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Introduction

@ Well known combinatorial objects
(semistandard Young tableaux)

@ Statistical physics, mathematics,
computer science,...

@ Observation of limit properties

Boltzmann sampling technics
+
Explicit bijection with a constructible class

4

Polynomial-time sampler for plane partitions
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Planes partitions

e Plane partitions of n (P)
— matrix of integers that are decreasing in both dimensions.
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@ Bounding rectangle of a plane partition

— smallest rectangle such that all the cells outside are empty.

e (p x g)-boxed plane partitions (P, )

— the size of the bounding rectangle is at most (p X q).
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Counting plane partitions

Generating function of plane partitions (Mac Mahon, 1912) :

Pz)=[Ja-2)"

r>1

@ simple expression for the generating function

@ combinatorial isomorphism with a constructible class
(symbolic methods)

P~M and P,,~M,,

@ non-trivial bijection

e for long, non constructive proof...
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An isomorphic class

o M = MSet(N?) ~ multiset of pairs of integers
— example : {(0,0),(1,0),(2,0),(2,0),(0,1),(1,2)}, size =15
— size of (4,7) : (i + 75+ 1)

] Mp,q = MSet(N<p X N<q)

e Diagram of an element € M or M, ,

A

0[1](0

(00, (10), 20, 20), 1), 12} | £ [1]0
1[1]2

size = 15

o

\

|D| = Zzg mij(i+ 7+ 1)
— sum of the hook lengths weighted by the values of the cells.
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Pak’s bijection
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Pak’s bijection (2001)
c ¢ — ¢+ max(a,r)

[a]
‘ 1(0.0), (1.0), (2.0), (2,0), (0,1), (1.2) } ‘ [Icr] ¢« max(a,r)+ min(l,b) — ¢
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Application of Pak’s algorithm on an example.
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Boltzmann sampler
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Boltzmann sampling (2003)

Boltzmann sampling basic principles :
o for any constructible class
@ an object « is drawn proportionally to zhl
@ same probability for all objects of the same size

@ size distribution spread over the whole combinatorial class

| construction |  sampler \
C=A+B [C(x) = Ben & — [A(z) | TB(x)
C=AxB rC(x) := (TA(z); TB(z))
C = Srq(A) C(x) := ( Geom A(z) = TA(x) )
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Generating multisets

¢ =MSer(4) = [] Sea(v) = C(z) = [[@ -2

yeA

C(2) = exp <Z iA(ﬁ)) “ e (;A(zk))
k=1 k=1

@ taille=1

@ wille=2

. taille=3
' taille=4

MSET (A)
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A sampler for plane partitions

Boltzmann
@ Boltzmann sampler for sang’ler
o M = MSET(N?). M e M
o|1]o0 {(0,0), (1,0),
o M = MSET N X N ~Y (210)! (2l0)1
e (N <q.) : 1=l 012
= JI sea(xixyj) 1]1]2
<1< 10 Pak's bijection
Output : a diagram D. ; g ?
e Pak’s algorithm transforms D into 41812
a plane partition.
plane p 1_5- Pep
@ Size of the ouptut plane partition EE
= size of the original diagram. 2la2] =
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Approximate and exact-size samplers

How to choose x such that the size of the output partition is n ?

P, (N =n)

x=0.845
x=0.875
x=0.899

0,004

0,003

0,002

0,001

1000 1500 2000 n

= Targetted sampler + rejection.
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Theorem (Expected complexity)

o Plane partitions :
o approzimate-size : O(nIn(n)3)
o ezact-size : O(n?3)

o (p X q)-bozed plane partitions (for fived p,q) :
o approzimate-size : O(1) as n — oo
o exact-size : bounded by C'pg.n,

where C' > 0 is a constant.

~size 103 10% 10° 10° 107
M ~0.1s ~0.5s ~2-3s ~10s ~60s
bijection ~0.1s  ~0.3s ~2s ~20-30s  ~8-9min
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Analysis of Complexity
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General scheme

Generation of a plane partition of size n (resp. ~ n), with a
targetted sampler, i.e., with a parameter tuned such that

E(Nz) = n.

mean cost

cost of one call to 'M X expected number of calls

+

cost of pak’s algorithm

@ cost of one call to MM O(n%)
© expected number of calls to the sampler :
e approximate size sampler : O(1)
o exact size sampler : O(n?)
© expected complexity of Pak’s algorithm applied to a
diagram of size n : O(nIn(n)3?)
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Conclusion

Theorem (Expected complexity)

@ Plane partitions :

o approzimate-size : O(nIn(n)3)
o exact-size : O(n3)
o (p x q)-boxed plane partitions (for fized p,q) :
o approzimate-size : O(1) as n — oo
e ezact-size : bounded by Cpq.n,
where C' > 0 is a constant.

Efficiency of Boltzmann samplers combined with results of
bijective combinatorics yields a polynomial time sampler for
planes partitions.
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