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1 Introduction

Symbolic dynamics is part of dynamical systems theory. Uds discrete dynamical
systems called shift spaces and their relations under ppptely defined morphisms,
in particular isomorphisms called conjugacies. A speampkasis has been put on the
classification of shift spaces up to conjugacy or flow eqeineaé.

There is a considerable overlap between symbolic dynanmdsaaitomata theory.
Actually, one of the basic objects of symbolic dynamics,dbfic systems, are essentially
the same as finite automata. In addition, the morphisms @if §beces are a particular
case of rational transductions, that is functions definefihite automata with output. The
difference is that symbolic dynamics considers mostly itdimords and that all states of
the automata are initial and final. Also, the morphisms aréqadar transductions which
are given by local maps.

This chapter presents some of the links between automatayth@d symbolic dy-
namics. The emphasis is on two particular points. The firstienthe interplay between
some particular classes of automata, such as local aut@mdtasults on embeddings of
shifts of finite type. The second one is the connection betvegatactic semigroups and
the classification of sofic shifts up to conjugacy.

The chapter is organized as follows. In Sectﬂ)n 2, we intoedilne basic notions of
symbolic dynamics: shift spaces, conjugacy and flow eqeihag. We state without proof
two important results: the Decomposition Theorem and tlessification Theorem.

In Sectior{B, we introduce automata in relation to sofic shift Sectiorf}4, we define
two kinds of minimal automata for shift spaces: the Krieg&ioaaton and the Fischer
automaton. We also relate these automata with the synsastigyroup of a shift space.

In Sectionﬂs, we state and prove an analogue due to Nasu ofg¢beniposition The-
orem and of the Classification Theorem.

In Secti0n|]3 we consider two special families of automataal@utomata and au-
tomata with finite delay. We show that they are related totshaf finite type and of
almost finite type, respectively. We prove an embeddingrﬂfmc(TheorerEM) which is
a counterpart for automata of a result known as Nasu’s mgd&mma.

In Section[[f we study syntactic invariants of sofic shifts. Mteoduce the syntac-
tic graph of an automaton. We show that that the syntactiplgf an automaton is
invariant under conjugacy (Theor7.4) and also under flguivalence. We finally
state some results concerning the shift spaces corresgptalisome pseudovarieties of
ordered semigroups.

We follow the notation of the book of Doug Lind and Brian Masdfi9]. In general,
we have not not reproduced the proofs of the results whictbediound there. We thank
Mike Boyle and Alfredo Costa for their help.

2 Shift spaces

This section contains basic definitions concerning syneliblnamics.
The first subsection gives the definition of shift spaces,thadmportant case of edge
shifts.
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Symbolic dynamics 3

The next subsection and thus also under (Sen 2.2) mtexiconjugacy, and the
basic notion of state splitting and merging. It contains stegement of two important
theorems, the Decomposition Theorem (Theo 2.12) an@ldssification Theorem
(Theoren{2.14).

The last subsection (Secti2.3) introduces flow equivaeand states Frank’s char-
acterization of flow equivalent edge shifts (TheofemP.16).

2.1 Shift spaces

Let A be a finite alphabet. We denote Hy the set of words ol and by A™ the set of
nonempty words. A word is afactor of a wordt if ¢t = uvw for some words, w.

We denote byA? the set of biinfinite sequences of symbols frotn This set is a
topological space in the product topology of the discrepotogy onA. Theshift trans-
formationon A% is the mapr 4 from A% onto itself defined by = o4 () if y, = 2,41
forn € Z. AsetX C AZ is shift invariantif o(X) = X. A shift spaceon the alphabet
A is a shift-invariant subset odZ which is closed in the topology. The séf itself is a
shift space called thill shift.

For a seti C A* of words (whose elements are called foebidden factory we
denote byX ") the set oft € AZ such that nav € W is a factor ofz.

Proposition 2.1. The shift spaces on the alphabeare the sets¥ (W), for W ¢ A*.
A shift spaceX is of finite typeif there is a finite setV ¢ A* such that¥ = X(W),

Example 2.1. Let A = {a,b}, and letW = {bb}. The shiftX (") is composed of the
sequences without two consecutive It is a shift of finite type, called thgolden mean
shift

Recall that a setV’ C A* is said to berecognizableif it can be recognized by a
finite automaton or, equivalently, defined by a regular eggimn. A shift space& is said
to besoficif there is a recognizable s& such thatX = X)), Since a finite set is
recognizable, any shift of finite type is sofic.

Example 2.2. Let A = {a, b}, and letW = a(bb)*ba. The shiftX (") is composed of
the sequences where two consecutive occurrences of theosynate separated by an
even number ob’s. It is a sofic shift called theven shift It is not a shift of finite type.
Indeed, assume thaf = X (V) for a finite setl” ¢ A*. Letn be the maximal length of
the words ofl/. A biinfinite repetition of the word:ib™ has the same blocks of length at
mostn as a biinfinite repetition of the worab™**. However, one is inX if and only if
the other is not inX, a contradiction.

Example 2.3. Let A = {a,b} and letW = {ba™b™a | n,m > 1,n # m}. The shift
X W) is composed of infinite sequences of the farma™ b g™ +1p"%+1 .. .. The setl’
is not recognizable and it can be shown tiats not sofic.
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Edge shifts In this chapter, graphG = (Q, ) is a pair composed of a finite s
of vertices(or state3, and a finite sef of edges The graph is equipped with two maps
i,t : £ — @ which associate, to an edgeits initial andterminalverte>ﬂ. We say that
starts ini(e) and ends irt(¢). Sometimes;(e) is called thesourceandi(e) is called the
targetof e.

We also say that is an incoming edge fot(e), and an outgoing edge fofe). Two
edges, ¢’ € £ areconsecutivéf t(e) = i(e).

Forp,q € Q, we denote by the set of edges of a gragh= (Q, ) starting in state
p and ending in state. Theadjacency matrixf a graphG = (Q, £) is the@ x Q-matrix
M (G) with elements ifN defined by

M(G)pq = Card(&}) .

A (finite or biinfinite) pathis a (finite or biinfinite) sequence of consecutive edges. The
edge shifion the graphG is the set of biinfinite paths itv. It is denoted byX and is a
shift of finite type on the alphabet of edges. Indeed, it caddfmed by taking the set of
non-consecutive edges for the set of forbidden factors.cbimeerse does not hold, since
the golden mean shift is not an edge shift. However, we skalbglow (Propositioh 4.5)
that every shift of finite type is conjugate to an edge shift.

A graph isessentiaif every state has at least one incoming and one outgoing. edge
This implies that every edge is on a biinfinite path. Hssential parbf a graphG is the
subgraph obtained by restricting to the set of vertices agde which are on a biinfinite
path.

2.2 Conjugacy

Morphisms Let X be a shift space on an alphabgtand letY” be a shift space on an
alphabetB.

A morphismy from X into Y is a continuous map fronX into Y which commutes
with the shift. This means thato o4 = o5 o ¢.

Let k be a positive integer. A-blockof X is a factor of lengthk of an element of
X. We denote by3(X) the set of all blocks ofX and byB(X) the set ofk-blocks of
X. Afunction f : B,(X) — B is called ak-block substitution Let nowm, n be fixed
nonnegative integers with = m + 1 + n. Then the functiory defines a mag called
sliding block mapwith memorym andanticipationn as follows. The image of € X is
the elemeny = ¢(x) € B” given by

[m,n]

We denotep = fs 7. Itis a sliding block map fromX into Y if y isinY for all z in
X. We also say thap is ak-block map fromX into Y. The simplest case occurs when
m = n = 0. In this casey is al-block map.

The following result is Theorem 6.2.9 if [19].

Theorem 2.2(Curtis—Lyndon—Hedlund)A map from a shift spac& into a shift space
Y is a morphism if and only if it is a sliding block map.

1We avoid the use of the terms ‘initial state’ or ‘terminaltstaof an edge to avoid confusion with the initial
or terminal states of an automaton
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Conjugacies of shifts A morphism from a shiftX onto a shiftY” is called aconjugacy

if it is one-to-one fromX ontoY. Note that in this case, using standard topological

arguments, one shows that the inverse mapping is also a msorpéind thus a conjugacy.
We define thex-th higher block shiftX [*] of a shift X over the alphabet as follows.

The alphabet o [l is the setB = B,,(X) of blocks of lengthn of X

Proposition 2.3. The shiftsX and X for n > 1 are conjugate.

Proof. Let f : B,,(X) — B be then-block substitution which maps the facter - - - z,,
to itself, viewed as a symbol of the alphatigt By construction, the shiff [l is the
image of X by the mapféﬁ_l’o]. This map is a conjugacy since it is bijective, and its
inverse is thel-block mapg., corresponding to thé-block map which associates to the

symbolz; - - -z, of B the symbolz,, of A. O

LetG = (Q, &) be a graph. For an integer> 1, denote byG!"! the following graph
called then-th higher edge graplof G. Forn = 1, one hasi!!! = G. Forn > 1, the set
of states ofG[" is the set of paths of lengthh— 1 in G. The edges of:["! are the paths
of lengthn of G. The start state of an edgey, e, ..., ¢e,) is (e1,€2,...,6,-1) and its
end state iges, e3,...,¢e,).

The following result shows that the higher block shifts ofeslge shift are again edge
shifts.

Proposition 2.4. LetG be a graph. Fom > 1, one hasX([;’] = Xqin.

A shift of finite type need not be an edge shift. For examplegillden mean shift of
Example[2]L is not an edge shift. However, any shift of finjigetcomes from an edge
shift in the following sense.

Proposition 2.5. Every shift of finite type is conjugate to an edge shift.

Proof. We show that for every shift of finite typ& there is an integet such thatX [ is
an edge shift. LelV ¢ A* be a finite set of words such that = X (") and letn be the
maximal length of the words di. If n = 0, X is the full shift. Thus we assume> 1.
Define a graplG whose vertices are the blocks of length- 1 of X, and whose edges
are the block of length of X. Forw € B,,(X), the initial (resp. terminal) vertex af is
the prefix (resp. suffix) of length — 1 of w.

We show thatX = X", An element ofX (" is always an infinite path i&. To
show the other inclusion, consider an infinite patim G. It is the sequence of-blocks
of an element: of AZ which does not contain any block ¢#. SinceX = X"), we
get thatz is in X. Consequently, is in X[}, This proves the equality. O

Proposition 2.6. A shift space that is conjugate to a shift of finite type islfits&finite
type.

Proof. Lety» : X — Y be a conjugacy from a shift of finite typ& onto a shift space
Y. By Propositi05, we may assume that= X for some graphG. Changing
G into some higher edge graph, we may assume ¢hist 1-block. We may consider
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G as a graph labeled by. Suppose thap~! has memoryn and anticipatiom. Set
o=t = fIml Let W be the set of words of length + n + 2 which are not the label
of a path inG. We show that” = X (W), which implies that is of finite type. Indeed,
the inclusiony” ¢ X is clear. Conversely, considgrin X ("), For each € Z, set
i = fWimm Ui Yisn)- SINCOYi—m i+ YisnYisn+1 IS the label of a path in
G, the edges; andz;4, are consecutive. Thus= (x;);ez isin X andy = ¢(z) isin
Y. O

Conjugacy invariants No effective characterization of conjugate shift spacés@vn,
even for shifts of finite type. There are however several tjtias that are known to be
invariant under conjugacy.

Theentropyof a shift spaceX is defined by

h(X) = lim 1 log s, ,
n—oo N,
wheres,, = Card(B,(X)). The limit exists because the sequengeis sub-additive
(see [1P] Lemma 4.1.7). Note that sin€erd(B,,(X)) < Card(A4)", we haveh(X) <
log Card(A). If X is nonempty, thed < h(X).
The following statement shows that the entropy is invariantter conjugacy (seﬂ19]
Corollary 4.1.10).

Theorem 2.7. If X, Y are conjugate shift spaces, thetX) = h(Y).

Example 2.4. Let X be the golden mean shift of Exam2.1. Then a block of length
n + 1is either a block of length — 1 followed byab or a block of length: followed by

a. Thuss, 1 = s, + s,_1. As a classical resull(X) = log A wherel = (1 4+ v/5)/2

is the golden mean.

An elementz of a shift spaceX over the alphabetl hasperiodn if o7 (z) = z. If
¢ : X — Y is a conjugacy, then an elementbf X has period: if and only if ¢(x) has
periodn.

Thezeta functiorof a shift spaceX is the power series

CX z) = exp &Zn7
(2) T; -

wherep,, is the number of elemenisof X of periodn.

It follows from the definition that the sequeng@e, ), is invariant under conjugacy,
and thus the zeta function of a shift space is invariant undejugacy.

Several other conjugacy invariants are known. One of theheiBowen-Franks group
of a matrix which defines an invariant of the associated sipifice. This will be defined
below.

Example 2.5. Let X = A% Then(x(z) = =, wherek = Card(A). Indeed, one has

pn = k™, since an element of AZ has period: if and only if it is a biinfinite repetition
of a word of lengthn over A.
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State splitting LetG = (Q,€) andH = (R, F) be graphs. A paith, k) of surjective
mapsk : R — @Q andh : F — £ is called agraph morphismfrom H ontoG if the two
diagrams in Figurﬂl are commutative.

Fleg Fleg
oo e
R @ R - q

Figure 1. Graph morphism.

A graph morphism(h, k) from H onto G is anin-mergefrom H onto G if for each
p,q € Q there is a partitio &Y (t)),cx—1 (4) Of the setE such that for each € k=1(p)
andt € k~'(¢), the maph is a bijection fromF} onto£4(¢). If this holds, thenG is
called anin-mergeof H, andH is anin-split of G.ﬁ

Thus an in-splitH is obtained from a grapty as follows: each statg € @ is split
into copies which are the states Hfin the setk~!(q). Each of these statégeceives a
copy of £2(t) starting inr and ending irt for eachr in &~ (p).

Eachr in k~(p) has the same number of edges going out ahd coming ins, for
anys € R.

Moreover, for anyp, ¢ € Q ande € &, all edges iMh~1(e) have the same terminal
vertex, namely the statesuch that € £1(t).

Example 2.6. Let G and H be the graphs represented on Figﬂre 2. Hgre {1,2} and
R = {3,4,5}. The graphH is an in-split of the grapldz. The graph morphisnih, k)

Sy
SO

Figure 2. An in-split from G (on the left) ontoH (on the right).

is defined byk(3) = k(4) = 1 andk(5) = 2. Thus the staté of G is split into two
states3 and4 of H, and the map is associated to the partition obtained as follows: the
edges fron? to 1 are partitioned into two classes, indexeddgnd4 respectively, and
containing each one edge fraho 1.

The following result is well-known (seg [[L9]). It shows th&atH is an in-split of a
graphG, thenX s and Xy are conjugate.

Proposition 2.8([@, Theorem 2.4.1))If (h, k) is an in-merge of a grap® onto a graph
G, thenh, is al-block conjugacy fronX i onto X and its inverse i2-block.

2In this chapter, artition of a setX is a family (X;);c of pairwise disjoint, possibly empty subsets of
X, indexed by a sef, such thatX is the union of the setX; fori € I.
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The maph., from Xy to X is called anedge in-merging mapnd its inverse an
edge in-splitting map

A column division matrixover two setsk, @ is anR x Q-matrix D with elements in
{0, 1} such that each column has at least dbraead each row has exactly oheThus, the
columns of such a matrix represent a partitionfbinto Card(Q) sets.

The following result is Theorem 2.4.14 df ]19].

Proposition 2.9. Let G and H be essential graphs. The gragh is an in-split of the
graphG if and only if there is anR x Q-column division matrixD and aQ x R-matrix
FE with nonnegative integer entries such that

M(G)=ED, M(H)=DE. (2.1)

Example 2.7. For the graphs&?, H of Exampld 2., one hal (G) = DE andM (H) =

ED with
10
E:[? (1) (1)}, D=|1 0
0 1

Observe that a particular case of a column division matria jsermutation matrix.
The corresponding in-split (or merge) is a renaming of tlagest of a graph.

The notion of arout-mergds defined symmetrically. A graph morphigih, k) from
H onto G is anout-mergefrom H onto G if for eachp,q € @ there is a partition
(E4(r))rer—1(p) Of the set€? such that for each € k~'(p) andt € k~'(g), the map
h is a bijection fromF} onto£(r). If this holds, therG is called arout-mergeof H, and
H is anout-splitof G.

Propositio also has a symmetrical version. Thug,f) is an out-merge from
G onto H, thenh, is al-block conjugacy fromX 5 onto X whose inverse i8-block.
The conjugacy: is called aredge out-merging magnd its inverse ardge out-splitting
map

Symmetrically, aow division matrixis a matrix with elements in the séd, 1} such
that each column has at least dnand each row has exactly ohe

The following statement is symmetrical to Proposit@ 2.9.

Proposition 2.10. Let G and H be essential graphs. The grapghis an out-split of the
graph@ if and only if there is a row division matrik and a matrix® with nonnegative
integer entries such that

M(G)=DE, M(H)=ED. (2.2)

Example 2.8. Let G and H be the graphs represented on Figﬂre 3. Hegre {1,2} and
R = {3,4,5}. The graphH is an out-split of the grapl. The graph morphisni., k)

is defined byk(3) = k(4) = 1 andk(5) = 2. The maph is associated with the partition
indicated by the colors. One ha$(G) = ED andM (H) = DE with

11
D:Béﬂ, E=1{2 0
10



248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

Symbolic dynamics 9

Figure 3. The graphs+ andH.

We use the ternsplit to mean either an in-split or an out-split. The same coneenti
holds for amerge

Proposition 2.11. For n > 2, the graphG[*—1 is an in-merge of the grap&!™!.

Proof. Consider fom > 2 the equivalence on the states@f*) which relates two paths
of lengthn — 1 which differ only by the first edge. It is clear that this ecalence is

such that two equivalent elements have the same output. @Hus! is an in-merge of

G, O

The Decomposition Theorem The following result is known as thBecomposition
Theorem(Theorem 7.1.2 in[[19]).

Theorem 2.12. Every conjugacy from an edge shift onto another is the coitipo®f a
sequence of edge splitting maps followed by a sequence efeelging maps.

The statement of Theoren 2112 given[in][19] is less precinegst does not specify
the order of splitting and merging maps.
The proof relies on the following statement (Lemma 7.1.@]1.

Lemma 2.13. Let G, H be graphs and letpr : X — Xpy be al-block conjugacy
whose inverse has memary > 1 and anticipationn > 0. There are in-splitting€:, H
of the graphsz, H and a1-block conjugacy with memory: — 1 and anticipationn
© : Xg — X7 suchthat the following diagram commutes.

Xa X
@ P
Xy Xﬁ

The horizontal edges in the above diagram represent theiregmitting maps from
X¢ to Xz and fromX 77 to X4 respectively.
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The Classification Theorem Two nonnegative integral square matridgs N areele-
mentary equivalent there exists a paiR, S of nonnegative integral matrices such that

M=RS, N=SR.

Thus if a graphH is a split of a graptG, then, by Propositiof 4.9, the matricas(G)
andM (H) are elementary equivalent. The matridg/sand N arestrong shift equivalent
if there is a sequendg\ly, M, ..., M,,) of nonnegative integral matrices such tidf
and M, are elementary equivalent for< ¢ < n with My = M andM,, = N.

The following theorem is Williams’ Classification Theorefihgorem 7.2.7 in|E9]).

Theorem 2.14. Let G and H be two graphs. The edge shiffg; and X are conjugate
if and only if the matriced/ (G) and M (H ) are strong shift equivalent.

Note that one direction of this theorem is contained in theddeposition Theorem.
Indeed, if X and Xy are conjugate, there is a sequence of edge splitting and edge
merging maps fromX¢ to Xy. And if G is a split or a merge off, then M (G) and
M (H) are elementary equivalent, whence the result in one dinedtllows. Note also
that, in spite of the easy definition of strong shift equinale, it is not even known whether
there exists a decision procedure for determining when twronegative integral matrices
are strong shift equivalent.

2.3 Flow equivalence

In this section, we give basic definitions and propertiesceoming flow equivalence of
shift spaces. The notion comes from the notion of equivaercontinuous flows, see
Section 13.6 of[[9]. A characterization of flow equivalericeshift spaces (which we
will take below as our definition of flow equivalence for stdfiaces) is due to Parry and
Sullivan ]. It is noticeable that the flow equivalenceméducible shifts of finite type
has an effective characterization, by Franks’ Theorem oTém).

Let A be an alphabet andbe a letter inA. Letw be a letter which does not belong
to A. SetB = A U w. Thesymbol expansioaf a setlV C AT relative toa is the image
of W by the semigroup morphisg : AT — B* such thatp(a) = aw andp(b) = b
forall b € A\ a. Recall that ssemigroup morphisnf : At — BT is a map satisfying
f(zy) = f(x)f(y) for all wordsz, y. It should not be confused with the morphisms of
shift spaces defined earlier. The semigroup morphissalso called a symbol expansion.
Let X be a shift space on the alphabkt Thesymbol expansioaf X relative toa is the
least shift spac&’ on the alphabeB = A U w which contains the symbol expansion of
B(X). Note that ify is a symbol expansion, it defines a bijection fr&fiX ) onto 5(X’).
The inverse of a symbol expansion is callesyanbol contraction

Two shift spaces(, Y are said to bdow equivalenif there is a sequenc¥, ..., X,
of shift spaces such thaf, = X, Y,, = Y and for0 < i < n — 1, eitherX,,, is the
image ofX; by a conjugacy, a symbol expansion or a symbol contraction.

Example 2.9. Let A = {a,b}. The symbol expansion of the full shift” relative tob
is conjugate to the golden mean shift. Thus the full shiftwa symbols and the golden
mean shift are flow equivalent.
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For edge shifts, symbol expansion can be replaced by anofiezation. LetG be a

graph and lep be a vertex of7. Thegraph expansiowf G relative top is the graphG’
obtained by replacing by an edge from a new vertex to p to and replacing all edges

coming inp by edges coming ip’ (see Figure[l4). The inverse of a graph expansion is
called agraph contraction Note that graph expansion (relative to vertex 1) changes th

S e

Figure 4. Graph expansion

adjacency matrix of a graph as indicated below.

0 ail a1 oo Qln
ail ai12 . A1n 1 0 0 0
a1 a2z ... QA2p o
0 asl ao9 . Aon,
anl1 ap2 ... Qpp :
" " o 0 an1  an2 c.. Onp

Proposition 2.15. The flow equivalence relation on edge shifts is generatedbjuga-
cies and graph expansions.

Proof. Let G = (Q, E) be a graph and let be a vertex ofG. The graph expansion
of GG relative top can be obtained by a symbol expansion of each of the edgesigomi
into p followed by a conjugacy which merges all the new symbols arte new symbol.
Conversely, let be an edge ofs. The symbol expansion ok relative toe can be
obtained by a input split which makeghe only edge going into its end vertesollowed

by a graph expansion relative 4o O

The Bowen-Franks groupf a squaren x n-matrix M with integer elements is the
Abelian group
BFE(M)=27Z"]7"(I — M)

whereZ™(I — M) is the image o™ under the matri¥ — M acting on the right. In other
terms,Z"™ (I — M) is the Abelian group generated by the rows of the maltrix M. This
notion is due to Bowen and Franlﬂ; [5], who have shown thatanisnvariant for flow
equivalence.

The following result is due to Frankﬂ14]. We say that a grigthivial if it is reduced
to one cycle.

Theorem 2.16. Let G, G’ be two strongly connected nontrivial graphs and Mt M’
be their adjacency matrices. The edge shifis, X are flow equivalent if and only if
det(I — M) = det(I — M') and the groupBF (M), BF(M') are isomorphic.
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In the case trivial graphs, the theorem is false. Indeedtwoyedge shifts on strongly
connected trivial graphs are flow equivalent and are not flguivalent to any edge shift
on a nontrivial irreducible graph. For any trivial graghwith adjacency matrix\/, one
hasdet(I — M) = 0 andBF (M) ~ Z. However there are nontrivial strongly connected
graphs such thatet(I — M) = 0andBF (M) ~ Z.

The case of arbitrary shifts of finite type has been solved bgrd (see[j6]]8]). A
similar characterization for sofic shifts is not known (@p.{

Example 2.10. Let
41 .3 2
=] =)
One haslet(I — M) = det(I — M') = —4. MoreoverBF (M) ~ Z/47Z. Indeed, the
rows of the matrixi — M are[—-3 —1] and[—1 1]. They generate the same group
as[4 0] and[—1 1]|. ThusBF(M) ~ Z/AZ. In the same wayBF (M') ~ Z/4Z.
Thus, according to Theorejm 2] 16, the edge shiftsand X are flow equivalent.
Actually X and X are both flow equivalent to the full shift dnsymbols.

3 Automata

In this section, we start with the definition and notationdatomata recognizing shifts,
and we show that sofic shifts are precisely the shifts reaaghy finite automata (Propo-
sition[3.3).

We introduce the notion of labeled conjugacy; it is a congygareserving the label-
ing. We extend the Decomposition Theorem and the Classificdtheorem to labeled

conjugacies (Theorenjs 3.8 and| 3.9).

3.1 Automata and sofic shifts

The automata considered in this section are finite autoriiégado not mention the initial
and final states in the notation when all states are botlalitid final. Thus, an automaton
is denoted byd = (@, E) whereQ is the finite set obtatesandE' C @) x A x @ is the set
of edges The edgdp, a, ¢) has initial state), labela and terminal statg. The underlying
graph of A is the same agl except that the labels of the edges are not used.

An automaton igssentialf its underlying graph is essential. Tlessential parbf an
automaton is its restriction to the essential part of itsartying graph.

We denote byX 4 the set of biinfinite paths ind. It is the edge shift of the underlying
graph of A. Note that since the automaton is supposed finite, the g¥aftesX 4 is on
a finite alphabet, as required for a shift space. We denoté pyhe set of labels of
biinfinite paths in4. We denote by 4 the 1-block map fromX 4 into the full shift A%
which assigns to a path its label. Thig = A 4(X 4). If this holds, we say thak 4 is
the shift spaceecognizedy A.

The following propositions describe how this notion of rgndion is related to that for
finite words. In the context of finite words, we denoteby= (Q, I, E, T)) an automaton
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with distinguished subsets (resp. T') of initial (resp. terminal) states. A word is
recognizedy A if there is a path from a state ihto a state irifl” labeledw. Recall that a
setis recognizableif it is the set of words recognized byigefimutomaton. An automaton
A= (Q,1,T)istrim if, for every statep in @, there is a path from a state irnto p and a
path fromp to a state iril".

Proposition 3.1. Let W C A* be a recognizable set and lgt = (Q,I,T) be a trim
finite automaton recognizing the sét \ A*W A*. ThenL 4 = XW).

Proof. The label of a biinfinite path in the automatghdoes not contain a factas in
W. Otherwise, there is a finite path— ¢ which is a segment of this infinite path. The
pathp - ¢ can be extended to a path~ p — ¢ — t for somei € I,t € T, anduwv
is accepted by, which is a contradiction.

Next, consider a biinfinite word = (z;);cz in X(W). For everyn > 0, there is a
pathr,, in the automato labeledw,, = z_,, - - - ¢ - - - z,, because the word,, has no
factor inW. By compactness (Konig's lemma) there is an infinite pathlifabeledzx.

Thuszisin L 4. O
The following proposition states in some sense the converse

Proposition 3.2. Let X be a sofic shift overl, and letA = (Q,I,T) be a trim finite
automaton recognizing the sBt X) of blocks ofX. ThenL 4 = X.

Proof. SetW = A*\ B(X). Then one easily checks that= X ("), Next,.A recognizes
A*\ A*W A*. By Propositior] 3]1, one hds, = X. O

Proposition 3.3. A shift X over A is sofic if and only if there is a finite automatghsuch
thatX = L 4.

Proof. The forward implication results from Propositign]3.1. Cersely, assume that
X = L4 for some finite automatosl. Let W be the set of finite words which are not
labels of paths ind. Clearly X ¢ X("). Conversely, ifr € X(W), then all its factors
are labels of paths il. Again by compactness; itself is the label of a biinfinite path
in A. O

Example 3.1. The golden mean shift of Examgle P.1 is recognized by themaaton of
Figurel} on the left while the even shift of Example| 2.2 is gaueed by the automaton
of Figure[b on the right.

b b
a b

Figure 5. Automata recognizing the golden mean and the even shift
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Theadjacency matrixof the automatotd = (Q, E) is the@ x Q-matrix M (A) with
elements ilN(A) defined by

1 if (p,a,q) € E,
0 otherwise.

(M (A)pg; a) = {

We write M for M (A) when the automaton is understood. The entries in the madfix
for n > 0, have an easy combinatorial interpretation: for each woradf lengthn, the
coefficient(M} ,, w) is the number of distinct paths fromto ¢ carrying the labelo.

A matrix M is calledalphabeticover the alphabet if its elements are homogeneous
polynomials of degreé over A with nonnegative coefficients. Adjacency matrices are
special cases of alphabetic matrices. Indeed, its elenae@tisomogeneous polynomials

of degreel with coefficients) or 1.

3.2 Labeled conjugacy
Let .4 and B be two automata on the alphab&t A labeled conjugacyrom X 4 onto

Xp Is a conjugacyp such that\ 4 = Mg, that is such that the following diagram is
commutative. We say thad and B are conjugateif there exists a labeled conjugacy
Xa
Aa

' Xg
\ /B
zZ

A

from X 4 to Xi. The aim of this paragraph is to give two characterizatiohialoeled
conjugacy.

Labeled split and merge Let A = (Q, F) andB = (R, F') be two automata. Let, H
be the underlying graphs of andB respectively.

A labeled in-mergérom B onto A is an in-mergéh, k) from H ontoG such that for
eachf € F the labels off andh(f) are equal. We say th#t is alabeled in-splitof A,
or that A4 is alabeled in-mergef 5.

The following statement is the analogue of Proposi araatitomata.

Proposition 3.4. If (h, k) is a labeled in-merge from the automatBmnto the automaton
A, then the map is a labeled conjugacy frofXz onto X 4.

Proof. Let (h, k) be a labeled in-merge frofi onto.A. By Propositi08, the malp,,
is a1-block conjugacy fromXz onto X 4. Since the labels of andh(f) are equal for
each edg¢g of B, this map is a labeled conjugacy. O

The next statement is the analogue of Proposn 2.9 famaata.
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Proposition 3.5. An automatorB = (R, F) is a labeled in-split of the automato#h =
(Q, E) if and only if there is ank x @-column division matrixD and an alphabetic
@ x R-matrix N such that

M(A)=ND, M(B)=DN. (3.1)

Proof. Suppose first thaD and N are as described in the statement, and define a map
kE:R— Qbyk(r) =qif D,y = 1. We defineh : ' — E as follows. Consider

an edge(r,a,s) € F. Setp = k(r) andq = k(s). SinceM(B) = DN, we have
(Nps,a) = 1. SinceM (A) = N D, this implies tha{ M (A),,, a) = 1 or, equivalently,
that(p, a,q) € E. We seth(r, a, s) = (p, a,q). Then(h, k) is a labeled in-merge. Indeed

h is associated with the partitions defined by

Ej(t) ={(p,a,q) € E | (Npt,a) = 1 andk(t) = g}

Suppose conversely thé, k) is a labeled in-merge from onto.A. Let D be the
R x @Q-column division matrix defined by

1 ifk(r)=gq
qu = .
0 otherwise

Forp € Q andt € R, we defineN,; as follows. Seyy = k(t). By definition of an
in-merge, there is a partitio(E (t)),c,-1(q) Of EZ such thath is a bijection fromF;
onto E(t). Fora € A, set

L if (p,a,q) € B4(1)
0 otherwise

(Nptva) = {

ThenM(A) = ND andM (B) = DN. O

Figure 6. An in-split from A to B.

Example 3.2. Let .4 and B be the automata represented on Figﬂlre 6. Here {1,2}
andR = {3,4,5}. One hasM/ (A) = ND andM (B) = DN with

10
N:[“gc 2 (ﬂ D=1 0.
0 1
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A labeled out-mergéom 3 onto A is an out-mergéh, k) from H ontoG such that
for eachf € F the labels off andh(f) are equal.

We say that3 is alabeled out-splibf A, or that A is alabeled in-merg®f B.

Thus if B is a labeled out-split ofd, there is a labeled conjugacy frakys onto X 4.

Proposition 3.6. The automator3 = (R, F) is a labeled out-split of the automaton
A = (Q, E) if and only if there is & x R-row division matrixD and an alphabetic
R x @Q-matrix N such that

M(A)=DN, M(B)=ND. (3.2)

Figure 7. An out-split from.A to B.

Example 3.3. Let A and B be the automata represented on Figﬂlre 7. Here {1,2}
andR = {3,4,5}. One has\/(A) = ND andM (B) = DN with

a b
1 1 0
N=|c , D_[O()l]

Let A = (@, E) be an automaton. For a pair of integetsn > 0, denote byAl""]
the following automaton called thign, n)-th extensiorof A. The underlying graph of
Al is the higher edge grapfi*! for k = m + n + 1. The label of an edge

al a2 Am Am 41 Am 42 Am+n Am+n+1
Po P1 Tt DPm > Pm+1 > > Pm+n > Pm+n—+1

is the lettera,,,;. Observe thatdl®%) = A. By this construction, each graphl*!
produces: extensions according to the choice of the labeling.

Proposition 3.7. For m > 1,n > 0, the automatood[™ 1"l is a labeled in-merge of the
automatonAl”™ and form > 0,n > 1, the automatod[™"~1l is a labeled out-merge
of the automatopd[”",

Proof. Suppose thatn > 1,n > 0. Let k be the map from the paths of length+ n
in A onto the paths of lengtim + n — 1 which erases the first edge of the path. Let
h be the map from the set of edges.4f™"l to the set of edges ofll—1"! defined
by h(m,a,p) = (k(n),a,k(p)). Then(h,k) is a labeled in-merge fromd[™") onto
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Alm=1n1 The proof that, forn > 0,n > 1, the automatovd[™ "~ is an out-merge of
the automatood ™™ is symmetrical. O

The following result is the analogue, for automata, of the@eposition Theorem.
Theorem 3.8. Every conjugacy of automata is a composition of labeledsahd merges.

Proof. Let .4 and B be two conjugate automata. Letbe a labeled conjugacy from
A onto B. Let Gy and Hy be the underlying graphs od and 3, respectively. By the
Decomposition Theorefh 2]12, there are sequen€gs. ..,G,,) and(Hj, ..., H,,) of
graphs withG,, = H,, and such tha€;; is a split ofG; for 0 < ¢ < n andH;4, is

a split of H; for 0 < j < m. Moreover,y is the composition of the sequence of edge
splitting maps fromG; onto G, 1 followed by the sequence of edge merging maps from
Hjy1 ontoHj. Let(h;, k;), for1 < i < n, be a merge fronds; ontoG;_; and(u;, v;),

for 1 < j < m be amerge frondi; onto H;_,. Then we may define labels on the edges
of G1,...,G, in such a way thatz; becomes the underlying graph of an automatgn
and(h;, k;) is a labeled merge from; onto.4;_;. In the same way, we may define labels
on the edges off; in such a way thatl; becomes the underlying graph of an automaton
B; and(u;, v;) is a labeled merge froi; onto3;_;.

(h1,k1) (hnskn

) Gn _ Hm (unuv?n) . (ulﬂ)l)

Go Gl H1—>H0.

Leth = hy---h, andu = ujus - - - Up,. SiNCep = us.hy!, andy is a labeled conjugacy,
we have\ 4h., = Apuso. This shows that the automath, andB,,, are equal. Thus there
is a sequence of labeled splitting maps followed by a sequehlabeled merging maps
which is a equal ta. O

Let M and M’ be two alphabetic square matrices over the same alphbbéte say
that M andM’ areelementary equivaleritthere exists a nonnegative integral matfix
and an alphabetic matri¥ such that

M=DN, M =ND orvice-versa

By Proposition[3J]5, ifB is an in-split of A, then M (B) and M(A) are elemen-
tary equivalent. We say that/, M’ are strong shift equivalenif there is a sequence
(Mo, My, ..., M,) such thatM; and M;,, are elementary equivalent for< i < n
with My = M andM,, = M’. The following result is the version, for automata, of the
Classification Theorem.

Theorem 3.9. Two automata are conjugate if and only if their adjacencynmast are
strong shift equivalent.

Note that whenD is a column division matrix, the statement results from B=ip
tions[3.4 and 2]9. The following statement proves the tiradneone direction.

Proposition 3.10. Let .4 and B be two automata. I/ (.A) is elementary equivalent to
M (B), thenA and B are conjugate.
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Proof. Let A = (Q, F) andB = (R, F'). Let D be anR x @ nonnegative integral matrix
and letNV be an alphabeti© x R matrix such that

M(A)=ND, M(B)=DN.

Consider the mag from the set of paths of lengthin A into F’' defined as follows (see
Figure[B on the left). Lep % ¢ 2 rbea path of length in A. Since(M(A),q,a) =1
andM (A) = ND there is a unique € R such thatN,;,a) = D, = 1. In the same
way, since(M (A),-,b) = 1, there is a unique. € R such that(N,,,b) = Dy, = 1.
SinceM (B) = DN, we have(M (B)¢y,,b) = Diy = (Ngu, b) = 1 and thugt, u, b) is an
edge ofB. We set

fpLgln=tLu

Similarly, we may define a mapfrom the set of paths of lengthin 5 into £ by

p—4 gt ., p—% .y
b a b
t——u § ——>{ —— U

Figure 8. The mapsf andg.

gs Lt Luy=p Ly

if Dyp = (Npr,a) = Dyy = 1. Leto = fI% andy = gl2" (see Figurg]8 on the right).
We verify that

oy =1Idr, ~vyp=Idg

whereldy andIdy are the identities o2 and FZ. Let indeedr be a path inX 4 and
let p = o(m). Setm; = (pi,ai,piv1) andp; = (r;, b;,riv1) (S€€ Figureﬂ9). Then, by
definition of ¢, we have for alli € Z, b; = a; and (Ny,r,,,,a;) = D, = 1. Let
o = v(p) ando = (s;, ¢, s:41). By definition ofy, we havec; = b; andD,..,, =
(Ns;ris1,bi) = 1. Thus we have simultaneously,.,,, = (Np,r,,,,a;) = 1andD,,, =
(Ns;r;11,ai) = 1. SinceM (A) = DN, this forcesp; = s;. Thuso = « and this shows
thatyyp = Idg. The fact thatpy = Id is proved in the same way.

ai—1 a;
— Pi—1 — P — Pi+1 ——>

T

—_— Tl —— T —— Tit] ——

Figure 9. Conjugacy of automata.
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Proof of Theore9ln one direction, the above statement is a direct conseguehc
the Decomposition Theore12. Indeeddifand B are conjugate, there is a sequence
Ap, A1, ..., A, of automata such thad; is a split or a merge ofd;; for0 < i < n
with 4, = A andA, = B. The other direction follows from Propositifn 3] 10. O

4 Minimal automata

In this section, we define two notions of minimal automatansfafic shifts: the Krieger
automaton and the Fischer automaton. The first is definedrfpisafic shift, and the
second for irreducible ones.

The main result is that the Fischer automaton has the mimuomaber of states among
all deterministic automata recognizing a given sofic slmfb(oositioe).

We then define the syntactic semigroup of a sofic shift, as dered semigroup.
We show that this semigroup is isomorphic to the transitiemigroup of the Krieger
automaton and, for irreducible shifts, to the transitiomiggoup of the Fischer automaton

(Propositior{418).

Minimal automata of sets of finite words Recall that an automato# = (Q, E) recog-
nizes a shift if X = L 4. There should be no confusion with the notion of acceptance
for sets of finite words in the usual sense:4ifhas an initial stateé and a set of terminal
statesr’, the set of finite words recognized byis the set of labels of finite paths froin
to a terminal statein 7. In this chaptdf, an automaton is calledeterministidf, for each
statep and each lettet, there is at most one edge startingiand carrying the label. We
write, as usualp - u for the unique end state, provided it exists, of a path stgiitip and
labeledu. For a sefl” of A*, there exists a unique deterministic minimal automatois (th
time with a unique initial state) recognizifg. Its states are the nonempty sets' W for

u € A*, called theight contextof u, and the edges are the triples ' W, a, (ua) = W),
for a € A (see the chapter of - Pin).

Let A = (@, E) be a finite automaton. For a staiec (), we denote by.,(.A) or
simply L,, the set of labels of finite paths starting frgmThe automatotd is said to be
reducedf p # ¢ impliesL,, # L,.

A word w is synchronizindor a deterministic automata# if the set of paths labeled
is nonempty and all paths labeledend in the same state. An automatosyschronized
if there is a synchronizing word. The following result holsecause all states are terminal.

Proposition 4.1. A reduced deterministic automaton is synchronized.

Proof. Let A = (Q, E) be a reduced deterministic automaton. Given any wgrde
denote by - X theset) -z = {q¢-z | ¢ € Q}.

Let z be a word such thaf) - « has minimal nonzero cardinality. Let ¢ be two
elements of the sep - «. If v is a word such thap - « is nonempty, thery - u is also
nonempty since otherwis@ - zu would be of nonzero cardinality less thgh- x. This
implies thatL,, = L, and thug = ¢ sinceA is reduced. Thus is synchronizing. [

3This contrasts the more traditional definition which asssiineaddition that there is a unique initial state.
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4.1 Krieger automata and Fischer automata

Krieger automata We denote byd~" the set of left infinite words: = - - - 2_,x. For
y="--y_190 € A"Nandz = zpz; - -- € AN, we denote by - z = (w;);ez the biinfinite
word defined byw; = y;4+1 for i < 0 andw; = z; fori > 0. Let X be a shift space. For
y € AN the set ofright contextsof y is the setCx (y) = {z € AN |y -z € X}. For
u € AT, we denoter” = uu - --.

TheKrieger automatorf a shift spaceX is the deterministic automaton whose states
are the nonempty sets of the foi (y) for y € A=Y, and whose edges are the triples
(p, a, q) wherep = Cx (y) for some left infinite wordg € A andg = Cx (ya).

The definition of the Krieger automaton uses infinite wordse©ould use instead of
the set<y (y) fory € AN, the sets

Dx(y) =f{uec A* |3z € AV : yuz € X}.

IndeedC'x (y) = Cx (y') ifand only if Dx (y) = Dx (y’). However, one cannot dispense
completely with infinite words (see Propositi4.2).

Example 4.1. Let A = {a,b}, and letX = X%, The Krieger automaton ok is
represented in Figurg [10. The states are the sets Cx (- - -aaa) = a* U a*b* and
2=Cx(---aaab) = b*.

a b

omo

Figure 10. The Krieger automaton of (®),

Proposition 4.2. The Krieger automaton of a shift spa&eis reduced and recognizées.
Itis finite if and only ifX is sofic.

Proof. Let A = (Q, F) be the Krieger automaton df. Letp,q € Q and lety, z € A~V
be suchthap = Cx (y), g = Cx(2). If L, = L,, then the labels of infinite paths starting
from p andq are the same. Thuys = ¢. This shows thatd is reduced. IfA finite,
thenX is sofic by Propositio@.& Conversely Xf is sofic, letA be a finite automaton
recognizingX . The set of right contexts of a left infinite wogdonly depends on the set
of stateg such that there is a path in the automatbfabeledy ending in state. Thus
the family of sets of right contexts is finite. O

We say that a deterministic automatdn= (Q, E) over the alphabe#l is a subau-
tomatonof a deterministic automatod’ = (Q', E’) if Q@ C Q' and if for each edge
(p,a,q) € Esuchthap € Q one hag € Q and(p, a,q) € E’.

The following proposition appears iﬂZZ] and 11] whereagorithm to compute
the states of the minimal automaton which are in the Krieg&vraaton is described.
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Proposition 4.3. The Krieger automaton of a sofic shift is, up to an isomorphism, a
subautomaton of the minimal automaton of the set of blocks. of

Proof. Let X be a sofic shift. Lety ¢ A~N and sety = - - - y_1y0 with y; € A fori < 0.
Setu; = y_; - - yo andU; = u; 'B(X). SinceB(X) is regular, the chain

..cU,cCc...cU  cCcUy

is stationary. Thus there is an integel 0 such that/,,,; = U,, forall i >> 0. We define
s(y) = Un.

We show that the ma@'x (y) — s(y) is well-defined and injective. Suppose first that
Cx(y) = Cx(y') for somey,y’ € A™N. Letu € A* be suchthay_,, - - - you € B(X)
for all m > n. By compactness, there existszac AV such thatyuz € X. Then
y -uz € X impliesu € s(y'). Symmetricallyu € s(y’) impliesu € s(y). This shows
that the map is well-defined.

To show that it is injective, consider,y’ € A=Y such thats(y) = s(y'). Letz €
Cx (y). For each integem > 0, we havezy - - - z,,, € s(y) and thuszg - - - z,,, € s(y').
Since X is closed, this implies thay’ - = € X and thusz € Cx(y’). The converse
implication is proved in the same way. O

Figure 11. An example of Krieger automaton.

Example 4.2. Consider the automaton dhstates given in FigurEIll. It is obtained,
starting with the subautomaton over the state®, 3, 4, using the subset construction
computing the accessible nonempty sets of states, sténtingthe set{1, 2, 3,4}.

The subautomaton with dark shaded state® 3, 4 is strongly connected and rec-
ognizes an irreducible sofic shift denoted Ay The whole automaton is the minimal
automaton (with initial staté1, 2, 3,4}) of the set of blocks ofX. The Krieger automa-
ton of X is the automaton on the five shaded states. Indeed, with tagamof the proof,
there is no left infinite word, such thats(y) = {1,2,3,4} ors(y) = {3,4}.

Fischer automata of irreducible shift spaces A shift spaceX c AZ is calledirre-
ducibleif for any u, v € B(X) there exists a € B(X) such thatuwv € B(X).
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An automaton is said to be strongly connected if its undedyraph is strongly con-
nected. Clearly a shift recognized by a strongly connectédraaton is irreducible.

A strongly connected component of an automatbrs minimal if all successors of
vertices of the component are themselves in the componer.n@y verify that a mini-
mal strongly connected component is the same as a stronghected subautomaton.

The following result is due to Fischef [13] (see al§o][19, tBec3]). It implies in
particular that an irreducible sofic shift can be recognibgd strongly connected au-
tomaton.

Proposition 4.4. The Krieger automaton of an irreducible sofic shiftis synchronized
and has a unigue minimal strongly connected component.

Proof. Let A = (Q, E) be the Krieger automaton of. By Propositio@lA is reduced
and by Propositio@.l, it follows that it is synchronized.

Let  be a synchronizing word. LeR be the set of states reachable from the state
q = @ - z. The setR is a minimal strongly connected component4f Indeed, for
anyr € R thereis a patly % r. SinceX is irreducible there is a word such that
yzx € B(X). Sinceq - yzx = ¢, r belongs to the same strongly connected component
asq. Next, if p belongs to a minimal strongly connected compongief A, sinceX is
irreducible, there is a worg such that - yx is not empty. Thug is in .S, which implies
S = R. ThusR is the only minimal strongly component gf. O

Example 4.3. Let X be the even shift. The Krieger and Fischer automat& oére
represented on Figu@lZ. The wards synchronizing.

b
Figure 12. The Krieger and Fischer automata®f

Example 4.4. The Fischer automaton of the irreducible shift of Exa id.the sub-
automaton on statds 2, 3, 4 represented with dark shaded states in Figufe 11.

Let X be an irreducible sofic shif. The minimal strongly connected component of
the Krieger automaton oX is called itsFischer automaton

Proposition 4.5. The Fischer automaton of an irreducible sofic stiiftrecognizesX.
Proof. The Fischer automataf of X is a subautomaton of the Krieger automatonXof

which in turn is a subautomaton of the minimal automatbof the set3(X). Leti be
the initial state ofd. SinceA is trim, there is a wordv such that - w is a state ofF. Let
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v be any block ofX . SinceX is irreducible, there is a word such thatvuw is a block of
X. This shows that is a label of a path iF. Thus every block ofX is a label of a path
in F and conversely. In view of Propositi.2, the automaforecognizesX . O

Let A= (Q, E)andB = (R, F) be two deterministic automata. rdductionfrom A
onto B is a maph from @Q onto R such that for any letted € A, one hagp,a,q) € F if
andonlyif(h(p), a, h(q)) € F. Thus any labeled in or out-merge is a reduction. However
the converse is not true since a reduction is not, in gena@njugacy.

For any automatoml = (Q, E), there is reduction fromd onto a reduced automaton
B. Itis obtained by identifying the pairs of statgs; € ) such thatl, = L,,.

The following statement is Corollary 3.3.20 19].

Proposition 4.6. Let X be an irreducible shift space. For any strongly connected de
terministic automaton4 recognizingX there is a reduction from4 onto the Fischer
automaton ofxX .

Proof. Let A = (Q, E) be a strongly connected automaton recogniziig Let B =
(R, F) be the reduced automaton obtained frghdentifying the pairgp, ¢ € @ such
thatL, = L,. By PropositiolB is synchronized.

We now show thats can be identified with the Fischer automaton’f Let w be a
synchronizing word fo3. Sets = @ - w. Letr be a state such that w = s. and let
y € A~N be the label of a left infinite path ending in the statd=or any state in R, let
u be aword such that- « = ¢. The selCx (ywu) depends only on the stateand not on
the wordu such thats - «w = t. Indeed, for each right infinite worgl one hagjwuz in X
if and only if there is a path labeledstarting at. This holds because is synchronizing.

Thus the map — Cx (ywu) is well-defined and defines a reduction fréonto the
Fischer automaton oX . O

This statement shows that the Fischer automaton of an icielgushift X is minimal
in the sense that it has the minimal number of states amongde#drministic strongly
connected automata recogniziAg

The statement also gives the following practical methodampute the Fischer au-
tomaton of an irreducible shift. We start with a strongly nented deterministic automa-
ton recognizingX and merge the pairs of statgesg such thatZ, = L,. By the above
result, the resulting automaton is the Fischer automataXi.of

4.2 Syntactic semigroup

Recall that gpreorderon a set is a relation which is reflexive and transitive. Theivext
lence associated to a preorder is the equivalence relagibnadl byw = v if and only if
v < vandv < u.

Let S be a semigroup. A preorder d¢his said to bestableif s < s’ impliesus < us’
andsu < s'uforall s,s’,u € S. An ordered semigroups is a semigroup equipped with
a stable preorder. Any semigroup can be considered as aredrdemigroup equipped
with the equality order.
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A congruencen an ordered semigrouf is the equivalence associated to a stable
preorder which is coarser than the preordeiSofThe quotient of an ordered semigroup
by a congruence is the ordered semigroup formed by the daftbe congruence.

The set of contextsf a wordu with respect to a sefi’ C At is the sef'y (u) of
pairs of words defined by (u) = {(¢,r) € A* x A* | fur € W}. The preorder on
AT defined byu <w v if Tw(u) C T'w(v) is stable and thus defines a congruence of
the semigroupd™ equipped with the equality order called thygntactic congruenc&he
syntactic semigroupf a setiV’ c A* is the quotient of the semigroup™ by the syntactic
congruence.

Let A = (Q, FE) be a deterministic automaton on the alphaHetRecall that for
p € Q andu € AT, there is at most one pathlabeledu starting inp. We setp - u = ¢ if
qis the end ofr andp - v = () if 7 does not exist. The preorder definedAnh by u <4 v
if p-uCp-vforall p e Q is stable. The quotient od* by the congruence associated
to this preorder is th&ransition semigroupf A.

The following property is standard, see the chapter & Pin.

Proposition 4.7. The syntactic semigroup of a 98t ¢ A™ is isomorphic to the transi-
tion semigroup of the minimal automatonidf.

Thesyntactic semigroupf a shift spaceX is by definition the syntactic semigroup of
B(X).

Proposition 4.8. Let X be a sofic shift and le$' be its syntactic semigroup. The tran-
sition semigroup of the Krieger automaton &fis isomorphic toS. Moreover, if X is
irreducible, then it is isomorphic to the transition sentigp of its Fischer automaton.

Proof. Let.A be the minimal automaton & (X ), and letKC be the Krieger automaton of
X. We have to show that for any,v € AT, one hasu <4 v if and only if u <x v.
Since, by Propositiolﬂ.x is isomorphic to a subautomaton.df the direct implication
is clear. Indeed, ip is a state ofC, thenL,,(K) is equal to the sef,(A). Consequently,
if u <4 vthenu < v. Conversely, suppose that<x v. We prove that: <p(x) v. For
this, let(¢,7) € T'z(x)(u). Thenfur € B(X). Theny - urz € X for somey € A~
andz € AN. But sinceCx (ylu) C Cx(yfv), this impliesrz € Cx(yfv) and thus
tur € B(X). Thusu <p(x) v whichimpliesu <4 v.

Next, suppose thakX is irreducible. We have to show that <4 v if and only if
u <F(x) v. SinceF(X) is a subautomaton df(X) and/C(X) is a subautomaton of
A, the direct implication is clear. Conversely, assume thaf -(x) v. Suppose that
lur € B(X). Leti be the initial state ofd and letw be such thai - w is a state of
F(X). SinceX is irreducible, there is a word such thatwsfur € B(X). But then
i - wslur # () impliesi - wstvr # (. Thusfvr € B(X). This shows that, <z(x) v and
thusu <4 v. O

5 Symbolic conjugacy

This section is concerned with a new notion of conjugacy betwautomata called sym-
bolic conjugacy. It extends the notion of labeled conjugany captures the fact that
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the automata may be over different alphabets. The tablevbglonmarizes the various
notions.

object type isomorphism elementary transformation
shift spaces conjugacy split/merge

edge shifts conjugacy edge split/merge

integer matrices strong shift equivalence elementary equivalence
automata (same alphabet)abeled conjugacy labeled split/merge
automata symbolic conjugacy split/merge

alphabetic matrices symbolic strong shift | elementary symbolic

There are two main results in this section. Theoferh 5.7 ddé&iu is a version of the
Classification Theorem for sofic shifts. It implies in paui@r that conjugate sofic shifts
have symbolic conjugate Krieger or Fisher automata.Theffurees the notion of bipar-
tite automaton, which corresponds to the symbolic elenmgreigquivalence of adjacency
matrices. Theorer@.S is due to Hamachi and Nasu: it chaiaesesymbolic conjugate
automata by means of their adjacency matrices.

In this section, we will use for convenience automata in Wwiseveral edges with the
same source and target can have the same label. Formaltyasuautomaton is a pair
A = (G, \) of agraphG = (Q, £) and a map assigning to each edge ¢ of a label
A(e) € A. The adjacency matrix ofl is the@ x Q-matrix M (A) with elements irfN(A)
defined by

(M(A)pg,a) = Card{e € £ | Me) = a}. (5.1)

Note thatM (A) is alphabetic but may have arbitrary nonnegative coefftsiefihe ad-
vantage of this version of automata is that for any alphaldgtk Q-matrix M there is an
automatonA such thatV/ (A) = M.

We still denote byX 4 the edge shiffX and byL 4 the set of labels of infinite paths
inG.

Symbolic conjugate automata Let A, 5 be two automata. Aymbolic conjugacfrom
A ontoB is a pair(ip, ¢) of conjugacies : X4 — Xp andy : L4 — Lg such that the
following diagram is commutative.

Xa X5
Ad As
La L

5.1 Splitting and merging maps

Let A, B be two alphabets and I¢t: A — B be a map frond onto B. Let X be a shift
space on the alphabdt We consider the set of word$' = {f(a1)as | a1a2 € B2(X)}
as a new alphabet. Lgt: B2(X) — A’ be the2-block substitution defined by(a1a2) =

f(a1)as.
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Thein-splitting mapdefined onX and relative tof or to g is the sliding block map
g% corresponding tg. It is a conjugacy fromX onto its image byX’ = ¢1.°(X) since
its inverse isl-block. The shift spac&’, is called than-splitting of X, relative tof or
g. The inverse of an in-splitting map is called imamerging map

In addition, any renaming of the alphabet of a shift spacésis eonsidered to be an
in-splitting map (and an in-merging map).

Example 5.1. Let A = B and letf be the identity omA. The out-splitting of a shiftX
relative tof is the second higher block shift of .

Tgi following proposition relates splitting maps to edghttipgs as defined in Sec-
tion2.2.

Proposition 5.1. An in-splitting map on an edge shift is an edge in-splittingpmand
conversely.

Proof. Let first G = (Q,€&) be a graph, and lef : £ — I be a map from€ onto
a setl. Set& = {f(e1)e2 | erea € Ba2(Xa)}. Letg : Bo(Xg) — & be the2-
block substitution defined by(eiez) = f(e1)es. LetG' = (Q',E’) be the graph on
the set of state®)’ = I x @ defined fore’ = f(e1)es by i(e’) = (f(e1),i(e2)) and
t(e)) = (f(e2),t(e2)). Defineh : & — £ andk : Q' — Q by h(f(e1)e2) = ey for
eres € Ba(X¢g) andk(i,q) = g for (i,q) € I x Q. Then the paifh, k) is an in-merge
from G’ onto G andh, is the inverse ofy.’. Indeed, one may verify thdh, k) is a
graph morphism fronG’ onto G. Next it is an in-merge because for eaghy € Q, the
partition (E2(t)),er—1(q) Of £ is defined bye! (i, q) = EZ N f~1(i).

Conversely, sef = (Q,€) andG’' = (Q’',&’). Let (h, k) be an in-merge frond:’
ontoG. Consider the mayp : £ — Q' defined byf(e) = r if r is the common end of the
edgesim~!(e). The mapx from £’ to Q' x & defined by (i) = (r, h(i)) wherer is the
origin of 7 is a bijection by definition of an in-merge.

Let us show that, up to the bijection the in-splitting map relative tg is inverse
of the maph.,. Forej,es € &, letr = f(ey) ande’ = a~1(r,ez). Thenh(e') = e
and thush. is the inverse of the map.:. corresponding to th@-block substitution
g(erea) = (r,e2).

O

Symmetrically arout-splitting mapis defined by the substitutiof(ab) = af(b). Its
inverse is an out-merging map.

We use the term splitting to mean either a in-splitting or-splitting. The same
convention holds for a merging.

The following result, from|[[21], is a generalization of thee@mposition Theorem
(Theoren]2.1]2) to arbitrary shift spaces.

Theorem 5.2. Any conjugacy between shift spaces is a composition ofisgland merg-
ing maps.

The proof is similar to the proof of Theore@.lz. It reliestbe following lemma,
similar to Lemmd 2.13.
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Lemma 5.3. Lety : X — Y be al-block conjugacy whose inverse has memary: 1

and anticipation: > 0. There are in-splitting maps frod, Y to X, Y respectively such
that thel-block conjugacys making the diagram below commutative has an inverse with
memorym — 1 and anticipatiom.

X X
¢ @
Y 1%

Proof. Let A, B the alphabets oX andY respectively. Leth : A — B be thel-
block substitution such that = h.,. Let X be the in-splitting ofX relative to the
maph. SetA’ = {h(a1)az | a1az € B2(X)}. LetY = Y[ be the second higher
block shift of Y and letB’ = By(Y). Leth : A — B’ be thel-block substitution
defined byh(h(a1)az) = h(ai)h(asz). Then thel-block mapy = h, has the required
properties. O

Lemma[5.B has a dual whegeis a 1-block map whose inverse has memany> 0
and anticipatiom > 1 and where in-splits are replaced by out-splits.

Proof of Theore2Let<p : X — Y be aconjugacy fronX ontoY. ReplacingX by a
higher block shift, we may assume thats a1-block map. Using iteratively Lem@.&
we can replace by al-block map whose inverse has memory 0. Using then itergtivel
the dual of Lemm@ 5.3, we finally obtairiablock map whose inverse is alseblock and

is thus just a renaming of the symbols. O

Symbolic strong shift equivalence Let M and M’ be two alphabeti®) x Q-matrices
over the alphabetsl and B, respectively. We say that/ and M’ are similar if they
are equal up to a bijection ofl onto B. We write M < M’ when M and M’ are
similar. We say that two alphabetic square matrizésnd M’ over the alphabetd and
B respectively arsymbolic elementary equivaleifithere exist two alphabetic matrices
R, S over the alphabet§ and D respectively such that

M« RS, M' < SR.

In this definition, the set€’D and DC' of two letter words are identified with alphabets
in bijection with A and B, respectively.

We say that two matriced/, M’ are symbolic strong shift equivalenif there is a
sequencé€My, My, ..., M,,) of alphabetic matrices such thaf; andM, ; are symbolic
elementary equivalent fdr < ¢ < n with My = M andM,, = M’.

We introduce the following notion. An automatohon the alphabe# is said to be
bipartite if there are partitions) = @1 U Q- of the set of states andl = A; U A, of the
alphabet such that all edges labeleddingo from@; to Q> and all edges labeled iA,
go fromQ@, to Q;.
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Let A be a bipartite automaton. Its adjacency matrix has the form

0 Ml]

M{(A) = [MQ 0

whereM; is aQ1 x Q2-matrix with elements itN(A; ) and M, is aQ2 x Q1-matrix with
elements ilN(A,) The automatad; and.A, which haveM; M, and M» M, respectively
as adjacency matrix are called tb@mponentf A and the paitd,, As is adecomposi-
tion of A. We denoted = (A, .A>) a bipartite automatont with componentsd;, As.
Note thatA4,, A, are automata on the alphabetsA, and A, A, respectively.

Proposition 5.4. Let A = (Q, E) be a bipartite deterministic essential automaton. lIts
components,, A, are deterministic essential automata which are symboligugate.

If moreoverA is strongly connected (resp. reduced, resp. synchronifieei.4,, 4. are
strongly connected (resp.reduced, resp. synchronized).

Proof. Let Q = @1 U Q2 and A = A; U A, be the partitions of the s&p and the
alphabetA corresponding to the decompositign= (A, As). Itis clear that4,, .4, are
deterministic and that they are strongly connected i§ strongly connected.

Letyp : X4, — X4, be the conjugacy defined as follows. For any= (v, )nez
in X 4, there is ant = (z,,)nez in X4 such thaty,, = zo,xo,4+1. Thenz = (z,)nez
with z,, = za,4129, IS an element ofX 4,. We definep(y) = z. The analogous map
¥ : La, — La, issuchthaty,¢) is a symbolic conjugacy from; onto.A,.

Assume thatA is reduced. Fop,q € @1, there is a wordv such thatw € L,(A)
andw ¢ Lg(A) (or conversely). Setv = ajas---a, With a; € A. If nis even,
then(aiasz) - - - (an—1ay) isin L,( A1) but notinL,(A;). Otherwise, sinced is essen-
tial, there is a lettet,, 1 such thatva,+1 is in L,(A). Then(aiaz) - - - (anan+1) iSin
L,(Ay) butnotinL,(A;). ThusA; is reduced. One proves in the same way tAatis
reduced.

Suppose finally thatd is synchronized. Letr be a synchronizing word and set
T = ajaq---a, With a; € A. Suppose that all paths labeledend ing € Q. Let
any1 be a letter such that - a,,.1 # 0 and letay be a letter such thatyz is the la-
bel of at least one path. H is even, ther{a;as) - - - (an—1ay,) is synchronizing ford,;
and(apai) - - - (apan+1) is synchronizing fotds. Otherwise{apas) - - - (an—1ay) IS Syn-
chronizing forA; and(ajaz) - - - (anan+1) is synchronizing fotd,. O

Proposition 5.5. Let A, B be two automata such thdt/(.4) and M (B) are symbolic
elementary equivalent. Then there is a bipartite automators- (C;,C2) such that
M(Cy), M(C2) are similar toM (A), M (B) respectively.

Proof. Let R, S be alphabetic matrices over alphabétsand D respectively such that
M(A) < RS andM (B) < SR. LetC be the bipartite automaton on the alphabet D
which is defined by the adjacency matrix
0 R
M(C) = [5 o}

ThenM (A) is similar toM (C;) and M (B) is similar toM (Cz). O
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Proposition 5.6. If the adjacency matrices of two automata are symbolic strehift
equivalent, the automata are symbolic conjugate.

Proof. Since a composition of conjugacies is a conjugacy, it is ghda consider the case
where the adjacency matrices are symbolic elementary alguitz LetA, B be such that

M (A), M(B) are symbolic elementary equivalent. By Proposifioh 5.8rdtis a bipartite
automatort = (Cy,Cz) such thatM (C,), M (Cs) are similar toM (A) andM (B) respec-
tively. By Propositio, the automafa, C, are symbolic conjugate. Since automata
with similar adjacency matrices are obviously symbolicjagate, the result follows. [

C eaf
¢ f

Figure 13. Two symbolic conjugate automata.

Example 5.2. Let A, B be the automata represented on Fidule 13. The mathibe4)
and M (B) are symbolic elementary equivalent. Indeed, we hafe4) «— RS and

M(B) < SR for
e |zt
wefo )=l

|z t+yt wt ez zy+itx
RS_{ xt O]’ SR_[tx ty }

Thus the following tables give two bijections between th#habets.

a | b|c d|lel| flg
xz |yt | xt zx | zy | tx |ty |

Indeed, one has

The following result is due to Nas{i [21]. The equivalencensen conditions (i) and
(ii) is a version, for sofic shifts, of the Classification Them (Theorem 7.2.12 ir|I|L9]).
The equivalence between conditions (i) and (iii) is due teger ].

Theorem 5.7. Let X, X’ be two sofic shifts (resp. irreducible sofic shifts) and4etd’
be their Krieger (resp. Fischer) automata. The followingnditions are equivalent.
(i) X, X’ are conjugate.
(i) The adjacency matrices of, A’ are symbolic strong shift equivalent.
(iii) A, A’ are symbolic conjugate.

Proof. We prove the result for irreducible shifts. The proof of thengral case is ir] [21].
Assume thatX, X’ are conjugate. By the Decomposition Theorem (The5.2),

is enough to consider the case whéféis an in-splitting of X. Letf : A — B be a

map and letd’ = {f(a1)az | a1a2 € B2(X)} in such a way thaK” is the in-splitting of
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X relative tof. LetC = AU B and letZ be the shift space composed of all biinfinite
sequences: - a; f(a;)ai+1 f(a;41) - -+ such that --a;a;41--- isin X. ThenZ is an
irreducible sofic shift. Letd be the Fischer automaton &f. Then. A is bipartite and
its components recognize, up to a bijection of the alphabétand X’ respectively. By
Propositior] 54 the components are the Fischer automataasfd X’ respectively. Since
the components of a bipartite automaton have symbolic eleangequivalent adjacency
matrices, this proves that (i) implies (ii).

That (ii) implies (iii) is Propositi06. Finally, (iiymplies (i) by definition of sym-
bolic conjugacy. O

5.2 Symbolic conjugate automata

The following result is due to Hamachi and Nafy [16]. It shéat, in Theorenfi 5] 7, the
equivalence between conditions (ii) and (iii) holds forauata which are not reduced.

Theorem 5.8. Two essential automata are symbolic conjugate if and ortlyair adja-
cency matrices are symbolic strong shift equivalent.

The first element of the proof is a version of the Decompasifibeorem for automata.

Let A, A’ be two automata. Ain-split from A onto A’ is a symbolic conjugacy
(p,v) such thatp : X4 — X4 andey : Ly — L4 are in-splitting maps. A similar
definition holds for out-splits.

Theorem 5.9. Any symbolic conjugacy between automata is a compositispliaé and
merges.

The proof relies on the following variant of Lemrpa]5.3.

Lemma 5.10. Let o, 8 be 1-block maps andb, i) be 1-block conjugacies such such that
the diagram below on the left is commutative.

If the inverses op, v have memoryn > 1 and anticipatiom > 0, there exist in-splits
X,Y,Z,T of X,Y, Z,T respectively and-block mapsi : X — Z,3:Y — T such
that the1-block conjugacies, ¥ making the diagram below on the right commutative
have inverses with memony — 1 and anticipationn.

X —2 .y X Ld Y
~ s 7
o 3 X Y
a la 5|8
. E
Z T wa
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Proof. Let A, B, C, D be the alphabets of, Y, Z andT respectively. Let, : A — B
andk : C — D be thel-block substitutions such that = h. andy = k. Set
A = {h(a1)az | araz € B2(X)} andC = {k(ci)ca | crca € Ba(Z)}. Let X (resp.
Z) be the image o (resp. ofZ) under the in-splitting map relative to (resp. k). Set
Y =Y, B =B,y(Y), T =TP andD = By(T). Definea andj by

a(h(a1)as) = ka(a)a(as), B(biba) = B(b1)B(bo)
andl%:ﬁ—>l§,l%:(7—>[)by

h(h(a1)ag) = h(ai)h(az), k(k(ci)ca) = k(c1)k(ca)

h koo

2 Then thel-block conjugacies = h., andy = satisfy the conditions of the state-
s1s  Ment. O

s Proof of Theorerfi 5]9Let A = (G, ) and A’ = (G, X') be two automata withy =

20 (Q,&)andG’ = (Q',&'). Let(p, ) be a symbolic conjugacy frord onto.A’. Replacing

e A andB by some extensioal!”" andBl"™ " we may reduce to the case wherg) are

2 1-block conjugacies. By using repeatedly Lem[ma5.10, we redyice to the case where
e the inverses ob, ¢ have memory). Using repeatedly the dual version of Lemma b.10,
2 We are reduced to the case where) are renaming of the alphabets. O

825 The second step for the proof of Theor@ 5.8 is the followtatesnent.

@s Proposition 5.11. Let 4, A’ be two essential automata. M’ is an in-split of A, the
ez matricesM (A) and M (A’) are symbolic elementary equivalent.

Proof. SetA = (G,\) and A’ = (G',N). Let A" = {f(a)b | ab € Ba(L4)} be the
alphabet ofd’ fora mapf : A — B. By Propositiol, the symbolic in-splitting map
from X onto X is also an in-splitting map. Thus there is an in-meffek) from
G’ onto G such that the in-split fron4 onto A’ has the form(hZ!, ). We define an
alphabetic’ x @-matrix R and aQ x Q’-matrix S as follows. Letr,t € Q' and let
p = k(r), g = k(t). Lete be an edge ofd’ ending inr, and setz = A\(h(e))). Then the
label of any edge going out efis of the formf(a)b for someb € A. Thusf(a) does not
depend ore but only onr. We defineamap : Q" — B by« (r) = f(a). Then, we set

w(r) ifk(r)=p
rp — . 5 =M
Bry {O otherwise Spt (A

Let us verify thatM (A") = RS andM (A) — SR. We first have for, ¢t € @’
(RS)rt = Y RypSpr = m(r) My(ryi(q) = M (A
peQ
and thuskS = M (A’). Next, forp,q € Q
(SR)pg =Y BepSpr = Y M(Apgr(t) = Y (M(A)pg a)af(a)
PeEQ tek—1(q) acA

e and thusSR « M (.A) using the bijectiom: — a f(a) betweend and AB. O
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Proof of Theorerfi §/8The condition is sufficient by Propositi Conversédy,
!

A, A’ be two symbolic conjugate essential automata. By Theq fe may assume
that A’ is a split of A. We assume thatl’ is an in-split of.A. By Propositior{ 5.1]1, the
adjacency matrices ol and.A’ are symbolic elementary equivalent. O

6 Special families of automata

In this section, we consider two particular families of antda: local automata and au-
tomata with finite delay. Local automata are closely reldateshifts of finite type. The
main result is an embedding theorem (Theo@ 6.4) relatéthgu’s Masking Lemma
(Propositior@S). Automata with finite left and right delane related to a class of shifts
called shifts of almost finite type (Propositipn §.10).

6.1 Local automata

Letm,n > 0. An automatond = (Q, F) is said to b&m, n)-local if wheneverp =
q % randp % ¢ 5 ¢’ are two paths withu| = m and|v| = n, theng = ¢'. Itis local
ifitis (m,n)-local for somemn, n.

Example 6.1. The automaton represented in Figlire 143s0)-local. Indeed, a simple
inspection shows that each of the six words of lerigitvhich are labels of paths uniquely
determines its terminal vertex. It is al§®, 3)-local. It is not(2, 0)-local (check the word
ab), butitis(2,1)-local and alsd1, 2)-local.

b

a,b a

Figure 14. A local automaton.

We say that an automatof = (Q, F) is containedin an automatod’ = (Q’, E') if
Q C Q' andE C E’. We note that if4 is contained ind’ and if A’ is local, thenA is
local.

Proposition 6.1. An essential automataa is local ifand only ifthemap 4 : X4 — L4
is a conjugacy fromX 4 onto L 4.

Proof. Suppose firstthatl is (m, n)-local. Consider am +1-+n-blockw = uav of L 4,
with [u| = m, |v| = n. All finite paths of A labeledw have the form % p % ¢ % s
and share the same edge® ¢. This shows thah 4 is injective and tha1>\;l1 is a map
with memorym and anticipatiom.
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Conversely, assume thzig1 exists, and that it has memony and anticipatiom. We
show thatA is (m + 1, n)-local. Let

u a v /] u /] a YA /
r—p—qg—s and " —-p ' —4q¢ —s

and be two paths of length + 1 + n, with |u| = m, |v| = n anda a letter. Sinced

is essential, there exist two biinfinite paths which conthese finite paths, respectively.
Since)\;l1 has memorym and anticipatiom, the blocksuav of the biinfinite words
carried by these paths are mappedxg)} onto the edges = ¢ andp’ = ¢’ respectively.
This shows thap = p’ andq = ¢'. O

The next statement is Proposition 10.3.10|]n [4].

Proposition 6.2. The following conditions are equivalent for a strongly cented finite
automatonA.

(i) Aislocal;

(ii) distinct cycles have distinct labels.

Two cycles in this statement are considered to be distinetéfved as paths, they are
distinct.

The following result shows the strong connection betwesfissbf finite type and
local automata. It gives an effective method to verify wieetbr not a shift space is of
finite type.

Proposition 6.3. A shift space (resp. an irreducible shift space) is of finygetif and
only if its Krieger automaton (resp. its Fischer automat@ipcal.

Proof. Let X = X() for a finite setl’ ¢ A*. We may assume that all words Bf
have the same length Let A = (Q,4,Q) be the(n,0)-local deterministic automaton
defined as follows. The set of statesi}s= A" \ W and there is an edge:, a,v) for
everyu,v € @ anda € A such thatua € Av. ThenA recognizes the sé(X). Since the
reduction of a local automaton is local, the minimal autamnaif 5(X) is local. Since
the Krieger automaton oX is contained in the minimal automaton 8{X), it is local.
If X is irreducible, then its Fischer automaton is also locataiit is contained in the
Krieger automaton.

Conversely, Propositid@.l implies that a shift spacegaced by a local automaton
is conjugate to a shift of finite type and thus is of finite type. O

Example 6.2. Let X be the shift of finite type on the alphahét= {a,b} defined by
the forbidden factoba. The Krieger automaton ok is represented on Figufe]15. It is
(1,0)-local.

Form,n > 0, thestandard(m, n)-local automaton is the automaton with states the
set of words of lengthn + n and edges the triple@w, a, v'v’) for u, v’ € A™,a € A
andv,v’ € A™ such that for some lettefsc € A, one hasive = bu/v’ anda is the first
letter of ve.

The standardm, 0)-local automaton is also called the De Bruijn automaton dgor
m.
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a b

CRmO

Figure 15. The Krieger automaton of a reducible shift of finite type.

Example 6.3. The standard1, 1)-local automaton on the alphabjgt, b} is represented

on Figure[ 1.

Figure 16. The standard1, 1)-local automaton.

Complete automata An automatonA on the alphabed is calledcompletef any word
on A is the label of some path id. As an example, the standafa, n)-local automaton
is complete.

The following result is from|[[].

Theorem 6.4. Any local automaton is contained in a complete local aut@mat
The proof relies on the following version of the masking leenm

Proposition 6.5(Masking lemma).Let. A and B be two automata and assume tid{.A)
and M (B) are elementary equivalent. B is contained in an automatof’, then A is
contained in some automatoff which is conjugate td’.

Proof. Let A= (Q, E), B= (R, F)andB’ = (R, F’). Let D be anR x Q nonnegative
integral matrix andV be an alphabeti@ x R matrix such thaf/ (A) = ND andM (B) =
DN. SetQ' = QU (F'\ F). Let D’ be theR’ x ' nonnegative integral matrix defined
forr € R’ andu € Q' by

Dy, ifreRue@
D, =<1 if w e F’\ F andu starts inr
0 otherwise

Let N’ be the alphabetiQ’ x R’ matrix defined fou € A foru € Q' ands € R’ by

(Nus,a) ifue@,seR
(N! ,,a)=41 if w e F'\ F andu is labeled witha and ends irs,
0 otherwise.
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w3 ThenN’D’is the adjacency matrix of an automatdh By definition,.A’ contains4 and
s it is conjugate ta3’ by Propositior} 3.70. O

005 We illustrate the proof of Propositidn §.5 by the followinggenple.
Example 6.4. Consider the automatd and B given of Figur. The automatod is

the local automaton of Exampfe p.1. The automasois an in-split of.A. Indeed, we
haveM (A) = ND, M(B) = DN with

0
N=10
a

9

Figure 17. The automatoi8 on the right is an in-split of the local automatghon
the left.

b 0
0 b D =
0 0

o O R
OO O
O = = O
_ o O O

906
We have represented on the right of Fig 18 the complefighas a complete local
automaton with the same number of states. On the left, thetanion of the proof of
Propositior] 65 has been carried on to produce a local automeantainingA. In terms

Figure 18. The automatad’ andB’. Additional edges are drawn thick.

of adjacency matrices, we havwé(A') = N'D’, M(B') = D' N’ with

0 a b 0
0 0 0 b 1 0 0 0 0 O
, _la 0 0 0 , 1010 1 0 0
N = 0 a 0 0]’ D= 01 0 0 0 1
0 0 0 b 0O 01 0 1 0

a 0 0 O
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Proof of Theorer@l48inceA is local, the map\ 4 is a conjugacy fromX 4 to L 4. Let
(m,n) be the memory and anticipation af,'. There is a sequendedo, . .., An4n)
of automata such thatl, = A, each.A4; is a split or a merge of4;_; and A,,,, is
contained in the standafd + m)-local automaton. Applying iteratively Propositipnl6.5,
we obtain that4 is contained in an automaton which is conjugate to the standa, n)-
local automaton and which is thus complete. O

6.2 Automata with finite delay
An automaton is said to havght delayd > 0 if for any pair of paths
poqgor, pod S

with a € A, if |z|] = d, theng = ¢’. Thus a deterministic automaton has right delay
0. An automaton hagnite right delayif it has right delayd for some (finite) integed.
Otherwise, it is said to haviafinite right delay

Example 6.5. The automaton represented on Fig 19 has right delay

a

(0

b
Figure 19. A automaton with right delay

Proposition 6.6. An automaton has infinite right delay if and only if there exiaths
p5 g5 gandp 5 ¢ 2 ¢/ with g # ¢ and|u| > 0.

The following statement is Proposition 5.1.11[19].

Proposition 6.7. An automaton has finite right delay if and only if it is conjtg#o a
deterministic automaton.

In the same way the automaton is said to Hafedelayd > 0 if for any pair of paths
p>qLrandy 5 ¢ L rwitha € A, if 2| = d, theng = ¢'.

Corollary 6.8. If two automata are conjugate, and if one has finite righttfld€lay, then
the other also has.

Proposition 6.9. An essential(m, n)-local automaton has right delay and left delay
m.

Proof. Letp % ¢ = randp % ¢ = 7/ be two paths withu € A and|z| = n. Since

A is essential there is a path-%> p of lengthm in A. SinceA is (m,n)-local, we have
q = q'. ThusA has right delay:. The proof for the left delayn is symmetrical. O
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A shift space is said to hav@most finite typéf it can be recognized by a strongly
connected automaton with both finite left and finite rightegel

An irreducible shift of finite type is also of almost finite ygince a local automaton
has finite right and left delay by Propositifn]6.9.

Example 6.6. The even shift has almost finite type. Indeed, the automeftEigureES on
the right has right and left delay.

The following result is from@O].

Proposition 6.10. An irreducible shift space is of almost finite type if and oiflits
Fischer automaton has finite left delay.

Proof. The condition is obviously sufficient. Conversely, Jétbe a shift of almost finite
type. Assume the Fischer automatdn= (Q, E) of X does not have finite left delay.
Let, in view of Propositior] 6]6:,v € A* andp,q,¢' € Q with ¢ # ¢’ be such that
qg-u=gq,¢ -u=q andp = q-v = ¢ -v. SinceA is strongly connected, there is a word
w suchthap - w = q.

Let B = (R, F') be an automaton with finite right and left delay which recagsi
X. By Proposition{ 6]7, we may assume tifats deterministic. Letp : R — @ be a
reduction fromB onto A. SinceR is finite, there is an: € u* such that - z = r - 22
forall » € R (this means that the map— r - x is idempotent; such a word exists since
each element in the finite transition semigroup of the autom@& has a power which is
an idempotent). Set

S=R-z, T=¢ (NS, T =¢(d)NS

Sinceq # ¢, we haveT' N T" = (). Foranyt € T, we havep(t - vw) = ¢ and thus
t-vwz € T. Fort,t’ € T with t # ¢/, we cannot have- vwz = ¢’ - vwz since otherwise
B would have infinite left delay. Thus the map- ¢ - vwz is a bijection ofT".

Lett' € T'. Sincep(t' - vw) = ¢, we havet’ - vwz € T. Since the action of
vwz induces a permutation df, there exist¢ € T such that - vwz = ' - vwz. This
contradicts the fact tha® has finite left delay. O

Example 6.7. The deterministic automaton represented on Fidute 20 Hasténleft

delay. Indeed, there are paths1 % 1 % 1 and---2 % 2 % 1. Since this automaton
cannot be reduced = L 4 is not of almost finite type.

a,b

a
Figure 20. An automaton with infinite left delay
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7 Syntactic invariants

We introduce in this section the syntactic graph of an automadt uses the Green rela-
tions in the transition semigroup of the automaton. We sh@tthe syntactic graph is an
invariant for symbolic conjugacy (Theordm|7.4). The prosés bipartite automata.

The final subsection considers the characterization of sbiiits with respect to the
families of ordered semigroups known as pseudovarieties.

7.1 The syntactic graph

Let A = (@, E) be a deterministic automaton on the alphaAetEach wordw € A*
defines a partial map denoted by (w) from @ to Q which mapsp € Q tog € Q if

p - w = q. The transition semigroup o4, already defined in Secti.2, is the image of
AT by the morphismp 4 (in this subsection, we will not use the order on the traositi
semigroup).

We give a short summary @reen relationsn a semigroup (seeEIL?] for example).
Let S be a semigroup and l&t' = S U 1 be the monoid obtained by adding an identity
to S. Two elementss, t of S are R-equivalent ifsS' = tS*. They areL-equivalent
if S's = S't. Itis a classical result (se€ |17]) th&R = RL . ThusLR = RL is
an equivalence on the semigrofralled theD-equivalence. A class of tHR, £ or D-
equivalence is called aR, £ or D-class. Anidempotenbf S is an element such that
e = e. A D-class isregular if it contains an idempotent. The equivalerigds defined
asH = RN L. ltis classical result that th&-class of an idempotent is a group. The
‘H-class of idempotents in the sarfeclass are isomorphic groups. Thgucture group
of a regularD-class is any of thé{-classes of an idempotent of tieclass.

When S is a semigroup of partial maps from a sgtinto itself, each element of
has a rank which is the cardinality of its image. The elemeh&sD-class all have the
same rank, which is called thrank of the D-class. There is at most one element of rank
0 which is thezeroof the semigrougs and is denoted.

A fixpointof a partial maps from @ into itself is an elemenj such that the image of
q by s is ¢. The rank of an idempotent is equal to the number of its fixoindeed, in
this case, every element in the image is a fixpoint.

The preorder< s on S is defined bys < tif S'sS! c S'tSt. Two elements
s,t € S are J-equivalent ifS1sS' = S'tS'. One hasD c J and it is a classical
result that in a finite semigroup = 7. The preordek ;s induces a partial order on the
D-classes, still denoted ;.

We associate wittd a labeled grapliz(.A) called itssyntactic graph The vertices of
G(.A) are the regulaP-classes of the transition semigroup4f Each vertex is labeled by
the rank of theD-class and its structure group. There is an edge from thexasgsociated
with aD-classD to the vertex associated tdfaclassD’ if and only if D > 7 D’.

Example 7.1. The automaton4 of Figure on the left is the Fischer automaton of
the even shift (ExampIQs). The semigroup of transitiongl as3 regularD-classes
of ranks2 (containingy 4 (b)), 1 (containingy 4(a)), and0 (containingy 4 (aba)). Its
syntactic graph is represented on the right.
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OO () GG
b

Figure 21. The syntactic graph of the even shift

The following result shows that one may reduce to the cases#rgial automata.

Proposition 7.1. The syntactic graphs of an automaton and of its essentidlgrariso-
morphic.

Proof. Let A = (Q, E) be a deterministic automaton on the alphalieand letA’ =
(Q', E') be its essential part. Let € A" be such that = p4(w) is an idempotent.
Then any fixpoint ok is in @’ and thuse’ = ¢ 4/ (w) an idempotent of the same rank as
e. This shows that(.A) andG(.A’) are isomorphic. O

The following result shows that the syntactic graph chandmes irreducible shifts of
finite type.

Proposition 7.2. A sofic shift (resp. an irreducible sofic shift) is of finitedyipand only
if the syntactic graph of its Krieger automaton (resp. itsdfier automaton) has nodes of
rank at mostl.

In the proof, we use the following classical property of #semigroups.

Proposition 7.3. Let S be a finite semigroup and let be an ideal ofS. The following
conditions are equivalent.

(i) Allidempotents of are inJ.
(i) There exists an integet > 1 such thatS™ C J.

Proof. Assume that (i) holds. Let = Card(S) + 1 and lets = syso -+ s, With s; € S.
Then there exist, j with 1 < ¢ < j < nsuch thais;sy---s; = s159---5;---5;. Let
t,u € S* be defined by = 51 ---s; andu = s;41 - - - s;. Sincetu = t, we havetu® =t
forall £ > 1. SinceS is finite, there is & > 1 such that.* is idempotent and thus
u® € J. This implies that € .J and thuss € .J. Thus (ii) holds.

Itis clear that (ii) implies (i). O

Proof of PropositioZ.LetX be a shift space (resp. an irreducible shift space)leé
its Krieger automaton (resp. its Fischer automaton) anf le¢ the transition semigroup
of A.

If X is of finite type, by Propositio@.& the automatdris local. Any idempotentin
S has rankl and thus the condition is satisfied.

Conversely, assume that the gra@fi4) has nodes of rank at most Let J be the
ideal of S formed of the elements of rank at mdst Since all idempotents o belong
to J, by PropositioB, the semigroup satisfiesS™ = J for somen > 1. This
shows that for any sufficiently long word the mapp 4(x) has rank at most. Thus for
p,q,1,s € Q,if p-x =randg-z = sthenr = s. Thisimplies that4 is (n, 0)-local. O
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The following result is from|]]2].

Theorem 7.4. Two symbolic conjugate automata have isomorphic syntgctiphs.
We use the following intermediary result.

Proposition 7.5. Let A = (A, A2) be a bipartite automaton. The syntactic graphs of
A, A; and A, are isomorphic.

Proof. Let Q = Q1 U Q2 and A = A; U A, be the partitions of the set of of states
and of the alphabet ol corresponding to the decompositiQd;, As). SetB; = A1 A,
and By = AsA;. The semigroups; = ¢4, (B]") and Sy = ¢4, (B5) are included
in the semigrous = ¢ 4(A™). Thus the Green relations ¢f are refinements of the
corresponding Green relations i or in Se. Any idempotenk of S belongs either to
Sp orto Ss. Indeed, ife = 0 thene is in S; N S;. Otherwise, it has at least one fixpoint
pEQLUQ:. If pe Qq,theneisinpa(B;) and thus € S;. Similarly if p € Q- then

e € Ss.

Let e be an idempotent it$; and lete = ¢ 4(u). Sinceu € B, we haveu = au/’
with a € A; andu’ € Bj As. Letv = u'a. Thenf = p4(v)? is idempotent. Indeed, we
have

pa(v?) = pa(u'av’av'a) = pa(u'uua) = p.a(u'ua) = p.4(v?)

Moreovere, f belong the sam®-class. Similarly, ife € Ss, there is an idempotent in
S1 which is D equivalent toe. This shows that a reguldp-class ofp 4 (AT) contains
idempotents ir6; and inSs.

Finally, two elements of; which areD-equivalent inS are alsadD-equivalent inS .
Indeed, lets, t € S; be such thatRLt. Letu,u’,v,v" € S be such that

suu' =s, vvt=t, su=tv

in such a way thasRsu andvtLt. Thensu = vt implies thatu,v are both inSj.
Similarly suu’ = s andv'vt = ¢ imply thatu'v’ € S;. ThussDt in S;. This shows
that a regulaf classD of S contains exactly on®-classD; of S; (resp. D2 of S3).
Moreover, arfH-class ofD; is also arfH{-class ofD.

Thus the three syntactic graphs are isomorphic. O

Proof of Theorerh 7]4Let A = (Q,E) andB = (R, F) be two symbolic conjugate
automata on the alphabetsand B, respectively. By the Decomposition Theorem (The-
orem), we may assume that the symbolic conjugacy is tas@Eimerge. Assume that
A’ is an in-split of A. By Propositiol, we may assume thlaand A’ are essential. By
Propositiol, the adjacency matricesAdind A’ are symbolic elementary equivalent.
By Propositiod 5]5, there is a bipartite automafor (Ci,C) suchthat\/ (Cy), M (Ca)
are similar toM (A), M (B) respectively. By Propositiolﬁ.S, the syntactic graphs of
C1,Cy are isomorphic. Since automata with similar adjacency icegrhave obviously
isomorphic syntactic graphs, the result follows. O

A refinement of the syntactic graph which is also invarianfloyw equivalence has
been introduced in [[9]. The vertices of the graph areitiempotent-boun® classes,
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where an element of a semigroups is called idempotent-bound if there exist idempo-
tentse, f € S such thats = esf. The elements of a reguldpP-class are idempotent-
bound.

Flow equivalent automata Let.4 be an automaton on the alphabetnd letG be its
underlying graph. Arexpansionof A is a pair(¢p, 1)) of a graph expansion a¥ and a
symbol expansion of 4 such that the diagram below is commutative. The inverse of an

X4 X5
A A5
La Ls

automaton expansion is called a contraction.

Example 7.2. Let A and B be the automata represented on FigErle 22. The second au-
tomaton is an expansion of the first one.

a WOW
O e (e = oo
: O
Figure 22. An automaton expansion

Theflow equivalencef automata is the equivalence generated by symbolic canjug
cies, expansions and contractions.
Theoren] 7}4 has been generalized by Costa and Steifbprp[il@lv equivalence.

Theorem 7.6. Two flow equivalent automata have isomorphic syntactic lgsap

Example 7.3. The syntactic graphs of the automataB3 of Examplg/5]2 are isomorphic
to the syntactic graph of the Fischer automafmf the even shift. Note that the automata
A, B are not flow equivalent t¢ . Indeed, the edge shift¥ 4, Xz on the underlying
graphs of the automatd, B are flow equivalent to the full shift o8 symbols while the
edge shiftX¢ is flow equivalent to the full shift or2 symbols. Thus the converse of

Theoren{ 76 is false.

7.2 Pseudovarieties

In this subsection, we will see how one can formulate charaations of some classes
of sofic shifts by means of properties of their syntactic ggoup. In order to formulate
these syntactic characterizations of sofic shifts, we thtoe the notion of pseudovariety
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of ordered semigroups. For a systematic exposition, seerthimal articles Eb], ], or
the surveys in[[36] or[[34].

A morphism of ordered semigroupsfrom S into 7" is an order compatible semigroup
morphism, that is such that< s’ implies(s) < ¢(s’). An ordered subsemigroup 6f
is a subsemigroup equipped with the restriction of the pfeor

A pseudovarietyf finite ordered semigroups is a class of ordered semigrolgsed
under taking ordered subsemigroups, finite direct prodastsimage under morphisms
of ordered semigroups.

LetV be a pseudovariety of ordered semigroups. We say that a smumpif is locally
in V if all the submonoids of are inV. The class of these semigroups is a pseudovariety
of ordered semigroups.

The following result is due to CostEllO].

Theorem 7.7. LetV be a pseudovariety of finite ordered semigroups contaifiegtass
of commutative ordered monoids such that every elemengiispdtent and greater than
the identity. The class of shifts whose syntactic semigisupcally in V' is invariant
under conjugacy.

The following statements give examples of pseudovaristdisfying the above con-
dition.

Proposition 7.8. An irreducible shift space is of finite type if and only if imtactic
semigroup is locally commutative.

An inverse semigroujis a semigroup which can be represented as a semigroup of
partial one-to-one maps from a finite ggtinto itself. The family of inverse semigroups
does not form a variety (it is not closed under homomorphiagen However, according
to Ash’s theoreml]l], the variety generated by inverse semoigs is characterized by the
property that the idempotents commute. Using this regudt following result is proved

in 1)

Theorem 7.9. An irreducible shift space is of almost finite type if and dhiis syntactic
semigroup is locally in the pseudovariety generated byrseveemigroups.

The fact that shifts of almost finite type satisfy this comditwas proved in|]|2]. The

converse was conjectured in the same paper. _ - _
In [[LY] it is shown that this result implies that the classhifts of almost finite type is
invariant under flow equivalence. This is originally fro@ﬂl
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Abstract. This chapter presents some of the links between automaie/taed symbolic dynamics.

The emphasis is on two particular points. The first one is therplay between some particular
classes of automata, such as local automata and resultstiddings of shifts of finite type. The
second one is the connection between syntactic semigrowptha classification of sofic shifts up
to conjugacy.
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