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Examples of combinatorial specifications

plane binary trees:
B = Z + Z × B2

series-parallel graphs:
S = Seq≥2(P + Z)
P = MSet≥2(S + Z)

an algebraic language:

C0 = ZC1C2C3(C1 + C2)
C1 = Z + ZSeq(C2

1C2
3)

C2 = Z + Z2Seq(ZC2
2Seq(Z))Seq(C2)

C3 = Z + Z(3Z + Z2 + Z2C1C3)Seq(C2
1)
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Examples of combinatorial specifications

plane binary trees:
B = Z + Z × B2

series-parallel graphs:
S = Seq≥2(P + Z)
P = MSet≥2(S + Z)

an algebraic language: with z = 0.27

C0 = C0(0.27) = 0.27C1C2C3(C1 + C2)

C1 = C1(0.27) = 0.27 + 0.27/(1− C2
1C2

3 )

C2 = C2(0.27) = 0.27 + 0.0729/((1− 0.2754211138C2
2 )(1− C2))

C3 = C3(0.27) = 0.27 + 0.27(0.8829 + 0.0729C1C3)/(1− C2
1 )
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Introduction
Itération
Newton

Exemples

des arbres binaires planaires :
B = Z + Z × B2

des circuits série-parallèle :
S = Seq≥2(P + Z)
P = MSet≥2(S + Z)

un langage algébrique :

C0 = ZC1C2C3(C1 + C2)
C1 = Z + ZSeq(C2

1C2
3)

C2 = Z + Z2Seq(ZC2
2Seq(Z))Seq(C2)

C3 = Z + Z(3Z + Z2 + Z2C1C3)Seq(C2
1)
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C0(z) = 18z5 + 90z6 + 222z7 + 1032z8 + 4446z9 + 23184z10 + 126492z11 + 732264z12 + . . .
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Proposition
Newton iteration converges
quadratically to the solution.

Approach

numerical iteration
converges to the solution

⇑
counting series

evaluation
⇑

combinatorial systems
of equations
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Combinatorial structures
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Combinatorial specification

A combinatorial specification for an m-tuple Y = (Y1, . . . ,Ym)
of classes is a system

Y = H(Z,Y) ≡


Y1 = H1(Z,Y1,Y2, . . . ,Ym),
Y2 = H2(Z,Y1,Y2, . . . ,Ym),

...
Ym = Hm(Z,Y1,Y2, . . . ,Ym),

each Hi denoting a term built from the Yi’s and the initial
class Z (atomic) using the classical constructions.

construction notation generating function

Disjoint union A+ B A(z) + B(z)

Cartesian product A× B A(z) ·B(z)

Sequence Seq(B) 1/(1−B(z))

Cycle Cyc(B) log(1/(1−B(z)))

Set Set(B) exp(B(z))

Binary plane trees:

T = H(Z, T )

H(Z, T ) = Z + ZT 2

Carine Pivoteau 6/23
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Combinatorial derivative

∂H/∂T : derivative of H(Z,Y1, . . . ,Ym) with respect to T .

• If H is either E or Z then ∂H/∂T = ∅,
• if H = T then ∂H/∂T = E ,
• else

construction notation derivative

Disjoint union H = A+ B A+A′ + B′

Cartesian product H = A× B A′ × B +A× B′

Sequence H = Seq(B) Seq(B)× B′ × Seq(B)

Cycle H = Cyc(B) Seq(B)× B′

Set H = Set(B) Set(B)× B′

H(Z, T ) = Z + T 2, H•
T (Z, T ) = ZT •T + ZT T •,

∂H/∂T (Z, T ) = 2ZT

∂H/∂Y : the Jacobian matrix of H(Z,Y) with respect to Y ,
its entries are the partial derivatives ∂Hi(Z,Y)/∂Yj .

Nilpotent matrix : one of its powers is ∅∅∅ (all its entries are ∅).
Carine Pivoteau 7/23
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Well founded specification

Definition
The combinatorial specification Y = H(Z,Y) is well founded if
and only if, for all n ≥ 0, it derives only finitely many
structures of size n.

Proposition

A combinatorial specification Y = H(Z, Y) such that
H(∅,∅∅∅) = ∅∅∅ is well founded if and only if the Jocabian matrix
∂H/∂Y(∅,∅∅∅) is nilpotent.

F conditions of Joyal’s Implicit Species theorem.{
Y1 = Z + Y2

Y2 = Z Y1 Seq(Y2)
3 Y = Z + Y2 3 Y = Z + Y 7

∂H
∂Y (∅,∅∅∅) =

(
∅ E
∅ ∅

)
H′(∅, ∅) = ∅ H′(∅, ∅) = E
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Iteration and Oracle
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Result

Theorem (Transfer of Convergence)

Let Y = F(Z,Y) be well founded and F(∅,∅∅∅) = ∅∅∅.
1 The iteration Yn+1 = F(Z,Yn), with Y0 = ∅∅∅,

converges to the combinatorial class Y, solution
of Y = F(Z,Y).

2 The iteration Yn+1(z) = F(z,Yn(z)), with
Y0(z) = 0, converges to the generating series
Y(z) of the class Y.

3 If F is an analytic specification, then Y has
positive radius of convergence ρ and for all α such
that |α| < ρ, the iteration yn+1 = F(α,yn), with
y0 = 0, converges to Y(α).

Combinatorial
structures

Generating 
functions

Numerical
evaluation

F(Z,Y) is called analytic when the generating series F (z,Y ) is analytic
in (z,Y ) in the neighborhood of (0,0), with nonnegative coefficients.
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Example: binary trees

Y = Z + Z × Y2 Y = F (Z,Y)

Yk+1 = Z + Z × Y2
k Iteration: Yk+1 = F (Z,Yk)

Y0 = ∅ Y1 = Y2 = +
1 3

Y3 = + +
5

Y4 = + +
7
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Generating functions

Y (z) = z + zY 2(z) Y (z) = F (z, Y (z))

Yk+1(z) = z + zYk(z)2 Iteration: Yk+1(z) = F (z, Yk(z))

Y0(z) = 0
Y1(z) = z
Y2(z) = z + z3

Y3(z) = z + z3 + 2z5 + z7

Y4(z) = z + z3 + 2z5 + 5z7 + 6z9 + 6z11 + 4z13 + z15

Y5(z) = z + z3 + 2z5 + 5z7 + 14z9 + 26z11 + 44z13 + 69z15

Y (z) = z + z3 + 2z5 + 5z7 + 14z9 + 42z11 + 132z13 + 429z15 + . . .

convergence for structures ⇒ convergence for series
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Numerical iteration

Y (α) = α + αY 2(α) Y (α) = F (α, Y (α))

Yk+1 = 0.2 + 0.2Y 2
k Iteration: Yk+1(α) = F (α, Yk(α))

Y0 = Y0(0.2) = 0
Y1 = Y1(0.2) = 0.2
Y2 = Y2(0.2) = 0.208
Y3 = Y3(0.2) = 0.2086528
Y4 = Y4(0.2) = 0.208707198189568 . . .
Y5 = Y5(0.2) = 0.2087117389152279 . . .

Y = Y (0.2) = 0.2087121525220799 . . .

for any value of α < ρ

numerical iteration ⇔ evaluation of the series at α.
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Proof idea

1 Combinatorial convergence
Part of Joyal’s proof of his Implicit Species theorem

2 Power series
Symbolic method. Y n(z) are the generating series of the
classes Yn : val(Y n(z)− Y (z)) →∞.

3 Numerical values (|α| < ρ)
Y is analytic at 0 (implicit function theorem).

Y n(α) converges to Y (α).
yn = Y n(α).
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Newton iteration
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Result

Newton iteration to find roots of f(x): xn+1 = xn −
f(xn)
f ′(xn)

.

Theorem (Newton Oracle)

Let Y = H(Z,Y) be a well-founded analytic specification with
H(∅,∅∅∅) = ∅∅∅. Let α be inside the disk of convergence of the
generating series Y(z) of Y. Then the iteration

yn+1 = yn +
(
I− ∂H

∂Y
(α,yn)

)−1

· (H(α,yn)− yn), y0 = 0

converges to Y(α).

F bonus: optimized Newton iteration.
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Numerical convergence

Y (α) = α + αY 2(α) Y (α) = H(α, Y (α))

Iteration: Yk+1 = Yk + (I − ∂H
∂Y (α, Yk))−1(H(α, Yk)− Yk)

for α = 0.48, Yk+1 = Yk + 1
1−0.96Yk

(0.48 + 0.48Y 2
k − Yk)

Y0 = 0
Y1 = 0.48
Y2 = 0.68510385756676557863501483679525 . . .
Y3 = 0.74409429531735785069315411659589 . . .
Y4 = 0.74994139686483588184679391778624 . . .
Y5 = 0.74999999411376420459420080511077 . . .
Y4 = 0.74999999999999994060382090306852 . . .
Y5 = 0.74999999999999999999999999999997 . . .

asymptotically quadratic convergence
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Newton on series

Y = z + zY 2(z) Y (z) = H(z, Y )

Iteration: Yk+1 = Yk + (I − ∂H
∂Y (z, Yk))−1(H(z, Yk)− Yk)

Yk+1 = Yk + 1
1−2zYk

(z + zY 2
k − Yk)

Y0 = 0
Y1 = z

Y2 = z + z3 + 2z 5 + 4z7 + 8z9 + 16z11 + 32z13 + 64z15 + . . .

Y3 = z + z3 + 2z5 + 5z7 + 14z9 + 42z11 + 132z 13 + 428z15 + . . .

Y4 = z + z3 + 2z5 + 5z7 + · · ·+ 2674440z 29 + 9694844z31 + . . .

Carine Pivoteau 16/23



Introduction Combinatorial structures Iteration and Oracle Newton iteration

Combinatorial Newton for a single equation
(Bergeron, Décoste, Labelle, Leroux)

Iteration: Yk+1 = Yk + Seq(H′(Z,Yk))(H(Z,Yk)− Yk)

Yk+1 = Yk + Seq(2ZYk)(Z + ZY2
k − Yk)

Y0 = ∅ Y1 = H(Y1)− Y1 = Z + ZY2
1 − Y1 = 5

5

Y2 = + + + · · ·+ + . . .

13

Y3 = Y2 + + · · ·+ + · · ·+ + . . .

Carine Pivoteau 17/23



Introduction Combinatorial structures Iteration and Oracle Newton iteration

Newton for a system

Iteration: Yk+1 = Yk + (I − ∂H
∂Y (Z,Yk))−1 (H(Z,Yk)− Yk)

one single equation → sequence
many equations → combinatorial bloomings (Labelle 85)

(
I− ∂H

∂Y (Z,Y)
)−1

=
∑
k≥0

(
∂H
∂Y (Z,Y)

)k

kLOSIONS COMBINATOIRES 65 

v Ai = 

FIGURE 12 

Par convention, on dira que le multi-ensemble sous-jacent g une G- 
arborescence de la sorte i est le multi-ensemble forme par ses feuilles. 

En dimension k il y a aussi k sortes de G-bouquets et de G-gerbes. Ces 
especes font appel a une numerotation qui satisfait les memes conditions 
que plus haut et qui affecte aussi les bourgeons (selon leur sorte). Les 

figures 13 et 14 definissent geometriquement les notions de G-bouquet et de 
G-gerbe de la sorte i (avec k = 3). Dans le cas d’une G-gerbe (de la sorte i), 
I’entier v 3 0 est tout-a-fait arbitraire et represente la longueur de la tige. 

Les entiers i, jl, j, ,..., j, qui apparaissent sur la tige sont compris entre 1 et 
k (par convention, lorsque v = 0, on pose j, = i). 

Nous pouvons maintenant enoncer un lemme tout-a-fait anaiogue au 

lemme 1.1 de la section precedente, permettant d’exprimer formellement ces 
deux especes multi-sortes. 

G-BOUQUET = 

ISORTE il 

FIGURE 13 

G -GERBE 

(SORTE il 

FIGURE 14 

Convergence for vectors is componentwise convergence.
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Proof idea

Proposition (Combinatorial Newton iteration)

Let Y = H(Z,Y) be a well-founded specification
with H(∅,∅∅∅) = ∅∅∅. Let N H be the operator defined by

N H(Z,Y) = Y +
(
I− ∂H

∂Y (Z,Y)
)−1

× (H(Z,Y)−Y).

Then the sequence defined by Y0 = ∅∅∅, Yn+1 = N H(Z,Yn)
(n ≥ 0) converges to Y. Moreover this convergence is quadratic.

1. The iteration is well defined
2. The iteration is not ambiguous
3. Convergence and its quadratic behaviour

Proof of Newton Oracle Theorem
Y = N H(Z,Y) is well founded and analytic + Transfer theorem
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Optimized Newton

F Optimization:

combinatorial Newton to compute U = (I − ∂H
∂Y (Z, Yk))−1

Uk+1 = Uk + UkT k+1

T k+1 = βkUk + T 2
k

βk = ∂H
∂Y (Z, Yk)− ∂H

∂Y (Z, Yk−1)

at iteration Yk, perform a single step of the calculation of U .

F gain: the inversion is twice as fast.
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Summary

Combinatorial 
structures

Generating 
functions

Numerical 
evaluation

Coefficients
(rec. method)

Boltzmann 
oracle
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Implementation

Maple prototype:

→ library (maple and/or other language)

random grammars,

XML grammars, ∼ 103 equations (A. Darrasse),

software random testing (J. Oudinet),

others?

# equations 4 10 50 100 500
# constructions/eqn 10 10 10 50 10 50 50
avg size largest scc 2.47 3.42 7.95 18.62 10.93 67.18 339.1
time (0.99ρ) 0.05 0.11 0.17 0.47 0.23 7.29 61.73
time (0.999999ρ) 0.08 0.16 0.19 0.56 0.25 8.11 61.86

avg expected size 4.1 1014 1.4 107 2.2 105 1.0 105 1.2 106 5.0 104 3.3 104

in seconds, using Maple 11 on an Intel processor at 3.2 GHz with 2 GB of memory.
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Future work

work in progress...
unlabelled set and cycles,
extension to H(∅,∅∅∅) 6= ∅∅∅,
substitution.

next steps
convergence acceleration,
singularities,
tuning of Boltzmann parameter according to expected
size.
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