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Theory and practice

Outline: examples on the interplay theory/practice met in the
framework of the Lothaire project and involving:

The Unitex package

The Burrows Weeler transformation

Transducers
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The Lothaire project

A collaborative project run with Jean Berstel and comprising

Combinatorics on Words, Addison Wesley, 1984, Cambridge
1997

Algebraic Combinatorics on Words, Cambridge, 2002

Applied Combinatorics on Words, Cambridge, 2005
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The anonymous french package

A set of (unguarranteed) Java programs comprising:

Basic algorithms on words

Automata and regular expressions

Transducers

Parsing

Enumeration
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The Burrows Wheeler transform

Let w = abracadabra. The list of conjugates of w sorted in
alphabetical order is represented below.

1 2 3 4 5 6 7 8 9 10 11
1 a a b r a c a d a b r

2 a b r a a b r a c a d

3 a b r a c a d a b r a

4 a c a d a b r a a b r

5 a d a b r a a b r a c

6 b r a a b r a c a d a

7 b r a c a d a b r a a

8 c a d a b r a a b r a

9 d a b r a a b r a c a

10 r a a b r a c a d a b

11 r a c a d a b r a a b

The word T (w) is the last column of the array. Thus
T (w) = rdarcaaaabb.
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The BW compression mehod

Principle: two passes

1 First transform the source file by BW.

2 Use a standard compression method (run length or
move-to-front) to compress the output.

Complexity: linear (using a suffix tree of the input).
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The Parikh vector of the word w = abracadabra is
v = (5, 2, 1, 1, 2) and ρ(v) = {5, 7, 8, 9}.

σ =

(

1 2 3 4 5 6 7 8 9 10 11
1 3 7 11 4 8 5 9 2 6 10

)

π =

(

1 2 3 4 5 6 7 8 9 10 11
3 6 7 8 9 10 11 5 2 1 4

)

Theorem (Gessel, Reutenauer)

For any positive vector v = (n1, n2, · · · , nk) with n = n1 + · · ·+ nk ,

the map w 7→ π = P(w) is one to one from the set of conjugacy

classes of primitive words of length n on an alphabet A with k

symbols with Parikh vector v onto the set of cyclic permutations

on {1, 2, . . . , n} such that ρ(v) contains des(π).
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The Unitex software

Unitex is a corpus processing system, based on
automata-oriented technology. The main functions are:

building, checking and applying electronic dictionnaries

pattern matching

applying lexicon grammar tables
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The graph of durations
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The DELAF dictionnary

The files used are all parts of the delaf dictionnary. It is a
dictionnary of about 800000 words representing all words in french
at all grammatical forms. A typical part of the delaf looks like
activassent
activasses
activassiez
activassions
activateur
activateur
activateur biologique
activateur tissulaire du plasminogène
Compound words (like ‘activateur biologique’) are also entries of
the dictionnary. Some words are repeated because the file is a
stripped version of one associating with each word some
information giving its grammatical category.
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nbWords alphabet Trie IDFA Minimal

delafAb.txt 39 29 97 73 64

delafA.txt 731 53 2526 2085 1202

delafB.txt 1556 58 5182 4254 2243

delafC.txt 2550 63 9310 7742 4086

delafa.txt 60324 72 175546 136886 36499

delaf.txt 802009 90 2203261 1683979 273716

Figure: Parts of the delaf french dictionnary.
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Fusion Naive NaiveBis Brzozo Hopcroft Revuz

delafAb.txt 33 30 29 126 58 30

delafA.txt 7188 398 281 202 297 116

delafB.txt 31733 2012 1213 341 693 159

delafC.txt 7427 4135 507 1199 210

delafa.txt 428487 6759 6922 2240

delaf.txt 78550

Figure: Computation time in ms. on a Dell portable
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Naive NaiveBis Brzozo Hopcroft Revuz

delafA.txt 288 211

delafa.txt 325681 344149 2179

delaf.txt 19135

Figure: Computation time in ms. on Monge
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Transducers

input

q

output

Figure: A transducer reads the input and writes the output.
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Main features of transducers

Composition

Determinization

Minimization

If properly presented, these algorithms are essentially the same as
those for finite automata.
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Composition

Rational relations are closed under composition (basic property).
Surprise: the simplest proof is a direct construction of a transducer
for the composition (instead of using morphisms, inverse
morphisms and intersections with rational sets as usually done).
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ComposeTransducers(S,T)

1 ⊲ S and T are literal transducers
2 U← NewTransducer()
3 for each edge (p, a, b, q) of S do

4 for each edge (r , b, c , s) of T do

5 add ((p, r), a, c , (q, s)) to the edges of U

6 for each edge (p, a, ε, q) of S do

7 for each state r of T do

8 add ((p, r), a, ε, (q, r)) to the edges of U

9 for each edge (r , ε, c , s) of T do

10 for each state p of S do

11 add ((p, r), ε, c , (p, s)) to the edges of U

12 InitialU← InitialS× InitialT

13 TerminalU← TerminalS×TerminalT

14 return U
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Example

0, 0

1, 0

1, 1

0, 1

a | a

b | a b | a

b | b

a | ba | b

b | b a | a

Figure: The right 2-shift.
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Sequential Transducers

0 1
a | ε a

a | a

b | b

Figure: A sequential transducer for the circular left shift on words
beginning with a.
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Determinization of Transducers

In a first step, we build the set of states and the next state
function of the resulting sequential transducer B.

Explore(T ,S ,B)

1 ⊲ T is a collection of sets of half-edges
2 ⊲ S is an element of T
3 for each letter a do

4 (v ,U)← Lcp(Next(S , a))
5 NextB(S , a)← (v ,U)
6 if U 6= ∅ and U /∈ T then

7 T ← T ∪ U

8 (T ,B)← Explore(T ,U,B)
9 return (T ,B)
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We can finally write the function realizing the determinization of a
transducer into a sequential one.

ToSequentialTransducer(A)

1 ⊲ A is a transducer
2 B← NewSequentialTransducer()
3 I ← Closure({ε} × InitialA)
4 InitialB← I

5 ⊲ T is a collection of sets of half-edges
6 T ← I

7 (T ,B)← Explore(T , I ,B)
8 for S ∈ T do

9 for (u, q) ∈ S do

10 if q ∈ TerminalA then

11 TerminalB(S)← u

12 return B
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Example

0 1a | a b | b

b | a

a | b

0 1a | a b | b

a | b

b | a

Figure: The circular right shift on words ending with a and its inverse.

ε,0
a,0
b,1

a | ε a

a | a

b | b

Figure: A sequential transducer for the circular left shift on words
beginning with a obtained by the determinization algorithm.
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Minimization of transducers

Performed in two steps:

normalization

(ordinary) minimization

LongestCommonPrefixArray(A)

1 ⊲ P ,P ′ are arrays of strings initially null
2 ⊲ M is the matrix of transitions of A and N the vector of terminals
3 do P ← P ′

4 P ′ ← MP + N

5 while P 6= P ′

6 return P
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NormalizeTransducer(A)

1 P ← LongestCommonPrefixArray(A)
2 (λ, i)← Initial

3 Initial← (λP [i ], i)
4 for (p, a) ∈ Q × A do

5 (u, q)← Next(p, a)
6 Next(p, a)← P [p]−1uP[q]
7 for p ∈ Q do

8 T [p]← P [p]−1T [p]
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Example

0a | ab b | a 0b | a 1

a | a

ε | b

Figure: The Fibonacci morphism.

0b | a 1

a | a

a | ba

b | ba

b

0b | a 1

a | ab

a | ab

b | a

Figure: The normalization algorithm.
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0b | a 1

a | ab

a | ab

b | a

0b | a a | ab

Figure: The minimization algorithm.
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