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Abstract

In (Discrete Math. 23 (1978) 207–210), Fredricksen and Maiorana prove that
the concatenation of Lyndon words of length dividing n in lexicographic order
produces a de Bruijn sequence of span n, and they state that this word is lexi-
cographically minimal among all de Bruijn sequences of span n. An alternative
proof was presented in (Adv. App. Math. 33 (2004) 413–415). The purpose of
this corrigendum is twofold. We give a complete proof, clarifying some ambigu-
ities of the previous proof. Additionally, we include a proof of the minimality
of the de Bruijn sequence obtained in this way.
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Let A be a finite ordered alphabet and let a, z be respectively the least and
the largest letters of A. Denote by σ the shift operator defined on a word
w = a1a2 · · · an by σ(w) = a2 · · ·ana1. The words σi(w) for 0 ≤ i ≤ n − 1
are the conjugates of w. A word w of length n is primitive if it has n distinct
conjugates. A word w of length n is minimal if it is lexicographically minimal
among its conjugates. It is a Lyndon word if it is minimal and primitive. For the
rest of the notation, we refer the reader to [4]. The following technical lemma
is useful to clarify the proof of the main result in [4].

Lemma 1. Let w be a prefix of length n − i with i > 0 of a minimal word of

length n, with w 6= an−i. Let v the smallest minimal word of length n having w

as a prefix. Let u be the largest minimal word of length n smaller than v. Then

zi is a suffix of u.

Proof. Note that the condition w 6= zn−i guarantees the existence of v. Note also
that u1 . . . un−i < w. Suppose that zi is not a suffix of u. Hence, u1 . . . un−iz
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is a minimal word of length n, larger than u and smaller than v, which is a
contradiction.

The following result is due to Fredericksen and Maiorana [2] (see also the
expositions in Knuth’s book [3] where de Bruijn cycles are presented in the
context of the generation of all n-tuples and in [5]). Let Ln be the set of
Lyndon words of length dividing n.

Theorem 1 ([2]). For any n ≥ 1, the lexicographic concatenation of the words

of Ln generates a de Bruijn sequence of span n.

Proof. Let B be the sequence obtained by concatenation of the words in Ln in
lexicographic order1.

We will prove that for any minimal word w of length n, all its conjugates
σi(w), i = 0 . . . n− 1, are substrings of B. Let w = w1 . . . wjz

n−j be a minimal
word, with wj < z for some j ∈ {0, . . . n}.

First, we prove this for the first j conjugates σi(w), i = 0, . . . , j − 1. Note
that these words have the form wi+1 . . . wjz

n−jw1 . . . wi.
If w is not a Lyndon word (that is, it is not primitive), let ŵ be the primitive

root of w and let l be its length. Note that ŵ has the form ŵ = w1 . . . wj′z
l−j′

with l − j′ = n − j. In this case, we only need to prove that the first j′ − 1
conjugates appear in B (the other ones appear among the last n−j conjugates).
Since the word x of Ln next to ŵ in lexicographic order1 has the form x =
ŵ

n

l
−1w1 . . . wj′−1(wj′ + 1)bj′+1 . . . bl, it follows that σ

i(w) is a substring of ŵx
for i = 0, . . . , j′ − 1.

If w is primitive, let x be the minimal word of length n (not necessar-
ily primitive), next to w in lexicographic order. Therefore x has the form
w1 . . . wj−1(wj + 1)bj+1 . . . bn and in this case σi(w) is a substring of wx for
i = 0, . . . , j − 1. If x is primitive, then wx is a substring of B and we are done.
Otherwise, by the previous argument, x is a prefix of x̂y where x̂ if the primitive
root of x and y is the word of Ln next to x in lexicographic order. Hence, wx
is a substring of wx̂y and therefore it is a substring of B.

Second, we show that the last n − j conjugate words are substrings of B.
Note that these words have the form ziw1 . . . wjz

n−j−i, for i = 1, . . . , n− j. Let
v be the first minimal word of length n with prefix w1 . . . wjz

n−j−i. By previous
steps, we know that v appears in B. By Lemma 1, the previous minimal word
of length n has the form u = u1 . . . un−iz

i with u1 . . . un−i < w1 . . . wjz
n−j−i.

Hence, the largest word in Ln which is smaller than the root of v has suffix
zi, and thus ziw1 . . . wjz

n−j−i is a substring of B. Note that Lemma 1 cannot
be applied if w1 . . . wj = aj and i = n − j (that is, σi(w) = zn−jaj), but it
is easy to see that these words and the remaining case w = zn appear in the
concatenation of the end and the beginning of B, which is znan.

Finally, since the length of B is exactly Card(A)n, all words of length n

appear only once.

1A correction to the proof in [4] is made here
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The cyclic factors of a word are the factors of its conjugates. A partial

de Bruijn word of span n is a word of length N which has N distinct cyclic
factors and such that its set of cyclic factors is closed under conjugacy. Thus
an ordinary de Bruijn word corresponds to the case N = Card(A)n.

The following result is proved in [4].

Corollary 1. Let ℓ1, . . . , ℓm be the words of Ln in lexicographic order, then for

any s < m, ℓsℓs+1 . . . ℓm is a partial de Bruijn sequence of span n.

For example, for A = {a, b} and n = 4, we have m = 6. Taking s = 3, we
obtain the partial de Bruijn sequence aabb ab abbb b with set of cyclic factors of
length 4, the 11 conjugates of aabb, abab, abbb and bbbb.

Let us mention another, recently obtained, variant of Theorem 1: the con-
catenation of the Lyndon words of length n in lexicographic order produces a
sequence in which all primitive words of length n appear exactly once as a cyclic
factor [1]. For example, the cyclic factors of the word aaab aabb abbb are the 12
primitive words of length 4.

Finally, in [2] the lexicographical minimality of the de Bruijn sequence de-
scribed by Theorem 1 is stated, but not formally proved. We use Corollary 1 to
provide a simple proof of this minimality.

Theorem 2. The de Bruijn sequence obtained by Theorem 1 is lexicographically

minimal among all de Bruijn sequences of span n.

Proof. By contradiction, suppose that there exists another de Bruijn sequence
B̂ that is minimal lexicographically. Let wu and wv be the substrings of length
n where these two sequences first differ, with w ∈ An−1 and u, v ∈ A, u < v.

Let us denote M(z) be the minimal word of length n conjugate of a given
z ∈ An. Note first that M(wu) < M(wv). In fact, let k be such that M(wv) =
σk(wv). Then M(wu) ≤ σk(wu) < σk(wv) = M(wv).

Second, note that wu appears after wv in B. Let us assume that M(wu)
and M(wv) are Lyndon words (that is, they are primitive). By Corollary 1,
this means that wu appears in the partial de Bruijn sequence constructed from
the concatenation of the Lyndon word associated with wv and all the sub-
sequent words of Ln in lexicographical order, which contradicts the fact that
M(wu) < M(wv). Note that the same arguments apply if M(wu) or M(wv) are
not primitive, because both words appear in the concatenation of their corre-
sponding Lyndon word and the next word of Ln in the lexicographical order.
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