exerci@3.5). There are polynismihose inverse i&-
rational but are not of this kind. An examplelis— 3z + 522 — 8z3: its inverse is
N-rational (se¢ Barcucci etlal. (2901)) but is not of the fakem(1 — M) (sed Lavallde
(2009)).
Exercise| 35 was suggested by Aaron Lauve, following iddageaifand et al.
‘%) and Konvalinka and Rajk (2007). The fractions in Exef8.} are fronj Berger
2008).

There is a general metamathematical principle that goels toakl.-P. Schitzen-
berger and that states the following: whenever a ration@é@s@ one variable counts
a class of objects, then the seriefNisational. This phenomenon has been observed
on a large number of examples: generating series and zatadns in combinatorics,
Hilbert series of graded or filtered algebras, growth seriesonoids or of groups. See

the introduction of Reutenalidr (1997).







Part Il

Applications

151






3094

3095

3096

3097

3098

3099

3100

3101

3102

3103

3104

3105

3106

3107

3108

3109

3110

3111

3112

3113

3114

3115

3116

Chapter 9

Matrix semigroups and
applications

In the first section, we show that the size of a finite semigroimatrices can be
bounded (Theorem.l). This implies that the finitenességdddle for a matrix semi-
group. As a consequence, one can decide whether the imageatibaal series is
finite.

In Section 2, series with polynomial growth are studied. \We gleep results of
Schitzenberger characterizing these series (The@aanﬂ.ﬁ:orollar@. To give a
flavor of these results, we consider the following example:

9 n x T \2 T \3
- o) )
an 17x+ 1—x * 1—x

n>0

This identity shows that the rational series on the leftehside, which is polynomially
bounded, belongs to the subalgebra of series generated bgtibnal series with coef-
ficientsO0 and1; moreover, the degree of growth of the serie®,iand at the right one
performs only products df + 1 = 3 series with coefficientd and1. The results of
Schitzenberger reported in this chapter extend, to thearomutative case, this kind
of identities. Do do this, Schutzenberger uses tools fromcommutative algebra. A
particular case of these tools is the Burnside problem fdrimmsemigroups.

To complete the chapter, we give Simon’s results on finiteigsmf matrices over
the tropical semiring and their consequences on limiteguages.

1 Finite matrix semigroups and the Burnside problem

We first give a result concerning finite monoids of matricegc&l that for a given
wordw, we denote byv* the submonoid generated by

Theorem 1.1 (Jacob[1978[ Mandel and Sithpn 10A®t 1 : A* — Q""" be a
monoid morphism such that, for all € A*, the monoiduw™* is finite. Then there
exists an effectively computable integérdepending only ofard A andn, such that
Card u(A*) < N.

153
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As we shall see, the functiofCard A,n) — N grows extremely rapidly. There
exists however one case where there is a reasonable bouiwth (whreover does not
depend orCard A), namely the case described in the lemma below.

A set E of matrices inQ™*" is calledirreducibleif there is no subspace <"
other thard andQ!*" invariant for all matrices irfZ (the matrices act on the right on

@1><n)_

Lemma 1.2 (Schiltzenberggr 1962het M c Q™*™ be an irreducible monoid of
matrices such that all nor;vanishing eigenvalues of madriceV/ are roots of unity.
ThenCard M < (2n+ 1) .

Proof. Letm € M. The eigenvalueg 0 of m are roots of unity, whence algebraic
integers ovefZ. Hencetr(m) is an algebraic integer. Sinee(m) € Q andZ is
integrally closed, this implies that(m) € Z. The norm of each eigenvalue (isor
1. Thus|tr(m)| < n. This shows thatr(m) takes at mostn + 1 distinct values for
m € M.

Letmy,...,mp € M be a basis of the subspadé of Q"*" generated by\/.
Clearlyk < n2. Define an equivalence relatienon M by

m~m' < tr(mm;) =tr(m'm;) fori=1,... k.

The number of equivalence classes of this relation is at rf@st- 1)*. In order to
prove the lemma, it suffices to show that~ m’ impliesm = m/.

Letm,m’ € M be such thain ~ m/. Setp = m — m/, and assume # 0.
There exists a vectar € Q%" such thatp # 0. It follows that the subspaag N of
Q%™ is not the null space. Since it is invariant undérand M is irreducible, one has
vpN = Q'*". Consequently, there exists some N such thatypg = v. This shows
thatpq has the eigenvalue Now, for all integerg > 1,

tr((pq)’) = tr(pg(pg)’ ') =0

becausg(pg)’ ! is a linear combination of the matrices,, . . ., my, and by assump-
tiontr(pr) = 0 forr € M. Newton’s formulas imply that all eigenvaluesaf vanish.
This yields a contradiction. O

For the proof of Theorerp 1.1, we need another lemma.

Lemma 1.3 (Schiitzenberggr 1962b)

(i) Let o be a morphism fromd* into a finite monoid\M. Then, for each wordv of
length> Card(M)?, there exists a factorizatiom = z’zz"” with z # 1, ax’ = a(2'2)
anda(zz”) = ax”.

!’

(i) Letpy : A* — Q™*™ be a multiplicative morphism of the for V,,) and let

0 n
w = z'za2” € A* be such thap/s’ = 1/ (2'z) andp’ (z2”) = p’z”. Then for anyn
inN,

n, I 1" n_ 1

"dvtu " =np' vy 2"
1 1 Wa'vap w1

v(@'2"2") = v(@'2d") + s vap s .

Proof. (i) Indeed, the sef(x,y) € (4*)? | w = zy} has at leasl + Card(M)?
elements, and therefore there exist two distinct facttiona

/1,0 " 1
w=xy =y'x
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such that
ar’ =ay” and ay = ax”.

We may assume thét’| < |y”’|. Then there is a word # 1 such that” = 2’z and
y' = z2”. Thusw = 2’ z2" with the required properties.
(i) One has the identity

a b\" _(a” Zk+é:n—1 akbct
0c/) —\O c" ’

TCO D SENTIEL IEDY

k+l=n—1

Thus

Multiplying on the left byu’z’ and on the right by, 2, we obtain

n, M I "

palve s =l (R vz ()

" /I

:Z,u (2 FYzp (252" = np'a'vep x

Finally by considering the produpf{z’2"z") = pa’ uz"pa’, we obtain

/1 n_n

v(z'2"2") = va'y" (2" + 2 v (") —|—,u(acz "

=va'p' 2" vy + p'a v’

",

=v(x'z") +npvep 2" . O

Corollary 1.4 (Bchiitzenberggr 1962hgt i, : A* — Q™*™ be a morphism into a
monoid of matrices which are triangular by blocks

v
,Lt<lé ’u//>-

Assume that’ A* and ./’ A* are finite, and thajw* is finite for any wordw. Then

Card(rA*) < Z CardvA*,

0<i<(H'H')?
whereH’ = Card ' A* and H” = Card p" A*.

Proof. In Lemma[13(i), takex = (', u”"). Then each wordv of length> (H'H")?
has a factorizatiom = 222" with z # 1 and the relationd (1.1) hold. Thus, since
wnz* is finite, v(z’'2*2"") is also finite and we must hayéz'vzp”’z” = 0 andvw =

v(z'z"). Since|z’z"| < |w|, the corollary follows. O

Proof of TheorenfL.1. Assume first that the monojdd* is irreducible, and consider
any matrixuw € pA*. Sinceuz* is finite, there are integefs < i < j with pw® =
pw? . This implies that the eigenvalues ofare0 or roots of unity. The theorem thus
follows from Corollary[Z.}.

If 4A* is not irreducible, there is some subspacef Q'*" which is invariant
underpA*. Consider a supplementary spdéeof V. In a basis which is adapted to
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the decompositio®'*” = W @ V, the morphisny. admits the form described in
Lemma[1B. Arguing by induction on the dimension of the repretation, the result
follows from Corollany[1J. O

Recall that an elementof a semigrours is torsionif s generates a finite subsemi-
group of S; equivalently,s* = s‘ for somel < k < ¢. We say thatS is atorsion
semigrougf each element irf is torsion.

Corollary 1.5 (McNaughton and Zalcst¢|n 197Byery finitely generated torsion se-
migroup of square matrices ov€ris finite. [

Recall that @ay is a subset ofA* of the formuv*w, with u, v, w € A*.

Corollary 1.6 Let S € Q({(A)) be a rational series such that for any rdy, the set
{(S,w) | w € R} is finite. Then the set of coefficients®fs finite.

Proof. Let (), z1,y) be a minimal linear representation 8f By Corollary[?[2.B, there
exist polynomialsPy, . .., P,, @1, . . ., @, such that for all words,

pw = ((S, BwQ;))i<i j<n -

By assumption, the sé(.S, uw™v) | m € N} is finite for all wordsu, v, w. The same
holds for the se{ (S, Pw™Q) | m € N} whereP, @ are polynomials. This shows
that uw* is finite for any wordw. By Corollary[1.p, the monoig.A* is finite, and in
particular

{(S,w) |we A"}
is finite, since(S, w) = Apw~y. O
Corollary 1.7 (facob[1978)t is decidable whether a finite set of matrices oer
generates a finite monoid.

Proof. By Theorel, there is an upper bound on the size of suchn@ichd it is
finite. Let E be a finite set of matricesy/ the monoid generated by, and letNV be
the upper bound given in Theorl.l. Thenis finite if and only if every product of
N matrices inE equals a product of at moat — 1 matrices inE. This last condition
is clearly decidable. O

Recall that the image of a series is the set of its coefficients

Corollary 1.8 (Jacold 1978l is decidable whether a rational series has a finite image.
O

2 Polynomial growth

We now turn our attention to questions concerning growthatibnal series ove¥.
Recall that a serieS € Z{(A)) haspolynomial growthor is polynomially boundedf
there exist a real number> 0 and a real numbef' such that

(S, w)| < Clwl
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for all nonempty wordsv. The smallest of thesg if it exists, is called thelegree of
growthof S. Observe that series with degree of groWthre precisely the series with
finite image.

In the sequel, we shall consider morphismsA* — Q™*™ which have the block-
triangular form

Ho V1okx - %k
0 ..o
p=| T x 2.1)
. N €
0 ..... 0 /Lq

where eachy; is square and is therefore itself a morphism.

Theorem 2.1 LetS € Z{(A)) be arational series and I¢t\, 1, v) be a minimal linear
representation of. ThenS has polynomial growth if and only if the sfitr(pw) | w €
A*}is finite.

Proof. Suppose first thef has polynomial growth. Then there exist, by Corolﬂ@.Z.S
real numberg”, ¢ such that for alt, j, |(uw), ;] < C|w|? for all nonempty words.

It follows that, for anyr € N\ 0, we have|(uw"); ;| < Cr?w|?. Consequently, for
every eigenvalue of yw one has

lp|" < C'rf

for some constant”. Thus|p| < 1. This implies that-n < tr(pw) < n, wheren is
the dimension of:. SinceS is Z-rational, there exists a minimal linear representation
with coefficients inZ (Theorel). This representation is similaf(dou, v) by
Theore4 and consequently, the trace of any matrixs an integer. Hence each
tr(pw) isin{—n,...,n}.

Conversely, suppose that the $et(uw) | w € A*} is finite. Letw be a word and

let \q, ..., \, be the eigenvalues gfw with their multiplicities. The sequence
w= 30 N = ()
1<i<n

takes only a finite number of distinct values. Since it s&tssé linear recurrence rela-
tion (By Exercisd]d.1]2), it is ultimately periodic, and thés a relation

Up+h = Ap+k P >0

for someh, k € N, h > k. The minimal polynomial (see SectiﬁH}S.l) of the rational
series Y a,z? divides the polynomiak” — z*. Consequently, the eigenvalues of
eN

this series (in the sense defined in Secfidh 6.1) are rootsityf ar 0. In view of the
unigueness of the exponential polynomial (SecﬁH]] 6.2 Xthare therefore roots of
unity or0.

Next, if the monoiduA* is not irreducible, then: can be put, by changing the
basis, into the form

_ (¥ v
H (0 ,LL”) .
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Arguing by inductiony is equivalent to a morphism of the forrmz.l) with eaght*
irreducible. By Lemm2 and by the previous remarks, alhaids;; A* are finite.
To complete the proof, it suffices to apply the following tvemrimas. O

Lemma 2.2 Let K be a commutative semiring.

(i) Let
"y
n= (lé ,LL”)
be a morphism* — K™*™, wherey/, i/ are themselves morphisms. Every series
recognized by is a linear combination of series recognized fyor by 1/ and of
series of the forn$’a.S”, whereS’ is recognized by.’, a € A and.S” is recognized by
//.

(i) If p: A* — K™*" has the forn@)with eachy, of finite image, then each
series recognized hyis a linear combination of products of at mdst 1 characteristic
series of rational languages.

Proof. (i) A series recognized by is a linear combinations of series of the form

Z(Mw)i,ﬂv (2.2)

w

with 0 < 4,7 < n. It suffices to show that whei) j are coordinates corresponding
to v, the series[(22) is a linear combination of series of thenf§fa.S”. This is a
consequence of the formula

Z wavapy.

w=xray

(i) Using (i) iteratively, we see that a series recognizgd:bis a K -linear combination
of series of the fornSya;S1as - - - agSe, with ¢ < k, wherea; € A and eachS'i is
recognized by somg;. Sincey;(A*) is a finite monoid, each Ianguag@ (m) is
rational by Theorenﬂj@ 1 (Kleene's theorem). Hence a seeeognized by:; is a
linear combination of characteristic series of rationablaages and this concludes the
proof. O

Lemma 2.3 (i) Let.S,T" be two series oveR andp, ¢ € N. If S has degree of growth
g andT has degree of growth, thenST" has degree of growth at most+ ¢ + 1.

(i) The product ofy + 1 characteristic series of rational languages has degree of
growth at most,.

Proof. (i) We havel(S,w)| < C(1*/*) and(T,w)| < D(!}7) for suitable constants
C,D. Since(ST,w) =Y, _..(S,u)(T,v), it follows that

(ST, w)|<CD Y (lul +q) (|v| +p) |

wW=uv q p
The summation is equal to the coefficientzot! in the product

()2 ()

i J
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SinceY", (“T9)z’ = 1/(1—z)7*", we obtain that this coefficient {§“ 77 4*1) . Since
L L\ q o . p+q+1
this is a polynomial irfjw| of degreep + ¢ + 1, the assertion follows.

(i) follows from (i) by induction. O

Corollary 2.4 It is decidable whether a rational series € Z{{A)) has polynomial
growth.

Proof. A minimal linear representatiof\, i, y) of S can effectively be computed.
Then according to Theore@.l, the ser$elsas polynomial growth if and only if the
series

Ztr(,uw)w

has a finite image. This series is rational (Len{ia P.1.3) sisctiecidable, by Corol-
lary [L.§ whether a rational series has a finite image. 0

The main result of this section is the following theorem.

Theorem 2.5 (Schiitzenberggr 1962bgt S be aZ-rational series which has polyno-
mial growth. ThenS has a minimal linear representatiai, ., v) whose coefficients
are in Z, and such thaj, has the block-triangular for )where eachu; A* is a
finite monoid. Moreover, let be the smallest integer for which this holds. Then the de-
gree of growth of5 exists and is equal tpand there exist wordsy, ..., x4, Y1, - .., Yq
such that(S, xoyt'x1 - - - y; ) is a polynomial inn of degreey.

Corollary 2.6 (Bchiitzenberggr 1962je degree of growth of a polynomially boun-
ded Z-rational seriesS is equal to the smallest integersuch thatS belongs to the

submodule oZ{(A)) spanned by the products of at mgst 1 characteristic series of
rational languages.

Proof. Suppose that the degree of growthsis ¢. Then, by the theorem, there exists
a linear representatiof\, x., v) of S with 1 of the form (2]L) with eactu; A* finite.
By Lemma[2.(ii), we get that the serifss aZ-linear combination of products of no
more thany + 1 characteristic series of rational languages.

Conversely, suppose thétis of this form. Then by Lemm@.& the serigdas
degree of growth< ¢, and this proves the corollary. O

Recall that, given a rind<, two representationg, ' : A* — K"*™ are called
similar if, for some invertible matrix? over K, one has

pw =P uwP

for any wordw. In other wordsy: is obtained fromu after a change of basis ovéf.
When several rings occur, we will emphasize this by saginglar over K.
In the proof of Lemm4 2|8, we use the following result.

Theorem 2.7 (see [Lang 1984), Proposition 111.7.Byr any submodul® of Z" there
is a basisey,...,e, of the Z-moduleZ™ and integersdy,...,d; > 1 such that
die1,...,drey is a basis of th&Z-moduleV.
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Lemma 2.8 Lety : A* — Z™*™ be a representation. Suppose thais similar over
Q to a representation’ : A* — Q™*™ which has the block-triangular form

Ho * ok
0 om
= T ok
0 - 0 iy

with square diagonal blocks. Thenis similar overZ to a representatiop” : A* —
Z™*™ having the same form and such that the corresponding diddioeks ofu” and
" are similar overQ.

Proof. The hypothesis means that there is a basis dtvector spac&™* ! of column
vectors of the formB, U - - - U B, such that for any wordb, the matrixyw sends the
subspacdy; spanned by3, U - - - U B; into itself, and thaf:;w represents the action of
pw on B; moduloFE;_;. We putE_; = 0.

It suffices therefore to show the existence &-hasis ofZ™*! of the formCy U
--- Uy such thatt; is also spanned ové) by Cy U - - - U C;. ThenC;, as isB;, will
be aQ-basis ofE; moduloFE;_; and therefore the diagonal blocks will be similar over
@Q, as in the statement.

If V is a submodule oZ.", then by Theorer@.? it has a badig:1, ..., die; for
some basigy, ..., e, of Z™ and some nonzero integets, ..., d;. If V is divisible
(thatis,dv € V andd € Z,d # 0 imply v € V), then one may choosg = --- =
di = 1. In other words, given a divisible submoddleof a finitely generated free
Z-moduleF, there exists a free submodié such thatt' =V ¢ W.

LetV; = E; N Z™*!. These submodules @"*! are all divisible and) = V_; C
Vo C -+ C V, =2Z"™'. Thus we may find free submodul®s; of Z"*! such that
Vi=Vi_i@W;fori=0,...,q. LetC; be aZ-basis ofi¥;. ThenCy U ---UC;is a
Z-basis ofV; and thereford®; is spanned ove@ by Cy U - - - U C;. O

Proof of Theorer.§, first part. LetS € Z((A)) be a rational series having polynomial
growth, and let\, i, v) be a minimal linear representation 8f We may assume, by
Theoren{]{.1]1, thdt\, 1., ) has integral coefficients. The proof of Theo@ 2.1 shows
that, after a change of the basis®f*", 1 has a decomposition of the for .1) where
eachyu; A* is finite. By Lemm8, the change of basis can be doi@ iit. O

Lemma 2.9 (Bchiltzenberggr 1962hgt 1, : A* — Z™*"™ be a representation of the

form
_ (v
M (:() l‘//:) )

wherey/, /' are representations of finite image. (HA*)v is finite for some nonnull
vectorv of the appropriate size, thenis similar overZ to a representation

— (T
M<O u2>7

wherep; andu. are representations of finite image and within(z;) > dim(p/').
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Proof. By Lemma[2.8, we may work ove. Let F = {u € Q"' | (uA*)u is
finite}. Then F is invariant under eachw. Let alsoE’, E” be the subspaces of
Q™*! corresponding tq./ and . ThenE’ C F. Moreover,E” is a direct sum

E" = (E”" N F) @ EY. Taking a basis of2” corresponding to this direct sum, we
" /

see tha” is similar to a representation of the forfn ! V,, . Thusy is similar to a
0 pig
representation of the form

wov v
0 pf v/
0 0 py
We have
F=F®(E'NnF), (2.3)

sinceE’ C F andQ™*! = E’ @ E”. Consequently, for any vectarin F, the set
I A* * !/

0fvect0rs<“A V},A*) w is finite. Hence(“ V,l, has finite image. Moreover,,
0 pfA 0 p3

has also finite image, since it is a subrepresentatigr offaking

"y _ v
u1=(/6 Mi’)’ VZ(VQ/)7 u2=u'2',

we see tha is similar to (“1 v ) .
0 pe

Now, if (vA*)v is finite for some nonnull vectas, then F' is strictly larger than
E’ and consequentlyim(x1) = dim(p’) + dim(pf) > dim(p'), sincedim(uf) =
dim(E” N F) > 0 by @.3), becauséim F > dim E’. O

Lemma 2.10 (Schiitzenberggr 1962bgt 11 : A* — Q™*™ be a representation of the

form
v
= (lé ,LL”) )
wherey’, 1/ are representations of finite image, anddet A* — M be a morphism
of A* into a finite monoidV/. Letv be a vector such thgiA*)v is infinite. Then there
exist wordst’, z, 2 in A* suchthay/«'vzp”«"v # 0, a(2'z) = ar’, a(zz”) = az”
anda(z?) = az.

Proof. We claim that for each vecterwith (v A*)v infinite, there exist words’, z, z”
in A* such thata(2'z) = ax’, a(za”) = az” andpy/a’'vzu”2"v # 0. Indeed, ar-
guing by contradiction, letv be a word of length greater than or equal€@»rd (M)
Card(p' A*) Card(p” A*))%. Then by Lemmd 1]3(i), there exists a factorization=
2’ za” with z nonempty angb(a'z) = p(a'), p(za”) = p(z), wherep = (a, p/, 1”").
Then, by assumption, we hayéz'vzy/z"v = 0. By Lemma[1B(ii),v(w)v =
v(z'za" v = v(2'2")v, and sincer’z” is shorter thamw, we contradict the hypothesis
that (v A*)v is infinite, and the claim is proved.

Now «(z") is idempotent for some > 1. Sincey/a'vz"p"z" = np'a'vep’ z”
by Lemmd 1.J(ii), the lemma is proved by replacingy 2. O
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In the sequel, we will consider matrices having an uppengyigar form

mop,0 Mo,1 " Moy
m=| 0 : (2.4)
o ----- 0 mgyq

where eachn; ; is a matrix of fixed size depending érandj, with m; ; square. We
denote byM this set of matrices. Also, we catiatrix polynomial inn a matrix of the
form

mo—i—nml—l—---—i—ndmd,

where them; are matrices of the same size.nlf; # 0, thend is thedegreeof this
matrix polynomial. Ifd = 0 we say that the polynomial sonstant

More generally, we consider also matrix polynomials in saeommuting vari-
ablesn, nq,n2, . ... We denote byP the set of matrices: € M such that each; ; is
a matrix polynomial il overQ of degree at most — i.

Lemma 2.11 (i) P is aring.
(i) Let My(n),..., My(n) € P. Write M;, = (m") in accordance with@-4)

Then the produch/; (nn,) - - - My(nng) is a matrix polynomial i, n4, ..., n, and
the coefficient ofidn; - - - n, in this polynomial is a matrix of the forig@.4) with all
m; ; = 0 exceptmg,q = mglimfg . ~~mfl‘1:12 Wheremz(.z_)u = mz(.z_)un + constant,
fori=1,...,q.

Proof. (i) Let m,n be of the form ). Thep = mn has the same form, and for
i <k,

Dik = E mi Nk -

i<j<k
If m; ; (resp.n; k) is a matrix polynomial of degre€ j — i (resp.k — j), thenp; j is

a matrix polynomial of degre€ j —i+ k — j = k — 4. ThusP is aring.
(i) Let p = (pi,;) = Mi(nny) - - - My(nng). We have

R E n 2 (@)
p'L-,J - mi07i1mi1,i2 e miq—177:q ’

10<i1<--<iq

with i = 4, ig = j. By hypothesismz(.,kj) is a matrix polynomial innn; of degree
< j —i. Thus ap; ; involving the monomiahin; - - - n, can only be the one with
1 =0, j = ¢, and the coefficient of this monomial is a indicated. O

Lemma 2.12 (EchUtzenbergHr 1962lh)et a,b,c in M be such that; ;b;; = a,;,
b?; = b, biicii = ci; foranyi = 0,...,q. Setm(™ = ab"c. Thenm™ € P and

its 7,7 + 1 block iSm(.’Brl = na; ;bi i+1¢i+1,i+1 + C, whereC is some constant.

K3

Proof. (i) We compute the:-th power of the matri. We first compute its block of
coordinate®), q. The latter is the sum of all labels of paths of lengtfrom 0 to ¢ in
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the directed graph with verticés 1, ..., ¢ and edges — j, fori < j, labeledb; ;.
Such a path has a unique decomposition (abusing slightlgdtegion)
b b, ;b b

10,90 ~ 20,81 “11,11

Q1,42 'bik,l,ikb?:,ik ’ (25)
a3 for some verticed = ip < iy < iy < - < g1 < i = ¢q,0 < k < g, and some
e exponentsy, ny, . .., ng Withng+ni+---+ng+k = n. Note thaﬁ)ﬁi =b;; forh >
wos 1. Hence, for a fixed:, the sum of the labels of the patljs [2.5) is a matrix polynbmia
a0s  Of degree< k (see Exercis@.l). Hence the sum of all labels is a polyriahiegree
07 at mosty.
3308 Assume now thay = 1. Then the paths of (3.5) are of the foliff,b, ,b7 with
a0  ng + 1+ ny = n. Hence this block 0b™ is equal tonbg 0bo,101,1+ @ constant.
3310 Finally, it is easy to generalize this: thgj-block of b™ is a matrix polynomial of
an  degree< j — i, andifj =i+ 1, itis equal tonb; ;b; i+1bit+1,i+1-+ Some constant.
(if) We now compute the produet™ = ab™c. Setb” = (d; ;). Then theu,v-
block of the product is

n) __
m{") = E Au,idi ¢ 0,

u<i<j<v

which is a sum of matrix polynomials of degreej — i < v — u, and we are done. In
the special case = u + 1, the sum is

au,udu,ucu,u-i—l + au,udu,u+1cu+1,u+1 + au,u+1du+1,u+1cu+1,u+1 .

The two extreme terms are constants and the middle term is

!/
au,u (nbu,ubu,u+1bu+1,u+1 + C)Cu+1,u+1 - nau,ubu,u+lcu+1,u+1 + C

a2 for some constant§’ andC’, sincea; ;b; ; = a;; andb; ;c; ; = ¢;; . O

sus Proof of Theoren.5, second part.

3314 We may choose, among the linear minimal representatiogsaifthe form )
a5 and with coefficients irfZ, a representation having, in lexicographic order fromtieft
as  right, the largest possible vectédim pg, dim 1, . .., dim pg). This shows, in view

=7 Of Lemma[2.p, that fof = 1,..., ¢, all the morphism %’ :i“) have the property
i+1

aus  that, for any nonnull vectow; 11, the set(v;11 A*)v;41 is infinite.

s319 Hence, for any such; 1, there exist by Lemmp 210, some wordsz; 1, =7,

s Such ﬂfiw;fﬂé’/iﬂfiﬂuiﬂil?éﬁrl_vwrl # 0, andri(viziv1) = py, A(zit1zl,) =

s iz, Bzig) = fziy1, Wherel = (po, - . ., pg)-

Let v, be some nonzero vector having the size of the last diagonakblThen
we know from the preceding argument the existence of wafds, z,, ; such that
Vg1 = flq-1Ty_1VqZqfqTqvq 7# 0. Suppose we have defineg, , z}, ziy1, 2},
such thatl)z = uiznglelqux’iﬁrlle 7é 0. We thus findx’ifl, Zi,$/i/ with the
above properties such that 1 = p;_12)_ vizipixiv; # 0. Finally, we obtain the
existence of wordsy, ...,y _q, 21, .., 2¢, 77, ..., 77 such that

/ 1 / / 1
HOTOV121 1T N TI V222« [lg—1T_1VgZqllqTq 7# 0. (2.6)

w2 By Lemma[2.1R, the matrixz)pz]’,  paf,  is in P, and itsi, i + 1-block is equal to
w2 NTiVip1 Zip1iv1 754+ SOmMe constant. This is still true if we replageby nn;,
s With n; > 1.
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Choose some-tuple (nq, . .., ny) of positive integers and form the product

prag ey ™ pa i pzy ™ g py - - g pzg ™ peg
a5 SinceP is closed under product, this matrix is . Consider its0, g-block, which
s2s IS the only one that can have degkgexactly. Viewing it as a matrix polynomial in
w1 N,Ni,...,Ng, We see by Lemmp 2]11(ii) (where we choddg(n) = ux!_, p2l )
s that the coefficient ofi?nin; - - - ng is the left-hand side o@.G). Thus, we may choose

we M, ..,Nq (in the infinite set of positive integers) in such a way thas tilock has
s degreey exactly inn.
a331 Now, lety, = 2" fori = 1,...,qandz; = z}z; fori = 1,...,q — 1.

s Thenp(zgyiz: - - -y, xy) is a matrix polynomial of degreg exactly, and it follows
s that (S, zpyi'ey - - - ygoy) is @ polynomial inn of degree< q. Moreover, for any
s Wordsw, v, p(uzgyier - - - ygx v) is a matrix polynomial of degreg ¢ and there-
wes  fore (S, uzfyl'z; ---ylajv) is a polynomial of degreec q. By Corollary[2[2B,
s p(royter - yy ey ) is a linear combination of polynomialss, uxgyt @y - - -y zyv)

sy for some words:, v. Hence one of these polynomialsirmust have degree exactly

s and we putrg = uxg, 4 = 7,0

3339 This shows thatS has degree of growth at leagtand to conclude the proof, we
w0 use Lemmd 2]2(ii) and Lemnfia P.3(ii). O
3301 The constructions of Sectioﬂs 1 aﬁbd 2 suggest the followinglpm: given several

sz Matrices inQ™ =", is it decidable whether they have a common stable subspace®
sus be effectively computed? These problems may be undecidalth®ugh the first one
saa IS decidable if one seeks a subspac€in

= 3 Limited languages and the tropical semiring

Let L C A* be a language. Recall that denotes the submonoid generatediby
Equivalently,L = J,,~, L". The languagé is calledlimited if there exists an integer
m > 0suchthat

L*=1ULuU---UL™.

aus  Suppose thak is a recognizable language, recognized by the automdten (Q, I,
w E,T), wherel, T (the sets of initial and terminal states) are subset® @nd £ is
sws @ subset of) x A x Q. Let gy be a new state, s&€)y = ¢qo U Q and letA* =
a  (Qo, g0, Eo, qo) be the automaton defined by:

3350 (i) Ey containskE;

s (i) for each edge — ¢ in Awith ¢ € T, p -2 qo is an edge ind*;

w2 (iii) for each edge —— gin Awithp € I, gy — ¢ is an edge ind*;

wss (i) foreach edge —— gin Awithpe I,q e T, g0 — qo is an edge in4*.

asa  Itis easily verified thajd* recognizes the languade.

3355 We show now how to encode the limitedness problenifanto a finiteness prob-

ass  lem for a certain semigroup of matrices over thepical semiring First, we define

xs7  the latter. It is the semiring, denot&d whose underlying set IS U oo, with addition

wss (a,b) — min(a, b) and producta, b) — a + b with a + co = oo andmin(a, 00) = a.

sse  Addition and multiplication il are commutative and have respective neutral elements
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oo andO. In particular, the identity matrix oveéf has0 on the diagonal ando else-
where.

Coming back to the previous automaton, we associate to itrmidanorphismy
from A* into the multiplicative monoid'@° Qo of square matrices ovétindexed by
Qo, defined as follows. For a letter

oo if p % ¢is not an edge afl*;
(@a)pqa =140 if p—2s qis anedge ofd* andq # qo;
1 if p—% gis an edge ofd* andq = qo.

With these notations and definitions, one has the followasuiit.

Proposition 3.1 A rational language is limited if and only if the associategresen-
tation « has finite image.

Proof 1. We define theveightw(c) of a pathc in A* as the number of edges irthat
end atgy. In particular, the weight of any empty pathlisWe claim that for any word
win A*, and anyp, g € Qo,

(aw)p,q = min{w(c) [ c:p - q} (3.1)

that is, the minimum of the weights of the paths labeleflom p to ¢ (we use here the
convention thatnin(()) = oo).

Indeed, ifw is the empty word, then the right-hand side (3.lr)dsif p #q,and
is0if p = ¢, and this prove@.l) in this caseuf= a € A, then the right-hand side
of @) isoo if p —% ¢ is not an edge id*, itis 0 if p — ¢ is an edge and # qo,
and isl if it is an edge and = qo; this is exactly the definition ofaa), ,. Now, let
w = uv, whereu, v are shorter thaw, so by induction Equatio.l) holds farand
v. Then, translating int® U co the operations i, we have

(aw)pq = Feli&((au)pm + (av)w) )

By induction, this is equal to

mgl (min{w(d) | d:p — r} + min{w(e) | e:r — gq}).

r€Qo
Since the minimum is distributive with respect to additiand since the weight of a
pathde is the sum of the weights of the patthiende, we obtain that

(aw)p,q = mgl{w(de) |d:p—Sr,e:r—q},

reo

and this is equal to the right-hand side[of3.1), as was thbess.

2. From Equation[(3]1), it follows thdtvw),, 4, is equal to the leask such that
w e L™, andisco if w ¢ L*. ThusL is limited if and only if the set

{(aw)gq,q0 | w € A™} (3.2)

is finite.

Now, letp, ¢ € Qo and suppose thdbw), , = m # oco. By (B-1), this means
that there is a path — ¢ in A* havingm edges ending igo, and that no other path
p — ¢ has fewer such edges. Hence, we find a subpath— ¢, for some facton
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of w, havingm — 1 such edges, and such that no other pgth— ¢ has fewer such
edges. This implies by (3.1) thétu) .4, = m — 1. We conclude that if the seft (8.2)
is finite, then so is the sé{aw), , | w € A*}. ThusL is limited if and only ifa.(A*)

is finite. O

We need to consider another semiring, dendigdwhose underlying set i§0, 1,
oo}, with the same operations &5 that is: addition il is themin(a, b) operation,
and multiplication is the usual addition.

Lety : T — T, be the mapping which senfi$o 0, oo to oo and anye € T\ {0, oo}
to 1. Itis easily verified that) is a semiring morphism. Moreover, lebe the injective
mapping that sendy 1 andoo in Ty to themselves iff. Note that is not a semiring
morphism. However

wL = id’]]‘o .

The mappingg and. are naturally extended to matrices ofeandT,.

Theorem 3.2 (Eimof[197B)The following conditions are equivalent for a finitely gen-
erated subsemigrou of T™*":
(i) S is finite;
(i) S is atorsion semigroup;
(iii) for any idempotent in 1S, one hagie)? = (ie)?.

Corollary 3.3 It is decidable whether a finite subset®f*™ generates a finite sub-
semigroup, and whether a rational language is limited.

Proof. Sincey is a monoid morphism and sindg *" is finite, condition (iii) of the
theorem is decidable.

For a rational languagg, the limitedness problem is reduced by Propos 3.1to
the finiteness of a certain finitely generated submonoitl'gf*, hence to the preceding
guestion. O

We use the natural orderingon T that extends the natural orderinghdftogether
with the natural condition that < oo for all t € T. This ordering is compatible with
the semiring structure sincedf< b, thenmin(a, ) < min(b, z) anda + = < b + z.
We extend this ordering to matrices oV&r by setting(a; ;) < (b;,;) if and only if
a; ; < b; ; forall ¢, j. Then again, this ordering is compatible with sum and prodtic
matrices ovefr.

For any subsef( of a semigroupS, we denote byX* the subsemigroup of

generated by .
Lemma 3.4 Let X be a finite subset of the multiplicative semigrdlip*™ and let
Y = 1y X. ThenX T is finite if and onlyY ™+ is finite.

Note thaty = ) is obtained frome by replacing each nonzero finite entryarby 1,
0 andoo being unchanged. Hence, the entries equéldocc in 2 andy are the same.

Proof. We may assume that some entry of some matriXirs finite. Let M be the
maximum of these finite entries. Let, ..., z, € X, sety, = wx;. We show below
that fori, j € {1,...,n}, the following hold:

(i) (@1 mp)iy =00 <= (1 Yp)ij = 0
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(i) if the entries(z1 - - - xp)i,; @nd(yy - - - yp )i ; are finite, then

(y1-- 'yp)i.,j < (w1 'pr)z'.,j <M(yi--- yp)i,j )
where the right-hand side product is takerNin

These two properties imply the lemma. For the proof of (iserve that, by definition
of T

(21 ap)iy = min((@1) ik, + (@2)ky ke + -+ (@p)ky_1,5) - (3.3)

where the minimum is taken over &ll, ..., k,—1 in {1,...,n} and the sum is taken
in N U co. A similar formula holds for they;’s.

Now, if (z1 - --xp);; = oo, then for eaclky, ..., k,—1, the sum in the right-hand
side of ) must beo and therefore at least one tem; ), _, , iS equal tooco; by
the definition ofi) and., we obtain thaty; - --y,);; = co. The converse is similar,
implying (i).

For (ii), the first inequality follows from the properties tife order< on T"*"
and the fact thatyz < z. For the second, knowing thét - - - x,), ; is finite, we
may restrict the minimum ir{ (3.3) to those, . . .., k,_1 such that the sum in the right-
hand side is finite. Then each teriry)x; , «, is finite and therefore is less or equal
to M (ye)k;_,,k, by the definition of and.. This implies the second equality in (ii).

O

Lemma 3.5 Let e be idempotent in the multiplicative mondig*" and setf = ce.
For anyi, jin {1,...,n}, one of the following statements holds:

@) (f™)ij = fij foranym > 1;
(i) fi; =1land(f™);; =2foranym > 2;
(i) (f™);; = mforanym > 1.

Proof 1. Note thatf; ; € {0,1,00}. We havee = e = ¢ f, hence for anyn > 1,
V(™) = ¢(f)™ = e™ = e, and therefore

€ =0 << (f™)i; =0;
eij=1 <= (f")i;=12,3...;
eij =00 <= (f™);; =00,

by definition of4).

2. Suppose thatf?); ; = 0 for somep > 1. Then by step 1 one has; = 0 and
therefore(f™); ; = 0 for all m > 1 by step 1 again.

3. Suppose next thdyf?); ; = 1 for somep > 2. We show tha(f™); ; = 1 for
anym > 1. Indeed by step I; ; = 1, hencef; ; = 1 again by step 1. Moreover, we
have(f™); ; # 0 foranym > 1 by step 2. Sincg? = fP~! f, there exists an indek
such that eithe¢f?=1), , = 0andf;; = 1 or (fP=1);, = Landfx ; = 0.

In the first case(f™);x = 0 foranym > 1 by step 2. Hencéf™),,;, <
(f™ Yk + fr; < 1forallm > 2.

In the second case, we haf/g™); ; = 0 for anym > 1 by step 2, and by step 1
we getf; , = 1. Hence(f™); ; < fix + (f™ )i,,; < 1forallm > 2.

4. We now show that i2 < (f?); ; < p for somep > 3, then(f™), ; = 2 for any
m > 2 and moreovey; ; = 1. This latter equality follows from step 1, since we must
havee; ; = 1, thusf; ; = 1.
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Letq = (f?);,;. By the definition of the operations i andT™*"™ we have (with
addition inN U o0)

q= fk’o.,kl +fk1,k’2 +"'+fkp,1,kp (34)

for somei = ko, k1,...,kp—1,k, = j. Sinceg < co, each term in4) i8 orl. Let
0 < h < p. Then we deduce the@]}“h)kokh < o0, hencefy, k, < oo by step 1, and it
follows that fr, x, < 1;similarly fi, r <1

Moreover,q < p and therefore4) implies thdf, x,., = 0 for some0 < / <
p. Then(f™)k, x,., = 0foranym > 1 by step 2. Suppose thdt= 0. Then
(FP" Diorr = 0@ndfr, 1, < 1imply that(f7);; = (f*)k,.x, < 1, a contradiction;
likewise? = p — 1 implies this contradiction. Hende< ¢ < p — 1.

We deduce that for anys > 3, (f™)i; = (f™ ko, < froke + (S 2esess +
Sreiiky, S1T+H0+1=2.AlS0(f2)i; = (f*koky < froskr + ok, <1+1=2.

Now, we cannot havéf™), ; < 1 for somem > 2 since this would imply, by
steps 2 and 3, th&if?); ; < 1. Thus(f™); ; = 2 foranym > 2 andf; ; = 1.

5. Suppose now that neither (i) nor (ii) holds. This implibg, steps 2—4 that
(f?)i,; > pforallp > 1. Indeed, if( f7); ; < pforsomep > 1, then eithe(f?); ; =0
and (i) holds by step 1, dtf?); ; > 1, which impliesp > 2 (since otherwisg = 1 and
fi.; < 1, contradiction); then eithgif?); ; = 1 and (i) holds by step 3, dif?); ; > 2
(since otherwisg = 2 and(f?), ; < 2, contradiction), hence > 3; then (i) holds by
step 4.

Since the finite entries of are equal td or 1, the finite entries of ? are< p. Thus
(f?)i,; = p oroo. To conclude, assume th@f?); ; = co for somep > 1. Then, by
step 1,e;; = oo. If (f™);; # oo for somem > 1, then again by step &, ; # oo.
Consequentlyf™); ; = oo forall m > 1, contradicting that (i) does not hold, and (iii)
follows. O

We use the following result. A semigroupis calledlocally finite if each finite
subset ofS generates a finite subsemigroup.

Theorem 3.6 (Browr][1971L)Let : S — T be a morphism of a semigrougssonto a
locally finite semigroufi’. If the semigroug—! (e) is locally finite for each idempotent

ein T, thenS is locally finite.

Proof of Theoren@. The implication ()= (ii) is clear.

(i) = (iii). We havee = s for somes € S. Thente = 11)s. Sinces is torsion,
so isce by Lemm&[3.4. Let,j € {1,...,n}. Then by Lemm4 3|5, condition (jii) of
this lemma cannot hold. Hence (i) or (ii) holds and consetjyére)? = (ie)3.

(i) = (i). In view of Brown’s theorem, it is enough to show that farya
idempotent in Tf ™, the semigroup —!(e) N S is locally finite. So, consider a finite
subsetX of ¥»~!(e) N S. We may suppose thatis in ¢(S). Then by hypothesis
(te)? = (te)3. LetY = 1pX. Sincey X = {e}, we haveY = {ie} and consequently
Y+ is finite. HenceX * is finite by Lemmd 3]4, and we can conclude that (¢) N S
is locally finite. O

Exercises for Chapter 9

1.1 LetS € Q(A)) be a rational series such that, for every fayalmost all coeffi-
cients(S,w), w € R, vanish. Show tha$ is a polynomial.



3480

3481

3482

3483

3484

3485

3486

3487

3488

3489

3490

3491

3492

3493

3494

3495

3496

3497

3498

3499

3500

3501

3502

3503

3504

3505

3506

3507

3508

3509

Notes to Chapter 9 169

1.2 LetS € N{(A) be anN-rational series having polynomial growth. Show tat
is in theN-subalgebra oN{{A)) generated by the characteristic series of rational
languages (use a rational expression§and the fact that if” € N{A)) is not
the characteristic series of a code, then the growfthi*os not polynomial).

1.3 Show that Corollar@.G holds whé&nis replaced byN.

2.1 A compositionof m of lengthk is a k-tuple of positive integerém, ..., mg)
such thatn; + - - - + my = m. Show that the number of such compositions is
("~1). (Hint: Associate to the composition the sub§et;, m1 +mo, ..., m1 +

s+ mp_1pof{1,...,m—1}.)
3.1 Show thaf is indeed a semiring by verifying all the axioms given in S&efi[].
3.2 Show that = a U (a®)* U (a*b)* is limited and find the smallest such that
L*=1ULU---UL™.
3.3 Show thafly is indeed a semiring and that: T — T, is a semiring morphism.
3.4 Show that is not a semiring morphism and that = idr, .
3.5 Show that the ordering of matrices offeis compatible with sum and product.
3.6 Showthad ., na"™ € T(a) is equal to(la)*.

Notes to Chapter 9

Most of the results of Sectidj 1 hold in arbitrary fields. Trezo[L.1 can be extended,
but the boundV then also depends on the field considered. Corollfri¢d HHdld
in arbitrary fields, and Lemmia_1.2 holds in fields of charastier0, provided is
finitely generated and the bourign + 1)"2 is replaced by-"", wherer is the size
of the set{tr(m) | m € M}. This set is always finite (under the assumptions of the
lemma) for a finite monoid/. Corollaried 1]7[ 1]8 extend to “computable” fields.

The results and proofs of Sectifn 3 are all duf to Sjnfon {19#83hows also that
a rational languagé is not limited if and only if there exists a word in L* such
that for anym > 1, w™ ¢ 1 U LU --- U L™. Krob has shown that it is undecidable
whether two rational series ov@r are equal, sep Krpth (1994). It is also decidable
whether a rational series over the tropical semiring hagefimage, sef Hashiguhi
([L982),[Ceunp [(1988], Simbr (1998, 1994). For results orrimaemigroups related

to the present chapter, see Okn 998).







3510

3511

3512

3513

3514

3515

3516

3517

3518

3519

3520

3521

3522

3523

3524

3525

3526

3527

3528

Chapter 10

Noncommutative polynomials

This chapter deals with algebraic properties of noncomtivetpolynomials. They are
of independent interest, but most of them will be of use inrtexet chapter.

In contrast to commutative polynomials, the algebra of mommutative polynomi-
als is not Euclidean, and not even factorial. However, taegenany interesting results
concerning factorization of noncommutative polynomi#iés is one of the major top-
ics of the present chapter.

The basic tool is Cohn’s weak algorithm (Theor@ 1.1) whiclihie subject of
Sectiorﬂl. This operation constitutes a natural genetadizaf the classical Euclidean
algorithm.

Sectionl]z deals with continuant polynomials which desctiiteemultiplicative re-
lations between noncommutative polynomials (Thedrefn 2.2)

We introduce in Sectioﬂ 3 cancellative modules over the oingolynomials. We
characterize these modules (Theo@ 3.1) and obtain, aegoences, results on full
matrices, factorization of polynomials, and inertia.

The main result of Sectidj 4 is the extension of Gauss’s letomancommutative
polynomials.

1 The weak algorithm
Let K be a field and led be an alphabet. Recall that tdegreeof a polynomial P

in i (A) was defined in Sectidi}[1.2: we will denote it byg(P). We recall the usual
facts about the degree, that is

deg(0) = —o0,
deg(P + Q) < max(deg(P),deg(Q)), (1.1)
deg(P + Q) = deg(P), if deg(Q) < deg(P),
deg(PQ) = deg(P) + deg(Q) . (1.2)

Note that the last equality shows thi&@{ A) is anintegral domainthat is
PQ =0 implies P=0or@Q =0.
Definition A finite family Py, ..., P, of polynomials inkK (A) is (right) dependenif

171
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either someP; = 0 or if there exist polynomial§), ..., @, such that

deg(}_ PQi) < max(deg(PQ))

Definition A polynomial P is (right) dependenbn the family Py, ..., P, if either
P =0 orif there exist polynomial€), .. ., @, such that

deg(P - Z PiQi) < deg(P)

and if furthermore forany=1,...,n

deg(P;Q;) < deg(P).

Note that if P is dependent oy, . . ., P, then the familyP, P, ..., P, is dependent.
The converse is given by the following theorem.

Theorem 1.1 (Cohp[196]L) et P, ..., P, be a dependent family of polynomials with
deg(Py) < --- < deg(P,). Then some; is dependentot®, ..., P;_;.

Let P be a polynomial and let be a word in4*. We define the polynomiaPu !
as

Pu!= Z (P, wu)w . 1.3)

weA*

The operator” — Pu~! is symmetric to the operatd? — u~!P which was in-
troduced in Sectiorﬂ.s. It is easy to verify that this oparat linear, and that the
following relations hold:

deg(Pu') < deg(P) — |ul, (1.4)
P(uv)™' = (Pv ™ Yu™?. (1.5)

Moreover, for any lettet,
(PQ)a™' = P(Qa™) + (Q,1)Pa™* (1.6)

where(Q, 1) denotes as usual the constant terni)ofThe last equality is simply the
symmetric equivalent of Lemnj§[1.7.2.

Lemma 1.2 If P, @ are polynomials andv is a word, then there exists a polynomial
P’ such that

(PQuw™' = P(Qu™") + P’
with eitherP = P’ = 0 or deg(P’) < deg(P).
Proof. We may assum@ # 0. If w is the empty word, the(PQ)w~—! = PQ and

Qu~! = Q, sothat PQ)w~! = P(Qw~1!) and the proof is complete.
Letw = au with a a letter. Then by induction one has

(PQu™ = P(Qu")+ P', deg(P’) < deg(P).
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Now, by Equation[(1]5), one has
(PQuw™" = ((PQu™")a™! = (P(Qu~"))a™" + Pla”".
Thus, by Eqs[(1]6) and (1.5), we have

(PQw ' =P((Qu Ya ')+ (Qu ', 1)Pa~ " + P'la™?
= P(Qu™!) + P"

s With P” = (Qu~',1)Pa~" 4+ P'a~'. Next, by Equation[(1}4)}Jeg(Pa~") < deg(P)
w9 anddeg(P'a™!) < deg(P’) — |a| < deg(P). Hencedeg(P") < deg(P), as desired.
3540 ‘:l

sa Proof of TheorenL.3. We may suppose that #® is equal to). Hencedeg(3" PQ;)
s < max;(deg(P;Q;)). Letr = max;(deg(P;Q;)) and letl = {i | deg(P;Q;) = r}.
sss The polynomialR = >, ; P;Q; has degreeleg(R) < r. Letk = sup(I); then
wu € 1 = deg(P;) < deg(Py). Letw be a word such thgtw| = deg(Qy) and
s 0 # (Qr,w) = a~! € K: such aword exists becaugg. # 0 (otherwisedeg(R) <
3546 T = deg(Pka) = 700).

By Lemma[1], we have

Ruw ! = ZPi(infl) + ZP;
i€l iel

for some polynomial#’ with deg(P;) < deg(P;). SinceQ,w™! = a™1,

Pita ) P(Quw ')=aRw'-ad P (1.7)
iel\k il
Now, by Equation[(Z]4)
deg(Ruw™") < deg(R) — |uw| < 1 — |u]
= deg(PQk) — deg(Qr) = deg(P) .

Furthermoredeg(P!) < deg(P;) < deg(P;). Consequently, by Equatiof (1.1), the
degree of the right-hand side of Equatipn(1.7Xisleg(P;.). Moreover,
deg(P;(Qiw™1)) = deg(P;) + deg(Q;w™")
< deg(P;) + deg(Qi) — deg(Qr)
s by Equation [1J4). So we havieg(P;(Q;w™1)) < r — deg(Qx) = deg(P). This

s shows thatP;, is dependent o, i € I\ k; henceP;, also is dependent oRy, .. .,
3549 Pk—l- O

Given two polynomialsX, Y, we say thaft” is aweak left divisorof X if there
exist polynomials), R such that

X =YQ + Rwith deg(R) < deg(Y).

o Note that in this cas&] # 0. Weak left division is not always possiblef has more
s than one letter (for instance také = a andY = b for distinct letterss, b).
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sz Corollary 1.3 Let X, Y, P, be polynomials such that is a weak left divisor of
wss X P+ Q1 withdeg(Q1) < deg(P) andP # 0. ThenY is a weak left divisor o .

Proof. Note thaty” # 0. If Y € K, the corollary is immediate. Otherwise, we prove it
by induction ondeg(X). If deg(X) < deg(Y), the proof is immediate. Suppose that
deg(X) > deg(Y). By the assumption, there exist polynomi@ls and R; such that

XP+Q=YQs+ Ry, (1.8)
with deg(R;) < deg(Y'). Then

deg(Q1) < deg(P) < deg(XP)
becausé < deg(Y) < deg(X) and

deg(R;) < deg(Y) < deg(X) < deg(X P)

because) < deg(P). Thus,deg(Q1) anddeg(R;) are both< max(deg(XP),
deg(YQ2)) and by Equation{(1]1),

deg(X P — YQs) = deg(R1 — Q1) < max(deg(X P), deg(¥ Q2))

s Hence,X,Y are dependent. In view of Theordm|1Xljs dependent of, hence there
wss  eXist two polynomial®)s andX; such thatX = Y Q3 + X1 with deg(X;) < deg(X).
Put this expression faX into the Equation[(1]8). This gives

X1P+Q1=Y(Q2—Q3P)+R;.

s ThusY is a weak left divisor ofX; P + Q. Sincedeg(X;) < deg(X), we conclude
3557 by induction. O

3558 The next result is a particular case of the previous one.

sso  Corollary 1.4 If XY, X’ Y’ are nonzero polynomials such th&tY’ = Y X, then
e there exist polynomialg, R such thatX = YQ + R anddeg(R) < deg(Y). O

= 2 Continuant polynomials

Definition Let a4, ..., a, be a finite sequence of elements of a ring. We define the
sequence9y, . . ., p, Of continuant polynomialgwith respect toay, ..., a,) in the
following way:

po=1,p1=a1,
and for2 <i <n,
Di = Pi—1Q; + Pi—2 .
Example 2.1 The first continuant polynomials are

p2 =aiaz +1,
p3 = ai1aza3 + a1 + as,

P4 = a1a2a3a4 + a1a2 + araq +azaq + 1.
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Notation We shall writep(aq, . . ., a;) for p;.

It is easy to see that the continuant polynomials may be nbthby the “leap-frog
construction”: consider the “wordd, - - - a,, and all words obtained by repetitively
suppressing some factors of the fornu,., in it. Thenp(ay,...,a,) is the sum,
without multiplicity, of all these “words”.

Now, we have by definition, for > 2,

pla,...,an) =plar,...,an-1)an +pla,...,an—2). (2.1)
The combinatorial construction sketched above shows ymatreetrically

plat,...,an) = ar1plag,...,an) + plas,...,a,). (2.2)
An equivalent but useful relation is

plan,...,a1) = app(an—1,...,a1) + plan—2,...,a1). (2.3)

Proposition 2.1 (Wedderbufj 19327 he continuant polynomials satisfy, far> 1,
the relation

p(at, oy an)pan—1, e 01) = p(at, .-y an)p(an, - ar).  (2.4)

Proof. This is surely true for. = 1. Suppose: > 2. Then by Equatiol),

plat,...,an)p(an-1,...,a1)

=pla1,...,an-1) anp(an-1,...,a1) + p(as,...,an—2)p(an—1,...,a1)

which is equal by induction to

plat,...yan—1) anplan_1,...,a1) +plai,...,an—1)p(an-2,...,a1).

This is equal, by Equatiof (3.3), to

pla,...,an—1)p(an,...,a1)
as desired. O
Theorem 2.2 (Cohh[196P)Let X,Y, X', Y” be nonzero polynomials i (A) such

that XY’ = Y X'. Then there exists polynomid§V, a1, ...,a, withn > 1 such
that

X =Up(a,...,an), Y' =plan-1,...,a1)V,
Y =Up(ai,...,an-1), X =plan,...,a1)V.

Moreover, one hasleg(ay),...,deg(an—1) > 1, and if deg(X) > deg(Y), then
deg(ay) > 1.

Proof. (i) Suppose first thak is a right multiple ofY’, that isX = Y @Q. Then the
theoremis obviousfot/ =Y,V =Y',n =1, a; = Q; then indeed

X=YQ=Upla),Y =1-V,Y =U-1
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andY X' = XY’ =YQY’,whenceX’' = QY’ = p(a1)V. Furthermore, ifleg(X) >
deg(Y), thendeg(Q) > 1.

(i) Next, we prove the theorem in the case whésg(X) > deg(Y"), by induction
ondeg(Y). If deg(Y) = 0, thenX is a right multiple ofY” and we may apply (i).
Supposeleg(Y) > 1. By Corollary[L} X = Y'Q + R for some polynomial§) and?
such thatleg(R) < deg(Y). If R = 0, apply (i). Otherwise, we havEX’' = XY’ =
YQY' + RY’, henceY (X' — QY’) = RY’; note thatY, R, Y’ # 0, and therefore
X' — QY' # 0. Furthermoredeg(R) < deg(Y), and we may apply the induction
hypothesis: there exist polynomidlsV, a4, ..., a, such that

Y =Up(as,...,an), X' —QY' =plan_1,...,a1)V,
R=Up(ai,...,an-1), Y' =plan,...,a1)V, (2.5)
deg(ay),...,deg(a,) > 1.

This implies

X=YQ+R= U(p(al, oo 0n)Q + pla, .. an_l))
= Up(alv coey Qny Q)
by Equation [2]1). SimilarlyX’ = p(Q,an,...,a;)V. ThusX,Y, X', Y’ admit
the announced expression. Furthermatez(Q) > 1; indeed, by Equation[ (.2),
deg(X) = deg(Y Q) = deg(Y) +deg(Q), and henceleg(Q) = deg(X ) —deg(Y) >
1.

This proves the theorem in the case whésg(X ) > deg(Y).

(iii) In the general case, one has agdin= YQ + R with deg(R) < deg(Y)
(Corollary[L.h). 1fR = 0, the proof is completed by (i). Otherwise, as above,
Y(X' — QY’) = RY’ with deg(Y) > deg(R). Thus we may apply (ii): there ex-
istU,V,ai,...,a, such that Equatior (3.5) holds. Then we obtain, as in (ii):

X:Up(a/la-"vanaQ)a Y/:p(a/na"'aa/l)va
Y =Up(ay,...,an), X' =p(Q,an,...,a1)V.
[l
Proposition 2.3 Letay, ..., a, be polynomials such that, ..., a,_; have positive
degree, and leY” be a polynomial of degreesuch thab(a,,—1, . ..,a1) andp(an, . . .,

a1) are both congruent to a scalar modulo the right iddaK (A). Then fori =
1 n

plai,...,a1) =plai,...,a;) mod YEK(A).
We prove first a lemma.

Lemma 2.4 Letay,...,a, be polynomials such that, , ..., a,_1 have positive de-
gree. Then the degreestfp(as),...,p(an—1,...,a1) are strictly increasing.

Proof. Obviouslydeg(1) < deg(a;). Suppose

deg(p(ai—2a,...,a1)) < deg(p(ai—1,...,a1))

for2 <7 < n — 1. From the relation

(i, ... a1) = a;p(@i—1,...,a1) + plai—2,...,a1),
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it follows that the degree qgf(a;, . . ., a1) is equal todeg(a;p(a;—1, ..., a1)), and

deg(aip(ai,l ceey al)) = deg(az) + deg(p(ai,l, e ,a1)>
> deg(p(ai,l, ceey al))

becauseleg(a;) > 1. This proves the lemma. O
Lemma 2.5 Letay,. .., a, be polynomials. Then

plat,...,a,) =0 <= p(an,...,a1) =0.
Proof. Itis enough to show that(as, ..., a,) = 0 impliesp(a,,...,a1) = 0. We use

induction. Itis clear fom = 0, 1. Letn > 2. By Equation [2}4),

plat,...,an)plan-1,...,a1) =plai,...,an—1)p(an,...,a1).

Suppose(as,...,a,) = 0. If p(ai,...,an—1) # 0, thenp(a,, ...,a;) = 0 because
K(A) is an integral domain. |i)(a1,-- yap—1) = 0, thenp(an 1,...,a1) = 0

by induction. Hence, by Eq ?.1) anDZpS()zl, . = play,...,an_2) and
p(an,-..,a1) = plap—2,...,a1). By mductlon,p(an 2. al) = 0, which proves
the Iemma. O

Proof of Propositio@ (Induction o). Whenn = 1, the result is evident. Sup-
posen > 2. Note that if the condition on the degrees is fulfilled far,. .., a,,
thena fortiori alsoay, ..., a,_2 have positive degree. By assumptiglg,,, ..., a1)

is congruent to some scalar and p(a,_1,...,a1) iS congruent to some scalgr
moduloY K (A4). Suppose(a,_1,...,a1) = 0. Then by Equation[(23), we have
plan,...,a1) = p(ay_s,...,a1). Moreover, by Lemm@ 25 (a1,...,an—1) = 0,
so that by Equatior@.l)q(al, ...yan) = plai,...,an—2). Thus we conclude by
induction in this case.

Suppos®(a,_1, .. .,a1) # 0. Then by Equation[(2.3),

anp(n-1,...,01) + p@n-2,...,01) =Y Q + «

for some polynomial). Sincedeg(p(an_2,...,a1)) < deg(p(an_1,...,a1)) by
Lemmal[2.4, we obtain by Corollafy |L.3 that = v mod Y K (A) for some scalar
~. Using Equation3) again, and the fact that= v, Q = § = PQ =
~v3, we obtainp(a,_s,...,a1) = « — vB. Then, the induction hypothesis gives
plai,...,an—2) = a —7f andp(al,.. ,an—1) = (. Hence, by Equatlorm 1),
plal,...,an) =Py +a—78 =play...,a1), as desired.

3 Inertia

Recall thatK (A)?>*? denotes the set gf by ¢ matrices overK (A). In particular,
K(A)"*! s the set of column vectors of orderover K (A). This set has a natural
structure of righti (A)-module. IfV is in K (A)"*!, we denote byV, 1) its constant
term, that is, setting

Py

V=1_:
P,
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one has
(P1,1)
(V,1) = : e K™,
(P, 1)
Furthermore, ifw is a word inA*, we denote by w~! the vector
Piwt
Vw ! = :
P,w!
We have the following relation which is the analog 5.1)
V=(V,1)+> (Vaa. (3.1)
acA

The vectord/a~1, for a € A, are uniquely defined by this equality.

Definition A (right) submoduleE of K(A)"*! is cancellativeif, wheneverV € E
and(V,1) = 0, thenVa~! € E for any lettera € A.

The next result characterizes cancellative submodulesvdhige the key to all the
results of this section.

Theorem 3.1 A submoduleF of K(A)"*! is cancellative if and only if it may be
generated, as a righ#{(A)-module, byp vectorsVi,...,V, such that the matrix
((V1,1),...,(V,1)) € K™ is of rankp. In this casep < n andVi,...,V, are
linearly K (A)-independent.

Proof. 1. We begin with the easy part: suppose that generated by, ...,V, as
indicated. Lef” € E with (V,1) = 0. Then
V= > Vi (PeK(4).
1<i<p

Taking constant terms, we obtain

0=(V,1) =Y (Vi, )(P;,1).

Because of the rank condition, we ha\@, 1) = 0 for any:. It follows thatP;, =

3" (Pia=1)a, which shows that
acA

V=> Vi(Pa Y.
By Equation [3]1) we obtain
Va™' =) Vi(Pa™),

henceVa~! € E, as desired.

2. Let E be a cancellative submodule &f(A). If V € K(A)"*!, V may be
writen V' = > _,.(V,w)w where the(V,w) € K"*! are almost all zero. Let
deg(V') be the maximal length of a word such tha(V, w) # 0.

Claim. There are vectorgi, ..., V}, in E such that
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(i) deg(Vi) < deg(Va) < --- < deg(V}).
(i) The vectorgV;, 1) form a K-basis of theK-spacg E,1) = {(V,1) | V € E}.
(i) If V e E anddeg(V) < deg(V;) then(V,1) is a K-linear combination of
(V1,1),...,(Vi_y, 1).

Suppose the claim is true. Then the matiki,1),...,(V,,1)) has rankp. We
show by induction onleg(V) thateach/ € E'isinE' = 3, ., ViK(A).

If deg(V) = —o0, thatisV = 0, it is obvious. Letdeg(V) > 0 and leti be
the smallest integer such thdég(V) < deg(V;) (with ¢ = p + 1 if such an integer
does not exist). Thedeg(V) > deg(V1),...,deg(Vi_1). Moreover, ifi < p then
by (iii), (V,1) is a linear combination ofV1, 1),...,(V;-1,1), and ifi = p + 1 then
by (ii), (V,1) is also a linear combination d#4,1),...,(V;—1,1). LetV' =V —
> i<j<io1 @Vj (a; € K) be such thatV’, 1) = 0. By the cancellative property of
E,V'a~lisin E for any lettera. Now,

deg(V') < max(deg(V),deg(a1V1),...,deg(a;—1V;—1)) = deg(V)

hencedeg(V’'a™!) < deg(V). It follows by induction thatV’a=! € E’. Now, by
Equation [3]1)V" = 3, (V'a=")a, andV" isin E’. ThusV = V' + Y o, V; isin E/
j

as well.
3. Proof of the claim Ford = —1,0,1,2,..., let F(d) be the subspace df"**
defined by

F(d)={(V,1) | V € E,deg(V) < d}.
Then
0=F(-1)CcF(0)cFQ1)c---CF(d)C---

Let0 < dy < --- < d, be such that for any, F(d; — 1) C F(d;) and such that each
F(d) is equal to somé’(d;); in other words, one has

0=F(-1)=-=F(d -1)CF(d)=--=F(dy — 1)
CF(de) S CF(dy) =F(dg+1)=---

In particular, F'(d;) = (E,1). Now, let B; be a basis of'(d;), B> be a basis of
F(d2) mod F(d1), ..., By be a basis oF'(d,) mod F(d,—1). By the definition of
the F's we may find for eacti in {1,...,q} vectorsW, 1,..., W, ;, in E of degree
< d; such that{(W; 1,1),..., (Wix,, 1)} = B;; in fact, the degree of eadl; ; is
exactlyd;, otherwisgW; ;,1) € F(d;, —1) = F(d;—1), which contradicts the fact that
B, is a basis mod"(d;_1).

DefineVi, ..., V, by

Vi oo s Vo) = Wi, oo Wi , Wat, oo, Waky, oo, Wer,) -

Then the condition (i) of the claim is clearly satisfied. Mover, sinceF’'(d,) = (E, 1),
condition (ii) is also satisfied. Lét € E with deg(V) < deg(V%). ThenV,, = W, ;
for somei, j, and consequentlieg(V') < d; = deg(W; ;), whichimplies thatV, 1) €
F(d;—1) = F(d;—1) and(V, 1) is a linear combination ¥y 1,..., W,;_1 &, ,, hence
of Vi,...,Vk_1. This proves the claim.
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4. We show the last assertion of the theorem. Cleariy,n. Suppos&_ V; P, = 0
whereP; € K (A) are notall zero; choose such a relation witlp(deg(F;)) minimum.
Then) (V;,1)(P;, 1) = 0 which shows as in (1) thdP;, 1) = 0 for eachi. Now some
Pj is # 0, and therefore?ja=! # 0 for some letten. By Equation ) we obtain
S Vi(Pia~t) = 0, which is a new relation contradicting the above minimalifus
theV’s are K (A)-independent. O

Definition An n by n matrix M over K (A) is full if, wheneverM = M; M, for some
matricesM; € K(A)™*P andM, € K(A)?*™, thenp > n.

Corollary 3.2 [196[L)et M be ann by n matrix overK (A). If Si,..., S, in
K {(A)) are formal series, not all zero, such thef, ..., S,)M = (0,...,0), thenM
is not full.

Proof. Let E be the set of vector¥ € K(A)"*! such that(Sy,...,S,)V = 0.
ThenE is a right submodule of (A)"*!. LetV = (P,...,P,) € E be such that
(V,1) = 0. Then(P;,1) = 0 for anyi. Moreovery_, S;P; = 0, so that ifa is a
letter, one had ", S;(P;a~!) = 0. This means thata~! € E; thusE is cancellative.
By Theorem[3]1, the righf (A)-module E admits a basis consisting of vectors
W1, ..., V, such thatank((V4,1),...,(V,,1)) = pandp < n.

Now suppose thagt = n. Then the matrixNV. = ((V4,1),...,(V,,1)) € K™*"
is invertible. NextN is the constant matrix oH = (V4,...,V,) € K(A)y"*™,
that isN = (H,1); this implies thatH is invertible in K {A)™*™. Now we have
(S1,...,S,)H = 0 (becaus€ s, ..., S,)V; = 0 for all ¢), hence(Sy,...,5,) =0
(multiply by H—1), a contradiction.

Thusp < n. LetM = (C4,...,C,), whereCy is thek-th column of M. Then,

p
by hypothesis(, belongs toFE, henceC), = Y V;P; for some polynomials>; .
j=1
Thus
M= WVi,.... Vo)(Pjr)1<j<p, 1<k<n

andM is not full. O

Corollary 3.3 (Cohf[198P)et P, P,, Ps, P, be polynomials such tha®, is invert-
ible as a formal series, that i€, 1) # 0, and such tha1P1P2_1P3 = P, holds in
K{(A). Then there exist polynomiaf3;, Q2, @3, Q4 such thatP; = Q1Q2, P» =

QR3Q2, Ps = Q3Q4, Py = Q1Q4.
Proof. Consider th@ x 2 matrix overK (A):

(P P,
o (B0,
By assumption, we have

(1,-PiPy )M =0.

Hencel is not full by Corollary{3.2, and/ may be written as

M = (g;) (Q2,Qa)
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for some polynomialg);. This proves the corollary. O

LetsSy,...,S,, T1,...,T, be formal series. We say that
> ST
J

is trivially a polynomialif, for eachy, eitherS; = 0, or7; = 0, or bothS; andT are
polynomials. Note that one has
Ty
> ST =(S1,....8.) |
J T,
Corollary 3.4 (Inertia Theorem[(BergmHn 1968, Chn 11961))

Let (Sin)ier, 1<h<n @Nd (T} j)1<h<n, jes De two families of formal series such that
foreachi € I andj € J, >, Si»nTh,; is a polynomial. Then there exists an invertible
matrix M over K {(A)) such that for any andj

T,

[(Sin,o o, Sig)M] M7
T
is trivially a polynomial.

Proof. 1. We prove the theorem first in the case where @gchis a polynomial. Let
E={V e K(A)™'|Viel,(Si,...,8n,)V € K(A)}. ThenE is a cancellative
right submodule of< (4)"*! as may be easily verified (cf. the proof of Corollfry 3.2).
By Theorel there exigtvectorsVi, ..., V, in £ which form a basis oF (as a
right X (A)-module) and such that the constant matrix¥f, . . ., V;,) is of rankp < n.

By performing a permutation of coordinates, we may assute th

(vl,...,v,,):(;(),

where(X,1) € KP*? s invertible. Let

X 0
v=(3al)

wherel,,_, is the identity matrix of order — p. Then(M,1) € K™*" is invertible,
hencelM is invertible in K {A)™*"™.

Note that the firsp columns of M (that is theV;’s) are in E: this implies, by
definition of E, that for anyi € I the firstp components ofS; 1,...,S5;,)M are
polynomials.

Moreover, letl < h < p: thenM~'V}, is equal to theh-th column of M —1 M,
that is to theh-th canonical vectoE, € K™*!. Now let;j € J. Then by assumption
V =YTj,...,T, ) isin E. HenceV = Zl<h<p Vi, Py, for some polynomials
P,. ThusM~'V = %, M~V P, is equal, by the previous remark, Yo, E, P, =
t(Py,...,P,,0,...,0). This shows that the product

Tl_’j
[(SigseesSip)M] [ MTH[
T,
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is trivially a polynomial.
2. We come to the general case. Let

H={he{l,...,n}|Vje J T, € K(A)}.

If H = {1,...,n}, then we are in case 1. Suppd¥é| < n: we may suppose
that H = {1,...,p} with 0 < p < n (including the caséd = )). Suppose that
VieI,Yh ¢ H,S;, =0. Then

n p
Z SinTh,; = Z SinTh,j
he1 h=1

is a polynomial, so we are reduced to case 1 (withstead ofn).

Otherwise, there is somg € I such that for somé ¢ H, S;,.n, # 0. Choose
ho ¢ H such thatv(S;, p,) < w(Ss,n) foranyh ¢ H (for the definition ofw, see
Section[l][B). Choose polynomialg, . .., R, such that forl < h < p, w(Si,,n +
Rp) > W(Sio,ho)' Defines;L by S;L =Siyn+Ryif 1 <h<p ands;L = Sig.n if
p <h <n.Thenw(S} ) < w(S}), S}, = Sip.h, 7 0and

Z Sy Th; = Z(Sio,h + Rp)Th; + Z Sio.nTh,;

1<h<n h<p h>p
= D SiowThg+ Y BT
1<h<n h<p
is a polynomial, by definition of = {1,...,p}. Letw be a word of minimal length

in the support of5;, ; thenw‘ls;m is an invertible formal series, and for ahysince
w(S;) > |w|, one hasw=! (S, T},;) = (w=1S})Th ;. Hence) ", (w=tS})Th,; is a
polynomial. Define the matri®dy € K {{A)™*™ which coincides with the x n identity
matrix except in théy-th row, where it is equal téw =15}, ..., w=1S’); in particular
the entry of the coordinatéh, hy) of N is the invertible seriess™'S} , so N is
invertible in K (A)"*". Let M = N~'. Then for anyj, M~ Y(T" ;,..., T, ;) =
NYTy;,...,T,, ) isequaltd (T j,...,T, ;) exceptin theio-th component, where
itis equal to> " (w15} )T} ;: thus the firsp and theho-th components od/ —1 (T ;,
.., Ty ;) are polynomials and we may conclude the proof by inductiomon p
because we have increadéf. O

4 Gauss’s lemma

We consider in this section polynomials with integer oroaél coefficients. Every-
thing would work (with slight changes) with any factoriahgiinstead of.

Definition A polynomial P € Q(A) is primitive if P # 0,P € Z(A) and if its
coefficients have no nontrivial common divisor<zn

Definition The contentof a nonzero polynomiaP € Q(A) is the unique positive
rational number(P) such thatP/c(P) is primitive.

Notation P/c(P) will be denoted byP.
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Example 4.1 ¢(4/3 + 6a — 2ab) = 2/3 becaus8/2(4/3 + 6a — 2ab) = 2+ 9a — 3ab
is primitive.

Note that forP £ 0

P primitive < ¢(P) =1, (4.1)
P eZ(A) < c(P)eN. 4.2)

Theorem 4.1 (Gauss’s Lemma)

() If P,Q are primitive, then so i$Q.
(i) If P,Q are nonzero polynomials, thefiPQ) = ¢(P)c(Q) and PQ = P Q.

Proof (i) SupposeP(Q is not primitive. Then there is some prime numhbewhich
divides each coefficient aPQ. This means that the canonical imagePQ) of PQ
in (Z/nZ){A) vanishes. BuZ/nZ is a field, so(Z/nZ){A) is an integral domain
(Sectio ); moreover = ¢(PQ) = ¢(P)d(Q), sop(P) = 0 or p(Q) = 0. This
means that divides all coefficients of? or of ), and contradicts the fact th&t and
Q are primitive.

(i) By (i), PQ/c(P)c(Q) = (P/c(P))(Q/c(Q)) is primitive. So, by definition
of the content ofPQ, ¢(PQ) = ¢(P)c(Q). Now, PQ = PQ/c(PQ) so thatPQ =

PQ/c(P)e(Q) =P Q. O
Corollary 4.2 Letay,...,a, be polynomials. Then the continuant polynomjals,
.,an) andp(a,,...,a1) are both zero or have the same content.

Proof (Induction onn). The result is obvious for = 0, 1. Letn > 2. By Lemma[2.},
we may suppose that both polynomials g®. We have, by Propositi.l,

plar,...,an)plan-1,...,a1) =pla,...,an-1)p(an,...,a1). 4.3)
By induction, eithemp(aq,...,an,-1) = p(an-1,...,a1) = 0, in which casep(ay,
.,an):p(al,...,an_g)by@)andp(an,...,a):p( e, a1) by.)

and we conclude by induction; e(p(a,—1,...,a1)) = c(p(al, ...,an—-1)), Which

implies by [4.B) and Theore@l.lthz(p(al,..., 2)) = c(plan ay)). O

Corollary 4.3 Let Py, P2, P5, P, be nonzero polynomials ifl{A) such thatP, is
invertible in Q((A)) and such thatP, P, 'P; = P,. Then there exist polynomials
Ri, Ry, R3, Ry € Z<A> such that

Py =RiRs, P> = R3Ry, P3 = R3Ry, Py =R1Ry.
Proof. By Corollary[3.B we have
Py = @Q1Q2, Po = Q3Q2, P3 = Q3Q4, Py = Q1Q4

for some polynomial§)1, Q2, @3, Q4 € Q(A).
Lete; = ¢(Q;), i = 1,2,3,4. By Theoren{4]1 we have

C(Pl) = C1C2, C(Pg) = C3Ca, C(P3) = C3C4, C(P4) = C1C4 .

Thusc(Py) = ¢(P1)e(Ps)/c(Ps).
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As by hypothesis and Equatiof (4.2)P;) € N, there exist positive integers
dl, d2, dg, dy such that

c(Py) = dida, c(Py) = dsda, ¢(Ps) = dsdy, c¢(Py) = d1dy.
Moreover, by Theoreh 4.1,

?1 = @1@% ?2 = @3@27 ?3 = @3@47 ﬁ4 = @1@4-
PutR; = d;Q,,i = 1,2,3,4. ThenR; € Z(A) and

Py =c(P)Py = d1d2Q,Q5 = R1R> .

Slmllarly P2 = R3R2, P3 = R3R4 andP4 = R1R4. O

Proposition 4.4 LetY be a primitive polynomial of degreewhich vanishes for some
integer values of the variables. L& Q € Z(A) and leta. € Z, a # 0 be such that
PQ = a mod YZ(A). ThenP = 3,Q = v mod YZ(A) for someg,y € Z such
thata = (7.

Proof. We haveP(Q = Y Q2 + « for some polynomiaf),. As o # 0, we havel) # 0
and we may apply Corollarﬂ.& This shows tlfiat= 5 + YT for somes € Q and
T € Q(A). HenceY Q2 + a = Q + YTQ. Sincea # 0 anddeg(Y) > 0, we
obtaing # 0: indeed, otherwis& T'QQ = Y Q2 + «, implying thatY” dividesa. This
shows thaty = v + Y S for somey € Q such thatx = 8y andS € Q(A). Now the
assumption orY” and the fact thaP, Q have integer coefficients imply that v € Z.
SinceYT = P — 3 € Z(A), we obtain that(Y)c(T) € N by Equation [4]2) and
Theoren{4]1(ii). Bu is primitive, soc(Y) = 1, which shows that(T) € N and
T € Z(A) by (4.2). Similarly,S € Z(A). O

Exercises for Chapter 10

1.1 LetPy,...,P,,Q1,...,Q, be polynomials. A relatiord P;,Q; = 0 is called
i=1
trivial if for eachi, eitherP, = 0 or @Q; = 0. Note that} | P;Q; may be written
Q1
(Pr,....Py) |
Qn
Show that if Y P;Q; = 0, then there exists an invertibleby n matrix M with
=1
coefficients inK (A) such that the relation
1
[(Py,...,P)M] |[M7"| =0
Qn
is trivial (cf. ).
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1.2

2.1

2.2

2.3

3.1
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a) LetX, Y X', Y’ be nonzero formal series such tiiaY” = Y X', withw(X) >
w(Y') (cf Chaptef]t). Show that there exists a formal seliesich thatX = YU,
X' =UY".

b) LetS be a formal series and I€tbe its centralizer, thati§' = {T' € K{(A)) |
ST = TS}. Show that if7y, 7, € C andw(T2) > w(T1), then there exists
T € C such thatly = T1T. (Hint: One may suppose(S) > 1; letn be such
thatw(S™) > w(T1),w(T): use a) three times.) L&t € C such thatw(T) > 1
is minimum. Show tha€ = K[[T], that is

C:{ZGJHT"MIHEK}

neN

(sed Cohn[(1961) and alfo Lothhife (2002, Theorem 9.1.1)).

Show that for > k£ > 1 the continuant polynomials satisfy the identities

yag) — pla, ..., an—1)p(@n, ..., ax)

i) ak*Q)

plai,...,an)plan_1,...
= (—1)""p(ay, ..

with the conventions:p(ay,...,ax—2) = 0if Kk = 1, = 1if £ = 2, and
p(an—1,...,ar) = 1if k = n. Show that the number of words in the support of
p(ay, ..., a,) is then-th Fibonacci numbeF,, (see Examplg|B.2.1).

Show that if2q, . . ., a,, are commutative variables, then

,an)
yan)

- 1 ~ play, ..
1 =

1 plaa,...
as + (

a3+

Show that fon > 1

ar 1Y\ faz 1\  fan 1Y\ _ pla,...
10 10 10/ \plag,...
Let M be ann by n polynomial matrix such thal/ = M; My with M; €
K{A)"*P and My € K{A)P*™. Show that then one may choosé , M- to

be polynomial matrices (use the inertia theorem;[see|ClobBg().

an) p(al,...,anl)) |

70""1) p(a25 s 70""1*1)

Notes to Chapter 10

Most of the results of this chapter are due to P. M. Cohn. Wee teready seen a
result concerning noncommutative polynomialsin Chdﬁ(@(ﬁollaryﬂ): inP. M.
Cohn’s terminology, it means théf (A) is afir (“free ideal ring”). The terminology
“continuant” stems from its relation to continuous fracsgsee Exercis.Z 2.3).
Corollary[3.2 is a special case of a more general resulingtétat every polynomial
matrix which is singular over the free field is not full (Jeen@d196[L[20d6)).
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Chapter 11

Codes and formal series

The aim of this chapter is to present an application of forseaies to the theory of
variable-length codes. The main result (TheoErh 4.1) sthtat every finite complete
code admits a factorization into three polynomials whidlert its combinatorial struc-
ture.

The first section contains some basic facts on codes and pedes. These are
easily expressed by means of series.

Section P is devoted to complete codes and their relatioBgtooulli morphisms
(Theoren] 2}4). Concerning the degree of a code, we give itidh@ only the very
basic results needed in Sectign 4.

This last section is devoted to the proof of the main restltisés the material of
the previous section and of Chaglte} 10.

1 Codes
Definition A codeis a subset’ of A* such that whenever, ..., u,,v1,...,v, INC
satisfy

Uy Uy = VLU, (1.2)
thenn = pandu; = v; fori =1,...,n.

Note that ifC'is a code, the@ C Xt (= X*\ 1).

Example 1.1 The set{qa, ab, ba} is not a code, because the warkh has two factor-
izations in it:

aba = a(ba) = (ab)a.
Example 1.2 The set{a, ab, bb} is a code; indeed, no word in it is a prefix of another,

so in each relation of the forrm.l), either is a prefix ofv; or vice versa, so one has
u; = v1 and one concludes by induction an

Example 1.3 The set{b, ab, a®b,a®b,...,a"b,...} = a*bis a code, for the same
reason as in Exam 2.

187
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se7  Example 1.4 The set{a?, a®ba, a?b?, ab, ba?, baba, bab?, b*a, b3} is a code, for the
es  SAMe reason; note that in this case, moreover no word is & setiffnother.

Example 1.5 The setC' = {a?, ab, a®b,ab? b} is a code. Indeed, lgt’ denote its
characteristic polynomial; then we have

1-C=1-a’>—ab—a’b—ab®> -V’
=(1—b—a*—ab) + (b—b*—a*b— ab?)
=(1—b—a*—ab)(1+0)
=((1—a—"b)+(a—a*—ab))(1+b)
=1+a)(l—a—-0b)(1+Db).
Thus, inZ{A)), we have
1-0) ' =1 +b) 1 —a—b) (1 +a)"

By the results of Sectiof}[d.4, for any proper formal sefiegl — 5)~* = dons0S" =
S*and(1—a—0b)~! = A* = A*is the sum of all words orl (and hence, its nonzero
coefficients are all equal ty. Thus

A* = (1+b)(ZQ")(1+a).

This shows that the serigs,, ., C" has no coefficient 2, since otherwisel* would
have such a coefficient. From

Y-y Y wew

n=0 n>0u,...,un€C

are  We obtain that no word has two distinct factorizations offiven u - - - u,, (u; € C),
a0 SOC is a code.

am Recall that for any languag¥, X denotes its characteristic series (considered as
sz an element of)((A)) in the present chapter). One of the arguments of the lastgleam
a7z May be generalized as follows.

Proposition 1.1 Let C be a subset oft+ and letC be its characteristic series. Then
Cis a code if and only if one has B({(A))

1-0)t=c=c. (1.2)

Proof. The first equality is always true, as shown in Secﬂ([h 1.4hee
YooY wmeu=) CM=C".
n>0uy,..., u, €C n>0

If Cis a code, then the words
Uy, (n>0,u; € C)

s are all distinct, so the left-hand side is equatta If C' is not a code, then two of these
a5 words are equal, so the left-hand side is a series with at teescoefficient> 2: it
ar7s  cannot be equal t6™, because the latter has orilyl as coefficients. [l
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3777 The previous result provides an effective algorithm fotitgswhether a given ra-
s tional subset of” of AT is a code. Indeed, one has merely to check if the rational
s power seriegC)* — C* is equal too; for this, apply Corollar6, or use the effec-
a0 tive construction of the minimal representation in SecBdh
However, there is a more direct algorithm. We give belowhwaiitt proof, the algo-

rithm of Sardinas and Patterson (§ee Lallefient 1079, BeustePerril{ 1985, Berstel

et al.). Recall that for any languageand any wordv, we denote byys~! X the

language

wlX ={uec A |wu e X}.
More generally, ifY” is a language, we denote by ' X the language

YlX = U w X,
weyY

Now letC be a subset ofi*. Define a sequence of languagesby

Co=C"lC\1,
Cosr=ClCUCTIC, (n>0).

s ThenC is a code if and only if na’,, contains the empty wordIf C is finite, the
a2 sequencéC,,) is periodic (because each worddh, is a factor of some word ).
s The same is true i€ is rational (se¢ Berstel etlal. (2009), Prop. 1.3.3). Hendbése
arsa  CaSeSs, we obtain an effective algorithm.

3785 Another way to express the fact that a set of words is a codg imdmans of the
ass  SO-Called unambiguous operations. LétY be languages. Recall that theinion
a7 IS unambiguousf they are disjoint languages, that thgroductis unambiguousf
sws x,x € X,y,y €Y,andzy = 2’y impliesxz = ',y = ¢’ and that thestar X* is
s Unambiguoud X is a code.

a0 Proposition 1.2 Let X, Y be languages.

3791 (i) The union ofX andY is unambiguousifandonly X UY = X + Y.
a2 (ii) The productX'Y is unambiguousifandonly XY = XY.
sz (ii) If 1 ¢ X, then the statX* is unambiguous if and only £* = X*.

se  Proof. The first two assertions are a direct consequence of thatdmfs The last one
w5 is merely a reformulation of PropositignL.1. O

3796 We have already met a family of codes in Secﬂﬂ 2.3: ptedix codes A set is
a7 prefix if noword in it is a prefix of another word in it. A prefixtsehich is not reduced
as 10 the empty word is easily seen to be a code, called a prefie. c@ginmetrically, one
s definessuffix codesA code is calledifix if it is both prefix and suffix.

ss00  Proposition 1.3 LetC be a code such that for any wordn C*, one has~1C* c C*.
s ThenC is a prefix code.

=02 Note the converse: for any s€tand for any words in C*, one hagC* C v~ 1C*.

sz Proof. Suppose: = vw, with u,v in C andw € A*. We have to show that = 1.
s NOWw = v~ tu € v~1C* C C*, hencew € C*. Thereforew = ¢;---¢, (¢; € C)
ss andu = vey---¢, € C. The only possibility forC' to be a code is: = 0, that is
ws  w = 1, andC is a prefix code. O
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Proposition 1.4 Let C be a prefix code such th&A* N wA* is nonempty for any
wordw. Let P be the set of proper prefixes of the word€inThen one has i {(A)),
the equalityC — 1 = P(A—1).

Proof. Let P/ = A* \ CA*. Then, by Propositiof| .-3.1; = P’A\ P’ because
C # {1}. Itfollows easily thatC — 1 = P'(4 - 1).

It remains to show thaP = P’. Letw be in P; thenw is a proper prefix of some
word in C' and so has no prefix i, C being a prefix code; henee ¢ CA* —
w € P,

Let w be in P’. By assumption, there are wordse C, u,v € A* such that
cu = wv; sincew ¢ CA*, w must be a proper prefix ef sow € P. O

Let C be a code. Define, for any wotd the seriesS,, inductively by
S =1,
Sy=a"'S,+(S,,1)a"'C, foru=vwa(acA).

Note thatS,, has nonnegative coefficients. The reader may verify thastipgort
of S, consists of proper suffixes 6f (see Exercis@.S).

Lemma 1.5 LetC be a code. Then for any word v~ 1(C*) = S,C*. In particular,
S, is a characteristic series. If is finite, thenS,, is a polynomial.

Proof. We shall use the formulas of Lemifig 1]7.2.
We proveu~!(C*) = S,C* by induction onju|. If u = 1, it is clearly true. Let
u = va, with a € A. Then by induction ' (C*) = S,C*. Thus, by Lemm§|[L. 7.2,

u*l(g*)

=a ") = a7 H(SuC") = (a718)CT + (Su, 1) (a7 CY)
= a_lsv)g* + (SU7 1)(a_1Q)Q* = S’LLQ* .

Now, sinceu1(C*) is obviously a characteristic series, the same holdsSforlt is
easily verified by induction th&f,, is a polynomial ifC' is finite. O

One defines symmetrically the seriBs € Z{(A)) by

P=1,
Py, = Pya™' 4 (P,,1)Ca™", forac Aandv e A*.
See Equation (}p.3.3) for the notatiéta~—!. If C is finite, P, is a polynomial. Now
we define, for a coupléu, v) of words another series in the following way:
Fu,l =0 ’
Fuaw = (Py,1)Sua™ + Fypa™t.
As above, the series, , clearly has nonnegative coefficients.

We denote below by,~1Sv~1! the seriefu=1S)v™! = v~1(Sv~1), see Exer-
cise[1.b.

Proposition 1.6 Let C' be a code. Then for any words and v, u=*(C*)v=! =
Su.C*P, + F, .. In particular, F, ,, is a characteristic series. I€ is finite, then
F., . is a polynomial.
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Proof (Induction onlv|). The result is obvious it = 1 by Lemma[1)5. Let € A.
Thenu='(C*)(av)~! = [u~}(C*)v~!]a"' is equal, by induction and Lemnj{1]7.2,
to
(SuQ*Pv)a_1 + Fuwa_1
= S, C*(Pya™ ") + (P, 1)Su(C*a™ ) + (P, 1)Sya™ ' + Fy pa™!
= 5,C*(Pya™") + (P, 1)SuC*(Ca™") + Fuau
= 8uC" Pay + Fu,av -

This proves the formula.

Now, sinceS,,C* P, has nonnegative coefficients and simce (C*)v~" is a char-
acteristic series, the same holds for,,. If C'is finite, it is easily seen by induction on
the definition that, ,, is a polynomial. d

2 Completeness

Definition A language” C A* is completdf, for any wordw, the setC* N A*wA* is
nonempty.

Lemma 2.1 If C'is complete, then any word is either a factor of a word it or may
be written as

w = smp,
with m € C* and wheres (p) is a suffix (prefix) of a word of’.

Proof. We havexwy € C* for some wordse,y. Let us represent a word i@*
schematically by

NN NN

Here an arc represents an element'ofThen we have two cases:

1)
W
2)
w

In the first caseyw is a factor of a word irC. In the second case; = smp as in the
lemma. O

Definition A Bernoulli morphisnis a mappingr : A* — R such that

(i) m(w) > 0 for any wordw,
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(i) (1) =
(iii) m(uv) = w(u)w(v) for any wordsu, v,
(iv) %}47‘((&) =1

It is calleduniformif 7(a) = 1/|A| for any lettera. We define for any languag¥€ the
measureof X by

weX

(it may be infinite). We shall frequently use the followinggualities:
r(JX) <) w(Xi), m(XY)<a(X)m(Y).
Note that, for any:, one hasr(A") = > 1. m(w) = (3_,ca 7(a))™ = 1.

Lemma 2.2 LetC be a code. Then(C) < 1.

Proof. SinceC is the union of its finite subsets, it is enough to show the lenmthe
case wheré’ is finite. Letp be the maximal length of words ifi. Then

C"Cc AUA?U.-.- U AP,

Thusm(C™) < pn. Now, sinceC'is a code, each word i@™ has only one factorization
of the formu; - - - u,, (u; € C). Sincer is multiplicative, we obtainr(C™) = =(C)™.
Hence

m(C)" < pn.

This shows thatr(C') < 1. O

Lemma 2.3 LetC be a finite complete language. The(C) > 1
Proof. By Lemm, we may write
=SC*PUF,
whereS, P, F' are finite languages. Thus
oo = m(A*) < w(S)7(C*)nw(P) + n(F).

This shows that (C*) = co. Now
n>0

so thatr (C*) < >, <, 7(C™). Moreover,r(C™) < «(C)", = being multiplicative.
Thusoo <37 -7 (C ) which shows that (C) > 1 O

Theorem 2.4 (Bchiitzenberger and Mar¢ls 1959, Boé ¢f al. 1980)C be a finite
subset ofA* and letr be a Bernoulli morphism. Then any two of the following asser-
tions imply the third one:
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(i) Cisacode,
(i) C'is complete,
(i) ©(C)=1.

Note that this gives an algorithm for testing whether a gigite code is complete.
We need another lemma.

Lemma 2.5 Let X be alanguage and let be a word such thak N A*wA* is empty.
Thenn(X) < .

Proof. Let¢ = |w| andfori =0,...,¢—1

X;={ve X ||v]|=i¢mod¢}.
ThenX; C A*(A*\ w)*. Indeedv € X, impliesv = uv; - - - v, with |u| = i and for
anyj, |v;| = ¢£; by assumptiomy is not factor ofv, hencew is none of thev;'s: thus

v; € A®\ w, which proves the claim.
Now

m(AP\w) = 7(AY) —r(w) =1 —7n(w) < 1
and

(A N\ w) ] = w[[J (A \w)"] < Y wl(A\ w)")

n>0 n>0
< Z[W(Aé \w)]" < o0.
n>0

Thusr(X;) = n[A"(A"\w)*] < m(A)r[(A*\w)*] < oo and sinceX = (Jy;, Xi,
we obtainr(X) < co. B O

Proof of TheorenR.4. Lemmag 2]2 arl{d 2.3 show that (i) and (ii) imply (iii).

Let C be a code withr(C') = 1. Suppose”' is not complete. Then for some
word w, C* N A*wA* is empty. Hence, by Lemnfa 2.5(C*) < oco. SinceC is a
code,r(C*) is equal to the surh |, 7(C)". The latter being finite, we deduce that
m(C) < 1, a contradiction.

Let C' be complete ane(C) = 1. ThenC™ is complete for any:; indeed, for
any wordw, there are words;, v,c1,...,¢p (¢; € C) such thatuwv = ¢1---¢p
(C being complete). Let be such thap + r is a multiple ofn; thenuwvc] =
c1---cpef € (C™)*, which shows thafC™)* N A*wA* is not empty. This implies
that C™ is complete. Thus, by Lemnfa 2.3(C™) > 1 for anyn. But as usually
m(C™) < 7(C)™ = 1, and thereforer(C™) = =(C)™ for anyn.

Suppos&’' is not a code. Then for some words, . .., uy,, v1 . . ., vp i C We have
UL Up = U1 - - Vp @Nduy # v1. HENCeu; - - - upvy -+ - vp = V1 - - - VpUq - - - Up, and
we have obtained a word i®*? which has two distinct factorizations. Consequently

T(C"P) = 7 ({ws -+ wpap | wi € CY})

< Y wlwwegy) = 7(C)

which is a contradiction. O
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Let 7w be a Bernoulli morphism. Sinceis multiplicative, it may be extended to an
algebra morphism, still denoted ly

m:Z{A) - R

by the formula
W(Z(P, w)w) = Z(P, w)m(w) .

Note that, because the measuredas 1, one has

m(A—1)=0.

Theorem 2.6 (Schiitzenberggr 1968t C be a finite code such that for any woud
the setC* N wA* is nonempty. The@'is a prefix code.

Proof. Let C’ be the set of words i’ having no proper prefix i, that isC’ =
C\ CA™T. ClearlyC’ is a prefix code. Moreover, if is a word, then for some words
c1,...,cn € C,u € A*, one has by assumption

Cl *Cp = WU.

Then either; € C’, or¢; has a prefix inC’. ThereforeC’ A* N wA* is nonempty.
Let P be the set of proper prefixes of the words(ih Then by Propositio@A,
C' — 1= P(A—1). Apply the morphismr : Z(A) — R, obtainingr(C’ — 1) =0
becauser(4 — 1) = 0. Thusw(C’) = 1. SinceC is a code, we have by Lemn@z 2,
m(C) < 1. ButC’ C C andr is positive. Henc&' = C’ is prefix.

Theorem 2.7 (Reutenaugr 19B9)et P in N(A) be without constant term such that
P—-1=X(A-1)Y for some polynomial¥X,Y in R{A)). ThenP = C for some
finite complete codé’. Furthermore, ifY’ € R (X € R), thenC is a prefix (suffix)
code.

Proof. 1. Note that ifS, T" are formal series, then
supp(ST) C supp(S) supp(T') .
Moreover, if S is proper, then
supp(S™) C supp(S)*.

2. We havel — P = X(1 — A)Y. By assumption] — P is invertible inR{{A})). The
same holds fot — A since its inverse isl® = A*. This shows thal andY are also
invertible. So we obtain

(1-P) ' =y '(1-A) X!
which implies
1-A)"'=vY1-P)'X.
Thus
A" =YP'X. (2.1)
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By 1, this implies that each word may be written asv = yma, with y € supp(Y),
m € supp(P)* andz € supp(X). Let C' = supp(P) and letu be a word such
that ju| > deg(X),deg(Y). Letwv be any word. Thenv = wvu may be written
uvu = ymax as above, which shows, by the choicewfthatm = wvyvve. Hence
C* N A*vA* is nonempty: we have shown thatis complete. Thus, by LemnfaP.3,
7(C) > 1 (wherer is some Bernoulli morphism). Now, @& — 1= X (A4 - 1)Y, we
obtainw(P) = 1. Therefore

1<n(C)<n(P)=1

becauseP has nonnegative integer coefficients. This show$eing positive, that
P = C and thatr(C) = 1. It follows by Theoren] 2]4 that’ is a code, and thus a
finite complete code.

Suppose now thadt” € R. Then, as above, Equatio@.l) shows that for any word
v, one hasvu = ma for some wordsn € C*, € supp(X) (u being chosen as
before). Then, sincé:| > |x|, we obtainm = vv; which shows thaC* N vA* is
nonempty. We conclude by Theor 2.6. O

3 The degree of a code

Given amonoidV/, recall that aridealin M is a nonempty subsetwhich is closed for
left and right multiplication by elements @ff. Moreover, aridempotents an element
e which is equal to its square, thatd$ = e. Recall also that if\/ is finite, thenM has

a minimal ideal, see Appendix 2 of Chap@ 12.

Theorem 3.1 Let C' be a finite complete code. There exist a finite mordicnd a
surjective morphisng : A* — M such thatC* = ¢~ 1¢(C*). Let D be the minimal
ideal of M. There exists an idempotenin D N ¢(C*); further ¢(C*) N eMeis a
subgroup of the groupM e.

It will not be shown here that the index 6{C*) N eMe in eMe depends only on
C; for this, we refer the reader to the book|by Berstel p{al0@0This being admitted,
we introduce the following definition.

Definition With the notation of Theorerp 3.1, the indexa@¥fe N ¢(C*) in eMe is
called thedegreeof C.

Proof of Theorer@. Clearly,C* is a rational subset ofl* (cf. Sectiorﬂﬂl). Hence,
by Kleene’s theorem (Theorl.l), it is recognizablés Ehows that there exist a
finite monoidM, a monoid morphism : A* — M, and a subse¥ of M such that
C* = ¢~1(N). Clearly, we may assume thatis surjective; thenV = ¢(C*) and
C* = ¢ 16(C).

Let D be the minimal ideal of\/ andw a word ing~!(D). ThenC* N A*wA*
is nonempty (becaus€ is complete), hence there exist wordsy such thatuwwv is
in C*. Nowm = ¢(uwv) is in ¢(C*) and also inD (becausen = ¢(u)p(w)p(v),
¢(w) € D,andD is anideal). Some power= m" withn > 1 of m is idempotentand
still lies in ¢(C*) N D. TheneMe is a finite group with neutral elemeatby[A2.5(ii),
Appendix 2 of Chapte]r 2.

Now, ¢(C*) is clearly a submonoid af{. Hence, the product of any two elements
of eMeN¢(C*) liesineMen¢(C*). Takea € eMeN$(C*). Then for somer > 2,
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a™ = e (eMe being a finite group). Them™ ! is the inverse of;, in eM e, and belongs
to eMe N ¢(C*). Thus, the latter is a subgroup@¥/e. O

4 Factorization

Theorem 4.1 (Reutenaugr 1989)et C be a finite complete code. Then there exist
polynomialsX, Y, Z in Z{A) such that

C—1=X(dA-1)+(A-1)ZA-1)Y (4.)
and

() disthe degree of’,

(i) Cis prefix (suffix) ifand only it =1 (X = 1).
Example 4.1 We have

a>+a*b+ab+ab®+0v* —1=(1+a)a+b—1)(1+0).

The c)orresponding code is neither prefix nor suffix, $yrichronizingthat is of de-
greel).

Example 4.2 Let C be the square of the code of Exam@ 4.1. Theis of degree
and

C—1=01+a)2(a+b—-1)+(a+b-1)(1+b)(14+a)(a+b—1))(1+D).
Example 4.3 We have
a® + a’ba + a*b* + ab + ba® + baba + bab* + b*a + b* — 1
=3a+b—1)+(a+b—1)(2+a+b+ab)(a+b—1).
The corresponding code is a bifix code and has degyree

The following corollary (which also uses Theorgm] 2.7) chesizes completely
finite complete codes.

Corollary 4.2 (Reutenaufr 198%)tC be a language not containing the empty word.

Then the following conditions are equivalent:

(i) C'is a complete finite code.
(i) There exist polynomial®, S in Z{A) such that

C—-1=P(A-1)S. O

In order to prove Theorefn 4.1, we need the following lemma.

Lemma 4.3 Let C be a finite complete code of degrée Then there exist words

Uy, ... Ug, V1, .. .,0q, Withuy,v; € C*, such thatforany, 1 <i: < d:
* —1 * —1
A= Y wtey
1<j<d

and foranyj, 1 < j < d:

A* — Z U;l(g*)U;1

1<i<d
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Proof. By Theoren] 3]1 there exist a finite mondid and a surjective morphism :
A* — M such thatC* = ¢~1¢(C*); moreover, there exists an idempotenin
D n ¢(C*), whereD is the minimal ideal ofM, G = eMe is a finite group and
H =eMen ¢(C*) is a subgroup of of indexd.

Letus,...,uq, v1,...,vq be words inp~1(G) such that
G= |J o(w)H (4.2)
1<i<d
and
G= |J Ho(u))
1<j<d

(disjoint unions). By elementary group theory, we may asstimtp(u;) = ¢(v1) = e
(henceuy,v; € ¢~ 1(e) C ¢~ 1p(C*) = C*) and thatp(u;) is the inverse ob(v;) in
G.

Let1 < j < d andw be a word. Then there exists one and only ane< i < d,
such thatw € u; '(C*)v; ', that isu;wv; € C*. Indeed, the elementj(wv,) of G
is in someg(v;)H by Equation [4]2). Consequenthy(uwv;) = ¢(u;)ed(wv;) €
d(u;)p(vi)H = eH = H, which implies that,wv; € ¢~ 1(H) C ¢~ 1¢(C*) =
C*. Converselyu;wv; € C* implies ¢p(u;wv;) € eMe N ¢(C*) = H, because
d(u,wv;) = edp(u;wv;)e is in eMe. It follows thategp(wv;) = ¢(vi)Pp(uwo;) €
o(v;)H, andi is completely determined byandw.

We have shown that one has the disjoint union, for gny< j < d:

A* = U ui_l(C’*)vj_l.

1<i<d

But this is equivalent to the last relation of the lemma. Bgnayetry, we have also the
first. O

We easily derive the following lemma.

Lemma 4.4 LetC be a finite complete code of degi&eThen there exist polynomials
P P, S, S1,Q,G1, Dy with coefficient®, 1 such that:

(i) dA" —Q =SC"P;
(i) A" -Gy =SC"P;
(i) A* — D, =5.C*"P;
(iv) Pp,S; have constant terrh;
(v) G1, Dy have constant terr,
(vi) if Cis a prefix (suffix) code, thesy = 1 (P, = 1).

Proof. We use Lemmf 4.3 and the notation of Secfion 1. We have, byoBition[L.B,
u; '(C* )y = 8,,C"P,; + Fu,.,; moreover, by Lemmg 1.5 and Proposition 1.6,
Su,;, Py; andFy, ., are polynomials with nonnegative coefficients.

Now, by Lemmd 4]3, for any

A*: Z Sulg*Pv]“i’ Z Fui,vj

1<j<d 1<j<d
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and for anyj
A" = " Sy CPy+ Y Fun,-
1<i<d 1<i<d
Let
P=> P,, S=Y Su, P=P,, Si=S5,,

1<j<d 1<i<d

GlzzFumﬂv Dl:ZFulan’ Q:ZF““UJ"
i J .3

Then we obtain
dA* = SC*P+Q, A*=SC'Pi+G,, A*=SC'P+D;, (43)

which proves (i), (ii) and (iii).

Sinceu; € C* by Lemma[4]3u, ! (C*) containsl, henceu; ' (C*) has constant
term1. Asu;'(C*) = S,,C* by Lemmg1pS; = S, must have constant terin
The same holds faP, by symmetry, and proves (iv).

SinceS = ), S.,, the S,,’s are nonnegative and &,, has constant term, .S
has positive constant term. Moreovét, has constant terrh. Hence, becausd*
has constant term and by Equatior@spl has constant terh. Similarly, D, has
constant ternfl. This proves (v).

Suppose now that' is prefix. Then, by Exercisg 1.4, ' (C*) = C* (because
u; € C*). Henceu;'(C*) = C*. Since by Lemma 15, (C*) = S,,C*, we
obtainS; = S,, = 1. Similarly, if C is suffix, thenP; = 1. This proves (vi). O

Given a Bernoulli morphism, define a mapping for each wordw by
Aw) = m(w) [l
For each languag¥, defineA(X) by

AX) =D AMw) eRy Uoc.
weX
This is called theverage lengtlof X. On the other hand extends to a linear mapping
Z{A) — R by

AP) = (Pw)A(w).

w

Lemma 4.5 Let Py, ..., P, be polynomials. Then
AP Py) = > w(Py) - m(P)AP)T(Piga) -+ 7 (P)
1<i<n

Proof. Forn = 2, it is enough, by linearity, to prove the lemma when= u, P>, = v
are words. But in this case

Auw) = m(uv) [uv| = 7(w)r(v) (jul + o]
— (w)ul(v) + () (v) o] = Aw)r(v) + T(wAW)
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The general case is easily proved by induction. O

Proof of Theorenft.1. 1. We use the notation of Lemrhal4.4. We have— G, =
1-A)1t-G =010-A4)"11-(1-A)G,). Sinced* —G; = SC* P, andP; has
constant termt (Lemma[4.}) P, is invertible inZ(A) and we obtain from
SCPi=(1-4)71(1-(1-4)G),
by multiplying by 1 — A on the left and byP, "' on the right,
(1—A)SC" = (1—- (1 - A)G)P . (4.4)
Multiply the relation (i) of Lemm4 by — A on the left. This yields
d—(1-A)Q = (1-A)SC"P.
Hence, by Equatior (4.4),
d—(1-A)Q=(1-(1-A)G)P'P.
Note that, becaus@; has no constant term,— (1 — A)G is invertible inZ{{A)), so
that we obtain, by multiplying the previous relation By(1 — (1 — A)G;)~! on the
left
P=P(1—-(1-A)G) (d~(1-4)Q).

2. We apply Corollary 1§.4.3 to the last equality: there eXisF, G, H in Z(A) such
that

P=EF, 1-(1-A)G,=GF

d—(1—-A)Q=GH, P=EH. (4.5)

By Proposition| 4.4]4 applied to the second equality (with A instead ofY), we
obtain

G=+1 mod (1-—A)Z{A).

Replacing if necessark, F, G, H by their opposites, we may suppose that= +1,
and hence we obtain, again by Propositjol{ 19.4.4, and byhire équality in Equa-
tion [@.3), thatd = d+ (A—1)R, with R € Z{A). This implies, by the fourth equality
in Equation ),

P=FEd+(A-1DR). (4.6)
3. We haved® — Dy = (1 — A)~(1 — (1 — A)D;) so that by Lemm 4.4 (iii),
S1C*P=(1-A)"'(1—(1—-A4)D,).

Since D; has constant term, (1 — (1 — A)D,) is invertible inZ{{A)); moreover
S is also invertible because it has constant tétnSo we obtain, by multiplying by
(1 —C)S;* onthe leftand byl — (1 — A)D;)~*(1 — A) on the right,

(1-C)S;'=P(1—(1-A)Dy) "(1-A).
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Now we use Equatior@.G) and multiply byS; on the right, thus obtaining
C-1=E(d+(A-1DR)(1-(1-A)Dy) ' (A-1)S;.
4. By Corollary[IP[4]3, there exigt’, I, G’, H' € Z(A) such that

Ed+(A-1)R) =FEF, 1-(1-A)D,=GF
(A-1)S =G'H, C-1=FEH".

(4.7)

Let = be any Bernoulli morphism. Replacing if necessafyF’, G’, H' by their op-
posites, we may assume that

n(F') >0.
Thus, by Equation[(4}7) and Propositfor[10.4.4, we obtaircésr(A — 1) = 0)
G =1+(A-1)G", F =1+ (A-1)F" (4.8)

for someG”, F" € Z(A). This and Equatior{ (4.7) imply that
A-1)S=0+A-1)G"H' =H +(A-1)G"H'.
Thus, we have
H' =(A-1)H", H'eZ({A). (4.9)
Now, Egs. [4}7) and[(4.8) imply also
E(d+(A—1)R)=E'(1+(A—1)F").

5. We now apply Theorerp J[0.P.2 to this equality and denote;biyre continuant
polynomialp(as, ..., a;) andp; = p(a;,...,a1). Thusthere exist polynomialg V €
Q(A) such that

E=Up,, d+A—-1)R=p,_1V,

4.10
B =Upir, 14(A-DF =5,V (410

Applying Corollary[1P[1]3 to the second and the last egealiwith X — 5,1 Or ji,,
Y - A—-1,Q; — 0, P — V), we obtain thatd — 1 is a weak left divisor op,,_1
andp,, that isp,_, andp, are both congruent to a scataod(A — 1)Q(A). This
implies, by Propositiop 1p.3.3, that

Pn—1 andp,_1 (p, andp,) (4.12)

are congruent to the same scalar nigd— 1)Q(A). Moreover, by Corollary 1¢.4.2,
they have the same content

C(pn—l) = C(ﬁn—l)v C(pn) = C(ﬁn) (4.12)

6. SinceD; has coefficients, 1, the polynomiall — (A —1) D, is primitive. Hence, by
Equation 7) and by Gauss’s Lemnd&d,and F' are primitive. Since by Eqle)
and [4.B)

pV=1+A-1)F"=F,
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we obtain by Gauss's Lemma

c(Pn)e(V) =1

and
pnV =F'.
This equality, Propositioh 10.4.4 and Equatipn](4.8) intpigt
V=e+A-1)V', e=41, V' €Z(4). (4.13)

FurthermoreC — 1 is primitive, and so i€’ by Gauss’ lemma and Equati@.?). As
E'F' = B(d + (A — 1)R) by Equation[[4]7) andZ’, F” are primitive, we obtain by
Gauss's Lemma that+ (A — 1)R is primitive. Thus by Equatior] (4.].0) and Gauss's
Lemma again

d+(A-1)R=p,1V.
This implies, by Propositioh 1[0.4.4 and Equatipn (4.13),
Pn1=ed+ (A—1)L, LeZ(A).

By Egs. (4.1}1) and[(4.12), we obtain that_; andp,—; are congruent to the same
scalarmod (A — 1)Q(A). Therefore

Pn—1=ed+(A—-1)M
with M € Q(A). Nowp,—1 —ed = (A — 1)M and A — 1 is primitive, so that
(M) = ¢(pn_1 — ed) € NandM € Z(A), by Equation[(4]2) in Chaptér]10.
We have seen thdt’ is primitive, so that by Gauss’s Lemma and Equat4.10),
we have
El = Uﬁn—l
which implies
E'=U(ed+ (A-1)M).
Hence, by Eqs[(47) and_(%.9).
C-1=T(ed+(A- )M) A~ 1)H",

where all polynomials are if(A) and wheres = +1. This shows that we have a
relation of the form

C-1=X(d+(A-1)D)A -1,
where

X==4U,Y==+H" cd+(A—1)D = +(ed+ (A— 1)M)
are chosen in such a way that, for some Bernoulli morphisone has

m(X)>0, n(Y)>0.
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7. Apply Lemmg4]5 to this relation, using the fact thétl — 1) = 0; we obtain
AMC —1)=7(X)e"d\(A - 1)m(Y).

Now A(1) =0, A(C) > 0, A(4) > 0, and we obtain
gdn(X)m(Y) > 0.

w2 This shows that’ = 1 and proves Equatiofi (4.1) and (j).

3083 8. First, note that the “if” part of (ii) is a consequence ofeblne. Now, ifC

s IS @ prefix code, we have by Lemr@4.4 (vi) tltat= 1. Hence, by Equatior@.?),
wes A — 1 = G'H’, which implies by Equation[ (494 — 1 = G’(A — 1)H". Thus

ws  H' = +1, and we obtair” = +£1. Now#(Y") > 0, and consequently = 1.

3087 On the other hand, i€ is suffix, thenP; = 1 by Lemma (vi). Then, by
ses  Equation [4J5),F = +1 which implies by Equation| (4.10) and Gauss’s Lemma that
s9 U = +1. ThusX = £1. Sincer(X) > 0, we obtainX = 1. This proves the
a0 theorem. O

= EXercises for Chapter 11

1.1 Show that a submonoid df* is of the formC*, C' a code, if and only if it is free
(that is isomorphic to some free monoid). Show that a subrigomb of A* is
free if and only if for any words, v, w

u, w0, vw, w € M —= ve M.

w2 1.2 Show that, given rational languagks L, it is decidable whether their union
3993 (their product, the star oK if 1 ¢ K) is unambiguous.

wa 1.3 Show thatS, (P,, F, ) as defined in Sectidﬁ 1is a sum of proper suffixes (pre-
3995 fixes, factors) of words of’.

w06 1.4 Show that for a prefix cod€ andv € C*, one has~1C* = C*.
w7 1.5 Show that for any seriésand wordsu, v, one hagu=1S)v=t = «=1(Sv~1).
s 2.1 Show that for a finite cod€ the three following conditions are equivalent:

3999 (i) Cisacomplete and prefix code.

4000 (i) For any wordw, wA* N C A* is not empty.

4001 (iii) For any wordw, wA* N C* is not empty.

w02 2.2 LetC be a finite complete language. Show that for any wetdhere exists
4003 some power of a conjugate af which is inC* (two wordsw, w’ areconjugate
4004 if w = uv, w = vu for some words:, v).

ws 2.3 Deduce from Theore@A an algorithm to show that a fimit€’'ss a complete
4006 code. Hint: Itis decidable whethef' is complete, since the set of factors of a
4007 rational language is rational.)

ws 3.1 LetC be afinite complete code. Show tlfats synchronizing (thatis of degrég
4009 if and only if for some wordv, one hasvA*w C C*.

w0 4.1 LetC be a finite complete code which is bifix. Letbe such that™ € C for
a011 some lettew.

4012 a) Showthatforany, 1 < i < n, C; = a—*Cis a prefix set such that; A*Nw A*
4013 is not empty for any wordb.

4014 b) Show that the set of proper suffixes@fis the disjoint union of the’;’s.
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c) Deduce tha’, — 1 = P;(A — 1) and that

an(Al)vL(Al)(iPi)(Al)-

Show thatn is the degree of’. Show that it is also equal to the average length of

C (cf. Perrih[197]7).

Notes to Chapter 11

Theoren] 4]1 is a non commutative generalization of a theahesrto[Schiitzenberger
([L96%). Corollan[4] is a partial answer to the main conjegtn the theory of finite
codes, thdactorization conjecturevhich states thaP and.S may be chosen to have
nonnegative coefficients (or equivalently coefficiehtndl).

Finite complete codes are maximal codes, and conversedyy ewaximal code
is complete. Most of the general results on codes are staelih the finite case.
However, they hold for rational and even thin codes (a languag¥ is thin if there
exists a word which is not a factor of any word}) . For a general exposition of the
theory of codes, see the book by Berstel ¢tfal. (R009).
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Chapter 12

Semisimple syntactic algebras

It is shown that the syntactic algebra of the charactersstites of a rational language
L is semisimple in the following two casek:is a free submonoid generated by a bifix
code, orL is a cyclic language.

This chapter has two appendices, one on semisimple alg@titheut proofs) and
another on simple semigroups, with concise proofs. We wseytmbols A1 and A2 to
refer to them.

1 Bifix codes

Let E be a set of endomorphisms of a finite dimensional vector spaceecall that
E is calledirreducibleif there is no subspace df other than0 and V' itself which
is invariant under all endomorphisms . Similarly, we say thatz is completely
reducibleif V' is a directsum/ =V} @ - - - @ Vj, of subspaces such that for eackhe
set of induced endomorphisrad/; of V;, fore € E, is irreducible.

A set of matrices inK™*™ (K being a field) isirreducible (resp. completely re-
duciblg if it is so, viewed as a set of endomorphisms acting at thiet g K 1", or
equivalently at the left o™ ! (for this equivalence, see Exerci$ed 1.1 pnjd 1.2).

A linear representatiofW, u, v) of a seriesS € K{(A)) is irreducible (resp.com-
pletely reduciblgif the set of matricegua | a € A} (or equivalently the sets A* or
u(K(A))) is so. By a change of basis, we see thatu, v) is completely reducible if
and only if it is similar to a linear representation which ladslock diagonal form

H O: ...... 0 4t

0 ke
A=), p=| o T, =

: -1 0

0 -~ - - 0 Tk

where each representatioh;, ;, ;) is irreducible.
Recall that codes, bifix codes and complete codes have bédimedién Sections
fiA[1 and 1f]2. We assume tHtis a field of characteristie.

Theorem 1.1 Let C be a rational code and le$' be the characteristic series af*.
Letp = (A, u,y) be a minimal representation ¢f.

205
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4049 () If C is bifix, thenp is completely reducible.
w0 (ii) If C'is complete ang is completely reducible, thefi is bifix.

4051 An equivalent formulation of this result is the followingofsemisimple algebras,
w2 See Appendix Al.

w53 Corollary 1.2 Let C and S be as in the theorem and I8t be the syntactic algebra
as4  Of .

4055 (i) If C is bifix, therl is semisimple.
wss (i) If Cis complete andl is semisimple, the@' is bifix.

4057 We thus obtain that a complete rational catlés bifix if and only if the syntactic
w8 algebra ofC* is semisimple.

wso  Proof. Letp = (A, u,y) be as in the theorem. Thé&h = n(K (A)) is isomorphic to
weo  the syntactic algebra of by Corollary[P[2.p. Evidently2l acts on'*™, and it acts
o faithfully. Thus statement (i) follows from Theorgm]L.14i)d from[ALb. For (ii), we

4062 USE Theore.l(ii) a.6. ([
063 For the proof of Theorerh 4.1 we need a lemma.

wee  Lemma 1.3 LetC, S, p be as in the theorem. Then in the finite mondid= pn(A*),
w5 there is a finite groug~, with neutral element, such thae € 1 (C*) and that

4066 e if M has no zero, theaMe = G,
4067 o if M has a zero, thea # 0 andeMe = G U 0.

we  Proof The languag€™ is rational. Therefore, by Propositioll§ 3]3.1 4Hd 8.3/2is
«ws0  the syntactic monoid of* and is finite. If A/ has no zero, leD be its minimal ideal.
wn If M has a zero, leD be a0-minimal ideal. For these notions, spe 42.1 &nd A2.2.
wn In both casesCard D > 2. Consequently:(C*) intersectsD since otherwise we
w72 obtain a coarser congruence than the syntactic congrugnakibg,—! (D) as a single
w73 equivalence class, contradicting the fact thais the syntactic monoid af™.

a074 If M has a zerou(C*) does not contain it. Indeed,(f= p(w) for somew € C*,
w5 then for any lettew, one hag) = p(aw) = p(wa), hencew, wa,aw € C* and by
wn  Exercis1J4a € C*. ThusC = A andM = {1} which would yield1 = 0in M, a
w7 contradiction with the definition of a zeron A?.1.

4078 We conclude that in both cases (zero or not) some elementspdwers are in
wre u(C*) N D and are nonzero. It follows that there is some nonzero idéampe in
w0 p(C*) N D and the lemma is a consequencg of A2.5.(ii). O

ws  Proof of Theorerfi.]. (i) Letthe algebral = ;(K (A)) actonthe rightoV = K1*",
«s2 In view of Exercisd 13, it is enough to show that each sulesptcof V' which is
w3 invariant undeRl has a supplementary spdd€ which is also invariant.

With the notations of LemmEjr.S, in particuldf = p(A*), define the subspace
E={ve|veV}ofV. SetF =WnE. Ifge G, thenWg Cc W (W being
invariant undeRl) andg = ge, henceEg = Ege C E. This implies thatt" is invariant
underG. By Maschke'’s theore.?, there existgrainvariant subspacé” of £
such thatt is the direct sum ovek of F andF”. Let

W' ={veV|vMecCF'}.
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We show thatV’ is a subspace df, supplementary dii” and invariant unde¥. First,
it is invariant, since forn in M, the inclusiorwMe C F’ impliesvmMe C F’.

We claim that\ € E. This willimply that\ = ¢+t forsomet € F,¢' € F'. Since
F c WandF' c W’ (indeedt € F’ impliest’ € E, and thereforé’ = t’e from
which followst' Me = t'eMe C F'G C F', hence’ ¢ W'), we obtain\ € W + W’
Since these two subspaces are invariant and site= V (Propositior[[].2]1), we
obtain thatl’ = W + W"’.

In order to prove the claim, it suffices to show that Ae. We know thae = pu(w)
for somew € C*. SinceC is a prefix code, we have € C* < wu € C* for any
wordu € A* (see Exercisk 1.5). This, v) = (S, wu) and thereforés, (1 —w)u) =
0. This implies that for any’ in K(A), one ha$) = (S, (1—w)P) = (So(1—w), P).
We obtain thal —w is in the right syntactic ideal o (Propositior] B.1[4) and therefore
(1 — w) = 0 (Propositiof H.2]1), and finally = Ae.

It remains to show thalV N W’ = 0. For this, consider a vector i N W"'.
By Propositiofd.2]1, it is of the formuP for someP in K(A). If m € M, then
AuPme € ENW = F sincelV is stable and by definition df. Moreover\uPme €
F’ sinceApP € W' and by definition o’ It follows that\pyPme € F N F' = 0.

Now, sinceC' is a suffix code, we have symmetricall§, u) = (S, uw) for any
word u, andw as above. Consequently, forc K (A), we have(S, Q) = (S, Qw) or
equivalently\u@Qy = AuQuw~y. We deduce that for any word

AP puy = ApPpupwy = ApPmey =0

by the preceding argument and with = pu. Since theuuy spankK™*! by Proposi-
tion B[2.1, we conclude thay.P = 0.

(ii) It is enough, by left-right symmetry, to show thétis prefix. By Lemm3,
we know thatM = p(A*) is a finite monoid. Sinc€' is completeC* intersects each
ideal in A*, henceu(C™*) intersects the minimal ided of M.

LetV = K'*, with its right action of2l = (K (A)). LetW be the subspace of
composed of the elementsn V' such thawH~ = vK~ for any maximal subgroups
H, K in D contained in the same minimal left ideal 8f, where we writeH for
> men ™. The subspac# is invariant unde/, hence unde®!. Indeed, ifv € W
andm € M, then for anyH, K as abovemH and mK are maximal subgroups
of the same minimal left ideal and the mappihg— mh is a bijectionH — mH

by[A2.5.(iv). Consequently
vmHy = vmHy = vmKy = vmKry,

which implies thatm € W.

Observe that for anyn in D andv in V, one hasom € W. This is because for
any maximal subgroupH, K contained in the same minimal left ideal bf, one has
mH = mK (seA2.B.(iv)).

SinceV is completely reducible, we know fpy A].3 thit= W @ W’ for some
stable subspac®”’. Let\ = v + v withv € W,v' € W’. Let H, K be as before.
Then

AHy — MK~y = vHy —vKy +v'Hy — v Ky =vHy—vKy

sincev is in W. By our previous observatiom; H andv’ K are inWW. Since they are
also inW’, they vanish, hencaHy = MK~. Note that form in M, Am~vy = 1 if
m € p(C*), and= 0 otherwise. This shows that jf(C*) intersects some maximal
subgroup of a minimal left ideal, then it intersects eacthsueximal subgroup.
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In other wordsy(C*) intersects each minimal right ideal 8f (see .(ii) and
(iii)). Applying A2.4, we haveD = I x G x D and by Exercis¢ 1.4D N u(C*) =
I; x H x Jy, whereH is a subgroup otz and; C I, J; C J. Infact, by what we
have just said, we must have= I;. Moreoverp;; € H for j € Jy,i € I.

By Exercis5C is a prefix code if we establish that for any words,

u,uv € C* = v e C*.

Since the syntactic congruence@©f saturates”*, and in view of Propositioﬂ@.z,
it suffices to show that for anyn,n in M, m,mn € pu(C*) = n € p(C*).
By multiplying m on the left by some element iB N x(C*), we may assume that
m € D. We may writem = (i, h,j) forsomei € I, h € H, j € J; and we have
mn € DN u(C*). Nownm € D and is a left multiple ofn; hence it is in the same
minimal left ideal asn and therefore, by A2} 5.(iiiyym = (i, g, j) withi’ € I, g € G.

It follows that

(ivhpj.,i’gvj) = (’Lvh;j)(llaga]) =mnm € D mM(C*) .

Thushp; g € H, which impliesg € H. We conclude that:, mn andnm are all in
1(C*) and consequently € 1 (C*) by Exercisd 1]4. O

2 Cyclic languages
A languagel C A* is calledcyclicif it has the following two properties:

(i) forany wordsu,v € A*,uv € L <= vu € L.
(iiy for any nonempty wordv and any integen > 1, w € L <= w" € L.

Given a finite deterministic automatofiover A, we callcharacterof A, denoted by
x4, the formal series

XA = Z Oy W

weA*

wherea, is the number of closed paths labeledn A.

Recall that &), 1-matrix is a matrix with entries equal to or 1, and that arow-
monomial matrixis a matrix having at most one nonzero entry in each row. Aeseri
is the character of some finite deterministic automaton d anly if there is a rep-
resentatiory, of A* by row-monomial0, 1-matrices such that this series is equal to
> wea- tr(pw)w. This follows from the equivalence between automata anealin
representations, see Sect[¢f] 1.6.

Theorem 2.1 The characteristic series of a rational cyclic language B-&inear com-
bination of characters of finite deterministic automata.

Corollary 2.2 The syntactic algebra over a field of a rational cyclic language is
semisimple.

This will follow from the theorem and the next lemma.
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Lemma 2.3 Let uy, ..., u; be linear representations of*, leta,...,a; € K and
let .S be the series defined by

S = Z a; tr(p; w) .

1<i<k
Then the syntactic algebra 6fis semisimple.

Proof. We may assume that each representation is irreduciblesethdf p; is re-
ducible, we put it, by an appropriate change of basis, inbclstriangular form with
each block irreducible, and then, keeping only the diagbluwaks, into block-diagonal
form. These transformations do not change the trace. Sirecedce of a diagonal sum
is the sum of the traces of the blocks, we obtain the desinen.fo

Consider now the algebra

A={(uP....,.P)| P KA}

It acts faithfully on the right oK' x", wheren is of the appropriate size; moreover
K™ is completely reducible under this action. THliss semisimple by A1]5.

There is a surjective algebra morphigm K (A) — 2, namelyu = (u1, ..., k),
and a linear mapping : 2 — K such that(S,w) = ¢(pw), namelyp(ui P, .. .,
peP) = > <<k i tr(ui P). Consequently, by Exerci$f[2]1.4, the syntactic algebra
of S is a quotient o, hence is semisimple y A].1. 0

Corollary[2.2 follows from Lemm§ 3.3 because of the tracerfof the character
of an automaton seen above.

Let L be a language and let, be the number of words of lengthin L. Thezeta
functionof L is the series

n
CL = eXp(Z anz_) .
n>1 n
Corollary 2.4 Let L be a rational cyclic language. Then its zeta function isoaéil.

Proof. Let A be a finite deterministic automaton with associated reptaten . :
A* — 7", see the remark before Theorgn] 2.1. Then the charactéisf

Z tr(pw) w .

weA*

Settinga, = -\, tr(uw), we obtaina, = tr(M"), whereM = (3°,. , pa). It
follows that

= em( L) =ew( M) =on( 32 50e7)

where)q, ..., \; are the eigenvalues af with multiplicities. Thus this series is equal
to

[Tewn(X25) = Iew(oe =)

n>1 i=1
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Since by Theorerp 3.1, is aZ-linear combination of characters of finite deterministic
automatad; for j € J, we haveLl =}, ; a;x.4, for somea; in Z. Then itis easily
verified that(, =[], ; gj;, which concludes the proof. O

In view of the proof of Theore@.l we establish two lemmas.tkis, we callper-
mutation charactepf a groupG a functiony : G — N, wherex(g) is the number of
fixpoints of g in some action of7 on a finite set. Equivalently(g) = tr(u(g)), where
w: G — Z™*™ is a representation a¥ such that each matrip(g) is a permutation
matrix.

Lemma 2.5 LetG be agroup and lef : G — Z™*™ be a multiplicative monoid mor-
phism such that each matréXg) is a row-monomial), 1-matrix. Theng — tr(6(g))
is a permutation character.

Observe that it is not assumed ti#gy) is an invertible matrix for any € G.

Proof. The row vectoe; of the canonical basis &' *" is mapped by eachin G onto

somee; or onto0. Thus eacly € G induces a partial function frofil, ..., n} into
itself. These partial functions have all the same im&gé& he restriction ofy to ' is a
bijection and the number of fixpoints of this bijectiortigé(g)). O

Recall that two elements in a semigroup eoajugatdf, for some elements, y in
it, they may be writtenry andyx.

Lemma 2.6 Let D be a0-minimal ideal of a finite monoid/ and letG be a maximal
subgroup inD \ 0. Any element € D with 22 # 0 is conjugate to some elementéh

Proof. We use the Rees matrix semigroup form forsed A2J4. We may by A3.5.(ii)
assume that the maximal subgroug (s, ¢, ) | ¢ € G} and that = (i/, ¢, j/). Since
22 # 0, we havep; » # 0. Similarly p; ; # 0. Letu = (i’,¢', j) andv = (i,p; }, j').
Thenuv = (7', ¢'pjp;,;,j') = = andvu = (i,p;;pj g’ j), Which proves the
lemma. O

We call a formal series = 3 ,.(S,w) cyclicif it has the following properties:
(i) There is a finite monoid/, a surjective monoid morphism : A* — M and a
functiony : M — Z such that for any wordo, (S, w) = ¢(uw). Moreover, for
any groupG in M, the restriction ofy to G is aZ-linear combination of permutation
characters ofs.

(i) For any wordsu andv, one hagS, uv) = (S, vu).
(iii) For any wordw, the sequence,, = (S,w"!),n € N, satisfies a strict linear
recurrence relation (see Sect{gf]6.1).

Observe that @-linear combination of cyclic series is a cyclic series @dke
product monoid and use Exerc 2.2). Moreover, the charatt finite deterministic
automaton is a cyclic series: this follows from Lemfnd 2.5dondition (i); condi-
tion (ii) is evident, and condition (jii) follows from Theem @ and the equality
(S,w" 1) = S A"*L where the sum is over all nonzero eigenvaluegof(u is the
representation given after the definition of the charadtenautomaton).

Proof of TheorenR.]. The proof is in two parts. First, we show that the charéstic
series of a rational cyclic language is a cyclic series. Negtprove that each cyclic
series satisfies the conclusion of the theorem. This imfhiesheorem.



4193

4194

4195

4196

4197

4198

4199

4200

4201

4202

4203

4204

4205

4206

4207

4208

4209

4210

4211

4212

4213

4214

4215

4216

4217

4218

4219

4220

4221

4222

4223

2. CYCLIC LANGUAGES 211

1. LetS be the characteristic series of a rational cyclic langubgesinceL is
recognizable by Theoreﬁh.l, there is some monoid marphis A* — M, where
M is a finite monoid, and a subsgtof M such thatl, = p~!(P). We may assume
that  is surjective. Definep : M — Z by o(m) = 1if m € P, andp(m) = 0
otherwise. TheriS, w) = p(pw).

If G is a group inM, then eitherp(G) = 1 or o(G) = 0. Indeed, any two
elements inG have a positive power in common, namely the neutral elemenft’,
and we conclude according#os P or not, sincel. is cyclic andy is surjective. Hence
condition (i) is satisfied fof.

Moreover, condition (i) is satisfied sinde is cyclic, and (iii) follows also, since
uy, is constant, for the same reason. This proves$hatcyclic.

2. It remains to prove that each cyclic serfess aZ-linear combination of char-
acters of finite deterministic automata. We take the natataf conditions (i), (ii) and
(iii) above and prove the claim by induction on the cardityadif /. If M has &), we
may assume that(0) = 0 by replacingp by ¢ — ¢(0) andS by S — ¢(0)A*, since
A” is evidently the character of some finite deterministic engton.

Now, let D be someé-minimal ideal of M if M has a zero, and the minimal ideal
of M if M has no zero. Note thétard D > 2.

Suppose first thab? = 0. Thenz? = 0 for each element of D. Hence the
sequence(z" 1) is p(7),0,0, ..., and therefore by (iii) we havg(z) = 0. Hencep
vanishes oD and we may replacg/ by the quotienfi// D and conclude by induction.

Suppose now thab? # 0. Then by,D contains some maximal groug.
By there exists a monoid representationVl — (Go)"™*" whereG, is G with a
zero adjoined, where each matrix is row-monomial, and wtrereestriction ob to G
is of the form

g0---0
*0 - 0
0g)=1|. .
* 0 -+ 0

and moreovef(0) = 0.

Let 8 : G — Z%*4 be a representation & by permutation matrices. Replacing
in each matrixd(m), for m € M, each nonzero entry € G by 5(g), we obtain a
representationy : M — Z9*9" by row-monomiaD, 1-matrices. Hence

S b)) w

wEA*

is the character of some finite deterministic automatoi® I§ a group inM, then the
function H — Z, h +— tr(x(h)) is a permutation character &f by Lemmg2]5.
Sincey|G is aZ-linear combination of permutation characters‘hfthe previous
construction shows that for sorelinear combinatiorf” of characters of finite deter-
ministic automata, the seri¢s = S — T vanishes or5. ThenS’ is a cyclic series.
By Lemma[2.p it vanishes of. Indeed, letz € D. If 22 # 0, we use this lemma
and the cyclicity ofS’. On the contrary, if:?> = 0, we use property (iii) of cyclic series
together with the fact that(0) = 0. Thus we may replac&/ by the quotient\/ /D
and conclude by induction. O
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Appendix 1: Semisimple algebras

Here, all algebras are finite dimensional over the fig€ldLikewise the modules over
these algebras that we consider will be finite dimensionat V.

Al.1 An algebrais calledimpleif it has no two-sided ideal other tha@mand itself. An
algebra s calledemisimpléf it is a finite direct product of simple algebras. It follows
that a quotient of a semisimple algebra is semisimple (seedise Al.

Al1.2 Aright moduleM over an algebral is faithful if, wheneverM a = 0 for somea
in 2, thena = 0. Similarly for left modules.

Al1.3 Amoduleisirreducible orsimple if it has no submodules other thamnd itself.
Itis completely reduciblé it is a finite direct sum of irreducible modules. A module is
completely reducible if and only if each submodule has a kupentary submodule.

Al.4 If an algebra has a faithful irreducible module, then thgehka is simple.

Al.5 If an algebra has a faithful completely reducible modulentlhis algebra is
semisimple.

Al1.6 Each module over a semisimple algebra is completely rethuaitd this property
characterizes semisimple algebras.

Al.7 If K is afield of characteristio andG is a finite group, then the group algebra
KG is semisimple. In other words, a finite group of endomorpkisifra vector space
is completely reducible (Maschke’s theorem).

A1.8 Each simple algebra is isomorphic to a matrix algebra”, whereD is a skew
field containingK in its center and finite dimensional ovar. In particular, if K is

algebraically closed, then each simple algebra is a matyebaa K" *" (theorem of
Wedderburn).

Appendix 2: Minimal ideals in finite monoids

All monoids and semigroups considered here are finite.

A2.1 Anidealin a monoidM is a nonempty subsé? of M such that for alin € M,

t € D, the elementsnt andtm are inD. A zeroin M is an elemend such that

M # {0} and such thaf0} is an ideal. It is necessarily unique. Note that the neutral
elementis# 0.

A2.2 Theminimal idealof a monoid)/ is the smallest ideal id/. It always exists,
since it necessarily contains the product, in some ordehegtlements inV/. If M
has a zero, 8-minimal idealof M is an ideal inM strictly containingd, and minimal
for this property.

Observe that ifn is an element (resp. a nonzero element) of the minimal (r&fsp.
a0-minimal) idealD of M, thenMmM = D.
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A2.3 A right ideal in a monoidM is a nonempty subse® of M such that for all
m € M and allr € R, rm € M. Minimal right idealsare defined appropriately. M/
has &), a0-minimal right idealof M is a right ideal strictly containing and which is
minimal among all right ideals having this property. Obsetivat if m is an element
(resp. a nonzero element) of a minimal (re$pminimal) right idealR of M, then
mM = R.

Similar definitions and properties hold flaft ideals

A2.4 A Rees matrix semigroup with(resp.without0) is a semigroup denotetit, (G,
I,J, P) (resp.M(G, I, J, P)), whereG is a finite group/, J are finite sets, ané® is
aJ x I matrix overGy = G U {0} (resp. ovel?), called thesandwich matrixwith
the property thaP’ has at least one nonzero element in each row and each colbisin (t
property holds automatically in the case “withott. The elements of the Rees matrix
are the triplesi, g,7), i € I, g € G, j € J, together withD in the case “withD”. The
product is

L gpiig i) ifpis £0
i) g iy = ) W apiwd’ J) b £0,
(,9,5)(", 9", 3") {0 i pyor — 0.

Note that in the case “withoWt', only the first case occurs.

The fact that this product is associative is easily dedursd the fact thati, g, j)
may be represented by tie< J matrix, denotedyg); ;, overGy, whose only nonzero
element isg in positioni,j. Then the product above is represented by the matrix

(g)i,jp(gl)i',j’-

Theorem (Rees—Suschkewitsch)et M be a finite monoid (resp. monoid with and
D be the minimal (resp. &-minimal ideal) ofM (resp. such thab? # 0). ThenD is,
as semigroup, isomorphic to a Rees matrix semigroup witbdrgsp. with0).

We prove the theorem only in the case wh&féhas a zero. The other case is easily
deduced (with some new arguments) from this case by adppanirero tal/.

a) D is the disjoint union of th&-minimal right (resp. left) ideals o#/ that it
contains.

Indeed, ifR is a0-minimal right ideal, then for anyh € M, mR is a right ideal.
Assuming thainR # 0, we show thain R is 0-minimal. For this, letR’ be a nonzero
right ideal withR' C mR. LetR; = {r € R | mr € R'}. ThenR' = mR; and
R; # 0sinceR’ # 0. Clearly, R; is a right ideal contained i, henceR; = R by
0-minimality. Consequently?’ = mR andmR is 0-minimal.

Let D’ be the union of alD-minimal right ideals contained i. ThenD’ C D and
D’ is arightideal; it is also a left ideal, by the previous dssion, since the inclusion
R C D' impliesmR C D. ThusD’ = D, sinceD is a0-minimal ideal.

b) From a), it follows that for each nonzesoc D, the setsM (resp. Ms) is a
0-minimal right (resp. left) ideal. Using A3.3, we see thatéach nonzere ¢ D, if
st # 0 (resp.ts # 0), thensM = stM (resp.M s = Mts).

c) Let R be a0-minimal right ideal and,t € R\ 0. By b),t = sa ands = ¢b for
somea,b € M. Denote byp,, the mapping representing multiplication on the right
by m. Thenp, andp, induce inverse bijectiond/s — Mt andMt — M s such that
M = po(x)M foranyz € Ms.
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Let indeedr € Ms. Thenxza € Msa = Mt; sinces = th = sab, we have,
for anym in M, the equalityms = msab and thereforec = xab for anyx in Ms.
Thusz — za is a mappingVl s — Mt, with left inversey — yb. Similarly, the latter
mapsMt into Ms, and has left inverse — xa, which implies that they are inverse
bijections.

Finally, forz € Ms, x = xab; if  # 0, thenxza # 0. If on the other hand = 0,
then clearlyc M = p,(z)M.

d) Lets,t € D. Thenst # 0if and only if M sNtM contains a nonzero idempotent.

Indeed, lete € Ms N tM with ¢2 = ¢ # 0. Thene = ns = tm for some
m,n € M. Hencel # e = e? = nstm, so thatst # 0.

Conversely, suppose that # 0. Then by b)sM = stM andMt = M st. By c),
x — xtis a bijectionM's — Mst. Sincet € M st, it has an inverse image that we
denote bye. Thenet = t ande # 0, sincet # 0 (becauset # 0). By b)tM = eM,
hencee = tm for somem € M. Thuse? = etm = tm = e.

e) Lete be an idempotent i \ 0. ThenG = eM N Me\ 0is a group with neutral
element.

If s,t € G, thenMs = Me andtM = eM by b) and A2 3. Thereforass N ¢tM
containse, a nonzero idempotent. Thus # 0 by d) andst € G. We conclude that?
is @ monoid contained i with neutral element. Lets = ea € Gwitha € M. Then
s = es. HencesM = eM by b). By ¢),z — xs is a bijection fromMe ontoM's. The
latter is equal taV/e, sinces € Me \ 0. Hencee € Ms. Therefore there existsin
Me such thats = e. Thust # 0. By b),tM = eM, hencet € G. This shows that
has a left inverse, and similarly a right inverse.

f) Let R (resp. L) be a0-minimal right (resp. left) ideal contained iR. Then
RN Lis nonzero.

Indeed, letr € R,y € L, z,y # 0. Then by|A2.2,D = MxM = MyM.
Hencer = ayb andy = a’zb’ for somea,b,a’,b’ € M. Then for somer > 1, the
power(aa’)" is idempotent (see Exercife AR.1); denotehifiis idempotent. One has
x = ayb = ad'zb'b = -+ = (ad)"z(t'b)" = ex(b'b)". Thenzd' # 0 andex = z.
Thus(aa’)"z = z, which implies by b) that\fa’x = Mz. This in turn implies that
My = Md'zt/ = Mxb'. Moreover, by[A2]3 we havet’ M = =M. Since by b),
xM = RandMy = L, we see thatd’ € RN L\ 0.

g) Each0-minimal right (resp. left) ideal contained i is generated by an idem-
potent.

Indeed, letR be somed-minimal right ideal. SinceD? # 0, we know by d) that
there is a nonzero idempotenin D; lete € Ry, somed-minimal right ideal contained
in D. By f), there is some nonzem in Me N R. Thenn = ve, e = v'n, since
Mn = Me by b). Letm = ev’. Thenmn = ev'n = ee = e. Thusmn # 0 and
we conclude by d) that M contains a nonzero idempotent. Sinc®/ = R by b), R
contains a nonzero idempotent, which by b) generates it.

h) We now prove the theorem. By d), sinf& +# 0, there exists a nonzero idem-
potente in D. LetG be the group of e), and I€¥, = G U {0}. LetI (resp.J) be the
set of0-minimal right (resp. left) ideals containedidandRy = eM, Ly = Me. For
eachL € J, RoN L is nonzero by f) and we take a nonzerpin RoN L. Similarly for
Rel, letvg € LoNnRwithovg 7é 0. LetpL_’R = ULVR. Thean_,R € RyN Ly = Gy.
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Define® : My(G,I,J,P) — D by ®(R,g,L) = vggur, and®(0) = 0. We
show that® induces a bijection fronfR} x G x {L} ontoR N L \ 0. This will imply
that® is a bijection.

Sincevg € Ly = Me, we havevge = vg. Sincevg,e € L, by the symmetric
statement of ¢)x — wvgx is a bijection fromeM = Ry ontovgM = RandMax =
Muvgz. Itinduces by restriction a bijection frolRy N Ly onto R N Ly, hence also
fromG = RoN Lo\ 0OontoRN Ly \ 0. Now, sinceeu;, = ur, € Ry = eM, we have
by c) thatx — zuy, is a bijectionLy — L such thatM = zur M. Consequently we
obtain by restriction a bijection frolR N Ly \ 0 ontoR N L \ 0. Composing the two
bijections, we see thgt— vrguy, is a bijection fromG ontoR N L \ 0.

We must show thab is a semigroup morphism. This is reduced to show that

®((R,g,L)(R,¢", L)) = ®(R,g,L)®(R, ¢, L") .

The right-hand side isrgurvr g'ur,. The left-hand side i®(R, gpr, r¢’, L) if
pr.r #0,and®(0) if pr r = 0; thatis,vrgpr, r ¢g’urs in the first case and in the
second. Sincer, g = urvr/, both sides are equal.

Finally, let L € J. Then by g), one has = M f for some idempotenf. Let f €
R, some0-minimal right ideal contained ith. Then0 # f € LN R = Mur NvgM.
Thus, by d),pr.r = urvr # 0. This shows that each row @f contains a nonzero
element, and similarly for the columns.

A2.5 Let M be a monoid and its minimal ideal if M has no zero, and sonte
minimal ideal if M has a zero, with the assumpti@? # 0. In the first caseD may
be identified with a Rees matrix semigroup without ze&vt(G, I, J, A), and in the
second case with a Rees matrix semigroup with Zeti(G, I, J, A). Then this matrix
representation has the following properties, which weestathe case “with zero” only
(the case “without zero” is easily deduced):

(i) the idempotents iD \ 0 are the element@,pjjil,j) wherei € I, j € J are
such thap, ; # 0.

(i) The maximal subgroups ifv \ 0 are the subsets

Gi-,j:{(iag;j)|gEG}v iEIajEJ;pj,i#O-

They are isomorphic té:. If e is the neutral element @f; ;, thene = (i,p;},j) and
eMe = (j;i,J’ Uo.

(iii) The 0-minimal right (resp. left) ideals ol contained inD are the subsets
R, ={0}U{(i,9,5) | g€ G,j e J}forieI(resp.L; = {0}U{(i,9,7) | ¢ €
I,g € G}forjeld).

Here one uses the fact th&t, which is clearly a right ideal oD, is also a right
ideal of M. This follows from the fact that fos € D, one hasse = s for some
idempotent in D by g), hencem = s(em) for anym € M.

(iv)yForm € M,i € 1,5 € J, with p; ; # 0, the functionz — zm either maps
Gi,; onto0, or is a bijection fronG; ; ontoG, ;» for somej’ € J.

Indeed e = « for the idempotent irt7; ;; thus replacingn by em we are reduced
to the case wherer € D. Then, ifm # 0, we havem = (i',¢',j'). Forz = (i,9,7),
we haverm = (4, gp;.9’,j') if p;.» # 0 and we obtain the desired bijection, or ilis
foranyz in G; ;.
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A2.6 Let M be a monoid and leD be its minimal ideal ifA/ has no zero, and a
0-minimal ideal if M has a zero.

Suppose thaD? # 0. ThenD contains an idempotert # 0. ThenD has a
maximal subgroug containinge, which is the neutral element @f. There exists
a representation a¥/ by square row-monomial matrices ow@ruU {0} such that the
image of eacly in G has nonzero coefficients only in the first column, and such tha
the image of) is the zero matrix.

Indeed, we may assume thif has a zero. We identifp) with My (G, I, J, P)
and writee = (z‘o,pj*ofio,jo). For eachj € J, chooses;,b; € M such thatr — za;
andy — yb; are inverse bijections fro@;, ;, ontoG;, ; and fromG;, ; ontoG;, j,:
we may indeed také € I such thap,;, # 0; then we choose; = (z’o,p;ofio,j) and
by = (i1,p; . jo)-

Letm € M. Forj € J, x — xm is either a bijectiorG;, ; — G, ; for some
j' € J,orzm = 0foranyx € G;, ; (sedA25(iv)). In the first case, we pistm = 5,
and in the second cage m = (. Then(j,m) — j - m is a partial right action ofi/
onJ. Define

jam= ea;mbj: ifj:-m:j’,
0 ifj-m=90.

Note thatea; € G, ;, and that ifj - m = j’, thenea;m € G,, ;» and therefore
J*m = ea;mby is in Gy, ;, which may be identified witld7.
Now define for anyn € M the row-monomial matri¥(m) € Gy *” by
jxm ifj-m=yj",
0(m); = o S oor i —
0 ifj-m#£j7orj-m=40.

In order to show thaf is a monoid morphism, it is enough to show that (mn) =
(j*m)((j-m)*n). Now, the left-hand side is nonzero if and onlyif, ;mn is nonzero,
and the right-hand side is nonzero if and only#f, ;m is nonzero andG,, ;m)n is
nonzero. So we may assume that both sides are nonzergd.Set-m and;” = ;' -n.
Thenj « (mn) = eajmnb;» and(j * m)((j - m) «n) = eajmb; ea;nbj».

Sinceea;mb; € Gy, 4, (as we saw abovega;mbj e = ea;mb; . Now, ea;m €
Gio,j’ andy — yb‘/, Gio,j’ — Gio,jo andz — Ta;, Gio,jo — Gio,j’ are inverse
bijections. Hencea;mbj ea;; = ea;mbja; = eaym and(j * m)((j - m) xn) =
ea;mnbjr = jxmn.

Exercises for Chapter 12
1.1 Show that a set/ of square matrices of order is reducible (that is, not ir-
reducible) if and only if for some invertible matrix and some;, j > 1 with

i+ j = n, the matricegmg—!, form € M, have all the block triangular form

0

a 0
the form may be(b C>.

1.2 Show that a set/ of square matrices is completely reducible if and only if for
some invertible matriy, the matricegmg—! have all the block diagonal matrix

(a i) wherea (resp.d) is square of ordet (resp. 7). Show that equivalently
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form of the same size

a1 0o . . 0
0 as .
. .0
0 . . 0 ag
where for each = 1, ..., k the induced set of matrices is irreducible.

1.3 Show that a set of endomorphisms of a finite dimensionabvespace is com-
pletely reducible if and only if for each subspace which isiiant under these
endomorphisms, there is a supplementary subspace whicloismaariant. Hint:
Use[AL.3.)

1.4 LetC be acode. Show thatif, uv, vu € C*, thenv € C* (considervu or use
Exercisq 1j{.1]1).

1.5 LetC be a code. Show that is prefix if and only if for any words: and v,
u,uv € C* impliesv € C*.

1.6 LetD be a Rees matrix semigroup a2.4. EEbe a subsemigroup dd not
containingd. Show that for some subgroup of G, some subsetg of I and.J;
of J, one has

E:{(thaj)|7’6117h’EHaj€J1}a

together with the conditiop; ; € H foralli € I;,j € J;.

1.7 LetG be a finite group and take as alphabdet= G. Letpu : A* — G be the
natural monoid morphism which is the identity 6n Show thag,~! (1) = C* for
some rational bifix cod€’. Show that the syntactic algebra@f is isomorphic
to the group algebr& G.

2.1 LetL be a rational language such that for anyin L, one hasw™ € L for all
n > 1. Show that thecyclic closureof L (that is the smallest cyclic language
containingl) is rational.

2.2 Show that the sum of two cyclic series is a cyclic seridit{ Show that ifG is
a group in the product monoitll; x Ms, thenG is a subgroup off; x Gs, for
some subgrougr; (G2) of My (Ms).)

Al.l Let2, 9B be two algebras withl simple. Show that iff is a two-sided ideal of
Ax B, then eithed = AxForT = 0xJ for some idealj of B. Deduce that each
quotient of2( x B is either a quotient o8B or of the form2( x (a quotient ofB).
Deduce that a quotient of a semisimple algebra is semisimple

Al.2 Let2 be a subalgebra ok”*™. Show that it acts faithfully at the right on
len_

Al.3 Let2,,...,2, be simple algebras and Ktbe a subalgebra @; x --- x 2,
such that the projectiord — 2; are surjective. Show th& is semisimple.
(Hint: Let B be the projection ofl onto2(; x --- x 2,,_1. It is semisimple by
induction. If2l — 9B is not injective, ther(0,...,0,a) € 2 for somea # 0 in
A,. Thend x --- x 0 x 2, C Aand finally =B x 2,,.)

Al.4 Let2 act faithfully on a completely reducible modulé. Using[AL.}# and the
previous exercise, proJe AL.5.

A2.1 Show that for any elemenstof a finite semigrous, there is some. > 1 such
thats™ is idempotent. lint: For somel < i < j, one hass® = s**7, thens’ is
idempotent.)
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Notes to Chapter 12

Corollary is fron) Reutenaugr (1981). For the proof oféhaivalent Theorelﬂ.l,
we have followed Berstel and Pefrin (1985), Section VIII'I'heorel and Corol-
Iary- are fronp Berstel and Reutena 990). Concef@argllary|2.4, it is shown
in Reutenauern (19P7) that the zeta function of a rationalicyanguage is eveiN-
rational, and this is extended to rational cyclic relatioﬁsrollary may be used to
show that the zeta function of each sofic system (in the seinsgntbolic dynamics)
is rational, se¢ Berstel and Reutenpuer ([L990); for otheofprof this result, which
can already be found {n Manninfy (1$71), $ee Frled (19873 #99%) and Lind and

Marcus [199p).

For Appendix 1, se¢ Lahg (1984) and for Appendix 2, see Lalign{197p) or
Clifford and Prestdn{(1961).
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Open problems and conjectures

In this appendix, we collect, for the convenience of the eeaskveral open problems
and conjectures already mentioned at various places inoble INone of them is easy,
and all deserve to be studied.

1.

Field dependence problem of supports. Does there exasigubge which is the
support of arR-rational series without being the support derational series ?

Page[5B

. Rational separation of disjoint supports: Letand K be disjoint languages

which are both support of some rational series. Does thest &0 disjoint
rational languages’ and K’ such that

KcK,LcL

(thatisK andL arerationally separatedl? Pag@G

. (Un)decidability of star height over the rationals: le the star height ovep of

a rational series if)((A)) effectively computable? Page 71

. Conjecture: Each rational P6lya series d@és an unambiguous rational series.

Pageg 119

. Decidability of a zero in a linear recurrence series: teitidable, for a rational

seriesy_ a, 2", whether there exists ansuch that,, = 0? Pagq 119

. Characterization of strong Fatou rings. Phgd 133
. Characterization of polynomials whose inverse ifNarational orR . -rational

series. Pagk 149

. Decidability of a common stable subspace for matrices @JePag4
. Factorization conjecture of finite complete codes. Page 2
. Hadamard quotient. Let andT be two series with integer coefficients, such

that (T, w) = 0 whenever(S,w) = 0. TheHadamard quotient conjecturis
that if S andS ® T areZ-rational series, theff’ is Z-rational. This conjecture
has been stated by C. Pisot for the case of one variable, antiden solved
positively, see|(Everest etfal. 2003, page 69, Theorem #4ditial cases have
been solved by Lamédhe (1978), Jadob (1980)and Reutkfiagdh).
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