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Tamari lattice, as quotient of the weak order

&, as a Coxeter group generated by s; = (i, + 1)
For w € &,,, £(w) = min. length of factorization of w in s;

Weak order : w covered by w’ iff w’ = ws; and {(w’) = {(w) + 1
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Sylvester class : permutations with the same binary search tree

Only one 231-avoiding in each class. Induced order = Tamari.
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Parabolic subgroup and parabolic quotient of G,

Parabolic subgroup : (s;,j € J) for J C [n — 1]

Has the form &, x - -+ X &,, with a = (a1, ..., ax) a composition of n.
1 2 3 4°5 6 7 8 9
! ! ' '
21 3 4 6 7 5 8 9
Parabolic quotient : =6,/(6, X Bq,).
> increasing > >
15 3 24 8 9 6 7

Increasing in each block
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Parabolic permutations avoiding 231

Pattern («,231) : three indices i < j < k in three blocks with
o w(k) <w(i) < w(j),
o w(k)+1=w(i).

(c, 231)-avoiding permutations: without («, 231) patterns

G2(231) : set of («,231)-avoiding permutations
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Parabolic Tamari lattice

Parabolic Tamari lattice 7, = weak order restricted to &% (231)
(Miihle-Williams 2019)
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Isomorphic to v-Tamari lattices (Ceballos—F.—Miihle 2020).
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Parabolic Cataland

Ceballos—F.—Miihle 2020: a world of bijections!

VORIV R Y I

53 410112776 91314 8 1112

Also related to lattice paths
Recovers the zeta map in ¢, t-Catalan combinatorics.

Other types?
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Coxeter group, type B

Coxeter group: (s1,...,S, | (5:5;)™"7) with s, involutions

Classification: A,, & &1, By, Dy, I2(p), Es, E7, Eg, Fy, Hs, Hy

Type B: permutations 7 of +[n] def {-n,...,—1,1,...,n} that are
sign-symmetric, i.e., w(—i) = —7 (i)

One-line notation:

We may write only the right (positive) part as m =[243165879
Also called hyperoctahedral group 9,

7/24



Type A, parabolic Type B, classical Type B, parabolic Combinatorial model
00000 [o] Jele) 0000000000 0000

Weak order, type B

Inversion of ™ € §,,: indices 4,j € £[n]| with i < j but 7(i) > 7 (j)
Sign-symmetry = if 4, j is an inversion, then —j, —i too.

Thus denoted (7 j)) with 0 < i < jor 0 < j < —i, and [i] when j = —i
Inversion set of 7: set of inversions of 7, denoted by Inv(7)

Example:

Inv(m) = {[1], [2], (=1 2), (3 4)), (3 5)}

Weak order (left), type B: m <yeak 0 < Inv(n) C Inv(o)

Example:
45312121354 <,ak43512[21534
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Tamari lattice, type B

Successor in +[n]: it =i+ 1, except (—1)t =

Type-B 231-pattern in 7: indices ¢ < j < k in £[n] such that
e j>0;
o m(j) > n(i), (i) = w(k)™".

v
3

|

3 5
231-avoiding sign-symmetric permutations: without type-B 231-pattern

Type-B Tamari lattice (Reading 2007): Tampg(n) «f (91(231), <weak),
with $,,(231) the set of type-B 231-avoiding permutations
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Example of type-B Tamari lattice
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Parabolic subgroup of £,

Type-B composition: « = (ay, ..., ax), with possibly a1 =0
Generators: S = {s0,51,...,8n—1}
e Fori >1, s; exchanges i and i + 1 (thus —i and —i — 1);
@ 5o exchanges 1 and —1.

Parabolic subgroup of §),,: generated by s; except for i = oy + - - + ¢

a=(0,2,1,4,2)  (split)

a=(2,1,4,2) (join)
9 87 6 5 4 3 2 1|1 2 3 4 5 6 7 8 9
v ' ' ' ' v
9 85 7 6 4 3 1 2|2 1 3 4 6 7 5 8 9

so is special! It makes a difference at the center.
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Parabolic quotient of §),,

Split when « starts with 0, join otherwise.

Parabolic quotient of §),,, denoted by $,,

a=(0,2,1,4,2) (split)

- - increasing
9 8 B 156 7 2 4‘1 2 7 B 513 8 9
a=(2,1,4,2) (join) ) )

> _» ncreasing
9 8 AT 6 5 3|3 5 6 REaTaTT 8 9

Regions with lengths determined by «, starting from center
In the join case, the central region is positive for positive indices.

Ha = interval [e, woa] in Hy, with we.q the longest element in $,
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Combinatorial model

0000
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Type-B («, 231)-patterns

Type-B («, 231)-pattern in 7: indices i < j < k in &[n] such that

@ 1,7, k in different regions;

@ j>0;
o m(i) =m(k)";
o m(j) > (i) when « is split or j > ay;

o 7(j) < w(k) when ais join and j < ay.

Split case:
Pattern 475065552@@371
Pattem 4501 62 3 7 7@ 21606
Join case:
Not pattern (@4 8 7 (51372 1@ 2 3 5 @ s 406
Pattern [T 1 386 2 1 168 3@ 7

Flipped for the joined region!
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Type-B («, 231)-avoiding permutations

Type-B («, 231)-avoiding permutations: 7 € £, without such pattern

Splitcase 315 6 72 4/4 2 765 1 3

Join case 741 2 65 1 4 7

[\]]

3 5 6

(3]}

$a(231): the set of type-B («, 231)-avoiding permutations
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Type A, parabolic
0000800000 0000

00000 0000

Type-B parabolic Tamari lattice

Type-B parabolic Tamari lattice: Tamp(a) = (Ha, <weak)
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Type-B Parabolic Tamari as quotient lattice

Everything just like the classical Tamari lattice!

Theorem (F.—Miihle-Novelli 2022+)

For any type-B composition o, Tampg(«) is a lattice. Moreover, it is a
quotient lattice of the weak order of §).

Congruence classes defined by downward projection II:
1. For each («, 231)-pattern i, j, k, exchanges 7 (i) and m(k).
2. Repeat 1 until no such pattern exists.

Gives the smallest element in the class

Also upward projection II; using (o, 312)-avoiding permutations, giving
the largest element.

Two projections are compatible and preserve the weak order. The class is
the interval in between.
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Lattice properties

Theorem (F.—Miihle-Novelli 2022+)

For any type-B composition «, Tamp(«) is a congruence uniform (thus
semi-distributive) and trim.

Proof:
@ Congruence uniform: quotient lattice of £,
@ Semi-distributive: from congruence uniform

@ Extremal: explicit counting of length and join-irreducibles

Wos0.21.42) = 1800 MNGNGNE 3 (172 20T 3 [ENGNENE 98

woz142 = 8 9 HNBNENT 3 2T 1 2 3 [AGNENE 9 8

N e 1 ) I (S [

i
@ Trim: from extremal and semi-distributive
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Some enumerative conjectures (?)
Cover inversion of 7: inversion ((i 7)) (or [:]) with 7(i) = 7(j)™.

Cov(m): the set of cover inversions of 7.

Take c(a) = ere.ﬁa(%l) zl€v(M| . Then for a = (t,1,...,1), we have

(o) = k_o (” . t) (” . t) "

Thus |9 (231)] = (7).

A

Fora=(0,1,1,...,1,2), |94(231)| is the type-D Catalan number:

3n—2 (2 —2
190(231) = ”n (n )

n—1

.
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Where are the conditions from?

Reading 2007: Universal construction of Tamari (Cambrian) lattices for
all type

On c-aligned elements, with ¢ a Coxeter element (product of all s;)
Type B: we take ¢ = sp$1 - Sp—1
7 is c-aligned < forcing relations: some ¢t € Cov(mw) = some s € Inv(7)

Determined by a linear order of inversions given by the c-sorting word of
the longest element in §,,

Type B, parabolic: replace the longest element in $),, by that in §,,
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A slide not meant to be read

Il Headache warning !!!

T € ey is c-aligned if, for all 1 <i < k <mn,
(1) if [i] € Cov(m), then [j] € Inv(w) for all 1 < j < i with 4,7 in
different regions;
(2) if (¢ k)) € Cov(m), then ((i 7)) € Inv(m) such that 4,7,k are in
different regions;
(3) if (—k i)) € Cov(m), then
(3a) [i] € Inv(mw) when i > a1 or « is split,
(3b) (—37 1) € Inv(w) for 1 < j < k with 7,k in different regions when «
is split or j > a,
(3c) ((j k)) € Inv(m) when j < ai, j # 4 and a is join,
(3d) (=K 7)) € Inv(m) for 1 < j < i with ¢, in different regions when «
is split or 7 > a,
(3e) ((j2)) € Inv(mw) when i > j > a1 and « is join.
Summed up nicely by pattern avoidance !
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Combinatorial models

|530m@61 872418 11 12

!

Split case

!

4789153261013 11 12

Work in progress. Some bijections clear, some less.
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Type-C zeta map

Sulzgruber—Thiel 2018: (labelled) Zeta map for type B, C and D

: 2

We recover (labelled) zeta map for type C. Also transfer dinv < area.

22/24



Type A, parabolic Type B, classical Type B, parabolic Combinatorial model
00000 0000 0000000000 ooeo

Some enumerative theorems

The bijections can be used to prove (some of) our own conjectures!

Proposition (F.—Miihle-Novelli 2022+)

Fora = (t,1,...,1), we have |9,(231)| = (>",).

Proposition (F.-Miihle-Novelli 2022+)

Fora=(0,1,1,...,1,2),

3In—2/(2n—2
6a(231)] = = ( )

$9a(231)| is the type-D Catalan number:

n—1
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What we are doing now

Relation with type-B v-Tamari (Ceballos—Padrol-Sarmiento 2019)?
Embedding into classical type-B Tamari ?
Type-B ¢, t-Catalan statistics 7

® 6 o o

Enumeration ?
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What we are doing now

Relation with type-B v-Tamari (Ceballos—Padrol-Sarmiento 2019)?
Embedding into classical type-B Tamari ?
Type-B ¢, t-Catalan statistics 7

® 6 o o

Enumeration ?

Thank you for your attention!
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