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Abstract4

We present a survey of results on profinite semigroups and their link5

with symbolic dynamics.6
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1 Introduction18

sec:intro

The theory of profinite algebras originates in Universal Algebra. The corre-19

sponding theory for semigroups was considerably developed by Jorge Almeida20

(see [2] for an introduction). The initial motivation has been the theory of21

varieties of languages and semigroups, put in correspondance by Eilenberg’s22

theorem. Later, Almeida has initiated the study of the connexion between free23

profinite semigroups and symbolic dynamics (see [1]). He has shown in [7] that24
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minimal subshifts correpond to maximal J -classes of the free profinite monoid.25

Moreover, the Schützenberger group of such a J -class is a dynamical invariant26

of the subshift [4]. Finally, it is shown in [5] that if a minimal system satisfies27

the tree condition (as defined in [10]), the corresponding group is a free profinite28

group.29

In these notes, we give a gentle introduction to the notions used in profinite30

algebra and develop the link with minimal sets.31

We begin with two motivating examples: the first one concerns p-adic and32

profinite numbers and the second one the Fibonacci morphism.33

We give in Section
sectionProfinite
4 an introduction to the basic notions concerning profinite34

semigroups. We have chosen a simplified presentation which uses the class of all35

semigroups instead of working inside a pseudovariety of semigroups. It simplifies36

the statements but the proofs work essentially in the same way.37

In Section
sectionProfiniteCodes
5 we describe results concerning codes in profinite semigroups.38

The main result, from [21], is that any finite code is a profinite code (Theo-39

rem
theoremCodeProfinite
5.1).40

In Section
uniformlyRecurrentPseudowords
6 we introduce uniformly recurrent pseudowords. We prove a41

result of Almeida (Theorem
theoremUniformRecurrence
6.2) showing that uniformly recurrent pseudowords42

can be characterized in algebraic terms, as the J -maximal elements of the free43

profinite monoid.44

In Section
factorialSets
8 we prove several results due to Costa and Almeida concening45

the presentation of the Schützenberger group of a uniformly recurrent set.46

2 p-adic numbers47

sectionpAdic
We begin with a motivating example (see [17] for an introduction to this sub-
ject). Let p be a prime number and let Zp denote the ring of p-adic integers,
namely the completion of Z under the p-adic metric. This metric is defined by
the norm

|x|p =

{
p− ordp(x) if x 6= 0

0 otherwise

where ord(x)p(x) is the largest n such that pn divides x. For the topology48

defined by this metric, Zp is compact.49

Any element γ ∈ Zp has a unique p-adic expansion

γ = c0 + c1p+ c2p
2 + . . . = (. . . c3c2c1c0)p

Note that infinite expansions may represent ordinary integers. For example

(. . . 111)2 = −1.

We can express the expansion of the elements in Zp as50

Zp = limZ/pnZ

= {(an)n≥1 ∈
∏

n≥1

Z/pnZ | for all n, an+1 ≡ an mod pn}
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This expresses the ring Zp as a projective limit of the rings Z/pnZ. The direct
product of all rings Zp

Ẑ =
∏

p

Zp

over all prime numbers p is the ring of profinite integers. Its topolology is that51

induced by the product. As a product of compact spaces, Ẑ is itself compact.52

One may define it equivalently as the projective limit of all cyclic groups53

Ẑ =
∏

n≥1

Z/nZ

= {(an)n≥1 ∈
∏

n≥1

Z/nZ | for all n|m, am ≡ an mod n}

or as the projective limit of the cyclic groups Z/n!Z54

Ẑ =
∏

n≥1

Z/n!Z

= {(bn)n≥1 ∈
∏

n≥1

Z/n!Z | for all n, an+1 ≡ an mod n!}

The last representation corresponds to an expansion of the form

γ = c1 + c22! + c33! + . . . = (. . . c3c2c1)!

with digits 0 ≤ ci ≤ i. This expansion forms the factorial number system.55

Note that this time
−1 = (. . . 321)!

which holds because 1 + 2.2! + . . . + n.n! = (n + 1)! − 1, as one may verify by56

induction on n. The profinite topology on Ẑ can also be defined directly by57

the norm |x|! = 2−r(x) where r(x) is the largest n such that n! divides x. A58

sequence converges with respect to this topology if the expansions converge in59

the usual sense, that is the number of equal digits, starting from the right, tends60

to infinity.61

It is possible to define profinite Fibonacci numbers (see [18]). Indeed, Fi-62

bonacci numbers are defined by F0 = 0, F1 = 1 and Fn = Fn−1 + Fn−2. The63

definition can be extended to negative n by Fn = (−1)n−1F−n. Then one may64

extend the function n 7→ Fn to a continuous function from Ẑ into itself. We65

note that since n! tends to 0 in Ẑ, the sequence Fn! tends to F0 = 0. Similarly66

Fn!+2 and Fn!+1 tend to 1. We come back to this in the next section.67
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3 The Fibonacci morphism68

sectionFibonacci
The Fibonacci morphism is the morphism ϕ : A∗ → A∗ with A = {a, b} defined69

by ϕ(a) = ab and ϕ(b) = a. The sequence of ϕn(a)70

ϕ(a) = ab

ϕ2(a) = aba

ϕ3(a) = abaab

ϕ4(a) = abaababa

· · ·

is the Fibonacci sequence of words of length equal to the Fibonacci numbers.71

One has Fn = |ϕn−2(a)|.72

The Fibonacci sequence of words converges in the space AN to the Fibonacci
infinite word

x = abaababa · · ·

It is a fixed-point of ϕ in the sense that ϕ(x) = x. Form another point of73

view, this sequence is not convergent. Indeed, the terms of the sequence end74

alternately with a or b and thus can be distinguished by a morphism from A∗75

into a monoid with 3 elements. A sequence converging in this stronger sense is76

ϕn!(a)77

ϕ(a) = ab

ϕ2(a) = aba

ϕ6(a) = abaababaabaababaababa

ϕ24(a) = abaababa · · ·abaababa

· · ·

The limit in the sense of profinite topology, to be defined below, is a pseudoword78

denoted ϕω(a) which begins by the Fibonacci infinite word (ϕn(a))n≥0 and ends79

with the left infinite word (ϕ2n(a))n≥0.80

Its length in Ẑ is the limit of the Fibonacci numbers Fn!+2 which is F2 = 1.81

We shall come back to this interesting property in Example
exampleFibonacciPseudo
7.4.82

4 Profinite semigroups83

sectionProfinite
In this section, we first recall the basic definitions of topology and the notion84

of topological semigroup. We next develop the notion of projective limit of a85

family of topological semigroups and introduce profinite semigroups.86

Topological spaces We begin with an introduction to the basic notions of87

topology (see [25] for example). A topological space is a set S with a family F88

of subsets such that89
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(i) it contains ∅ and S,90

(ii) it is closed under union,91

(iii) it is closed under finite intersection92

The elements of F are called open sets. The complement of an open set is called93

a closed set. A clopen set is both open and closed.94

For any set S, the discrete topology is the topology for which all subsets are95

open.96

For any subset X of a topological set S, the topology induced on X by the97

toplogy of S corresponds to the family of open sets X ∩ Y for Y open in S.98

A limit point of a subset X of a topological space S is a point x such that any99

open set containing x contains a point of X distinct of x. As a particlular case,100

it is said to be an accumulation point if every open set containing x contains an101

infinite number of points of X .102

The closure of a subset X of S, denoted X̄ is the union of X and all its limit103

points. It is also the smallest closed set containing X . A set is closed if and104

only if X = X̄. The set X is dense in S is X̄ = S.105

The notion of limit point can also be defined for a sequence. A point x is106

said to be a limit point of the sequence (xn)n≥0 if any open set containing x107

contains all but a finite number of terms of the sequence. It is said to be an108

accumulation point of the sequence if every open set containing x contains an109

infinite number of elements of X . A limit point of the sequence (xn)n≥0 is a110

limit point of the set {xn | n ≥ 0}.111

A map ϕ : X → Y between topological spaces X,Y is continuous if for any112

open set U ⊂ Y , the set ϕ−1(U) is open in X .113

A basis of the family of open sets is a family B of sets such that any open114

set is a union of elements of B.115

Given a family of topological spaces Xi indexed by a set I, the product116

topology on the direct product X =
∏

i∈I Xi is defined as the coarsest topology117

such that the projections πi : X → Xi are continuous. A basis of the family118

of open sets is the family of sets of the form
∏

i∈I Ui where Ui 6= Xi only for a119

finite number of indices i.120

Example 4.1 The set AN of infinite words over A is a topological space for the121

discrete topology on A. The open sets are the sets of the form XAN for X ⊂ A∗.122

Metric spaces form a vast family of topological spaces. A metric space is123

a space S with a function d : S × S → R, called a distance, such that for all124

x, y, z ∈ S,125

(i) d(x, y) = 0 if and only if x = y,126

(ii) d(x, y) = d(y, x)127

(iii) d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality).128
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Any metric space can be considered as a topological space, considering as open129

sets the unions of open balls B(x, ε) = {y ∈ S | d(x, y) < ε} for x ∈ S and130

ε ≥ 0.131

For example, the set Rn is a metric space for the Euclidean distance.132

A topological space is a Hausdorff space if any two distinct points belong to133

disjoint open sets. A metric space is a Hausdorff space. In a Hausdorff space,134

every limit point of a set is an accumulation point.135

A topological space is compact if it is a Hausdorff space and if from any136

family of open sets whose union is S, one may extract a finite subfamily with137

the same property.138

A closed subset of a compact space is compact and, by Tychononoff’s theo-139

rem, any product of compact spaces is compact140

One may verify that in a compact space every infinite set has an accumu-141

lation point (the converse is true in metric spaces). Indeed, if X is an infinite142

subset of a compact space S without accumulation point, there is for every143

x ∈ S an open set containing x which contains only a finite number of elements144

of X . For a finite set F ⊂ X , denote by OF the union of the Ox such that145

Ox ∩ X = F . Then the sets OF form a family of open sets whose union is S146

every finite subfamily of which intersects at most finitely many points in X .147

Thus no finite subfamily may cover S, a contradiction.148

Topological semigroups A topological semigroup is a semigroup S endowed149

with a topology such that the semigroup operation S×S → S is continuous. A150

topological monoid is a topological semigroup with identity.151

Example 4.2 A finite semigroup can always be view as a topological semigroup152

under the discrete topology.153

Example 4.3 As a less trivial example, the set R of nonnegative real numbers154

is a topological semigroup for the addition and the interval [0, 1] is a topological155

semigroup for the multiplication.156

A compact monoid is a topological monoid which is compact (as a topogical157

space). Note that we assume a compact space to satisfy Hausdorff separation158

axiom (any two distinct points belong to disjoint open sets). Note also the159

following elementary property of compact monoids.160

propositionFactors Proposition 4.4 The set of factors of an element of a compact monoid is161

closed.162

Proof. Let M be a compact monoid and let (un)n≥0 be a sequence of factors163

of x ∈ M converging to some u ∈ M . Let pn, qn be such that x = pnunqn164

for all n ≥ 1. Since M is compact, the sequences (pn), (qn) have converging165

subsequences. If p, q are the limits of these subsequences, we have x = puq and166

thus u is a factor of x.167
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Projective limits We want to define profinite semigroups as some kind of168

limit of finite semigroups in such a way that properties true in all finite semi-169

groups will remain true in profinite semigroups. For this we need the notion of170

projective limit.171

A projective system is given by172

(i) a directed set I, that is poset in which any two elements have a common173

upper bound.174

(ii) for each i ∈ I, a topological semigroup Si,175

(iii) for each pair i, j ∈ I with i ≥ j, a connecting morphism ψi,j : Si → Sj176

such that ψi,i is the identity on Si and for i ≥ j ≥ k, ψi,k = ψi,j ◦ ψj,k.177

exampleCyclic Example 4.5 Let I be the set of integers ordered by divisibility: n ≥ m if178

m|n. The family of cyclic groups (Z/nZ)n∈I forms a projective system for the179

morphisms ψn,m defined by ψn,m(x) = x mod m.180

The projective limit of this projective system is a topological semigroup S to-181

gether with morphisms Φi : S → Si such that for all i, j ∈ I with i ≥ j,182

ψi,j ◦Φi = Φj , and for any topological semigroup T and morphisms Ψi : T → Si183

such that for all i, j ∈ I with i ≥ j, ψi,j ◦ Ψi = Ψj , there exists a morphism184

θ : T → S such that Φi ◦ θ = Ψi for all i ∈ I.

Si

S

T

Sj

ψi,j

Φi Φj

θ
Ψi Ψj

Figure 1: The projective limit.

185

The uniqueness of the projective limit can be verified (“as a standard di-
agram chasing exercise” [2]). The existence can be proved by considering the
subsemigroup S of the product

∏
i∈I Si consisting of all (si)i∈I such that, for

all i, j ∈ I with i ≥ j,
ψi,j(si) = sj

endowed with the product topology. The maps Φi : S → Si are the projections.186

The same definitions are used to define a projective limit of a family of187

groups, replacing semigroup morphisms by group morphisms everywhere.188
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Example 4.6 The projective limit of the family of cyclic groups (Example
exampleCyclic
4.5)189

is the group of profinite integers.190

A variant of this construction allows to specify a fixed generating set for all191

semigroups. An A-generated topological semigroup is a topological semigroup192

S together with a mapping ϕ : A → S whose image generates a subsemigroup193

dense in S. A morphism between A-generated topological semigroups ϕ : A→ S194

and ψ : A → T is a continuous morphism θ : S → T such that θ ◦ ϕ = ψ. We195

denote θ : ϕ→ ψ such a morphism.

S T

A

ϕ ψ

θ

Figure 2: A morphism of A-generated semigroups

196

A projective system in this category of objects is given by a directed set I197

and for each i ∈ I, an A-generated topological semigroup ϕi : A → Si, such198

that for each pair i, j ∈ I with i ≥ j, a connecting morphism ψi,j : ϕi → ϕj199

such that ψi,i is the identity on Si and for i ≥ j ≥ k, ψi,k = ψi,j ◦ ψj,k.200

The projective limit of this projective system is an A-generated topological201

semigroup Φ : A → S together with morphisms Φi : Φ → ϕi such that for all202

i, j ∈ I with i ≥ j, ψi,j ◦Φi = Φj, and for any A-generated topological semigroup203

Ψ : A → T and morphisms Ψi : Ψ → ϕi such that for all i, j ∈ I with i ≥ j,204

ψi,j ◦Ψi = Ψj , there exists a morphism θ : Ψ → Φ such that Φi ◦ θ = Ψi for all205

i ∈ I.206

ϕi

Φ

Ψ

ϕj
ψi,j

Φi Φj

θ
Ψi Ψj

Si

S

T

Sj

A

ψi,j

Φi Φj

θ
Ψi Ψj

Ψ

ϕi ϕj

Figure 3: The projective limit of a family of A-generated semigroups.

Profinite semigroups A profinite semigroup is a projective limit of a projec-207

tive system of finite semigroups. Similarly, a projective group is the projective208

limit of a projective system of finite groups.209
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Example 4.7 The ring of profinite integers is a profinite group.210

A topological space is211

(i) connected if it is not the union of two disjoint open sets212

(ii) totally disconnected if its connected components are singletons213

(iii) zero-dimensional if it admits a basis consisting of clopen sets.214

The term zero-dimensional is by reference to a notion of dimension in topological215

spaces (the Lebesgue dimension). The following result, from [2] gives a possible216

direct definition of profinite semigroup without using projective limits. A topo-217

logical semigroup is residually finite if for any u, v ∈ S there exists a continuous218

morphism ϕ : S →M into a finite semigroup M such that ϕ(u) 6= ϕ(v).219

Theorem 4.8 The following conditions are equivalent for a compact semigroup220

S.221

(i) S is profinite,222

(ii) S is residually finite as a topological semigroup,223

(iii) S is a closed subsemigroup of a direct product of finite semigroups,224

(iv) S is totally disconnected,225

(v) S is zero-dimensional.226

The explicit construction of the projective limit shows that (i)⇒ (ii) and (ii)⇒227

(iii) results from the definitions. For (iii)⇒ (i), see [2]. Since a product of228

totally disconnected spaces is totally disconnected, we have (iii)⇒ (iv). The229

equivalence (iv)⇔ (v) holds for any compact space. Finally, the implication230

(v)⇒ (ii) results from Hunter’s Lemma (see [2]).231

Corollary 4.9 The class of profinite semigroups is closed under taking closed232

subsemigroups and direct product.233

The following is [2, Proposition 3.5]. A subset K of a semigroup S is recog-234

nized by a morphism ϕ : S →M if K = ϕ−1ϕ(K).235

propositionClopen Proposition 4.10 Let S be a profinite semigroup. A subset K ⊂ S is clopen236

if and only if it recognized by a continuous morphism ϕ : S → T into a finite237

monoid T .238

Proof. The condition is sufficient since the set K is the inverse image under a239

continuous function of a clopen set. Conversely assume that K is clopen and240

that S is a closed subsemigroup of a direct product
∏

i∈I Si of finite semigroups241

Si. Then K may be expressed as K = S ∩ (K1 ∪ . . . ∪ Kn) where each Kℓ is242

is a product of the form
∏

i∈I Xi with Xi ⊂ Si and Xi = Si except on a finite243

set Jℓ of indices. Let J = J1 ∪ . . . ∪ Jn. The projection ϕ : S →
∏

i∈J Si is a244

continuous morphism recognizing K.245
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Endomorphisms of profinite semigroups For a topological semigroup, we246

denote by End(S) the monoid of all its continuous endomorphisms. We consider247

End(S) as a topological monoid for the pointwise convergence.248

The following result is [2, Theorem 4.14].249

theoremEndomorphismMonoid Theorem 4.11 Let S be a finitely generated profinite semigroup. Then End(S)250

is a profinite monoid.251

The ω operator In a profinite semigroup S, the closure of the semigroup252

generated by an element s ∈ S contains a unique idempotent, denoted sω. If S253

is profinite, it is the limit of the sequence sn!.254

We note that in any profinite group, one has xω = 1 since the neutral element255

is the only idempotent of G.256

The free profinite monoid Consider the projective system formed by rep-257

resentatives of isomorphism classes of all A-generated finite monoids. For ϕ :258

A→M and ψ : A→ N , one has ϕ ≥ ψ if there is a morphism µ :M → N such259

that ϕ ◦ ϕ = ψ. Note that ϕ, ψ, µ have to be surjective.260

The free profinite monoid on a finite alphabet A, denoted Â∗ is the projective261

limit of this family. It has the following universal property.262

Proposition 4.12 The natural mapping ι : A → Â∗ is such that for any map263

ϕ : A → M into a profinite monoid there exists a unique continuous morphism264

ϕ̂ : Â∗ →M such that ϕ̂ ◦ ι = ϕ.265

MÂ∗

A

ϕι

ϕ̂

Figure 4: The universal property of Â∗.

The elements of Â∗ are called pseudowords and the elements of Â∗ \ A∗ are266

called infinite pseudowords.267

The free profinite monoid on one generator is commutative. Its image by268

the map an 7→ n is the monoid of profinite natural numbers, denoted N̂.269

The topology induced A∗ by the profinite topology on Â∗ is discrete. Indeed,270

if u ∈ A∗ is a word of length n, the quotient of A∗ by the ideal formed by the271

words of length greater than n is a finite monoid. The congruence class of u for272

the corresponding quotient is reduced to u.273

The length |x| of a pseudoword x ∈ Â∗ is a profinite natural number. The274

map x ∈ Â∗ → |x| ∈ N̂ is the continuous morphism such that λ(a) = 1 for every275

a ∈ A.276

Example 4.13 The length of xyω is |x|+ ω.277

10



The free profinite group Likewise, the free profinite group, denoted F̂G(A)278

is the projective limit of the projective system formed by the isomorphism classes279

of A-generated finite groups.280

The topology on the free group FG(A) induced by the topology of F̂G(A) is281

not discrete. Indeed, for any x in FG(A), the sequence xn! tends to 1. Thus A∗282

is dense in F̂G(A) and there is an onto homomorphism from Â∗ onto F̂G(A).283

The topology induced on FG(A) by the topology of F̂ (A) is also called the284

Hall topology. It has been indeed introduced by M. Hall in [15]. Note that, since285

A∗ is embedded in FG(A), we actually have two topologies on A∗ respectively286

induced by the topologies of Â∗ and F̂G(A). To distinguish them, the first one287

is called the pro-S topology and the second one the pro-G topology. The first one288

is stricly stronger than the first one. The pro-G topology on A∗ was introduced289

by Reutenauer in [24].290

The image of the free profinite group on one generator a by the map an 7→ n291

is the group Ẑ of profinite integers (see Section
sectionpAdic
2). The length |x| of an element292

x of F̂G(A) is a profinite integer. The map x ∈ F̂G(A) → |x| ∈ Ẑ is the293

unique continuous morphism such that |a| = 1 for every a ∈ A. In particular294

|a−1| = −1.295

Recognizable sets A subset X of a monoid M is recognizable if there is a296

morphism ϕ : M → N into a finite monoid N which recognizes X . We also say297

that X is recognized by ϕ.298

propositionRecognizableClopen Proposition 4.14 The following conditions are equivalent for a set X ⊂ A∗.299

(i) X is recognizable.300

(ii) the closure X̄ of X in Â∗ is open and X = X̄ ∩ A∗.301

(ii) X = K ∩ A∗ for some clopen set K ⊂ Â∗.302

Proof. Assume that X is recognized by a morphism ϕ : A∗ → S from A∗ into a303

finite monoid S. By the universal property of Â∗, there is a unique continuous304

morphism ϕ̂ extending ϕ. Then X = ϕ̂−1ϕ(X) is open and satisfiesX = X̄∩A∗.305

Thus (1) ⇒ (2). The implication (2) ⇒ (3) is trivial. Finally, assume that (3)306

holds. By Proposition
propositionClopen
4.10 there exists a continuous morphism ψ : Â∗ → S307

into a finite monoid S which recognizes K. Let ϕ be the restriction of ψ to A∗.308

Then X = A∗ ∩K = A∗ ∩ ψ−1ψ(K) and so X is recognizable.309

As an example, the sets of the form Â∗wÂ∗ = A∗wA∗ are clopen sets and so310

are the sets wÂ∗ = wA∗. This shows that a pseudoword has a well-defined set311

of finite factors and a well-defined prefix of every finite length.312

The analogue of Proposition
propositionClopen
4.10 for the pro-G topology is also true (it313

actually holds in the pro-V topology for any pseudovariety V ). Thus a set X314

is recognizable by a morphim on a finite group if and only if X = K ∩ A∗ for315

some clopen set K ⊂ F̂G(A). The following result is from [15].316
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propositionFGClosed Proposition 4.15 Any finitely generated subgroup H of FG(A) is closed for317

the topology induced on FG(A) by the pro-G topology.318

The proof relies on the following result (see [14, Theorem 5.1] or [20, Proposition319

3.10]). Recall that a free factor of a group G is a subgroup H such that G is320

a free product of H and a subgroup K of G. When G is a free group, this is321

equivalent to the following property: for some basis X of H there is a subset Y322

of G such that X ∪ Y is a basis of G.323

theoremHall Theorem 4.16 (Hall) For any finitely generated subgroup H of F (A) and any324

x ∈ FG(A)\H, there is a subgroup of finite index K such that H is a free factor325

of K and x /∈ K .326

To deduce Proposition
propositionFGClosed
4.15 from Hall’s Theorem, consider a sequence (xn) of327

elements of H converging to some x ∈ FG(A). Suppose that x /∈ H . By328

Theorem
theoremHall
4.16, there is a subgroup K of finite index in FG(A) containing H329

such that x /∈ K. Thus (xn) cannot converge to x.330

It follows from Theorem
theoremHall
4.16 that one has the following result [12, Corollary331

2.2]332

corollaryCoulbois Corollary 4.17 Any injective morphism ϕ : FG(B) → FG(A) between finitely333

generated free groups extends to an injective continuous morphism ϕ̂ : F̂G(B) →334

F̂G(A)335

Proof. Let x ∈ F̂G(B) with x 6= 1. By definition of F̂G(B), there is a morphism336

ψ from FG(B) into a finite group G such that ψ̂(x) 6= 1. Let U be the kernel337

of ψ. Let H = ϕ(FG(B)). Since H is finitely generated, by Theorem
theoremHall
4.16, it338

is a free factor of a subgroup of finite index K = H ∗ I. Then the index of339

V = ϕ(U) ∗ I in K is equal to the index of U in H and thus V has finite index340

in FG(A). Moreover ϕ̂(x) /∈ V̄ since otherwise, we would have ϕ̂(x) ∈ ϕ̂(Ū)341

and ψ̂(x) = 1, a contradiction. Thus ϕ̂(x) 6= 1.342

The natural metric The natural metric on a profinite monoid M is defined
by

d(u, v) =

{
2−r(u,v) if u 6= v

0 otherwise

where r(u, v) is the minimal cardinality of a monoid N for which there is a343

continuous morphism ϕ :M → N such that ϕ(u) 6= ϕ(v).344

It is actually a ultrametric since it satisfies the condition

d(u,w) ≤ min(d(u, v), d(v, w))

stronger than the triangle inequality.345

Proposition 4.18 For a finitely generated profinite semigoup S, the topology346

is induced by the natural metric.347
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Proof. Denote Bε = (u) = {v ∈ S | d(u, v) < ε}. Let K be a clopen set in348

S. By Proposition
propositionClopen
4.10 there is a continuous morphism ϕ : S → T into a finite349

semigroup T which recognizes K. For t ∈ T , the ball B2−Card(T )(t) is contained350

in ϕ−1(t) and thus K is a union of open balls. Thus, since the clopen sets form351

a basis of the topology, any closed set is a union of open balls.352

Conversely, consider the open ball B = B2−n(u). Since there is finite number353

of isomorphism types of semigroups with at most n elements, there are finitely354

many kernels of continuous morphisms into such semigroups and so their inter-355

section is a clopen congruence on S. It follows that there exists a continuous356

morphism ϕ : S → T into a finite semigroup such that ϕ(u) = ϕ(v) if and only357

if r(u, v) > n. Hence B = ϕ−1ϕ(B) so that B is open.358

This leads to an alternative definition of the free profinite monoid.359

Theorem 4.19 For a finite set A, the completion of A∗ for the natural metric360

is the free profinite monoid Â∗.361

Presentations of profinite semigroups A congruence of a profinite semi-362

group is called admissible if its classes are closed and the quotient is profinite.363

In other terms, admissible congruences are the kernels of continuous homomor-364

phisms into profinite monoids.365

Given a set X and a binary relation R on the monoid X̂∗, the profinite366

semigroup 〈X | R〉 is the quotient of X̂∗ by the admissible congruence generated367

by R. It is also said to have the presentation 〈X | R〉.368

The same notion holds for groups instead of semigroups and use the notation369

〈X | R〉S or 〈X | R〉G to specify if the presentation is as a profinite semigroup370

or as a profinite group.371

The following is [4, Lemma 2.2].372

lemma2.2 Proposition 4.20 Let S be a profinite semigroup and let ϕ be an automorphism373

of S. Let π be a continuous homomorphism from Â∗ onto S and let Φ be the374

continuous endomorphism of Â∗ such that the diagram below commutes. Then

S S

Â∗ Â∗

ϕ

Φ

π π

375

S has the presentation 〈A | R〉 with R = {(Φω(a), a) | a ∈ A}.376

5 Profinite codes377

sectionProfiniteCodes

We will expore the notion of a code in the free profinite monoid. Let A,B be378

finite alphabets. Any morphism β : B∗ → A∗ extends uniquely by continuity to379

a continuous morphism β̂ : B̂∗ → Â∗. A finite set X ⊂ Â∗ is called a profinite380
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code if the continuous extension β̂ of any morphism β : B∗ → A∗ inducing a381

bijection from B onto X is injective.382

The following statement is from [21].383

theoremCodeProfinite Theorem 5.1 Any finite code X ⊂ A+ is a profinite code.384

Proof. Let β : B∗ → A∗ be a coding morphism for X . We have to show
that for any pair u, v ∈ B̂∗ of distinct elements, we have β̂(u) 6= β̂(v), that is,

there is a continuous morphism α̂ : Â∗ → M into a finite monoid M such that
α̂β̂(u) 6= α̂β̂(v). For this, let ψ : B̂∗ → N be a continuous morphism into a
finite monoid N such that ψ(u) 6= ψ(v). Let P be the set of proper prefixes of
X and let T be the prefix transducer associated to β (see [9]). Let α be the
morphism from A∗ into the monoid of P × P -matrices with elements in N ∪ 0
defined as follows. For x ∈ A∗ and p, q ∈ P , we have

α(x)p,q =

{
ψ(y) if there is a path p

x|y
→ q

0 otherwise.

Then M = α(A∗) is a finite monoid and α extends to a continuous morphism385

α̂ : Â∗ → M . Since, by [9, Proposition 4.3.2], the transducer T realizes the386

decoding function of X , we have αβ(y)1,1 = ψ(y) for any y ∈ B∗. By continuity,387

we have α̂β̂(y)1,1 = ψ(y) for any y ∈ B̂∗. Then α̂ is such that α̂β̂(u) 6= α̂β̂(v).388

Indeed α̂β̂(u)1,1 = ψ(u) 6= ψ(v) = α̂β̂(v)1,1.389

Example 5.2 Let A = {a, b} and X = {a, ab, bb}. The set X is a suffix code.390

It has infinite deciphering delay since abb · · · = a(bb)(bb) · · · = (ab)(bb)(bb) · · · .391

Nonetheless, X is a profinite code in agreement with Theorem
theoremCodeProfinite
5.1. Note that,392

in Â∗, the pseudowords a(bb)ω and ab(bb)ω are distinct (the first one is a limit393

of words of odd length and the second one of words of even length).394

Theorem
theoremCodeProfinite
5.1 shows that the closure of the submonoid generated by a finite code395

is a free profinite monoid. This has been extended to rational codes in [6].396

Actually, for any rational code X , the profinite submonoid generated by X is397

free with basis the closure X̄ of X [6, Corollary 5.7]. Note that we have here a398

free profinite monoid with infinite basis (see [6] for an extension of the notion399

of free profinite monoid to infinite alphabets).400

Example 5.3 Let A = {a, b} and X = a∗b. Then the profinite monoid X̂∗ is401

free with basis X̄ = a∗b ∪ aωb.402

6 Uniformly recurrent pseudowords403

uniformlyRecurrentPseudowords
Let A be a finite alphabet. A set of finite words on A is factorial if it contains404

the alphabet A and all the factors of its elements.405
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Recall that an infinite factorial set F of finite words is said to be uniformly406

recurrent or minimal if for any x ∈ F there is an integer n ≥ 1 such that x is a407

factor of every word in F of length n.408

Note that a uniformly recurrent set is actually minimal for inclusion among409

the infinite factorial sets. Indeed, assume first that F is uniformly recurrent.410

Let F ′ ⊂ F be an infinite factorial set. Let x ∈ F and let n be such that x is411

factor of any word of F of length n. Since F ′ is factorial infinite, it contains a412

word y of length n. Since x is a factor of y, it is in F ′. Thus F is mimimal.413

Conversely consider x ∈ F and let T be the set of words in F which do not414

contain x as a factor. Then T is factorial. Since F is minimal among infinite415

fatorial sets, T is finite. Thus the is an n such that x is a factor of all words of416

F of length n.417

For an infinite pseudoword w, we denote by F (w) the set of finite factors of418

w. It is an infinite factorial set.419

An infinite pseudoword w is uniformly recurrent if F (w) is uniformly recur-420

rent. This is the same definition as the definition commonly used for infinite421

words.422

The following is [7, Lemma 2.2].423

propositionTrivial Proposition 6.1 An infinite pseudoword is uniformly recurrent if and only if424

all its infinite factors have the same finite factors.425

Proof. Let w be an infinite pseudoword. Assume first that w is uniformly426

recurrent. Let u be an infinite factor of w. Let us show that F (u) = F (w). The427

inclusion F (u) ⊂ F (w) is clear. Conversely, let x ∈ F (w). Since w is uniformly428

recurrent, x is a factor of every long enough finite factor of w. In particular, x429

is a factor of every long enough finite prefix of u. Thus x ∈ F (u).430

Conversely, assume that F (w) = F (u) for all infinite factors u of w. Let v be431

a finite factor of w. Atguing by contradiction, assume that there are arbitrary432

long factors of w which do not have v as a factor. This infinite set contains, by433

Proposition
propositionFactors
4.4, a subsequence converging to some infinite pseudoword u which434

is also a factor of w, and such that v 6∈ F (u), a contradiction.435

Recall that the J -order in a monoid M is defined by x ≤J y if x is a factor436

of y. Two elements x, y are J -equivalent if each one is a factor of the other437

(this is one of the Green’s relations, see [9]).438

Replacing the notion of factor by prefix (resp. suffix), one obtains the R-439

order (resp. L-order). Thus, two elements x, y of a monoid M are R-equivalent440

(resp. L-equivalent) if xM = yM (resp. Mx =My). The H-equivalence is the441

intersection of R and L. In any monoid, one has RL = LR and one denotes D442

the equivalence RL = LR which is the supremum of R and L. In a compact443

monoid, one has D = J (the proof is the same as in a finite monoid. It uses444

the fact that a compact monoid satisfies the stability condition: if x ≤R y and445

xJ y, then xRy and dually for L.446

The following result is [7, Theorem 2.6]. It gives an algebraic characterization447

of uniform recurrence in the free profinite monoid.448
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theoremUniformRecurrence Theorem 6.2 An infinite pseudoword is uniformly recurrent if and only if it449

is J -maximal.450

The proof uses three lemmas. An element s of a semigroup S is regular if there451

is some x ∈ S such that sxs = s. In a compact semigroup, a J -class contains452

a regular element if and only if all its elements are regular, if and only if it453

contains an idempotent.454

For a pseudoword w, we denote X(w) the the set of all infinite pseudowords455

which are limits of sequences of finite factors of w.456

lemma2.3 Lemma 6.3 Let x be uniformly recurrent pseudoword over a finite alphabet A.457

1. Every element of X(w) is a factor of w.458

2. All elements of X(w) lie in the same J -class of Â∗.459

3. Every element of X(w) is regular.460

Proof. Assertion 1 results directly from Proposition
propositionFactors
4.4.461

Suppose that u, v ∈ X(w). By Proposition
propositionTrivial
6.1, they have the same set of462

finite factors. Thus, by Assertion 1, they are J -equivalent.463

Assume that u is the limit of a sequence (un)n≥0 of finite factors of w. Since464

w is recurrent, there are finite words vn such that unvnun is a factor of w. If465

v is an accumulation point of the sequence vn, then uvu is a factor of w which466

belongs to X(w). By Assertion 2, it is J -equivalent to u. In a compact monoid,467

by the stability condition, this implies that u and uvu are H-equivalent and468

thus that u is regular (indeed, uHuvu implies uHu(vu)ω and thus (vu)ω is an469

idempotent in J(u)).470

Lemma 6.4 Let w be a uniformly recurrent pseudoword. Each H-class con-471

tained in the J -class of w contains some element of X(w).472

Proof. Let u ∈ J(w). Denote by xn and yn the prefix and the suffix of u of473

length n. Since u is uniformly recurrent by Proposition
propositionTrivial
6.1, there is a factor474

tn of x of length at least 2n having xn as a prefix and yn as a suffix. Taking475

a subsequence, we may assume that the sequences (xn), (yn) and (tn) converge476

to x, y, t. Then x, y, t ∈ J(w) by Lemma
lemma2.3
6.3(b). Since x ≥R t and t ≤L y, by477

stability, we obtain uHt.478

lemmaR Lemma 6.5 Let u be a uniformly recurrent pseudoword and suppose v is a479

pseudoword such that uv is still uniformly recurrent. Then u and uv are R-480

equivalent.481

Proof. Suppose first that v is finite. Let un be the suffix of u of length n. Since482

u is an infinite factor of uv which is uniformly recurrent, they have the same483

finite factors by Lemma
propositionTrivial
6.1. Hence for every n there is some m(n) such that484

um(n) = xnunvyn. By compactness, we may assume by taking subsequences that485

the sequences xn, yn, un converge to x, y, u′ respectively. Then by continuity of486
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the multiplication, the sequence um(n) converges to xu′vy. Since the limits of487

two convergent sequences of suffixes of the same pseudoword are L-equivalent,488

we obtain that xu′uyLu and thus uRu′v by stability. Since u′ is the limit of a489

sequence of suffixes of u, there is some factorization of the form u = zu′. Since490

the R-equivalence is a left congruence, we finally obtain uv = zu′vRzu′ = u.491

Assume next that v is infinite. We assume by contradiction that u >R uv.492

Let vn be a sequence of finite words converging to v. Taking a subsequence, we493

may assume that uvn >R u for all n. Thus for each n, we have a factorization494

vn = xnanyn with an ∈ A such that uRuxn >R uxnan ≥R uv. Since the495

alphabet is finite and Â∗ is compact we may, up to taking a subsequence, assume496

that the letter sequence an is constant and the sequences xn, yn converge to x497

and y respectively. Thus we have p = xay with a ∈ A and uRux >R uxa ≥R uv.498

On the other hand, since ux and uxa are infinite factors of uv, they are both499

uniformly recurrent by Proposition
propositionTrivial
6.1. By the first part, we have uxRuxa, a500

contradiction.501

A dual result holds for the L-order.502

Proof of Theorem
theoremUniformRecurrence
6.2. Suppose first that w is J -maximal as an infinite pseu-503

doword. If v is an infinite factor of w, it is J -equivalent to w. Hence v, w have504

the same factors and, in particular, the same finite factors. By Proposition
propositionTrivial
6.1,505

w is uniformly recurrent.506

Suppose conversely that u,w ∈ Â∗ \ A∗ are such that u ≥J w with w507

uniformly recurrent. Set w = puq with p, q ∈ Â∗. By the dual of Lemma
lemmaR
6.5,508

we have puLu. And by Lemma
lemmaR
6.5, we have puRpuq. Thus u and w are J -509

equivalent.510

Example 6.6 The J -class of aω in Â∗ is a singleton. The J -class of (ab)ω has511

four elements. It is represented in Figure
FigureJclassab
5.

(ab)ω (ab)ωa

b(ab)ω (ba)ω

Figure 5: The J -class of (ab)ω. FigureJclassab

512

7 Substitutions513

sectionSustitutions

Let A be a finite alphabet. Let ϕ : A∗ → A∗ be a morphism, also called a514

substitution over A. Then ϕ extends uniquely by continuity to a morphism still515

denoted ϕ : Â∗ → Â∗. The monoid End(Â∗) is profinite by Theorem
theoremEndomorphismMonoid
4.11. Thus516
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the morphism ϕω is well defined as the unique idempotent in the closure of the517

semigroup generated by ϕ.518

A substitution ϕ : A∗ → A∗ is said to be primitive if there is an integer n519

such that all letters appear in every ϕn(a) for a ∈ A.520

A fixed point of a substitution ϕ is an infinite word x ∈ AN such that521

ϕ(x) = x. As well-known, a fixed point of a primitive substitution is uniformly522

recurrent (see [13, Proposition 1.3.2] for example).523

The following is a particular case of [7, Theorem 3.7] (in which the notion524

weakly primitive substitution is introduced).525

Theorem 7.1 Let ϕ be a primitive substitution over a finite alphabet A. Then526

the pseudowords ϕω(a) with a ∈ A are uniformly recurrent and are all J -527

equivalent.528

Proof. Let u be a finite factor of ϕω(a) for some a ∈ A. Then there is a integer529

N such that u is a factor of any factor of length N of ϕn(b) for all b ∈ A. Thus530

u is a factor of any finite factor of length N of any ϕω(b). This proves both531

claims.532

Example 7.2 The Fibonacci morphism ϕ : a 7→ ab, b 7→ a is primitive. Thus533

the pseudowords ϕω(a) and ϕω(b) are uniformly recurrent and J -equivalent.534

exampleThueMorse Example 7.3 The Thue-Morse substitution is the morphism τ : a 7→ ab, b 7→535

ba. It is primitive. The unique fixed point x = abbabaab · · · of τ beginning with536

a is called the Thue-Morse infinite word. The set of its factors is called the537

Thue-Morse set.538

Given a substitution ϕ over A, we denote by ϕG the endomorphism of F̂ (A)539

such that the foolowing diagram commutes where π : Â∗ → F̂ (A) denotes the

F̂G(A) F̂ (A)

Â∗ Â∗

ϕG

ϕ

π π

540

canonical projection.541

For a substitution ϕ over A, the endomorphism ϕω
G is the identity if and542

only if ϕ is invertible (as a map from F (A) into itself).543

Indeed, if ϕ is an automorphism of F (A), then its extension to F̂ (A) is also544

an automorphism. But then ϕω
G is the identity since in a group one has xω = 1545

for any element x.546

Conversely, if ϕω
G is the identity, then ϕ is a bijection from F (A) onto itself547

and thus it is an automorphism of F (A).548

exampleFibonacciPseudo Example 7.4 Let A = {a, b} and let ϕ : a 7→ ab, b 7→ a be the Fibonacci549

morphism. Then ϕ is an automorphism of F (A) since ϕ−1 : a 7→ b, b 7→ b−1a.550
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Accordingly ϕω
G is the identity. In particular, one has ϕω

G(a) = a. This explains551

in a simple way that the length of ϕω
G(a) is equal to 1 (see Section

sectionFibonacci
3).552

8 Factorial, neutral and tree sets553

factorialSets
Let F be a uniformly recurrent set of finite words on the alphabet A. The554

closure F̄ of F in Â∗ is also factorial (see [3, Proposition 2.4]).555

The set of two-sided infinite words with all their factors in F is denoted556

X(F ). It is closed for the product topology of AZ. It is aslo invariant by the557

shift σ : AZ → AZ defined by y = σ(x) if yn = xn+1 for any n ∈ Z. Such a558

closed and shift invariant set is called a subshift. It is classical that a subshift is559

of the form X(F ) for some uniformly recurrent set if and only if it is minimal560

(see [19] for example).561

The J -class J(F ) By the results of Section
uniformlyRecurrentPseudowords
6, all the infinite pseudowords in562

the closure F̄ of F are are J -equivalent. We denote by J(F ) their J -class.563

exampleFibonacciSet Example 8.1 The Fibonacci morphism ϕ is primitive. The set F of factors of564

the words ϕn(a) for n ≥ 1 is called the Fibonacci set. It contains the infinitely565

recurrent pseudowords ϕω(a) and ϕω(b).566

For a uniformly recurrent set F , the J -class J(F ) can be described a follows.567

For x ∈ Â∗, denote by
→
x the right infinite word whose finite prefixes are those568

of x. Symmetrically,
←
x is the left inifnite word whose finite suffixes are those of569

x. The following is [3, Lemma 6.6].570

Proposition 8.2 For a uniformly recurrent set F , two words u, v ∈ J(F ) are571

R-equivalent if and only if
→
u=
→
v and L-equivalent if and only if

←
u=
←
v572

It follows from this that w ∈ J(F ) belongs to a subgroup if and only if the573

two-sided infinite word
←
w ·

→
w has all its factors in F . Indeed, the finite factors574

of w2 are those of w plus the the products uv where u is a finite suffix of w and575

v is a finite prefix of w [3, Lemma 8.2].576

Thus the maximal subgroups of J(F ) are in bijection with the elements of the577

set X(F ) of two-sided infinite words with all their factors in F . For x ∈ X(F ),578

we denote by Hx the maximal subgroup corresponding to x.579

Example 8.3 Let F be the Fibonacci set and let w = ϕω(a). The right infinite580

word
→
w is the Fibonacci word. The left infinite word

←
w is the word with suffixes581

ϕ2n(a) (see Section
sectionFibonacci
3). The two sided infinite word

←
w ·

→
w is a fixed point of ϕ2.582

exampleMorphismAC Example 8.4 let A = {a, b} and let ϕ : A∗ → A∗ be defined by ϕ(a) = ab583

and ϕ(b) = a3b. Let F be the set of factors of ϕω(a). Since ϕ is primitive, F584

is uniformly recurrent. The pseudowords ϕω(a) and ϕω(b) belong to the same585

H-class of J(F ). Indeed, we have
→

ϕω(a)=
→

ϕω(b) and
←

ϕω(a)=
←

ϕω(b).586
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Neutral sets Let F be a factorial set on the alphabet A. For w ∈ F , we587

denote588

LF (w) = {a ∈ A | aw ∈ F},

RF (w) = {a ∈ A | wa ∈ F},

EF (w) = {(a, b) ∈ A×A | awb ∈ F}

and further

ℓF (w) = Card(LF (w)), rF (w) = Card(RF (w)), eF (w) = Card(EF (w)).

For w ∈ F , we denote

mF (w) = eF (w) − ℓF (w)− rF (w) + 1.

A word w is called neutral if mF (w) = 0. A factorial set F is neutral if every589

word in F is neutral.590

Example 8.5 The Fibonacci set is neutral as any Sturmian set.591

Example 8.6 The Thue-Morse set T is not neutral. Indeed, since A2 ⊂ T , one592

has mT (ε) = 1.593

exampleMorphismAC2 Example 8.7 Let ϕ : a 7→ ab, b 7→ a3b be as in Example
exampleMorphismAC
8.4. Let F be the set594

of factors of ϕω(a). It is not neutral since m(a) = 1 and m(aa) = −1.595

A neutral set has complexity kn+ 1 where k = Card(A)− 1 (see [10]).596

Return words A return word to x ∈ F is a nonempty word w ∈ F such that597

xw begins and ends by x but has no internal factor equal to x. We denote by598

RF (x) the set of return words to x.599

One also defines a left return word to x ∈ F as a nonempty word such that600

wx begins and ends with x but has no internal factor equal to x. We denote by601

R′F (x) the set of left return words to x. One has obviouslyR′F (x) = xRF (x)x
−1.602

exampleReturnFibonacci Example 8.8 Let F be the Fibonacci set. The sets of right and left return603

words to a are RF (a) = {a, ba} and R′F (a) = {a, ab}. Similarly, RF (b) =604

{ab, aab} and R′F (b) = {ba, baa}.605

By a result of [8], in a uniformly recurrent neutral set, one has

Card(RF (x)) = Card(A) (1) eqReturn

for every x ∈ F .606

exampleMorphismAC3 Example 8.9 Let ϕ : a 7→ ab, b 7→ a3b be as in Example
exampleMorphismAC
8.4. Let F be the set of607

factors of ϕω(a). One has RF (a) = {a, ba} but RF (aa) = {a, babaa, babababaa}.608

Thus the number of return words is not constant in a uniformly recurrent set609

which is not neutral.610
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Let F be neutral set. For x ∈ J(F ), a set of return words to x is an accumulation611

point of the sequence (RF (xn)) ∈ J(F )Card(A) for a sequence (xn) of words of612

F converging to x.613

exampleGroupFibonacci Example 8.10 Let ϕ be the Fibonacci morphism and F be the Fibonacci set.614

It is a neutral set. The set of return words to a is RF (a) = {a, ba}. Accordingly,615

a set of return words to ϕω(a) is {ϕω(a), ϕω(ba)}. Actually, any set of return616

words has two elements.617

For an element x of a semigroup S, we denote by G(x) the group of formed618

by the elements w ∈ S such that xwHx. When the H-class of x is a group, it is619

isomorphic G(x). This group is the Schützenberger group of the J -class of x.620

The following is [4, Proposition 5.2].621

theoremPresentation Theorem 8.11 Let F be a uniformly recurrent neutral set. For any x ∈ J (F ),622

the group G(x) is the closure of the subgroup generated by any set of return623

words to x.624

The authors of [4] actually proceed in a slightly different way. For a two-sided625

infinite word x ∈ X(w), they consider the sets Rn(x) = vnRF (unvn)v
−1
n where626

vn = x[−n,−1] and un = x[0, n − 1]. They consider then an accumulation627

point of the sequence Rn(x) in Â∗. If w ∈ J(F ) is in a group, let x =
←
w ·

→
w.628

Let (uni
), (vni

) be subsequences of (un), (vn) converging to w. Then Rni
(x)629

converges to wRF (w
2)w−1. Thus the two sets are conjugate within G(w).630

Example 8.12 Let ϕ be the Fibonacci morphism and let F be the Fibonacci631

set. Let x = ϕω(a) and y = ϕω(b). The group G(x) is the closure of the group632

generated by x and yx, that is, isomorphic to F̂ (A).633

Tree sets Let F be a factorial set of words. For w ∈ F , we consider the set634

EF (w) as an undirected graph on the set of vertices which is the disjoint union635

of LF (w) and RF (w) with edges the pairs (a, b) ∈ EF (w). This graph is called636

the extension graph of w.637

A factorial set is a tree set is for every x ∈ F , the graph EF (x) is a tree. A638

tree set is neutral.639

Example 8.13 The Fibonacci set is a tree set. This follows from the fact that640

it is a Sturmian set (see [10]) and that every Sturmian set is a tree set.641

Example 8.14 The Tribonacci set is the set of factors of the fixed point of the642

morphism ϕ : a 7→ ab, b 7→ ac, c 7→ a. It is a also a tree set (see [10]). The graph643

E(ε) is represented in Figure
figureTribonacci
6.644

exampleMorphismAC4 Example 8.15 Let ϕ : a 7→ ab, b 7→ a3b be as in Example
exampleMorphismAC
8.4. Let F be the645

set of factors of ϕω(a). The graphs E(a) and E(aa) are shown in Figure
figureExampleAC
7.646

The first graph has a cycle of length 4 and the second one has two connected647
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a

b

c a

b

c

Figure 6: The extension graph of ε in the Tribonacci set. figureTribonacci

a a

b b

a a

b b

Figure 7: The extension graphs E(a) and E(aa). figureExampleAC

components. Thus F is not a tree set (it is not either an acyclic or a connected648

set, as defined in [10]).649

exampleThueMorse2 Example 8.16 Let T be the Thue-Morse set (see example
exampleThueMorse
7.3). The set F is650

not a tree set since ET (ε) is the complete bipartite graph K2,2 on two sets with651

2 elements.652

The following is [10, Theorem 4.1].653

theoremReturn Theorem 8.17 Let F be a uniformly recurrent tree set. For any x ∈ F , the654

set RF (x) is a basis of F (A).655

Example 8.18 Let F be the Tribonacci set on A = {a, b, c}. Then RF (a) =656

{a, ba, ca}, which is easily seen to be a basis of F (A).657

The following result is [5, Theorem 6.5]. We denote by G(F ) the Schützenberger658

group of J(F ).659

theoremTreAC Theorem 8.19 Let F be a nonperiodic uniformly recurrent tree set on the al-660

phabet A. The group G(F ) is the free profinite group on A. More precisely,661

the restriction to any maximal subgroup G of J(F ) of the natural projection662

pG : Â∗ → F̂G(A) is an isomorphism.663

Proof. Let x ∈ J(F ) and let (xn) be a sequence of words of F converging to x.664

Let X be an accumulation point of the sequence RF (xn). Since each RF (xn)665

is a basis of F (A), the set X is a basis of (a completer). A set of return words666

to any x ∈ J(F ) is667

Example 8.20 Let F be the Fibonacci set. We have seen that G(F ) is the free668

profinite group on A (Example
exampleGroupFibonacci
8.10).669
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theoremMaximalGroup Corollary 8.21 Let F be a uniformly recurrent tree set and let H be a subgroup670

of finite index n in FG(A). For any maximal group G in J(F ), G ∩ H̄ is a671

subgroup of index n of G.672

Proof. This results from Theorem
theoremTreAC
8.19 since pG is an isomorphism from G onto673

F̂G(A) and G ∩ H̄ = p−1G (H̄).674

9 Fixed points of morphisms675

Let ϕ : A∗ → A∗ be a primitive substitution and let F (ϕ) be the set of factors676

of a fixed point of ϕ. We denote by J(ϕ) the closure of F (ϕ) and by G(ϕ) the677

Schützenberger group of J(ϕ).678

A connexion for ϕ is a word ba with b, a ∈ A such that ba ∈ F (ϕ), the first679

letter of ϕω(a) is a and the last letter of ϕω(b) is b. Every primitive substitution680

has a connexion [7, Lemma 4.1]. A connective power of ϕ is a finite power ϕ̃ of681

ϕ such that the first letter of ϕ̃(a) is a, the last letter of ϕ̃(b) is b. We denote682

Xϕ(a, b) = aRF (ba)a
−1. The set Xϕ(a, b) is a code.683

exampleThueMorse3 Example 9.1 Let τ : a 7→ ab, b 7→ ba be the Thue-Morse morphism. The684

word aa is a connection for τ and τ̃ = τ2 is a connecting power of τ . The685

set X = Xτ (a, a) has four elements x = abba, y = ababba, z = abbaba and686

t = ababbaba.687

The following is [4, Theorem 5.6].688

theorem5.6 Theorem 9.2 Let ϕ be a non periodic primitive substitution. Consider a con-689

nexion ba for ϕ and a connective power ϕ̃. Then Hba = ˜ϕ(Hba) = ϕω(Hba).690

The proof uses the notion of recognizablity of a substitution. We give the691

definition in the following form (see [16] for the equivalence with equivalent692

forms). Given a morphism ϕ : A∗ → A∗, a pair (q, r) of words in A∗ is syn-693

chronizing if for any p, s, t ∈ A∗ such that ϕ(t) = pqrs, one has t = uv with694

ϕ(u) = pq and ϕ(v) = rs (see Figure
figureRecognizability
8). Let F be the set of factors of a fixed

u v

p q r s

ϕ ϕ

Figure 8: A synchronizing pair. figureRecognizability

695

point of ϕ. The morphism ϕ is recognizable if there is an integer n ≥ 1 such that696

for any x, y ∈ F ∩ An such that xy ∈ F , the pair (ϕ(x), ϕ(y)) is synchronizing.697

By a result of Mossé [22], any non-periodic primitive substitution is recognizable698

(see [16] for a new version of the proof).699

The following is the main result if [4] (Theorem 6.2).700
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theoremPresentation Theorem 9.3 Let ϕ be a non-periodic primitive substitution over the alphabet
A. Let ba be a connexion of ϕ and let Xϕ = Xϕ(a, ). Then G(ϕ) admits the
presentation

〈X | ϕ̃ω
X,G(x) = x, x ∈ X〉G.

exampleThueMorse4 Example 9.4 Let τ : a 7→ ab, b 7→ ba be the Thue-Morse morphism. We have701

seen in Example
exampleThueMorse3
9.1 that the word aa is a connection for τ and τ̃ = τ2 is a702

connecting power of τ . The set X = Xτ (a, a) has four elements x = abba,703

y = ababba, z = abbaba and t = ababbaba. By Theorem
theoremPresentation
9.3, the group G(τ) is704

the group generated by X with the relations τωX,G(u) = u for u ∈ X . Actually,705

since τω(y)τω−1(x)τω(z) = τω(t), the relation xy−1z = t is a consequence of706

the relations above and thus G(ϕ) is generated by x, y, z.707

Let h : A∗ → G be a morphism from A∗ into a finite group G and let708

ϕ : A∗ → A∗ be a morphism. We denote by ϕG the map from GA into itself709

defined for f ∈ GA ϕ(f)(a) = f(ϕ(a)). We say that ϕ has finite f -order if there710

is an integer n ≥ 1 such that ϕn
G(f) = f . The least such integer is called the711

h-order of ϕ.712

Any substitution ϕ which is invertible in FG(A) is of finite h-order for any713

morphism h into a finite group. Indeed, since G is finite, there are integers n,m714

with n < m such that ϕn+m
G = ϕn

G. Since ϕ is invertible, ϕn
G is the identity.715

Example 9.5 Let ϕ : a 7→ ab, b 7→ a be the Fibonacci substitution and let716

h : A∗ → Z/2Z be the parity of the length, that is the morphism into the717

additive goup of integers modulo 2 sending each letter to 1. Then ϕ is of h-718

order 3.719

The following is a consequence of Theorem
theoremPresentation
9.3, using [4, Proposition 3.2].720

corollaryPresentation Corollary 9.6 Let ϕ be a non-periodic primitive substitution over A and let721

h : A∗ → G be a morphism onto a finite group. The restriction of ĥ : Â∗ → G722

to any maximal subgroup of J(ϕ) is surjective if and only if ϕ has finite h-order.723

Example 9.7 Let ϕ be as in Example
exampleMorphismAC4
8.15, let G = Z/2Z and let h : A∗ → G724

be the parity of the length. Then ϕG sends any f ∈ GA to the map sending725

each letter to 0. Thus ϕ does not have finite h-order.726

The following example is from [4].727

exampleMorphismAC5 Example 9.8 Let ϕ : a 7→ ab, b 7→ a3b be as in the previous example and let728

h : A∗ → A5 be the morphism from A∗ onto the alternating group A5 defined729

by h : a 7→ (123), b 7→ (345). One may verify that ϕ has h-order 12. Thus A5730

is a quotient of G(ϕ). It is not known wheter any finite group is a quotient of731

G(ϕ).732
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Proper substitutions A substitution ϕ over A is proper if there are letters733

a, b ∈ A such that for every d ∈ A, ϕ(d) starts with a and ends with b. The-734

orem
theoremPresentation
9.3 takes a simpler form for proper substitutions. The following is [4,735

Theorem 6.4].736

theoremPresentationProper Theorem 9.9 Let ϕ be a non-periodic proper primitive substitution over a finite
alphabet A. Then G(ϕ) admits the presentation

〈A | ϕω
G(a) = a, a ∈ A〉G.

The proof uses Proposition
lemma2.2
4.20 applied with the following diagram.

H H

Â∗ Â∗

ϕ

ϕω+1

ϕω ϕω

737

exampleMorphismAC6 Example 9.10 Let A = {a, b} and let ϕ : a 7→ ab, b 7→ a3b. The morphism738

ϕ is proper. Thus, by Theorem
theoremPresentationProper
9.9, the Schützenberger group of J(ϕ) has the739

presentation 〈a, b | ϕω
G(a) = a, ϕω

G(b) = b〉. Since ϕ is not an automorphism740

of FG(A), the relation ϕG(a) = a is nontrivial and thus G(F ) is not a free741

profinite group.742

10 Groups of bifix codes743

For an automaton A, we denote by ϕA the natural morphism from A∗ onto the744

transtion monoid of A.745

Let F be a recurrent set. For any automaton A = (Q, i, T ), we denote by746

rankA(F ) the minimum of the ranks of the maps ϕA(w) for w ∈ F . By [23,747

Proposition 3.2], the set of elements of rank rankA(F ) is included in a regular D-748

class, called the F -minimal D-class of the monoid ϕA(A
∗) and denoted JA(F ).749

The structure group of this D-class is denoted GA(F ).750

Let F be a factorial set. A bifix code X ⊂ F is F -maximal if it is not751

properly contained in any bifix code Y ⊂ F . The F -degree of X , denoted752

dX(F ), is the F -minimal rank of the minimal automaton A of X∗. We denote753

by ϕX the morphism ϕA, by JX(F ) the D-class JA(F ) and by GX(F ) the group754

GA(F ), called The F -group of X . It is a permutation group of degree dX(F ).755

We recall that for any uniformly recurrent tree set F a finite bifix code756

X ⊂ F is F -maximal of F -degree d if and only if it is a basis of a subgroup of757

index d (Finite Index Basis Theorem, see [11, Theorem 4.4]).758

Let Z be a group code of degree d and let F be a uniformly recurrent tree759

set. We will deduce from Theorem
theoremTreAC
8.19 the following statement. The second760

assertion is [23, Theorem 4.5].761

corollaryGroup Theorem 10.1 Let Z be a group code of degree d and let F be a uniformly762

recurrent tree set. Then the following properties hold.763
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1. The morphism ϕ̂X maps J(F ) onto JX(F ).764

2. The group GX(F ) is equivalent to the representation of FG(A) on the765

right cosets of the subgroup generated by X.766

Proof.767

768

exampleDegree2 Example 10.2 Let A = {a, b} and let Z = A2. Let F be the Fibonacci set.769

Then X = {aa, ab, ba}. The group GX(F ) is the cyclic group of order 2, in770

agreement with the fact that X generates the kernel of the morphism from771

FG(A) onto Z/2Z sending a, b to 1. The minimal automaton of X∗ is shown772

in Figure
figureAutomaton
9 on the left and the 0 minimal ideal of its transition monoid M is773

represented on the right.

1

2

3

a, b

a

b

a

1, 2 1, 3

1/2, 3 * a *ab

1/2 *ba b

Figure 9: The minimal automaton of X∗ and the F -minimal D-class. figureAutomaton

774

Note that, in the above example, the F -minimal D-class D of M is the image775

of the J -class J(F ). The following example shows that Corollary
corollaryGroup
10.1 may be776

true although the image of J(F ) in the monoid M is strictly included in D.777

exampleMorphismAC6 Example 10.3 Let F be the set of factors of the fixed point of the morphism778

ϕ : a 7→ ab, b 7→ a3b (as in Example
exampleMorphismAC
8.4). The set F ∩ A2 is the same as in779

Example
exampleDegree2
10.2 and the F -minimal D-class is also the same. However, J(F ) is780

formed of words of even length and thus its image in M is aperiodic.781

We now deduce from Corollary
corollaryPresentation
9.6 the following statement which gives in-782

formation on the groups GX(F ) when X is an F -maximal bifix code in a set F783

which is not a tree set.784

theoremGroupCode Theorem 10.4 Let ϕ be a primitive non-periodic substitution over the alphabet785

A and let F be the set of factors of a fixed point of ϕ. Let Z be a group code of786

degree d on A and let h be the morphism from A∗ onto the syntactic monoid of787

Z∗. Set X = Z ∩F . If ϕ has finite h-order, then X is an F -maximal bifix code788

of F -degree d and GX(F ) is isomorphic to G.789

Proof.790

791
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exampleMorphismAC7 Example 10.5 Let F and ϕ be as in Example
exampleMorphismAC2
8.7. We consider, as in [4], the792

morphim h : A∗ → A5 from A∗ onto the alternating group of degree 5 defined793

by h : a 7→ (123), b 7→ (345). We have seen in Example
exampleMorphismAC5
9.8 that ϕ has h-order794

12 and thus, by Corollary
corollaryPresentation
9.6, ĥ induces a surjective map from any maximal795

subgroup of J(ϕ) onto A5.796

Let Z be the bifix code generating the submonoid stabilizing 1 and let X =
Z ∩ F . The F -maximal bifix code X has 8 elements. It is represented in
Figure

figureBifixDegree5
10 with the states of the minimal automaton indicated on its prefixes.

In agreement with Theorem
theoremGroupCode
10.4, the F -degree of X is 5. The F -minimal

1

2

1

3

4

1

5

6

7

1

8

9

10

11

12

9

14

15

16

11

17

1

14

14

15

15

17

17

1

1

15

15

1

1

a

b

a

b

a
b

a

a

a
b

b

a

a

a

b

a

b

a

a

a

a

b

a

b

b

a

a

a

a

b

b

a

a

Figure 10: The bifix code X . figureBifixDegree5

D-class is represented in Figure
figureFMinimalDClass
11. The word a3 has rank 5 and RF (a

3) =

1, 2, 3, 16, 17 1, 4, 5, 14, 15 1, 2, 6, 7, 17 1, 4, 8, 9, 15 1, 2, 6, 10, 11 1, 2, 3, 12, 14

1/2, 4/3, 6, 15/ a3 a3b a3ba * a3bab

8/9

1/2/11, 17/6 ba3 *

7, 9, 10

1/3, 6, 15/9, 14 aba3 *

5, 8/4

1/11, 17/7, 16 * baba3 bab

3, 6/2

1/2, 4/9, 14 * *

3, 6, 15/5, 12

1/2, 4/3, 6, 15 *

10/11

Figure 11: The F -minimal D-class. figureFMinimalDClass
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{babaaa, babababaaa}. The corresponding permutations defined on the image
{1, 2, 3, 16, 17} of a3 are respectively

(1, 2, 16, 3, 17) (1, 17, 16, 2, 3)

which generate A5.797

exampleThueMorse4 Example 10.6 Let ϕ : a 7→ ab, b 7→ ba be the Thue-Morse substitution (see798

Example
exampleThueMorse3
9.1) and let F be the Thue-Morse set. The word aa is a connection799

for τ and τ̃ = τ2 is a connecting power of τ . The set X = Xτ (a, a) has four800

elements x = abba, y = ababba, z = abbaba and t = ababbaba. By Theorem
theorem5.6
9.2,801

the group G(τ) is the group generated by X with the relations τωX,G(u) = u for802

u ∈ X . Actually, since τω(y)τω−1(x)τω(z) = τω(t), the relation xy−1z = t is a803

consequence of the relations above and thus G(ϕ) is generated by x, y, z.804

The next example is from [23].805

exampleMorseTrivialGroup Example 10.7 Let F be the Thue-Morse set and let A be the automaton806

represented in Figure
figMorse
12 on the left. The word aa has rank 3 and image I =

1

2

3

4

1
1

5

6

8

1

10 1

7

1

9 11 1

a

b

a
b

a
b

b
a

b

b b

a
a

b
a a

0 1

2

a

aa
b b

b

Figure 12: An automaton of F -degree 3 with trivial F -group figMorse

807

{1, 2, 4}. The action on the images accessible from I is given in Figure
figActionMorse
13. All

1, 2, 4 1, 3, 6 1, 3, 5 1, 2, 7 1, 3, 9 1, 2, 11

1, 2, 8 1, 3, 10

b b a b a

a

a

b

b

a

Figure 13: The action on the minimal images figActionMorse

808

words with image {1, 2, 4} end with aa. The paths returning for the first time to809

{1, 2, 4} are labeled by the set RF (aa) = {b2a2, bab2aba2, bab2a2, b2aba2}. Thus810

rankA(F ) = 3 by [23, Theorem 3.1]. Moreover each of the words of RF (a
2)811

defines the trivial permutation on the set {1, 2, 4}. Thus GA(F ) is trivial.812
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The fact that dA(F ) = 3 and that GA(F ) is trivial can be seen directly as813

follows. Consider the group automaton B represented in Figure
figMorse
12 on the right814

and corresponding to the map sending each word to the difference modulo 3 of815

the number of occurrences of a and b. There is a reduction ρ from A onto B816

such that 1 7→ 0, 2 7→ 1, and 4 7→ 2. This accounts for the fact that dA(S) = 3.817

Moreover, one may verify that any return word x to a2 has equal number of a818

and b (if x = uaa then aauaa is in F , which implies that aua and thus uaa have819

the same number of a and b). This implies that the permutation ϕB(x) is the820

identity, and therefore also the restriction of ϕA(x) to I.821

exampleThueMorse5 Example 10.8 Consider again the Thue-Morse substitution τ and the Thue-822

Morse set F as in Example
exampleThueMorse4
10.6. Let h be the morphism h : a 7→ (123), b 7→ (345)823

from A∗ onto the alternating group A5 (already used in Example
exampleMorphismAC3
8.9). One may824

verify that τ has h-order 6 and thus, by Corollary
corollaryPresentation
9.6, h extends to a surjective825

continuous morphim from any maximal subgroup of J(ϕ) onto A5. We provide826

an alternative verification using bifix codes.827

Let Z be the group code generating the submonoid stabilizing 1 and let828

X = Z ∩ F . The F -maximal bifix code X is represented in Figure
figureBifixDegree5Morse
14. We829

represent in Figure
figureBifixDegree5Morse
14 only the nodes corresponding to right special words, that830

is, vertices with two sons.

1

2

1

3

4

1

5

6

7

1

1

1

8

1

9

10

1

11

1

1

12

1

12

1

1

1

1

a

b

ab

b

abba

ba

a

ba

aba

ba

a

b2a

a

τ2(b)

τ3(a)

ba

τ2(a)

ba

τ2(a)

τ3(b)

τ2(a)

τ2(bba)

τ2(a)

τ2(b)a

τ2(a)

τ2(b)a

Figure 14: The bifix code X . figureBifixDegree5Morse

831

The image of τ4(b) is {1, 3, 4, 9, 10} and thus it is minimal. The action on832

its image is shown in Figure
figureMinimalImages
15. The return words to τ4(b) are τ4(b), τ3(a)833

and τ5(ab). The permutations on the image of τ4(b) are the 3 cycles of length 5834

indicated in Figure
figureMinimalImages
15. Since they generate the group A5, we have GX(F ) = A5.835
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